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THE TURNPIKE PROPERTY IN SEMILINEAR CONTROL*

DARIO PIGHIN'2**

Abstract. An exponential turnpike property for a semilinear control problem is proved. The state-
target is assumed to be small, whereas the initial datum can be arbitrary. Turnpike results are also
obtained for large targets, requiring that the control acts everywhere. In this case, we prove the con-
vergence of the infimum of the averaged time-evolution functional towards the steady one. Numerical
simulations are performed.
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1. INTRODUCTION

In this manuscript, the long time behaviour of semilinear optimal control problems as the time-horizon tends
to infinity is analyzed. Our results are global, meaning that we do not require smallness of the initial datum for
the governing state equation.

In [40], A. Porretta and E. Zuazua studied turnpike property for control problems governed by a semilinear
heat equation, with dissipative nonlinearity. In particular, Theorem 1 of [40] yields the existence of a solution
to the optimality system fulfilling the turnpike property, under smallness conditions on the initial datum and
the target. Our first goal is to

1. prove that in fact the (exponential) turnpike property is satisfied by the optimal control and state;
2. remove the smallness assumption on the initial datum.

We keep the smallness assumption on the target. This leads to the smallness and uniqueness of the steady
optima (see [40], Sect. 3.2), whence existence and uniqueness of the turnpike follows. We also treat the case of
large targets, under the added assumption that control acts everywhere. In this case, we prove a weak turnpike
result, which stipulates that the averaged infimum of the time-evolution functional converges towards the steady
one. We also provide an L2 bound of the time derivative of optimal states, uniformly in the time horizon.

Generally speaking, in turnpike theory a time-evolution optimal control problem is considered together with
its steady version. The “turnpike property” is verified if the time-evolution optima remain close to the steady
optima up to some thin initial and final boundary layers.
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FI1GURE 1. Quasi-optimal turnpike strategies.

An extensive literature is available on this subject. A pioneer on the topic has been John von Neumann [53].
In econometrics turnpike phenomena have been widely investigated by several scholars including Samuelson
and McKenzie [10, 15, 26, 32-34, 47]. Long time behaviour of optimal control problems has been studied by
Kokotovic and collaborators [2, 54], by Rockafellar [45] and by Rapaport and Cartigny [42, 43]. Zaslavski wrote
a book [57] on the subject. A turnpike-like asymptotic simplification has been obtained in the context of optimal
design of the diffusivity matrix for the heat equation [1]. In the papers [14, 21, 22, 49], the concept of (measure)
turnpike is related to the dissipativity of the control problem.

Recent papers on long time behaviour of Mean Field games [8, 9, 38] motivated new research on the topic.
A special attention has been paid in providing an exponential estimate, as in the work [39] by Porretta and
Zuazua, where linear quadratic control problems were considered. These results have later been extended in
[24, 25, 40, 50, 51, 56] to control problems governed by a nonlinear state equation and applied to optimal control
of the Lotka-Volterra system [28]. Recently, turnpike property has been studied around nonsteady trajectories
[19, 23, 37, 50]. The turnpike property is intimately related to asymptotic behaviour of the Hamilton-Jacobi
equation [17, 29].

Note that for a general optimal control problem, even in absence of a turnpike result, we can construct
turnpike strategies (see [27], Rem. 7) as in Figure 1:

(1) in a short time interval [0, 7] drive the state from the initial configuration yo to a turnpike 7;
(2) in a long time arc [r,T — 7], remain on ;
(3) in a short final arc [T"— 7, T], use to control to match the required terminal condition at time ¢t = T.

In general, the corresponding control and state are not optimal, being not smooth. However, they are easy to
construct.

The proof of turnpike results is harder than the above construction. In fact, to prove turnpike results, one
has to ensure that there is not another time-evolving strategy which is significantly better than the above one.
In case the turnpike property is verified, the above strategy is quasi-optimal.

1.1. Statement of the main results

We consider the semilinear optimal control problem:

min Jr(u) = 1/T/ |u2dxdt+6/T/ ly — z|*dxdt (1.1)
wer2(@mxe) T 20 S 2Jo Sy ’ '
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where:
ye — Ay + f (y) = uxw in (0,7) x
y=0 on (0,T) x 9Q (1.2)
y(0,2) = yo(x) in €.

As usual, Q is a regular bounded open subset of R", with n = 1,2, 3. The nonlinearity f is C*> nondecreasing,
with f (0) = 0. The action of the control is localized by multiplication by y,,, characteristic function of the open
subregion w C Q. The target z is assumed to be in L>°(wg). The well poosedeness and regularity properties of
the state equation are studied in Appendix B. wy C €2 is an open subset and S > 0 is a weighting parameter.
As [ increases, the distance between the optimal state and the target decreases.

By the direct method in the calculus of variations [12, 52], there exists a global minimizer of (1.1). As we
shall see, uniqueness can be guaranteed, provided that the initial datum and the target are small enough in the
uniform norm.

Taking the Gateaux differential of the functional (1.1) and imposing the Fermat stationary condition, we
realize that any optimal control reads as u” = —¢q” x.,, where (yT, qT) solves

vl —Ay" + f(y") = —¢"xw in (0,7) x Q
y" =0 on (0,T) x 9Q
y"(0,2) = yo(x) in Q 1
ol — AT 4 F(uTVeT = B(T — . T % Q (1.3)
4@ —A¢ + () =8l — 2)xw in (0,7) x
" =0 on (0,T) x 09
qT(T7 'T’) =0 in Q.
In order to study the turnpike, we need to study the steady version of (1.2)—(1.1):
min  Jy(us) = 1/ ueldz+ 2 [ |y, - 22da (1.4)
wer2() 2 ), 2 Jun Ys ’ '
where:
—Ays + f(ys) = usXw in Q (1.5)
ys =0 on 9.

Under the same assumptions required for the problem (1.2)—(1.1), for any given control us € L? (Q2), there exists
a unique state ys € H? (2) N HY (Q) solution to (1.5) (see e.g. [5]).

By adapting the techniques of [12], we have the existence of a global minimizer % for (1.4). The corresponding
optimal state is denoted by 7. If the target is sufficiently small in the uniform norm, the optimal control is unique
(see [40], Sect. 3.2). Furthermore any optimal control satisfies w = —gGx.,, where the pair (7, q) solves the steady
optimality system

A7+ f(¥) = —Gxw in O
y= on 0f)

1.6
“AT+ P57 = BT — )X in 0 (16)

q7=0 on Of).
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Consider the control problem (1.5)—(1.4). By ([40], Sect. 3), there exists § > 0 such that if the initial datum
and the target fulfill the smallness condition

[YollLoe(@) <0 and ||z]|Lee (wg) <9, (1.7)

there exists a solution (yT, qT) to the Optimality System

vl = Ay" + f(y") = =" X in (0,7) x Q
y" =0 on (0,T) x 99
yT(Oa r) = yo(x) in Q

¢ = A"+ f'(y")g" =BT = 2)xw, in (0,7) x
" =0 on (0,T) x 89
qT(Ta z) =0 in Q

satisfying for any ¢ € [0, 7]
lg" (8) = @llee () + ly" (1) = Tl () < K [exp (—put) + exp (—p(T — 1))],

where K and p are T-independent.

In the aforementioned result, the turnpike property is satisfied by one solution to the optimality system.
Since our problem may be not convex, we cannot directly assert that such solution of the optimality system is
the unique minimizer (optimal control) for (1.5)—(1.4).

Large initial data and small targets

We start by keeping the running target small, but allowing the initial datum for (1.2) to be large.

Theorem 1.1. Consider the control problem (1.2)—(1.1), with nondecreasing nonlinearity f. Let u” be a min-
imizer of (1.1). For any € > 0, there exists p. > 0 such that for every initial datum yo € L™ (Q) and target z
verifying

1 2llLoe (wo) < Pe» (1.8)

we have
[ (t) = Ullreo ) + Y7 () = Pl () < Ko exp (—put) + eexp (—pu(T —t)),  Vt€[0,T7, (1.9)

for some T-independent constants K. = K, (Q,w,wo, ||y0HLOO(Q) ,E) and p = p(Q,w,wp) > 0, for any choice of
R > yolly(q)-

Note that p is smaller than the smallness parameter § in (1.7). Furthermore, the smallness of the target yields
the smallness of the final arc, when the state leaves the turnpike to match the final condition for the adjoint.
The main ingredients our proofs require are:

1. prove a L*™ bound of the norm of the optimal control, uniform in the time horizon 7" > 0 (Lem. 2.1 in
Sect. 2.1);

2. proof of the turnpike property for small data and small targets. Note that, in Section 3 of [40], the
authors prove the existence of a solution to the optimality system enjoying the turnpike property. In this
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FIGURE 2. global-local argument

preliminary step, for small data and small targets, we prove that any optimal control verifies the turnpike
property (Lem. 2.2 in Sect. 2.1);

3. for small targets and any data, proof of the smallness of ||y (¢)[|L (o) in time ¢ large (Sect. 2.2). This is
done by estimating the critical time t; needed to approach the turnpike;

4. conclude concatenating the two former steps (Sect. 2.2).

Theorem 1.1 ensures that the conclusion of Section 3 in [40] holds for the optimal pair.

Let us outline the proof of (3) (Fig. 2), the existence of 7 upper bound for the minimal time needed to
approach the turnpike ;.
Suppose, by contradiction, that the critical time ¢; to approach the turnpike is very large. Accordingly, the
time-evolution optimal strategy obeys the following plan:

1. stay away from the turnpike for long time;
2. move close to the turnpike;
3. enjoy a final time-evolution performance, cheaper than the steady one.

Then, in phase 1, with respect to the steady performance, an extra cost is generated, which should be regained
in phase 3. At this point, we realize that this is prevented by validity of the local turnpike property. Indeed, once
the time-evolution optima approach the turnpike at some time t, the optimal pair satisfies the turnpike property
for larger times t > ts. Hence, for ¢ > t,, the time-evolution performance cannot be significantly cheaper than
the steady one. Accordingly, we cannot regain the extra-cost generated in phase 1, so obtaining a contradiction.

Remark 1.2. All estimates we have obtained carry over to the adjoint state. This can be obtained by using
the adjoint equation in (1.3) and the equation satisfied by the difference p? = ¢7 — g

—of = AT + (@) 0" = Bxwo W =7) + (F @ — f (")) ¢ in(0,T)xQ
eT'=0 on (0,7T) x 99
o"(T,x) = —q(x) in Q.

Note that the aforementioned adjoint equations are stable since f is increasing, whence f’ > 0.

Remark 1.3. In this manuscript we addressed a model case, where the state equation (1.2) is stable with null
control. Our analysis is applicable to more general stabilizable systems. Namely, it suffices the existence of a
control such that the system stabilizes to zero. This can be seen by combining our techniques with turnpike
theory for linear quadratic control [24, 39].
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Control acting everywhere: convergence of averages for arbitrary targets

In Section 3 we deal with large targets, supposing the control acts everywhere (i.e. w = ). We prove that the
averages converge. Furthermore, we obtain an L? bound for the time derivative of optimal states. The bound is
uniform independent of the time horizon T, meaning that, if T is large, the time derivative of the optimal state
is small for most of the time.

Theorem 1.4. Take an arbitrary initial datum yo € L () and an arbitrary target z € L= (wp). Consider
the time-evolution control problem (1.2)—(1.1) and its steady version (1.5)—(1.4). Assume the nonlinearity f is
nondecreasing and w = ). Then, averages converge

1
— inf Jr — inf J,. 1.10
TLQ((OI,%")XQ) TT%«FOO lelﬂm ( )

Suppose in addition yo € L= (Q) NHS (Q). Let uT be an optimal control for (1.2)—(1.1) and let y* be the
corresponding state, solution to (1.2), with control uT and initial datum yo. Then, the L? norm of the time
derivative of the optimal state is bounded uniformly in T

<K

||ytT||L2((0’T)><Q) > A, (1.11)

the constant K being T-independent.

