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REGULARITY FOR THE PLANAR OPTIMAL p-COMPLIANCE
PROBLEM

BOHDAN BULANYI"™ AND ANTOINE LEMENANT?

Abstract. In this paper we prove a partial C* regularity result in dimension N = 2 for the optimal
p-compliance problem, extending for p # 2 some of the results obtained by Chambolle et al. (2017).
Because of the lack of good monotonicity estimates for the p-energy when p # 2, we employ an alter-
native technique based on a compactness argument leading to a p-energy decay at any flat point. We
finally obtain that every optimal set has no loop, is Ahlfors regular, and is C* at H'-a.e. point for
every p € (1,+00).
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1. INTRODUCTION

For an open set U C R? and p € (1,400) denote by Wy**(U) the closure of C5°(U) in the Sobolev space
WLP(U), where C§°(U) is the space of functions in C°°(U) with compact support in U. Let 2 be an open and
bounded subset of R?, and let p € (1, +00). For each u € W, (), we define

E,(u) :%/Q|Vu|p dx—/ﬂfu dz.

Thanks to the Sobolev inequalities (see [18], Thm. 7.10) the functional E, is finite on W, (Q) whenever
f € L (Q) with go = qo(p) such that

2p
3p—2

qo = ifl<p<?2, qo > 1 if p=2, g =1if p> 2. (1.1)

It is classical that for each closed proper subset ¥ of Q the functional E, admits a unique minimizer us; over
WP (Q\X), which is the solution of the Dirichlet problem

—Ayu = fin Q\X (12)
v = 0 on 2UIN '
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2 B. BULANYI AND A. LEMENANT

in the weak sense, which means that

/|Vu2\p72VuEVg0 dx:/f(p dz (1.3)
Q Q

for all o € W3 P(Q\ X).

Following [11], we can interpret {2 as a membrane which is attached along ¥ UJ Q to some fixed base (where
Y. can be interpreted as a “glue line”) and subjected to a given force f. Then uy is the displacement of the
membrane. The rigidity of the membrane is measured through the p-compliance functional, which is defined as

1 1
Cp(X) =—E,(ux) = I?/Q |[Vug|P dz = Z?/quz; dz.

We study the following shape optimization problem.
Problem 1.1. Given A > 0, find a set ¥ C € minimizing the functional Fi,p defined by

Fan(E) = Cp(X) + A1 (X)

among all sets X' € K(), where K(f2) is the class of all closed connected proper subsets of Q.

The physical interpretation of this problem may be the following: we are trying to find the best location X
for the glue to put on the membrane €2 in order to maximize the rigidity of the latter, subject to the force f,
while the penalization by AH! takes into account the quantity (or cost) of the glue.

Without loss of generality, we assume that the force field f is nonzero, because otherwise for any ¥ € IC(Q)
we would have C,(2) = 0 and then every solution of Problem 1.1 would be either a point x € Q or the empty
set.

In this paper, we prove some regularity properties about minimizers of Problem 1.1. In particular, we prove
that a minimizer has no loop (Thm. 5.1), is Ahlfors regular (Thm. 3.3) and, furthermore, we establish some
O regularity properties.

Most of our results will hold under some integrability condition on the second member f. Namely we define

2p :
Lo if 2<p< 4
Q1——{2p1

2 .
310%3 if 1<p<?2,

(1.4)

and we notice that ¢; > go. As will be shown later (see Lem. 3.1), asking f € L% (Q) for 2 < p < 400 is natural,
since it seems to be the right exponent which implies an estimate of the type [, (@o) |[VulP dz < Cr for the
solution u of the Dirichlet problem

—Ayu=f in By(xg), ue€ WyP(B,(x0)),

which is the kind of estimate that we are looking for to establish regularity properties on a minimizer 3 of
Problem 1.1.
The main regularity result of this paper is the following.

Theorem 1.2. Let 2 C R? be an open bounded set, p € (1,+00), f € LY(Q) with ¢ > q1, where q; is defined
in (1.4). Let ¥ C Q be a minimizer of Problem 1.1. Then there is a constant o € (0,1) such that for H'-a.e.
point x € LNQ one can find a radius ro > 0, depending on x, such that ¥ NB,,(z) is a CY* regular curve.

Notice that Theorem 1.2 is interesting only in the case when diam(X) > 0, which happens to be true at least
for some small enough values of A (see Prop. 2.17). Furthermore, we have proved that every minimizer ¥ of
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Problem 1.1 cannot contain quadruple points in  (see Prop. 7.3), i.e., there is no point € X N such that for
some sufficiently small radius 7 > 0 the set ¥ N B,.(z) is a union of four distinct C! arcs, each of which meets
at point x exactly one of the other three at an angle of 180° degrees, and each of the other two at an angle of
90° degrees.

Problem 1.1 was studied earlier in the particular case p = 2 in [11] for which a full regularity result was
proved. It is worth mentioning that our result generalizes some of the results of [11] for p # 2, but contains also
better results in the special case p = 2 as well. Indeed, our integrability condition g > ¢; on the second member
f for the particular case p = 2 yields g > % for the e-regularity result to hold, which is slightly better than the
one in [11] for which ¢ > 2 was required. According to our Ahlfors-regularity result (see Thm. 3.3), it holds
under the mild integrability assumption ¢ = % and is proved up to the boundary (for a Lipschitz domain ),
which for the particular case p = 2 generalizes the earlier result in [11]. We shall explain later more in detail
the main technical differences between the case p # 2 with respect to the case p = 2.

Now let us emphasize that our partial C™® regularity result is internal; therefore in Theorem 1.2 we do
not require any regularity for 9§2. On the other hand, as mentioned earlier, to prove our Ahlfors-regularity
result, we required €2 to be a Lipschitz domain. We do not know whether the restriction on Lipschitz domains
is needed to prove the Ahlfors regularity of minimizers of Problem 1.1 which have at least two points. However,
according to the proof of Theorem 3.3, for each open set Q' CC Q, there exist Co = Co(p, qo, || f|l(2p)'» A) > 0 and
ro = 10(£2, Q) > 0 such that if ¥ is a minimizer of Problem 1.1, then H(X N B,.(z)) < Cor whenever x € £ N/
and 0 < r < rg.

In the limit p — 400, Problem 1.1 in some sense converges to the so-called average distance problem (see
[9], Thm. 3) which was also widely studied in the literature and for which it is known that minimizers may not
be C! regular (see [25]). Our result can therefore be considered as making a link between p = 2 and p = +o0,
although it actually works for any p € (1, +00).

A constrained variant of the same problem was also studied in [9, 22, 23] for p # 2 in dimension 2 and greater,
but focusing on different type of questions. In particular, no regularity results were available before with p # 2.

As a matter of fact, even if the present paper is restricted to dimension 2 only, the same problem can be
defined in higher dimension, provided that p € (N — 1, 400), still with a penalization with the one dimensional
Hausdorff measure. This instance of the problem in higher dimensions seems to be very original, leading to a
free-boundary type problem with a high co-dimensional free boundary set ¥. Due to the low dimension of the
“free-boundary” in dimension N > 2, most of the usual competitors are no more valid and some new ideas and
new tools have to be used.

The present paper can therefore be seen as a preliminary step toward the regularity in any dimensions,
focusing on the particular case of dimension 2. This approach is pertinent because in dimension 2 only, the
“free boundary” 3. is of codimension 1, thus many standard arguments and competitors are available. Let us
highlight three places where we have taken the advantage of working in dimension 2, which does not extend in
a trivial manner in higher dimensions. Firstly, in our proof of Ahlfors-regularity, we use (in the “internal case”)
the set (X\B,(z)) U dB,(z) as a competitor for ¥. But in dimension N > 2 we cannot effectively use such a
competitor, because OB, (x) has infinite H!-measure. Secondly, in the proof of Lemma 4.4, we use a reflection
technique to estimate a p-harmonic function in B1\((—1,1) x {0}) that vanishes on (—1,1) x {0}, which is no
more valid for a p-harmonic function in By\((—1,1) x {0}¥~1) that vanishes on (—1,1) x {0}V =1 if N > 2.
Thirdly, in the density estimate in Proposition 6.8, when X is er-close, in a ball B,.(z¢) and in the Hausdorff
distance, to a diameter [a, b] of B,.(zo), we use as a competitor the set ¥’ = (X \ B,(x0)) U [a,b] U W, where

W = 0B, (z0) N {y : dist(y, [a,b]) < er}.

But in dimension N > 2 we cannot effectively use the above competitor because it has infinite #'-measure.
However, we believe that some techniques developed in this paper could be useful to prove a similar result
in higher dimensions as well. This will be the purpose of a forthcoming work.
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Nevertheless, even in dimension 2, we have to face several technical new difficulties with p # 2 compared to
the work for p = 2 in [11] that we shall try to explain now.

One of the most difficulty is the lack of good monotonicity estimates for the p-energy. Indeed, the monotonicity
of energy is one of the main tool in the case p = 2 in [11] which does not work anymore for p # 2. A big part of
the work in [11] relies on blow-up techniques from the Mumford-Shah functional which cannot be used anymore
in our context, without a good monotonicity formula. This is why, even if we expect the minimizer, as for p = 2,
to be a finite union of C1'* curves, we prove only C1“ regularity at H'-a.e. point.

Comments about the proof. In the proof of C*® regularity, as many other free boundary or free discontinuity
problems, one of the main point is to prove a decay estimate on the local energy around a flat point. In other
words we need to prove that the “normalized” energy

1
T — |Vus|P dz
T J B, (x0)

converges to zero sufficiently fast at a point zy € X, like a power of the radius, and this is where our proof differs
from the case p = 2.

In the case p = 2, the decay on the “normalized” energy is obtained using a so-called monotonicity formula
that was inspired by the one of A. Bonnet on the Mumford-Shah functional [5]. This monotonicity formula is
also the key tool in the classification of blow-up limits.

For p # 2, an analogous monotonicity formula can still be established for the p-energy, but the resulting power
of r in that monotonicity formula is not large enough for our purposes and thus cannot be used to prove C1®
estimates. Consequently, we also miss a great tool which prevents us to establish the classification of blow-up
limits. As the p-monotonicity is not strong enough to get C1'® regularity we therefore use another strategy,
arguing by contradiction and compactness: we know that [ B, |VulP dx behaves like Cr? for r € (0,1/2] if u is
a p-harmonic function in B1\ P vanishing on P N By, where P is an affine line passing through the origin, thus
by compactness | B, |[Vu|P dz still has a similar behavior when u is a p-harmonic function in B;\X vanishing
on X N By, when ¥ locally stays e-close to a line.

Actually, as the compliance is a min-max type problem, the true quantity to control is not exactly
fBr(xo) |Vus|P dx, but rather this other variant, as already defined and denoted by ws(zg,r) in [11],

1
ws(xzg,r) = sup 7/ [Vus/ P dz.
S EK(Q):S AXCEB,(z0) T/ Br(wo)

It can be shown that the quantity ws(zo,r) controls, in many circumstances, the square of the flatness,
leading to some C1'® estimates when wy,(zg,7) decays fast enough.

In [11] the decay of the above quantity was still obtained by use of the monotonicity formula, applied to the
function uyy, where ¥/ is a maximizer in the definition of wy(xg, ).

As a consequence of our compactness argument, which provides a decay only for a closed connected set X'
staying 7-close to a line, we need to introduce and work with the following slightly more complicated quantity

1
wg(zo,7) = sup 7/ |Vus/ P de,
Y EK(Q), Y ASCB(z0), | JBr(xo)
HY(Z)<K100H (2), By (z0,7)<T

where By (z9,r) is the flatness defined by

1 _
nf —dy (X' N B,(xo), PN B,(z0)),

=i
P>xo T

B (z0,7)
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(the infimum being taken over the set of all affine lines P passing through z(), where dy is the Hausdorff
distance that for any nonempty sets A, B C R? is defined by

dy(A,B) = max{sup dist(x, B), sup dist(x, A)}
T€EA r€B

We also agree that for a nonempty set A C R?, dy(A,0) = dy (0, A) = 400 and that dg(0,0) = 0. Notice that
the assumption H!(X') < 100H!(X) in the definition of wE(xg, ) is rather optional, however, it guarantees that
if ¥’ is a maximizer in the definition of wf(x¢,r), then ¥’ is arcwise connected.
We indeed obtain a decay of w¥ (xo,r) provided that fx(x, ) stays under control, which finally leads to the
desired C'*® result, and the same kind of estimate is also used to prove the absence of loops.
2. PRELIMINARIES
2.1. Definitions

Definition 2.1. Let U be a bounded open set in R? and let p € (1,+00). We say that u € WLP(U) is a weak
solution of the p-Laplace equation in U, if

/ |VulP~2VuVe dz =0
U

for each o € Wy'P(U).
We recall the following basic result for weak solutions (see [21], Thm. 2.7).

Theorem 2.2. Let U be a bounded open set in R? and let w € WP (U). The following two assertions are
equivalent.

(i) u is minimizing:
/U\Vu|p dz < /U \Vo|P dz, when v —u e WyP(U);
(ii) the first variation vanishes:
/U|vu|P*2vuv< dz =0, when ¢ € Wy P(U).

Now we introduce the notion of the Bessel capacity (see e.g. [1], [27]) which is crucial in the investigation
of the pointwise behavior of Sobolev functions and in describing the appropriate class of negligible sets with
respect to the appropriate Lebesgue measure.

Definition 2.3. For p € (1,+00), the Bessel (1,p)-capacity of a set E C R? is defined as
Cap,(E) = inf{||f|}: g* f>1 on E, f>0},
where the Bessel kernel g is defined as that function whose Fourier transform is
9(€) = @m) T 1+ JgP) 2

We say that a property holds p-quasi everywhere (abbreviated as p-q.e.) if it holds except on a set A where
Cap,(A) = 0.
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It is worth mentioning that by Corollary 2.6.8 of [1] for each p € (1,400) the notion of the Bessel capacity
Cap,, is equivalent to the following

(/32;1)/(E) = inf / |[Vul|P dz +/ |ulP dz :u > 1 on some neighborhood of E
p ueW?t.r(R2) ( Jr2 R2

in the sense that there is a constant C' = C(p) > 0 such that for any set £ C R? one has
1~ o~
5Capp(E) < Cap,(F) < CCap,(E).

The next theorems and propositions are stated here for convenience.

Theorem 2.4. If p € (1,2], then Cap,(E) = 0 if H*"P(E) < +oco. Conversely, if Cap,(E) = 0, then
H2PTE(E) =0 for every e > 0.

Proof. For the proof of the fact that Cap,(E) = 0 if #*> P(E) < 400 we refer the reader to Theorem 5.1.9 of
[1]. The fact that Cap,(E) = 0 implies H* P¢(E) = 0 for every ¢ > 0 is the direct consequence of Theorem
5.1.13 in [1]. 0

Remark 2.5. Let p € (2, +00). Then there is a constant C' = C(p) > 0 such that if E' # (), then Cap,(E) > C.
In fact, one can take C' = Cap,({(0,0)}) which is positive by Proposition 2.6.1 (a) of [1] and use the fact that
the Bessel (1, p)-capacity is an invariant under translations and is nondecreasing with respect to set inclusion.

Recall that for all £ C R? the number
dimyg (E) = sup{s € RT : H*(E) = 4o} = inf{t € R : H'(E) = 0}

is called the Hausdorff dimension of E.
Corollary 2.6. Let p € (1,+00) and let M C R? be a set with dimpy (M) = 1. Then Cap,, (M) > 0.

