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EXTREMALS FOR A SERIES OF SUB-FINSLER PROBLEMS WITH
2-DIMENSIONAL CONTROL VIA CONVEX
TRIGONOMETRY ***,***,xxx

A.A. ARDENTOV ™™ L.V, LOKUTSIEVSKIY? AND YU.L. SACHKOV?®

Abstract. We consider a series of optimal control problems with 2-dimensional control lying in an
arbitrary convex compact set €. The considered problems are well studied for the case when 2 is a unit
disc, but barely studied for arbitrary 2. We derive extremals to these problems in general case by using
machinery of convex trigonometry, which allows us to do this identically and independently on the
shape of Q. The paper describes geodesics in (i) the Finsler problem on the Lobachevsky hyperbolic
plane; (ii) left-invariant sub-Finsler problems on all unimodular 3D Lie groups (SU(2), SL(2), SE(2),
SH(2)); (iii) the problem of rolling ball on a plane with distance function given by ; (iv) a series of
“yacht problems” generalizing Euler’s elastic problem, Markov-Dubins problem, Reeds-Shepp problem
and a new sub-Riemannian problem on SE(2); and (v) the plane dynamic motion problem.
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1. INTRODUCTION

In this paper, we obtain extremals in a series of optimal control problems with two-dimensional control lying
in a compact convex set  C R?, 0 € int Q. Usually Pontryagin maximum principle dictates an optimal control
to move along the boundary 9. In the case, when 02 is the unit circle, this motion can be conveniently
described by the trigonometric functions cos and sin. This allows to find explicit formulas for extremals in a lot
of optimal control problems with €2 being the unit disc, which in fact is very useful for any deep investigation of
a problem. In the case, when 2 has an arbitrary form, finding formulas for extremals is much more difficult task
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2 A.A. ARDENTOV ET AL.

also because extremals depend on the structure of Q. Hence, a lot of important problems (which are very well
studied when ( is the unit disc) are barely investigated or even not investigated at all if Q has some different
shape. It seems to us, it happens because of lack of a convenient way to describe motions of the optimal control
along the boundary of an arbitrary flat convex set.

In the present paper, we use new functions cosg and sing (which were introduced in [31]) to describe this
motion. These new functions inherit a lot of convenient properties from the classical functions cos and sin
(we usually use the term “convex trigonometry” for this collection of properties). On the one hand, convex
trigonometry allows us to derive short formulas for extremals in terms of cosp and sing in a series of optimal
control problems. On the other hand, the functions cosg and sing can be expressed by classic functions for
a lot of concrete sets Q (see Sect. 2.3 for the detailed list of the sets). For example, if Q = {|x|P + |y|P < 1},
1 < p < o0, the functions cosg and sing coincide with well known Shelupsky’s functions and can be expressed
in terms of Euler beta function or hypergeometric function o Fj.

So the following new optimal control problems are investigated in the present paper.

— In Section 3, we find Finsler geodesics on the Lobachevsky hyperbolic plane. This problem is equivalent
to a left-invariant Finsler problem on the group Aff(R) of proper affine transformations of the real line R.
For centrally symmetrical sets €2, this problem was investigated in [27]. In the present paper, we find all
geodesics for all possible sets 2. The result is obtained by convex trigonometry, but the final answer does
not contain the functions cosq and sing at all (see Thm. 3.1).

— Left-invariant sub-Finsler problems on 3D unimodular Lie groups considered in Section 5 are a natural
generalization of similar sub-Riemannian problems (recall that a problem is sub-Riemannian if Q is an
ellipse centered at the origin). Sub-Riemannian geodesics on all these groups can be parameterized by
elliptic functions, see Section 18 of [3]. Moreover, in some of these problems, an optimal synthesis is known
(see [45] for the Heisenberg group Hs, [11, 13] for some SO(3) and SL(2) cases, [34, 41, 42] for SE(2), and
[18-20] for SH(2)). Left invariant sub-Riemannian and sub-Finsler problems are of great importance for
control theory and mathematics in general [3, 8, 9, 16, 35], and arise in a lot of practical applications,
see e.g. [14, 15, 29, 43]. Sub-Finsler problems on SE(2) take important role for building control models of
wheeled robots, e.g. famous Reeds-Shepp car [39] corresponds to I, case (see Sect. 5.8, Case 4), shortest
paths for differential-drive mobile robot with the restriction on wheel-rotation speed [7, 21] are equavalent
to sub-Finsler minimizers on SE(2) with /1 norm (see Sect. 5.9, Case 4). The generalization of such
models on polygonal and strictly convex smooth boundaries is explored in [6]. Nonetheless, for sub-Finsler
problems (when € is arbitrary), only geodesics on the Heisenberg group Hj are known (see [10, 17]). In
the present paper, for arbitrary €2, we find solutions to the vertical subsystem of the Pontryagin maximum
principle in terms of convex trigonometry (see Sect. 5). For example, this allows us to fully describe the
phase portrait of the system and give a full description of singular extremals and their types in the ¢, case
(see Sects. 5.8-5.10).

— In Section 6, we consider a sphere rolling on a plane without slipping or twisting. The problem is to find
a rolling of the sphere from one given position to another such that the center draws a shortest possible
path and the sphere rotates in a given way. In the classical case, when the path length is measured by
the Euclidean distance, the problem is well studied (see [29, 30]). For example, it is known that optimal
motions of the center coincide with Euler elasticae. In Section 6, we investigate an unsolved problem when
the path length of the sphere center is measured by an arbitrary sub-Finsler metric on the plane. We find
solutions to the vertical subsystem of the Pontryagin maximum principle in terms of convex trigonometry.
In particular, this allows us to describe behavior of optimal sphere motions when the sub-Finsler metric
is piecewise linear (see Thm. 6.2).

— In Section 7, we define a series of optimal control problems generalizing four classic problems (Euler
elasticae, Dubins car, Reeds-Shepp car) and a new sub-Riemannian problem on SE(2), which express
control models for a car-like robot. All the listed problems were investigated in literature (see [24] for
Euler elasticae, [23] for Dubins car, [39] for Reeds-Shepp car, [34, 41, 42] for the sub-Riemannian problem
on SE(2)). We use arbitrary convex set 2 of unit velocities on the plane to generalize those models as yacht
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models moving in a sea (or a car moving on a non-horizontal plane).! For each case we investigate the phase
portrait for the vertical subsystem of the Hamiltonian system and study possible extremals for arbitrary
Q. A special type of extremals appears for not strictly convex 2 with edges. For the Markov-Dubins
generalization, we describe all extremal controls explicitly in Theorems 7.5, 7.6. For the Reeds-Shepp
generalization, we find all patterns for control switchings. For other problems, we use the theory developed
in Section 4 to classify all types of extremal controls.

— In Section 8, we consider a system with drift that describes a controlled motion of a massive point on
a plane, where the maximum admissible acceleration depends on the chosen direction. This problem
generalizes the classic one-dimensional Pontryagin train control problem to the dimension 2.

The paper has the following structure. In Section 2, we shortly introduce convex trigonometry, a list of
sets  for which the functions cosg and sing are computed explicitly, and some new results on smoothness of
these functions. Section 4 contains important results on second order ODEs expressed by functions of convex
trigonometry. These results are used in all consequent sections. Sections 3, 5-8 contain investigation of the
optimal control problems described above.

2. CONVEX TRIGONOMETRY

Let Q C R2 be a convex compact set and let 0 € int ). In this section, we give a brief introduction to convex
trigonometry, which was introduced in [31]. In the present paper, we use convex trigonometry in all the optimal
control problems mentioned in the introduction.

2.1. Notation and definitions
Denote by S the area of the set Q.

Definition 2.1. Let 6 € R denote a generalized angle. If 0 < 8 < 28, then we choose a point Py on the boundary
of 2 such that the area of the sector of {2 between the rays Oz and OPF; is %0. By definition cosg 6 and sing 6
are the coordinates of Py. If the generalized angle 6 does not belong to the interval [0; 28), then we define the
functions cosq and sing as periodic with the period 2S; i.e., for k € Z such that 0 + 2Sk € [O; 2S) we put

cosq 8 = cosq (0 + 2Sk); sing 6 = sing (0 4 2Sk); Py = Pyyosk-

If Q is the unit disc, Q = {22+ y? < 1}, then the above definition produces the classic trigonometric functions
cos and sin.
We will use the polar set Q° together with the set :

Q° ={(p,q) € R* : px +qy < 1 for all (z,y) € Q} C R*.

The polar set Q° is (always) a convex and compact (as 0 € int ) set and 0 € int Q° (as  is bounded). To avoid
confusion we will assume that the set € lies in the plane with coordinates (z,y) and the polar set 2° lies in the
plane with coordinates (p, q).

Note that Q°° = Q by the bipolar theorem (see [40], Thm. 14.5). We can apply the above definition of the
generalized trigonometric functions to the polar set €2° and an arbitrary angle ¥ € R to construct cosge v and
singe 1), which are the coordinates of the appropriate point @y € 99°.

Definition 2.2. We say that angles §# € R and 0° € R correspond to each other and write 6 <— 6° if the
supporting half-plane of 2 at Py is determined by the (co)vector Qgo. When no confusing ensues we omit the
symbol € over the arrow and write 6 < 6°.

1Yachts problems are very popular applications of control theory nowadays (see [22, 25, 36, 38, 47]). Usually authors consider

these problems for some specific set Q of a given shape. Our approach allows us to investigate these problems simultaneously for
all possible sets 2.
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2.2. Main properties of convex trigonometry

Properties of the classic functions (cos,sin) are inherited by two pairs of functions (cosg,sing) and
(cosqe, singe ) for the sets © and Q°. All the listed below properties are proved in Section 2 of [31].

I. Generalized Pythagorean identity
05 0° = 0050 = cosqfcosge 0° + sing Osinge 0° = 1. (2.1)
II. Differentiation formulae. The functions cosq and sing are Lipschitz continuous, and for a.e. 6,
cosg 0 = —singe 0°  and  sing 0 = cosge 6° (2.2)

where 6° < 6 (in this case, there exists a unique 0° <+ ). At points 6 of non-differentiability, the corre-
spondence 6° < 6 is not bijective, but both functions cosq and sing have right and left derivatives, and
the interval between them is given by the right-hand sides in (2.2) for all ° «+ 6.

III. Quasiperiodicity of the dependence 0°(6). Let S° denote the area of 2°. Obviously, the angle 6° cor-
responding to 6 is defined up to 2S°, but we are able to choose a monotone function 6°(0) < 6.
Then

0°(0 + 2Sk) = 0°(0) + 25°k for k€ Z.

IV. Polar change of coordinates. Put © = r cosq 6 and y = r sing 6. Then Jacobi matrix is

x,  xp cosqf —rsingo 0°
J == / / = . o
Yr  Yg sing 6  rcosqo 6
where ° <+ 6. Moreover, det J = r by the generalized Pythagorean identity.

V. Inverse polar change of coordinates. Let (z(t),y(t)) be an absolutely continuous curve that does not pass
through the origin, and = = r cosg 6 and y = rsing @ as above. Then

o= Y"1y

= o N d
r = sqo(x,y) an -

The first equation holds for all ¢, and the second one holds for a.e. t.

2.3. List of explicitly computed functions cosq and sing.

In this subsection, we enumerate all known cases of sets €2 for which it is possible to compute functions of
convex trigonometry.

1. Suppose Q is a (convex) polyhedron. In this case, the functions cosq and sing are piecewise linear. They
have corners when the point Py passes through a vertex of Q. Explicit formulas for cosg and sing are
given in Section 3 of [31] in terms of coordinates of vertices.

2. Suppose Q = {|z|P + |y|P < 1} for some 1 <p <oo.If p=1or p= oo, then Q is a square and the func-
tions cosq and sing are computed as above. If 1 < p < 0o, then cosq and sing coincide with Shelupcky’s
generalized trigonometry functions (see [32], Sect. 4). Shelupsky’s functions form a 1-parametric family
(determined by the parameter p) of pair of functions (cosy, sin,), whereas the convex trigonometry func-
tions introduced in [31] form an infinite-dimensional family determined by the set 2. In other words,
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Shelupsky’s functions are a special case of convex trigonometry. Shelupsky’s function are very convenient
for eigenvalue problems for p-Laplacians (see [44, 46] for details). In this case, the functions cosg and sing
can be expressed in terms of the inverse Euler beta function (see [32], Thm. 5).

. Suppose the boundary of Q is defined parametrically 0 = {(x(s),y(s))€ R? | s € R}. Then, for any s,
there is defined a generalized angle 6(s) such that Py = (x(s),y(s)). Obviously,

cosq 0(s) = x(s) and sing 0(s) = y(s). (2.3)

Let us compute the function 6(s) and its inverse s(6). Using the inverse polar change of coordinates, we
get

O =y —aly & O(s)= / (2(s)y(5) — 2, ()y()) ds, (2.4)

since 7(s) = sqo(x(s), y(s)) = 1. For some cases this integral can be taken explicitly, but it is not possible
to do it in general case. Nonetheless, we can often avoid explicit integration here! The main reason is the
following: any of the above mentioned optimal control problems can be reduced to an ODE of the form
0 = f(cosq 6, sing #). From (2.3) we have the following ODE:

o fa(s)y(s) [ a()u(s) — 2 (s)uls)
SO0 = e — e t*/ EOT O

The last integral does not contain new functions cosq and sing, and its computation is reduced to classic
calculus.

S.

. Suppose ) is an ellipse. In this case, its boundary is given by z(s) = acoss + xo and y(s) = bsins + yo

(where ZQ + < 1, since 0 € int Q). Using the previous item we obtain
0 = abs — ypacos s + xgbsin s + const.

We can not find s(6) from this equation explicitly. But the function f(x,y) is the square root of a linear
or quadratic polynomial in all optimal control problems considered in the paper. Hence, the extremals
equation 8 = f(cosq 0, sing ) in these problems takes the form

. flacoss+ xg,bsins + yp) o ¢ ab — yoasin s + xpbcos s gt
S = = 5
ab — yogasin s + xgb cos s f(acoss+ xzp,bsins + yo)

which can be expressed in elliptic functions.

. Suppose that the Minkowski function pg = sqo is known: Q = {(z,y) : sge(z,y) < 1}. Let ¢ denote a
classic angle. Let us parametrize the boundary OS2 by ¢, i.e.,

Cos ¢
800 (€os @, sin @)

sin ¢

500 (cos ¢, sin ¢)

z(¢) = cos 0(9) = and  y(¢) = cosq 0(¢) =

Put 7(¢) = sqe (cos ¢, sin @) for short. Then z + iy = 1ei?. Thus, §' = zy’ — 2y by the inverse polar change
of coordinates. So

LN . Tl iord —ig) Lyf. s i 7
9'2%((35—}—13/)1(30’—13/)):r%(le(b(e ¢)):%<1e¢(—e d’—T—Qe ¢)>

r
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Hence,

The values cosq # and sing @ are equal to 7~ cos¢ and r~!sin¢ correspondingly. The functions cosgo,
singe and the corresponding angle 0° <+ 6 can be found explicitly using differentiation formulae:

cosge 0° = (sing 0)p =y /07, = r2y(’b, = cosqe 0° = rcos ¢ — 1’ sin ¢;

singe 0° = —(cosq 0) = —al, /0], = —r?al, = singe 6° = rsing 41’ cos ¢.

So, the curve p + ig = (r + ir’)el? describes the boundary of the polar set Q°. Similarly,
0°" = R((r+ ) i((r — ir)e ) = R((r +ir')e e (—i(r +1"))

Hence,

o = e 0°(0)= [(70) + (o (9) do.