The proof of Theorem 1.4, available in Section 3, is based on the following representation formula for the
time-evolving functional (Lem. 3.1):

T
Jr(u) = / (= Dyt ) + F(y(t,)) )t

1 [T 5
—I-*/ /|yt(t,x)| dxdt
2 )0 Ja

+ %/ﬂ [HVy(T, 2)|* + 2F (y(T, ) — | Vyo(a)||* — 2F (yo(x))} de, (1.12)

where F (y) = [ f (§) d¢ and for a.e. t € (0,T), Jo(— Ay(t,-) + f (y(t,-)) ) denotes the evaluation of the steady
functional J; at control us(-) := —Ay(t, ) + f (y(t,-)) and y is the state associated to control u solving

Yy —Ay+ fy) =u in (0,7) x
y=0 on (0,T) x 9Q (1.13)
y(0,7) = yo(x) in €.

Note that the above formula is valid for initial data yo € L (Q) N H} (©2). However, by the regularizing effect
of (1.13) and the properties of the control problem, one can reduce to the case of smooth initial data.
By means of (1.12), the functional Jr can be seen as the sum of three terms:

1. fOT Js(— Ay(t,-) + f (y(t,-)) )dt, which stands for the “steady” cost at a.e. time ¢ € (0,7) integrated over
(0,7);

2. 1 foT Jo lye (. )|? dzdt, which penalizes the time derivative of the functional;
3. 1, [||vy(T, 2)|)? + 2F (y(T, z)) — || Vyo()||* — 2F (yo(2))| dz, which depends on the terminal values of
the state.
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Choose now an optimal control u” for (1.2)-(1.1) and plug it in (1.12). By Lemma 2.1, the term
3 /o [HVy(T, 2)|1? + 2F (y(T, z)) — || Vyo(x)]|* — 2F (yo(x))| dz can be estimated uniformly in the time horizon.
At the optimal control, the term fOT Jo lye(t, 2))? dzdt has to be small and the “steady” cost

fOT Jo(— Ay(t,") + f(y(t,-)) )dt is the dominant addendum. This is the basic idea of our approach to prove
turnpike results for large targets.

The rest of the manuscript is organized as follows. In Section 2 we prove Theorem 1.1. In Section 3, we prove
Theorem 1.4. In Section 4 we perform some numerical simulations. The appendix is mainly devoted to the proof
of the uniform bound of the optima (Lem. 2.1) and a PDE result needed for Lemma 3.1.

2. PROOF OF THEOREM 1.1

2.1. Preliminary lemmas

As announced, we firstly exhibit an upper bound of the norms of the optima in terms of the data. Note that
the Lemma below yields a uniform bound for large targets as well.

Lemma 2.1. Consider the control problem (1.2)—(1.1). Let R > 0, yo € L™ () and z € L™(wy), satisfying
yollLee (@) < R and ||z]|Le (we) < R. Let u be an optimal control for (1.2)~(1.1). Then, u” and y* are bounded
and

1 Nl 0,7y ) + [[87 | e 0,7y ¢y < K [M90llie (@) + 2l ] (2.1)

where the constant K is independent of the time horizon T, but it depends on R.

The proof is postponed to the Appendix.
The second ingredient for the proof of Theorem 1.1 is the following Lemma.

Lemma 2.2. Consider the control problem (1.2)—(1.1). Let yo € L™ (Q) and z € L*>°(wg). There exists § > 0
such that, if

[[2]|Lo0 (wo) <0 and [yollLee (@) <0, (2.2)

the functional (1.1) admits a unique global minimizer u”. Furthermore, for every ¢ > 0 there exists 6. > 0 such
that, if

|2l Lo (o) < Oe and 1Yol (@) < 9, (2.3)
the functional (1.1) admits a unique global minimizer u” and
™ (t) = Tl ) + lly" (1) = Tl @) < e lexp (—put) +exp (—u(T = 1))], vt € [0,T], (2.4)

(u,y) being the optimal pair for (1.4). The constants é. and p > 0 are independent of the time horizon.
Remark 2.3. In (2.4) the rate u is given by

]p@—EH < Cexp(—put),

Z(L2(Q),L2(Q))
llexp (—tM)|| (120 12(0)) < exp(—put), M= -A+ f'(§) + Exe. (2.5)

where & and E denote respectively the differential and algebraic Riccati operators (see [40], Eq. (22)) and
A H () — H71(Q) is the Dirichlet Laplacian.
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Proof of Lemma 2.2. Consider initial data yo and target z, such that ||y0||Loo(Q) <1 and ||Z||L°°(wo) <1. We
introduce the critical ball

B = {u e L((0.7) x w) | ooy < K [lollieoy + 2llewn] } (2.6)

where K is the constant appearing in (2.1).
Step 1 Strict convexity in B for small data
By Section 5 of [13] or [12], the second order Géateaux differential of J reads as

T T T
2 _ 2 2 _ " 2
(d® I (u)w, w) _/0 /ww dxdt—i—ﬁ/o 5 [the|“dadt /0 /Qf ()|t |* dzdt,

where y solves (1.2) with control u and initial datum yg, 1, solves the linearized problem

(Yw)t — Aty + f' ()0 = wxe in (0,7) x Q
thy =0 on (O,T) x 082 (27)
ww (07 .13) = 0 il’l Q
and
—qt — Aq+ f'(y)q = By — 2)Xwo in (0,T) x Q
g=0 on (0,T) x 99 (2.8)
q(T,z) =0 in Q.

Since f'(y) > 0,

19w L2 0,7y x0) < CollwllLz((0,7)xw)s

for some constant Cy = Cp ().
Let u € B. By applying a comparison argument to (1.2) and (2.8),

YllLe 0,1y %) + llgllLee (0, 7)x0) < C1 [||yo||Loc(Q) + ||Z||L°°(wg)] )

with C; = C4 (Q, 8). Hence,
T T
| L1l azdt < 3ECa [lmlhmion + lelliian] [ [ uPasat,
0 0 w
where C = max|_sc, 20,] | f”'| and we have used that [|yo[lj=q) < 1 and [z}« (,,) < 1. Therefore
T T
(T (uw)w, ) 25/ o 2dzdt + {1 — C2C1Cs [|lyo (o + |\Z||Lw(wo)]}/ /\w|2dxdt,
0 wo 0 w
If |lyollLe () and ||z||gec(w,) are small enough, we have

<d2JT(u)w, w) >

T
/ / |w|?dzdt,
0 w

DO | =



THE TURNPIKE PROPERTY IN SEMILINEAR CONTROL 9
whence the strict convexity of J in the critical ball B. Now, by (2.1) and (2.6), if ||yol/r.ec () and [|z][ree(wp)
are small enough, any optimal control u” belongs to B. Then, there exists a unique solution to the optimality
system, with control in the critical ball B and such control coincides with u” the unique global minimizer of
(1.1).

Step 2 Conclusion
First of all, by Section 3.2 of [40], if [|z|[re(.,) are small enough, the linearized optimality system satisfies the

turnpike property. Now, let ¢ > 0. We apply the fixed-point argument developed in the proof of Theorem 1
Section 3.1 in [40] to the convex set

X = {,0) € 1 (0, 7) x 0 | 117t Yooy + 1 (6 Yoy < 0lexp () + exp (-u(T = 1)}, (29)

for some 6 € (0,¢]. Then, we can find . > 0 such that, if
2] Loe (wo) < 0 and lyollres () < e,
there exists a solution (yT, qT) to the optimality system such that
||UTHL°°((O,T)><W) <e
and
Ju" (t) = Ul Loo @) + 17 (1) = FllLeo () < € lexp (—pt) + exp (—pu(T —t))], VYt € [0,T].

By Step 1, if € is small enough, u” := —¢7x,, is a strict global minimizer for J7. Then, being strict, it is the

unique one. This finishes the proof.
O

In the following Lemma, we compare the value of the time evolution functional (1.1) at a control w, with the
value of the steady functional (1.4) at control @, supposing that u and @ satisfy a turnpike-like estimate.

Lemma 2.4. Consider the time-evolution control problem (1.2)—(1.1) and its steady version (1.5)—(1.4). Fiz
yo € L2 (Q) an initial datum and z € L?(wg) a target. Let u € L°° () be a control and let 7 be the corresponding
solution to (1.5). Let u € L>((0,T) X w) be a control and y the solution to (1.2), with control u. Assume

[u(t) = allLe @) + [1y(t) = Yllue (@) < K [exp (—pt) +exp (—u(T —t))], Vvt €[0,T], (2.10)
with K = K(Q, B,y0) and p = u(Q, 8). Then,
[Jr(w) = TJs (@) < C [1+ [[llLee @) + [12]lLe o) ] (2.11)

the constant C' depending only on the above constant K, 8 and u.

Proof of Lemma 2.4. We estimate
|Jr(u) = TJs (u)]

1 B L B
= ‘2||u||i2((O,T)><UJ) + 5”2/ - ZH%%(O,T)XMO) -T §||u||i2(g) + 5”3/ - Z||iQ(wo):| ‘

1 _ B _
= ‘QHU = |2 (0,1 xw) + §Hy — G2 (0.7 xwo)
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F1GURE 3. Global-local argument employed in the proof of Lemma 2.6.

+/OT/W(“_“)“dxdt"'ﬂ/oT/wo(y—y)(y—z)dxdt

T
< C 1+ |[alleew) + [12lLoe (wo)] {/O [HU — [ (o) + [t = T Lo (| A

T
+/O [||y - ?Hiw(wo) +ly *?HLO@(wo)] dt}

< C 1+ [[alloe o) + N2l )]

where the last inequality follows from (2.10). O

Lemma 2.5. Consider the time-evolution control problem (1.2)—(1.1) and its steady version (1.5)—(1.4).
Arbitrarily fix yo € L () an initial datum and z € L™ (wq) a target. We have

inf  Jp<T inf J,+K, (2.12)
L2((0,T)xw) L2 (w)

the constant K being independent of T > 0.

The proof is available in Appendix D.

The following Lemma (Fig. 3) plays a key role in the proof of Theorem 1.1.
Let u?" be an optimal control for (1.2)—(1.1). Let y* be the corresponding optimal state. For any € > 0, let .
be given by (2.3). Set

ts :=inf {t € [0,7] | |ly" ()|lLe(q) < 0}, (2.13)

where we use the convention inf(@) = T'. In the next Lemma, we are going to estimate the minimal time ;.

Lemma 2.6 (Global attractor property). Consider the control problem (1.2)—(1.1). Let yo € L™= (Q2) and z €
L>®(wp). Let u™ be an optimal control for (1.2)~(1.1) and let yT be the corresponding optimal state. For any
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€ >0, there exist p. = pe(Q, B,€) and 7. = 17-(Q, B, y0,€), such that if || 2|0 (w) < pe and T > 7.,
ls < 7c (2.14)
and
[u” (t) = @l|Loo () + 19" () = Flluoe () < elexp (—pult —ts)) +exp (—u(T = (¢t —t,))],  Vte[ts,T]. (2.15)

The minimal time ts is defined in (2.13), the constant p is given by (2.5) and . is given by (2.3).

Proof of Lemma 2.6. Let R > ||y0HLm(Q) be arbitrary. Throughout the proof, constant K7 = K1 (€, 8) is chosen
as small as needed, whereas constant Ky = K5 (Q, 8, R) is chosen as large as needed.

