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SECOND ORDER OPTIMALITY CONDITIONS FOR PERIODIC

OPTIMAL CONTROL PROBLEMS GOVERNED BY SEMILINEAR

PARABOLIC DIFFERENTIAL EQUATIONS∗

Hanbing Liu1,** and Gengsheng Wang2

Abstract. In this paper, we study second-order optimality conditions for some optimal control prob-
lems governed by some semi-linear parabolic equations with periodic state constraint in time. We
obtain a necessary condition and a sufficient condition in terms of the second order derivative of the
associated Lagrangian. These two conditions correspond to the positive definite and the nonnegativity
of the second order derivative of the Lagrangian on the same cone, respectively.
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1. Introduction

Notation: Given a Banach space X, we use X∗ and ‖ · ‖X to denote its dual space and its norm respectively; use
〈·, ·〉X to denote its inner product when it is a Hilbert space; and use 〈·, ·〉X∗,X to denote the paring between X∗

and X. Given two linear normed spaces X1 and X2, we use X1 ↪→ X2 to denote that X1 is continuously imbedded
in X2, and use L(X1;X2) to denote the space of linear continuous operators from X1 to X2. Let Ω ⊂ RN (with
N = 1, 2, 3) be a bounded domain with a C2 boundary ∂Ω. Let ω ⊂ Ω be an open and nonempty subset with
its characteristic function m. For the space RN , we denote by ‖ · ‖N its Euclidean norm. Given matrix D, we
use D> to denote the transpose of D. Write H , L2(Ω). Define A : H → H, with D(A) = H2(Ω) ∩H1

0 (Ω),

by Ay , −
∑N
i,j=1[aij(x)yxi ]xj , y ∈ D(A), where aij(·) ∈ C2(Ω̄) satisfies that aij(x) = aji(x) for all x ∈ Ω and

i, j = 1, . . . , N and that for some Λ > 0,

N∑
i,j=1

aijξiξj ≥ Λ‖ξ‖2N for all ξ ∈ RN . (1.1)
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Write V , H1
0 (Ω) with its dual V ∗ , H−1(Ω). (Notice that A can be extended to a symmetric, bounded and

coercive operator from V to V ∗ by a standard way.) Write Y ,W 1,2([0, T ];H)∩L2(0, T ;D(A)), with the norm:

‖y‖Y = (‖y‖2W 1,2([0,T ];H) + ‖y‖2L2(0,T ;D(A)))
1
2 , y ∈ Y . It is known that Y ↪→ C([0, T ];V ) (see [31]).

Problem: Arbitrarily fix T > 0 and write Q , (0, T )× Ω. We will study second order optimality conditions
for the optimal control problem:

(P ) inf
(y,u)∈Y×L2(Q)

J(y, u) , inf
(y,u)∈Y×L2(Q)

∫
Q

[g(t, y) + h(u)]dxdt, (1.2)

subject to

y′(t) +Ay(t) + f(t, y) = mu(t), t ∈ (0, T ); (1.3)

y(0) = y(T ), (1.4)

under some assumptions (on f , g and h, which will be given later ). Several concepts and notes on the problem (P )
are given in order.

(a1) A pair (y, u) ∈ Y ×L2(Q) is called admissible or an admissible pair, if it satisfies (1.3)–(1.4). The set of all
admissible pairs will be denoted by Pad. Thus, the problem (P ) turns to be the problem: inf(y,u)∈Pad

J(y, u).

(a2) An admissible pair (ỹ, ũ) is called a global minimizer (or a minimizer for simplicity), if J(ỹ, ũ) ≤ J(y, u)
for all (y, u) ∈ Pad.
(a3) For each (ŷ, û) ∈ Pad and each δ > 0, we define

Bδ(ŷ, û) = {(y, u) ∈ Pad : ‖y − ŷ‖Y ≤ δ, ‖u− û‖L2(Q) ≤ δ}. (1.5)

An admissible pair (y∗, u∗) is called a weak local minimizer, if there exists δ > 0 so that J(y∗, u∗) ≤ J(y, u) for
all (y, u) ∈ Bδ(y∗, u∗).
(a4) An admissible pair (y∗, u∗) is called a normal extremal, if there is p∗ ∈ Y so that{

−p∗′(t) +Ap∗(t) + fy(t, y∗)p∗(t) = −gy(t, y∗), a.e. t ∈ (0, T ),
p∗(0) = p∗(T ),

(1.6)

and

mp∗(t) = h′(u∗(t)), a.e. t ∈ (0, T ). (1.7)

The above p∗ ∈ Y is called the costate associated to (y∗, u∗). When (y∗, u∗) is a normal extremal, the costate is
unique (see Thm. 2.1). Notice that (1.7) is a consequence of the well known Pontryagin’s maximum condition.

(a5) It has been shown in [42] that for the problem (P ), any global minimizer is a normal extremal.

Assumptions: The following assumptions will be effective throughout the paper:

(H1) The function f : R+ × R→ R is continuous and for each t ∈ [0, T ], f(t, ·) is of class C2. Further, there
is C > 0 such that

|fr(t, r)| ≤ C(|r|r1 + 1) for all t ∈ R+ and r ∈ R; (1.8)

|frr(t, r)| ≤ C(|r|r2 + 1) for all t ∈ R+ and r ∈ R; (1.9)
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|frr(t, r)− frr(t, r̂)| ≤ C(1 + |r|r3 + |r̂|r3)|r − r̂| for all t ∈ [0, T ] and r, r̂ ∈ R. (1.10)

Here, r1, r2, r3 ≥ 0 when N = 1, 2, while 0 ≤ r1 ≤ 2, 0 ≤ r2 ≤ 1, r3 = 0, when N = 3.
(H2) The function g : [0, T ]×R→ R+ is continuous and g(t, ·) is of class C2 for each t ∈ [0, T ]. Further, there

is C > 0 such that

|gr(t, r)| ≤ C(|r|m1 + 1) for all t ∈ R+ and r ∈ R; (1.11)

|grr(t, r)| ≤ C(|r|m2 + 1) for all t ∈ R+ and r ∈ R; (1.12)

|grr(t, r)− grr(t, r̂)| ≤ C(1 + |r|m3 + |r̂|m3)|r − r̂| for all t ∈ [0, T ] and r, r̂ ∈ R. (1.13)

Here, m1,m2,m3 ≥ 0 when N = 1, 2, while 0 ≤ m1 ≤ 3, 0 ≤ m2 ≤ 2, 0 ≤ m3 ≤ 1, when N = 3.
(H3) The function h : R → (−∞,+∞] is convex quadratic, i.e., there is a positive constant α such that

h′′(r) = α for all r ∈ R.

About the above assumptions, we give several notes.

(b1) In general, the state equation (1.3) with f satisfying (H1) may have no solution over the given interval
[0, T ]. A typical example on f with (H1) is as: f(r) = −|r|γ−1r, r ∈ R, where γ > 1 when N = 1, 2, and
1 < γ ≤ 3 when N = 3. In this case, it is known that, the solution to state equation (1.3), with null control and
an initial condition y(0) = y0 ∈ V , has a unique solution y ∈ C([0, tmax);V ) on a maximal interval of existence
[0, tmax), and tmax depends on the initial value y0 (see Thm. 3.2 in [3]). When the control is not zero, the blow
up problem has been studied in [28] (see Prop. 2.2 in [28]). It is possible that tmax < T and the solution does
not exist over the given interval [0, T ]. The problem (P ), with this type of f , is referred to as a non-well-posed
optimal control problem (see Sect. 4.1, Chap. 7 in [30], where optimal control problem of (1.3) was studied in
the case f(r) = −r3).

(b2) We give a specific example here that all the assumptions listed above are fulfilled.

(P ) inf
(y,u)∈Y×L2(Q)

J(y, u) , inf
(y,u)∈Y×L2(Q)

∫
Q

(|y|2 + |u|2)dxdt,

subject to

y′(t) +Ay(t)− y3(t)− 8π3 cos y(t) = mu(t), t ∈ (0, T ); y(0) = y(T ),

We can see that when u = 0, y = −2π is a subsolution and ȳ = π is a supersolution. By Theorem 1.2 in [2], this
problem has at least one nontrivial admissible pair (y, 0).

(b3) The conditions on f and g given in (H1) and (H2) ensure some estimates on nonlinear or linearized terms
in the problem (P ). These estimates are technically important in proofs of our main results.

(b4) Since our control space is L2(Q), we can get a qualified first order necessary condition (without using (H3)).
Based on the qualified first order necessary condition, and with aid of (H3), we are able to get the second order
optimality conditions. Usually, the condition (H3) can be relaxed if one choose control space as L∞(Q), but in
this case we do not know how to get a qualified first order necessary condition for our problem (P ). (At least,
the method used in this paper does not work.)