Remark 2.3. Formulae for extremals in the present paper are usually obtained in terms of convex trigonometry.
According to item 2.3, if the boundary of 2 is given parametrically, then all these formulae can be easily rewritten
to ones that does not use convex trigonometry at all.

Remark 2.4. If the boundary of € consists of finite number of parts of boundaries of sets Qq, ..., Qu,
then graphs of functions cosq and sing are glued of corresponding parts of graphs of functions cosg, , sing, ,
1 <k < Qp. For example, a cut disc is considered in detail in Section 7

2.4. Smoothness of the functions cosg and sing

Using the formulae of convex trigonometry obtained in the previous subsection, we are able to monitor
smoothness of the convex trigonometric functions.

Proposition 2.5. The following statements are equivalent:

(i) the boundary of Q is a regular C*-curve;
(ii) cosq and sing are C* functions;
(iii) sqo is C* outside the origin.

Here k > 1 is integer, k = oo, or k = w.

Proof. (i) = (ii). Let the boundary 9 be given as (z(s),y(s)), where z,y € C*, and 2> 4+ y,> # 0. Then
0.(s) € C*1 by (2.4). So 0(s) € C*. Moreover, 0, # 0, since z.> + 3> # 0 and 0 € intQ. So the inverse
function s(#) has the same smoothness, s(f) € C* by the inverse function theorem. Thus cosg 6 = x(s(6)) and
sing (0) = y(s(0)) are C*.

(i1) = (i). The functions cosq 6 and sing 6 give C* parametrization of the boundary 9, and 005529 +
sing,”0 = cosZ. 6° + sin. 6° # 0, since 0 € int Q°.

(#91) = (i). Consider the support function sqe in the classic polar coordinates x = pcos ¢, y = psin ¢. Since
5o is positively homogeneous, we have sgo = pg(¢), where g(¢) > 0 as 0 € int 2. So sqo is CF iff g is C*. Since
g # 0, this is equivalent to the fact that 1/g is C*. So if sgo is C¥, then z(¢) = cos ¢/g(), y(¢) = sin ¢/g(¢)
is a C*-parametrization of the boundary 052, and xf + y(’f =(g?>+9¢*)/g* > 0.
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(i) = (iii). Consider a CF-parametrization ((s),y(s)) of 99, z.> +y.> # 0. In the (classic) polar coor-
dlnates (p,¢) we have the parametrization (p(s),#(s)), which is again C*, since 0 € int Q. We know that
sao (2(s),y(s)) =1, so g(¢(s)) = 1/p(s). Since ¢. = (zy, — 2y)/(x® + y?), we have ¢/, € C¥~1 ¢ € CF, and
@, # 0 as 0 € int Q. So the function g(¢) must be C* by the inverse function theorem. O

Proposition 2.6. For any 1 < p < oo and integer k > 1, the following statements are equivalent:

(i) the boundary of Q is a regular W]ﬂ“-curveQ;

(#4) cosq and sing are W;f functions (on R/2SZ);
(iii) sqo(cos¢,sing) is W) function (on R/27Z).

Proof. (i) = (ii). Let the boundary 99 be given as (x(s),y(s)), where z,y € W}[so; 51, and 2P 4+y>>C>0
for some constant C' > 0. Consider first the case k = 1. In this case, s5(0) = 1/6%(s(0)) < 1/C, so s'(0) is a
bounded function and s(6) is Lipschitz continuous. Moreover, s’ vanishes on a set of zero measure. Hence the
derivative cosg, 0 = z/,(s(0))s'(0) is defined for a.e. 6, since cosq 6 = z(s(6)). Therefore, if p < co we have

/9(81)| vopan= [ e (0(s)(0)" L o)1 0) L)
cosg, 0 d0:/ x (0(s 0))Fdo < / x4(0(s))]s'(0)d0 = ——||=,]|p-
0(30) Q 0(30) £ Cp 1 £ Cp—l sip

In the case p = oo, we have

| cosg 0] = [(8(s))]s(0) < élx;(ﬁ(S))l-

Hence, in the both cases, cosg € W, [0(so); 0(s1)]. Similarly, sing € W} [0(s0); 0(s1)].

Now, we consider the case k > 2. In this case, 9Q € CF~1 Therefore 6(s) is a Ck~! function and s(6) is
C*=! too. Moreover, ¢’ is a continuous function separated from 0, so 5(9) is a bi-Lipschitzian function. Hence,
0, (s(0)) is Wr™L, since 0/ (s) is WF~1. Moreover, 0 < C' < 0, < C’ for some constants C' > C > 0, and the
function a — 1/a is smooth on [C; C']. Hence, s'(6) = 1/6/(s(0)) € W', Therefore, s(d) is W}. It remains to
compute

da* _ (k) / k / (k)
g% €050 0 =2 (s(0))(s'(9))" + x,(s(0))s'" () + G(0)

where G is a continuous function. So cosg € Wf and similarly sing € W;.
The other proofs (it) = (i), (i) = (¢i), and (it4) = (i) are similar to the corresponding proofs for
Proposition 2.5. O

Remark 2.7. Suppose that an open interval [ on 92 has smoothness WI’f (or CF). Then the functions cosq
and sing have the same smoothness while the point Py moves along .

We already know, that if 92 is C'* then the function °(6) is continuous. Let us extend this property:
Corollary 2.8. If 9Q is a regular C* (or Wzlf) curve for k > 2 and 1 < p < 400, then the function 0°(0) is
CH1 (or WF1) and

d6°

= cosg, 0 sing, 6 — sing, 0 cosg, 6. (2.5)

2The term “regular W;-curve” means that there exists a Wzlf parametrization (z(s),y(s)) of the curve such that /.2 + y/? is
separated from O for a.e. s.
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The curvature k of 9Q at the point (cosq 0,sing 0) is given by the formula

k() = (cosdye 6° + sind. °) 3292
de
Proof. The pair (cosg, 8, sing, 0) is a C*~1 (or Wﬁ_l) parametrization of 9Q°. Using the inverse polar change of
coordinates (see Sect. 2.2), we obtain formula (2.5). Using it, we see that 6°'(0) is C*~2 (or W}~2) and 6°(6)
is CF=1 (or WE—1).
The curvature can be computed in a standard way: put v(6) = (cosg 6, sing 0), then ' = (— singe 6°, cosqe 6°)
and 7" = —yd#°/df. It remains to compute x = (7 x v")/|7/|>. O

3. FINSLER GEOMETRY ON THE LOBACHEVSKY HYPERBOLIC PLANE

Consider the following control system on the upper half-plane L? = {(z,y) € R? | y > 0}:

from o

Y = yug;

where the 2-dimensional control u = (u1,us) belongs to a convex compact set  with 0 € int Q. Solutions of the
time minimizing problem T — inf for this system are Finsler geodesics on L2, where the length of a tangent
vector (£,m) € T(,w)l',2 is given by® yuq(&,n). Alternatively, we can consider this problem as a left-invariant
Finsler geometry on the Lie group Aff(R) of proper affine transformations of the line R. When {2 is a unit circle,
we have the classical hyperbolic plane with Lobachevskian geometry.

In this section we show an easy way of constructing Finsler geodesics on L? by the convex trigonometry.
Using the Pontryagin maximum principle (PMP), we get the following generalized Hamiltonian:

H = pyu1 + qyuo,

where p and ¢ are adjoint variables. Maximum of H in u € €} can be written very conveniently in terms of the
support function sq of the set Q:

H = = .
max H sa(py, qy)

Denote for short the arguments of sq by hy = py and hs = qy. Obviously %H =0 and H = const. We claim
that the case H = 0 is not possible. Indeed, if H = 0, then hy = hy = 0. Since y > 0, we get p = ¢ = 0, which
contradicts to the Pontryagin maximum principle.

So H > 0. Consequently the point (h1, he) moves along the boundary of the polar set ° stretched by H
times:

(hl,hg) € HoNC.

Let us now find the “velocity” of the point (hy, h2). Substituting p = —H/, =0 and ¢ = —H; = —pus — qua,
we get

hy = hyug, ho = —hyuy,

3Here puq = sqo denotes the Minkowski function of Q.
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and control can be found from the Pontryagin maximum condition hju; + hous — max,cn. Equations on hl
and hs do not depend on the shape of €2, but solutions to the Pontryagin maximum condition highly depend
on the shape of Q.

Nonetheless, extremals can be found simultaneously for all 2 by machinery of the convex trigonometry. Let
us use the generalized polar change of coordinates (see Sect. 2.2):

h1 = H cosqo 0° and ho = H singe 0°,

since H = sq(h1, ha). Moreover, if (uj,us) is an optimal control, then hjuj + hous = H and u € 9. Hence,
using the generalized Pythagorean identity (see Sect. 2.2), we get

U] = cosq 0 and Uy = sing 0

for an angle 6 < 6°.
Let us emphasize that the optimal control u = (cosq 8, sing #) can be easily recovered from the angle 6°(t)
by the relation 6 <> 6°. Alternatively, we may use the differentiation formulae (see Sect. 2.2):

. . d . . d
0°u; = 6°sing. 6° = 7 singo #° and  #°us = —6° cosge 0° = — g Cosee 0°.

Thus we find u; and wuy dividing by g°.
So the last thing we need is to find 6°. Let us compute the derivative of #°. According to the inverse polar
change of coordinates (see Sect. 2.2) for a.e. ¢ we have

o _ hihy — hohy _ _H2 o83 0 cosq 0 + H? cosqe 0° singe 0° sing 0 — cosge 6°
sg(hi, ha) H?
First, consider the case p # 0. We have
h
Y= == 2 cosge 6°.
p p
Let us find z. Since 6° = — cosqge 6°, the derivative §° is continuous. Hence #° € C2. Thus, the functions

cosqe 0°(t) and sing. 0°(t) are Lipschitz continuous (see Sect. 2.2), and using (3.1) we get

H H . Hd
T = yu; = — cosqo 0° cosq = —— cosq 00° = —— — singo 0°;
p p p dt

since (cosqe §°)" = —sing 6 and (sing. 6°)" = cosq 6 by the differentiation formulae (see Sect. 2.2). Recall that
H = const and p = const, so

r =g — — SiIlQo 0°.
p

Thus, for the case p # 0 we have proved that Finsler geodesics on the Lobachevsky plane coincide with parts
of boundary of the polar set Q°, which is stretched % times, rotated +90° (depending on the sign of p) and
moved horizontally to the distance xg. These geodesics are naturally called horizontal.

A natural parametrization of geodesics is given by solutions of the equation

g° = — cosqe 6°. (3.2)
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FIGURE 1. Examples of the polar set ° and Finsler geodesics on L2.

The topological structure of solutions to this equation is very simple. The point Qgo = (cosge 6°,sing. 6°) moves
along 002°. The intersection points of 9Q2° with the vertical axis are fixed points. In the right half-plane, Qgo
moves clockwise, and in the left half-plane, Qg moves counterclockwise (see Fig. 1). Note that if the set € is not
symmetric w.r.t. the origin, then the distance function on L? is not symmetric too, dist(A, B) # dist(B, A). So,
if p # 0, then geodesics going to the left and to the right are different. In the case, when the set 2 is symmetric,
L? becomes a metric space and geodesics going to the left and to the right are represented by the same curves.

Equation (3.2) can be explicitly integrated in many cases. For example, if 2 is a convex polygon, then Q° is a
polygon too and the functions cosge 0° and singe 6° are linear in 6° while the point Qo moves along an edge of
Q°. So in this case the equation #° = — cosgo 6° on an edge takes the form 6° = af° 4+ b and can be integrated
easily. If Q is an ellipse (see Sect. 2.3), then equation (3.2) takes the form

—acoss — Iy

ab — ypasin s + xgbcos s’

which can be integrated explicitly by elementary functions.

Now consider the last case p = 0. We have hy = 0 and hy = const # 0. If ks > 0, then the optimal control
u = (u1,u2) € 02 has maximal second coordinate uy, and u is the upper point of Q (if it is unique) or moves
arbitrarily along the upper edge of 2. The case he < 0 is similar. It is easy to see that, in both cases, the
described control is optimal, since the coordinate y takes maximal (or minimal) possible value at any given
time T'. These geodesics are naturally called vertical.

All vertical geodesics moving up from a given point (zg,yo) € L? form a domain in L? bounded by parts of
two lines (y — yo)/(z — o) = u3/u?, y > yo, which appear when the control u is constant, u(t) = (u{,u3), and
sits at the left (or right) end of the upper edge of Q. The similar fact holds for vertical geodesics moving down.

Summarizing, we get the following full description of geodesics in the Finsler problem on the Lobachevsky
hyperbolic plane:

Theorem 3.1. There are two types of geodesics in the sub-Finsler problem on the Lobachevsky hyperbolic
plane (3.1):

(k) Horizontal geodesics come from the polar set Q°. To obtain a horizontal geodesic one should (i) rotate Q2°
by £90°, (ii) stretch it A > 0 times, (iii) take the upper part of the boundary, and (iv) move this part
horizontally to any distance. If Q° was rotated clockwise then the motion on the geodesic is counterclockwise
and vice versa (see Fig. 1).

(v) To obtain a vertical geodesic moving up one should choose an arbitrary measurable control u(t) € Q having
mazimal possible ua-coordinate in Q for a.e. t. Then the corresponding vertical geodesic starting at (xq, yo)
has the following form:

t
x(t) = a0 + yo/ "% uy(s) ds; y(t) = yoe2".
0
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Vertical geodesics moving down are constructed in the same way by taking u(t) € Q having minimal possible
ug-coordinate in ) for all t.

4. SECOND ORDER ODES CONTAINING FUNCTIONS OF CONVEX
TRIGONOMETRY

A lot of problems considered below can be reduced to solving a differential inclusion containing functions
cosq and sing of the following form®:

6°(t) € —U'(6°(t)) for a.e. t, (4.1)

where 6°(t) € W2 (i.e., 6° is a Lipschitz continuous functions), U(6°) = f(cosqe 0°,singe 6°), f(p,q) is a
sufficiently smooth function, and the symbol U4’ denotes

U (6°) = { — fysing 0 + fycosq 0 for all 6 < 90}.

We use the previous notation, since ¢(6°) has derivative for a.e. #° which is equal to — f, sing 6 + f, sing 6 by the
differentiation formulae (see Sect. 2.2). The derivative U’ (0°) certainly exists if there exists a unique 6 <> 6° (up
to the period 2S° = 2S(€Q°)). In the opposite case, U (6°) has left and right derivatives, and the interval between
them we denoted by U’(6°). In the last case, the left and right derivatives coincide iff df (cosqe 0°,sing. §°) L
(cosqe 0°, singo 0°).

Usually, if U’(6°) consists of a unique element for some 6°, U’ (0°) = {a}, we will simply write U’ (6°) = a for
short.

Proposition 4.1. For any given initial data 03,05 € R, there exists a solution 0°(t) to (4.1) satisfying 0°(0) = 63
and 6°(0) = 05 and defined for all t € R.

Proof. The multivalued function " is upper semicontinuous at any point 6° in the following sense: for any
0° € R and ¢ > 0 there exists § > 0 such that U’(6°) belongs to the e-neighborhood of U’(#°) for any 6° € R in
the d-neighborhood of ° (this fact follows immediately from the differentiation formulae in Sect. 2.2). Moreover,
the set U(6°) is a non empty convex compactum for any 6°. Hence, for any initial data §°(0) = 63, 6°(0) = 65,
there exists a solution to (4.1) in a neighborhood of ¢ = 0 by Filippov’s theorem (see [26]). Moreover, any
solution can be extended to the whole line ¢ € R, since the function U’ is bounded. O

Nonetheless, uniqueness of solution to (4.1) (with given initial data) may fail. Despite the fact that U/(6°)
has derivative w.r.t. 6° for a.e. 6°, existence of the derivative of function U(#°(t)) w.r.t. ¢ needs additional
verification.