Step 1 Estimate of the LL° norm of steady optimal controls

In this step, we follow the arguments of Section 3.2 in [40]. Let u € L? (2) be an optimal control for (1.5)—(1.4).
By definition of minimizer (optimal control),

1 _ B Bhues(wo)
5”“”%2@) < Js(u) < J5(0) = §||Z||iz(w0) < #H’ZH%W((&)O)'

Now, any optimal control is of the form @ = —gx.,, where the pair (7,q) satisfies the optimality system (1.6).
Since n = 1,2, 3, by elliptic regularity (see, e.g. [18], Thm. 4, Sect. 6.3.2) and Sobolev embeddings (see e.g. [18],
Thm. 6, Sect. 5.6.3), 7 € C°(Q) and [[q||r=(0) < K|z||Lo(w,), Where K = K (Q, ). This yields u € C°(w) and

[TllLoe (w) < K2lLoe (wo)- (2.16)

Step 2 There exist p. = p:(2, 8,¢) and 7. = 7.(Q, 8, y0,€), such that if ||z~ (,,) < pe, then the critical
time satisfies t, < 7.
Let @ be an optimal control for the steady problem. Then, by definition of minimizer (optimal control),

Jr (UT) < Jr (ﬂ) (217)
and, by Lemma 2.5,

Jr (W) < T inf J o+ Ko (2.18)

Now, we split the integrals in Jp into [0,¢s] and (ts, 7T

1 ts /3 ts
Jr (u”) = 7/ / luT |2dt + 7/ / |y — z|*dadt
2 0 w 2 0 wo
1 (T T
+7/ / luT |2dt + ﬁ/ Iy — z|2dzdt. (2.19)
2 ts w 2 s wo

Set:

yT(t7.');‘) #0

f/ O) yT(t,aj) =0.
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Since f is nondecreasing and f(0) = 0, we have ¢, > 0. Then, Lemma A.1 (with potential ¢, and source term
h = u"y,) yields

1 ts ﬁ ts ts
3 [ [urrae S [T ] T - st K [T Ol <t - R
w wo

Furthermore, by definition of ¢, for any ¢ € [0,t,], |ly” (¢)||L () = .. Then,

1 ts 7:s
5/ / |uT'|2dt + g/ ly" — z[2dzdt > K t,6% — K. (2.20)
0 w 0 wo

Once again, by definition of ¢5 and since p. < &,
ly" (t) Lo () < 0 and [|2]leo (wg) < 0,

where 0. is given by (2.3). Therefore, by Lemma 2.2, the turnpike estimate (2.4) is satisfied in [ts, T]. Lemma 2.4

applied in [ts, T] gives
1 (7 g
f/ /|uT|2dt+§ / ly" — z[dadt
2 ts Jw 2 ts Jwo
> (T =) it Jo = B [1+ W) + 2l eon)]

> (T~ t.) inf J, — Ko, (2.21)

where the last inequality is due to (2.16) and [|z][pe (wy) < Oe-
At this point, by Section 2.1, (2.20) and Section 2.1

Jr (u') = K1t,62 + (T —t,) Li;%f) Js — K. (2.22)
Therefore, by (2.22), (2.17) and (2.18)
2 . .
KitsoZ + (T — ts)ler(lf)) Js — Ko < Tnggof‘)) Js + Ko,
whence
ts [Kléf — inf JS} < K». (2.23)
L2(w)

Now, by (2.16), there exists p. = p-(£2, 3,¢) < d. such that, if the target ||z||Le (wy) < pe, then infrz(,) Js < K125§.

This, together with (2.23), yields

K142
ts ;E SKQa

whence
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Set

a2

g

This finishes this step.
Step 3 Conclusion
By Step 2, for any T > 7., there exists t5 < 7. such that

ly™ (t) Lo () < 6, (2.24)

where 0. is given by (2.4). Now, by Bellman’s Principle of Optimality, u” [(t.,) is optimal for (1.2)—(1.1), with
initial datum y7 (¢,) and target z. Since p. < d., we also have

[2llLee (o) < pe < Ge. (2.25)
Then, we can apply Lemma 2.2, getting (2.15). This completes the proof. O

2.2. Proof of Theorem 1.1
We now prove Theorem 1.1.

Proof of Theorem 1.1. Arbitrarily fix € > 0. By Lemma 2.6, there exists p. (2, 8,¢) > 0 such that if
|1 2]Lee (wo) < pe and T> 7, (2.26)
any optimal control satisfies the turnpike estimate
[u” () = lloe @) + 9" () = Tl (@) < € lexp (—p(t = ts)) +exp (~u(T = (t=t)))],  VEe [t T], (2.27)

with t, < 7..
Now, as in step 1 of the proof of Lemma 2.6, we can follow the arguments of Section 3.2 in [40] getting

HEHLW(LU) + ||§||L°°(Q) <K; ||Z||L°°(wo) ) vt € [tsaT]ﬂ (2'28)

with Kl = K1 (Q,ﬂ)
Set

K. = exp (pre) max { (K + K1) [[[yollL= (o) + p<] , €},

with @ > 0 the exponential rate defined in (2.5) and K is given by (2.1). Note that K. = K. (2, 8,¢) and,
in particular, it is independent of the time horizon. By the above definition, for every T" > 0 and for each
te[0,7]N[0,T)
I () = Tl ) + 197 (8) = Flloe ) < K exp (—pim2) < K exp (—pt). (2.20)
On the other hand, for t > t, (2.27) holds, whence
[u? (8) = Tllree ) + 197 (8) = Flluoe o) < € exp (—u(t — ) +exp (—p(T — (t — t5)))]

= €exp (_M(t - ts)) +eexp (—,U,(T - (t - ts)))
= cexp (—put) exp (uts) +eexp (—pu(T —t)) exp (—puts)
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< eexp (—put)exp (ure) +eexp (—u(T —t))
< K.exp (—ut) +eexp (—u(T —t)). (2.30)

Then, (1.9) follows. O

3. CONTROL ACTING EVERYWHERE: CONVERGENCE OF AVERAGES

In this section, we suppose that the control acts everywhere, namely w = 2 in the state equation (1.2). Our
purpose is to prove Theorem 1.4, valid for any data and targets.

In Lemma 2.5, we observed that, even in the more general case w C {2, we have an estimate from above of
the infimum of the time-evolution functional in terms of the steady functional. This is the easier task obtained
by plugging the steady optimal control in the time-evolution functional. The complicated task is to estimate
from below the infimum of the time-evolution functional, in terms of the steady functional. Indeed, the lower
bound indicates that the time-evolution strategies cannot perform significantly better than the steady one and
this is in general the hardest task in the proof of turnpike results. The key idea is indicated in Lemma 3.1.

The main idea for the proof of Theorem 1.4 is in the following Lemma, where an alternative representation
formula for the time-evolution functional is obtained.

Lemma 3.1. Consider the functional introduced in (1.1)~(1.2) and its steady wversion (1.5)—(1.4). Set
F(y) = foy f (&) de. Assume w = . Suppose the initial datum yo € L () NHE (). Then, for any control
u € L2((0,T) x w), we can rewrite the functional as

T
Jr(u) :/0 Jo(= Ay(t, ) + £ (y(t,)) )dt

1 [T )
+1 / / e (t, )P darlt
2 0 Q

+%/ [HVy(T,x)I|2+2F(y(T,x))— IVyo(a)|® — 2F (y()(x))} dz, (3.1)
Q

where, for a.e. t € (0,T), Js ( — Ay(t, )+ f (y(t, ))) denotes the evaluation of the steady functional Js at control
us(+) = =Ay(t,-) + f (y(t,-)) and y is the state associated to control u solution to

ye—Ay+ f(y)=u in (0,T) x Q
y=0 on (0,T) x 9 (3.2)
y(0,z) = yo(x) imn Q.

In (3.1), the term fOT Jo lwe(t, 2))* dzdt emerges. This means that the time derivative of optimal states has
to be small, whence the time-evolving optimal strategies for (1.1)—(1.2) are in fact close to the steady ones.
The proof of Lemma 3.1 is based on the following PDE result, which basically asserts that the squared right
hand side of the equation

y—Ay+fy)=nh in (0,7) x
y=0 on (0,T) x 9Q

can be written as

||h||i2((0,T)><Q) = Hyt|‘i2((07T)><Q) +-Ay+ f (y)||i2((0,T)><Q) + remainder, (3.3)
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where the remainder depends on the value of the solution at times ¢t =0 and t = T.

Lemma 3.2. Let Q be a bounded open set of R”, n € {1,2,3}, with C> boundary. Let f € C>(R;R) be
nondecreasing, with f(0) = 0. Set F (y fo €)dE. Let yo € L () NHE () be an initial datum and let
h € L>((0,T) x ) be a source term. Let y be the solution to

—Ay+fy)=nh in (0,T) x Q
y=0 on (0,T) x 00 (3.4)
y(0,2) = yo(x) in Q.

Then, the following identity holds
T T
/ /\h|2dmdt=/ /[Iyt|2+\—Ay+f(y)|2] dadt (3.5)
o Jao 0 Jo
+ [ IVl + 2F (o) = V@) = 2F (so(a)] .

Proof of Lemma 3.2. We start by proving our assertion for C*°-smooth data, with compact support. By (3.4),

we have
T T
/ /|h|2dxdt:/ /|yt*Ay+f(y)|2dmdt
o Jo o Jo

T
= [ [ [l + -2+ £ )] doc
0 Q
T
+o / /Q v Dy + £ (3)] dedt. (3.6)

We now concentrate on the terms 2 fOT Jo ye [-Ay] dzdt and 2 fOT Jo e f (y) dzdt. Integrating by parts in space,

we get
//yt —Ay]dzdt = //8Vdedt

= [ [196(.2)1? = V() ] . (3.7

By using the chain rule and the definition F (y) := Oy f(€)d€, we have

/ / yef (y) dadt = / / iy )] dadt = /Q[F (y(T,x)) — F (yo(x))] d. (3.8)

By (3.6), (3.7) and (3.8), we get (3.5).
The conclusion for general data follows from a density argument based on parabolic regularity (see [31], Thm.
7.32, p. 182; [30], Thm. 9.1, p. 341 or [55], Thm. 9.2.5, p. 275). O

We proceed now with the proof of Lemma 3.1.
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Proof of Lemma 3.1. For any control u € L2((0,7) x w), by Lemma 3.2 applied to (3.2), we have

1 T 2 T 2 2
5/ /\u| dwdtz/ /[|yt\ =Dy + £ (y)] dadt
0 w 0 Q

+ [ [IVaT )l + 2F (o) = [ V@) = 2F (so(a)] .

whence
e 2 B[t 2
Jr(u) == [-Ay + f (y)|" dedt + = ly — 2| dadt
2 0 Q 2 0 wo
e 9
+ - ly¢|” dzdt
2Jo Ja
1
+5 / IVy(T,2)|* + 2F (y(T,2)) ~ [ Vo (@) |* — 2F (yo(x))] da.
By the above equality and the definition of Js (1.5)—(1.4), formula (3.1) follows. O

The last Lemma needed to prove Theorem 1.4 is the following one.