Proof of Corollary 2.6. If p > 2 by Remark 2.5 and since dimp (M) = 1, Cap, (M) > 0. Assume by contradiction
that Cap,(M) = 0 for some p € (1,2]. Taking e = (p — 1)/2 so that 2 —p+ ¢ < 1, by Theorem 2.4 we get
H2~PT¢(M) = 0, but this leads to a contradiction with the fact that dimy (M) = 1. O

Definition 2.7. Let the function u be defined p-q.e. on R? or on some open subset. Then w is said to be p-quasi
continuous if for every ¢ > 0 there is an open set A with Cap,(A) < € such that the restriction of u to the
complement of A is continuous in the induced topology.

Theorem 2.8. Let Y C R? be an open set and p € (1,+00). Then for each u € WIP(Y) there exists a p-quasi
continuous function t € WLP(Y'), which is uniquely defined up to a set of Cap,-capacity zero and u = u a.e. in
Y.

Proof. Let zp € Y and let {g; : i € N, i > 1} be a sequence of C§°(Y) functions such that ¢; =1inY; = {z €
Y : dist(z,0Y) > 1} N B;(zg). Observe that ug; belongs to W1P(R?) and uyp; = u in Y;. Then by Proposition
6.1.2 of [1] there exist p-quasi continuous functions v; € W1P(R?) such that v; = uyp; a.e. in R%. Notice that if
J > 1, then v; and v; coincide a.e. in Y, but this implies (see [1], Thm. 6.1.4) that they coincide p-q.e. in Y;. Now
fix an arbitrary e > 0 and let V; C R? be such that v; restricted to R?\V; is continuous and Cap, (Vi) < 27 %. Set
u(z) = vi(z) for every x € Y, where ¢ € N, ¢ > 1 is the smallest number with « € B;(xo) and dist(z,9Y) > %
We deduce that u = u a.e. in Y, u restricted to Y\ |J, V; is continuous and using Proposition 2.3.6 of [1], we get

Cap, (U v;-) < Z:Capp(v;) <e.
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Thus @ is a p-quasi continuous representative for u, which by Theorem 6.1.4 of [1] is uniquely defined up to a
set of Cap,,-capacity zero. This concludes the proof. O

Remark 2.9. Notice that u € WP(R?) belongs to WO P(Y) if and only if its p-quasi continuous representatlve
 vanishes p-q.e. on R?\Y (see [4], Thm. 4 and [19], Lem. 4). Thus, if Y” is an  open subset of Y and u € W, ?(Y)
such that % = 0 p-q.e. on Y'\Y”, then the restriction of u to ¥’ belongs to W, *(Y") and conversely, if we extend
a function u € Wy?(Y’) by zero in Y\Y”, then u € Wy(Y). Note that if ¥ C ¥ and Cap, () = 0, then
Wy P(Y) = WiP(Y\X). Indeed, u € Wy P(Y) if and only if u € Wl’p(RQ) and u = 0 p-q.e. on R?\Y that is
equivalent to say u € WHP(R?) and & = 0 p-q.e. on (R®\Y) U or u € Wy *(Y\ £). In the sequel we shall always
identify v € W1P(Y) with its p-quasi continuous representative .

Proposition 2.10. Let D C R? be a bounded extension domain and let u € W?(D). Consider E = DN {z :
u(z) = 0}. If Cap,(E) > 0, then there exists C' = C(p, D) > 0 such that

/ |ulP dz < C(Cap,(E / |[VulP dz.

Proof. For the proof we refer to Corollary 4.5.3, p. 195 of [27]. O

Finally, since in this paper the notion of the Hausdorff distance is used, we recall the following well-known
fact. If X is a compact set in R? and (K,), is a sequence of compact subsets of X, then K,, converge to K in
the Hausdorff distance if and only if the following two properties hold (this is also known as convergence in the
sense of Kuratowski):

any x € K is the limit of a sequence (z,,), with z, € K,;

s
=

if x, € K,, any limit point of (z,), belongs to K. (P.2)

2.2. Lower bound for capacities

Lemma 2.11. Let X be a set in R? such that SN B, # 0 for every r € [1/2,1]. If p € (1,2], then there is a
constant C = C(p) > 0 such that

Cap, ([0,1/2) x {0}) < CCap, ().

Proof. Let us associate every point z in X N (B1\Bj2) with the point ®(z) = (|z],0) in [1/2,1] x {0}. Since
Y NIB, # B for every r € [1/2,1], we have that

[1/2,1] x {0} = ®(£ N (B1\By)2))
and hence
Cap,([1/2,1] x {0}) = Cap,(®(X N (B1\Bi2)))- (2.1)

Since @ is a 1-Lipschitz map, by the behavior of Cap,-capacity with respect to a Lipschitz map (see e.g. 1],
Thm. 5.2.1), there is a constant C' = C(p) > 0 such that

Cap,(®(XN (B1\Bi1)2))) < CCap, (XN (B1\Bi,2)). (2.2)

Thus, using (2.1), (2.2) and the facts that Cap,-capacity is an invariant under translations and is nondecreasing
with respect to set inclusion, we recover the desired inequality. O
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Corollary 2.12. Let ¥ C R%, £ € R? and r > 0 be such that N 0B (&) # 0 for every s € [r,2r]. Let p €
(1,+00) and u € WYP(Bg,.(€)) satisfy u =0 p-q.e. on XN Ba,(£). Then there is a constant C > 0, which
depends only on p, such that

/ [ulP dx < C’r”/ [Vul? dx.
Bar(§) B2r(§)

Proof of Corollary 2.12. Let us define v(y) = u(§ + 2ry),y € By. Then v € WP(By), v = 0 p-q.e. on
(5(X =€) N By and (5(X — &) N OB, # 0 for every s € [1/2,1]. Next, if p € (1,2], by Lemma 2.11 and
by Proposition 2.10, for some C = C(p) > 0 we get

[ 1wl dy < cCapy0.1/20% 0)) " [ (v .
B By
If p € (2,+00), by Remark 2.5, Capp((i(E —&)) N By) > Cap,({(0,0)}). Next, using Proposition 2.10, we get

/B [wf? dy < C(Cap, ({(0,0)}))"" / Vol dy.

By

Then, changing the variables, we recover the desired inequality. O

2.3. Uniform boundedness of potentials

In this short subsection we establish a boundedness result, uniformly with respect to X for the potential uy.
Let us emphasize that the estimate (2.5) will never be used in the sequel, but we find it interesting enough
to keep it in the present paper. On the other hand, the estimate (2.3) will be used several times. Let Q be a
bounded open set in R? and let p € (1, +00). If f € L9%(Q), where qq is the exponent defined in (1.1) and X is
a closed proper subset of 2, then it is well known that there is a unique function uyx that minimizes E, over
W,y P (2\ X). Let us extend us by zero outside Q\ ¥ to an element that belongs to W1?(R?). We shall use the
same notation for this extension as for us.

Proposition 2.13. Let f € L%(Q) with ¢ defined in (1.1). Then there is a constant C' > 0, possibly depending
only on p and qq, such that

[ 1vusP do < IR 1o (2.3)
where
(0,p') if 1<p<?
(@, 8) = (F,2) if p=2 (2.4)
(5525, p) if 2<p < +oo.

Moreover, if f € L9(2) with ¢ > % if pe (1,2 and ¢ =1 if 2 < p < +o0, then there is a constant C =
O(pa q, ||f||L‘1(Q)7 | Q |) > 0 such that

lus ||z ®2) < C. (2.5)
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Proof. The estimate (2.5) follows from Lemma A.2 applied for U = Q\X and from the fact that the constant C'
in (A.5) is increasing with respect to |U|. Now let f € L%(2). Using uyx, as the test function in (1.3), we get

/|Vuz|p dxz/fuz dzx
Q Q

< ||f||Lao(Q)||uz||ng(Q)- (2.6)

Next, recalling that by the Sobolev inequalities (see [18], Thm. 7.10) there exists C' = C(p) > 0 such that

CHVUE”LP(Q) ifl<p<?2
||UEHL<16(Q) = 1_1 . (27)
ClQIZ"7||Vus||Lro) if 2<p<+oo
and using (2.6), we recover (2.3) when p # 2. If p = 2 and ¢¢ € (1, 2], setting ¢ = ﬁ (note that % = ﬁ — %
and 2 —e¢ > 1), we get
usll o @ < C||Vus| r2-<(q) (by the Sobolev inequality)
1
< C[Q]% ||Vus]||r2(q) (by Holder’s inequality), (2.8)

where C = C(qo) > 0. Using (2.8) together with (2.6), we obtain (2.3) in the case when p =2 and ¢ € (1,2].
Finally, assume that p = 2 and ¢o > 2. We observe that 1 < ¢{j < 2. Then, using Holder’s inequality and (2.8),
we get

A 1

1
lusll Lo ) < 1A% *llus|L2@) < Cl9Qf*

1
2

1
Q1 [ Vus | 22(0) = CI% [ Vus|z20)-

The last estimate, together with (2.6), yields (2.3) in the case when p = 2 and gy > 2. This completes the proof
of Proposition 2.13. O

2.4. Existence
Theorem 2.14. Let Q be an open and bounded set in R? and p € (1,+00), and let f € L9 (), with qy defined

in (1.1). Let (En)lbe a sequence of closed connected proper subsets of €2, converging to a closed connected
proper subset 3 of Q) with respect to the Hausdorff distance. Then

— uyx strongly in WHP(Q).

Uy
n—-+oo

n

Proof. For a proof, see [26] for the case p = 2 and [7] for the general case. O

Remark 2.15. As in [7] we recall that a sequence (£2,,),, of open subsets of a fixed ball B ~,-converges to € if
for any f € W~ (B), where W~1#'(B) is the dual space of W, ?(B), the solutions of the Dirichlet problem

—Apu, = f in Q, u, € WyP(2,)

converge strongly in Wol’p(B), as n — +00, to the solution of the corresponding problem in 2. It can be shown
that the v,-convergence is equivalent to the convergence in the sense of Mosco of the associated Sobolev spaces
(see [7]).

Proposition 2.16. Problem 1.1 admits a minimizer.
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Proof. Let (X,), be a minimizing sequence for Problem 1.1. We can assume that X, # 0 and C,(%,) +
AHL(E,) < Cp(0) for all n € N or at least for a subsequence still denoted by n, because otherwise the empty
set would be a minimizer. Then, using Blaschke’s theorem (see [2], Thm. 6.1), we can find a compact connected
proper subset ¥ of © such that up to a subsequence, still denoted by the same index, 3, converges to ¥ with
respect to the Hausdorff distance as n — +o00. Then, by Theorem 2.14, uy,  converges to uy strongly in WD1 P(Q)
and thanks to the lower semicontinuity of #' with respect to the topology generated by the Hausdorff distance,
we deduce that ¥ is a minimizer of Problem 1.1. O

Before starting the study of the regularity and qualitative properties satisfied by a minimizer, we verify that,
at least for some range of values of A, a minimizer X is actually not trivial. This is the purpose of the following
proposition.

Proposition 2.17. Let 2 C R? be open and bounded. Let p € (1,
n (1.1). Then there exists A\g = Ao(p, f, ) > 0 such that if A € (
has positive H'-measure.

+oo) and f € L%(Q), f # 0, with g defined
0, Ao|, then every solution ¥ of Problem 1.1

Proof. Case 1: p € (1,2]. By Theorem 2.4, for all point 2 € Q one has Cap,({z}) = 0 and this implies that
Wy P() = Wy P(Q\{z}) (see Rem. 2.9). We claim that there is a closed connected set ¥y C Q such that
0 < H'(Z0) < +oo and Cp(Zg) < Cp(0). Otherwise, for any closed connected set X, since the functional Cp(-) is
nonincreasing with respect to set inclusion, we would have that C,(X) = C},(0), that thanks to the uniqueness
of uy and to the fact that uy € Wol’p(Q)7 implies that uy, = ug. Thus, up = uy = 0 p-q.e. on ¥ and varying ¥
in Q we deduce that ug = 0 as an element of VVO1 P(Q). Then, by using the weak formulation of the p-Poisson
equation which defines ugy, we get

0 =/ |Vug P2 Vug Ve dy = / fo dy for all p € C5°(£),
Q Q

but this implies that f = 0 and leads to a contradiction. Thus, taking \g = %&p{f“, for any A € (0, \g]

we get Cp(Xo) + AH (Zo) < Cp(0) and therefore each minimizer of Problem 1.1 defined for such A should have
positive H!-measure.

Case 2: 2 < p < 4o00. In this case the empty set will not be a minimizer of Problem 1.1. In fact, assume
by contradiction that there exists A > 0 such that the empty set is a minimizer of Problem 1.1. Then for an
arbitrary point zo € Q, we have that C,({zo}) = C,(0), since () is a minimizer and C,(-) is nonincreasing. But
by the uniqueness of uy and since u,,} € W, P (), the fact that C,({z¢}) = C,(0) implies that Ufzy} = Ug-
Recalling that by the embedding theorem of Morrey, W, *(Q) € C%*(Q), where a = 1—2/p, we get Ufgy} (T0) =
ug(zo) = 0. Varying z¢ in  we deduce that ug = 0, that, as in Case 1, contradicts the fact that f # 0 in L% (Q).
Thus any minimizer ¥ contains at least one point.

Next, let us consider the minimization problem

(P) minC,({a}).

€

It is easy to check that a minimizer for (P) exists. Indeed, taking a minimizing sequence (x,,),, since Q is
compact, there exists Z € 2 such that 2, — T and then, by Theorem 2.14, C,,(T) = min, g C,({z}). We claim
that T € Q and, actually, it belongs to a connected open component U of © such that OU C 0Q and f|; # 0
in L% (U). Indeed, if T would lie on 9, then C,({Z}) = Cp(0) and since T is a minimizer for (P) and C,(-) is
nonincreasing, Cp,(0) = Cp({xo}) for all xy € Q that as before would contradict the fact that f # 0 in L% ().
Now, assume that f|,; =0 in L% (U). Since U is an open connected component of €2, 0U C 0, we have that
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ug € T/VO1 P(U) and using the weak formulation of the p-Poisson equation which defines ug, we get

/|Vu@|f’ dy=/ Jup dy =0
U U

and hence up = 0 on U. Thus, up € Wy?(Q\{Z}) and since C,,({T}) < C,p(D), we deduce that C,({Z}) = C,(0),
but this, as before, contradicts the fact that f # 0 in L%(€). Finally, we claim that there exists a closed
connected set Xo C U such that T € X, 0 < H*(Zo) < +oo and Cp(Xo) < Cp({T}). Because otherwise, we
would have for all such ¥ that C,(X) = C,({T}) that would lead to the fact that uz = 0 p-q.e. on ¥ and since
U is arcwise connected, because open and connected, varying 3 in U, one would obtain u(zy = 0 in U, but this

would contradict the fact that f|, # 0 in L% (U). Thus, taking Ao = %&%(EO), for any A € (0, \g] we get
Cp(Zo) + AH' (Z9) < C,({Z}). This shows that each minimizer of Problem 1.1 defined for such A should have

positive H!-measure. O

2.5. Dual formulation

Proposition 2.18. Let Q C R? be open and bounded. Let p € (1,+00) and f € L%(Q) with ¢ defined in
(1.1). Then Problem 1.1 is equivalent to the minimization problem

1
min —
(o.3)eB p/

(P /Q o7 de+ AH(D) (2.9)

where
B:={(0,%): L € K(Q) and o € L (4 R?), —div(c) = f in D'(Q\X)}

in the sense that the minimum value of the latter is equal to that of Problem 1.1, and once (7,X) € B is a
minimizer for (P*), then X solves Problem 1.1. Moreover, for a given closed proper subset 3 of 2, the choice
o = |Vug|P~2Vus solves

min {1/ lo|”" dz : —div(e) = f in D’(Q\E)}.
G’ELPI(Q;RQ) P Ja

Proof. The proof is the direct consequence of Lemma A.3 and the uniqueness of uy and the minimizer o. [

3. AHLFORS REGULARITY

We recall that a set ¥ C R? is said to be Ahlfors regular of dimension 1, if there exist some constants ¢ > 0,
ro > 0 and C' > 0 such that for every r € (0,79) and for every € ¥ the following holds

cr <HYENB,.(z)) < Cr. (3.1)

The notion of Ahlfors regularity is a quantitative and scale-invariant version of having Hausdorff dimension
one. It is known that Ahlfors regularity of a closed connected set ¥ implies uniform rectifiability of 3, which
provides several useful analytical properties of X, see for example [14].