In the present section we will prove some general facts about differential inclusion (4.1). It appears that
uniqueness may fail only in very specific situations. Moreover, these situations correspond to singular extremals
in optimal control problems considered below.

4.1. First integral of energy
Theorem 4.2. The function E = %(90)2 +U(0°) is a first integral for (4.1), i.e., E is constant along any
solution 6°(t) to (4.1). Moreover, if 0°(t) is an arbitrary C*-function (on an interval), 8°(t) # 0 for allt, and E

is constant along 0°, then 6° belongs to W2 on the interval and it is a solution to (4.1).

4Results similar to those obtained in the present section are also fulfilled for the inclusion 6(t) € —U’(0(t)) by the bipolar
theorem.
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Proof. We start with the first part of the theorem. Denote Z = {t : §°(¢) = 0}. For a.e. 6° there exists a unique
0 < 0°, since 0f2° has a countable number of corners at most. Hence, for a.e. ¢ ¢ Z there exists a unique

0(t) < 6°(t) and the set U'(°(t)) contains a unique element, which must coincide with —6°. Therefore, the
function U(6°(t)) has derivative for a.e. t ¢ Z, and

I = 6°(1)8°(t) + 6° (U (6°(1) = 0 for ae. t & Z.

It remains to consider the case t € Z. Since §° € W2, there exists 6°(t) for a.e. t € Z. Moreover, for all t € Z,
0°(t +7) — 6°(t) = o(r). Hence, SU(6°(t)) = 0 for all ¢ € Z, since the functions cosge and singe are Lipschitz
continuous. Therefore, we have

= 0°(1)6°(t) + di U@ (t+7)=0 forae. teZ
T 17=0

Let us prove the second part. Consider a C'-function 6° such that 6° (t) # 0 for all t on an interval. Assume
that éo(t) > 0 for all ¢ (the case éo(t) < 0 for all ¢ is similar). In this case, g° = V2(E — U(6°))/2. Therefore,
6 is locally Lipschitz continuous and §° € W2 | . Hence 0 = E = 6°6° +Z/l’(9~°)§°. So §° = —U'(6°) for a.e. t,
since éo(t) # 0. It remains to say that ¢’ is a bounded function, therefore ° € W2 .

Jloc*

O

4.2. Uniqueness of solution

Let us now fix some initial data 6,07 € R:
0°(0) =63;  6°(0) = 65. (4.2)

If 0Q° is sufficiently smooth, then uniqueness of solution with the given initial data must hold due to the
classical Picard theorem.

Proposition 4.3. Let | be an open segment on 9Q° and (cosqe 0§, singe 05) € 1. If | is W2, then there exists
a unique solution 6°(t) to (4.1) in a neighborhood of t = 0 satisfying initial data (4.2).

Proof. Indeed, in this case, cosgo and singe are W2 -functions by Proposition 2.6 (see Rem. 2.7). Hence U € W2
and U’ € WL, i.e., U is a (single-valued) Lipschitz continuous function. Therefore there exists a unique solution
by the Picard theorem. O

Consequently, absence of uniqueness may be present only at points, where the boundary 9€2° does not have
W2 -smoothness. For example, if Q° is a polygon. Another example is the following one. If 1 < p < 2, then the
boundary of the set {27 +y? < 1} C R? is W -smooth for ¢ < 1/(2—p), but is not W2-smooth for ¢ > 1/(2—p).
So the previous proposition does not work here, and we will show absence of uniqueness for solution of Pontryagin
maximum principle in these cases for all left-invariant sub-Finsler problems on all unimodular 3D Lie groups in
Section 5.

Let us now investigate the non-uniqueness phenomenon.

Proposition 4.4. Suppose that 0 # 0. Then, there exists a unique solution éo(t) to (4.1) in a neighborhood of
= 0 satisfying initial data (4.2). Moreover,

O e

i VE-UE)

V2t = sgn 65 (4.3)
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where B = $(69)% + U(63).

Proof. Obviously, |é°(t)| = V2(E — U(0°(t)))*/? by Theorem 4.2. Since U(0°) < E for ° in a neighborhood of
65, we have

0 (1)
E —U(f°(1))

= sgn 652

for ¢ in a neighborhood of 0. Hence, (4.3) must hold. By the inverse function theorem, equation (4.3) has a unique
solution, since derivative (w.r.t. #°) of the right-hand side is equal to (E —#(0°))~'/2, which is continuous and
does not vanish in a neighborhood of 63. O

Hence, uniqueness may fail only at points, where 6° = 0. Moreover, even if §° = 0 this does not guarantee
absence of uniqueness (as for example in the case 9Q° € W2)).

Proposition 4.5. Let 65 € R and 03 = 0. If 0 ¢ U'(03), then there exists a unique solution 0°(t) to (4.1) in
a neighborhood of t = 0 satisfying initial data (4.2). This solution is even 6°(t) = 0°(—t) for t lying in the
neighborhood and satisfies

9° (t) o
V2|t| sgnid’ (63) = 0 (4.4)

0g \/E*Z/[(ao).

Proof. Since 07 = 0, we have E = U(65). Let U'(65) < 0 (the case U'(65) > 0 is similar). Then U'(0°) C [—a; —b]
in a neighborhood of 6 for some a > b > 0. Hence, using (4.1), we obtain 6°(t) > 0, §°(¢) > 0, and 0°(t) > 6°
for small ¢ > 0. Thereby

for t>0.

6°(t) de°
- [
: VE U@)
This integral has singularity at the left end, but it is finite, since E — 2(6°) > b#°. Put 6°(t) = 63 + 2, ¢ > 0:

et age
08 VE —U(6°)

The function F is absolutely continuous, F(0) = 0, and

def

V2t = = F(p).

2 2¢ 2
—= < Fl(p) = < —.
NG VE-UGB;+¢2) ~ Vb
Hence, F' is a strictly monotone increasing function, and there exists a unique solution ¢ = (t) > 0 to the
equation F(¢) = /2t for small ¢ > 0. Moreover, () is a bi-Lipschitz continuous function, and 6°(t) = 65 + > (t).

For ¢ < 0, we have

O e
—V2t = — for t > 0.

08 VE —U(6°)

Hence 0°(—t) = 6°(t). O
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The condition 0 & U'(65) is equivalent to the following one: the vector df (cosqe 65, singe 63) is not null and
defines a non-supporting line to Q° at (cosqe 65, singe 65).

4.3. Absence of uniqueness

So uniqueness may fail only if 5 = 0 and 0 € U’(05). Let us now investigate this situation. Obviously, if

U(0°) > U(03) in a neighborhood of #3, then a unique solution with 6 = 0 is 6°(t) = 63. Indeed, (°(¢))% < 0
by Theorem 4.2. It remains to describe solutions for the cases, when U(0°) < U(63) in a left or in a right
neighborhood® of 6.

The following theorem describes behaviour of solutions only for ¢ > 0. The case t < 0 is similar, since if §° (1)
is a solution to (4.1), (4.2) and 65 = 0, then §°(—t) is a solution to (4.1), (4.2) as well.

Theorem 4.6. Let 65 € R, 05 =0, and 0 € U'(0). Put E = U(0). Suppose that U(6°) < E either (r) in a
right, or (1) in a left, or (b) in both left and right neighborhoods of 65. Then there exists T > 0 with the following
properties.

(1) Let 6°(t) be a solution to (4.1), (4.2) for t > 0. Put
ty = sup{t > 0:60°(s) = 0 for all s € [0;]}.

If there exists a solution 6° with t, < oo, then 6° (t) fort € (ty;ty +7) is not null’, and (E—U(6°))~1/? €
L1(605,08 +¢) for some e # 0, sgne = sgn 6° (t+ +0). Moreover, for any solution 6° with ty < oo, we have

° (1) do°
0 VE-U(0°)
(2) If (r) (or (b)) and (B —U(6°))"'/2 € Li(63,05 + €) for some € > 0, then for any t. > 0 there ewists
(4

a solution 0°(t) to (4.1), (4.2) for t > 0 such that 0°(t) = 63 for t € [0;t,], 0°(t) is positive for t €
(ty;t4 + 1), and (4.5) holds. The remaining case ((I) or (b)) is similar with € < 0.

V2(t — t,)sgn éo(t+ +0) = for te€ (ty;ty + 7). (4.5)

The geometric meaning of the case 0 € U’(63) is the following. The constant 6°(t) = 63 is always a solution.
But if, for example, U(6°) < U(65) in a right neighborhood of 65 and the following improper integral

05 +e de°
0 E—-U(6°)

is finite for some € > 0, then uniqueness fails. A solution stays at 63 for an arbitrary time ¢; > 0 and then goes
to the right for at least 7 > 0 time. So, there is a 1-parameter family (determined by the parameter ¢; > 0)
of solutions for ¢t > 0 defined on [0;¢4 + 7]. Each solution can then be extended for ¢t € [0;+00) by Filippov’s
theorem. If U(6°) < U(6]) in a left neighborhood of 6§ and the improper integral is finite for some ¢ < 0, then a
solution can go also to the left (and there is another 1-parameter family of solutions for ¢ € [0;t4 + 7], t4 > 0).
A similar situation happens for ¢ < 0.

Proof of Theorem 4.6. Denote © = {6° € R : U(0°) = E}. Obviously, if éo(t) = 0, then 6°(t) € © by
Theorem 4.2. Put

02 =inf(© N {6° > 63}); 07 =sup(©@N{6° < 63}).
5We omit here some rare cases, when U(6°) < 0 in right (or left) neighborhood of 6§, but inequality ¢/(6°) < 0 does not hold in

any left (of right) neighborhood of 6.
SHence, it must be positive in the case (r) and negative in the case ().
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If (r) or (b), then 62 > 63, and if (1) or (b), then 67 < 65 by the hypothesis of the theorem.
Since |6°(t)] = V2(E — U(0°(t)))*/? for any solution 6° and U is a bounded function, the derivative 00( ) is
bounded by the constant M = /2(E — ming. U(6°))'/?, i.e., |9°( )| < M for all ¢. Denote

n= (0 —07)/M, 7= (07 —05)/M

and put (I) 7 =7, (r) 7 =74, or (b) 7 = min{7, 7,-}. Obviously 7 > 0.

The proof of item 1 is based on the following key property of 7: if 6°(t;) = 0°(t2) = 63 and |to — t1] < T,
then 6° (t) = 6§ for all ¢ between ¢; and . Let us prove this property by contradiction. Let t; < t3. Suppose
that there exists s € (ty,%2) such that 6°(s) # 63. Let for example 6°(s) > 63 (this is possible only if (r) or (b)
is fulfilled). Put 7 = argmax;c(;,.,) 0°(t). Then 0°(T) > 65, 6°(T) = 0, and 6°(T) € ©. Therefore, 0°(T) > 07
and we have the following contradiction:

0° — 05 < 0°(T) — 0°(t1) < M(T —t;) < Mt < 6° —65.

Now we are ready to prove item 1 of the theorem. Suppose that there exists a solution éf with ¢4 < oo.
By the definition of ¢, there exists s € (t4;t+ + 7) such that 0°(s) # 65. We claim that if 6°(s) > 65, then
éo(t) >0 for all t € (t;;t4 + 7). Let us prove this claim again by contradiction. Since 6°(s) > 63, (r) or (b) is
fulfilled. Moreover, if the claim does not hold, then there exists T' € (t+;t4 + 7) such that 6° (T) = 0. Therefore,
6°(T) € ©. Since T — t4 < 7, we have 6°(T) = 6. Hence, 6°(t) = 6§ for ¢ € [t4;T] by the key property of 7,
and we obtain a contradiction with the definition of ¢;. The case 0°(s) < 6§ is similar.

So, éo(t) # 0 and it does not change sign for all ¢ € (t4;t4 + 7). Let éo(t) >0 forall t € (t1;t4 +7) (the
opposite case is similar). Using Theorem 4.2, we obtain éo(t) = V2(E —UB°(t))/2 >0 for t € (t;ty + 7).
Hence

&:ﬁ for te (tysty +7)
E — U(6°(t))

and

t*t_;,_ fOI' t€ (t+,t++7’]

/t+ \/E UG (s

The change of variables d6° = 0°(s) ds, #° = 6°(s) is admissible, since the function §° € W2, is strictly monotone
increasing for t € [ty ;t +7]. This change proves both (E —2(6°))~/2 € L1(6g,6 + ¢) for some ¢ > 0 and (4.5)
for any solution 6° with ty < oo.

Let us now prove item 2 of the theorem. Suppose that (E —U(6°))~/? € L,(68, 63 + ¢) for some € > 0 (the
case ¢ < 0 is similar). Then (r) or (b) is fulfilled, and the function

o

W
03 VE—-U®)

is strictly increasing for 6° € [65; 602]. Moreover, G(63) = 0 and G(62) > /27, since E —4(6°) < 2 M?. Hence for
any t € [0;7], there exists 6°(t) such that G(6°(t)) = v/2t. Moreover, since G € C*(63,62) and G'(6°) # 0 for

G(@Q) def
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6° € (65, 07), we obtain 6° € C'(0;7) and go = V2(E — U(6°))*/2 > 0 by the inverse function theorem. Hence,
0° is a solution to (4.1) by Theorem 4.2.

Since 6°(0) = 63 and 6°(0) = 0, it remains to put

B (1) = 05 for t e [0;ty];
| 0t —ty) for teE (tyjty +7)

Indeed, the function § is C' and its second derivative is Lo, and satisfies (4.1) for a.e. t. O

So, uniqueness may fail only if a solution has zero speed 67 = 0 at a point 65 and 0 € U’(65). Moreover, if 9Q°
is W2 in a neighborhood of the point (cosqe 63, singe 63) then uniqueness persists, since improper integral (4.5)
is not finite (or by Prop. 4.3). Let us develop some easy to check condition that guarantees absence of uniqueness.

Proposition 4.7. IfU'(65 +0) < 0, then (E —U(6°))"Y/2 € L1(63,05 +¢) for E =U(03) and some ¢ > 0. A
similar result holds for the case U'(65 — 0) > 0.

Proof. Indeed, in this case, U(0°) < E — $6(6° — 6§) for 6° in a right neighborhood of 63. O

Let us give a geometric explanation of the pair of conditions 0 € U’(65) and U’ (65 + 0) < 0 (which together
guarantee absence of uniqueness for solutions with 69 = 0). Denote @ = (cosqe 6°, singe 6°) € 9Q°. Obviously,
if df (Q) = 0, then U’(65) = {0}. So we assume that df (Q) # 0. In this case, df (Q) defines an (affine) hyperplane
= {(p,q) € R** : {(p,q),df (Q)) < (Q,df(Q))}. The line III is tangent to IQ° at Q iff 0 € U’ (63). The set of
all 6 <> 65 has the form [0_; 0] + 2SZ, and the counterclockwise tangent ray at @ to 9Q° is defined by 6, : this
ray is co-directed with (—sing 6, cosq 654). In these notations, U’ (65 + 0) = (df (Q), (— sing 04, cosq 04)) < 0.
Therefore, the ray belongs to the interior of the supporting hyperplane IT at @ to Q°, defined by df (Q) # 0.

4.4. Admissible controls

In what follows, solutions to (4.1) often determine a lift of extremals into the cotangent bundle, and 6(t)
6°(t) determines control on extremals. So the last thing we want to develop in this section is to find all functions
6(t) such that, for a.e. t, 6(t) <> 0°(t) and

6° = df, sing 0(t) — df, cosq 0(t)

(measurable functions 0(t) satisfying these two properties for a.e. t will be called admissible).