Lemma 3.3. Consider the time-evolution control problem (1.2)—(1.1) and its steady version (1.5)—(1.4). Assume
w = Q. Arbitrarily fir yo € L (Q) NHE (Q) an initial datum and z € L>°(wo) a target. Let u” be an optimal
control for (1.2)~(1.1) and let yT be the corresponding state, solution to (1.2), with control uT and initial datum
yo- Then,

1. there exists a T-independent constant K such that

inf Jr—T inf J,| < K; (3.9)
L2((0,T)x Q) 12(Q)

2. the L% norm of the time derivative of the optimal state is bounded uniformly in T

HytTHLZ((o,T)XQ) <K, (3.10)

with K independent of T > 0.
Proof of Lemma 3.3. Step 1 Proof of

e 2 1
inf  Jp=Jp(ul)>T inf J,+ = It ddt—f/v >4 oF da.
i ltt I =g @) =T nt o [ ) dsat = 5 [ (190 + 28 (@) de

We start observing that, since the nonlinearity f is nondecreasing and f(0) = 0, the primitive F' is nonnegative
F(y) >0, vVyeR. (3.11)

Let uT be an optimal control for (1.2)-(1.1) and let y” be the corresponding state, solution to (1.2), with
control u’" and initial datum yy. By Lemma 3.1 and (3.11), we have

J(T)_/TJ(ATt- T(t,-))dt
T (U ) s y(a)+f(y(’)))
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1T - 9
+5/0 | v (& )|” dedt
t %/ {HVyT(T, 2)|[° +2F (7 (T, 2)) — | Vyo(a)|* — 2F (yo(m)):l da
Q

2/ Js(=Ay"(t) + f (y"(t,)) )dt
0

17 T 2
+ = |yt (t,a:)| dxdt
2)o Ja

-5 | (190 @I* +2F (o@))] @z

Now, for a.e. t € (0,7T), by definition of infimum

J(= Ay () +F (" (1)) = nf .

The above inequality and (3.12) yield
T
T () 2 [ (= AT 1 () e
0
e 2 1
by [ [l dode = 5 [ (1900 + 28 (o(a)] do
0 Q Q

T e T 2 1 5
> 1 . — _ =
> [ 2] a5 [ ] el asie -5 [ (19 + 25 Go(o)] ao

, e T 2 1 9
=7t Tty [ dsdt = 5 [ [190@)1? +2F (@) do

whence

1 [T 2 1
i — Ty > : - T L 2
L2(((§,%"f)><§2) Jr=Jr (u ) > 1 L121(1§f2) Js + 2/0 /Q |yt (t,x)| dzdt — 2/Q [||Vy0(x)|| + 2F (yo(ac))} dx.

Step 2 Conclusion
On the one hand, by Lemma 2.5, we have

inf Jr—T inf J, <K,
L2((0,T)x) L2(Q)

the constant K being independent of 7' > 0. On the other hand, by (3.13), we get

inf Jr—T inf J, > —K.
L2((0,T)xQ) L2(Q)

By (3.14) and (3.15), inequality (3.9) follows.

17

(3.12)

(3.13)

(3.14)

(3.15)
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It remains to prove (3.10). By (3.13) and Lemma 2.5, we have

1 /T 2
Js+ = T (¢ dzdt — K < inf Jp<T inf J,+ K
5+2A Aﬂ%(ﬁﬂ v = omxay TS gy T

T inf
L2(Q)

whence
1T T 2
= |yt (t,a:)| dzdt < K,
2)o Ja

as required.
We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Estimate Theorem 1.11 follows directly from Lemma 3.3 (2.).
It remains to prove the convergence of the averages. By the regularizing effect of the state equation (1.2) and

Lemma 2.1, we can reduce to the case of initial datum yo € L°° () N H} (2). By Lemma 3.3, we have

inf Jr—T inf J| < K. (3.16)
L2((0,T)xQ) L2(Q)
Then,
inf J inf Jg| = ! inf J T inf J.
TL%((},%“)XQ) T LIZI(IQ) T L2((5,nT)xQ) T LIQI(lﬂ) s
K
< =
- T T—>_+>oo 0’
O

as required.
4. NUMERICAL SIMULATIONS

This section is devoted to a numerical illustration of Theorem 1.1. Our goal is to check that the turnpike

property is fulfilled for small target, regardless of the size of the initial datum.
We deal with the optimal control problem

1 /T z 3 T ,1
min Jr(u) = 5/ / |u|?dxdt + 5/ / ly — z|*dzdt,
o Jo o Jo

u€L2((0,T)%(0,3))

where:
Yt = Yoo + yS = UX(0,1) (tvx) € (OvT) X (07 1)
y(t,0) =y(t,1)=0 te(0,7)
z € (0,1).

y(oa :17) - yo(l‘)

We choose as initial datum yy = 10, as weighting parameter S = 1000 and as target z = 1.
We solve the above semilinear heat equation by using the semi-implicit method:
Yir1 - Y, . ,
S AL Z*AY;+1+Y7;3:U1'X(07%) Z:OV"aNt*l
YO = Yo,
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10 . . .
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FIGURE 4. Graph of the function ¢ — [|y” (¢)||Le () (in blue) and ||| () (in red), where
yT denotes an optimal state, whereas 7 stands for an optimal steady state.
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FIGURE 5. Graph of the function ¢t — ||y7 (¢ where y” denotes an optimal state,

whereas 7 stands for an optimal steady state.

)_y”Lw(ﬂ)7

where Y; and U; denote resp. a time discretization of the state and the control.

The optimal control is determined by a Gradient Descent method, with constant stepsize. The L° norm of
the optimal state y” is depicted in Figure 4, while the L> norm of the difference between y” and the optimal
steady state ¥ is represented Figure 5.
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5. CONCLUSIONS AND OPEN PROBLEMS

In this manuscript we have obtained some global turnpike results for an optimal control problem governed
by a nonlinear state equation. For any data and small targets, we have shown that the exponential turnpike
property holds (Thm. 1.1). For arbitrary targets, we have proved the convergence of averages (Thm 1.4), under
the added assumption of controlling everywhere. One of the main tools employed for our analysis is an L
bound of the norm of the optima, uniform in the time horizon (Lem. 2.1). Numerical simulation have been
performed, which confirms the theoretical results.

We present now some interesting open problems in the field.

5.1. General targets with any control domain

In Theorem 1.4 we have proved the convergence of averages for large targets, in the context of control
everywhere. An interesting challenge is to prove the exponential turnpike property, even if the control is local
(namely w € Q). The challenge is to prove the following conjecture.

Conjecture 5.1. Consider the control problem (1.2)—(1.1). Take any initial datum yo € L (Q) and any target
2z € L®(wp). Let uT be a minimizer of (1.1). There exists an optimal pair (w,7) for (1.5)~(1.4) such that

[u” (t) = Tl ) + Iy" () = Gl ) < K [exp (—pt) +exp (—u(T — 1), Vt€[0,T], (5.1)

the constants K and p > 0 being independent of the time horizon T'.

In [36] special large targets z are constructed, such that the optimal control for the steady problem (1.5)—
(1.4) is not unique. For those targets, a question arises: if the turnpike property is satisfied, which minimizer
for (1.5)—(1.4) attracts the optimal solutions to (1.2)—(1.1)?

Note that, in the context of internal control, the counterexample to uniqueness in [36] is valid in case of local
control w C Q.

Generally speaking a further investigation is required for the linearized optimality system determined in

Section 3.1 of [40]. We introduce the problem. As in (1.3), consider the optimality system for (1.2)—(1.1)

yi — Ay + fy") = —d"x in (0,T) x Q

y' =0 on (0,T) x 9Q

yT(Oa x) = yo(x) in € (5.2)
—qF — AT+ (T =BT — 2)xw, i (0,T) x Q :
" =0 on (0,T) x 99

¢"(T,x) =0 in Q.

Pick any optimal pair (uw,y) for (1.5)—(1.4). By the first order optimality conditions, the steady optimal
control reads as U = —qx, with

Ay + f(¥) = —xw in ©2

Y= on 0f) (5.3)
—AG+ ()7 =Bl — 2)Xw, InQ

=0 on Of).

As in [40], we introduce the perturbation variables

n"i=y" -7 and " =¢" -7 (5.4)
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and we write down the linearized optimality system around (@,7)

ni = A"+ (@0 = -9 xe in (0,7) x Q

n" =0 on (0,T) x 99

7" (0,x) = yo(z) — y(x) in Q (5.5)
—pt = A" + f'(@)e" = (Bxw, — " @ @) 0" in(0,T) x Q

" =0 on (0,7T) x 09

o"(T,z) = —q(x) in Q.

As pointed out in Theorem 1 in Section 3.1 of [40], a key point is to check the validity of the turnpike property
for the linearized optimality system (5.5). This is complicated because of the term Sx., — f” (¥) G, whose sign
is unknown for general large targets. Furthermore, in case of nonuniqueness of steady optimum, it would be
interesting to compute the spectrum of the linearized system around any steady optima to check if among them
one is a better attractor.

We conclude this subsection observing that, even in case the control acts everywhere (w = ), theory is not
conclusive. Indeed, our results (Thm. 1.4 and Lem. 3.3) provides information on the performances of the steady
controls and the estimate of the L? norm of the time derivative of the optimal state. The proof of Conjecture
5.1 in this case would require the use of Hamilton-Jacobi techniques (see e.g. [7], Thm. 7.4.17) to carry over our
results to the optimal control and states by a feedback operator.

5.2. Different nonlinear state equations

It would be interesting to check the validity of the turnpike property, for different state equations, e.g.
hyperbolic PDEs. This has been done in the linear case [24, 39, 58]. To address the nonlinear case the scheme
we have employed can be used (uniform estimates for the optima, linearization and global-local argument).
However, appropriate modifications have to be made to the proofs according to regularity properties of the
state equation.

APPENDIX A. PARABOLIC REGULARITY RESULTS
One of the key tool to carry on the proof of Lemma 2.1 is the following regularity result.
Lemma A.1. Let Q2 be a bounded open set of R, n € {1,2,3}, with C? boundary. Let c¢: (0,T) x & — R be

measurable and nonnegative. Let yo € L*° (Q) be an initial datum and let h € L2((0,T) x Q) be a source term.
Let y be the solution to

yt—Ay+cy=nh in (0,T) x Q
y=0 on (0,T) x 09
y(0,2) = yo(x) in Q.

Choose yo and h so that cy € L2 ((0,T) x ). Then, y € L2 ((0,T); L (2)) and we have

lyllLzco,m)me ) < K [llyollLe ) + [17llLzo,7)x2)] » (A.1)

where K = K (§2).
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Proof of Lemma A.1. Step 1 Comparison
Let 7 be the solution to:

by — A = |h] in (0,T) x Q
=0 on (0,T) x 0 (A.2)
w(OJJ) = |y0| in Q

Since ¢ > 0, a.e. in (0,7) x £, by a comparison argument, for each ¢ € [0, T):
ly(t, )| < ¢(t,z), ae zel (A.3)

Now, since yo and h are bounded, again by comparison principle applied to (A.2), ¢ is bounded. Hence, by
(A.3), y is bounded as well and

r 2 r 2
/0 (B2 eyt < / 10(8) 12yl (A)

Then, to conclude it suffices to show

¥ llr2c0,msL ) < K [IIollLe ) + IRllL2(0,m)x9)] »

the constant K being independent of T
Step 2 Splitting
Split ¢ = £ 4 x, where &£ solves:

& —AE=0 in (0,7) x Q
£E=0 on (0,7) x 99 (A.5)
6(0,1’) - ‘y0| in 2

while x satisfies:

xt — Ax = |h| in (0,7) x £
x=0 on (0,7) x 09 (A.6)
x(0,2) =0 in Q.