Note that for a closed connected nonempty set ¥ the lower bound in (3.1) is trivial: indeed, for all z € ¥ and
for all r € (0,diam(X)/2) we have: X NIB,(z) # 0, and then

HY (X NB,(z)) > 7. (3.2)
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In order to prove the Ahlfors regularity for such ¥ it suffices to show that there is g > 0, independent of =,
such that the upper bound in (3.1) holds for all x € ¥ and for all r € (0, rg).

Before starting to prove the Ahlfors regularity of X, let us focus on the following basic question: to which
class L1(U) should the function f belong so that the solution u of the Dirichlet problem

~Ayu=f in UCr[-a,a] x [~b,b], ue W,?U)

satisfies fU |[VulP dx < Cr, where C = C(a, b, p, g0, ¢, || fllq) With go defined (1.1)? Using Proposition 2.13, we
can state that it is enough to take g = 257

in the proof of Theorem 3.3.

1 = (2p)’, as explained in the following lemma, which will also appear

Lemma 3.1. Let a,b,r >0 and U C r[—a, a] x [=b,b] be an open set. Let p € (1,+oc) and f € L) (U), and
let u be the weak solution of the Dirichlet problem:

~Ayu=f in U, ueW,"U)

which means that
/U|Vu|p_2VuV<p dx = /Ufap dz for all ¢ € WyP(U). (3.3)
Then there exists a constant C = C(a,b,p, qo, || fl2p)r) > 0, where qo is defined in (1.1), such that
/U|Vu\p dz < Cr. (3.4)

Proof. Assume that f € LY(U) with ¢ > qo, where ¢ is defined in (1.1). Then u is well defined. By (2.3) with
uyx, replaced by u and Q by U, there exists C' = C(p, qo) > 0 such that

[ v d < Q011 0

where (a, 8) is defined in (2.4). Using Holder’s inequality and the fact that U is a subset of r[—a,a] x [-b, ],
we get

1

/U|vu|1’ dz < C(4abr2)“+ﬁ(qo*a) 11 ety

Thus, in order for the estimate (3.4) to hold, one should take the exponent ¢ such that 2(« + B(q% - %)) =1.

. . 2
Having carefully performed the calculations, one gets ¢ = 2p%1' O

To prove that ¥ is Ahlfors regular “near” 92, we shall assume some Lipschitz regularity on ). Here is a
precise definition.

Definition 3.2. A bounded domain  C R? and its boundary 92 are locally Lipschitz if there exists a radius
roqo and a constant § > 0 such that for every point 2 € 9 and every radius s € (0,795q) up to a rotation of
coordinates, it holds

QN By(z) = {(y1,y2) €R? 12 > (1)} N By()

for some Lipschitz function ¢ : R — R satisfying [|Vel| e @) < 9.
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One deduces that for every radius s € (0,75q) in the above definition the set  QNB(z) up to a rotation of
coordinates is contained in the double cone

Ks={ycR?:y=0 or angle(y,e;) € [0,arctan(8)] U [r — arctan(s), 7]}

Theorem 3.3. Let Q C R? be a bounded domain with locally Lipschitz boundary (see Definition 3.2), p €
2p

(1,400), and f € L2-1(Q). Let ¥ be a solution of Problem 1.1 with diam(X) > 0. Then X is Ahlfors regular.

Remark 3.4. By Proposition 2.17 we know that the assumption diam(X) > 0 is fulfilled at least when A €
(07 )\0]7 where )\0 - )\O(p7 f7 Q)

Remark 3.5. Every closed and connected set ¥ C R? satisfying H!(X) < +o0 is arcwise connected (see, for
instance, Corollary 30.2, p. 186 of [13]).

Proof of Theorem 3.3. Let rgq and § be positive constants as in Definition 3.2. We set

ro = min{roa/3v'1 + 62, diam(X)/2}

and let z € ¥ and r € (0,79). Consider the next two cases.
Case 1: B.(z) C Q. As mentioned in Remark 3.5, ¥ is arcwise connected. Then the set

S, = (2\B,(z)) UdB,(z) (3.5)

is a closed arcwise connected proper subset of €, that is a competitor for . Let us now recall that (o,%) =
(|Vug|P~2Vus, ¥) is a minimizer for problem (P*) in the formulation (2.9). Consider the pair (o, Y,), where

o |Vus[P~2Vus in Q\(Z, U B.(x)),
" VulP2Vu in B,(z), ue WyP(B.(x)) solves — Ayu = f.

Notice that for any function ¢ € C§°(Q\ 3,) the support of ¢ is contained in the union of two disjoint open
sets Q\(Z, U B,(z)) and B,(z), and then, we can represent ¢ as ¢ = @1 + @2 with p; € C§°(Q\(Z, U B,.(2)))
and @9 € C§°(B,(z)) which are test functions for the weak formulations of the p-Poisson equations that define
uy; and u respectively. Thus, we deduce that

(=div(0r), ) = (|Vus|""*Vus, Vi) + ([ Vul > Vu, Vo) = (£, ¢1) + (f,02) = (f,¢)-

Therefore (o,,%,.) is a competitor for (o, ). By the optimality of (o, %),

1 1 /
= [ usP gt < o [ o dy i)
P Ja P Ja

1 1
S -~ ‘VUZFD dy + -~
p Q\B,(z) p B, (z

+AHE(S\B, (2)) + MK (OB, (2)).

|Vul? dy
)

Then

1
MY E N By(2)) < 2Mmr + = |VulP dy.
P JB, (=)



14 B. BULANYI AND A. LEMENANT

So, recalling that by Lemma 3.1 one has
/ [VulP dy < GT,
B, (z)

where C' = C(p, qo, | fll(2p)r) > O with go defined in (1.1), we deduce that
HY(ZNB,(z)) < Cr, (3.6)

where C' = C(pa q0, Hf||(2p)’7 A) > 0.

Case 2: B.(x) N9Q # (. In this case we use the fact that locally 9 is a graph of a d-Lipschitz function. Let
Zoq be an arbitrary projection of  to 9. Recalling that r < rgq/3v/1+ 62, up to a rotation of coordinates
one has

QNB, g7, (Toa) = {(y1,12) €R®: 42 > @(y1)} N By 752, (To ) (3.7)

for some Lipschitz function ¢ : R — R satisfying [|[V||pe @) < 6. In addition, the set 8Qﬁ§3mr(mag) is
contained in the double cone

Ks; ={ycR?:y=0 or angle(y,e;) € [0,arctan(d)] U [r — arctan(s), 7]}

Notice that the ball By,.(z5q) in the (y1,y2) coordinates is represented as Ba,.(0). Let us define £~ = ¢(—2r)
and £ = p(2r). Now we need to distinguish between two further cases.
Case 2a: § € (0,1]. Define the points h~ and ht by h~ = 2r(ex —e1) and AT = 2r(e; + e2).
Case 2b: 6 > 1. Define h™ and ht by h™ = 2r(dex —e1) and h™ = 2r(e; +d e2).

At this point observe that the open rectangle R with vertices —h*,h~, AT and —h~ contains the ball Ba,.(0).
Furthermore, by (3.7) and since 9 QNB; 1757, (zaq) C Ks, the union of the segments

Tr = [5_7}"_] U [h_7h+] U [§+7 h+]

is a curve lying in Q such that v, U (0 QNR) is a closed simple curve (i.e., homeomorphic image of S! into R?)
lying in © and (RN Q) =~ U (OQNR). Thus, it is clear that

L =E\R) U,

is closed arcwise connected proper subset of ), namely, it is a competitor for . Let us now recall that (o, %)
(|Vus[P=2Vuy, ) is a minimizer for the problem (P*) in the formulation (2.9). Then, consider the pair (0., ¥,
where

)

o |Vus|P~2Vuy in Q\(Z, UR),
" VulP?Vu in RNQ, ue WyP(RNQ) solves — Ayu = f.

Observe that if ¢ € C§°(2\ X,), then because v, U (02 N'R) is a closed simple curve, the support of ¢ is
contained in the union of two open disjoint sets Q\(X, UR) and R N, and then we can write ¢ = @1 + pa,
where 1 € C§°(Q\(Z, UR)) and @2 € C§°(R N Q). Thus, we have that

(=div(or), @) = ([Vus|""*Vus, Vi) + (Va7 Vu, Vo) = (f,01) + (f,02) = (f,9),
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where we have used that ¢, and ¢ are test functions for the weak formulations of the p-Poisson equations

that define uy, and u respectively. Therefore (o,.,%,) is a competitor for the minimizer (¢, 3). Moreover, since
0QNB,(x) # 0, one has |z — zgq| < r and then B,(z) C Ba,(z9q) C R. Thus, by the optimality of (o, %),

1 ]_ ’
f,/ |Vug|P dz + AHYH(Z) < 7/ lonP dz + AHY(Z,)
P Ja P Ja
1 1
< —,/ |[Vus|P dz—i——// [VulP dz
P Jo\R P Janr
+AH (2\By (2)) + AH (),

where we have used that B, (z) C R. Notice that H!(v,) < 4r + 8 max{1,d}r. Then we deduce that

1
MY (ENB,(x)) < 4Xr + 8 max{1,}r + —// |Vul|P dz
P Jonr

and recalling that by Lemma 3.1, meR [VulP dz < Cr for some positive constant C depending only on
9,p,q0, || fll(2p), we finally get the estimate

HY(ZNB,(z)) < Cr
where C' = C(4,p, qo, || f|l2p)r, ) > 0. This together with (3.2) and (3.6) implies the Ahlfors regularity of ¥. [

4. DECAY FOR THE POTENTIAL usx
In this section, we establish the desired decay for the potential uy, at those points around which ¥ is flat.

Lemma 4.1. Let Q be a bounded open set in R* and p € (1,+00), and let f € L% () with qo defined in (1.1). Let
Y and X' be closed proper subsets of Q and xo € R%. We consider 0 < ro < r1 and assume that X' AY C B, (x0).
Then for any ¢ € Lip(R?) such that ¢ =1 over BE (o), ¢ =0 over Byy(20), and ||¢[|c <1 on R?, one has

/ |Vus/|P dx + / lusy [P|Vpl? dz
B, (zo) B, (zo)

b [ meg) e
By (z0)

2r—1 2r—1

Ep(us) — Ep(usy) <

Proof. Since usrp € Wy (Q\ ) and uy is a minimizer of E, over Wy (Q\ ), then E,(us) < E,(us/¢), and
hence,

1
By ()~ Byus) < Bylusr) — ) = & [ [Vusrp 4 u Vil da

/fuz’so dx—f/ |Vus|P dx—f—/ fusy dx

= 7/ [Vusrp +us VP do+ - / [Vusy |P dz
P JB,, (o) P JBg (x0)

1
+/ Jus (1 — ) dz**/ |Vus/|P dz
B, (z0) P Ja

9op—1 p—1
[ uwrieer a
1 (Z0)

2
<Z [ Tunllep do
71($0)

p
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1
—f/ (Vs [P d$+/ Jus/(1—¢) dx
p Br1 (zo) BTl (z0)

gr—1 9p—1
< / Vusy [P da + / lusy PV ol? der
p B, (zo) 1 xo)

+/ fus (1 —¢) dx,
By, (z0)

which concludes the proof. [

Lemma 4.2. Let Q be a bounded open set in R? and p € (1,+00), and let f € LI(2) with ¢ > qo, where qo is
defined in (1.1). Let ¥ be a closed arcwise connected proper subset of Q and xg € R?, and let 0 < 2rg <r; <1
satisfy

X NBy, (J)o) #* 0, 2 \B,,«1 (330) #* 0. (41)

Then for any r € [ro,71/2], for any ¢ € Lip(R?) such that ||¢]lcc < 1 and ¢ = 1 over BS,(xq), » =0 over
B,.(z9) and ||Vo|leo < 1/r, the following assertions hold.

(i) There exists C > 0 depending only on p, such that:

/ lus|P|VelP dz < C |[Vug|P dz. (4.2)
Bar (o) Bar (o)

(i1) There exists C > 0 depending only on p, qo, q and ||f|l4 such that

/ fus(l—¢p) dz < C [Vus|P dx + Cr2t (4.3)
Bar(x0) Bar(z0)

Proof. In this proof we write u instead of uy to lighten the notation. Due to (4.1), 3 N dBs(zg) # @ for all

s € [r,2r] and then, since u = 0 p-q.e. on ¥ and u € WHP(By,.(2¢)), by Corollary 2.12, there is a constant
C = C(p) > 0 such that

/ |ulP d:L'SC’rp/ [VulP dz. (4.4)
BQT(.T(])

Ba,(z0)

Therefore,

1
/ [ulP[Vepl? dz < — ul? dz
B, (o) P Bar(x0)

<C [VulP dz,
B2T("L'0)

which proves (4.2).

Then let us prove (4.3). First, notice that due to (4.4) and the fact that 2r < 1, there is a constant Cy =
Co(p) > 0 such that

[ullwrr By, (20)) < CollVUllLe(By, (20))- (4.5)
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Using the Sobolev embeddings (see [18], Thm. 7.26) together with (4.5), we deduce that there is a constant
C = C’(p, qo) > 0 such that

el 3y < O NVl 20 (4.6)

where
2, 2 .
ﬁ:1—51f2<p<—|—oo, ﬁ:q—, ifp=2, pB=0if1<p<?2, (4.7)
0

and it is worth noting that in the case 2 < p < 400 we have used that u(¢) = 0 for some £ € ¥ N Bay ()
yielding the following: for all x € Ba,(x¢) we have

_z2
lu(@)| = Ju(z) — w(@)] < Crr' =7 ullwr (B, (o))

for some C1 = C1(p) > 0. Thus, using the fact that |1 — @]l < 1 and Hoélder’s inequality, we get

/B ( )fu(l —¢) dr < ||fHLq0(B2r(aco))”u”Lq()(B2 (z0)) = ‘B2T(I0)|7 z Hf”L“(Q)”u”qu (Bar(z0))
2r(Zo
a1 :
< Cr® ™)V oy, (ay) (DY using (4.6))
22 .
=COr3 % 4 HVuHLp (Ban(zo)) (by using (1.1) and (4.7))

< 2ty ~2 + CHVUHLP Bar (20)) (by Young’s inequality),

where C' = C(p, qo, ¢, || flla(e)) > 0. This achieves the proof of Lemma 4.2. O

The following corollary follows directly from Lemma 4.1 and Lemma 4.2, so we omit the proof.