Main results: The main results of this paper are as follows:

Second order sufficient optimality condition: Let (y∗, u∗) be a normal extremal of (P ), and let p∗ be the associated
costate. If there is γ > 0 such that the second order derivative of the Lagrangian function L : Y × L2(Q)→ R,
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which is defined by

L(y, u) = J(y, u) +

∫ T

0

∫
Ω

p∗(y′(t) +Ay + f(t, y)−mu)dxdt, (1.14)

satisfies the following positive definite condition at (y∗, u∗):

L
′′
(y∗, u∗)(z, v)2 ≥ γ(‖z(0)‖2H + ‖v‖2L2(Q)), (1.15)

for all (z, v) in the critical cone:

C(y∗, u∗) , {(z, v) ∈ Y × L2(Q) :

z′(t) +Az(t) + fy(t, y∗)z(t) = mv(t), t ∈ (0, T ), z(0) = z(T )}, (1.16)

then, (y∗, u∗) is a weak local minimizer for problem (P ).

The second order necessary optimality conditions: Let (y∗, u∗) be a weak local minimizer for the problem (P ).
Then, it is a normal extremal. Furthermore, if p∗ is the associated costate, then, the second order derivative of
the Lagrangian function L at (y∗, u∗) satisfies

L
′′
(y∗, u∗)(z, v)2 ≥ 0 for all (z, v) ∈ C(y∗, u∗). (1.17)

The above results will be restated in Theorems 3.2 and 4.1, as well as Theorem 2.1. We give two notes here.

(c1) We consider the second order optimality conditions only for weak local minimizers. There are a few results
on the second order optimality conditions for strong local minimizers of elliptic or parabolic optimal control
problems, for which we mention [7, 8, 18]. The approaches in theses works rely basically on the well-posedness
of the state equation. It would be interesting to investigate the second order optimality conditions for strong
local minima of non-well-posed optimal control problems. We think of that when studying them, new techniques
might be developed.

(c2) It seems that we can extend the methodology in this work to obtain a type of sufficient condition when the
box-constraints are imposed on the control, and the critical cone in this case involves strongly active constraint.
For this purpose, we should preliminarily impose a regularity assumption on the local extremal (see [16]). In
a more concrete form, we can assume that the intersection of the set ω and the set of points at which the
box-constraints are ε-inactive has nonempty interior. Under this assumption, we can apply the same method
in this work to find an element in the new critical cone to approximate the difference of the control and the
extremal. By using the strongly active set when estimate the difference of the value functions, we may achieve
the aim.

Motivations: First, the second order optimality conditions for periodic optimal control problems governed
by semi-linear parabolic equations have not been touched upon, to our best knowledge. However, the periodic
optimal control problems are important: from the perspective of applications, the periodic controls can be
efficiently applied to some practices (see for example [21] for the chemical reaction process, and [37] for the
aircraft model), while from the perspective of mathematics, the period condition is an important kind of state
constraint. Second, the second order optimality conditions for non-well-posed optimal control problems are
very few. But, the non-well-posed optimal control problems contains many interesting control systems, and the
methods dealing with such kind of problems usually differ from those used in the studies of well-posed optimal
control problems. These motivate us to study the second order optimality conditions for the problem (P ).

Strategy and novelty: Since the problem is non-well-posed, we treat y and u as two independent variables
and regard the equation (1.3) as a constraint. Then the non-well-posed problem (P ) can be transferred to a
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well-posed optimization problem. This idea was initiated by J.L. Lions (see [30]), and then was used in other
references (see, for instance, [23, 40–42]). It seems for us that the current paper is the first one which uses
the above idea to study the second order optimality conditions for non-well-posed optimal control problems.
Here we would like to mention [11], where the authors obtained the second order optimality conditions for
some point-wise state constrained optimal control problem governed by some 1-D parabolic equation with the
cubic nonlinearity, via another way: treating the set of all controls making the equation uniquely solvable as the
admissible control set, and then getting the optimality conditions by some good properties of the aforementioned
admissible control set. In contrast to the method in [11], ours seems to be easier to apply in general.

The periodic state constraint for parabolic equations can be viewed as an equality-type state constraint
with infinitely many integral equalities. Indeed, y(0) = y(T ) is equivalent to

∫
Ω

[y(x, 0) − y(x, T )]ej(x)dx = 0,
j = 1, 2, . . . (where ej , j = 1, 2, . . ., are normalized eigenfunctions of the operator A). This constraint differs
from that in [16] (where the equality-type state constraint with finitely many integral equalities is considered
for controlled PDEs) and that in [11] (where the inequality-type state constraint is studied for PDEs). It also
differs from the periodic state constraint for controlled ODEs in [1, 9, 38, 44, 46], since the periodic state
constraint for ODEs contains only finitely many integral equalities. Due to these differences, we need to develop
methods to study the second order optimality conditions for our problem (P ): (i) In the studies of the second
order sufficient optimality condition, we use a kind of controllability for the linearized parabolic equation (see
Prop. 3.4), which helps us to overcome the difficulties caused by the state constraint. This idea is partially
inspired by [1], where the second order optimality conditions for periodic optimal control problems governed
by ODEs was studied. (ii) In the studies of the second order necessary optimality condition, we build up an
approximate optimization problem; then derive a second order necessary condition for this approximate problem;
finally, by passing to the limit, reach the second order necessary optimality condition for the problem (P ). This
way was widely used in studies of first order necessary conditions (see, for instance, [6, 39–42]), but seems not to
be used to study second order necessary optimality conditions. When use this method in our study, we need a
new result: the periodicity restoration property for the linearized parabolic equations under perturbation. (Such
kind of restoration problems have been studied in [26, 43], but the results therein are not applicable here.)

Previous works: In the last decades, second order optimality conditions for distributed parameter systems
have been extensively studied. We cite here the works [10, 11, 13–17, 24, 25, 32, 35, 36]. Among them, [10,
14, 15, 17, 32] concerned about the second order optimality conditions for nonlinear elliptic optimal control
problems, and [11, 13, 24, 25, 35, 36] studied the second order optimality conditions for nonlinear parabolic
equations with various inequality type state constraints. The paper [16] considered an abstract optimization
problem with finite number of state constraints, which can be applied to elliptic and parabolic optimal control
problems with equality/inequality type state constraints with finitely many integral equalities/inequalities.

Second order optimality conditions for periodic optimal control problems of ODEs have been studied in
[1, 9, 38, 44, 46]. The way in most of these works is as: first study the second order variation of the optimal
periodic process, then derive a Ricatti-type sufficient optimality condition, with the aid of a accessory problem.
Since the periodic state constraint can be viewed as a special case of initial-final state constraint, we mention
here also the works [12, 20, 33, 45].

First order optimality conditions for periodic infinite dimensional optimal control problems, including non-well
posed problems, have been studied in [4, 5, 27, 39, 40, 42], wherein various methods have been developed.

Plan of the work: The rest of this paper is organized as follows: Section 2 presents a first order optimality
condition for the weak local minimizer. Section 3 gives the second order sufficient condition. Section 4 shows
the second order necessary condition for the weak local minimizer of (P ). In Appendix, we give two auxiliary
results.

2. First order optimality condition

Before giving the first order necessary condition for the problem (P ), we would like to explain why we do not
study the existence of optimal pairs: First, by our understanding, the existence and the optimality conditions for
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optimal pairs are different issues. Second, it is not easy to prove the existence of optimal pairs for the problem
(P ), since the state equation (1.3) is non-well-posed and the problem involves the periodic state constraint.
The non-well-posedness may leads to such a difficulty that for each control, the state might not be uniquely
determined (see Thm. 1.5 in [2]).

Assuming the existence of global minimizer for the problem (P), the first order necessary condition for the
minimizer was studied in [42], wherein a type of approximate control problem was introduced in order to deal
with the periodic state constraint. We shall use the same idea and method as those used in [42] to obtain the
first order optimality condition for a weak local minimizer of the problem (P). The existence of the weak local
minimizer is tacitly assumed in this work.

Theorem 2.1. Let (y∗, u∗) be a weak local minimizer to the problem (P ). Then it is a normal extremal.
Moreover, the costate associated with (y∗, u∗) is unique.

Proof. Since (y∗, u∗) is a weak local minimizer of (P ), there is δ0 > 0, such that J(y∗, u∗) ≤ J(y, u),∀(y, u) ∈
Bδ0(y∗, u∗). Define the set:

Pδ0p , {(y, u) ∈ Y × L2(Q) : y(0) = y(T ), ‖y − y∗‖Y ≤ δ0, ‖u− u∗‖L2(Q) ≤ δ0}, (2.1)

wherein the subscript p is used to indicate that the function y is time-periodic. Given ε > 0 and µ > 0, we define
an approximate problem:

(Pε,µ) inf Jε,µ(y, u) over all (y, u) ∈ Pδ0p . (2.2)

Here,

Jε,µ(y, u) = J(y, u) +
µ

2

∫ T

0

‖u− u∗‖2Hdt+
1

2(r̂1 + 1)

∫
Q

|y − y∗|2(r̂1+1)dt

+
1

2ε

∫ T

0

‖y′(t) +Ay(t) + f(t, y)−mu‖2Hdt, y ∈ Y, u ∈ L2(Q), (2.3)

where r̂1 = max{r1, 1}, with r1 given in (1.8). (Notice that Jε,µ(y, u) is well defined because of Assumption
(H1) and the fact: y, y∗ ∈ Y .) We arbitrarily fix µ > 0.