First of all, we prove an estimate like (A.1) for £&. We start by employing maximum principle (see [41]) to
(A.4), getting

l€llLee 0,7y %) < [lmollee @)- (A7)

Now, if T' > 1, by the regularizing effect and the exponential stability of the heat equation, for any ¢ € [1, T,
we have

1€ () < K€t = Dlr2(e) < Kexp (=it = 1)) [[yollr2(), (A.8)
the constant K depending only on the domain Q. Then, by (A.7) and (A.8), for any T > 0, for every t € [0, T],

1€ () < K min {1, exp (=A1(t = 1)} [[gollL> (), (A.9)
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with K = K (Q).
Now, we focus on (A.6). By parabolic regularity (see e.g. [18], Thm. 5, Sect. 7.1.3), x € L?(0,T;H? (Q2)), with
Xt € L2((0,T) x Q). Then, by multiplying (A.6) by —Ax and integrating over [0, 7] x €2, we obtain

1 T
§HVX(T)||%2(Q) +/0 /QleFdxdt < AllLz (0,7 1AX L2 (0.1)x)-
By Young’s Inequality,
g 2 Lo 1 2
s |Ax|*dzdt < §||h||L2((o,T)xQ) + §||AX||L2((0,T)><Q)7
which leads to
T
/O /Q |Ax[?dadt < |[hlI72 0.y x0)-
Now, by Theorem 6 and Section 5.6.3 of [18] and Theorem 4 and Section 6.3.2 of [18],

T T T
/0 X012yt < K / X2t < K / /Q AxPdedt < K]0z xon- (A.10)

Finally, by (A.4), (A.9) and (A.10),

T T T
| 1ot <2 [ € it 25 [ Iyt < K (Il + IR0
as required. O

The following regularity result is employed in the proof of Lemma 2.1.

Lemma A.2. Let Q2 C R" be a bounded open set, with 9Q € C*. Let c € L>((0,T) x ) be nonnegative. Let
Yo € L™ (Q) an initial datum and h € L=((0,T) x Q) a source term. Let T € (0,T) and set N == |T/T|. Let y
be the solution to

Yy —Ay+cy=nh in (0,T) x Q
y=20 on (0,T) x 00
y(0, ) = yo(x) in Q.

Then, y € L>((0,T) x Q) and we have
Yl (0.myx2) < K |lyollL=(a) +i=f{l7§i<N ||h||L2(((i_1)T,¢T);Loo(Q)) + ||h||L2(NT,T;Loc(Q)) ) (A.11)

where K = K (Q,T) is independent of the potential ¢ > 0 and the time horizon T'.
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Proof of Lemma A.2. Step 1 Comparison argument
Let 7 be the solution to:

W — Ay = |h| in (0,7) x
P =0 on (0,T) x 99 (A.12)
$(0,2) = [yo- in Q

Since ¢ > 0, a.e. in (0,7 x 2, by a comparison argument, for each ¢ € [0, T):
ly(t,z)| < ¥(t,z), ae xze€Q. (A.13)

Now, since yog and h are bounded, again by comparison principle applied to (A.12), ¥ is bounded. Hence, by
(A.13), y is bounded as well and

yllLee 0.1y x) < lIPllLee(0,7)x)- (A.14)

Then, to conclude it suffices to show

vy

the constant K = K (Q,T) being independent of T
Step 2 Conclusion -
Let {S(t)},cr+ be the heat semigroup on €2, with zero Dirichlet boundary conditions. Fix ¢ € (0,7T’). By the
regularizing effect of the heat equation (see, e.g. [6], Thm. 10.1, Sect. 10.1), for any ¢t > ¢,

[1S(t)yollLe (@) < Kexp(—u(t —&))llyollLz) < Kexp(—u(t —€))llyollLe=()-
For ¢ € [0, ], by comparison principle, we have

[S@yolle () < KllyollLe= (o) < Kexp(—u(t —€))[lyollLe= (o)

being exp(—u(t — €)) > 1. Hence, for any ¢ > 0,

1S (t)yollee @y < K exp(—u(t —e))llyollee(o)- (A.15)

Then, by the Duhamel formula, for any ¢ € [0, 7], we have

lt) = S(0) (ual) + | St =) (h(s)) d. (A.16)
0
Now, by (A.15), for any ¢ > 0,
15(6) (lwol) [l < K exp (—pu(t — ) ol - (A17)

Besides, by applying (A.15) to the integral term 7(t) == fg S(t—s)(|h(s)])ds in (A.16), we obtain

@)l < [ 1= 5) () fuoeds
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THE TURNPIKE PROPERTY IN SEMILINEAR CONTROL 25

<K / exp(—pu(t — 5 — ))[[h(s) [ ds

L%J iT

exp(p(t =< =T [ exp(pT = ) (s

/( P 6))h(5)||mod8]

Sl
| S
L
S

T o T
/ exp(—zm'T—s))ds] [/ |h<s>||imds]
(i—1)T (i—1)T

1
2

[N

/(LtJ—l)T exp(—2u(t — s — E))d8‘| [/(LtJ—I)T ||h(s)|imd31 }
IE3 B
Z exp(—pu(t — & — D)l -1y 7.~ @)

hHL?(NT,T;Lw(Q))}

[14]

<K Z exp(—p(t —e —iT)) ax IPll2(((i—1)F,i7) L= ()
+Hh||L2(NT,T;L°°(Q))} . (A.18)
4] 5]
_ tl— -
exp(—pu(t —e —1iT)) < exp(pe) exp | — =|T -
> explpit < pie) 3 e (| 7| 7))
3
= exp(pe) D eXP <u <U:J - z> T) (A.19)
R
= exp(pe) exp (—ujT) (A.20)
7=0
+oo .
< exp(ue) Zexp (—pgT) (A.21)
3=0
_ exp(pe)
= e (CAT) (A.22)

(A.23)
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where in (A.19) we have used ¢ < {%J, in (A.20) we have performed the change of variable j == L%J — 4 and in

(A.22) we have computed the geometric series. Hence, by (A.18) and the above computation, we have

L%

Il < K| Y exp(=p(t — & = D)l 2177 o)
1

Sl

7

J’_HhHL?(NT,T;LOC(Q))}

exp(pe)
<K o ) o2 e o7 o

+||hHL2(NT,T;L°°(Q))]

<K Z,:qlf%?(N ||h||L2((¢—1)fﬁ;Loo(Q)) + ||h|L2(NT,T;L°°(Q)):| ) (A.24)

with K = K (Q,T)
Then, by (A.17) and Appendix A, for each ¢ € [0, T]

o) lLoe (@) < Kexp (—p(t —€)) |[lvollLe() + ax IPlle2 -1y T ()) T ”h”L?(NT,T;L‘X’(Q))]
as desired. 0

APPENDIX B. WELL POSEDENESS AND REGULARITY OF THE STATE
EQUATION

In this subsection we study the well posedeness and regularity properties of the state equation (1.2).
Let © be a bounded open subset of R", with boundary Q) € C2. The nonlinearity f € C!(R) is nondecreasing
and f(0) = 0. Let us also mention that, among the equivalent definitions for H} norm, we choose ||y||H(1) @ =

\/fQ HVyH2 dz as suggested by Poincaré’s inequality ([6], Cor. 9.19, p.290). To define the notion of solution, we
introduce the class of test functions

@ =L ((0,T);Hg () "L ((0,T) x 9),
the Hilbert space (see e.g. [35], (1.8)—(1.9), p. 102)
W (0,7) = {yeL?((0,7);H} () |y €L*((0,7);H " (Q))}
endowed with the norm
19llw o,y = W9llL2 0,0y ) + 19ellzo,mym-1 (@)
and the Hilbert space

Wr (0,T) = {y € L*((0,T); Hy (2) N H*(Q)) | y € L* ((0,T) x Q) } (B.1)
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endowed with the norm:
||y||WR(O.,T) = ||yHL2((O,T);H2(Q)) + ||yt||L2((0,T)><Q)~

Definition B.1. Let yo € L°° (Q) and h € L2 ((0,7) x Q). Then, y € W (0,T) is said to be a solution to the
Cauchy problem

w—Ay+fy)=h in (0,7) x
y=20 on (0,T) x 90 (B.2)
y(ovx) = yO(x) in Q.

if 4 (0,-) = yo in L2(Q), f(y) € L' ((0,T) x ) and for any test function ¢ € ¢, we have

/OT{<yt,<p>+/Q[VyV<p+f(y) ol dx} dtz/OT/thodxdt, (B.3)

where (-, -) denotes the duality product (H{ (€2),H™! (€2)).
To state the next Proposition, we introduce the following class of initial data
Lip={w €L?(Q) | F(y) e L' ()}, (B.4)
where F' (y) == foy f (&) d¢. Next Proposition is devoted to the well posedeness of (B.2), while Proposition B.4

deals with regularity properties.

Proposition B.2 (Well posedeness). Let yo € LiF be an initial datum and h € L2 ((0,T) x Q) be a source

term. There exists a unique solution y to (B.2). Moreover, f (y) is square integrable, i.e. f (y) € L2 ((0,T) x ),
with estimates

191l ((0.7)m3(0)) < IollLzc) + 1RllLz o, mya-10), (B.5)
1 W20,y <) < A/2IF @)l ) + 1llz(o,m) <) (B.6)

and
el o,mym-1 ) < K [HQOHLZ(Q) +\/IF W)l o) + 1hllzo,myxe) | » (B.7)

where F (y) = [} f(£)d§ and K = K (Q).

Remark B.3. In the literature, well posedeness and regularity of dissipative semilinear heat equations have
been treated extensively (see e.g. [4, 11, 44]). However, in [11, 44] the source is required to be LP, with p large
enough to have bounded solutions. Our goal is to show how to prove well posedeness and regularity with L2
source. As we shall see in Proposition B.4, if the initial datum is bounded, the solution is bounded in space (of
class L2 ((0,7) ;L (£2))), but possibly unbounded in space-time. In Proposition 5.1 page 195 of [4] unbounded
sources are considered, but to have solutions in W (0,T) the initial datum is supposed to be in Hg () N L7 ¢.
In our result, we ask only yo € L} ;. Note that, in case the source is only space dependent h = h(z), (B.2) can
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be seen as a gradient flow of the convex functional
1
DU @ R 16) = [ [3I9 P ) - h s (B.5)
Q

where F (y) = [ f (€) d€ (see [18], Sect. 9.6 and references therein). This explains the condition F (yo) € L* (2)
we imposed, which requires that the term fQ (yo) do appearing in the functional (B.8) is finite.

The initial datum yg is supposed to be in LiF. However, this condition may be relaxed to weaker integrability
conditions by looking for a solution in a larger Banach space.

The proof of Proposition B.2 is inspired by Theorem 4.7, page 29 of [5].

Proof of Proposition B.2. Uniqueness follows from energy estimates. We focus on the proof of existence and

estimates. Along the proof, we will use that f is nondecreasing and f(0) = 0, which yield f'(y) > 0 and
= foy f(&dE >0, for any y € R. Integration by parts will be employed. We will denote by K a large

enough constant depending only on the domain €.

Step 1 Existence for bounded data

Take initial datum yo € L°°(€2) and source h € L*>((0,T") x Q). By Theorem 2.1, page 547 of [11], there exists a

bounded solution y to (B.2). Truncation methods are employed to deal with possibly non Lipschitz nonlinearity.

Step 2 Estimates for bounded data

We now aim at proving (B.5), (B.6) and (B.7) for L* data. In order to show (B.5), in (B.3) let us choose as

test function ¢ =y, getting

/OT/thdazdt/oT/Q vy + 9yl + £ () y] dadt

1 2
= 5 [T iy = Mol cen] + 190 o 3 / | 7 wyudat.