Corollary 4.3. Let Q) be a bounded open set in R? and p € (1,+o0), and let f € LY(Q) with ¢ > qo, where qo
is defined in (1.1). Let X anﬂE’ be closed arcwise connected proper subsets of Q, and let xo € R?. Suppose that
0<2rg<7 <1, AXC B, (z0) and

S/ 01 By, (20) # 0, X\By, (z0) # 0.

Then for any r € [ro,r1/2] we have:

Ey(us) — Ey(usy) < C Vusy [P da + Cr¥tP =5 (4.8)
B27‘(3:(J)

for some constant C' > 0 depending only on p, qo, ¢ and || fll4-

We now start to prove some decay estimates on the p-energy. We begin with the simple case of a weak solution
of the p-Laplace equation vanishing on a line, for which we can argue by reflection.

Lemma 4.4. Let p € (1,+00). Then there is a constant C = C(p) > 0 such that for allu € WP(By), u=0
p-q.e. on [—1,1] x {0} being a weak solution of the p-Laplace equation in Bi\([-1,1] x {0}),

esssup |VulP < C [Vul? dz.
B2 B,
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Proof. Consider the restrictions of u on Bt = By N {xs > 0} and on B~ = By N {z2 < 0} and extend them
on B using the Schwarz reflection. We show that each of the obtained functions is a weak solution of the
corresponding p-Laplace equation in B;. Thus we define

A, 22) = w(z1,T2) if (x1,72) € BT
bl —u(xy,—x2) if (z1,22) € B~
Ay, ) = —u(xy, —w2) if (w1,72) € BT
b u(xy, o) if (z1,22) € B™.

It is clear that @,w € WP(B;) and @ = u = 0 p-q.e. on [—1,1] x {0}. We claim that @ and u are weak solutions
in B;. Indeed, denoting By N{z2 > 0} by int(B™) and By N{z2 < 0} by int(B™), for an arbitrary test function
» € C§°(By) we have

/ |VaP2VaVe dr = / |VulP2VuVe dx
B,

int(B1)

+/ |V’LL(.’E1,—.’ﬂg)‘p72<(—alu(l’17—$2),82U($1,—[L’g)),VgD(IL’l,{EQ» dz, dxa
int(B~)
:/ |Vu|P2VuVy dz
int(B+)
—/ [Vu(zr, 22) [P~ (Vu(z1, 22), (O19(z1, —22), —O2p(x1, —2))) dz1 dzs
int(B+)

= / |Vu|P~2VuVey dr, (4.9)
int(B+)

where (1, z2) = p(x1,x2) — (21, —x2), (21,22) € int(BT). Since U4 (p+) = Uliny(p+) IS @ weak solution in
int(B1) and since ¢ € WyP (int(B1)), using (4.9), we get that

/ |VaP2ViVe dz = 0.
B

As ¢ € C§°(B1) was arbitrarily chosen, we deduce that @ is a weak solution in B;. The proof of the fact that @
is a weak solution in Bj is similar. Thus by Proposition 3.3 of [15] there is C' = C'(p) > 0 such that

esssup |[ValP <C [ValP dz
Bz By

esssup |Val? §C’/ [ValP dz.
B2 B

Therefore,

esssup |Vul? < esssup|Val? + esssup |Val?
B2 B2 Bys

< C(/ |Val? dx+/ \VuP dz)
Bl Bl

§QC’/ [VulP de.
By



REGULARITY FOR THE PLANAR OPTIMAL P-COMPLIANCE PROBLEM 19

This completes the proof of Lemma 4.4. [

Corollary 4.5. Let u be a weak solution of the p-Laplace equation in Bi\([—1,1] x {0}) and let v = 0 p-q.e.
on [—1,1] x {0}. Then w is Lipschitz continuous on By /5.

Corollary 4.6. There is a constant Cy = Cy(p) > 2 such that if u is a weak solution of the p-Laplace equation
in B1\([-1,1] x {0}) and u =0 p-g.e. on [—1,1] x {0}, then

/ [VulP do < 007"2/ |[Vul|P dx for all r € (0,1/2].
B, B1

Proof of Corollary 4.6. By Lemma 4.4 we know that for some C = C(p) > 1,

esssup |VulP < C’/ [VulP dz.
B1/2 B

We deduce that for r <1/2,

/ [VulP do < <esssup|Vu|p> mr? §7rC’r2/ [VulP dz.

By /2 B,

O

Next we use a compactness argument to derive a similar estimate for a weak solution of the p-Laplace equation
vanishing on a set X which is close enough to a line, in the Hausdorff distance.

Lemma 4.7. Let p € (1,+00) and let Cy be a constant as in Corollary 4.6. Then for every o € (0,1/2] there
is 00 € (0,0) such that the following holds. Let ¥ C R? be a closed set such that (X NBy(xq)) U dB,(z0) is
connected and there is an affine line P, passing through xo, such that dg (X NB,(x0), P N B.(z0)) < oor. Then
for any weak solution u of the p-Laplace equation in B,.(x¢)\ 'S, vanishing p-q.e. on LNB,(x), the following
estimate holds

/ [VulP do < (COQ)Q/ |[VulP dz.
Bgr(wD)

BT("L'[))
Proof. Since the p-Laplacian is invariant under scalings, rotations and translations, it is not restrictive to
assume that B,.(z9) = By and PN B,(xg) = [—1,1] x {0}. For the sake of contradiction, suppose that for
some o € (0,1/2] there exist sequences (€n)n, (Xn)n and (un), such that e, | 0 as n — +o00; %, is closed,
(X, NB1) U 9B is connected, dy (X, NB1,[—1,1] x {0}) < ¢, and hence
dg (3, N By, [—1,1] x {0}) = 0 as n — +oo; (4.10)

u,, is a weak solution in Bi\ ¥,, wu, = 0 p-q.e. on ¥, NB; and

/ [Vu,|P dx > (ng)z/ [Vu,|P dz. (4.11)
B1

e

Thus for any n we can define

vp(z) = . (4.12)
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Clearly v,, = 0 p-q.e. on ¥,, NB; and
/ Vo, [P dx = 1. (4.13)
B,

By (4.10) and by the fact that (X, N B;) UdB; is connected, there is a constant C' > 0 (independent of n) such
that for any n large enough we have

Cap, (X, N By) > C.

Then, using the above estimate together with Proposition 2.10 and with (4.13), we conclude that the sequence
(vn)n is bounded in WP(By). Hence, up to a subsequence still denoted by the same index, we have

v, — v in WHP(By) (4.14)
v, — v in LP(By), (4.15)

for some v € W1P(By).

Let us now show that v = 0 p-q.e. on [—1,1] x {0}. For any ¢ € (0,1) we fix ¢» € C}(B;), ¥ =1 on B,
and 0 < ¢ < 1. Since (£, NBy) UdB; is connected for all n € N and dy (2, NB1,[—1,1] x {0}) = 0, as n —
+00, it follows (see [7]) that the sequence of Sobolev spaces W, ?(B;\ ¥,,) converges in the sense of Mosco to
Wy (B1\([~1,1] x {0})). Note that by (4.14), v,p) — v in W'P(R?) and using the definition of limit in the
sense of Mosco, we deduce that vi) € Wy (B;\([~1,1] x {0})). This implies that v = 0 p-q.e. on [—t,#] x {0}.
As t € (0,1) was arbitrarily chosen, we deduce that v = 0 p-q.e. on [—1, 1] x {0}.

We claim that v is a weak solution of the p-Laplace equation in By \ ([—1, 1] x {0}). Notice that, in contrary
to the linear case, it is not so clear how to pass to the limit in the weak formulation using only the weak
convergence of Vv, to Vv in LP(By). But one can argue exactly as in the proof of Proposition 3.7 in [7] to get
that |Vu,[P~2Vo, weakly converges to |Vo|P~2Vuv in LP (B;), and this is enough to pass to the limit in the
weak formulation. We refer to [7] for further details.

We now want to prove the strong convergence of Vv, to Vv in LP(B;;). Since for all n we have that
/ 5, |Vun|P dz =1, we may assume that the sequence |Vuv,|P dz of probability measures over B; weakly*
converges (in the duality with Cy(B1)) to some finite Borel measure p over By. Then we select some ty €
(1/2,3/4) such that u(9By,) = 0. Such t( exists, since otherwise u(0B;) > 0 for all t € (1/2,3/4) and therefore
we can find a positive integer number j and an uncountable set of indices A C (1/2,3/4) such that for all t € A
we have that p(0B;) > 1/j that leads to a contradiction with the fact that u(B;) < +oo.

From the weak convergence of Vv, in L? we only need to prove that |Vv, | s (B, r2) tends to |Vol| s (5, r2)-
We already have, still by weak convergence,

/ |[Vol|P dx Sliminf/ |Vo,|P de,
B n—-+oo Bto

to

thus it remains to prove the reverse inequality, with a limsup. For this purpose we shall use the minimality of
Up.

Let x be smooth cut-off function equal to 1 on By, and zero outside of Bj,4, and consider the function
xv € Wy P(Bi\([~1,1] x {0})). By the definition of convergence in the sense of Mosco, it follows that there is
a sequence (,) C Wy P(B;\ ¥,) converging to yv strongly in WP (By).

Now, fix an arbitrary § € (0,%o — 1/2), and let n5 € C2°(By,) be smooth cut-off function satisfying

C
ns =1 on By, s, |Vns| < 5
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Then we define

Wy, = M50 + (1 — 1) Un.

In particular, w, = 0 p-q.e. on %,, and w,, = v,, outside B;,. By the minimality of v,, (see Thm. 2.2) we infer

J

Recalling that for any € > 0 there is a constant ¢. > 0 such that for all nonnegative real numbers a, b,

|Vuy,|P d:rg/ |[Vwy|P de. (4.16)

to Bto

(a+b)P < c.aP + (14 ¢e)bP,

computing Vw,, and using (4.16) we obtain the following chain of estimates

J

Vol da < / 75V + (1 — 1) Vo + V(B — w7

to Bto

Sc(a)/ V0[P [, — vn]P e

By,

+(1+ 5)/ |15V on + (1 — n5)Vu,|P do
B

to

§c(5,5)/ [T, — v |P dx+(1+5)/ (1 —ns)|Vop|P dz
B B

to to

—|—(1—|—€)/ Ns|Vop,|P dz.
B

to

Notice that since |Vv, [P dx weakly™ converges to p (in the duality with Co(B;)) and since u(0By,) = 0, we
obtain that th |[Vu,|P dz tends to u(By,) as n — +oo (it is easy to see by taking sequences (gm)m, (hm)m C
0

Co(B1) such that g, | ]lEO’ hm T 1p,, and by using the definition of the weak* convergence of measures).
Passing to the limsup, from the strong convergence in L?(By,) of both v, and 7, to v we get

/ |y, — vy |P dz — 0,
B

to

thus

Vol o< (1+)uBi, \ Buy-s) + (1+¢) [ V0P d.

limsup/
n—+oo JB B

Letting now § tend to 0+ and using the fact that pu(9B:,) = 0 we get

to to

limsup/ [Vu, [P do < (1—1—5)/ |Vo|P dz,
n—-+400 By, By,
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and we finally conclude by letting € tend to 0+ to get

|V, [P dxg/ |Vol?P de,

limsup/
n—+oco JB B

which proves the strong convergence of Vv, to Vv in LP(By,).
Using (4.11) and (4.12) and passing to the limit we therefore arrive at

to to

/B Vo da > (Coo). (4.17)

4

On the other hand, by Corollary 4.6 applied with u = v and by (4.13) and (4.14) we get

/ |VolP dz < Cho?,
B

4

which leads to a contradiction with (4.17), since o > 0 and Cy > 2, concluding the proof. O

Now we would like to treat the second member f. For that purpose we shall use the following lemma (see [12],
Lem. 2.2), which will allow us to control the difference between the potential uy, and its Dirichlet replacement
on a ball with a crack.

Lemma 4.8 ([12]). Let U be an open set in R2, N > 2, and let uy,us € WHP(U). If 2 < p < 400, then:
/ [Vuy — Vug|P da < co/ (IVu1|P~2Vuy — |Vua|P~2Vug, Vuy — Vuy) dz, (4.18)
U U

where cy depends only on p.
If 1 < p <2, then:

2
P

(/ |Vuy — Vug|P dx) < K(ul,uQ)/ <|Vu1\p*2Vu1 - \VuQ|p*2VuQ,Vu1 — Vug) da, (4.19)
U U

where K (u1,us) stands for:
2-p
K(U17U2):2(/ [Vug [P dx—i—/ [Vus [P dz) 7 .
U U
Now we can control the difference between a weak solution of the p-Poisson equation and its Dirichlet
replacement on a ball with a crack.

Lemma 4.9. Let p € (1,400) and f € LBy, (x9)) with ¢ > qo, where qo is defined in (1.1), and let ¥ be a
closed arcwise connected set in R and 0 < 2ro < r; <1 satisfy

Y NBy(z0) # 0, L\By, (70) #0 and By, (79)\X # 0.

Let u € WYP(B,,(z0)), u = 0 p-g.e. on SNDB, (x9) be the solution of the p-Poisson equation —Apv =
f in By, (z0)\ X in the weak sense, which means that

/ |Vu|P~2VuVy dr = / fo dz for all ¢ € Wy (B,, (20)\ ). (4.20)
By (w0) By (x0)
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Let w € WYP (B, (20)), w = 0 p-g.e. on XNB, (x0) be the solution of the following p-Laplace equation

{—Apv = 0 in By (x0)\2
v

w on OB, (x9) U (XNB,, (z0)),

in the weak sense, which means that w —u € Wy (By, (¢0)\ ) and

/B - |Vw|P~2VwVe dz =0 for all o € WyP(B,, (z0)\ X). (4.21)
r1(Zo
If 2 <p < +o0, then:
r_2p’
/ |[Vu — Vw|P do < Crfﬂ) . (4.22)
Brl (:Co)

where C' = C(p,qo, ¢, || fllq) > 0.
If1 < p<2, then:

/ [Vu — Vw|P dz < C(K(u,u))”(rf_l)ﬂpl*%, (4.23)
Brl (:Co)

where C' = C(p, qo. ¢, || fllq) >0 and K(-,-) as in Lemma 4.8 with U = B, (xo).

Proof. Every ball in this proof is centered at x. For convenience, let us define z = u — w. Since z = 0 p-q.e. on
¥ N B,,, by Corollary 2.12 and the fact that r; < 1, there is a constant C' = C(p) > 0 such that

Izllwirs,,) < ClIVzlLes,,)- (4.24)

Then, using the Sobolev embeddings (see [18], Thm. 7.26) together with (4.24), we deduce that there is a
constant C' = C(p, go) > 0 such that

el 5, < CrE IVl o (4.25)
where
2, 2, .
a=1—--if2<p<+o0, a=—ifp=2 a=0if 1<p<2, (4.26)
D 0

in particular, in the case 2 < p < 400 we have used that z(£) = 0 for some ¢ € X NB,, yielding the following: for
all x € B,, one has |z(z)| = |z(z) — 2(¢)| < C0(2r1)1_%||z||w1,p(3n) for some Cy = Cy(p) > 0. Let us consider
the next two cases.

