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STOCHASTIC HOMOGENIZATION OF DETERMINISTIC CONTROL
PROBLEMS

ALEXANDER VAN-BRUNT"

Abstract. In this paper we study homogenization of a class of control problems in a stationary
and ergodic random environment. This problem has been mostly studied in the calculus of variations
setting in connection to the homogenization of the Hamilton—Jacobi equation. We extend the result to
control problems with more general state dynamics and macroscopically inhomogeneous Lagrangians.
Moreover, our approach proves homogenization under weaker growth assumptions on the Lagrangian,
even in the well-studied calculus of variations setting.
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1. INTRODUCTION

We study homogenization of deterministic optimal control problems in random ergodic environments with
state dynamics beyond the calculus of variations and macroscopically inhomogeneous Lagrangians. We refer the
reader to [9] and references therein for general theory on the optimal control problems. The control problem we
will be considering is as follows. Let (€2, F, P) be a probability space, T' > 0 be a terminal time and

L:[0,T] xR xR xR x @ - R (1.1)

be a random field, which we call the Lagrangian. The Lagrangian L will be assumed to be stationary and
ergodic with respect to translation in the third argument, see Section 1.4 below for the precise formulation.
Fix an € R? and a t € (0,7T]. For a given w € Q, an € > 0 and a terminal cost function 1(-), define the cost
functional

Je(t, z,u,w) = /tT L (s,x(s), @, u(s),w) ds + (z(T)) (1.2)

over u € U := L ([0,T] — R?), where z(-) is defined by the so-called state dynamics

{‘5‘?<s> = f(als),uls))  for s € (171,
x(t) ==

Keywords and phrases: Optimal control theory, homogenisation, Hamilton Jacobi equations.
Mathematical Institute, University of Oxford, Oxford, OX2 6GG, UK.

* Corresponding author: Alexander.Van-Brunt@maths.ox.ac.uk

Article published by EDP Sciences © EDP Sciences, SMAI 2021


https://doi.org/10.1051/cocv/2021023
https://www.esaim-cocv.org
mailto:Alexander.Van-Brunt@maths.ox.ac.uk
http://www.edpsciences.org

2 A. VAN-BRUNT
for a suitable f: R? x R¢ — R?. The control problem studies the minimal cost which is called the value function:

Ve(t,z,w) :== 52{{ Je(t, z,u,w). (1.4)

For a fixed € > 0, this value function is random depending on w. Our objective is to prove, under appropriate
assumptions, the existence of an effective Lagrangian L such that

Ve(t,z,w) = V(t,z) as e — 0 (1.5)

almost surely uniformly on compact sets, where V is the value function corresponding to the cost functional

~ T~
Tt w,u) = / £ (s, 2(s), u(s)) ds + ((T)), (1.6)

with the same state dynamics (1.3) as before. This is called homogenization of the control problem.
Under suitable coercivity assumptions, this result automatically implies homogenization of the associated
Hamilton—Jacobi equation. Indeed if we define the Hamiltonians

H <t,x, x(j),p,w> = vs:ﬂgi {—f(x,v) p—1L (t,x, %,v,w)} , (1.7)
ﬁ(t,x,p) = vs;lﬂg)d {—f(x,v) -p— z(t,x,v)}, (1.8)

then it is a well known fact that, under our assumptions presented later, the value functions V, and V are the
unique respective viscosity solutions to the following Hamilton—Jacobi equations:

_8V€ +H <t,a:, z(S),DwVe,w) =0, (1.9)
ot €
—%—‘; +H(t,x,D,V) =0 (1.10)

subject to the terminal conditions V(T,z) = V(T,z) = t(x). Therefore, the convergence (1.5) implies
homogenization of the Hamilton—Jacobi equation.

1.1. Background and earlier results

Our problem is naturally related to the homogenization of Hamilton—Jacobi equations, which there has been
a substantial interest in. The applications of which include large deviations of diffusion process in random
environments, front propagation in random media and first passage percolation theory. Such a result has been
obtained by several authors. In periodic setting it has been studied via reducing it to a cell problem, as first
carried out by [14] for temporally homogeneous Hamiltonians. The result was later extended to the almost
periodic case with general Hamiltonians in [10] by using the so called perturbed test function method intiated
in [6]. In the stochastic case, these approaches are no longer possible since the corrector does not exist in
general [15]. This case was first addressed in [17, 20] where the authors applied the subadditive ergodic theorems
to the control theoretic interpretation of the solution. It is worth mentioning that in order to find an associated
Lagrangian, the Hamiltonian is assumed to be convex. In the non-convex setting, it is known that homogenization
does not occur in general [7, 22]. Later these approaches are further extended to the second order equations with
a vanishing viscosity term by [12, 16]. There is much recent progress in the homogenization of Hamilton—Jacobi
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equations, alot of which has centered around weak KAM theory [4] and metric techniques [1, 3, 5]. For more
details, we refer the reader to the introduction in [11].