Since Pδ0p 6= ∅ (which follows from the fact: (y∗, u∗) ∈ Pδ0p ), by (2.2), as well as (2.3), using the same way as
that used in the proof of Lemma 3.1 in [42], we can show that the problem (Pε,µ) has at least one minimizer
(yε, uε). Then by a very similar method as that used in the proof of Lemma 3.2 in [42], we can obtain that

(yε, uε)→ (y∗, u∗) strongly in Y × L2(Q), as ε→ 0. (2.4)

By (2.4), we can find ε0 > 0 so that

‖yε − y∗‖Y ≤ δ0/2 and ‖uε − u∗‖L2(Q) ≤ δ0/2, when ε ∈ (0, ε0). (2.5)

Arbitrarily fix ε ∈ (0, ε0). Let ρ ∈ (0, 1) and (z, v) ∈ QY,δ0 ×QU,δ0 , where

QY,δ0 , {z ∈ Y ; z(0) = z(T ), ‖z‖Y ≤ δ0/2}; QU,δ0 , {u ∈ L2(Q); ‖u‖L2(Q) ≤ δ0/2}. (2.6)
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Write yρε , yε + ρz and uρε , uε + ρv. Then, by (2.5) and (2.6), we have (yρε , u
ρ
ε) ∈ Pδ0p . This, along with the

optimality of (yε, uε) to (Pε,µ), yields

Jε(y
ρ
ε , u

ρ
ε)− Jε(yε, uε)
ρ

≥ 0.

By Assumptions (H1)–(H3), we can pass to the limit for ρ → 0 in the above to get that for any (z, v) ∈
QY,δ0 ×QU,δ0 ,

0 ≤
∫ T

0

(〈gy(t, yε), z〉H + 〈h′(uε), v〉H + µ〈uε − u∗, v〉H)dt

+

∫ T

0

〈pε, z′ +Az + fy(t, yε)z −mv〉Hdt

+

∫
Q

(yε − y∗)(2r̂1+1)zdxdt, (2.7)

where pε is given by

pε = [y′ε(t) +Ayε(t) + fy(t, yε)yε(t)]/ε.

By taking v = 0 in (2.7), we find∫ T

0

[〈gy(t, yε), z〉H + 〈pε,Aεz〉H + 〈(yε − y∗)(2r̂1+1), z〉H ]dt = 0, (2.8)

for all z ∈ D(Aε) := {z ∈ Y |z(0) = z(T )}, where Aε : D(Aε)→ L2(0, T ;H) is defined by

Aεz = z′ +Az + fy(t, yε)z, z ∈ D(Aε).

Let A∗ε be the adjoint operator of Aε. Then we have that D(A∗ε) = {ϕ ∈ Y |ϕ(0) = ϕ(T )} and

A∗εϕ = −ϕ′ +Aϕ+ fy(t, yε)ϕ, ϕ ∈ D(A∗ε).

Thus, from (2.8), we see that pε is in D(A∗ε) and satisfies{
−p′ε(t) +Apε(t) + fy(t, yε)pε(t) = −gy(t, yε)− (yε − y∗)2r̂1+1, t ∈ (0, T ),
pε(0) = pε(T ).

(2.9)

Meanwhile, by taking z = 0 in (2.7), we see

mpε(t) = h′(uε(t)) + µ(uε(t)− u∗(t)) for a.e. t ∈ (0, T ). (2.10)

From (2.10) and (2.5), we find that {pε}ε∈(0,ε0) is bounded in L2(Q). Then, by the observability of parabolic
equations (see [22], Lem. 3.2), we have that {pε(0)}ε∈(0,ε0) is bounded in H. From this and (2.9), we can easily
show that {pε}ε∈(0,ε0) is bounded in L2(0, T ;V ) ∩ C([0, T ];H). Finally, one can use the same way as that used
in the proof of Theorem 3.1 in [42] to prove that

pε → p∗, strongly in L2(0, T ;V ) ∩ C([0, T ];H),
weakly in Y,

(2.11)
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for some p∗ ∈ Y .
Now, by (2.4), (2.11) and Assumptions (H1)–(H3), using the same way to that used in the proof of Lemma 3.1

in [42], we can pass to the limit for ε → 0 in (2.9) and (2.10) to get (1.6) and (1.7). So (y∗, u∗) is a normal
extremal.

Finally, by the observability of parabolic equations (see [22], Lem. 3.2 or [42], Cor. 2.1), we can easily see
that the costate, associated with (y∗, u∗), is unique. This ends the proof of Theorem 2.1.

3. Second order sufficient optimality condition

Throughout this section, we let (y∗, u∗) be a normal extremal for (P ) associated with the costate p∗. The aim
of this section is to give a second-order sufficient condition to ensure that (y∗, u∗) is a weak local minimizer.
Recall that L is given by (1.14) with the above p∗; C(y∗, u∗) is given by (1.16); Bε(y∗, u∗) is given by (1.5),
where (ŷ, û) = (y∗, u∗).

Before giving the second order sufficient optimality conditions, we first present a regularity result of the
Lagrangian function defined in (1.14).

Theorem 3.1. Given (y, u) ∈ Y × L2(Q), the Lagrangian function L, defined by (1.14), is twice continuously
Fréchet differentiable at (y, u) and the second order derivative L′′(y, u) ∈ L(Y × L2(Q);L(Y × L2(Q);R)) is
given by

[L
′′
(y, u)(ẑ, v̂)](z, v) =

∫
Q

[gyy(t, y)ẑz + p∗fyy(t, y)ẑz + αv̂v]dxdt, (ẑ, v̂), (z, v) ∈ Y × L2(Q). (3.1)

In particular,

L
′′
(y, u)(z, v)2 =

∫
Q

[gyy(t, y)z2 + p∗fyy(t, y)w2 + αv2]dxdt, (z, v) ∈ Y × L2(Q), (3.2)

where L′′(y, u)(z, v)2 denotes [L′′(y, u)(z, v)](z, v).

The proof of Theorem 3.1 is given in the Appendix. The main result in this section is as follows.

Theorem 3.2. Suppose that (y∗, u∗) satisfies (1.15). Then, there are ε > 0 and σ > 0 such that

J(y, u)− J(y∗, u∗) ≥ σ(‖y − y∗‖2Y + ‖u− u∗‖2L2(Q)) for all (y, u) ∈ Bε(y∗, u∗). (3.3)

Remark 3.3. It follows by (3.3) that (y∗, u∗) is a weak local minimizer for (P ).

To prove Theorem 3.2, we need the following Proposition 3.4, which is the another version of the null
controllability for the linearized equation:{

z′(t) +Az(t) + fy(t, y∗)z(t) = mv(t), t ∈ (0, T );
z(0) = z0,

(3.4)

where v ∈ L2(Q), z0 ∈ H, y∗ is given by Theorem 3.2, and m is the characteristic function associated to ω ⊂ Ω.
Notice that (3.4) is well posed (see Thm. A.1 in Appendix). Thus, we can write z(·; z0, v) for the unique solution
to (3.4) corresponding to z0 and v.

Proposition 3.4. Given ξ ∈ V , there is v ∈ L2(Q) such that

z(0; ξ, v) = ξ + z(T ; ξ, v) (3.5)
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and

‖z‖Y + ‖v‖L2(Q) ≤ C‖ξ‖V , (3.6)

where z(·; ξ, v) is the solution to (3.4) with z0 = ξ and where C > 0 is independent of ξ.

Proof. By Assumption (H1) and the Sobolev imbedding Theorem, we get that

‖fy(t, y∗)‖L3(Ω) ≤ C
(∫

Ω

(1 + |y∗|r1)3dx

) 1
3

≤ C

[
1 +

(∫
Ω

|y∗|3r1dx

) 1
3

]
≤ C(1 + ‖y∗‖r1V ), t > 0.

Since y∗ ∈ Y ↪→ C([0, T ];V ), we can infer that fy(t, y∗) ∈ L∞(0, T ;L3(Ω)). Then, according to Lemma 3.1 in
[22], the equation (3.4) is null controllable. Thus, given ξ ∈ V , there is v ∈ L2(Q) so that

z(T ; ξ, v) = 0 (3.7)

and so that for some C > 0 independent of ξ

‖v‖L2(Q) ≤ C‖ξ‖V . (3.8)

Now, (3.5) follows from (3.7), while (3.6) follows from (3.8) and Theorem A.1 in the Appendix. This ends the
proof.

Now, we give the proof of Theorem 3.2.

Proof of Theorem 3.2. Arbitrarily fix ε ∈ (0, 1), and then arbitrarily fix an admissible pair (y, u) in Bε(y∗, u∗)
which is defined by (1.5). Then, we have

‖y − y∗‖Y ≤ ε and ‖u− u∗‖L2(Q) ≤ ε. (3.9)

Let

δu , u− u∗ and δy , y − y∗. (3.10)

Notice that (δy, δu) may be not in C(y∗, u∗), thus we cannot directly use (1.15).
The rest of the proof is organized in three steps.

Step 1. We prove that there is (z, v) ∈ C(y∗, u∗) such that for some C > 0 (independent of y, u and ε) so that

‖(z, v)− (δy, δu)‖Y×L2(Q) ≤ C‖δy‖2Y . (3.11)

Here and in what follows, C > 0 is a positive constant (independent of y, u, ε) which may varies in different
contexts.