Case 1: 2 < p < 4o00. Using (4.18) and the fact that z is a test function for (4.20) and (4.21), we get

/ [VzP dz < co/ (IVulP=2Vu — |[Vw|P~?Vw, Vz) da
B

By,
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where ¢g = ¢o(p) > 0. Applying Holder’s inequality to the right-hand side of the latter formula and using (4.25),
we obtain

1 1
[ 19al do < ol 12 s s,y < OBl 5 Lo 1ol s,

1
2(E2 - ta %
< ot (/ VPP da)
B,n1

for some C = (p,qo, ¢, || f|lq) > 0. Therefore,

;2 (A —-L)+p'a
/ [VzlP de < CPry % ¢
B

1

and carefully calculating (2p’(qi0 - %) + p'a) where « is defined in (4.26), one gets (4.22).
Case 2: Let 1 < p < 2. Using (4.19), and the fact that z is a test function for (4.20) and (4.21), we get

(/ [Vz|P dx)% < K(u,w)/ (IVulP~2Vu — |Vw[P~2Vw, Vz) dz

1

By,

= K(u,w) fz dz.
B,

Next, by using Holder’s inequality and then (4.25), we obtain

2
([ 192 d)? < Kww) oo 2],
r1

1 1
< K () By |55 o ol g,

< C’K(u,w)rf%ig (/ |Vz|P da:)%
B

71

3=

SCK(u,u)rf%ig(/ Vz|P dz) 7,

1

for some C' = C(p, qo, ¢, || fllq) > 0, where the last estimate comes from the fact that w minimizes the energy
fBTl |VulP dz among all v satisfying v — u € WyP(B,,\X) (see Thm. 2.2) and u is a competitor for w.

Therefore,
2p_2p
/ |VzP da < CP(K(u,u))Pr{® °
By,
3p—2-2 p—1\24p — 22
= CP(K(u,u))’ry " = CP(K(u,u))?(ry )" "
that yields (4.23). O

Gathering together Lemmas 4.7 and 4.9 we arrive at the following decay estimate for uy. Notice that in the
following statement the definition of a(q) also depends on p, but we decided to not mention it explicitly to
lighten the notation.
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Lemma 4.10. Let p € (1,400) and f € LY(Q) with ¢ > qo, where qo is defined in (1.1). Then we can find

a€(0,1/2), g9 € (0,a) and C = C(p,qo,q, | fllq,1Q]) > 0 such that the following holds. Let 3> C Q be a closed
arcwise connected set. Let 0 < 2rq < ry; <1 satisfy By, (xo) C Q,

Y NByy(z0) #0 and X \B,, (xo) # 0,

and assume that there is an affine line P, passing through xo, such that

dH(Z ﬁFﬁ (l‘o),PﬂErl (370)) < eory. (427)
Then
1 1(1 N
— [Vug|P do < = —/ [Vus|P dx | + Cry @ (4.28)
a71 JBary (z0) 2\ JB,, (z0)
where

l+p -2 jf2<
a(q){ Y, RSP e (4.29)

3p-1)—-2L ifl<p<2

Proof. Let w € WYP (B, (x0)), w = 0 p-q.e. on ¥NB,, (z¢) be the Dirichlet replacement of us,, i.e., the solution
of the following p-Laplace equation

—Apu = 0in B, (20)\ 2
u = wuygon 9By (xo) U(XNBy (20)),

in the weak sense, which means that w — ug € Wy *(B,, (z0)\ £) and

/ IVw[P~2VwVy dz =0 for all ¢ € WyP (B, (20)\ ). (4.30)
Brl (IO)

Let K(-,-) be as in Lemma 4.8 with U = By, (z¢). Using (2.3) and Hoélder’s inequality, it is easy to see that
K(Ug, UZ) < Cl (431)

for some C1 = C1(p, g0, ¢, || fllq; 1€2]) > 0. Then applying Lemma 4.9 and using (4.31), we know that:
/ [Vug — Vw|P dz < C’rﬁa(q), (4.32)
By (wo)

where C' = C(p, qo, ¢, | fllg:12]) > 0 and a(g) is defined in (4.29). Now let Cy = Cy(p) be the constant of
Corollary 4.6, and let a = 277Cy 2. For every p € (1,+00) the constant a is fixed. We can apply Lemma 4.7
with » = 71 and ¢ = a to the function w. We then obtain some gg € (0, a) which defines our g := gy such that
under the condition (4.27) it holds

1
7/ [Vwl|P deC’ga/ [Vwl|P deQ*p/ |[VwlP dz.
a Bary (z0) B, (x0) By, (x0)
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Hereinafter in this proof, C' denotes a positive constant that can depend only on p, qo, ¢, || fll4, |2 and can be
different from line to line. Now we use the elementary inequality (¢ + d)P < 2P~1(cP + dP) to write

1 p—1 2r—1

2
f/ |Vus|P da < / |Vw|? dz + / |[Vuy, — Vw|? dx
a Ba’rl (10) Bt”‘l (130) Bt”“l (Io)
1 2r—1

7/ [Vwl? dz + / |[Vus, — Vw|P dz
2 JB,, (xo) @ JB, (z0)

1 o

< f/ [Vw|P d:lc—kCri+ (a)
2 B,,Vl(aco)
1

< f/ |Vus|P derC'riJra(Q),
2 JB., (20)

where we have used that w minimizes the p-energy in B, (z¢) with its own trace and uy is a competitor. The
proof of the lemma follows by dividing the resulting inequality by 7. O

Finally, by iterating the last lemma in a sequence of balls {B,,, (%)}, we obtain the following main decay
behavior of the p-energy under flatness control.

Lemma 4.11. Let p € (1,400), f € LYQ) with ¢ > q1, where q1 is defined in (1.4). Then there exists gy €
(0,1/2), C = C(p,qo, 4, || fllg: |2]), 7, b > 0 such that the following holds. Let ¥ C Q be a closed arcwise connected
set. Assume that 0 < 2rg <11 < T, By, (xg) C Q and that for all v € [ro,r1] there is an affine line P = P(r),
passing through xo, such that dg (X NB,.(29), PN B.(20)) < eor. Assume also that ¥\ B, (o) # 0. Then for
every r € [ro,71],

r

/ |Vug|P do < C(—)”b/ |Vus|P dz + Cr' T, (4.33)
B, (z0) T1 By, (%0)

Proof. Let a € (0,1/2), g9 € (0,a) and C = C(p, 0,4, || fllq,|€2]) > 0 be the constants given by Lemma 4.10.
Under the assumptions of Lemma 4.11, we can apply Lemma 4.10 in all the balls By, (20), | € {0, ..., k} with
k for which a**1r; < ro < aFrq. Notice that the definition of q1 and the assumption ¢ > ¢; have been made in
order to guarantee that «(gq) > 0, where a(q) is defined in (4.29). Let us now define

(25 - ()

We can easily check that for all ¢ € (0, 7],

1
§tb + D) < (at)b, (4.34)
because since 0 < 2b < «(q) and 7 < 1,

%tb + @) < %tb + 7 < th < (at)’.
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Let us now define ¥(r) = %fBr(xo) |Vus|P da and prove by induction that for all I € {0, ..., k},

| —

U(alr)) < () + C(a'r)’. (4.35)

\}

Clearly (4.35) holds for I = 0, assume that (4.35) holds for some [ € {0, ...,k — 1}. Then applying Lemma 4.10,
we get

U(atry) < ZW(alry) + C(alr)*@.

1
2

By the induction hypothesis it comes
1,1
V(') < 5 (5 %) + Cla'r) ) + Cla'r) @,

and thanks to (4.34), we finally conclude that

1
U(a ) < W\IJ(M) + C(altim)Y,

and (4.35) is proved. Now let r € [rg,r1] and I € {0, ..., k} be such that a'*1r; < r < a'r;. Then

1 11 C
U(r) < E\Il(alrl) < ai‘l’(rl) + E(alrl)b

2
< 2@ ) + O )’

b

< ok <T> \I/(Tl) +C”T‘b
™

where C"" = C"(a,p, g0, 4, || fll4, |€2]) > 0. Notice that although C” depends on a, however, for every p € (1, +0c0)

we can fix a, and thus, we can assume that C” can depend only on p,qo,q, || f|l; and |Q2|. This achieves the

proof. O

5. ABSENCE OF LOOPS

Theorem 5.1. Let Q be a bounded open set in R? and p € (1,+00), and let f € LI(Q) with ¢ > q1, defined in
(1.4). Then every solution ¥ of the penalized Problem 1.1 contains no closed curves (i.e., homeomorphic images
of a circumference S'), hence R?\ ¥ is connected.

The next lemma which was also used several times earlier in the literature, will be used in the proof of
Theorem 5.1.

Lemma 5.2. Let X be a closed connected set in R?, containing a simple closed curve I' and such that H'(X) <
+00. Then H'-a.e. point x € T is such that

e “noncut” : there is a sequence of (relatively) open sets D,, C ¥ satisfying
(i) x € D, for all sufficiently large n;

(ii) X\D,, are connected for all n;

(#i) diam D, \( 0 as n — +o0;

(iv) D,, are connected for all n.
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o “flatness” : there exists the “ tangent” line P to ¥ at x in the sense that x € P and

dH(ZHET(I),PQET(J))) N
r r—04 '

Proof. By Lemma 5.6 of [24], H!'-a.e. point x € ' is a noncut point for ¥ (i.e., a point such that X \{x} is
connected). Then, by Lemma 6.1 of [10], it follows that for every noncut point there are connected neighborhoods
that can be cut leaving the set connected, so (i)-(iv) are satisfied for a suitable sequence D,,. For the proof of
the second assertion we refer to Proposition 2.2 of [6]. O

Proof of Theorem 5.1. Assume by contradiction that for some A > 0 a minimizer 3 of F) ;, over closed connected
proper subsets of Q contains a simple closed curve I' C X. Notice that there is no a relatively open subset in X
contained in both I' and 0f, because otherwise by Lemma 5.2 there would be a relatively open subset D C X
such that D C 99 and ¥\ D would remain connected but observing that in this case us\ p = us and HY(D) >0,
we would obtain a contradiction with the optimality of 3. Thus by Lemma 5.2, there is a point zg € I' N Q)
which is a noncut point for ¥ and such that ¥ is differentiable at zy. Therefore there exist the sets D, C X
and an affine line P as in Lemma 5.2. Let €g, C, T, b be the constants of Lemma 4.11 and let By, (o) C §2 with
to < min{7,diam(X)/2}. We denote r,, := diam D,, so that D,, C ¥ NB,., (zo). The flatness of ¥ at z implies
that for any given € > 0 there is t = t(e) € (0, t] such that

dp (X NB,(z0), PN B, (z0)) < er forall r € (0,t]. (5.1)

For every n let us define ¥, := ¥\ D,,, which by Lemma 5.2 remains closed and connected. We fix ¢ = 2. Our
aim is to apply Lemma 4.11 to ¥, but we have to control the Hausdorff distance between X, and a line in

B, (x0). We already know that ¥ is er-close to P in B, () for all » < t. Thus, if r, < 4% we can compute

dH(En n FT(ZL'()), PN Er(xo))

<dy(Sn N Br(20), S NB,(20)) + dir (S N By (o), P N By (o))

EoT EoT eor
Stat Sty = e

We can therefore apply Lemma 4.11 to ¥,,, for the interval [22= ¢], provided that QELO < £, which says that

€0
2
/ |Vus, [P dz < C(C)Hb/ |Vus, |P dz + Cr't? for every r € [T",t].
By (w0) t Bi(wo) €0

Hereinafter in this proof, C' denotes a positive constant that does not depend on r, and can be different from

line to line. Next, for r = QELO", using also (2.3) it comes

/ \Vus, [P doz < Crlt?,
Bary, (20)
€0

for all n such that QELO” < % Remember that the exponent b given by Lemma 4.11 is positive provided ¢ > ¢1,
where

q1{2;pl if2<p<+o0

ks if1<p<2

which is one of our assumptions.
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Now by the fact that ¥ is a minimizer and ¥, is a competitor for ¥ we get the following

0 < Fap(Zn) — Fap(®) < Ep(uE) - Ep(“En) — Arp,

’ 2p’

<C [Vus, |P dz + Crier “ — Ar, (by Corollary 4.3)
Bar, (w0)
<C Vus, [P dz+Cra P "% — Ary,
Bary (z0)
€0
24p -2

<corltt o, T ATy,

Notice that

2p 2p
(e S PN
p > q>2p_1,

24p

which is always true under the assumption ¢ > q;. Therefore, letting n tend to +o00, we arrive to a contradiction.

This proves that every minimizer ¥ of Problem 1.1 contains no closed curves. In order to prove the last
assertion in Theorem 5.1, we use theorem IL.5 of Section 61 in [20], stating that if D C R? is a bounded
connected set with locally connected boundary, then there is a simple closed curve S C dD. If R?\ ¥ were
disconnected, then there would exist a bounded connected component D of R?\Y such that 9D C X, and hence
>} would contain a simple closed curve, contrary to what we proved before. O

6. PROOF OF A C'M® REGULARITY

In this section, we shall prove that every solution ¥ of Problem 1.1 is locally C1® regular at H' a.e. point
ze XN

Throughout this section, £ will denote an open bounded subset in R2. Recall that K(£2) is the class of all
closed connected proper subsets of §.

The factor A in the statement of Problem 1.1 affects the shape of an optimal set minimizing the functional
Fp over £(Q), and according to Proposition 2.17, we know that there exists Ag = Ao(p, f,€2) > 0 such that
if A € (0, Ao], then each minimizer ¥ of the functional Fy , over K(€2) has positive one-dimensional Hausdorff
measure. Throughout this section, we shall assume that A\ = Ay = 1 for simplicity. Of course, this is not restrictive
regarding to the regularity theory.

6.1. Control of the defect of minimality when 3 is flat

~ For any closed set X C R?, any point € R? and any radius r > 0 we denote by Bs(z,r) the flatness of ¥ in
B, (x) defined through

(e 7) = inf %dH(Z AB,(x), PN B.(x)),

where the infimum is taken over the set of all affine lines P passing through z. Notice that if By (z,r) < +oo,
then it is easy to prove that the infimum above is actually the minimum. Furthermore, it is easy to see that in
this case Bx(x,r) € [0,4/2] and Bs(z,r) = v/2 if and only if ¥ N B,(z) is a point on the circle 9B, ().

Proposition 6.1. Let ¥ C R? be a closed set, z € R?, r > 0 and x € (0,1). If Bg(x, kr) < +00, then

Bs(z,kr) < %52(1‘, 7). (6.1)
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Proof. Since Bx;(x, k1) < 400, Bs(x, kr) and Bx(x,r) belong to [0,1/2]. Notice that if s (z,r) > “\75, then (6.1)

becomes trivial. Now let P be an affine line realizing the infimum in the definition of fBx(x,r). Then, because
¥ N Bur(x) C N B,(z), the following inequality holds

max dist(y, PN B,(z)) > max dist(y, PN B, (z)). (6.2)
YyEXNB,(z) YyEXNB ()

Let 29 € PN B,,(z) be a point such that

ro := dist(z0, X N Byr(z)) = max  dist(y, X N By, (7)).
yEPNB ()

We now distinguish two cases. -
Case 1: 79 = 0. By (6.2) and by the definition of the Hausdorff distance, it follows that dp (XN B.(x), PN
B,(x)) > dg (XN By (x), PN Br(z)). Thus

%52(93,7’) = %dH(Z N B, (x), P N B (x))

> L 4y (S 0B (@), PO Br(2) = B (a, rr)

RT

and therefore in this case (6.1) holds.