(B.9)
Then, by Young’s inequality
T T )
2
9oy * [ 7@ wdode < [ [ hudadt + e,
1 2 1 2 1 2
< ) ||hHL2((O,T);H*1(Q)) + 9 ||Z/HL2((0,T);H[1)(Q)) + ) ||y0||L2(Q) )
(B.10)
which yields
T 1 2 1 2
||Z/HL2((O T);HY(Q)) o Jo f(y) ydzdt < 5 ||h||L2((07T);H*1(Q)) + ) Hy0||L2(Q) ) (B.11)

whence (B.5) follows. For the proof of (B.6), let us observe that, since y is bounded and f is Cl, f'(y) is
bounded. Then, V (f (y)) = f’ (y) Vy € L2 ((0,T) x Q), whence f (y) is eligible as test function in (B.3), thus
obtaining

//hf ) dadt — //ytf )+ VUV (F (1) + 1f ()] deedt
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= 1P Ty~ 1 Gy [ [ [0 I9017 5 17 0]z
> IF @l [ [ 17 @Rt
(B.12)
Therefore, by Cauchy—Schwarz and Young’s inequality
/ 1 @l dadt < 1F o)l e + / [ 1t )y azat
< E (o)l + Hh||L2((OT <) T 5 ||f( )32 0.1y %)
(B.13)
whence
I 2 L2
2 ) /o |[f )" dadt < |F (yo)lla ) + 5 17llLaco,myxe) » (B.14)

which leads to (B.6). For the proof of (B.7), let us arbitrarily choose a test function ¢ in the class € of test
functions. Then, from (B.3) we have

/ " gdt| =

< ||ZIHL2((0,T);H(1)(Q))H‘PHLz((o,T);Hé(Q)) +1If (Z/)”LZ((O,T)XQ) ||<P||L2((0,T)><Q)

T
/Q [=VyVe — f(y) ¢ + hy] dzdt

+ 12llr2 0,7y x0) 191120, x0)
<K [”yOHL?(Q) +4/IF (yo)“Ll(Q) + ”h”L?((O,T)xQ)} ||<)0||L2((0,T);Hé(§2)) ) (B.15)

as required. For the sake of uniform integrability needed in next steps, we will estimate the L' norm of f (y) over
an arbitrary measurable set, by adapting the arguments of the proof of Theorem 4.7, page 29 in [5] based on
the Vitali Convergence Theorem ([46], page 94). Arbitrarily choose M > 0 and E Lebesgue measurable subset
of (0,T) x Q. Set

Ey = A{(t,z) € (0,T) x Q| |y(t,z)| > M}. (B.16)
Now, on the one hand,
1
[ wiaeo s [ r@lden (B.A7)
Enr M En

i)
= — f(y)y dzdt B.18
e (y) (B.18)

1 2 2

<5 [||hHL2((o,T);H—1(Q)) + [vollt2(o) (B.19)
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where in (B.17) the definition of Ej is used, in (B.18) the fact that f is noncreasing together with f(0) =0 is
employed and in (B.19) inequality (B.11) is used. Therefore

1 2 2
/EM If ld(z.t) < 57 [”hHL?((O,T);H—l(Q)) + 1%ollt2(q) | - (B.21)

On the other hand, since f is increasing and f(0) = 0, we have

/ 1f W)l d(x,1) é/ max {|f (=M)|,[f (M)} d (z,t)
E\En

E\EM
S/max{\f(*M)l,If(M)I}d(z,t)
E

= paey (E) max {[f (=M)], [f (M)][}.

(B.22)
Putting together (B.21) and (B.22), we obtain
[1rwlaen=[ rwla@+ [ Fwlden
E Eum E\Eum
1

S 97 {thi?((&T);H—l(Q)) + ||yo||i2(9)}

+ ey () max {| f (=M)][, | f (M)|}.
(B.23)

This will allow us to apply Vitali Convergence Theorem ([46], p. 94) to perform the density argument in step 3.
Step 3 Existence of solution for unbounded data

Let y € Lip be an initial datum and let h be a source in L*((0,7) x ). Take sequences
{vom = yOX{Iyo\Sm}}meN C L>(Q) and {h,, = hX{Ih\Sm}}meN C L*((0,T) x Q), where xg denotes the
characteristic function of a set E. By Dominated Convergence Theorem , we have

y0,m — y0||L2(Q) + I1F (yo,m) — F(y0)||L1(Q) + hm — hHL?((o,T)xQ) — 0. (B.24)

m——+o0

For each m € N, set y,,, solution to (B.2) with initial datum yo ,,, and source h,,. By (B.11), (B.14) and (B.15),
the sequences {ym },en € W (0,T) and {f (ym)},nen € L2 ((0,T) x Q) are bounded. Hence, by Banach-Alaoglu
Theorem, there exists y € W (0,T) with f (y) € L2 ((0,T) x Q) such that, up to subsequences,

y/ln m:‘roo y7 (B.25)
weakly in W (0,T) and
Fm) = ) (8.26)

weakly in L? ((0,7) x ). By parabolic compactness ([48] or [16], Théoréme 2.4.1, p. 51), the sequence {yum },,cn
is relatively compact in L2 ((0,7) x €), whence, up to subsequences

Ym — Yy, a.e. in(0,T)xQ, (B.27)

m——00
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which, together with the continuity of f, yields

flym) — f(y), ae in(0,T)x . (B.28)

m——+0o0

Moreover, (B.23) gives uniform integrability of {y,}
Theorem ([46], p. 94), getting f (y) € L1(2) and

men- Then, we are allowed to apply Vitali Convergence

flym) — f(y), (B.29)

m——+oo

in L' ((0,T) x ). Now, the weak convergence (B.25) and the strong convergence (B.29) enable us to pass to
the limit as m — 400 in (B.3), thus showing that in fact y is a solution to (B.2). To finish the proof, we apply
(B.11), (B.14) and (B.15) to {¥m},,cn- Then, using the Lower Semicontinuity of the norm with respect to the
weak convergence ([6], Prop. 3.13 (iii) page 63), we take the limit as m — 400, getting respectively (B.5), (B.6)
and (B.7). This finishes the proof. O

Proposition B.4 (Improved regularity). Let yo € L] p NHg (Q) be an initial datum and h € L* ((0,T) x Q) be

a source term. Let y be the corresponding solution to (B.2). Then, in fact, y € L? ((O,T) s HY (Q) N H? (Q)) and
v € L2((0,T) x Q), with

lyllLz o2y < K [”yOHH})(Q) + HhHLQ((O,T)XQ)} (B.30)

and
lyellezco,myx0) < llvollm ) + /2 1F (Wo)lli ) + [17llLz(0,7) <0 (B.31)
where K = K ().

Suppose, the initial datum yo € L™ (Q) (not required to be of class H§ (Q)) and the source h € L2 ((0,T) x Q).
Assume the space dimension n = 1,2,3. Then, y is bounded in space, namely y € L? ((O, T);Hy () NL*>® (Q)),
with estimates

IyllL2 0,1y ) < K [”yOHLOO(Q) + Hh”L?((O,T)XQ)} ; (B.32)

with K = K (Q)

Proof of Proposition B.J. As in the proof of Proposition B.2, we will use that f is nondecreasing and f(0) = 0,
which yield f'(y) > 0 and F (y) = foy f (&) d¢ > 0, for any y € R. Integration by parts will be employed. We will
denote by K a large enough constant depending only on the domain ).

Step 1 Estimates for bounded data

We now aim at proving (B.30) and (B.31) for L> data working with yo € L (Q) N H} () and h €
L ((0,T) x Q). By Proposition B.2, f (y) € L2 ((0,T) x Q). Then, by applying ([18], Thm. 5, p. 382) to

y—Ay=—f(y)+h in (0,7) x Q
y=0 on (0,7) x 09
y(0,2) = yo(x) in Q,
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we get y € L2 ((0,7); Hf () NH? () and y € L?((0,7) x Q). Let us choose as test function ¢ := —Ay in
(B.3)!, obtaining

/ /h ~ Ay) dedt = / / Ay + |~ Ayf + F (4) (~Ay)] deds

- [ [Zvu+ =0l + 1 ) 1991 o
0

1 2 1 2 r 2
> LIVUT ey — 5 Vol + [ [ 1= dodt

2 2 o Ja

(B.33)
Therefore, by Cauchy-Schwarz and Young’s inequality
2 T 1 2
1891 ooy < / [ n-anasa s 190
<3 ||h||L2((O mxa)t 5 HAyHLZ((OT yxe) T 5 ||Vy0||L2 )

(B.34)

whence, by elliptic regularity ([18], Thm. 4, p. 334) we get (B.30). To prove (B.31) for bounded data. Let us
choose as test function ¢ = y; in (B.3)?, getting

/oT /Q hyrdadt = /OT /Q (1> + V5% () + £ () 9] daat

T
1 1
= [l dwdt+ 5 19T @y = 5 190l + I (Tl = IF )l

(B.35)
Then, by Cauchy-Schwarz and Young’s inequality
2 T 1 2
Il o 2y < / [ hutade + 5 7 Wl 18 G
<5 Hh||L2((0 x5 ||yt||L2((o Tyx) T 5 HvyOHLZ(Q +1F (o)l q) »
(B.36)

which leads to (B.31).

Step 2 Estimates for unbounded data

Suppose the initial datum yo € L> (©2) N H (€2). Consider the sequence {ym,},,cy constructed in step 4 of the
proof of Proposition B.2. In step 1 we have obtained (B.30) and (B.31) for bounded data. We apply them to

{Ym} men> getting respectively

[ym |2 0.m)m2(0)) < K |[lvollay @) + ||hm||L2((O,T)><Q)] (B.37)

! ¢ = —Ay may not be in ¥. However, in case y € L? ((0,T);H} () N H? (Q)) N L ((0,T) x Q), y: € L?((0,T) x ) and
f(y) € L2((0,T) x Q), (B.3) is valid for each test function in % if and only if it holds for any test function in L2 ((0,T) x Q).
¢ = y¢ may not be in ¥. As in the former footnote.
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F1cure C.1. The idea of the proof of Lemma 2.1 is to use controllability for (1.2) to show that
optima for (1.2)—(1.1) cannot oscillate too much. Indeed, consider a the time interval [ty,5].
By controllability, we can link y” (t1,-) and y” (t2,-) by a controlled trajectory (in blue). By
optimality, the optimum (in black) is bounded by the constructed trajectory.

and
| (m) L2(0,myx9) < lyollar @) + /2 I1F o)l s ) + [hmllLz(o,m)x0)- (B.38)

Then, by Banach-Alaoglu Theorem, {y,},,cy is weakly precompact in Wg (0,7') (defined in (B.1)), whence
y € Wr(0,T) and the above inequalities hold for y.

Step 3 Boundedness in space

Let us now assume 39 € L*° () and h € L2 ((0,T) x Q). The boundedness in space of y and (B.32) follows from
Lemma A.1, with potential

fly(t,z))
t,x 0
(o) = yita y(t,z) #
f'(0) y(t,z) = 0.
This concludes the proof of the Proposition. O

APPENDIX C. UNIFORM BOUNDS OF THE OPTIMA

As pointed out in Section 3.2 of [40], the norms of optimal controls and states can be estimated in terms of
the initial datum for (1.2) and the running target in an averaged sense, using the inequality

JT (UT) S JT (0) s (Cl)
where u” is any optimal control for the time-evolution problem. We have to ensure that the bounds actually
holds for any time, i.e. we need to show that optimal controls and states do not oscillate too much.

The proof of Lemma 2.1 follows the scheme:

e divide the interval [0, 7] into subintervals of T-independent length;
e estimate the magnitude of the optima in each subinterval by using controllability (Fig. C.1).
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In order to carry out the proof of Lemma 2.1, we need some preliminary lemmas. We start by stating some
results on the controllability of a dissipative semilinear heat equation.