First, let w(·) , z(·; δy(0), δu) be the solution to (3.4) with v = δu and z0 = δy(0). We claim that for some
C > 0 independent of δy,

‖δy − w‖Y ≤ C‖δy‖2Y . (3.12)

Indeed, if we choose φ , δy − w, then φ solves{
φ′(t) +Aφ(t) + fy(t, y∗)φ(t) + f(t, y)− f(t, y∗)− fy(t, y∗)δy = 0, t ∈ (0, T );
φ(0) = 0.

(3.13)
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Meanwhile, it follows from the mean value theorem that there is ξ lying between y∗ and y (That is, for each
(t, x) ∈ Q, there is θ(t, x) ∈ (0, 1) so that ξ(t, x) = y∗(t, x) + θ(t, x)(y(t, x)− y∗(t, x)).) so that

f(t, y)− f(t, y∗)− fy(t, y∗)δy =
1

2
fyy(t, ξ)(δy)2 for each t ≥ 0.

This, along with Assumption (H1), the continuous imbedding V ↪→ Lq(Ω) for q > 0 when N = 1, 2, 0 < q ≤ 6
when N = 3, and the imbedding Y ↪→ C([0, T ];V ), yields

∫ T

0

∫
Ω

|f(t, y)− f(t, y∗)− fy(t, y∗)δy|2dxdt

=
1

4

∫ T

0

∫
Ω

f2
yy(t, ξ)|δy|4dxdt

≤ C

∫ T

0

∫
Ω

(|ξ|2r2 + 1)|δy|4dxdt

≤ C

∫ T

0

(∫
Ω

(|ξ|2r2 + 1)3dx

)1/3(∫
Ω

|δy|6dx

)2/3

dt

≤ C

∫ T

0

(∫
Ω

(|y∗|6r2 + |y|6r2 + 1)dx

)1/3(∫
Ω

|δy|6dx

)2/3

dt

≤ C

∫ T

0

(‖y∗‖2r2
L6r2 (Ω)

+ ‖y‖2r2
L6r2 (Ω)

+ 1)‖δy‖4L6(Ω)dt

≤ C(‖y∗‖2r2Y + ‖y‖2r2Y + 1)‖δy‖4Y
≤ C[‖y∗‖2r2Y + (‖y∗‖Y + 1)2r2 + 1]‖δy‖4Y ≤ C‖δy‖4Y . (3.14)

Now, by (3.13), Theorem A.1 (in Appendix) and (3.14), we find

‖φ‖Y ≤ C‖f(t, y)− f(t, y∗)− fy(t, y∗)δy‖L2(Q) ≤ C‖δy‖2Y ,

which leads to (3.12).
Second, according to Proposition 3.4, there exists (z̃, ṽ) ∈ Y × L2(Q) so that{

z̃′(t) +Az̃(t) + fy(t, y∗)z̃(t) = mṽ(t), t ∈ (0, T );
z̃(0) = z̃(T ) + w(T )− w(0),

(3.15)

and

‖(z̃, ṽ)‖Y×L2(Q) ≤ ‖w(T )− w(0)‖V . (3.16)

Let

z , z̃ + w and v , ṽ + δu. (3.17)

Then, by (3.16) we have

‖(z, v)− (w, δu)‖Y×L2(Q) = ‖(z̃, ṽ)‖Y×L2(Q) ≤ ‖w(T )− w(0)‖V ; (3.18)
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and by (3.4) (with v = δu and z0 = δy(0)) and (3.15), we find{
z′(t) +Az(t) + fy(t, y∗)z(t) = mv(t), t ∈ (0, T );
z(0) = z(T ).

(3.19)

From (3.19) and (1.16), we see that (z, v) ∈ C(y∗, u∗). By (3.18), (3.12), and the fact w(0) = δy(0) = δy(T ), we
find

‖(z, v)− (δy, δu)‖Y×L2(Q)

≤ ‖(z, v)− (w, δu)‖Y×L2(Q) + ‖(w, δu)− (δy, δu)‖Y×L2(Q)

≤ C(‖w(T )− w(0)‖V + ‖δy‖2Y )

= C(‖w(T )− δy(T )‖V + ‖δy‖2Y ). (3.20)

Because ‖w(T )− δy(T )‖V ≤ C‖w − δy‖Y (which follows from the fact: Y ↪→ C([0, T ];V )), we find from (3.20)
and (3.12) that (z, v) given by (3.17) satisfies (3.11).

Hence, we reach the aim of Step 1.
Step 2. We prove

J(y, u)− J(y∗, u∗) ≥ 1

2
L
′′
(y∗, u∗)(δy, δu)2 − Cε‖δy‖2Y . (3.21)

Since (δy, δu) satisfies the equation:

(δy)′ +Aδy −mδu+ f(t, y)− f(t, y∗) = 0; δy(0) = δy(T ),

we see from (1.2) that

J(y, u)− J(y∗, u∗)

=

∫ T

0

∫
Ω

[g(t, y)− g(t, y∗)]dxdt+

∫ T

0

∫
Ω

[h(u)− h(u∗)]dxdt

+

∫ T

0

∫
Ω

p∗[δy′ +Aδy −mδu+ f(t, y)− f(t, y∗)]dxdt.

(3.22)

Meanwhile, by (1.6) and (1.7) (which hold because (y∗, u∗) is a normal extremal), we have∫ T

0

∫
Ω

p∗[δy′ +Aδy −mδu]dxdt

=

∫ T

0

∫
Ω

[(−p∗
′
(t) +Ap∗(t))δy −mp∗(t)δu]dxdt

=

∫ T

0

∫
Ω

[−p∗fy(t, y∗)δy − gy(t, y∗)δy − h′(u∗)δu]dxdt (3.23)

Substituting (3.23) into (3.22) leads to

J(y, u)− J(y∗, u∗) =

∫ T

0

∫
Ω

[g(t, y)− g(t, y∗)− gy(t, y∗)δy]dxdt
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+

∫ T

0

∫
Ω

[h(u)− h(u∗)− h′(u∗)δu]dxdt

+

∫ T

0

∫
Ω

p∗[f(t, y)− f(t, y∗)− fy(t, y∗)δy]dxdt

, I1 + I2 + I3. (3.24)

Here,

I1 =

∫ T

0

∫
Ω

[g(t, y)− g(t, y∗)− gy(t, y∗)δy]dxdt;

I2 =

∫ T

0

∫
Ω

[h(u)− h(u∗)− h′(u∗)δu]dxdt;

I3 =

∫ T

0

∫
Ω

p∗[f(t, y)− f(t, y∗)− fy(t, y∗)δy]dxdt.

For the term I1, we know that there exists ξ̂ lying between y∗ and y, such that

I1 =
1

2

∫ T

0

∫
Ω

gyy(t, ξ̂)(δy)2dxdt.

Then, we can use Assumption (H2) to get

I1 =
1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt+
1

2

∫ T

0

∫
Ω

[gyy(t, ξ̂)− gyy(t, y∗)](δy)2dxdt

≥ 1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt− C
∫ T

0

∫
Ω

[(1 + |y|m3 + |y∗|m3)(δy)3]dxdt

≥ 1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt

−C
∫ T

0

[

∫
Ω

(δy)6dx]1/2[

∫
Ω

(1 + |y|2m3 + |y∗|2m3)dx]1/2dt

≥ 1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt

−C
∫ T

0

‖δy‖3L6(Ω)(1 + ‖y‖m3

L2m3 (Ω)
+ ‖y∗‖m3

L2m3 (Ω)
)dt

≥ 1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt− C[1 + (1 + ‖y∗‖Y )m3 + ‖y∗‖m3

Y ]‖δy‖3Y

≥ 1

2

∫ T

0

∫
Ω

gyy(t, y∗)(δy)2dxdt− Cε‖δy‖2Y . (3.25)

For the term I2, we can use Assumption (H3) to find

I2 =
1

2

∫ T

0

∫
Ω

h
′′
(u∗)(δu)2dxdt =

α

2

∫ T

0

∫
Ω

(δu)2dxdt. (3.26)
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For the term I3, we can use Assumption (H1) to see

I3 ≥
1

2

∫ T

0

∫
Ω

p∗fyy(t, y∗)(δy)2dxdt

−C
∫ T

0

∫
Ω

[p∗(1 + |y|r3 + |y∗|r3)(δy)3]dxdt

≥ 1

2

∫ T

0

∫
Ω

p∗fyy(t, y∗)(δy)2dxdt− Cε‖δy‖2Y . (3.27)

Now, (3.21) follows from (3.2) and (3.24)–(3.27).
Step 3. We finish the proof.