First, suppose that 69 # 0. In this case, there exists a unique solution 6°(¢) to (4.1), (4.2) for ¢ in a neigh-
borhood of t = 0 by Proposition 4.4. Then 6° (t) # 0 in a neighborhood of ¢ = 0. Since for a.e. 6° there exists a
unique 6 < 6°, we obtain that there exists a unique 0(t) <> 6°(t) for a.e. ¢ in a neighborhood of ¢ = 0. Hence
there exists a unique (up to a set of zero measure) admissible (t).

Now suppose that 67 = 0. In this case, we want to examine, whether 6° (t) = 65 is a solution, and if it is, we
want to find an admissible §(t). Obviously,

—d f,(Qo) sing () + dfy(Qo) cosq A(t) = —6°(t) = 0,
where we denote Qo = (cosqe 03, singe 63) for short. Since 0(t) < 63,

cosqe 05 cosq O(t) + singe 03 sing 0(t) = 1.
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Hence, z = cosq é(t) and y = sing é(t) satisfy the following system of two linear equations:

{ x cosqe 0° + ysing. 0° = 1; o <COSQO 0° singo 6° > (x) _ (1)

2fq(Q(t)) — yfp(Q(1)) = 0; fo@Q@®) —£@QM®)) \y) \0)°

(1) If df (Qo) £ Qo, then the system has a unique solution (g, 3o), since the matrix in the left-hand side has
non-zero determinant. Moreover, the point (zg,yo) belongs to the supporting line to Q determined by the
first equation of the system. So, if df (Qo) £ Qo, then there are two possibilities.

(a) (z0,y0) € O iff 0 € U'(0). In this case, °(t) = 63 is a solution to (4.1). Moreover, there exists a
unique (up to a set of zero measure) admissible é(t) = 6y where xy = cosq 0y and yy = sing 0y. This
case usually corresponds to singular extremals.

(b) (20,y0) € O iff 0 & U’ (03). In this case, 0°(t) = 63 is not a solution to (4.1)(1a). By Proposition 4.5
there exists a unique solution 6°(t) to (4.1), (4.2), and 6°(t) # 0 in a punctured neighborhood of ¢ = 0.
Hence the admissible function é(t) is unique (again up to a zero measure) in this neighborhood.

(2) If df(Qo) L Qo, then U’(65) is a singleton. Indeed, (f,(Qo), f4(Qo)) = A(—singe 63, cosqe 67) for some A €
R and U'(Qo) = {—fp(Qo) sing 0 + f,(Qo) cosq 0 for all 6 <> 65}. Hence by the generalized Pythagorean
identity (see Sect. 2.2), we have U'(65) = {A}. There are two possibilities.

(a) If df(Qo) # 0, then U’(63) # 0 and §°(t) = 63 is not a solution to (4.1).

(b) If df(Qo) = 0, then U'(63) = 0 and 6°() = 6 is a solution to (4.1). In this case, any measurable
function 0(t) satisfying 0(t) < 63 is admissible. If Q° has a corner at Qo, then 6(t) is not unique and
vice versa. This case also corresponds to singular extremals.

Remark 4.8. To distinguish cases (1a) and (2b) we use the following terms. In case (1a), we say that A(¢) is
general singular; and in case (2b), we say that 6(t) is special singular.

5. LEFT-INVARIANT SUB-FINSLER PROBLEMS
ON 3D UNIMODULAR LIE GROUPS

5.1. Problem statement and normalization

Let G be a 3-dimensional unimodular Lie group, and L = TiqG its Lie algebra, where Id is the identity
element of G. Thus the following cases are possible [28]:

— L = b3 is the Heisenberg algebra,

— L = suy is the Lie algebra of the group of 2 x 2 unitary matrices,

— L = sly is the Lie algebra of the group of 2 x 2 real unimodular matrices,

— L = ses (L = sb,) is the Lie algebra of the group of Euclidean (resp. hyperbolic) motions of the 2-
dimensional plane.

Let A C L be a 2-dimensional subspace that is not a subalgebra, and let U C A be a convex compact set
such that 0 € inta U. We consider the following left-invariant time-optimal problem:

q € qU, qeG, (5.1)
q(0) =qo, q(T)=q,
T — min. (5.3)

Remark 5.1. If U is an ellipse centered at the origin, then problem (5.1)—(5.3) is sub-Riemannian. Some cases
of this problem were studied in papers [11-13, 18-20, 34, 41, 42].

Remark 5.2. Problem (5.1)—(5.3) defines a distance function on the group in a classical way. If U = —U, then
the distance is symmetric. In this case problem (5.1)—(5.3) is usually called sub-Finsler in literature. If U # —U
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then the distance is not symmetric, but it defines a regular Hausdorff topology on the group. So we will call
such a problem as well sub-Finsler for short.

Since problem (5.1)—(5.3) is left-invariant, we can assume that go = Id.
By the theorem of Agrachev-Barilari [2] on classification of contact left-invariant sub-Riemannian structures
on 3D unimodular Lie groups, there exists a basis L = span(X;, X, X3) such that

A= Span(X17X2)7
[XlaXQ} :X37 [X37X1] = (X+H)X27 [X3aX2] = (X_K’)le (54)
X=E=0 or (F+r=1, x>0

The case x = k = 0 corresponds to the Heisenberg algebra L = b3, and the case when G is the Heisenberg
group was first studied in [17], where curves having closed projection on the plane (x1,z2) were found without
using Pontryagin maximum principle. A full description of all geodesics in this problems was obtained in [10]
with the help of Pontryagin maximum principle, and in [31] with the help of convex trigonometry. Thus we
assume in the sequel that x? + k2 =1, x > 0.

The two-parameter group of transformations (X7, Xo, X3) — (aX1, X2, a8X3), a, 8 > 0, reduces product
table (5.4) to the following one:

(X1, Xo] = X3, [X3,X1] =aXa, [X3,Xo]=0X, (5.5)
a, b e {£1, 0}, a+b>0, (a,b) # (0,0), (5.6)

where a = sgn(x + k), b = sgn(x — k). So we get the following table of reduction from parameters (x, ) to
parameters (a, b):

- x+K£<0,x—k>0(
- x+Kk=0,x—rk>0(
- x+Kk>0,x—K>0(
(
(

sly) = a=-1,b=1,
sh ) = a=0,b=1,
sly = a=1,b=1,
se
su

L
L
L

- x+Kx>0,x—Kk=0(L
- x+Kr>0,x—K<0 (L

) = a=1,b=0,
2) = a=1,b=-1

Parametrize the set U C A by a control parameter u = (u1,u2) €  C R?, so that U = {u1 X1 + u2 X | u =
(u1,u2) € Q}. Then problem (5.1)—(5.3) reads as follows:

g =1 X1(q) +u2Xa(q), q€G, u=(u,uz) €, (5.7)
q(0) =qo =1d, ¢(T) = qu, (5.8)
T — min, (5.9)

where left-invariant vector fields X7, X5 on the Lie group G satisfy conditions (5.5), (5.6).

5.2. Pontryagin maximum principle

We describe extremals of problem (5.7)—(5.9). Notice that optimal controls in problem (5.7)—(5.9) exist by
the Rashevsky-Chow and Filippov theorems [4]. Denote the cotangent bundle of the Lie group G as T*G, and
its points as A € T*G. Introduce linear on fibers of T*G Hamiltonians corresponding to the basis vector fields:
hi(A) = (A, X5(q)), g =7(\), i =1,2,3, where 7 : T*G — G is the canonical projection.

Apply the Pontryagin maximum principle [4, 37] to problem (5.7)—(5.9). The Hamiltonian function of PMP
is H(u, A) = urhi(A) 4+ uzha(A). The Pontryagin maximum principle states that if a curve ¢(t) and a control
u(t), t € [0,T], are optimal, then there exists a Lipschitzian curve \; € T;(t)G, At # 0, t € [0,T], that satisfies
the following conditions:
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— the maximality condition

urh1 + ushg = meag(wlhl + w2h2) = SQ(hl, hg) =: H, (510)
— the Hamiltonian system
hy = —ushs,
hy = wih, (5.11)
hg = 70,U1h2 — bUth,

G =u1 X1 + u2Xo,
— and the identity H = const > 0 along any trajectory.

Abnormal case. Let H = 0. Then h; = ho =0, and since A; # 0 then hg # 0. Then the first two equations
of system (5.11) yield ughs = uihs =0, thus u; = ugs = 0. So abnormal trajectories are constant, ¢ = const.

Cauchy nonuniqueness of extremals. Extremals are trajectories of a nonautonomous ODE — the Hamil-
tonian system of PMP (5.11). So there can be two different extremals A} # A? that intersect one another:
Al, = AZ,. We call such phenomenon Cauchy nonuniqueness of extremals. There can be two reasons for Cauchy
nonuniqueness:

— Cauchy nonuniqueness of extremals due to different controls: the point A\, of an extremal A\; determines
a nonunique control u(fy) via the maximality condition of PMP (5.10). Then we have different controls
uy(t) # uz(t) and the corresponding different extremals A} # A7 with A}, = A2 = Ay,.

— Cauchy nonuniqueness due to nonsmoothness: the Hamiltonian vector field H corresponding to maximized
Hamiltonian H of PMP is not C'-smooth. Then, even if maximality condition (5.10) of PMP defines
uniquely control as a function of covector A — u()), the resulting vector field H(\) may have different
trajectories with the same initial point (like the ODE @ = x!/3).

In order to distinguish different reasons for Cauchy nonuniqueness of extremals, introduce the following sets:
S = {(h1,he) € R? | H ¢ C*(hy,h2)}, k=12

It is obvious that {0} C &1 C G5 and that &; consists of a finite or countable set of rays beginning at the
origin. Moreover, the set of points where 9€° is not C? has zero measure by Alexandrov theorem [5]. Hence the
set G4 consists of rays beginning at the origin, and intersection of G5 with the unit circle has zero measure on
it.

If (h1, he) € &4, then maximality condition (5.10) determines a nonunique control, and we may have classical
singular trajectories. Moreover, bang-bang extremals can join singular extremals, so mixed extremals (concate-
nations of bang-bang and singular extremals) may appear because of Cauchy nonuniqueness due to different
controls.

If (hy,hs) € &2\ &y, then H € C! and maximality condition (5.10) determines a unique control u = VH.
Although, the Hamiltonian vector field HecCO \ O, thus we may have Cauchy nonuniqueness of extremals due
to nonsmoothness, and this case needs additional accuracy.

Finally, if (hq, ha) € R?\ Gy, then H € C?, thus He C"', and there is no Cauchy nonuniqueness of extremals.

Normal case. Let H > 0. The maximized Hamiltonian H(hy, ha) is a convex positively homogeneous of
order one function in the plane R} , . Maximality condition (5.10) yields u = (u1,u2) € 99, thus

u1 = cosq 0, Uy = sing 0 (5.12)
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for an angle 6§ € R/(2SZ). Moreover, condition (5.10) yields (hq, he) € HOQ°, thus

h1 = H cosqo 0°, ho = H singo 0° (5.13)
for an angle 6° € R/(2S°Z), S° = S(Q2°). Since

Ulhl + u2h2

cosq 0 cosqe 0° + sing 0 singo 0° = fi

= ]_7
then 6 <+ 6° for a.e. t. Further, we have

_ hiho — hahy

go e = (H cosqe 0° cosq Ohs + H singe 0° sing 6hs3)/H? = hs/H.

So the vertical subsystem of Hamiltonian system (5.11) reduces to the system

{9.0 = hs/H, (5.14)

hs = —H (a cosg 0 singo 0° + bsing 6 cosgs 6°).

Using Theorem 4.2, we see that %9"’2 + %(a singzo 0° — bcosd, 0°) is a first integral of the system. This fact
can also be obtained via the left-invariant structure of the system. Indeed, the function C = %(h% — bh? + ah3)
is a Casimir on the Lie coalgebra L* for Lie-Poisson bracket, thus the ratio E = C/H is a first integral of
system (5.14). Decompose

1
E = ﬁhg +U(0°),

1 H
UB°) = ﬁ(ahg —bh?) = - (a sindo 0° — bcosde 0°).

We call ﬁh% the kinetic energy, U(0°) the potential energy, and E the full energy of system (5.14). This system

turns out to be a Hamiltonian system with the Hamiltonian E:

0° =hs/H, 6°cR/(2S°Z

. 3/H, € R/(25°Z), (5.15)
hs € —L{’(GO), hs € R.

If Q° has C2-smooth boundary, then cosge 8° and sing. 6° are C%2-smooth functions by Proposition 2.5. In
this case we have a classical smooth Hamiltonian system. If 9Q° has corners then U’(6°) is an interval between
left and right derivatives at a corner 6°. In this case we read Hamiltonian system (5.15) in the Filippov sense [26],
and it may have multiple solutions with the same initial data.

Remark 5.3. The function ¢/(6°) is Lipschitzian in general, since 9§2° is Lipschitzian, and system (5.15) may
have non-unique solution. But if an open interval on 9Q° is C?, then U € C? for corresponding angles °, and
system (5.15) has a unique solution for any given initial data. In other words, uniqueness may fail only on the
set Gs.

The phase portrait of system (5.15) is completely determined by the potential energy U (6°).
We call an extremal arc A\, ¢ € [o, 8], a < f3:

— a bang arc if (h1, ha)(A) ¢ G2 for all t € (o, B),
— a bang-bang arc if (hy, ha)(\:) ¢ &3 for ae. t € (a, f),
— a singular arc if (hy, ha)(A¢) € &3 for all ¢ € [a, ],
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— mixed if it is a concatenation of a finite number of bang-bang and singular arcs.

Remark 5.4. Usually, the term “singular extremal” is used for extremals where PMP defines a non-unique
control. On these extremals uniqueness of solutions to PMP is lost. Moreover, singular extremals were studied
mostly for problems with one-dimensional control, where analogues of the sets &; and G5 coincide one with
another. We believe that the term “non-singular extremals” must be applied to extremals where everything is
regular, i.e., PMP has the property of uniqueness of solutions. Therefore we decided to use term “singular” in
this paper for extremals in G,.

In examples considered below we prove that Fuller’s phenomenon is not present here, i.e., along any extremal
arc duration of all maximal bang arcs is separated from zero, thus any extremal arc is either bang-bang, singular,
or mixed.

5.3. Bang-bang extremals

System (5.15) has fixed points (6°, h3) = (02,0), where U’'(62) 5 0.

If 4 (0°) has a local minimum at 62, decreases at an interval (02 — e, 02] and increases at an interval [0, 02 +¢),
then the phase portrait of system (5.15) has a fixed point (6°, hs) = (62,0) of the center type.

If 24 (0°) has a local maximum at 6%, increases at an interval (09 — ¢, #7] and decreases at an interval [05, 05 +¢),
then the phase portrait of system (5.15) has a fixed point (6°, h3) = (62,0) of the saddle type. The separatrix
entering the fixed point (07,0) in the strip 6° € (62 — €, 02) comes to the fixed point for the time evaluated by
the improper integral (see Section 4.3)

o

* de°
oo—c /2(E—U(0°))
This time is finite or infinite depending on whether the integral I converges or not. Similarly for the separatrix

in the strip 6° € (62,05 + ). So, unlike the classic case, separatrix can enter the fixed point of saddle type in
finite time. In this case, we have Cauchy nonuniqueness of extremals.