All the above works mainly focus on the Hamilton—Jacobi equations and the associated control problems
are assumed to follow the simplest state dynamics f(x,u) = u, a problem called the calculus of variations. The
control problem is only in the background and hence there is no reason to consider other complicated state
dynamics. However in many real world control problems, it is the Hamilton—Jacobi equation which is in the
background and the state dynamics are more general.

For these reasons, we develop a direct approach to prove the homogenization of control problems with general
state dynamics. This allows us to obtain the effective Lagrangian and also leads to explicit assumptions in terms
of L and f. In addition, our approach has two technical merits. First, even in the calculus of variations setting,
our assumptions are seen to be less restrictive than the ones in [17, 20]. Also, it gives a straightforward way to
include macroscopic inhomogeneity to the Lagrangian. Both [17, 20] assumed the Hamiltonian to have the form
H(xz/e,D,V,,w). There is a way to extend the results to the macroscopically inhomogeneous cases by using the
viscosity solution framework, as carried out in [14, 16], but our approach gives an alternative elementary way.

We also hope that the approach of this paper can be extended beyond the scope of the current setting, such
as the vanishing viscosity case.

1.2. Outline of the proof

In the general setting, we will make a number of assumptions on the Lagrangian L and state dynamics f. In
order to motivate them, we shall explain a brief outline of the argument.

For simplicity, we shall assume that ¢ (z) = 0 and there exists a Lipschitz continuous optimal control «*. The
proof of our result is based on a discretization scheme. Specifically to homogenize the control problem, we wish
to use a certain ergodic theorem on the object

(s)

Vit 2, w) = /tTL (s,x(s), e,u*(s),w) ds. (1.11)

However, this is not straightforward. One immediate reason is that, since we have no a priori information on w,
the object is not stationary in the “fast variable”, x(-)/e, where we expect the averaging to occur. Another issue
is that the stationarity and ergodicity of L is assumed only for fixed (s,z(s)). We may attempt to cope with
this by introducing a discretization. For 7 > 0 let tg = ¢ and ¢; = (t;—1 +7) AT until the first ¢ such that ¢; = T
This sequence {t;}Y; defines a partition of [t, T. Define z(-) : [t,T) — R? as the piecewise linear function with
Z(t;) = z(t;) for each 1 < i < N and consider

i/ﬂtm L (ti,x(ti), x(j),u*(ti),w> ds. (1.12)

Since Z(-) is a straight line segment on [t;,¢;+1) and the other variables of L are frozen, there is no problem
in applying the ergodic theorem on each [t;, t;41). If there were no fast variable, it is an easy exercise to show
that (1.12) approximates the value function V; well.

If however we applied this reasoning to our case of interest we would only conclude

€

Nt Z(s
Ve(t, z,w) :Z/t L (ti,x(ti), ( ),u*(ti),w> ds 4+ O(1). (1.13)

Then we see such an approximation would not be useful. The issue is that no matter how small |x(s) — Z(s)] is,
it will be magnified by ¢~! and hence we cannot conclude that the values of the Lagrangian are close. This is



4 A. VAN-BRUNT

not counterintuitive since we expect the control to fluctuate more wildly as the trajectory attempts to navigate
through the random environment.

To address this concern, we instead discretize the control problem in a way which makes no attempt to
approximate the controls on the microscopic level, but rather approximates the controls on a macroscopic
level and implicitly optimizes over the microscopic environment. This corresponds to introducing the following
objects.

1. For some ¢ < N and u € U, let Z(-) follow the frozen dynamics di(j) = f(z(t;),u(s)) for s € [t;, ti+1) with

i’\(ti) = l’(ti).
2. Suppose there exists u; such that

fla(t), i) = —————— (1.14)

then define the set

Iy, wts),r = {u eU : /tti+1 flx(t;),u(s))ds = Tf(x(ti),ﬂi)} . (1.15)

3. Let

_ . it (s)
Ly (ti, x(t;), U, w) == inf L{t;,x(t;), —=,u(s),w | ds. (1.16)
t; €

w€lly, o(t;),7,a,

This definition requires some explanation. The u; is superfluous since by substituting its defining equation to
(1.15), we see that L, is simply the ‘cheapest cost’ to get from z(¢;) to z(t;+1). In the special case of the
calculus of variations, this w; is given simply as 771 f:j“ u*(s)ds, i.e., the average direction of the trajectory
over the time 7. In the general case, we will need a convexity assumption on the image of f(x(t;),-) to guartanee
the existence of such an ;.

Now if we could show that the use of frozen dynamics has little effect to the cost, i.e.,

Lrctoati) iy~ [0 (507 Z () as (117)

t;
then we obtain the following improvement of (1.13):

N
Ve(t,2,w) =Y Le o(ti, x(t:), s, w) + o(1). (1.18)

i=1

Thanks to the frozen dynamics, we can show that L, . is a stationary subadditive process. This allows us to use
the subadditive ergodic theorem to deduce the almost sure existence of the limit

hH(l) LT,e(ti) Qi(ti), Ei,w) = L-,—(ti7 .Z‘(ti), a), (1.19)
€—

which is positively homogeneous in 7. We can then define an effective Lagrangian by

L(ts, o(t:), ;) = W (1.20)
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If we know that L is jointly continuous, combined with the assumed “regularity” of u*, we can proceed as

N T

Ve(t, z,w) ~ Z(tiJrl — ;) L(ti, x(t:), u* (t:)) ~ /

i=1 t

L(s,z(s),u*(s))ds > V(t,z). (1.21)

The proof of the other direction is done by reserving the above procedure.