C.1 Controllability of dissipative semilinear heat equation

Lemma C.1. Let § € L=((0,4+00) x Q) be a target trajectory, solution to

{@t —AJ+ f(9) = dxw in (0,T) x Q (©2)

=0 on (0,T) x 09,

with control 4 € L*°((0,T) x w). Let yo € L> () be an initial datum. Let R > 0. Suppose ||yo|L-@) < R
and ||§||ree((0,400)x0) < R. Then, there exists Tp = Tr(, f,w, R), such that for any T > Tg there exists u €
L>°((0,T) x w) such that the solution y to the controlled equation (1.2), with initial datum yo and control u,
verifies the final condition

and
= @l 0,7y xw) < Kllyo = 5(0) [l () (C.4)

where the constant K depends only on 2, f, w and R.

The proof of the above lemma is classical (see, e.g. [3, 20]).
In order to prove Lemma 2.1, we introduce an optimal control problem, with specified terminal states. Let
t1 < ta. Let g be a target trajectory, bounded solution to (1.2) in (1, t2), i.e.

9t — Ay + f(§) = Uxw in (t1,t2) X Q
g=0 on (tl,tQ) x 0) (05)
9(t1, ) = Jo(x) in Q,

with initial datum o € L*° (2) and control & € L ((¢1,%2) X w).
For any control u € L2((t1,t2) X w), the corresponding state y is the solution to:

yr — Ay + f(y) = uxw in (t1,t3) x Q
Y= 0 on (tl,tg) x 0N (CG)
y(th Z‘) = g(t1,$> in €.

We introduce the set of admissible controls

Uy = {u € L2((t1,t2) x w) | y(tz,) = G(t2, )} .

By definition, @ € %,4. Hence, %,, # @. We consider the optimal control problem

1 [tz ﬂ 2
min Jy, 4, (u) = 5/ / |u|?dadt + 5/ ly — z|*dadt, (C.7)
t1 w t1 wo

UWE U ad

with running target z € L*(wy). By the direct methods in the calculus of variations, the functional Jy, 4, admits
a global minimizer in the set of admissible controls %,,.
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We now bound the minimal value of the functional (C.7), showing that the magnitude of the control 4 in the
time interval [tq,ty — Tg| can be neglected when estimating the cost of controllability. Namely, what matters is
the norm of @ in the final time interval [ty — T, t2].

Lemma C.2. Consider the optimal control problem (C.6)—(C.7), with ta —t1 > Tr. Then,

minJi,, < K 19t Moo @) + (E2 = t) 1211 (o)

Il (12—t 152 = T Yy |

the constant K being independent of the time horizon to —t; > Tg.

Proof of Lemma C.2. Step 1 A quasi-optimal control

Let u,,. be an optimal control for (C.6)—(C.7) and let y,,. be its corresponding state. To get the desired bound,
we introduce a quasi-optimal control u for (C.6)—(C.7), linking §(¢1,-) and y.p. (t2,-). The control strategy is
the following

1. employ null control for time t € [t1,ts — TR];
2. match the final condition by control w, for t € [ta — Tg, t2].

Let us denote by y° the solution to the semilinear problem with null control

yg_AyO'i_f(yO):o in (tl,tQ)XQ
=0 on (t1,tz) x OQ (C.9)
yo(tla .’If) = :'Q(tla 33) in Q.

By Lemma C.1, there exists w € L°((ty — T, t2) X w), steering (C.6) from y°(ty — Tr, ) to § (t2,-) in the time
interval (to — Tr, t2), with estimate

Jw — ﬁ”Loo((tz—Tmz)Xw) <K ||y0 (t2 = Tr) — g (t2 — TR)||L°°(Q) ’ (C.10)
Then, set
0 in (0,4y—T,
wi= in (0,12 — Tk) (C.11)
w in (to — Tr,ta).
By (C.10), we can bound the norm of the control,
||u||L°°((t1,t2)><w) <K {Hyo (t2=Tr) — g (t2 — TR)HLOO(Q) + ”'LAL”LOO((tQ—TR,tz)xw)} : (C.12)

Step 2 Conclusion
Consider the control « introduced in (C.11) and let y be the solution to (C.6), with initial datum yo and control
u. Then, we have

%ﬂl Jt17t2 < Jtl;tz (u)

1 ta ﬁ ta
7/ /|u|2dxdt+—/ / ly — z|*dxdt
2 t1 w 2 t1 wo
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ta
|w|*dxdt + = / ly — z|*dadt
t1 wo

to ta ta
/ /|w|2dxdt+6 |y|2dxdt+5/ / |z|?dadt
to—Tr Jw t1 wo t1 wo
|

IN

IA
N = N = N =
—
| N
.

to
|w|?dzdt + 3 lylPdzdt + K (ta — t1)]|2]17 < (0

t1 Jwo

to—Tr 0 9 9
+8 / 192ty A 12—y
1

<K [Hyo (ta = Tr,") = § (t2 — Tk, ')Hioo(g) T o (13— 2 x0) (C.13)
(t2 = )12l ) + 151N e
<K [ll?)(th Nieo(@) + (t2 = )12l o) (C.14)
il (1 Ty + 192 = T My |
(C.15)
where in (C.13) and in (C.14) we have employed the dissipativity of (C.9). This concludes the proof. O

C.2 A mean value result for integrals

In the following Lemma we estimate the value of a function at some point, with the value of its integral.

Lemma C.3. Let h € L'(c,d) N C%c,d), with —o0o < ¢ < d < +00. Assume h > 0 a.e. in (c,d). Then,

1. there exists t. € (C, c+ dgc), such that

2. there exists ty € (d — dgc, d), such that

3 d
htg) < —— hdt.
(d)_dfc/c

Proof of Lemma C.3. By contradiction, for any t € (c, c+ dgc), h(t) > dic fcd hds. Then, we have

d ct+4ze ct+45e 3 d d
/hdtz/ hdt>/ ﬁ/ hds dtz/ hds,

so obtaining a contradiction. The proof of (2.) is similar. O

C.3 Proof of Lemma 2.1

We are now in position to prove Lemma 2.1.
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Proof of Lemma 2.1. Step 1 Estimates on subintervals
Let Tr be given by Lemma C.1.

The case T' < 61k can be addressed by employing the inequality Jp (uT) < Jr (0) and bootstrapping in the
optimality system (1.3), as in Section 3.2 of [40].

We address now the case T' > 6TRg.

Set Np := %J Arbitrarily fix 6 > 0, a degree of freedom, to be made precise later. Consider the indexes

it €{1,...,Nr}, such that

i3Tg
[ I O+ 187 O] dt <6 [ls0lEoy + 121 ] (C.16)
(1,—1)3TR
Set
Ir = {z e{l,...,Nr} ’ the estimate (C.16) is not veriﬁed} . (C.17)

On the one hand, for any i € {1,..., Np} \ Zr, by definition of /1

13Tr
(17 ()1 + I () e ] At < 0 [yl Eoe ) + 121w |-
(i—1)3Tr

On the other hand, for every i € 1, we seek to prove the existence of a constant Ky = Ky(Q, f, R, 0), possibly
larger than 6, such that

i3Tr
/( oy L Ol + 17 Ol ] 2 < Ko [ls0lEe @y + 2l o] (C.18)
1= R

We start by considering the union of time intervals, where (C.16) is not verified

W= | (i — 1)3Tg,i3Tg).

i€ ST

The above set is made of a finite union of disjoint closed intervals, namely there exists a natural M and
{(a;,b5)};=1. . ar» such that

bj<aj+17 j=1.... M -1
and

#r = |J (i - 1)3Tr,i3Trl = | [a;.b;]-

i€ gy j=1,.,.M
Forany j=1,..., M, set
Cj = {’L € I | [(Z — 1)3TR,i3TR] - [CL]‘J)J']}. (019)

We are going to prove (C.18), studying the optima in a neighbourhood of [a;,b;], for j = 1,..., M. Three
different cases may occur:
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e Case 1. a; =0 and by < 3TNy, namely the left end of the interval [a;, b;] coincides with ¢ = 0, while
the right end is far from ¢t = T

e Case 2. a; > 0 and b; < 3TgrNrp, i.e. the left end of the interval [a;, b;] is far from ¢ = 0 and the right
end is far from ¢t = T}

e Case 3. a; > 0 and b; = 3TNy, i.e. the left end of the interval [a;, b;] is far from ¢ = 0, while the right
end is close to t =T

Case 1. a1 = 0 and b; < 3TrNy.
Since by < 3TrNr, we have [by,b; + 3TrN7] C [0, T] \ #7. Hence, by (C.17),

bi3Tn T 2 T 2 2 2
/,, [l (8) s+ 1T e ] At < 0 [gollEe ) + 121 | -
1

Set ¢ = b1, d = b1 + 3T and h(t) = [lq" (t)[[F < ) + Iy ()[f = ()- By Lemma C.3, there exist ¢, and t4,

by <to<bi+Tgr and by + 2Tk <ty < by + 3Tk, (C.20)
such that
T 2 T 2 1 htdTn T /12 T /12
lg" ElToe ) + 1y )l () < ?R/b [Ilq OlLoe ) + 1y O[T (o | dt
1

< 2 (ol @y + 1202 o]

< 7 ol ) + 12l o)
and

T 2 T 2 1 b3 T 2 T 2
I ey + 7 iy < g [ 17Oy + 7 O]

A\

R
0
< o 190l ) + N2l |

Parabolic regularity in the optimality system (1.3) in the interval [t.,t4] gives

T2 T2 T 2 T 2 2
(7 e S 1 IS % (T (] T P OO e B
L T Oy + 1T O]
) q Lo (Q) Y ()HLoo(sz)
1
< Ko [llyol2= o + 121 )| - (C.21)

where the constant Ky is independent of the time horizon T', but it depends on 6. At this point, we want to
apply Lemma C.2. To this purpose, we set up a control problem like (C.6)—(C.7) with specified final state

j=y"
tl = O
to == td.
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Since t4 > Tg, assumptions of Lemma C.2 are satisfied. Then, by (C.8) and (C.21),
minJy, 1, < K [[90] 00 + tall2l
T e 1y + 197 (b = T) [
< Ko [yl = @) + 12w )| + VEall2 1 () (C.22)

where Ko = Ko(Q, f, R,0) and v = v(Q, f, R). In our case the target trajectory for (C.6)—(C.7) is the state y”
associated to an optimal control u” for (1.2)—(1.1). Then, by definition of (C.6)—(C.7),

Ji1 to (UT) <Jip,(u), Yu€ U
Hence, by (C.22),
Jthtz (UT) S min Jt1,tz
U
< Ko [IollEe @y + 120w )| + Vall21 o (un)- (C.23)

By definition of 7 (C.17) and C; (C.19), we have

b1
/0 [l ()1 + 1" e ] At = 37 0 [llyo 2 ) + 121
ieCq
0b, 9 9
=37 [”yOHL‘X’(Q) + HZHLoo(w(,)]

e(td —3TR) 9 9
> = ol ) + el

where in the last inequality we have used (C.20), which yields by > t4 — 3T». By the above inequality, Lemma
A1, (C.21) and (C.23),

O(tq — 3Tr) 9 9
e [ e ey

1 [ by
w3 | (17O + 1T O] @t < [ IOy + 157 O]

< K |:Jt1,t2 (UT) + HyOHEOO(Q) + ”qT(td)”ix(Q)}

< Ko [IollE= 0y + 121w )| +Vtall2l e (o)

whence

b1
/0 [la™ ()13 0y + 15" Oy ] At < Ko (19022 (@) + 12 1E e o

O(tq — 3T
+2 (vt - LT g

< Ko [llyol2 (o + 121 )
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0 2
+2tq (7 - 6TR> [1211T00 (o) -
[

If 6 is large enough, we have v — T < 0. Hence, choosing # large enough, we obtain the estimate

b1
/0 (17 ()12 + I (2w ] At < Ko [l 2 ey + 120

Case 2. a; > 0 and b; < 3TrNr.
Since a; > 0 and b; < 3TrN7, we have

aj
/ 1 O + N O] A <0 [l ) + 1l ) (C.24)
a;— R
and
bj+3TR
/b (1™ ()12 ) + 1™ (0) e ] At < 0 [l gy + 20 |- (C.25)

In Case 2, we apply Lemma C.3:

e in the interval [a; — 3Tr, a;];
e in the interval [b;,b; + 3TR].