I=H (5.16)

5.4. Singular extremals

Since the singular set G4 of Hamiltonian H consists of rays starting at the origin forming set of zero measure,
and sq(hi, he) = H = const, any singular arc \; satisfies the identities

hi(A¢) = const, ha(A¢) = const. (5.17)

If the corresponding extremal trajectory ¢(t) is not constant, then the Hamiltonian system (5.11) implies
additionally that

ha(\e) =0, (5.18)
aul(t)hg()\t) + b’U/Q(t)hl()\t) =0. (519)

Taking into account (5.12), (5.13) and the maximality condition (5.10), we conclude that a singular extremal
satisfies the following conditions:

0° = const,
h3 = 07
asinge 0° cosq 6 + b cosqo 0° sing 6 = 0,

cosqo 0° cosq 0 + singo 0° sinp 6 = 1,
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(h1(Ae), h2(Ar)) € G2 (5.24)

Conversely, any arc A, and control u(t) that satisfy conditions (5.20)—(5.24) are singular.

Hence 6° = const is a clue parameter determining the singular extremal.

Let us investigate solutions of system (5.20)—(5.24) (the investigation is similar to Sect. 4.4). We start with
equations (5.22), (5.23). They may be written in the following form:

A(Zl):(é), (5.25)

where u = (ug, ug) = (cosq 6, sing 0) and

cosqo 0° singo 0°

A= < asinge 0°  bcosgo 6° ) ’

Any solution to linear system (5.25) must belong to the support line of Q defined by the first equation
cosqe 0°uy + singe 6°us = 1, but it may happen that there exist solutions to linear system (5.25) that do
not belong to 99.

Let u®(t) € 0Q for t € [t1,t5] be a measurable function such that Au®(t) = (1, 0)7 for a.e. t € [t1,t5]. Then
for the initial point gy = Id there exists a unique corresponding singular extremal of the form h; = cosg. 0° =
const, he = singe. #° = const, hg = 0 and u(t) = u®(¢t), where ¢(t) is found as a unique solution to (5.11) with
u(t) = u®(t). Moreover, any singular extremal with given #° = const has the described form. Hence, solutions
of linear system (5.25) play a key role in investigating singular extremals.

Let us now investigate linear system (5.25). Obviously, rk A > 1, since (cosqe 6°,singe 68°) # 0. If tk A = 2,
then linear system (5.25) has a unique solution u®. If u® ¢ 9 then there are no singular extremals with given 6°.
If w® € 99, then for the initial point ¢y = Id, there exists a unique corresponding singular extremal with given
0°, and it has the constant singular control u(t) = u® = const.

Let us now consider the special case tk A = 1. In this case, system (5.25) has a solution iff the second row of
Ais (0, 0), i.e., asingo §° = bcosgo §° = 0.

— If a® + b? = 2 (cases sly and suy), then there are no singular extremals in the special case.

—If a=0and b =1 (case L = sh,), then there are singular extremals in the special case if cosg. 8° =0
and (0, singe 0°) € &,. Indeed, if the last two conditions are fulfilled, then linear system (5.25) has infinite
number of solutions, which form a horizontal supporting line to 2. Intersection of this line with 02 is a
segment [uf,u?] (or a point uf = u? if (hq, he) € G2\ &1). Hence, for any measurable function u®(t) €
[uj,uf] for a.e. t € [t1,to] (i-e., u®(t) = (cosq O(t),sing O(t)) where 6(t) <+ 6° for a.e. ¢ € [t1,t2]), there
exists a unique corresponding singular extremal with hy = H cosge 8° = const, ho = H sing. §° = const,
and hz = 0.

— Ifa=1and b =0 (case L = seq), then there are singular extremals in the special case if singo #° = 0 and
(cosqe 6°,0) € Gy. If so, then the situation is similar to the previous one, but for vertical supporting lines
to Q.

—If a=b=0 (case L = h3), then there are singular extremals in special case for arbitrary 6°
it (cosqe 0°,singe 0°) € Sy (see [31]). The corresponding singular control has the form u®(t) =
(cosq 0(t), sing O(t)) where 0(t) <> 0° for a.e. t € [t1,12].

In the sequel, we distinguish two cases of singular extremals described above:

— general singular extremals in the case tk A = 2,
— special singular extremals in the case rk A = 1.
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5.5. Mixed extremals

A mixed extremal appears when a bang arc (6°(t),hs(t)) enters for a finite time a point (02,0) that
corresponds to a singular extremal.

5.6. Special case: 2 a polygon

Let  C R? be a convex polygon containing the origin in its interior. The polar set to € is a convex polygon
Q° = conv(wy,...,w;) C R? with the origin in its interior. The generalized trigonometric functions cosge. 6° and
singo §° are piecewise linear on R/(2S°Z) with possible corner points 65, ..., 85, where (cosqe 67, singe 67) =
wf, i =1,...,k. The potential energy U(6°) = & (asing. 0° — beosp. 0°) is piecewise quadratic, thus U’(6°) is
piecewise linear with the same possible corner points. So at each segment 0° € (67,07, ,),i=1,...,k, 07, = 05,
system (5.15) takes the form

0.0 0 1 g° 0
<h3>:<ai 0><h3>+<ﬂl)7 Oli,,@jER,

where a; = acos? 0; + bsing, 6;. This system in the strip (67,65, ;) x R has the following phase portraits (we
mention in parentheses the elementary functions in which the system is integrated):

a; > 0: hyperbolic (hyperbolic functions),
a; < 0: elliptic (trigonometric functions),
a; = 0: parabolic (quadratic functions).

The phase portrait of system (5.15) in the whole cylinder (R/(2S°Z)) x R is glued from the phase portraits
in the strips (67,67, ,) x R. Let us examine behaviour of system (5.15) on lines §° = 67. If 0°(ty) = 6 and
go (to) # 0 on a trajectory, then it intersects the line §° = 6 at an isolated point ¢ = o and has a corner type
singularity at it. But if #°(g) = 62 and 6°(to) = 0, then a singular arc 6°(t) = 69 with Cauchy nonuniqueness
may appear.

Singular arcs are curves \; € T*M that satisfy conditions (5.20)—(5.24). Switching times correspond to
motion of Hamiltonian system (5.15) between successive vertices of the polygon Q°. Note that condition of
Theorem 4.6 is automatically fulfilled for each corner 6§ with 0 € U’(6§), since the function f is analytic. So,
using Propositions 4.3, 4.5 and Theorem 4.6, we obtain

Theorem 5.5. If Q is a convex polygon containing the origin in its interior, then all extremals in problem (5.7)—
(5.9) are bang-bang, singular or mized. Hence, if an extremal does not contain special singular control, then the
control is piecewise constant and the extremal is piecewise smooth.

In Sections 5.8 and 5.9 we consider in full detail the cases of the squares Q = {u € R? | |lu[» < 1} and
Q={uelR?|||ul; <1}.

5.7. Special case: € strictly convex

Let Q C R? be a strictly convex compact set containing the origin in its interior. Then the support function H
is C! out of the origin, i.e., &; = {0}. If in addition 9Q° is C%-smooth, then H € C! and there are neither
singular nor mixed trajectories. Moreover, if 9Q° is W2 | then the solution is unique by Proposition 4.3. So the
following theorem holds.

Theorem 5.6. If Q is a strictly convexr compact set containing the origin in its interior and 09° is C*-
smooth, k > 2, then all extremals in problem (5.7)~(5.9) are bang and C*-smooth. Moreover, there is no Cauchy
nonuniqueness of extremals.
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FIGURE 5. Plot of cosg. 0°: {o.

Proof. Indeed, cosgo and singe are C* functions by Proposition 2.6. Hence, U is C*, and 6°(t) is C**1. Moreover
0(6°) is C*~! by Corollary 2.8. Thus u (t) = cosq 0(0°(t)) and us(t) = sing 0(6°(t)) are C¥~1. Hence extremals
are O by (5.7). O

We consider the case Q = {u € R? | ||ul|, <1}, 1 < p < oo, in Sect. 5.10.

5.8. Example: Q = {||u||cc < 1}

Let Q = {(u1,u2) € R? | |u1|, |uz| < 1}. Then Q° = {(hy,h2) € R? | |hy| + |ho| < 1} and S° = 2. The
functions singe 6° and cosge 0° are piecewise linear and 4-periodic, they are plotted at Figures 2 and 3 (these
plots were first given in [31]).

We have sind. #° = (1 —|(0° mod 2) — 1|)2, see Figure 4, and cos?. 6° = (1 — (6° mod 2))?, see Figure 5.
Case 1: a = —1, b = 1. We have U(0°+k) = —(2(6°)2 — 20° + 1)/2 for 6° € [0;1], k € Z, see Figure 6. In the
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FIGURE 6. Plot of U(6°): {, Case 1.

FIGURE 7. Plot of U(6°): ¢, Case 2.

FIGURE 8. Phase portrait of (5.15): ¢, Case 1.

strip (0,1) x R system (5.15) has the form 6° = hg, hs = 26° — 1, it has the saddle phase portrait (see Fig. 8)
and the bang trajectories

0° = C} cosh(v/2t) + Cysinh(vV/2t) + 1/2,
hs = C1V/2sinh(vV/2t) + Cyv/2 cosh(v/2t),
CL=05-1/2,  Co=h3/V2.
General singular extremals are (0°, hg) = (n,0), n € Z. There are neither mixed nor special singular extremals.
Case 2: a =0, b = 1. We have U(0°+2k) = —(6° — 1)?/2 for 6° € [0;2], k € Z, see Figure 7. In the strip

(0,2) x R system (5.15) has the form 6° = hs, hs = 6° — 1, it has the saddle phase portrait (see Fig. 9) and the
bang trajectories

0° = Cy cosht + Cysinht + 1,
hs = Cysinht 4+ Cy sinht,
Cy =05 -1, Cy = hj.
General singular extremals are (6°, h3) = (2n,0), n € Z, and special singular extremals are (6°,hs) = (2n +

1,0), n € Z. There are no mixed extremals.
Case 3: a =1, b= 1. We have U(0°+2k) = 1/2 — |0° — 1] for 6° € [0;2], k € Z, see Figure 10. In the strip

(0,1) x R system (5.15) has the form 6° = hg, hs = —1, it has the parabolic phase portrait (see Fig. 12) and
the bang trajectories

0° = 05 + h3t — %2,

hs = h3 —t.
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General singular extremals are (6°, hs) = (n,0), n € Z. There are no special singular extremals. The parabolas
enter the points (6°,hs) = (1,0) and (3,0) for finite time. Thus at these points bang extremals join singular
extremals, there appear mixed extremals.

Case 4: a = 1, b = 0. We have U(0°+2k) = (1 — |6° — 1[)2/2 for 6° € [0;2], k € Z, see Figure 11. In the strip

(0,1) x R system (5.15) has the form g° = hs, hy = —0°, it has the center phase portrait (see Fig. 13) and the
bang trajectories — arcs of circles

0° = C1cost + Cosint,
hs = —C1sint + Cs cost,
Ci =0g, Co =
General singular extremals are (6°,hs) = (2n+ 1,0), n € Z, and special singular extremals are (0°, hg) =
(2n,0), n € Z. The circles enter the points (6°, h3) = (1,0) and (3,0) for finite time. Thus at these points bang

extremals join (general) singular extremals, there appear mixed extremals.
Case 5: a =1, b = —1. We have U(0°+k) = (°)*> — 6° + 1/2 for 6° € [0;1], k € Z, see Figure 14. In the strip

(0,1) x R system (5.15) has the form 6° = hs, hs = 1 — 26°, it has the center phase portrait (see Fig. 15) and
the bang trajectories — arcs of ellipses

6° = C} cos(V2t) + Cy sin(V2t) + 1/2,

hs = —C’nf?sin(x/ﬁt) + CQ\[QCOS(\[Qt),

C1=65-1/2, Cy=hy/V2.
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FIGURE 17. Plot of cosqe 6°: ¢1.

FIGURE 19. Plot of cos}. 6°: ¢4

General singular extremals are (0°, hg) = (n,0), n € Z. There are no special singular extremals. The ellipses
enter the equilibria (6°, h3) = (n,0) for finite time. Thus at these points bang extremals join singular extremals,
there appear mixed extremals.

5.9. Example: Q@ = {||ul|1 < 1}

Let Q = {(u1,u2) € R? | |ug| + |uz| < 1}. Then Q° = {(h1,h2) € R? | |h1|, |h2| < 1} and S(Q°) = 4. The
functions singe 6° and cosge 6° are piecewise linear and 8-periodic, they are plotted at Figures 16 and 17 (these
plots were first given in [31]).

The functions sinf—zo 6°, cos?. 0° are 4-periodic, even with respect to §° = 2, with

0\2 o 1 1 o 1
Sin?zo 90 _ (0 ) ) 9 S [Oa ]a COS?)O 90 — ) ) 0 S [07 ]a
17 v° € [132]7 (00 - 2) ) 0° € [1’2]3

see Figures 18 and 19.

Since the set  has neither horizontal nor vertical edges, all singular extremals are of general type (see
Sect. 5.4).
Case 1: a = —1, b = 1. The function #(6°) is 2-periodic and even, with U (0°) = —(1+ (6°)?)/2 for 6° € [-1,1],

see Figure 20. In the strip (0,1) x R system (5.15) has the form 6° = hg, hg = 6°, it has the saddle phase portrait
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FIGURE 20. Plot of U(6°): ¢1, Case 1.
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FIGURE 21. Plot of U(6°): ¢1, Case 2.

FIGURE 22. Phase portrait of (5.15): ¢1, Case 1.

(see Fig. 22) and the bang trajectories

0° = Cy cosht + Cs sinht,
hs = Cysinht 4+ Cs cosht,
Cy =05, Cy = h3.

General singular extremals are (0°, hs) = (2n + 1,0), n € Z. There are no mixed extremals.
Case 2: a =0, b = 1. The function U(6°) is 4-periodic and even, with

o _1/27 g° e [0’ 1]a
ue”) = {_(90 —2)2/2, 6°€[1,2],

see Figure 21. In the strip (0,1) x R the phase portrait of system (5.15) consists of bang trajectories — hor-
izontal segments 0° = 05 + ht, hs = hJ # 0 and equilibria §° = const € (0,1), hg = 0. In the strip (1,2) x R
system (5.15) has the form 6° = hs, hs = 6° — 2, it has the saddle phase portrait (see Fig. 23) and the bang
trajectories

0° = C cosht + Cysinht + 2,
hs = Cysinht + C5 cosh t,
Cy =65 -2, Cy = h.
General singular extremals are (6°, hs) = (2n + 1,0), n € Z. There are no mixed extremals.
Case 3: a = 1, b = 1. The function U(6°) is 4-periodic, even and odd w.r.t. ° = 1, with U(6°) = ((0°)? — 1)/2

for 0° € [0,1]. see Figure 24. In the strip (0,1) x R system (5.15) has the form 6° = hs, hs = —6°, it has the
center phase portrait and the bang trajectories — arcs of circles

0° = C cost + Cy sint,
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FIGURE 23. Phase portrait of (5.15): ¢1, Case 2.
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FIGURE 24. Plot of U(6°): ¢1, Case 3.
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F1GURE 25. Plot of U(6°): ¢, Case 4.

hs = —C1sint + Cs cost,
Cl = 08, CQ = hg

The circles enter the point (6°,h3) = (1,0) for finite time. In the strip (1,2) x R system (5.15) has the form
0° = hs, hs = 0° — 2, it has the saddle phase portrait (see Fig. 26) and the bang trajectories

0° = C cosht + Cysinht + 2,
hs = Cysinht + Cs cosh t,
Cr =105 -2, Cy = h.