Case 2: 79 > 0. Since fx(r, k1) < 400, namely ¥ N B,,.(z) # 0, by the definitions of xy and ry, we get that
ro < |wg — x|+ k7, because By () C Byy—z|+rr(20). Then, there is a point @1 € OBy, () NP N B, (x), because
otherwise ro would be greater than |zg — x| + k7. Setting Z = 2 + 3(z1 — 29) € P N By, (x), we observe the
following: [ — xo| = 3 and Bra (%) C Byr(2) N By, (o). This, again by the definitions of z¢ and 7o, implies
that Bro (¥) N Y = () and therefore

max  dist(y, X N B, (x)) > 2. (6.3)
yeEPNB,(x) 2

By (6.2), (6.3) and by the definition of the Hausdorff distance, we deduce the following inequality
2d (XN By (z), PN B(x)) > dg (XN Bep(x), PN By (x)),

leading to (6.1). O
We now introduce the following definition of the local energy.

Definition 6.2. Let ¥ € K(Q) and let T € [0,+/2]. For any xo € R? and any r > 0 we define

1
wg(z,r) = sup f/ |Vus/ P da. (6.4)
Y EK(Q), S ASCB,(z0) | J/Br(wo)
HY(Z)<K100H (2), By (z0,7)<T

Remark 6.3. Let ¥ C Q be closed and arcwise connected and let ¥’ be an admissible set for the problem
(6.4). Assume that X\ B,.(zo) contains a sequence of points (yy), converging to some point y € 9B, (z¢). Then
y € X', since ¥\ B, (xg) = ¥\ B,(x¢) and ¥’ is closed.

Remark 6.4. Assume that ¥ C Q is closed and arcwise connected, 7 € (0,v/2] and Bx(zg,r1) < € with € €
(0,%]. Then, for all r € [2271 7], there is a solution for problem (6.4). Indeed, using (6.1), we deduce that

T

Bs(wg,r) < 7 for all r € [, 7] and hence ¥ is an admissible set in (6.4). Thus, due to Proposition 2.13,
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wg(zg,7) € [0, 4+00). We can then conclude by use of the direct method in the Calculus of Variations, standard
compactness results and the fact that H' is lower semicontinuous with respect to the topology generated by the
Hausdorff distance.

In order to establish a decay for wy;, we need the following geometrical result.

Proposition 6.5. Let ¥ C Q be closed and arcwise connected, z € Q and 7 € (0, %]7 and let Bx(z,71) < € for
some ¢ € (0,%]. In addition, assume that X\B,, (z) # 0. If r € 221, ry], then for any closed arcwise connected
set X' C Q such that X' AY C B,(z) and Bs/(z,7) < 7 it holds

(1)

B (wm) < 2 e (6.5)
1
(ii)
By (z,8) < 67 for all s € [r,r]. (6.6)

Proof. Every ball in this proof is centered at x. Using (6.1), we deduce that
B (z,t) <7 for all t € [2ery/T,1r]. (6.7)

Let P, P and P’ realize the infimum, respectively, in the definitions of Bx(z,r1), fs(z,7) and By (z,7). By
(6.7),

dg(3NB,,PNB,) < 7r. (6.8)
On the other hand,

dg(X’'NB,,,PNB,,) <dyg(¥NB,,2NB,,)+dy(XNB,,,PLNB,,)
< dH(Z/ ﬁ?r, ZQET) +ery, (69)

where the latter inequality comes because X’A Y C B, and Bx(x,71) < e. In addition,

dg(X'NB,,XNB,) <dy(X’NB,,P NB,)+dy(PNB,, P NB,)
+dy(2NB,,PNB,)
<2rr+dy(PNB,, P NB,), (6.10)

where we have used (6.8) and the assumption fsv(z,7) < 7. Notice that, since XN B, # 0), Y\B,, # 0 and ¥ is
arcwise connected, there is a sequence (z,,), with z,, € ¥\ B, converging to some point y € 9B,. By Remark 6.3,
y € ¥’ N OB, and, defining

W := 0B, N{z:dist(z, P) < Bs(z,r)r} and W' := 0B, N{z:dist(z, P') < Bs/(z,7)r},

it holds y € W N W'. This implies the following estimate

dg (PN B,, P’ NB,) < (arcsin(Bx(x, 1)) + arcsin(Bs (z,7)))r
< 2arcsin(7)r < 377, (6.11)
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where we have used (6.7), the assumption By (z,r) < 7 and the fact that arcsin(t) < 3L if ¢ € [0, 1]. By (6.10)
and (6.11),

dg (X' N B,,XNB,) < 57r. (6.12)
This together with (6.9) gives the following
dH(E/ ﬂ§7'1aP1 ﬁ?rl) S 5Tr + Ery.

Thus, we have proved (i). Now let s € [r,r;] and let P, be the line realizing the infimum in the definition of
Bs(x,s). As in the proof of (i) we get

dg (X' N By, PsN By) <dg (X' N B, XNBy) +dy (X NBg, Ps N By)

<dy(X'NB,,YNB,) +dy(XNB,, P;N By).

Then, by (6.7) and (6.12), we deduce that

dg (X' N By, P,NB,) <571 +7s
< 67s,

thus concluding the proof. O
In the next proposition we establish a decay for w3 (x,-), provided that 8x(z, ) is small enough.

Proposition 6.6. Let p € (1,+00) and f € LY(Q) with ¢ > ¢q1, where ¢; is defined in (1.4). Let & €
(0,1/2), b, 7, C > 0 be the constants of Lemma 4.11. Let ¥ C Q be closed and connected, H!(X) < 400 and
let B, (x0) C Q with r; € (0, min{7, diam(X)/2}). Suppose that 7 € (0, 2] and

Bs(zo,m1) <€

for some € € (0, 75]. Then, for all r € [ 2L,

b
wg(zg,r) < C <r> wy(zo, 1) + CrP. (6.13)
1

Proof. Every ball in this proof is centered at zo. By Remark 3.5, 3 is arcwise connected. From Remark 6.4 it
follows that there is ¥, C () realizing the supremum in the definition of wf(xo,r) which, by Remark 3.5, is
arcwise connected. In addition, according to Proposition 6.5,

Bs, (zo,r1) <7 and s, (zo,s) < go for all s € [r,rq].

This allows us to apply Lemma 4.11 to uyx,_, which yields

1
wy (2o, 1) = ;/B [Vus, P dx

< C(i)bl

/ \Vus, [P dz + CrP
' T JB

1

< C(:—l)bwg(xo,m) + Crb.
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Notice that to obtain the last inequality we have used the definition of wf(xo,r1) and the fact that
Bs, (xg,71) < 7. O

Now we control a defect of minimality via w3,.

Proposition 6.7. Let p € (1,+00) and f € LY(Q) with ¢ > g1, where g is defined in (1.4), and let o €
(0,1/2), b, 7 > 0 be the constants of Lemma 4.11. Let ¥ C Q be closed and connected, H!(X) < +oo and
By, (x) C Q with 71 € (0, min{7, diam(X)/2}). Suppose that 7 € (0, %] and

Bs(xg,71) < €

for some ¢ € (0, 55]. Then there is a constant C' > 0, possibly depending only on p, qo,q, || f|l¢, (€|, such that if

r € [2.1, 5] then for any closed connected set ¥’ C Q satisfying ¥'AY C B, (z0), H'(X') < 100H#!(X) and
By (wo, 1) <7,
b
E,(uy) — Ep(uy) < C’I‘(L) wy(zo, 1) 4+ Critl, (6.14)
1

Proof. Every ball in this proof is centered at zo. By Remark 3.5, ¥ and X’ are arcwise connected and by
Corollary 4.3,

E,(us) — Ep(usy) < C |Vus/ P dz + CT2“’/72%, (6.15)
Bay

where C' = C(p, g0, 4, || fllg) > 0. On the other hand, by Proposition 6.5,
By (zo,71) <7 and By (x0,8) < g for all s € [r,r].

This allows to apply Lemma 4.11 to uys and obtain that

2 1+b
/ Vus/|P dz < C(l) / Vusy|P dz + C(2r)1*?, (6.16)
Bo, 1 B

1

where C = C(p, g0, ¢ || fll4, |€2]) > 0. Hereinafter in this proof, C' denotes a positive constant that can depend only

2p’

onp, qo; ¢, ||fllq, €2 and can be different from line to line. Using (6.15), (6.16) and the fact that P2 T < At
(because r < 1, b < 1+ p" —2p'/q), we deduce the following chain of estimates

By(us) = Byuz) < O( -

1+b
) / |Vusy |P da + Critt
By,

b1
< CT(L) —/ \Vaus: [P da + Crit?
B,

T1

b
< C’r(i) ws(xo, 1) + Critt,
1

where to obtain the last estimate we have used the definition of wf(z¢, ) and the fact that Bsy (xg,71) < 7. O

6.2. Density control

Proposition 6.8. Let p € (1,+00) and f € LY(Q) with ¢ > g1, where g is defined in (1.4), and let go €
(0,1/2), b, 7 > 0 be the constants of Lemma 4.11 and C > 0 be the constant of Proposition 6.7. Let ¥ C € be
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a solution of Problem 1.1, 7 € (0, %], 2o € ¥ and 0 < r; < min{7, diam(¥)/2} be such that B, (zo) C 2. Then
the following assertions hold.

(i) If

Bs(wo,m1) < € (6.17)

for some € € (0, 4%)20], then for all r € [771, 78],

HY S NB, (x0)) < 2r + 5P (o, 7)r + CT(%)bwg(xo, 1) + Critt, (6.18)

(ii) Assume, in addition, that the estimate

(6.19)

wg(zo,71) + 7“11) < —
300C

is valid. Then
HY({s € [rr1/4,7r1/2] : # X NOB,(x0) = 2}) > 771 /5. (6.20)
(iii) Let (6.17) and (6.19) hold and r € [rry/4, 7r1/2] be such that # X NOB,(z¢) = 2. Then
(iii-1) the two points of X NIB,(rg) belong to two different connected components of 9B,(z¢) N {y :
dist(y, Po) < Bs(wo,r)r}, where P is a line realizing the infimum in the definition of Sx(zo, 7).
(iii-2) ¥ NB,(xo) is arcwise connected.
(iii-3) If {z1, 22} = ¥ NOB,(xp), then
H S NB,(20)) < |20 — 21| + Cr(ri)”wg(xo, r1) 4+ Crith, (6.21)
1

Remark 6.9. Following [11], if the situation of item (¢ii-1) occurs, we say that the two points lie “on both
sides”.

Proof. Step 1. We first prove (i). By (6.1) and (6.17), for all r € [T+, T4],
Bs(w0,) < 2Bs(w0,m) < o= (6.22)
2(@0,7) < —Pu(Zo,71) < &5 :
Fix an arbitrary r € [T+, 74]. Let P realize the infimum in the definition of fx(zo,7) and let & and & be the

1
two points of OB, (zg) N Py. Define W and ¥’ by
W= 8BT(x0) N {y : dZSt(ya PO) < ﬂZ(mO; T‘)’I“}, Y= (Z \BT(xO)) uUwu [£17§2]‘
Then, X' € K(2), SAY' C B,(x) and from (6.22) it follows that Bs(zo,7) < Z. Furthermore, since ¥ is
arcwise connected, compact and r < diam(X)/20, it follows that H!(X) > 20r and then H!(X') < 100H!(X).
Since Y’ is a competitor,
HI(E) < HU(S) + Eplus) — By(usy)

and then, using Proposition 6.7, we get

H'(ZNB, (x0)) < 2r + H' (W) + By (us) — By (us)
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< 2r +H' (W) +Cr(ri)bw§(zo,r1) + Crith, (6.23)
1

On the other hand, since arcsin’(t) < % for all ¢ € [0, %0] and by (6.22), Bx(xg,7) < 1—10,

HY (W) < 4rarcsin(Bs(xo, 1)) < 5rfBs(zo, 7). (6.24)

Combining (6.23) and (6.24), we deduce ().
Step 2. We prove now (i4). Let us consider the next three sets

Ey:={s € (0,7m1/2] : #3XN0Bs(x0) =1}, E:={s € (0,7r1/2] : # X NIBs(x0) = 2},
FE5 = {8 S (077'7“1/2] : #ZﬂaBs(,To) > 3}

We claim that either F; = 0 or E; C (0,771/299). For the sake of contradiction, assume that there is s €
[T71/299, 77r1 /2] such that # X NIB,(xg) = 1. Then the set

¥ = ¥\ Bg(o),
would be arcwise connected, X'A Y C By(xg), HY(Y') < HY(X) and
ﬂg/(l‘o,’l‘l) ST/2+E<T. (625)

Since ¥’ is a competitor, H'(X) < H'(X') + E,(us) — Ep(us). It also holds the estimate s < H!(X N B (zo)),
because s < diam(X)/2, zp € ¥ and ¥ is arcwise connected. Thus

s < HY (XN By(wo)) < Ep(us) — Ep(usy). (6.26)
Notice that, by assumption, the estimate (6.14) holds with C, but looking closer at the proof of Proposition 6.7,

we observe that (4.8) in Corollary 4.3 also holds with C. Then, using (6.26), Corollary 4.3 and the fact that
24p -2

51 <™ (because 1y < land b< 1+ p' — 271/), we obtain the following chain of estimates
s <M (XN Bi(x0)) < By(us) — Ep(usr) < C |Vausy [P da + Cs>7 5
Bas (mO)
<C |VU2/ |p dz + CT%-H)

Brl (TU)
< Crywk(zo,m1) + Crit? (by (6.25) and the definition of w&(zq,71))
< 7r1/300 (by (6.19)),

that leads to a contradiction with the fact that s > 7r1/299. Thus, either F; = (), or
FE C (O,TT1/299). (627)

Next, using Eilenberg inequality (see [17], 2.10.25), we obtain

Tr1/2

HY (SN By ja(20)) > /O #¥.NOBs(x0) ds. (6.28)
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On the other hand, using (6.18) with r = 7r1/2, (6.19), the fact that
Bs(xg,71r1/2) < 4e/T < 7/100
and the fact that 7 < €y/6, we get
HY(Z N By, jo(x0)) < 711 + 711 /150. (6.29)
Then, using (6.27)—(6.29), we obtain

771+ 7r1 /150 > HY(Ey) + 2H (E2) + 3H (F3)

HY(Er) +2(7r1/2 = H' (E1) — H' (E3)) + 31" (E3)
—HYEy) + 11 + H (E3)

> —7r1/299 + 711 + H(Es),

this yields

HY(E3) < 7r1/99. (6.30)
Using (6.27) and (6.30), we deduce that

HY(Ey N [rr1/4,7r1/2]) > 711 /5,
thereby proving (i7).
Step 3. We prove (iii). Let r € Ey N [1r1/4,7r1/2]. Assume that (iii-1) does not hold for r. Then we can take
as a competitor the set
S = $\B,(z0) UV,
where V is the connected component of 9B, (xq) N{y : dist(y, Py) < Bx(xo,r)r} such that X NIB,(xg) C V.
So, HY(XNB,(z0)) < H' (V) + E,(us) — E,(usy). Arguing as in the proof of the fact that £y C (0,771/299) in
Step 2, we deduce that
E,(us) — Ep(uyr) < 711/300.
On the other hand, as in Step 1 we have that
HE (V) < (5/2)rBs(20,7) < 7211 /40.
But then
HY (2N B, (x0)) < 771/150

that leads to a contradiction because H'(XNB,(x0)) > r > 7r1/4, therefore (iii-1) holds. Next, assume that
Y NB,(zg) is not arcwise connected. Then, from Lemma 5.13 of [11], it follows that X \B,(zg) is arcwise

connected. Thus, taking the set ¥’ = ¥\ B,.(x() as a competitor, we get

HY (X N B,(x0)) < 711/300,
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that leads to a contradiction with the fact that H'(X NB,.(xg)) > 7r1/4. So (iii-2) holds. Since X NIB,(z¢) =
{z1, 22}, where z1, 2 lie “on both sides” and [21, 2] is sufficiently close, in B,(x() and in the Hausdorff distance,
to a diameter of B,.(z¢), we observe that the set ¥ \B,(xg) U [21, 22] is a competitor for 3 and (6.21) holds.
This proves (#i¢) and concludes the proof. O

6.3. Control of the flatness

We recall the following standard height estimate (see [11], Lem. 5.14), which we shall use so as to establish
a control on By, via wy.