Let (z, v) be given by Step 1. We claim for some C1 > 0 (independent of y, u and ε),

J(y, u) ≥ J(y∗, u∗) + C1(‖z‖2Y + ‖v‖2L2(Q))− Cε‖δy‖
2
Y . (3.28)

To this end, several facts are given in order. First, from (3.21) and (3.2), we find

J(y, u)− J(y∗, u∗)− 1

2
L
′′
(y∗, u∗)(z, v)2

≥ 1

2
L
′′
(y∗, u∗)(δy, δu)2 − 1

2
L
′′
(y∗, u∗)(z, v)2 − Cε‖δy‖2Y

=
1

2

∫ T

0

∫
Ω

{[p∗fyy(t, y∗) + gyy(t, y∗)]((δy)2 − z2)

+α((δu)2 − v2)}dxdt− Cε‖δy‖2Y . (3.29)

Second, using Hölder inequality, and by Assumption (H1), we have

∫ T

0

∫
Ω

p∗fyy(t, y∗)((δy)2 − z2)dxdt

≤
∫ T

0

[
(

∫
Ω

(p∗)2f2
yy(t, y∗)dx)

1
2 (

∫
Ω

(δy + z)2(δy − z)2dx)
1
2

]
dt

≤ C

∫ T

0

[
(

∫
Ω

(p∗)6dx)
1
6 (

∫
Ω

(|y∗|r2 + 1)3dx)
1
3 (

∫
Ω

(δy + z)4dx)
1
4 (

∫
Ω

(δy − z)4dx)
1
4

]
dt (3.30)

Since(|y∗|r2 + 1)3 ≤ C1(1 + |y∗|3r2), V ↪→ Lq(Ω) for q > 0 when N = 1, 2, and 0 < q ≤ 6 when N = 3, and
Y ↪→ C([0, T ];V ), we can infer from (3.30) and (3.11) that

∫ T

0

∫
Ω

p∗fyy(t, y∗)((δy)2 − z2)dxdt

≤ C2‖p∗‖Y (‖y∗‖r2Y + 1)‖δy + z‖Y ‖δy − z‖Y
= C2‖p∗‖Y (‖y∗‖r2Y + 1)(‖2δy + z − δy‖Y ‖δy − z‖Y
≤ C2‖p∗‖Y (‖y∗‖r2Y + 1)(2‖δy‖Y + C‖δy‖2Y )‖δy − z‖Y
≤ C3‖p∗‖Y (‖y∗‖r2Y + 1)ε‖δy − z‖Y
≤ C4‖p∗‖Y (‖y∗‖r2Y + 1)ε‖δy‖2Y
= Cε‖δy‖2Y . (3.31)
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In the last equality, we use C to denote the constant C4‖p∗‖Y (‖y∗‖r2Y + 1). Third, by a very similar way to that
used in (3.31), we can obtain

∫ T

0

∫
Ω

gyy(t, y∗)((δy)2 − z2) ≤ Cε‖δy‖2Y ; (3.32)∫ T

0

∫
Ω

α((δu)2 − v2)dxdt ≤ Cε‖δy‖2Y . (3.33)

From (3.29)–(3.33), it follows that

J(y, u)− J(y∗, u∗) ≥ 1

2
L
′′
(y∗, u∗)(z, v)2 − Cε‖δy‖2Y (3.34)

Since (y∗, u∗) satisfies (1.15), we get from (3.34) that

J(y, u) ≥ J(y∗, u∗) +
1

2
γ(‖z(0)‖2H + ‖v‖2L2(Q))− Cε‖δy‖

2
Y . (3.35)

Because ‖z‖2Y + ‖v‖2L2(Q) ≤ C(‖z(0)‖2H + ‖v‖2L2(Q)) (which follows from Thm. A.1 in Appendix), (3.28) follows

from (3.35).
Next, by (3.9) and (3.11), we see that

‖(z, v)− (δy, δu)‖Y×L2(Q) ≤ C‖δy‖2Y ≤ Cε‖δy‖Y ,

from which, we find

‖(δy, δu)‖Y×L2(Q)

≤ ‖(z, v)− (δy, δu)‖Y×L2(Q) + ‖(z, v)‖Y×L2(Q)

≤ Cε‖δy‖Y + ‖(z, v)‖Y×L2(Q).

Since ‖δy‖Y ≤ ‖(δy, δu)‖Y×L2(Q), it follows that

‖(δy, δu)‖Y×L2(Q) − Cε‖(δy, δu)‖Y×L2(Q) ≤ ‖(z, v)‖Y×L2(Q).

Since the above inequality holds for any ε > 0, we can take ε ≤ 1
2C in the last inequality, getting

‖(δy, δu)‖Y×L2(Q) ≤ C‖(z, v)‖Y×L2(Q). (3.36)

It follows by (3.28) and (3.36) that for some C2 > 0 (independent of y, u and ε),

J(y, u) ≥ J(y∗, u∗) + C2(‖δy‖2Y + ‖δu‖2L2(Q))− Cε‖δy‖
2
Y .

Taking ε small enough such that ε ≤ C2

2C , we obtain

J(y, u) ≥ J(y∗, u∗) +
C2

2
(‖δy‖2Y + ‖δu‖2L2(Q)),

which leads to (3.3). This ends the proof of Theorem 3.2.
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4. Second order necessary optimality condition

The aim of this section is to give a second-order second order necessary condition for a weak local minimizer
of the problem (P).

Theorem 4.1. Any weak local minimizer (y∗, u∗) of (P) satisfies (1.17).

Proof. Our strategy is as follows: we first build up an approximate problem as what we did in the proof of
Theorem 2.1; then obtain a second-order necessary condition through using the periodicity restoration property
(see Thm. A.4 in Appendix) and the first-order optimality condition for the aforementioned approximate problem
(see (2.9) and (2.10) in the proof of Thm. 2.1); finally derive a second-order necessary condition for (y∗, u∗).

Let (y∗, u∗) be a weak local minimizer associated with the costate p∗. Let L be given by (1.14) associated
with the aforementioned p∗. We can define, for each ε > 0 and each µ > 0, the approximate problem (Pε,µ) by
(2.2), as well as (2.1) and (2.3). Arbitrarily fix µ > 0. We already proved in the proof of Theorem 2.1 the facts:
first, (Pε,µ) has a solution (yε, uε) ∈ Pδ0p ; (Here, Pδ0p is given by (2.1).) second, (yε, uε) satisfies (2.9) and (2.10);
third, (yε, uε) satisfies (2.5). The rest of the proof is organized by two steps.
Step 1. We derive a second-order necessary condition for (yε, uε).

Firstly, we claim that

fy(t, yε)→ fy(t, y∗) strongly in L∞(0, T ;L3(Ω)), as ε→ 0. (4.1)

Indeed, for each (t, x) ∈ Q, there exists θ̃(t, x) ∈ (0, 1), such that

fy(t, yε(t, x))− fy(t, y∗(t, x)) = fyy(t, ξ̃(t, x))(yε(t, x)− y∗(t, x)),

where

ξ̃(t, x) = y∗(t, x) + θ̃(t, x)(yε(t, x)− y∗(t, x)).

Then, using Assumption (H1) and Hölder’s inequality, we find

‖fy(t, yε)− fy(t, y∗)‖L3(Ω)

≤ C

(∫
Ω

(1 + |ξ̃|r2)3|yε − y∗|3dx

) 1
3

≤ C

(∫
Ω

(1 + |ξ̃|3r2)|yε − y∗|3dx

) 1
3

≤ C

(∫
Ω

(1 + |ξ̃|6r2)dx

) 1
6
(∫

Ω

|yε − y∗|6dx

) 1
6

≤ C[1 +

(∫
Ω

|y∗ + θ̃(yε − y∗)|6r2dx

) 1
6

]

(∫
Ω

|yε − y∗|6dx

) 1
6

≤ C(1 + ‖y∗‖r2
L6r2 (Ω)

+ ‖yε − y∗‖r2L6r2 (Ω)
)‖yε − y∗‖L6(Ω)

≤ C(1 + ‖y∗‖r2V + ‖yε − y∗‖r2V )‖yε − y∗‖V , t ∈ (0, T ). (4.2)

Since Y ↪→ C([0, T ];V ), we can see from the above inequality that

‖fy(t, yε)− fy(t, y∗)‖L∞(0,T ;L3(Ω)) ≤ C(1 + ‖y∗‖r2Y + ‖yε − y∗‖r2Y )‖yε − y∗‖Y . (4.3)

From (2.4) and (4.3), we are led to (4.1).
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Now, arbitrarily fix (z, v) in the set:

{(ϕ, u) ∈ C(y∗, u∗); ‖(ϕ, u)‖Y×L2(Q) ≤ δ0/4}. (4.4)

According to (4.1) and Theorem A.4, there is a family {(zε, vε)}ε>0 ⊂ Y × L2(Q) such that

z′ε(t) +Azε(t) + fy(t, yε)zε(t) = mvε, zε(0) = zε(T ), (4.5)

and

(zε, vε)→ (z, v) strongly in Y × L2(Q) as ε→ 0. (4.6)

Thus, there is ε1 > 0 such that, when ε ∈ (0, ε1),

‖zε − z‖Y ≤ δ0/4 and ‖vε − v‖L2(Q) ≤ δ0/4. (4.7)

Let

yρε , yε + ρzε and uρε , uε + ρvε, when ρ ∈ (0, 1), ε ∈ (0, ε1).