There are neither singular nor mixed extremals.
Case 4: a =1, b = 0. The function U (6°) is 4-periodic and even, with

oy _ J(0°)2/2, 6° €0,1],
ues) = {1/2, 6° € [1,2],

see Figure 25. In the strip (0,1) x R system (5.15) has the form 6° = hs, hy = —6°, it has the center phase
portrait and the bang trajectories — arcs of circles

0° = Ci cost + Cysint,
h3 = —Cl sint + 02 COSt7
Cy =65, Cy = hY.

In the strip (1,2) x R the phase portrait of system (5.15) consists of horizontal segments 6° = 63 + hit, hy =
hY # 0 and equilibria §° = const € (1,2), hz = 0, see Figure 27.

General singular extremals are (0°, hs) = (2n+1,0), n € Z. The circles enter the points (0°, h3) = (2n + 1,0)
for finite time. Thus at these points bang extremals join singular extremals, there appear mixed extremals.
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FIGURE 27. Phase portrait of (5.15): ¢1, Case 4.
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FIGURE 28. Plot of U(6°): ¢1, Case 5.

FIGURE 29. Phase portrait of (5.15): ¢1, Case 5.

Case 5: a = 1, b = —1. The function U (0°) is 2-periodic and even, with U(6°) = (1 + (0°)?)/2 for 6° € [0,1],

see Figure 28. In the strip (0,1) x R system (5.15) has the form 6° = hg, hg = 6°, it has the center phase portrait
(see Fig. 29) and the bang trajectories — arcs of circles

0° = C; cost + Cysint,
hs = —C1sint + C5 cost,
Cy = 05, Cy = h3.

General singular extremals are (0°, hg) = (2n+1,0), n € Z. The circles enter the points (6°, hs) = (2n +1,0)
for finite time. Thus at these points bang extremals join singular extremals, there appear mixed extremals.

5.10. Example: Q@ = {||u||, <1}, 1 <p < o0

Let Q = {(u1,u2) € R? | |u1|P + |uzP < 1}, and let 1 < p < oo, then € is a strictly convex domain. Then
0° = {(hy,h2) € R? | |h1|? + |h2|? < 1}, ¢ = p/(1 —p) € (1,00), and S° = S(Q°) = 4T'2(1 + 1/q)/T(1 + 2/q).
The function sing. 6° has period 2S°, is odd w.r.t. 8° = S° and even w.r.t. ° = S°/2. The function cosg. 6°
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FIGURE 30. Plot of singe 6°: £, ¢ < 2.
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FIGURE 31. Plot of cosqe 6°: £, g < 2.
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FIGURE 32. Plot of singe 6°: £y, ¢ > 2.
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FIGURE 33. Plot of cosqe 6°: £, ¢ > 2.
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has period 2S°, is even w.r.t. #° = S° and odd w.r.t. §° = S°/2. If 1 < ¢ < 2, then sing.(S°/2) < 1/v/2 and
cosqe (S°/2) < 1/v/2. If 2 < ¢ < oo, then sing. (S°/2) > 1/v/2 and cosq-(S°/2) > 1/+/2. The functions singe 6°
and cosge 6° are plotted for ¢ = 5/4 at Figures 30 and 31, and for ¢ = 4 at Figures 32 and 33.

In the £, case the functions singe §° and cosge 6° are parametrized by hypergeometric functions and sys-
tem (5.15) seems hard to be explicitly integrable”; although, the qualitative structure of the phase portrait is
easily constructed below. The sub-Riemannian case Q = {||lul]l2 < 1} leads to the pendulum equation and is
integrable in elliptic functions.

The functions sing. 6°, cos. #° have period S° and are even. The functions sing. §° and cos3. ° are plotted
for ¢ = 5/4 at Figures 34 and 35, and for ¢ = 4 at Figures 36 and 37.

In the case ¢ > 2 the boundary 99° and the Hamiltonian H are C?-smooth. By Th. 5.6, all extremals are
bang and smooth. There is no Cauchy nonuniqueness of extremals.

"Nonetheless it is Liouville integrable as we have shown.
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FIGURE 34. Plot of sing. 6°: £,, ¢ < 2.

1

S s an ®
FIGURE 35. Plot of cos?. 6°: Ly, q < 2.
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FI1GURE 36. Plot of sin?zo 0°: €y, g > 2.
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FIGURE 37. Plot of cos?. 6°: Ly, q> 2.
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F1GURE 38. Plot of U(6°): ¢,, ¢ < 2, Case 1.

In the case ¢ € (1,2) the boundary 9Q° and the Hamiltonian H are C2-smooth if hihy # 0, and belong to
CY\ C? if hihy = 0, h? + h3 # 0. In this case there are singular and mixed extremals. Cauchy nonuniqueness
due to nonsmoothness appears in some cases, see Th. 5.7 below.

Case 1: a = —1, b = 1. The function U (6°) = —(sin 6° + cosd. 6°)/2 has period S°/2 and is even with respect

to 0° = S°/4.

Let 1 < ¢ < 2, then U(6°) has minima at §° = 0 and S°/2 (which are singular extremals, since U(0°) is
not twice differentiable for #° = 0,S°/2), and maximum at §° = S°/4 (this follows from the mutual disposition
of the sphere ° and the circles h? + h3 = const), see Figure 38. Thus system (5.15) has center equilibria at
(6°,h3) = (0,0) and (6°,h3) = (S°/2,0), and saddle equilibrium at (6°,hz) = (S°/4,0), see Figure 40. The
function U(6°) is C%-smooth when ° # S°n/2, thus the integral I (5.16) diverges, and there is no Cauchy
nonuniqueness of extremals. Hence, there are no mixed extremals.

Let 2 < g < oo, then U(6°) has maxima at #° = 0 and S°/2, and minimum at 6° = S°/4, see 39. Thus
system (5.15) has saddle equilibria at (6°,h3) = (0,0) and (6°,h3) = (S°/2,0), and center equilibrium at
(0°,h3) = (S°/4,0), see Figure 41.

Case 2: a =0, b = 1. The function (6°) has period S° and is even with respect to §° = S°/2. It has minima
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F1GURE 39. Plot of U(6°): £,, ¢ > 2, Case 1.

FIGURE 40. Phase portrait of (5.15): £, ¢ < 2, Case 1.
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FIGURE 41. Phase portrait of (5.15): £,, ¢ > 2, Case 1.
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FIGURE 42. Plot of U(6°): ¢,, q < 2, Case 2.
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FIGURE 43. Plot of U(0°): ¢,, ¢ > 2, Case 2.

Cp,

at 0° = 0 and S°, and maximum at 6° = S°/2, see Figures 42, 43. Thus system (5.15) has center equilibria at
(0°,h3) = (0,0) and (0°, h3) = (S°,0), and saddle equilibrium at (6°, hg) = (S°/2,0), see Figures 44, 45.

In the case 1 < g < 2 the function U(#°) is C'\ C? at 6° = S°/2 (which is a general singular extremal).
There is no special singular extremals.. Since

cosqe (6°) ~S°/2—6°,  6° —S°/2, (5.26)

then the integral I (5.16) diverges, and there is no Cauchy nonuniqueness of extremals. Hence there are no
mixed extremals.
Case 3: a = 1, b = 1. The function U(6°) = (sing. 6° — cos. 6°)/2 has period S° and is even with respect to

6° = S°/2. It has minima at 6° = 0 and S°, and maximum at 6° = S°/2, see Figures 46, 47. Thus system (5.15)
has center equilibria at (6°,hs) = (0,0) and (6°, hs) = (S°,0), and saddle equilibrium at (6°,h3) = (S°/2,0)
(which are singular extremals), see Figures 48, 49.
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FI1GURE 45. Phase portrait of (5.15): £, ¢ > 2, Case 2.
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FIGURE 46. Plot of U(6°): ¢,, ¢ < 2, Case 3.
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FIGURE 47. Plot of U(6°): £y, ¢ > 2, Case 3.

In the case 1 < g < 2, the function U(6°) is C1 \ C? at §° = S°/2. The asymptotics (5.26) and
singo(0°) =1 — 1(SO/Q —0°)7+0(S°/2 — 6°)*, 6° — S°/2,
q

imply that the integral I (5.16) converges, and there is Cauchy nonuniqueness of extremals due to nonsmooth-
ness. Hence there are mixed extremals.
Case 4: a = 1, b = 0. The function U(6°) = sin. 6°/2 has period S° and is even with respect to §° = S°/2.

It has minima at #° = 0 and S°, and maximum at 6° = S°/2, see Figures 50, 51. Thus system (5.15) has
center equilibria at (6°,h3) = (0,0) and (6°, hs) = (S°,0), and saddle equilibrium at (6°, hs) = (S°/2,0), see
Figures 52, 53.

Similarly to Case 3, if 1 < ¢ < 2, there are singular extremals, Cauchy nonuniqueness, and hence mixed
extremals.
Case 5: a = 1, b = —1. The function U(6°) = (sind. #° + cos?. #°)/2 has period S°/2 and is even with respect

to 0° = S°/4.



36 A.A. ARDENTOV ET AL.

NI

FIGURE 48. Phase portrait of (5.15): £, ¢ < 2, Case 3.
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FIGURE 49. Phase portrait of (5.15): £,, ¢ > 2, Case 3.

1/2
S s 2 5

F1cURE 50. Plot of U(6°): ¢,, q < 2, Case 4.
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FIGURE 51. Plot of U(6°): £y, ¢ > 2, Case 4.
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FIGURE 52. Phase portrait of (5.15): £, ¢ < 2, Case 4.
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FI1GURE 53. Phase portrait of (5.15): £,, ¢ > 2, Case 4.
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FIGURE 54. Plot of U(6°): ¢,, ¢ < 2, Case 5.
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FIGURE 55. Plot of U(6°): £,, ¢ > 2, Case 5.
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FIGURE 56. Phase portrait of (5.15): £,, ¢ < 2, Case 5.
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FIGURE 57. Phase portrait of (5.15): £,, ¢ > 2, Case 5.

Let 1 < ¢ < 2, then U(6°) has maxima at §° = 0 and S°/2 (which are singular extremals), and minimum
at 0° = S°/4, see 54. Thus system (5.15) has saddle equilibria at (0°, hs) = (0,0) and (6°, hg) = (S°/2,0), and
center equilibrium at (6°, hs) = (S°/4,0), see Figure 56.

Similarly to Case 3, if 1 < ¢ < 2, there are Cauchy nonuniqueness, and hence mixed extremals.

Let 2 < g < o0, then U(#°) has minima at §° = 0 and S°/2, and maximum at 6° = S°/4, see 55. Thus
system (5.15) has center equilibria at (6°,h3) = (0,0) and (6°,h3) = (S°/2,0), and saddle equilibrium at
(0°,h3) = (S°/4,0), see Figure 57.

Summing up, we proved the following statement.
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Theorem 5.7. Let Q@ = {u € R? | ||u||, =1}, p € (1,+00). If 1 < p < 2, then all extremals in problem (5.7)-
(5.9) are bang. If p > 2, there are singular extremals. There are Cauchy nonuniqueness and mized extremals iff
(2<p<ooanda=1).

6. ROLLING OF A BALL ON A PLANE

Another classic problem is about optimal control of a 3D ball, which rolls on a horizontal plane without
slipping or twisting. Let us introduce a convenient coordinate system to describe this motion. Denote by (z,y) €
R? coordinates of the contact point on the plane. We will use quaternions

z=z0+z1i+2j+ ke H=RY,  |z| =1,

to describe rotation of the ball with respect to its initial orientation. The ball is controlled by velocity of its
upper point. So we have the following rotation equation:

S S
Z= iz(yl — ).

We assume that the control (uy,us) = (&,9) belongs to a compact convex set Q2 C R? and 0 € int Q as usual.
So we have the following time-minimizing problem:

1
T — min, T=uy, Y=u, 2= §Z(U2i — u1j), u = (u1,uz) € N (6.1)

with some given end points (for example z(0) = y(0) =0, 2(0) =1 and 2(T') = ¢, y(T') =y, 2(T) = z¢). Thus
we are searching for a motion such that the ball moves from the initial position (0,0) to the final one (zy,yy),
rotates by zf, the velocity of contact point on the plane belongs to 2, and this motion takes minimal possible
time. The contact point during this motion draws on the plane a curve v. The motion time is equal to length
of v in this Finsler quasimetric on the plane with ) as a unit ball. So our time-minimizing problem can be
reformulated as follows. Let us call a path connecting (0,0) and (xf,ys) admissible if the contact point moving
along the path rotates the sphere by z¢. So the problem is to find an admissible path having minimal length in
the Finsler quasimetric on the plane. The case when 2 is the unit Euclidean disc (i.e., we have the Euclidean
metric on the plane) was integrated for the first time in [29].

Let us write down the Pontryagin maximum principle. From the Hamiltonian point of view the situation is
very simple. We have a left-invariant Hamiltonian system on group & = R? x SO(3), dim & = 5. The vertical
subsystem is a Hamiltonian system on the Lie coalgebra g* = R?* x s0(3)* under the corresponding Lie-Poisson
bracket. Since the group R? is commutative, the rank of the Lie-Poisson bracket on g* at a general point is 2.
So we have 3 independent Casimirs on g*, general symplectic leaves are 2-dimensional, and any Hamiltonian
system on g* is integrable in Liouville sense. On the whole cotangent bundle T*® we have non-degenerate left-
and right-invariant symplectic structure. Any left-invariant (smooth) Hamiltonian system is again integrable
in Liouville sense, since it always has 5 independent first integrals: the left-invariant Hamiltonian H itself,
left (which coincide with right) translations of 3 Casimirs, and right-invariant Hamiltonian Hp that is right
translation of H|y+ (remind that Hamiltonian coming from PMP is usually nonsmooth).

Despite the written above ideas, we need to write formulas of explicit integration that are simple and conve-
nient to work with. This is also very important, since the Hamiltonian of Pontryagin maximum principle is not
smooth, and there can appear singular extremals and Cauchy non-uniqueness phenomenon.

Denote by (p,q) € R? the conjugate variables to (x,%) and by r € H the conjugate variable to z. The dot
product of z and r is R(27), so

1 1 1 1
H = pui + quo — 5%(zjf)u1 + 5%(2&?)1@ = (p — 5%(z377))u1 + (q + iﬁ(zif))uz.
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The procedure of integration stays the same as in the previous sections. To find formulas for solutions we
write maximum of H in u €  in terms of the support function sq of the set 2 as usual:

1oy, o 1oy .
H= r;lgéc’;’-l = sa(p— 58?(2;]7"), q+ 55}%(217’))

We denote the arguments of sq by hy = p — %%(zjf} and hy = q+ %iﬁ(zif). Direct substitution of p = —H, = 0,
j=-Hy=0andr=-H, = %r(iuz — juy) gives

hi = —hgua, ha = hauy

where k3 = —3R(zk7). Second differentiation gives
; Loy = Lonre -
hs = —55)?(127")1&1 - 55}%(_]27")112.

The right-hand side here is equal to (¢ — ha)uy + (h1 — p)ug. Consequently, equations on hy, hy and hg do
not depend on the other variables and form (together with p = ¢ = 0) the vertical subsystem:

hi = —hsuz, hy = hguy, hs = (g —ha)us + (h1 — p)us. (6.2)

The case H = 0 leads to abnormal extremals: if hy = hg = 0, then hg = 0, (u1,u2) || (p,q), and (uy,us) € 09,
which are straight lines in the plane (z,y) independently on .

Let us integrate system (6.2) and find formulas for solutions for the case H > 0 by using convex trigonometry.
Again, since H = sq(h1, ha) = const, the point (hq, ha) moves along the boundary of the polar set Q° stretched
by H times:

(hl, hz) € HoNC.
Put
h1 = H cosqo 0° and ho = H singo 0°.