Lemma 6.10. Let I' be an arc in B,(xo) satisfying Br(wo,r) < 1/10, and which connects two points &1, & €
OB, (o) lying on “both sides” (as defined in Remark 6.9). Then

may dist(y, (€1, &]) < (2r(H! (D) - |6 - &)z, (6.31)

In the next proposition we show that if By and w3y, are small enough on some fixed scale, then they stay
small on smaller scales.

Proposition 6.11. Let p € (1,400) and f € LY(Q) with ¢ > ¢1, where ¢; is defined in (1.4). Let ¥ C
be a solution of Problem 1.1. Then there exist constants 0 < €7 < ¢3 and a,b,rg > 0, and a constant C'
C(p, 90,9, || fllq, 1€2]) > 0 such that whenever z € ¥ and 0 < r < r¢ satisfy B, (x) C Q,

Q

’LUE(Z‘,T) S €1 and 6E(xvr) S €2 (632)

then

Bs(z,ar) < C(w(z,r)% + Crf, (6.33)
(if)
wg(z,ar) < %wg(x,r) + C(ar)®. (6.34)
(iii) For any n € N,
wx(x,a"r) < e and PBun(z,a"r) < es. (6.35)

Proof. Let €9 € (0,1/2), b, 7> 0 and C = C(p, 40,4, || fll4,12]) > 0 be the constants of Lemma 4.11. Fix 7 €

(0, %] and a constant C; such that the estimate (6.21) holds with C;. Without loss of generality, assume that

C < (1. We now define

a :=min{ — (i>% ey AT 252 ’ ' 24C,
o 4, 20 ’ 2= 1007 1-— 5001 9 = a .

Fix 79 € (0, min{7, diam(X)/2}) such that

Q
=
Ol
IN

(6.36)

CIRY
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and hence
(6.37)

because rog < 1. Let us prove (). Applying Proposition 6.8 with r; = r and e = &5 < 4%207 we deduce that there
is s € [rr/4,7r/2] such that X NIBs(x) = {21, 22}, 21 and 23 lie on “both sides” (see Rem. 6.9). Fix such s.

Then, by Proposition 6.8 (4ii-3), we get
b
HYUENBy(z)) < |21 — 2] + ClsG) wi (@, 7) + Cys'+?
= |Zl — ZQ| +L

Let I' C ¥ NB,(x) be an arc connecting z; with 2. Then, using Lemma 6.10, we obtain

r;lea%(dist(y, [21, 22]) < (25(H (D) — |21 — 20]))% < (77L)7.

Since ¥ NB,(x) is arcwise connected, X N dB,(x) = {21, 22} and HY(T') > |21 — 22/, then

sup dist(y,T) < HY(ENB,(z)\I') < HY(ENBy(x)) — |21 — 22| = L.
YyEX NBs(2)\(Bs(z)NI)

(6.38)

Thus
max  dist(y, [21,22]) < (rrL)7 + L.

yEX NBy(x)
Notice that since ¥ NB(x) is arcwise connected and ¥ escape B (x) either through 27 or 2z, then (6.38) yields

the following estimate
(6.39)

dy (S NBy(x), [21,22]) < (rrL)% + L.

Let P be the line passing through z and collinear to [21, 22]. Using the fact that dist(z, [21, 22]) < (7rL)2 + L,

(6.40)

we get
dp (21, 22), PN By(z)) < arcsin(((rrL)? + L)/s)s < 2((rrL)? + L),

where the latter estimate holds because ((7rL)2 + L)/s < 5. Using (6.39) together with (6.40), we obtain that

dy (SNBs(z), PN By(x)) < 3((rrL)? + L)

and hence fx(z,s) < %((T’I‘L)% + L). If ar = ks, then 2 < T because s < 7~ and, thanks to (6.1),
(6.41)

Bn(e,ar) < 2 (e, ) < %((TTL)% L L)

On the other hand,
(6.42)

(rrL)% < (Crr*wi(z,r) + Crr*™)E < Crr(wh(e,r))® + Cyr'ts
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and, moreover,
L= Cls(é)bwg(ﬂc,r) + sttt < Cﬂ“(u)%(x,r))% + Oyt (6.43)
where we have used that wZ(z,7) < 1,0 < s <r <1 and that b > 0. By (6.41)—(6.43),

+C'r3,

Nl=

Bs(z,ar) < C'(wE(z, 1))

with C" = 241 that shows (i). Furthermore, using (6.32) and (6.36), we get

Bs(z,ar) < C”(sl)% + C/TO% < €9.

2er 1

=5 1g), we

Then, applying Proposition 6.6 with r; = r, € = €5 and also noting that 275 < a, namely ar € (
deduce that

wg(z,r) + C'(ar)b < %1 + %1 =¢q,

DN =

w(z, ar) < Cabwy(z,r) + C(ar)® <

1
where we have used that a < (%) ’ the fact that C' < C’ and (6.37). Notice that we have proved (ii) and the

fact that fx(z,ar) < ey and wg(z,ar) < e;. Next, using (6.32) with ar instead of r, we get: Bxn(x,a®r) < s
and w¥ (z,a?r) < ;. Thus, iterating, we observe that for all n € N the following holds

wg(z,a"r) <e; and Bx(z,a"r) < e,

that shows (#¢7). This concludes the proof. O

Now we are ready to prove that if s (z,r) + wZ(x, ) falls below a critical threshold dg > 0 for z € ¥ NQ and
sufficiently small 7 > 0, then Bx(z,7) < Cr® for some a € (0,1), that leads to a C1'® regularity.

Proposition 6.12. Let p € (1,400) and f € L(Q2) with ¢ > ¢1, where ¢; is defined in (1.4), and let a € (0,1/10)
be the constant of Proposition 6.11. Let X be a solution of Problem 1.1. Then there exists & > 0 and 7, dg > 0
such that if x € ¥ and 0 < 79 < T satisfy B,,(z) C ,

Bs(z,10) + wg(x,re) < do, (6.44)
then

Bs(x,r) < Cr® for all r € (0,arg), (6.45)

where C' is a positive constant, possibly depending only on p, go, ¢, || f|l4, |€2] and ro.
Proof. Let €1, b, 79, C' > 0 be as in Proposition 6.11. Next, we define

= a5 O, ()7

It is easy to check that for all ¢ € (0, 7],

1
317+ t* < (at)?, (6.46)
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because since 0 < 2y < b and 7y < 1,

1 1 3

7t < S T < S < (at)”.

D) + =5 + TO =7 ~ (a )

Now let ry be a radius given in the statement, rq < 7. Let us show by induction that for all n € N,

—ws (7, 70) + C(a™trg)7. (6.47)

l\D‘H

wy(z,a™rg) <

Obviously, (6.47) holds for n = 0. Suppose (6.47) holds for some n € N. Notice that by (6.35), Bs(z,a™rg) +
wg(z, a"rg) < §. Then, applying (6.34) with r = a"rg, we get

1
wg(z,a™ry) < iwg(x,a"m) +C(a™1r)®
S -

2
< ng(x,ro) + C(a""?rg)? (by (6.46)),

1 1 C
wg(z,r) < —wg(z,a'rg) < ?wg(:mro) + —(a'trg)?
a a
21
< 2 ) + S
1 €1 C . - acy
S oy —r7 (since w§(x,rg) < T)
< gD EL | grv < E(L)V + grv
a 2 'rg a
Thus, for all r € (0, 7o),
€1, T C
wg(z,r) < El(a)W + Er“’. (6.48)
By (6.33) and (6.48), for all r € (0,rg),
- 1 b e1,7\v , C \1L b
PR = ) = 5 U - = 5
Bs(z,ar) < C(wg(z,r))2 + Cr> < C( 5 (7‘0) + ar”)z +Cr2 <Cr

where o = 7 and Cisa positive constant, possibly depending only on p, qo, ¢, || fllq, @, 2| and ro. Therefore,

Bsy(z,7) < C'r* for all r € (0,arg) with ¢’ = C/a®. Notice that although C’ depends on a, however, for any
given p € (1,400) we can fix a, and thus, we can assume that C’ depends only on p, qo, ¢, || fll4, [€2] and r¢. This
concludes the proof. O

Corollary 6.13. Let ¥ be a solution of Problem 1.1 and a, o, Tg, 6g > 0 be as in the statement of
Proposition 6.12. Let xy € 3 and 0 < o < Tq be such that By, (xo) C 2 and

Bs:(xo,10) + wi(z0,70) < €0
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with &g = %. Then for any y € X NBarg (wo) and for any r € (0, 53) we have that Bs(y,r) < Cr®, where

C =C(p,90,9 I fllg: 1€2],70) > 0. In particular, there exists to € (0,1), only depending on C, a, ro and a, such
that X NBy,(z0) is a C* regular curve.

Proof of Corollary 6.13. Recall that a € (0,1/10). Let y € & NBarg (z0) and let Py realize the infimum in the
definition of Bx(xo, 7). Since dy (X QE% (y), Po QE% (y)) < 3eoro, Be(y, 55) < 2000 < % Moreover, if ¥/
realizes the supremum in the definition of w3 (y, 5%), then

20 20 0
Wi i) =2 [ Vusl de< 2 [ Vs dr < 2005(w0.r0) <
T0 JBry (y) 70 J B, (z0)

[N
==}

and hence

ﬂz(yv 72%) =+ wg(ya ;%) < 50'

Then by Proposition 6.12, there exists a constant C' = C(p, qo, ¢, || fllg, 1], 70) > 0 such that Bs(y,r) < Cr®
for all r € (0, G2 ). Since y € ¥ NBarg (zo) was arbitrarily chosen in X NBar (x9), there exists to € (0, 7g") such

that ¥ NBy, (79) is a C1* regular curve (see e.g. [3], Lem. 6.4). O
Now we prove that locally ¥ NS is a C1* regular curve outside a set with zero H'-measure.

Proof of Theorem 1.2. Let 9 € (0,1/2), b, 7, C > 0 be the constants of Lemma 4.11 and let 7 € (0, %). Since
closed connected sets with finite length are rectifiable, then (see e.g. [6], Prop. 2.2) for H!-a.e. point z in XN
there is the affine line T}, passing through x, such that

dy(ZNB, T, N B,
#(XN0Br(2), TN Br(2) (6.49)
r r—0+

Let x € XN be such a point. Then by (6.49),
Bs(z, 1) rjog- . (6.50)

We claim that w&(z,r) tends to zero, as r — 0+. Indeed, by (6.50), for any € € (0,¢¢) there is t. € (0,7) such
that

Bs(z,r) <e for all r € (0,t.]. (6.51)

We assume that By, (z) C Q and t. < diam(X)/2. Then by Proposition 6.6, for all r € (0,¢./10],

b
wi(z,7) < c(ti) wi(z,t.) + Crb. (6.52)

€

On the other hand, by Remark 6.4 and by Proposition 2.13, w&(x,t.) € [0,400). Then, letting  tend to 0+ in
(6.52), we get

wi(z,r) — (1 (6.53)

By (6.50) and (6.53),
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This together with Corollary 6.13 concludes the proof. O

7. REMARK ABOUT SINGULAR POINTS

We shall say that a set K C R? is a cross passing through a point z € R? if K consists of two mutually
perpendicular affine lines passing through x. For convenience, we denote the cross ({0} x R) U (R x {0}) passing
through the origin by Kj.

In this section, we prove that every solution ¥ of Problem 1.1 cannot contain quadruple points inside €2,
namely, there is no point z € ¥ N Q such that for some fairly small radius r > 0 the set ¥ N B,.(x) is a union of
four distinct C! arcs, each of which meets at point x exactly one of the other three at an angle of 180° degrees,
and each of the other two at an angle of 90° degrees.

We start by proving the following lemma.

Lemma 7.1. Let p € (1,400). Then there is a constant C = C(p) > 0 such that for all u € W'P(By), u =0
p-g.e. on KoM By being a weak solution of the p-Laplace equation in B1\ Ky,

esssup |VulP < C’/ |[VulP dz.
B2 B;

Proof. To simplify the notation, we denote the sets By N {xy > 0}, By N{xs <0}, ByN{xy >0}, BiN{z; <
0}, Blﬂ{xl < 0}0{1’2 > 0}, Blﬂ{xl > 0}0{1’2 > 0}, Blﬂ{xl > 0}ﬂ{$2 < 0}, Blﬁ{xl < O}Q{SUQ < 0},
respectively by By, Bs, Bg, Bw, BNnw, BNg, Bsg, Bsw. Next, reproducing the arguments of the proof of
Lemma 4.4, we observe that the Sobolev functions u,u € W1 (By) defined by

W@, 72) = u(z1,72) if (21,22) € By (21, 79) = —u(wy, —m3) if (x1,72) € By
b —u(xy, —x2) if (x1,22) € Bg, b u(x1, z2) if (z1,22) € Bg

are weak solutions of the p-Laplace equations in B;\({0} x [—1,1]) vanishing p-q.e. on {0} x [—1,1], and, in
addition, the Sobolev functions v, w,v,w € W1P(By) defined by

wn, 22) = u(zy,w2) if (z1,72) € Bw @21, 72) = —u(—=z1,22) if (z1,22) € Bw
v —u(—z1,22) if (21,72) € Bp, b u(x, x2) if (xz1,72) € B,

D@, 72) = U(wy, o) if (21,22) € Bw W1, 72) = —u(—w1,w2) if (w1,72) € By
12 —ﬂ(—l‘l,xg) if (.131,.232) € Bg, bz ﬂ(l‘hl‘g) if ($1,$2) c Bg

are weak solutions of the p-Laplace equations in B;. Thus, by Proposition 3.3 of [15], there is C = C(p) > 0
such that for each ¢ € {v,w,v,w},

esssup |V(¢|P §C’/ V(P de,
B1

By s

which implies that for each U € {int(BNw), int(BNE), int(BSE), int(Bsw)},

esssup [VulP <4C [ |Vul? dz.
UﬁBl/g U
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Thus, we can conclude that

esssup |VulP <4C [Vul|P dz,
B2 B,

which completes the proof. O

The following lemma says that if > C Q is a closed arcwise connected set, 0 < 2r¢ < 71, 71 18 sufficiently small,
B, (w0) C Q and for each r € [ro, 1] there exists a cross K passing through xo such that ¥ is close enough, in
B,.(70) and in the Hausdorff distance, to K N B,.(x), then the energy [ro,r1] 2 r — % fB (zo) |[Vug|? da decays

no slower than Cr® for some b € (0,1) and C > 0.