By (2.5) and (4.7), we see that

(yρε , u
ρ
ε) ∈ Pδ0p , when ρ ∈ (0, 1), ε ∈ (0, ε̃), (4.8)

where ε̃ , min{ε0, ε1} (ε0 is given in (2.5)). Then, by (4.8), the optimality of (yε, uε), (2.3), Taylor expansion
of Jε at (yε, uε), (2.9) and (2.10), we can directly check

0 ≤ Jε(y
ρ
ε , u

ρ
ε)− Jε(yε, uε)

=
ρ2

2

∫
Q

[
gyy(t, yε) + pεfyy(t, yε) + (2r̂1 + 1)(yε − y∗)2r̂1

]
z2
εdxdt

+
ρ2

2

∫
Q

(µ+ α)v2
εdxdt+ rρ(Jε) for all ρ ∈ (0, 1), ε ∈ (0, ε̃), (4.9)

where rρ(Jε) is the remainder term given by

rρ(Jε)

=

∫
Q

rρ(g)dxdt+ ρ3 2r̂1(2r̂1 + 1)

3!

∫
Q

(yε + θzε − y∗)2r̂1−1z3
εdxdt

+
1

8ε
ρ4

∫
Q

f2
yy(t, yε)z

4
εdxdt+

1

2ε

∫
Q

fyy(t, yε)z
2
εrρ(f)dxdt

+
1

ε

∫
Q

pεrρ(f)dxdt+
1

2ε

∫
Q

r2
ρ(f)dxdt, (4.10)

where r̂1 is given by (2.3), θ ∈ (0, ρ);

rρ(g) = g(t, yρε )− g(t, yε)− ρgy(t, yε)zε −
ρ2

2
gyy(t, yε)z

2
ε ,
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and

rρ(f) = f(t, yρε )− f(t, yε)− ρfy(t, yε)zε −
ρ2

2
fyy(t, yε)z

2
ε .

By Assumption (H2), we see that

∫
Q

rρ(g)dxdt

≤ Cρ3

∫
Q

(1 + |yε|m3 + |yρε |m3)z3
εdxdt

≤ Cρ3 = o(ρ2). (4.11)

Similarly, one can prove the rest terms in rρ(Jε) are all o(ρ2). Hence, we have

lim
ρ→0

rρ(Jε)/ρ
2 = 0 for each ε ∈ (0, ε̃). (4.12)

Now, dividing both sides of (4.9) by ρ2/2, and letting ρ→ 0, we get from (4.12) that

∫
Q

[
gyy(t, yε) + pεfyy(t, yε) + (2r̂1 + 1)(yε − y∗)2r̂1

]
z2
εdxdt

+

∫
Q

(µ+ α)v2
εdxdt ≥ 0, for each ε ∈ (0, ε̃). (4.13)

Step 2. We derive the second-order necessary condition by passing to the limit.
By Assumption (H2), (2.4) and (4.6), we have

∫
Q

|gyy(t, yε)z
2
ε − gyy(t, y∗)z2|dxdt

≤
∫
Q

|gyy(t, yε)− gyy(t, y∗)|z2
εdxdt+

∫
Q

|gyy(t, y∗)(z2
ε − z2)|dxdt

≤ C

∫
Q

(1 + |yε|m3 + |y∗|m3)|yε − y∗|z2
εdxdt

+C

∫
Q

(1 + |y∗|m2)|zε + z||zε − z|dxdt

≤ C(1 + ‖y∗‖m3

Y + ‖yε‖m3

Y )‖zε‖2Y ‖yε − y∗‖Y
+C(1 + ‖y∗‖m2

Y )(‖z‖Y + ‖zε‖Y )‖zε − z‖Y
→ 0, as ε→ 0.

Hence,

∫
Q

gyy(t, yε)z
2
εdxdt→

∫
Q

gyy(t, y∗)z2dxdt, as ε→ 0. (4.14)
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Recalling that p∗ ∈ Y and pε → p∗ strongly in C([0, T ];H) (see (2.11)), we can obtain by Assumption (H1),
(2.4) and (4.6) that∫

Q

|pεfyy(t, yε)z
2
ε − p∗fyy(t, y∗)z2|dxdt

≤
∫
Q

|pε − p∗||fyy(t, yε)|z2
εdxdt+

∫
Q

|p∗||fyy(t, yε)− fyy(t, y∗)|z2
εdxdt

+

∫
Q

|p∗||fyy(t, y∗)||z2
ε − z2|dxdt

≤ C(1 + ‖yε‖r2Y )‖zε‖2Y ‖pε − p∗‖C([0,T ];H) + C(1 + ‖y∗‖r3Y + ‖yε‖r3Y )‖p∗‖Y ‖zε‖2Y ‖yε − y∗‖Y
+C‖p∗‖Y (1 + ‖y∗‖r2Y )(‖z‖Y + ‖zε‖Y )‖zε − z‖Y

→ 0, as ε→ 0.

Consequently, we have that∫
Q

pεfyy(t, yε)z
2
εdxdt→

∫
Q

p∗fyy(t, y∗)z2dxdt, as ε→ 0. (4.15)

Similarly, by (2.4) and (4.6), one can prove that as ε→ 0,∫
Q

(2r̂1 + 1)(yε − y∗)2r̂1z2
εdxdt→ 0;∫

Q

(µ+ α)v2
εdxdt→

∫
Q

(µ+ α)v2dxdt. (4.16)

Now, by (4.14), (4.15) and (4.16), we can pass to the limit for ε→ 0 in (4.13) to get∫
Q

[gyy(t, y∗) + p∗fyy(t, y∗)]z2dxdt+

∫
Q

(µ+ α)v2dxdt ≥ 0. (4.17)

Since the above inequality holds for any µ > 0 and any (z, v) in the set (4.4), we can pass to the limit for µ→ 0
in the (4.17) to get ∫

Q

[gyy(t, y∗) + p∗fyy(t, y∗)]z2dxdt+ α

∫
Q

v2dxdt ≥ 0, (4.18)

for all (z, v) in the set (4.4). Since C(y∗, u∗) is a cone, we get (1.17) from (3.2) and (4.18). This ends the proof
of Theorem 4.1.

Appendix A.

Theorem A.1. Let z0 ∈ H, v ∈ L2(0, T ;H) and a ∈ L∞(0, T ;L3(Ω)). Then, there is a unique z ∈ L2(0, T ;V )∩
W 1,2([0, T ];V ∗) solving the equation:

z′(t) +Az(t) + a(t)z(t) = v(t), 0 < t < T ; z(0) = z0. (A.1)

Moreover, the solution z has the following properties:
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(i) If z0 ∈ V , then z belongs to Y and satisfies

‖z‖Y ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖z0‖V + ‖v‖L2(0,T ;H)), (A.2)

for some C > 0 (independent of a, z0 and v).
(ii) If z(0) = z(T ) + ξ for some ξ ∈ V , then z belongs to Y and satisfies

‖z‖Y ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖z(0)‖H + ‖ξ‖V + ‖v‖L2(0,T ;H)), (A.3)

for some C > 0 (independent of a, z0 and v).

Remark A.2. Functions a and z can be treated as functions of (x, t) ∈ Ω× (0, T ). In (A.1), a(t)z(t) is defined
in the manner: first, we treat it as the function: (x, t)→ a(x, t)v(x, t), (x, t) ∈ Ω× (0, T ); and then we transfer
the aforementioned function (of (x, t)) into the function of t.

Proof. The proofs of the existence and the uniqueness of the solution for more general linear parabolic equation
can be found in [29], or [19] (see Chap. 3 in [29] or Sect. 7.1 in [19]). The properties (i)–(ii) can be easily
obtained by the way used in the proof of the existence. For the sake of completeness of this paper, we will give
detailed proofs.

Existence. We treat a as a function of (x, t) sometimes. Let {wk}∞k=1 be an orthogonal basis of V and also be
an orthonormal basis of H. (Such {wk}∞k=1 was given in, for instance, Sect. 6.5 in [19]). Arbitrarily fix a positive
integer m. We first look for a solution zm, in the form of

zm(t) =

m∑
k=1

dkm(t)wk, t ∈ [0, T ] (A.4)

to the equation:{
〈z′m(t) +Azm(t) + a(t)zm(t), wk〉H = 〈v(t), wk〉H , t ∈ [0, T ], k = 1, 2, · · · ,m;
zm(0) =

∑m
k=1〈z0, wk〉Hwk.