If (w1, us2) is an optimal control, then hiu; + hous = H and u € 9. So again by the generalized Pythagorean
identity (see Sect. 2.2) we get

U1 = cosq 0 and ug = sing 0
for an angle 0 <> 6°. According to the inverse polar change of coordinates (see Sect. 2.2), for a.e. ¢, we have

_ hihy — holy _ ha(hyuy + houa)  hs

0° —.
H? H? H

(6.3)
Also from (6.2) we know that
hs = (¢ — H sings 6°) cosq 0 + (H cosge 6° — p) sing 6. (6.4)

It is easy to find a first integral for the last two equations using Theorem 4.2. Let us show the direct way to
do it (which leads to the same result). If we multiply the second equation by 6°, then, using the differentiation
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formulae for cosg and sing (see Sect. 2.2), we get
o . o d ° . o 1 2 o 2 o
HO°0° = hzf° = T [pcosm 0° + gsingo 0° — iH(COSQo 6° + sing. 6 )]
Thus the first integral has the following form (recall that p, ¢, and H are constants):
1 '02 2 o i 2 o o : o 1 2 o
E= QH(H + cosge 0° + sing. 6°) — pcosge 6° — gsings 6° = ﬁh?’ + HU(6°). (6.5)

Let us again emphasize that the control u = (u1,us) can easily be found from 6° by the relation 6 < 6°.
If Q is the unit disc, then equation (6.5) becomes the classical pendulum equation. In general case, equa-

.2
tion (6.5) can be written in terms of kinetic and potential energy E/H = $6°" + U(6°), where U coincides up
to the constant pi;zq with the squared distance from the point (£, ) to the point (cosge 6°,singe 6°) on the
boundary 9€°. So the topological structure of the phase portrait of equation (6.5) is determined by minima
and maxima points on 9€2° of the distance to the point (£, ). At any local minimum we have a fixed point of

the center type, and at any local maximum we have a fixed point of the saddle type.

Theorem 6.1. If problem (6.1) is sub-Riemannian (i.e., the set 2 is an ellipse centered at the origin), then
the vertical subsystem (6.2) for the normal case H > 0 is integrated in elliptic functions.

Proof. Let a and b be semi-axes of {2. The polar set QO is an ellipse too: 9Q° = {(Z cos s, { sin s)}. Using formulae

obtained in Sect. 2.3, we get s = ab6°, cosqe 0° = = coss and singe 0° = %slns Hence, equation (6.5) leads to

the following ODE on the parameter s:

$=abf° = i\/]]:Z — b%(cos s — p)? — a?(sins — §¢)2.

Here E = “2’2 (2EH +p*+¢?),p = PE,and § = bq are some constants. This equation can be integrated explicitly
by elliptic functions in a standard way (the exphc1t form is of no importance here). O

Moreover, in the sub-Riemannian case, we immediately find u; = cosq 6 = d0° singe 0° = ddoso (fs (1 sin s) =
acoss and ug = sing 0 = —% cosqo 0° = doso (f (1 coss) = bsins.

If Q° has W2 boundary (in this case 2 is necessarily strictly convex), then there is a solution uniqueness by
Proposition 4.3. Let us now consider the case when 2 is a polygon.

Theorem 6.2. Suppose that Q) is a polygon. Then there are two types of normal extremals:

(1) If a control & moves arbitrarily along one fized edge e in , then the obtained extremal is optimal. In this
case, the point (47, ) coincides with the vertex of Q° corresponding to the edge e.

(2) In the other case, the control G is bang-bang (i.e., piecewise constant). The set of its possible values is
finite3: a control 4 = (cosq 6, sing é) is either a vertex of & or a point on an edge e of 2, given by the
condition

(cosq 0, sing 6) | (COSQO 05 — B,Singo 05 — q ) (6.6)

H H

where 05 determines the vertex of Q° corresponding to edge e. The last case is allowed by PMP if and only
fE=HU).

80nly values on a set of positive measure are considered.
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Proof. The first part is easy to prove. Indeed, if %(t) belongs to a fixed edge e of Q for a.e. t, then (x(T),y(T))
belongs to the boundary of the reachable set (in time T') for the system (&,7) € Q. So there is no way to reach
this point faster, and hence the trajectory is optimal.

The second part follows from Propositions 4.3, 4.5 and Theorem 4.6. Indeed, if an extremal has no singular
parts, then the control is piecewise constant. Singular parts are described in Section 4.4. General singular parts
are described in item (1a) in Section 4.4, where it is proved that, in this case, solution must stay at a corner, and
singular control is uniquely determined by the condition df || (cosq 0, sing ) where f = 1(z — &)+ 1(y — £)?
for our problem. Special singular controls are described in item (2b) in Section 4.4 and may appear only if df = 0
at a corner of Q° (see Section 4.4). The function f has null derivative df (z,y) = 0 only at its global minimum
(z,y) = (&, %). Thus if 0°(0) = 0, the point Q = (cosge 6°(0), singe #°(0)) is a corner of Q2°, and Q = (&, %),
then there exists a unique solution 6°(t) = const, which determines special singular extremals described in the
first part. O

Applying Remark 4.8 to the current setting, we obtain that a control @ = (cosq 6,sing ) € e satisfying (6.6)
is a general singular control (on the edge e). If a singular control moves arbitrary along an edge e, then it is a
special singular control (on the edge e).

Remark 6.3. On any interval with constant control, the functions z(¢) and y(t) are linear. Moreover, if 2 is a
polygon, then it is easy to determine the length of constancy interval. If a control is singular, then the length
is arbitrary. In the other case, the point QQgo moves along an edge of 2°. Since the function U is quadratic on

any edge, the equation E/H = %9."2 + U (6°) has the form

0° = £V ah°® + bo° + ¢
where a, b, and ¢ are some constants. Moreover, a = —(cosZ, 6 + Siné 0) < 0 for 6 <> 6°, 0 = const. Consequently,

this equation can be easily solved in classical trigonometric functions. Hence, the sequence of control jumps can
be easily derived from the phase portrait of the equation (6.5), which can be constructed similarly to Section 5.

7. YACHTS

Definition 7.1. Consider an optimal control problem whose differential system is defined by the classic trigono-
metric functions cos, sin. An Q-modification of such a problem is the same problem with cos changed to cosq
and sin to sing, where a convex compact set 2 with 0 € int 2 defines the modification of the differential system.

Let us state the following control system:
¢ =u1 X1+ usXo, q=(z,y,0) € R;y X (R@/(ZSZ)), (7.1)
with modified vector fields
X1 = (cosq 0, sing 6, 0), X2 =1(0,0,1), (7.2)
we fix boundary conditions and integral cost functional in general form
9(0) =q, oT)=a, (7.3)

T
J :/ f(u1,u2)dt — min. (7.4)
0

Also, we assume a possible restriction on the control

(u1,uz) € U C R?, (7.5)
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Remark 7.2. One may consider non-factorized domain for the angle parameter 8 € Ry which does not change
extremal controls. However, in the corresponding problem, optimality question can be investigated easier than in
the original for some cases. Below, we will refer to such a problem as “non-factorized problem” while concerning
optimality of obtained extremal controls.

Q-modifications of the following four classic optimal control problems appear as specifications of prob-
lem (7.1)—(7.5):

— Euler’s elastic problem [24] with
U=Ug={(u1,u) € R? | u; =1}, f=fe=-2 (7.6)
— Markov-Dubins car [23, 33] with
U="Unp = {(u1,uz) € R? | uy = 1, Jug| < 1}. f=1, (7.7)
— Reeds-Shepp car [39] with
U="Ugs ={(u1,u2) € R? | Jus| < 1,|uz| <1},  f=1. (7.8)
Notice, that originally Reeds and Shepp used condition |u;| = 1 instead of |u;| < 1, but the corresponding

problems are equivalent in the sense of convexity of the set of possible velocities [4].
— sub-Riemannian problem on the group of Euclidean motions of 2-dimensional plane [42] with

2 2
U=R?,  f=fop="11"2 (7.9)
or equivalently with
U=Usg = {(u,u) € R* | u? +u3 <1}, f=1 (7.10)

All four classic problems express control models for a car-like robot moving on a horizontal plane. Q-
modifications of those problems can be understood as control models for a yacht in a sea (or car moving
on a non-horizontal plane). For the first and the second models with u; = 1 a domain € gives a description of
velocity vector at (z,y) as (cosq 0, sing ). Explicit form of € can be obtained from external disturbances such
as wind or water stream (or angle of inclined plane), so  is a disc for no external disturbances. For the third
and the forth models we should assume that €2 is symmetric, i.e., = — and yacht can move forward and
backward with the same speed. For non-symmetric case with 2 # — in the third and the forth problems, the
physical interpretation fails, however, the mathematical problem follows the same solution presented below.

Remark 7.3. It is possible to set ¢o = (0,0, 0) for all four classic problems. However, in our Q-modification case
we assume ¢o = (0,0, 6p) with 0y € Ry/(2SZ) (even for “non-factorized problem”) to emphasize the importance
of initial direction 6y (one may fix it vanishing through rotating of the domain Q by the corresponding angle
0" (0o), see Prop. 7.4).

Let us apply PMP to the general problem (7.1)—(7.5) and then proceed with each of its specifications
separately. We have the following Hamiltonian function of PMP:

H = 1o f(u1,uz) + (¢1 cosq O + g sing 0)uq + Pzus,

where ¢ = (o, 11,12, 13) is a vector of adjoint variables, here 1y < 0 is a constant.
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The vertical subsystem of the Hamiltonian system takes the form:

{i/h =1y =0, (7.11)

g = (1)1 singe 6° — 15 cosge 6°)u;.
The maximality condition depends on the domain U and the function f(u1,us) which defines cost func-

tional (7.4). The case 1% + 3 = 0 is considered for each problem separately further in the subsections. Suppose
2 +1p2 # 0. We assume 97 + 13 = 1 without loss of generality.

Proposition 7.4 (see [31]). Let €' denote the clockwise rotation of R? by the angle o € S* around the origin.
Then

cosq 0 cos a + sing 0 sin @ = cosiag (0 — 0o (a)),

sing 0 cos & — cosg 0 sin a = singieq (6 — 0o (@),

where the function Oq : ST — R/(2SZ) sets the correspondence between the classic and generalized angles.

Define an angle o = const € S! satisfying ¢ = cosa, 13 = sin . Using Proposition 7.4 we rewrite vertical
subsystem (7.11) as follows:

13 = (cos arsinge 6° — sin a cosqe 0°)uy = singiago (0° — Oao (@) ). (7.12)
With a° = fge (a), Q2° = €0°, 6° = ° — G° we have
g = Uy sing. 6°. (7.13)
Moreover, with & = g (a), Q = ¢*Q, 0 = 6 — &, the Hamiltonian function of PMP takes the following form:
M = o f(u1,u) + u1 cosg 0+ U213, (7.14)
For the time minimization problems with f = 1 we will use the short form of the Hamiltonian function
H = uy cosg 0 + Uug3. (7.15)
Now we proceed with each specification for U and f separately.

7.1. Euler’s elastic problem

We start with an Q-modification of one of the oldest optimal control problem defined by (7.1)—(7.5) with (7.6).
We have u; = 1 and we should find us.
Consider the abnormal case 1)y = 0. From the maximality condition for H we have 13 = 0, therefore 1% +1)3 #
0 and 15 = 0 yields sing. 6°=0 (see (7.13)). Let us interpret this condition geometrically. Since Q) is compact,
there are the minimal value and the maximal value of cosﬁé denoted by m; < 0 and mgy > 0. Notice that
sing. 6° = 0 iff cosﬁé = my or COSQ@ = my. Therefore, if OQ contains no edges, then uy = 0,Va € S with
x(t) = tcosq by, y(t) = tsing Oy, 0(t) = 0y. Otherwise, for every edge of Q with 6(¢) € [0_, 0], we have arbitrary
ug(t) for O(t) € (0—,0+) and Fua(t) > 0 when corresponding 0(t) = 6.
2

Normal case: 99 = —1. From the maximality condition for H = —% + cosg 6+ u2P3 we have 0 =uy = 3.
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FIGURE 58. An example of  with the corresponding functions COSg, Sing.

Suppose Y1 = 12 = 0. Then 1/)3 =0, so ug = Y3 = ¢ = const, i.e., 8 = ct + 0y. Explicit formulas for x,y can
be obtained via integration

1 ct+6g 1 ct+0o
x(t) = f/ cosq 6d6, y(t) = f/ sing 6d6. (7.16)
90 c 90

If ¢? + 43 # 0, then we get (7.13) with the maximized Hamiltonian H = %9'2 + cosg 0, which determines the
phase portrait of the system (see Fig. 59). Since Q) is compact, there are the minimal value and the maximal
value of cosg @ denoted by m; < 0 and ma > 0 (see Fig. 58).

The following cases are possible:

H < m71 — no solutions. ~

H=m; = u =60=0, oS 6 = m,. The corresponding points are 6 € cosé1 my = [01, 52]( mod 2S), see
Figure 58 at the center. Such points with condition § = ug = 93 = 0 set stable equilibria (see Fig. 59) and
on (x,y) we have straight lines with 0(t) = 0y € 61 + &, 6, + al. } ~

H € (my, mg) =0 #0, cosg f < H. There exist two points 85 # 65;( mod 2S), s.t. cosg 03 = cosg 07, =
H and cosg 6 < Hforf e (GH, 6F 17)- Here we have periodic behaviour of § and quasiperiodic of z and y, the
corresponding trajectory is called inflectional with inflection points at 6(¢) = él_{ + & and 6(¢t) = 5}} +a
satisfying 6(t) = 0.

H = my. Denote [f3,04) = cossfz1 ma( mod 2S). If 45 = 0, then uy = 6 = 0 and points 0 € (03,04) are
equilibria, however points 6 € {93, 94} 13 = 0 may be not fixed a priori. If b3 # 0, then the corresponding
solutions are two separatrices, which can have two types of approaching to points 0 c {95, 94} with i3 = 0.
If Q is C? in the neighborhood of the approaching point with § = 5 or § = 64 then the separatrix is
approaching for infinite time to the point, if there is a corner at the corresponding point of Q then the
separatrix approaches for a finite time (similar to Sect. 5). This case provides the main difference for
behaviour of the same system (7.13) in problems 7.1 and 7.2, see further. This case corresponds to the
critical (one loop) elastica for classic formulation of the problem, however, Q-modification of the problem
admits for the corresponding trajectory to have an arbitrary number of separatrices with straight segments
(of arbitrary length) in between when Q is not C2. Detailed analysis of such a situation can be found in
Section 4 (up to change 6 to 6°, H to E and COSg 0 to U(6°)).

H € (mg, +00) = 13 # 0, this case provides so-called non-inflectional (sgné = +1) solutions with periodic
f and quasiperiodic = and y.

7.2. Markov-Dubins problem

An Q-modification of Markov-Dubins problem is defined by (7.1)—(7.3) with (7.7), the problem is to find
control ug € [—1,1].
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-

FIGURE 59. Phase portrait for 2-modifications of Euler elastica problem in the cylinder (5, é)
for €2 presented in Figure 58.

FIGURE 60. Phase portrait for {:-modifications of Markov-Dubins problem in the cylinder
(0,43) for Q presented in Figure 58.

Suppose 91 = 12 = 0. Then )5 = const # 0 and from the maximum condition for H = uqtp3 we have H = |13]
and ug = sgns = +1. The corresponding trajectories on (x,y) depend on the shape of 2 and can be obtained
via integration as (7.16), an example for = Q presented on Figure 58 is given on Figure 61. Those two
trajectories always meet at ¢t = 2S after making one loop for any shape of €2, an example is given on Figure 61
at the right.