Lemma 7.2. Let p € (1,400), f € L4
(0,1/100), C = C(p, 40,4, fllq: IQI) T,
connected set. Assume that 0 < 2rg < rq
passing through xq, such that dg(XNB,
every r € [ro,m],

(Q) with ¢ > q1, where q is defined in (1.4). Then there exists ey €
b > 0 such that the following holds. Let ¥ C Q be a closed arcwise
<7, B, (:z:g) C Q and that for allr € [ro,r1] there is a cross K = K(r),
(x0), K N By(x0)) < eor. Assume also that X\ By, (x¢) # 0. Then for

/ |Vus|? dz < 0( )1“’/ |Vus|P dz + Cri*h.
B (170) 1 BT'l (wo)

Proof. The proof follows by reproducing the proofs of Lemma 4.7, Lemma 4.10 and Lemma 4.11 with a minor
modification, namely, replacing the affine line by a cross in the proofs of these lemmas, such a reproduction is
possible thanks to Lemma 7.1. O

Proposition 7.3. Let 2 C R? be a bounded open set, p € (1,+00) and f € L9 () with ¢ > ¢; defined in (1.4).
Then every solution ¥ of Problem 1.1 cannot contain quadruple points in 2.

Proof. Assume by contradiction that for some A > 0 a minimizer 3 of Problem 1.1 contains a quadruple point
xo € XN Q. Let €9,b,7,C be the constants of Lemma 7.2 and let By, (z9) C Q with ¢y < min{7, diam(X)/2}.
Without loss of generality, we can assume that the set ¥ N By, (7o) consists of exactly four distinct C! arcs, each
of which meets at point zy exactly one of the other three at an angle of 180° degrees, and each of the other two
at an angle of 90° degrees. Then there exists a cross K passing through xg such that for each € > 0 there exists
d = d(e) € (0,tg] such that for all r € (0, 4],

A (SN B (z0), K N Br(z0)) < er. (7.1)

We fix ¢ = % and a sequence of decreasing radii (r,)nen With g < = 5(%0) Following [8], for each n € N, we
define the set D,, = K N 9B, (r) which consists of exactly four points. Denote by S4(D,,) C B, (z9) a closed
set of minimum H'-measure in the ball B, (zo) which connects the all four points of D,, (as in [8], we shall call
it Steiner connection of these points); see Figure 1. Next, for each n € N, we can define a competitor X,, by

Yo = (X\Br, (z0)) U (0B, (zo) N {y : dist(y, K) < dg (XN B, (20), K N B,., (z0))}) U S4(D,);

see Figure 2.
Due to the condition (7.1), each of the four arcs in

OB, (ro) N {y : dist(y, K) < duy (XN B, (0), K N B, (z0))}
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FIGURE 1. Steiner connection of the vertices of a square.

FIGURE 2. The set ,, N Bs(xo).

has H!-measure less than or equal to 2 arcsin(%o)rn. On the other hand,

HY (XN B, (x0)) > 4r, and H'(S4(D,)) = V2(V3 + 1)ry,

where we have used that H'(S4(D,)) = H(S4(Ko N IB1))rn, = vV2(v/3 + 1)r,,. Observing that o € (0,1/100),
2arcsin(%) < 2 (since arcsin(t) < 2t for all ¢ € [0,1/10]) and v/2(v/3 + 1) ~ 3.86, we can conclude that there

is a constant C' > 0 independent of n such that for each n € N,

H' (N B, (20)) — H' (Zn N B,, (x0)) > Cry. (7.2)

Now we want to apply Lemma 7.2 to ¥,. If r, < 55* and r € (0, ¢], then

dH(En QET(ZL’()),K OET(.IQ))
<dp (S, N B, (20), ENB,(z0)) + d (X N B, (x0), K N B, ()
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where we have used (7.1). So we can apply Lemma 7.2 to £, for the interval [22=,§], provided that 25% < %,

and we obtain that ’

2ry
/ |Vuy, [P dz < C(K)H_b/ |Vus, [P do + Cr'*P for every r € [T,(S].
By (w0) 0% JBs(ao) €0

Hereinafter in this proof, C' denotes a positive constant that does not depend on 7,, and can be different from
line to line. Thus, applying the above estimate for r = 2;—0” and using (2.3), we have

/ |Vus, |P do < Crith (7.3)
Bar, (zo0)

€0

for all n € N such that % < g. Recall that the exponent b given by Lemma 7.2 is positive provided ¢ > ¢;.
Now, using the fact that > is a minimizer and %,, is a competitor for X, the estimate (7.2), Corollary 4.3 and
the estimate (7.3), we deduce the following

0< Frp(Ea) = Fap(®) < Bylus) — Bylus,) — ACr,

2p’

< C/ Vus, [P da+ Crn ™~ % = ACr,
Bar, (xz0)

7 21)’

<C [Vus, [P dz + Cry P T ACry,
Bary, (%0)

€0

24 /_271’/ ~
<crtt gy ot T —ACry

for all n € N such that 25% < %. Notice that 2 + p' — sz/ > 1 if and only if g > %, which is fulfilled under

the assumption ¢ > ¢;. Finally, letting n tend to 400, we arrive to a contradiction. This completes the proof of
Proposition 7.3. O

APPENDIX A. AUXILIARY RESULTS

In the next lemma we prove the integration by parts formula for a weak solution of the p-Poisson equation.

Lemma A.1. Let U be a bounded open set in RN N > 2 and p € (1,+00), and let f € LI(U) with q = %
fl<p< N, g>1ifp=Nandqg=1if p> N. Let u be the solution of the Dirichlet problem
-Apu = finU (A1)
v = 0 on OU,

which means u € WP (U) and

/ |Vu|P~2VuVy dr = / fo dz for all p € Wy P(U). (A.2)
U U
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Then for every xo € R? and a.e. r > 0 we have

/ |VulP dx:/ u|Vu|P~2Vu - v dHN ! +/ fu dz,
By (z0) 9B (o) By (z0)

where v stands for the outward pointing unit normal vector to 0By (xg).

Proof. Every ball in this proof is centered at zy. We extend u be zero outside U to an element that belongs to
WP (RN). Let us fix an arbitrary ¢ € (0,7) and define

1 if tel0,r—¢]
g:(t) = fé(tfr) if ter—e,r]
0 if te[r,+o00).

Since g. € Lip(R"), it is clear that the function ¢(z) := g.(|z — zo|)u is an element of W, (U). Thus using the
function ¢ as a test function in the weak version of the p-Poisson equation which defines u, we get

/U IVulge (| — zo]) dat /U U Va2V - gl (jz — zo]) o 20

dz
|z — 2o

— [ fugelle - o)) o
U

Letting € tend 0+, we have

/ |VulPge(Jx — 0]) dx—>/ [Vul? dx

v Br (A.3)
/fug5(|x—x0|) dx—>/ fu da.
U B,

On the other hand, using the integration in the polar coordinates system (see [16], 3.4.4), which is the special
case of the coarea formula, we get

/ u|VulP7Vu - gL (|lz — x0|)_7mo de = 71/ u|Vul|P 2V - — 0 gy
U |z — BA\B,_. |fU — o
:—7/ dp/ u|VulP~ 27y T T gyN- Y(z)
- — u|Vu|HVu v dHNT (A.4)
OB,

as ¢ — 0+, for a.e. 7 > 0, because since u € W1P(RY), the function
T
€ (0, +00) — ¥(r) := / dp/ u|Vu|P2Vu - v dHN !
0 dB,

is absolutely continuous on every compact subinterval of (0,+o00) and hence for a.e. » > 0 there is ¥'(r) =
Jom, ulVulP=2Vu - v dHN =1 and ¥’ € L1(0,7). By (A.3) and (A.4) we deduce the desired formula. O

The following lemma on the global boundedness of weak solutions of the p-Poisson equation, that we prove
here for the reader’s convenience, is the refined version of the classical result ([18], Thm. 8.15).
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Lemma A.2. Let U be a bounded open set in RN, N > 2 and p € (1,+00), and let f € LI(U) with q > % if

p€ (I,N] and g=1 if p> N. Let u be the weak solution of the equation (A.1). Then there exists a constant
C=C(N,p,q,fllg,|U]) > 0 such that

[ull oo mavy < C. (A.5)

Proof. We assume that || f||; # 0, because otherwise v = 0 and (A.5) holds. Recall that we can extend u by zero

outside U to an element that belongs to WP(RY) and we shall use the same notation for this extension as for the

function u. If p > N, then by Theorem 7.10 of [18] and since u = 0 on RN\U, there exists C = C(N, p, |U]) > 0
such that

lul| oo mry < ClIVull Lp@yy- (A.6)

Using u as the test function in the equation (A.2), we get

/ |Vul? dx:/ fu dx
RN RN

1/p
<c / 7] (. / ul dz)"" by (A6))
U RN
and then
/ IVulP dz < || fIIF
RN

that together with (A.6) implies (A.5).
Now let p € (1, N] and let k = || f||;- For 8> 1 and b > k, define the function H € C*([k, +00)) by setting
H(s) = s? — kP if s € [k,b] and for s > b define H to be linear. Next, we set w = u™ + k and take

v—G(w)—/kw|H'(s)|p ds

in the equality (A.2). By the chain rule, ([18], Thm. 7.8), v is a legitimate test function in (A.2) and on
substitution we obtain

/U [VwlPG'(w) dz = /U fG(w) da.

Observing that |Vw[PG'(w) = |VH(w)|P and G(t) < tG'(t), and by using Holder’s inequality, we get

p—1 1
/U|VH(U))|P dx < /U Z;wl'fle/(w) dx < /U kP*1|f|pr/(w) dx

~ [ et @) ds

v kPl
q

: (/Uﬁlflq dx)i(/U ) a2)

and then

IVH(w)llp < CollwH" (w)llpg/q—1) (A7)
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with Cy = Co(p, || fllq) > 0. Since H(w) € WP (U), we may apply the Sobolev inequality ([18], Thm. 7.10) to
get

[[1H (w) < C|IVH ()|, (A.8)

g (-p) <
where N = N, C = C(N,p) > 0if N >pand N < N < gp, C = C(N,p,|U|) > 0if N = p. By (A.7) and (A.8),
IH (W) grp)(5—py < CllwH" (w)llpg/(q-1)

where C' = C(N,p,|U|) > 0. Recalling the definition of H and letting b tend to 400 in the latter estimate,

pq BNp
we deduce that for all 8 > 1 the inclusion w € LA%(U) implies the stronger inclusion, w € L~-#(U) (since
N < gp). Thus, setting ¢* = pq/(qg — 1), and x = N(q — 1)/q(N — p) > 1, we obtain

1
[wllgxgs < (CB)7 [Jwlgq-- (A9)
Let us take 8 = x™, m € N, m > 1, so that by (A.9),
[wllymerg < TTEX) wll-
i=0
< CXwllgr, 0 =x/(x—1), 7=x/(x—1)*

Letting m tend to +o00, we obtain

[w]loo < C7XT[wllg- (A.10)

Hereinafter in this proof, C' denotes a positive constant that can depend only on N, p, g, |U| and can change
from line to line. Notice that since ¢* < Np/(N — p) and since u € WO1 P(U), using again the Sobolev inequality
([18], Thm. 7.10), we get

lu™

¢ < ClIVut]l,. (A.11)

Thus, observing that [|w|;« = ||[ut + & o + KUY and using (A.10) and (A.11),

¢ < fut

[uf]loo < C|IVuT]l, + Ck. (A.12)
Now, using u™ as the test function in equation (A.2), we get
1/p 1 1
It = ([ gut do) ™ < ot
U
This together with (A.12) yields

lu* oo < CRYP||ut || L7 + Ck

and then by Young’s inequality,

1
[t oo < = [lut oo + CEFT + Ck. (A.13)
p
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Therefore
[ut oo < A

where A = A(N,p,q,||fllq:|U]) > 0. Observing that the same estimate can be obtained by replacing ut with
u~, we recover (A.5). O

The next result is classical, however, we could not find a precise reference in the exact following form and
thus we provide the complete proof for the reader’s convenience.

Lemma A.3. Let U be a bounded open set in RN, N > 2 and p € (1,+00), and let f € LY(U) with ¢ = %

ifl<p< N, g>1ifp=Nand g=1if p> N. Let u be the weak solution of the equation (A.1). Then
o = |Vu[P=2Vu solves the problem

min {;/U|J|p, dz : —div(o) = f in D'(U)}.

o€ L? (U;RN)

Moreover, the following equality holds

max {/ fw dz — 1/ |VwlP dx} =  min {1/ lo[P" dz : —div(c) = f in D'(U)}. (A.14)
wewy P (U) UJu pJu ceL? (URM (P Ju

Proof. Thanks to the Sobolev inequalities (see [18], Thm. 7.10), the functional

1
Wol’p(U)Bwl—>/fw dx—f/|Vw|p dz
U pJu

is well defined and it is classical that it admits a unique maximizer which is the weak solution of the equation
(A.1), that is u. For a given Sobolev function v € W1P(U) let us now show that

1 1 /
f/ Vol de =  max / Vov-o dz — —// lofP dz:=  max U(v,0) (A.15)
bJu ceL? (URN) Juy P Ju oL (URN)

and the maximum is reached at & = |Vv|P~2Vv. By the fact that & is a competitor,

- 1
sup  U(v,0) > ¥(v,0) = f/ |Vo|P dz. (A.16)
oeLr' (URN) bJu

Since for any o € Lp,(U :RY), using Holder’s inequality, one has

W(v,0) < (/UWUP dx>;(/U o] dx)

1
7

1
Y

P 1 ’
——= [ loP dz (A.17)
P Ju

and since the maximum of the function g(t) = [|Vv| zr@nt? — ﬁt, t € [0; +00) is reached at the point ¢4, =
19012, 0,
v ! P 1 P
sup  W(v,0) <[IVollLew) - VUl Loy = ZIVOlL@y = = [ [V da. (A.18)
o€LP (U;RN) p pJu
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By (A.16) and (A.18), we deduce (A.15). Thus we have that

1
max {/ fw dx — f/ |[Vw|? da:} = max min {/ fw dx—\I/(w,a)}.
weW, *(U) LU rJu wewl P (U) ceL? (URN) [ Ju

Now we want to exchange the max and min in the above formula. Clearly,

max min {/ fw dx—\I/(w,cr)} < inf sup {/ fw dx—\IJ(w,U)}
weW, *(U) oL’ (URN) Ly cerL? (URN) yewlr ) Ju

1 /
= inf —// lo|? de,
ceD P Ju

where D stands for the space of o € Lp/(U :RY) satisfying

/U-ti) dxz/fd) dz for all ¢ € C5°(U),
U U

otherwise the supremum in w would be 4+o00. This implies that

1 1 /
max {/ fw dz — 7/ [Vw|? dx} < inf —// lo” dex.
wewb?w) LJu pJu o€D P Ju

We observe that the optimality condition (A.2) on u yields |Vu|P~2Vu € D and then

1 1 1 /

— VulP de = max fw dx — = VwlP drp < inf — ol dx
/ /

P Ju weWy P (U) LJu pPJu oeD p Juy

1
< j/ [Vul? dz.
D Ju

Therefore (A.14) holds and o = |Vu[P~2Vu is the minimizer. O
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