(A.5)

This is equivalent to find a solution dm(t) = (d1
m(t), · · · , dmm(t))> to the system of linear ordinary differential

equations: {
d′m(t) +Am(t)dm(t) = fm(t), t ∈ [0, T ],
dm(0) = (〈z0, w1〉H , · · · , 〈z0, wm〉H)>,

(A.6)

where Am(t) is the m×m matrix with elements αij(t), i, j = 1, 2, · · · ,m, given by

αij(t) =

∫
Ω

[

N∑
k,l=1

akl(x)
∂wi
∂xk

∂wj
∂xl

+ a(x, t)wi(x)wj(x)]dx,

and fm(t) = (〈v(t), w1〉H , · · · , 〈v(t), wm〉H)>. Since a ∈ L∞(0, T ;L3(Ω)), aij ∈ C2(Ω̄) and wi ∈ V, i = 1, · · · ,m,
we get from the Sobolev imbedding: V ↪→ L6(Ω) that∫

Ω

|a(x, t)wi(x)wj(x)|dx ≤ ‖a‖L∞(0,T ;L3(Ω))‖wi‖L6(Ω)‖wj‖H for a.e. t ∈ (0, T ).
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This yields that Am(·) ∈ L∞(0, T ;Rm×m). Meanwhile, we have fm(·) ∈ L2(0, T ;Rm), because v ∈ L2(0, T ;H).
Thus, according to the standard existence theory for ODEs, there is a unique absolutely continuous function
dm(t) satisfying (A.6) for a.e. t ∈ [0, T ]. Then, zm, defined by (A.4), solves (A.5) for a.e. t ∈ [0, T ].

Next, multiplying the first equation in (A.5) by dkm, taking the sum from k = 1 to k = m, and then integrating
over (0, t) (with t > 0), we obtain that

‖zm(t)‖2H + Λ

∫ t

0

‖zm(s)‖2V ds ≤ ‖zm(0)‖2H +

∫ t

0

∫
Ω

vzmdxds−
∫ t

0

∫
Ω

az2
mdxds. (A.7)

Meanwhile, using Young’s inequality, we see that

∫ t

0

∫
Ω

|vzm|dxdt ≤ Λ/4

∫ t

0

‖zm(s)‖2V dt+ C(Λ)‖v‖2L2(0,t;H);

using the Hölder inequality, Young’s inequality, and the imbedding V ↪→ L6(Ω), we find

∫ t

0

∫
Ω

|az2
m|dxds ≤ C

∫ t

0

‖a(·, t)‖L3(Ω)‖zm‖L6(Ω)‖zm‖L2(Ω)dt

≤ Λ/4

∫ t

0

‖zm(s)‖2V dt+ C(Λ)‖a‖2L∞(0,T ;L3(Ω))‖zm‖
2
L2(0,t;H).

(Here, Λ is given by (1.1).) With these estimates, we get from (A.7) that, when t > 0,

‖zm(t)‖2H +

∫ T

0

‖zm(s)‖2V ds ≤ C(‖zm(0)‖2H + ‖a‖2L∞(0,T ;L3(Ω))

∫ t

0

‖zm(s)‖2Hds+ ‖v‖2L2(0,T ;H)).

Using Gronwall’s inequality in the above inequality, it leads to

‖zm(t)‖H + ‖zm‖L2(0,T ;V ) ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖zm(0)‖H + ‖v‖L2(0,T ;H)), ∀ t > 0. (A.8)

By (A.5) and (A.8), we see

‖z′m‖L2(0,T ;V ∗) ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖zm(0)‖H + ‖v‖L2(0,T ;H)), ∀ t > 0. (A.9)

Now, according to (A.8) and (A.9), there is a subsequence of {zm}, denoted in the same manner, and a function
z ∈ L2(0, T ;V ) ∩W 1,2([0, T ];V ∗) such that

{
zm → z weakly in L2(0, T ;V ),
z′m → z′ weakly in L2(0, T ;V ∗).

(A.10)

By (A.10), we can use a standard argument to pass to the limit for m → ∞ in (A.5) to see that z solves the
equation (A.1). (See Page 105 in [29], or Page 380 in [19] for the details).

Uniqueness. We aim to show that the only solution of (A.1) with v = 0, z0 = 0 is z ≡ 0. For this purpose, we
multiply the equation (A.1) by z, integrate on Ω× (0, t), and then use the same way in the proof of Existence
to get supt∈[0,T ] ‖z(t)‖H ≤ 0, which leads to the uniqueness.
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Proof of (i). We multiply the equation (A.5) by d
dtd

k
m(t), sum k = 1, . . . ,m, and integrate on (0, t). Then, we

can use the similar way used in the proofs of (A.8) and (A.9) to find

‖zm(t)‖V +

∫ T

0

‖z′m(t)‖2Hdt ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖zm(0)‖V + ‖v‖L2(0,T ;H)), ∀ t > 0. (A.11)

From (A.11), it follows that z ∈ L∞(0, T ;V ) ∩W 1,2([0, T ];H). This, along with (A.1), yields that z ∈ Y and
that z satisfies (A.2). (See Thm. 5 in Sect. 7.1 in [19] for the details).

Proof of (ii). We multiply (A.1) by t d
dtd

k
m(t), take the sum from k = 1 to k = m, and integrate on (0, T ).

Then, we obtain by (A.8) that

‖zm(T )‖V ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖zm(0)‖H + ‖v‖L2(0,T ;H)).

Passing to the limit for m→∞ in the above inequality, we see that z(T ) ∈ V and

‖z(T )‖V ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖z(0)‖H + ‖v‖L2(0,T ;H)). (A.12)

Since z(0) = z(T ) + ξ, we have that z(0) ∈ V , and (A.12) leads to

‖z(0)‖V ≤ eC(‖a‖L∞(0,T ;L3(Ω))+1)(‖z(0)‖H + ‖v‖L2(0,T ;H)) + ‖ξ‖V .

This, along with the property (i), shows (A.3).
Therefore, we finish the proof of Theorem A.1.

Remark A.3. For the case that the potential function a(·, ·) is bounded from below, some L∞-estimates for
some linear parabolic equations were built up in [34], via a semigroup approach and a comparison principle.
Therein, the initial controls are taken from L∞(Q), while distributed controls are taken from a suitable function
space which is properly included in L2(Q). The reasons to choose the L∞ estimates in [34] are as follows: First,
they dealt with the point-wise state constraint control problem; Second, they studied the Pontryagin maximum
principles point-wisely in both time and the space variables. Since the problem and the aims of the current paper
differ from those in [34], we do not need the above-mentioned L∞-estimates. More precisely, our state space is
Y (which is imbedded in C([0, T ];V )) and our state constraint is periodic. These, along with our assumptions
on the nonlinear terms, ensure us to get our optimality conditions, which are point-wise in time variable.

Theorem A.4. Suppose that

aε → a strongly in L∞(0, T ;L3(Ω)), as ε→ 0. (A.13)

Then, given (z, v) ∈ Y × L2(Q) satisfying

z′(t) +Az(t) + a(t)z(t) = mv(t), t ∈ (0, T ); z(0) = z(T ), (A.14)

there is a family {(zε, vε)}ε>0 ⊂ Y × L2(Q), with

z′ε(t) +Azε(t) + aε(t)zε(t) = mvε(t), t ∈ (0, T ); zε(0) = zε(T ), (A.15)

so that (zε, vε)→ (z, v) in Y × L2(Q) as ε→ 0.
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Proof. According to Theorem A.1, given ε > 0, the following equation has a unique solution wε ∈ Y :{
w′ε(t) +Awε(t) + aε(t)wε(t) = mv(t), t ∈ (0, T ),
wε(0) = z(0).

(A.16)

We first claim that

wε → z strongly in Y as ε→ 0. (A.17)

To this end, we let ŵε , wε − z. By (A.14) and (A.16), we have{
ŵ′ε(t) +Aŵε(t) + δaε(t)ŵε(t) = −δaε(t)z, t ∈ (0, T ),
ŵε(0) = 0,

(A.18)

where δaε(t) , [aε(t)− a(t)]. By (A.18) and Theorem A.1, there is C > 0, independent on ε, so that

‖ŵε‖Y ≤ eC(‖δaε‖L∞(0,T ;L3(Ω))+1)‖δaεz‖L2(0,T ;H)

≤ eC(‖δaε‖L∞(0,T ;L3(Ω))+1)‖δaε‖L∞(0,T ;L3(Ω))‖z‖L2(0,T ;V ).

This, along with (A.13), leads to (A.17).
Next, by the same argument as that used in the proof of Proposition 3.4, we can find, for each ε > 0,

(z̃ε, ṽε) ∈ Y × L2(Q) so that {
z̃′ε(t) +Az̃ε(t) + aε(t)z̃ε(t) = mṽε(t), t ∈ (0, T ),
z̃ε(0) = z̃ε(T ) + wε(T )− wε(0),

(A.19)

and so that for some Cε > 0 (depending on ε),

‖(z̃ε, ṽε)‖Y×L2(Q) ≤ Cε‖wε(T )− wε(0)‖V . (A.20)

Moreover, by Lemma 3.1 in [22], we see that the above Cε depends continuously on ‖aε‖L∞(0,T ;L3(Ω)). This,
along with (A.13), yields that, for a fixed ε̂ > 0, there is C > 0, independent of ε, so that Cε < C for all
ε ∈ (0, ε̂). This, together with (A.20), leads to

‖(z̃ε, ṽε)‖Y×L2(Q) ≤ C‖wε(T )− wε(0)‖V , when ε ∈ (0, ε̂). (A.21)

Now, we let (zε, vε) , (wε, v)+(z̃ε, ṽε). Then by (A.16) and (A.19), we have that (zε, vε) belongs to Y ×L2(Q)
and satisfies (A.15). Since wε(T )− wε(0) = wε(T )− z(0) = wε(T )− z(T ), it follows from (A.21) that

‖(zε, vε)− (z, v)‖Y×L2(Q)

≤ ‖(wε, v)− (z, v)‖Y×L2(Q) + ‖(z̃ε, ṽε)‖Y×L2(Q)

≤ C‖wε − z‖Y + ‖wε(T )− z(T )‖V
≤ C‖wε − z‖Y , when ε ∈ (0, ε̂). (A.22)

By (A.17) and (A.22), it follows that (zε, vε)→ (z, v) in Y × L2(Q). This ends the proof of Theorem A.4.