Let ¥? + 43 # 0. We assume 97 + 13 = 1 w.l.o.g. From the maximality condition for H (7.15) we have

. 713 7/}3 < Oa
H:COSQH+I¢3|’ 9:U2:Sgn¢3: [_171]7 w3:03
1, g > 0.

The phase portrait of (7.13) on the cylinder (6, ¥s) is defined by the maximized Hamiltonian H (see Fig. 60)
and is similar to the one in Euler’s elastic problem. Since € is compact, there is a minimal and maximal value
of cosg 6 denoted by m; < 0, mp > 0. The following cases are possible:
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FIGURE 61. Integrated functions z(t),y(t) for us =1 and trajectories on (z,y) for uz = +1
with 2 = Q given on Figure 58.

— H < my; — no solutions.

- H=m; = 9Y3=0, cosﬁé =mq. If cosg1 my is unique up to periodicity, then there is a unique solution
defined by = cosg1 my,us = 0; otherwise there is a family of solutions 6(t) € cosg1 my = [0y, 2] satisfying
lug (t)| < 1 for (t) € (01, 05] with us(t) > 0 at 0(t) =~9~1 and us(t) <0 at é(t)~= 0 (see Fig. 60).

— H € (m1,mg),cosg 0 < H = 13 # 0, since for cosg @ = H there holds sing, 0° # 0. Moreover cosT1 H=
{05,0,}( mod 2S), where 6 < 6, < 0y < 05, (see Fig. 60). Therefore control ug is switching between
1 and —1 at points 6 € {HH,G }, the corresponding time intervals are Ty, T1,...,T1,Te, where Ty =
0} — 0, <2Swith Ty, <Ty, T, < T}.

— H = my. When 93 = 0 we have CObQQ = my for 6 € [03,0,4)( mod 2S) (see Fig. 58). In this subcase
when 6 € [03,60,]( mod 2S) we have arbitrary |uy(t)| < 1 (below, we refer to such a control as uncertain
control) it is possible to switch to certain control ug = —1 at 6 = 05 and to certain control us = 1 at
¢ = 04. After passing through the switching points 03,04 we have 5 # 0 and control us = sgnys = +1
for time Ty = (A5 — 0,)( mod 2S).

— H € (mg, +00),13 # 0, control us € {—1,1} is constant for arbitrary time similarly to the case ¥; = ¢ =
0.

05( mod 2S) and 05 = 04(

Theorem 7.5. When Q is strictly convez, then for any rotated Q we have 6, =
2, ..., ul; corresponding time

mod 2S). Optimal control uy is a piecewise constant function with values ul,u3,
intervals TY,T?,...,T™ and is one of two types:

w3k = 0,u2F € {~1,1},k € N; Tk € N are arbitrary and T < 2S,T™ < 2S,T?%+! = 2§ for k #
02k+17én R R R
cudr =+ = F Lk eEN; T2 =T = =T =T <25, TV <T,T" < T.

Theorem 7.6. When Q is not strictly convez, then Q for some angle o has a vertical side at the right or at
the left, as a consequence 05 % 94( mod 2S) or 0, # 52( mod 2S). This case admits not only optimal piecewise
constant control described in Theorem 7.5, but also admits optimal control with uncertain pieces corresponding
to the edge 0(t) € [03 + &, 04 + &] or to the edge O(t) € [01 + &, 02 + &], which are described in case 7.2 or in
case 7.2 correspondingly.

In such situation case 7.2 defines strictly singular trajectories. Meanwhile, case 7.2 provides mixed
(combination of singular and nonsingular) trajectories.

7.3. Reeds-Shepp problem

An Q-modification of Reeds-Shepp problem is defined by (7.1)—(7.3) with (7.8).
Suppose 91 = 12 = 0. Then )5 = const # 0 and from the maximum condition for H = uqtp3 we have H = |15]
with us = sgns. For any choice of u; = £1, we get an optimal trajectory since it is not possible to turn on



EXTREMALS FOR A SERIES OF SUB-FINSLER PROBLEMS 47

such an angle faster (up to infinity for “non-factorized problem”), explicit formulas for (x,y) can be obtained
via integration as in (7.16) with ¢ = 1 for u; = 1 and inverse for u; = —1.
Let ¥? + 2 # 0. We assume 97 + 12 = 1 w.l.g. From the maximality condition for H we have

. _17 ’(/}3 < 07
= | cosg 0| + |93, u1 = sgncosg 0, 0 =uy =sgniys = [-1,1], ¥3=0,
1, 3 > 0.

The phase portrait of (7.13) on the cylinder (0,13) is defined by the maximized Hamiltonian H. There are
only two points 05 = 0 (7/2) and 05 = 05 (37/2) satisfying the condition cosg 6 = 0 on © (see Fig. 58). Since
is compact, there is a minimal and maximal value of cosg, 6 denoted by my < 0, mg > 0. We assume |my| < mq
without loss of generality. Suppose cosﬁ1 my = [01, 02] and cosﬁ1 me = [93, 94}

The following cases are possible for H > 0:

~ H=0,thenf =13 =0andf € {9~5, 96}. We have two fixed points with u; = +1, us = 0, the corresponding
trajectory on (z,y) is a straight line.

~ H € (0,|my]). From convexity of Q we have cosgleH = {éiH,ONIH} and cosél(—H) = {07,041}
This subcase gives us two families of trajectories with 6 € [éjrrH, 0t and 6 € [0, GNIH]
Consider the first one without loss of generality. The control (uj,us2) is switching as follows:

S (1,1),(=1,1), (-1 —1) (1, —1) . The corresponding time intervals T(y 1), T(—1,1), T(~1,~1), T(1,—1)
satlsfy Tay =Ta,—1) = 05 — 9+H,T( 1y =T,y = 0 — 05 (see Fig. 62). The first and the last
control can be one of the four types with shortened time 1ntervals Ty, T,.

— H = |my|. If 6 € [61,605]( mod 2S) we have u;(t) = —1 and arbitrary luz(t)] < 1 (an uncertain control),
it is possible to switch to certain control uz = —1 while passing through ¢ = #; and to certain control
us = 1 while passing through 6 = 65, the time intervals corresponding to these certain controls are equal to
6; — 05 and 05 — 52, then we have 3 more switchings to a certain controls according to Figure 62 similarly
to case 7.3. After making full loop we go back to the points 9~1,9~2, where we can switch to uncertain
control again staying in [51, 52] or go for another full loop with certain controls.

— H € (|my], m2), this case can be treated in the same way as case 7.3. The control (ui,us) is switching
in a sequence as follows: ..., (1,1),(—1,1),(1,1),(1,-1),(=1,-1),(1,—1),... (further repeating with the
same pattern). The corresponding time intervals in the pattern are ..., Ty, T, T3, T3, T, T, ..., where
T3 = 0g — 05 and values of T, T» depend on points cosg “1H.

— H = msy, this case can be treated in the same way as case 7.3. Here we have an uncertain control us(t) €
[—1,1] for interval 6(t) € [03,04] with uy(t) = 1. Passing through the point 63 the control u is switching
according to certain pattern (1,—1),(—1,—1),(1,—1) with the corresponding time intervals T; = s —
56, T; = 9~6 — 55, T = 55 — 54( mod 2S). Passing through the point 0, the control u is switching to
certain pattern (1,1),(—1,1),(1,1) with the time intervals Ty, T5, T .

— H € (mg,+00) with 93 # 0 we have ug = *1, the other control u; is switching between 1 and —1 with
the corresponding time intervals Ty = 6g — 05,7 =2S — 1.

)

Remark 7.7. When |m;| = my we are missing case 7.3 and cases 7.3, 7.3 join in the one. It provides two
uncertain intervals 6 € [91,92] [93,94] with 13 = 0. It is possible to switch to certain controls at points
01,02,03,04 as it is described in cases 7.3, 7.3, however, after passing two certain intervals with controls
(=1,-1),(1,-1);(-1,1),(1,1); (1,-1),(—=1,-1); (1,1), (—1,1) correspondingly, we approach to the correspond-
ing points 54; 0s; 9~2; 61, where we have can switch to uncertain control or continue with certain control according
to the same pattern.
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FIGURE 62. Phase portrait for Q-modifications of Reeds-Shepp problem in the cylinder (é, ¥3)
for 2 presented in Figure 58.

-

FIGURE 63. Phase portrait for Q-modifications of Sub-Riemannian problem on SE(2) in the
cylinder (é, 9) for Q presented in Figure 58.

7.4. Sub-Riemannian problem on SE(2)

An Q-modification of the sub-Riemannian problem on SE(2) is defined by (7.1)—(7.3) with (7.9).
The abnormal case 1y = 0 is possible only as a trivial solution u; = us = 0.
Normal case: ¢y = —1. From the maximality condition for H we have

u1 = Y1 cosq 0 + g sing 6, éZUQ = 3.

Suppose ¥ = 2 = 0, then u; = 0 and ’lj}g = 0, therefore uy = const, moreover we can assume w.l.o.g.
ug = £1. The corresponding trajectory is optimal up to infinity for “non-factorized problem”.
If f + 92 # 0, then we assume ¥? + 3 = 1 w.l.g. Using the same notation as in (7.13) we get

W3 = cosg O sing, 6° (7.17)
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with the maximized Hamiltonian H = (0052 0+ 92) which determines the phase portrait of system (7.17) (see

Fig. 63). This Hamiltonian system (up to change 6 for 6° and ) for Q°) was considered in details in Section 5
and at the same time it is similar to the one considered in the previous Section 7.3, further we remark the main
difference between them.

Since € is compact, we denote the minimal and maximal values of COSg, 0 by my and my and assume m? < m3
without loss of generality. The following cases are possible for H > 0:

— H =0, then we have only a trivial solution u; = us = 0.

— H € (0,m?), using similar to case 7.3 (see Sect. 7.3) notation cos~1H = {9+H, +H} CObQ Y—H) =

{6F,,,0-,} we get inflectional solutions with small amplitudes for the angle parameter § € [91‘ 707 4]

and 0 € [é:H,élH]

H =m2. If 13 = 0, then we have fixed points for 6e (9~1, ég), points 6 € {9~1, ég} are also fixed when € is

C? in the neighborhood. If 13 # 0, then we have two small separatrices approaching to points 6 ¢ {51, 52}

(for infinite time when Q is C? in the neighborhood of the approaching points).

- He (ml, m3), this case corresponds to inflectional solutions with big amplitude for angle 6.

— H = m3, similarly to case 7.4 we have fixed points at 6 € (s, 6), two big separatrices for § € (6y4,03)(
mod 2S), which approach to points 6 € {fs,6,} for infinite time when Q is C? in the neighborhood.

— H € (m2,+o0); corresponding trajectories on (z,y) are non-inflectional ones, since 6 = 13 # 0.

Detailed analysis for cases H = mi and H = m3 can be found in Section 4 (up to change 6 to 6°, H to E and
cos? 0 to U(6°)).

8. PLANE DYNAMIC MOTION

In this section, we obtain exact formulae for extremals in the following problem with drift:
T — min, T =u €,

with some given initial conditions. Here z = (x1,22), u = (u1,u2), and Q@ C R? is a compact convex set with
0 € int Q2. Put £ = y. The Pontryagin maximum principle gives H = p1y1 + p2y2 + q1u1 + gausz, where p and ¢
are conjugate variables to # and y correspondingly. Since p = —H, and ¢ = —H,, we have p = py = const and
q = —pot + qo- Hence, for a.e. t, the control u(t) moves along 99 and the supporting half-plane to Q at u(t) is
determined by ¢(t). The main difficulty here is to describe this motion conveniently.

From the integrability point of view, we have a Hamiltonian system with 4 degrees of freedom, and it is easy
to find 4 independent first integrals: p1, p2, F = [p X q] = p1g2 — p2¢1, and the following nonsmooth Hamiltonian:

H =maxH = p1ys + paye + salq1, ¢2).
ue)

Obviously, the first integrals p;, p2, and E are in involution. So, if H is a smooth function outside ¢; = g2 = 0,
then the system is integrable by Liouville-Arnold theorem. Unfortunately, H is nonsmooth outside ¢; = g2 =0
if Q is not strongly convex. Moreover, to construct angle-momentum coordinates one should compute some
explicit integration along basic loops on common level surfaces of the listed first integrals, which is not very
simple procedure. Nonetheless, we are able to compute convenient formulae for extremals in terms of convex
trigonometry. Put

= Rcosqe #° and ¢o = Rsingo 6°,

where R = sq(q1,q2) = H — p1y1 — pay2 > 0 is not constant along an extremal (in contrary to all previously
considered problems). Nonetheless, the angle 6° depends (locally) Lipschitz continuously on ¢ while R # 0. Using
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the generalized Pythagorean identity (see Sect. 2.2), we obtain u; = cosq 6 and us = sing 6 for some 6 <> 6° if
R # 0, since q1u; + gaug = R. So we need to compute 6°(¢) to find the control u. Obviously,

E = [p x q] = R(p1 singe 6° — pa cosqe 6°).

We start with the simplest case E = 0, i.e., when p || ¢. If p = 0, then ¢ = const and 6° = const. Suppose
p # 0. Then there exists a unique instant g, such that g(¢t9) = 0. Hence, 6°(¢) takes only two possible values —
one for t < ty and another for ¢ > tg. Both are solutions of the equation ps cosge 0° — p; singe. 8° = 0.

Now suppose that E # 0. In this case, let us express R in 6° by computing 6°. The angle derivative formula
in polar change of coordinates is the same in convex and classical trigonometries (see the inverse polar change
of coordinates in Sect. 2.2). Hence, 6° = (q1d2 — 41¢q2)/R> = E/R2, and we obtain the following form of first
integral E for the Pontryagin system:

E0° = (py cosge 6° — py sings 6°)2. (8.1)
Hence, if Q° has C* boundary, then 6°(t) € C**! by Proposition 2.5. Integrating equation (8.1), we obtain

de°
t/E = .
/ / (p2 cosqe 0° — p1 singe 0°)2

Let us consider in detail two important shapes of Q°. If Q° is an ellipse (see Sect. 2.3), then cosq. 6° =
acoss + 2§ and singe #° = bsin s + 29 where 0°), = ab + ax9 sin s + bz cos s. Thus,

ds.

t/E:/( ab 4+ ayg sin s + bxg cos s

. 2
apa cos s — bpy sin s + pox{ — p1ad)

The last integral can be easily taken in elementary functions. Moreover,

0 dsingo 0°  d(bsins + 29) ds bcos s
U1 = COS = = =
! © dee ds df°  ab+ azysins+ baf coss’
- —dcosqge 0°  d(—acoss — ) ds asin s
Ug = S1N = = = .
2 ¢ dee ds df°  ab+ azlsins + bzl cos s

If Q° is a polygon, then cosgo 6° and sing. #° depend piecewise linearly on 6°, so equation (8.1) can be easily
integrated in elementary functions as well.

9. CONCLUSION

Summarizing, we have derived formulae for extremals in a series of optimal control problems with two-
dimensional control lying in an arbitrary compact convex set Q C R? with 0 € int Q. Until now, formulae for
extremals in these problems were known only for the case 2 being ellipse cetered at the origin (there is a
small amount of exceptions mentioned in the Introduction). Investigation of optimal control problems involves
a lot of work in addition to deriving formulae for extremals (such as verification of second order conditions,
computing conjugate and cut times, finding closed trajectories and etc.). Nonetheless, precise investigations of
optimal syntheses are almost always based on handy solutions to the Pontryagin maximum principle. Thus, we
believe that the results obtained in the present paper open up a wide opportunity for precise investigations in
considered optimal control problems, which were previously impossible.
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