We start by applying Lemma C.3 in [a; — 3Tr,a;]. To this end, set ¢ = a; — 3Tr, d = a; and h(t) =
la™ (O < ) + 1y (D)]F = () By Lemma C.3, there exist t,,c and 4,4,

aj — 3Tr < ta,c <a; — 2Tk and aj — Tr < ta,d < aj, (026)
such that
1 @i
lg" (ta,e) oo () + 10" (tae)[f o) < 7 lg" )1 e () + 147 (OlIF 0 | At
TR a]-73TR
< 2 [lwollZe ey + Izl
= TR L (Q) L°(wo)
and
1 @
lg" (ta,a)Ifo () + 1197 (ta,d) F ) < 7~ g™ ()1 () + 19T (Ol 0 | At
TR aj—STR

9 2 2
< T [HyoHLm(Q) + HZ”LO"(WQ)} :

By parabolic regularity in the optimality system (1.3) in the interval [tq,c,t4,q4], We have

HyTHi‘”((ta,c,ta,d)XQ) + HqTHiW((ta,c,ta,d)XQ) <K {HqT(ta,d)”ix(Q) + ”yT(tG«,C)Hi“’(Q)

Jr||2’||%oo(w0)
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aj
[0 OB+ 5 O~ )] dt}

;—3Tg
< Ko [llyolEm o + 120 | - (C.27)
where the constant Kj is independent of the time horizon T, but it depends on 6.

We apply Lemma C.3 in [b;, b; + 3Tg]. To this extent, set ¢ :=b;, d :== b; + 3T and h(t) == HqT(t)H%oo(Q) +
HyT(t)HiOQ(Q). By Lemma C.3, there exist ¢, . and tp 4,

bj <tpe < bj +Tgr and bj +2TR < tb,d < bj + 3TR, (028)
such that
T 2 T 2 1 +3TR 2 T (412
g™ (to,e) Lo () T 1197 (to,e) Lo () < T/ IIq o) + Iy (t)HL‘X’(Q)] dt
< [nyonm @ + 12l o]
and

IN

g™ (t.0) [ () + 157 (tr.) [E )

biHSTR T T4y [|2
[ I @y + 17 Ol o) e

bj

IN

1
Tr
4 2 2
7o 190l ) + 20

By parabolic regularity in the optimality system (1.3) in the interval [ty ., tp 4], we have

HyTHLoo((t,,c,tbd)xQ +HqT”L°° tbrtbd)XQ) {||q (tbd)HL“(Q +1y" (tbC)HL‘X’

, bi+3Te
ol oy + / a7 (8)]

b;+3Tr .
+ 1y ()17 0yt
bj

< Ko [llyol2 o + 121 )| - (C.29)

where the constant Kj is independent of the time horizon T, but it depends on 6.
At this point (see Fig. C.2), we want to apply Lemma C.2. To this purpose, we set up a control problem like
(C.6)—(C.7) with specified final state

g=y"
tl = ta,c
t2 = tb,d~

y (C.8), (C.27) and (C.29),

minJy, 1, < K (|57 (to.0) e o) + (1t = a1z oy
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1Y)l @) + 12l (@)

|
|
1 n n 1
T + + T

O] t4,09 bitea T

FIGURE C.2. Case 2 of the proof of Lemma 2.1. By controllability, we can link y” (t,.,-) and
y” (ty.4,) by a controlled trajectory. By optimality, the norm of HyT(t)HLx(Q) + HqT(t)

‘LOO(Q)
(in black) is bounded by the corresponding norms (in blue) of the constructed trajectory.

T W (1t ey 187 (it = TR) e

< Ko [0l @y + 120 )| +7(0a = tac) 1201 ) (C.30)

where Ko = Kg(9, f, R,0) and v = v(%, f, R). In our case the target trajectory for (C.6)—(C.7) is the state y”
associated to an optimal control u® for (1.2)—(1.1). Then, by definition of (C.6)—(C.7),

Jt1,t2 (UT) S Jtl,tQ (U), V (XS %ad-
Hence, by (C.30),
Jtl,tz (UT) S Ionll’l Jtl,tg
2%
< Ko [llyolE o + 120w )| + V(00 = ta) |2 -

By definition of #p (C.17) and Cy (C.19), we have

bJ
[ 167 Ol + 187 Ol ] dt = 3 6 (ol + 121
a;j ’LGCj

0(b; — a;) 2 2
i 7 [ [ A
O(ty,d — ta,c — 6TR) 2 2
> T (1ol + 121y (C:31)

where in the last inequality we have used (C.26) and (C.28) to get
bj —aj > ty.q —tqc — 6Tr. By the above inequality, Lemma A.1 and (C.31),

O(ty,a — ta,c —6TR) 9 2
st (Il + 12l
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b [ IO+ 1T O] de < [ [l O )+ 107 Ol o] e
a a

j 3
<K {Jtl,tz (u”) + H%Hiw(ﬂ)]
< Ko [lv0llE~ o) + 120 ]
+(tv,a — ta’C)HzHim(wo),

whence

bj
[ 17O~ @ + 187 Ol ] dt < Ko [ls0l @y + 21~ |

J
(tb,d - ta7c - 6TR) 2
6Tx ||zHL°°(wo)

+2 ('Y(tb,d - ta,c) -0
< Kp [H%Him(ﬂ) + ”Z‘lim(wo)}

0 2
+2(ty,q — ta,e) <7 - 6TR) 11211 T, (coo)

If 0 is large enough, we have v — % < 0. Hence, choosing 6 large enough, we obtain the estimate

bj
[ 14 Ol @ + 157 Ol 0] dt < o [0l oy + 21~ ]

J

Case 3. a; > 0 and b; = 3TrNy.

We now work in case (C.16) is not satisfied in [a;, b;], with b; = 3Tr Ny. We provide an estimate in the final
interval [a;, T|. As we shall see, in this case, we will not employ the exact controllability of (1.2). We shall rather
use the stability of the uncontrolled equation.

Since a; > 0, we have

/ 1" Oy + W O 2 <0 [l ) + 12l o] (C.32)
aj— R

We apply Lemma C.3 in [a; — 3T, a;]. To this end, set ¢ := a; — 3Tg, d = a; and h(t) = ||qT(t)||ioo(Q) +
HyT(t)Hioo(Q). By Lemma C.3, there exist t.,

a; — 3Tr <t. < a; — 2T (C33)
such that
1 @i
lg" (t)IF e ) + 197 (t)foe () < 7= g™ OIF < 0y + 1y (O)]F @) | dt
Tr
CLJ'—?)TR
0 2 2
< oo Mool @) + 12l o] (C34)
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We introduce the control

. ul in (0,¢.)
~ o in (te,T)

Let y be the solution to (1.2), with initial datum yo and control u and y* be the solution to (1.2), with initial
datum gy and control u*. By definition of minimizer, we have

*

u’)

1 T 6 T
5/ /|u*|2dxdt+§/ / ly* — z2dadt

0 w 0 wo
1 [t T2 B [t T 2
7/ /‘u | dxdt+—/ / ‘y —z| dadt
2 0 w 2 0 wo

6 T * 2
+= ly* — z|dadt,
2 te wo

c

Jr (u”) <

~

IN

whence,

T
/ / ly* — z2dadt
tc wo

[yt e ) + (T = )20

o 190l ) + 1211 )
FYT = )20 s

T T
1/ /|uT|2dxdt+é/ / |yT—z|2d:cdt§
2 t w 2 te wo

c c

IA
= R N

<

where we have used (C.34) and Ky = Kyp(Q, f, R,0) and v = (9, f, R).
Now, on the one hand, by Lemma A.1 applied to the state and the adjoint equation in (1.3), we have

T
/t [la” ()1 e + 1y () oe ] At < Ko [HyollEoe gy + 1210

FY(T = te) 12117 o o) (C.35)

On the other hand, by (C.33), —a; > —t. — 3Tr and, since b; = 3Tr Ny, b; > T — 3Tr. Hence, b; — a; >
T —t. — 6Tr. Then, by (C.17),

bj

T
[ I Oy + 1 O @] 2 [ [l O @ + 57Ol o]
a; a;

J J
>~ 0 [lvollEe @) + 1200y
iECj

0(b; — a;) 2 2
T |:Hy0||L°°(Q) + ||Z||L°°(wo)}

(T — t. — 6Tg)
3Tx

Y]

[0l ) + 121120 )| -



THE TURNPIKE PROPERTY IN SEMILINEAR CONTROL 45

By the above inequality and Lemma A.1 and (C.35),

O(T — t. — 6Tr)
g ol + el oo
1 T T
g [ (1T @Ry + O] 2t < [ (10 O ey + 107 @]

< Ko [llyo 2~ o + 121
YT = to) 12 )

whence

J

T
[ 1" @iy + 17 Ol o) e < Ko [l0] ) + 2l o)

T —t, —6Tx)
+2 (W’(T —tc) — 6(6TR> ||Z||ioc(w0)

< Ko [lyo )20 + 121 )

¢ 2
+2T=1) (1= g ) Bl ey

If 0 is large enough, we have v — % < 0. Hence, choosing # large enough, we obtain the estimate

T
| 1 @iy + 17 Ol o) < Ko [0l + 2l ]
5

J

Step 2 Conclusion
The proof is concluded, with an application of Lemma A.2 to the state and the adjoint equation in (1.3). O

APPENDIX D. UPPER BOUND FOR THE MINIMAL COST
This section is devoted to the proof of Lemma 2.5.

Proof of Lemma 2.5. Let @ € L*° () be an optimal control for (1.5)-(1.4) and let ¥ be the corresponding
solution to (1.5) with control . Following step 1 of the proof of Lemma 2.6, we obtain 7 € C°(w) and

[l w) < Kl[2llLee (wo)- (D.1)

Step 1 Proof of

Jr (@ —T inf J,| <K,
L2 (w)

with K independent of T
Let g be the solution to

Ut — Ay + [ (9) = Uxw in (0,7) x
g=0 on (0,7) x 09 (D.2)
g(ov I‘) = yo(ﬂf) in Q.
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Set n := § — 7 solution to

ne—An+f(g)—fH =0 in (0,T) x Q
n=20 on (0,T) x 90 (D.3)
(0, ) = yo(x) — F(z) in €.

By multiplying (D.3) by 7, since f is increasing, for any ¢ € [0,7] we have
19(t) = Tl < exp(=Aat) llyo — Tz (D.4)

where A is the first eigenvalue of —A : H} (Q) — H~1(Q).
At this point, let us take the difference

|Jr (@) — T inf J|:1/T/ [|“—z|2—|7—z|2}dxdt
r 2w 2o S Y Y

0
1 T 9 T
o[ [ o-vtasdes [ ] g slls - gldoa
0 wo 0 wo

<
< Klyo *?”izm) + K [lyo = Ylli2(0) < K, (D.5)
(D.6
where in (D.5) we have used (D.4) and (D.1) and the constant K is independent of the time horizon T.
Step 2 Conclusion
By the above reasoning, we have
inf Jr < Jr (ﬂ)
L2((0,T) xw)
=T inf Jo+ Jp (@) —T inf J;
L2(w) L2(w)
<T inf Jo+ K.
L2(w)
This finishes the proof. O
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