At last, we give the proof of Theorem 3.1.
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Proof of Theorem 3.1. Arbitrarily fix (y, u) ∈ Y × L2(Q). We organize the proof in two steps.

Step 1. We show that L is Fréchet differentiable at (y, u) and

L
′
(y, u)(z, v) =

∫
Q

[gy(t, y)z + h′(u)v + p∗(z′(t) +Az + fy(t, y)z −mv)]dxdt, (z, v) ∈ Y × L2(Q). (A.23)

Arbitrarily fix (z, v) ∈ Y × L2(Q). According to Taylor’s formula, for each (t, x) ∈ Q, there is θ1(t, x) and
θ2(t, x) ∈ (0, 1) such that

g(t, y(t, x) + z(t, x))− g(t, y(t, x)) = gy(t, y(t, x))z(t, x) +
1

2
gyy(t, ξ1(t, x))z2(t, x),

f(t, y(t, x) + z(t, x))− f(t, y(t, x)) = fy(t, y(t, x))z(t, x) +
1

2
fyy(t, ξ2(t, x))z2(t, x),

where

ξ1(t, x) := y(t, x) + θ1(t, x)z(t, x), ξ2(t, x) := y(t, x) + θ2(t, x)z(t, x).

These, along with (1.14) and the assumption (H3), yields that

L(y + z, u+ v)− L(y, u) =

∫
Q

[gy(t, y)z +
1

2
gyy(t, ξ1)z2 + h′(u)v +

1

2
αv2

+p∗(z′(t) +Az + fy(t, y)z −mv) +
1

2
p∗fyy(t, ξ2)z2]dxdt. (A.24)

(Here, α is given by (H3).) Write

Υ1(z, v) :=
1

2

∫
Q

[(gyy(t, ξ1) + p∗fyy(t, ξ2))z2 + αv2]dxdt.

Then, it follows from (A.24) that

L(y + z, u+ v) = L(y, u) +

∫
Q

[gy(t, y)z + h′(u)v + p∗(z′(t) +Az + fy(t, y)z −mv]dxdt+ Υ1(z, v). (A.25)

We now claim that

|Υ1(z, v)|
‖(z, v)‖Y×L2(Q)

→ 0, as ‖(z, v)‖Y×L2(Q) → 0. (A.26)

Indeed, Using Hölder’s inequality and Assumptions (H1)–(H3), we have

|Υ1(z, v)|

≤ C

∫
Q

[(1 + |ξ1|m2) + |p∗|(1 + |ξ2|r2)]z2dxdt+
α

2
‖v‖2L2(Q)

≤ C

∫ T

0

[

(∫
Ω

(1 + |ξ1|m2)2dx

) 1
2

+

(∫
Ω

(p∗)4dx

) 1
4
(∫

Ω

(1 + |ξ2|r2)4dx

) 1
4

]

(∫
Ω

z4dx

) 1
2

dt

+
α

2
‖v‖2L2(Q). (A.27)
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Here and throughout Step 1, C stands for a positive constant, independent of (z, v) ∈ Y and (t, x) ∈ Q, which
may vary in different lines. Meanwhile, one can directly check

(1 + |ξ1|m2)2 ≤ C(1 + |y + θ1z|2m2) ≤ C(1 + |y|2m2 + |z|2m2),

(1 + |ξ2|r2)4 ≤ C(1 + |y + θ2z|4r2) ≤ C(1 + |y|4r2 + |z|4r2) for all (x, t) ∈ Q. (A.28)

Write τ2 := max{r2,m2}. We obtain from (A.27) and (A.28) that

|Υ1(z, v)|

≤ C

∫ T

0

[(∫
Ω

(1 + |y|2m2 + |z|2m2)dx

) 1
2

+

(∫
Ω

(p∗)4dx

) 1
4
(∫

Ω

(1 + |y|4r2 + |z|4r2)dx

) 1
4

]
(∫

Ω

z4dx

) 1
2

dt+
α

2
‖v‖2L2(Q)

≤ C

∫ T

0

(1 + ‖p∗‖V )(1 + ‖y‖τ2V + ‖z‖τ2V )‖z‖2V dt+
α

2
‖v‖2L2(Q)

≤ C(1 + ‖p∗‖Y )(1 + ‖y‖τ2Y + ‖z‖τ2Y )‖z‖2Y +
α

2
‖v‖2L2(Q). (A.29)

In the last two inequalities, we used the imbedding V ↪→ Lq(Ω) for q > 0 when N = 1, 2, and 0 < q ≤ 6 when
N = 3, and the imbedding Y ↪→ C([0, T ];V ) respectively. Thus, (A.26) follows from (A.29) at once. Finally, by
(A.25) and (A.26), we see that (A.23) holds.

Step 2. We show (3.1).
Arbitrarily fix (z, v), (ẑ, v̂) ∈ Y × L2(Q). By (A.23), using the similar way to that in the proof of (A.24), we

can find λ1(t, x), λ2(t, x) ∈ (0, 1), with (t, x) ∈ Q, so that

L
′
(y + ẑ, u+ v̂)(z, v) = L

′
(y, u)(z, v) +

∫
Q

[gyy(t, y)ẑz + p∗fyy(t, y)ẑz + αv̂v]dxdt+ [Υ2(ẑ, v̂)](z, v), (A.30)

where

[Υ2(ẑ, v̂)](z, v) =

∫
Q

[(gyy(t, η1)− gyy(t, y))ẑz + p∗(fyy(t, η2)− fyy(t, y))ẑz]dxdt,

with

η1(t, x) = y(t, x) + λ1(t, x)ẑ(t, x), η2(t, x) = y(t, x) + λ2(t, x)ẑ(t, x), (t, x) ∈ Q.

Obviously, Υ2(w, h) can be viewed as a linear operator from Y × L2(Q) to R. Write τ3 := max{m3, r3}. Using
Hölder’s inequality and Assumptions (H1) and (H2), we can obtain

|[Υ2(ẑ, v̂)](z, v)|

≤ C

∫
Q

[(1 + |η1|m3 + |y|m3) + (1 + |η2|r3 + |y|r3)]|z|ẑ2dxdt

≤ C

∫ T

0

[

(∫
Ω

(1 + |η1|m3 + |y|m3)2dx

) 1
2

+

(∫
Ω

(p∗)4dx

) 1
4
(∫

Ω

(1 + |η2|r3 + |y|r3))4dx

) 1
4

]

(∫
Ω

z2ẑ4dx

) 1
2

dt

≤ C

∫ T

0

[

(∫
Ω

(1 + |y|2m3 + |z|2m3)dx

) 1
2
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+

(∫
Ω

(p∗)4dx

) 1
4
(∫

Ω

(1 + |y|4r3 + |z|4r3)dx

) 1
4

]

(∫
Ω

ẑ6dx

) 1
3
(∫

Ω

z6dx

) 1
6

dt

≤ C

∫ T

0

(1 + ‖p∗‖V )(1 + ‖y‖τ3V + ‖z‖τ3V )‖ẑ‖2V ‖z‖V dt

≤ C(1 + ‖p∗‖Y )(1 + ‖y‖τ3Y + ‖z‖τ3Y )‖ẑ‖2Y ‖z‖Y . (A.31)

Here and throughout Step 2, C stands for a positive constant, independent of (z, v), (ẑ, v̂) ∈ Y × L2(Q), which
may vary in different lines. By (A.31), we see that Υ2(ẑ, v̂) ∈ L(Y × L2(Q);R) and,

‖Υ2(ẑ, v̂)‖L(Y×L2(Q);R) ≤ C(1 + ‖p∗‖Y )(1 + ‖y‖τ3Y + ‖z‖τ3Y )‖ẑ‖2Y ;

and

‖Υ2(ẑ, v̂)‖L(Y×L2(Q);R)

‖(ẑ, v̂)‖Y×L2(Q)
→ 0, as ‖(ẑ, v̂)‖Y×L2(Q) → 0. (A.32)

By (A.32) and (A.30), we are led to (3.1).

Step 3. We finish the proof.
First, (3.2) is a direct consequence of (3.1). Second, the continuity of the mapping (y, u)→ L′′(y, u) can be

directly derived from (3.1), through using the similar arguments used in Step 2. Indeed, when (y1, u1), (y2, u2) ∈
Y × L2(Q), we can obtain that

‖L
′′
(y1, u1)− L

′′
(y2, u2)‖L(Y×L2(Q);L(Y×L2(Q);R)) ≤ C(1 + ‖p∗‖Y )(1 + ‖y‖τ3Y + ‖z‖τ3Y )‖y1 − y2‖Y .

Hence, we complete the proof of Theorem 3.1.
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