Let us comment on several key points in the above outline. First of all, the use of subadditive ergodic theorem
is not new in this context. It is used in [17, 20] and many later works also rely on it. So the additional difficulties
in the generality that we present here is the regularity issues: the existence of “regular” approximate optimal
control, the stability of L in modification (freezing) of the state dynamics, and the continuity of L. For the first
issue, we will simply show that there is a ‘nearly step function’ control that approximates our value function.
The second and third issues are more subtle and closely related. The difficulty is highlighted by the fact that
we will want to prove that the effective Lagrangian L is continuous wvia proving a equicontinuity result on L, ..
As we have seen in (1.13), the cost functional

L (s 205, %) uis).w) ds (1.22)
J( )

€

is highly unstable in z(-). Thus in order to compare the two costs with different starting points, we cannot
use a simple continuity argument. Instead we construct controls for which one trajectory essentially traces out
the other one exactly and hence acquires no error in the microscopic variable. Certainly, this type of argument
requires some flexibility to the state dynamics. In addition to this, since we will assume the continuity of L only
locally uniformly in the control variable, it is also important to introduce a type of effective compactness of the
control space which ensures that the control does not get too large. This requires a coercivity assumption.

1.3. Assumptions and main results

We first recall the definition of stationarity and ergodicity. Let {¢,: @ — Q},cre be a group of measure
preserving transformations on the probability space (2, F, P), that is for any z,y € R, ¢,y = ¢, 0 ¢, and
Pop,! = P. The transformation group ¢ is said to be ergodic if P(A) € {0,1} for all A € F such that
<py_1A = A up to a null-set for all y € R%.

Assumption 1.1. For every fixed tq € [0,T) and (x,u) € R? x R? the process L(to,zo, -, u,w) is stationary
ergodic in €. That is to say there is an ergodic transformation group {¢s: @ — Q},cra such that, for every z,y

L(to, z0,x + y,u,w) = L(to, o, Z, u, pyw). (1.23)
For the remaining assumptions, we make the following definitions

UR:={ueR?: |ul <R}, (1.24)
UP = {ue L*([0,7] - RY), |ulw < R}. (1.25)

and use this to define the estimates on the cost function and state dynamics

L*(R) = sup 1L (t, 2,y u,w) |, (1.26)
tx,y,ucUR, we

Linf(R) = t,a:,y,\ul|ng7 wEQL (ta z,Y, u,w) ) (127)

fA(R):= sup |f(z,u)l|. (1.28)

z,ucUR
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Assumption 1.2. For every R > 0, the terms L*(R), Lint(R) and f*(R) are finite.

Assumption 1.3. f is uniformly Lipschitz continuous on each R? x U® with Lipschitz constant ||f]| E’Lp‘

Assumption 1.4. For every R > 0, there exists a constant HLHﬁ-p and a continuous function m% : [0,00) —
[0, 00) with mf(0) = 0 such that for every (z;,v;) € R x R and u; € UR, t; € [0,T], for i € {1,2},

|L(t, 21,41, u1,w) = L(t, 22, Yo, ug, )| <mi(lz1 — o] + [y2 — vol) + | L] i (Jur — ) (1.29)
almost surely in Q. Furthermore we assume that there exists a ||L| i, such that
L (1, @, y, u,w) = Lte, 7,9, u,w) | < [[Ll|Lip([ts — t2]) (1.30)
for all t,s € [0,T] and (z,y,u) € R? x R? x R? a.s. in €.
Assumption 1.5. 1 is bounded and there exists a m¥ : [0,00) — [0, 00) with m,(0) = 0 such that
(@) =¥ (y)| <m¥(jx—yl) (1.31)
Assumption 1.6. For some M > 0, for every = € R there exists a u € UM such that
f(z,u) = 0. (1.32)
Assumption 1.7. There exists an L. (u) < Line(|u]) and A > 0 such that

L, (u)

() =:y(u) = 00 as |u] = oo. (1.33)

Furthermore there exists a function © : R? — R? such that, for every (z,u;,us) € R? x R? x R4

L(ur) = Lu(u2) > O(uz) - [f(2,u1) — f(a,u2)] (1.34)

For n > 0 we denote the open ball of radius  around z as B, (x).

Assumption 1.8. For any given R > 0 and every xo € R? and uy € U, there exists an 7(R) > 0 independent
of xg and a Lipschitz continuous function

H : By(ry(x0) X By(r) (f(20,u0)) := By(r)(uo) (1.35)
such that H(zo, f(20,u0)) = uo and for any (z,v) € Byr)(z0) X By(r) (f(xo,uo))
f(z, H(z,v)) =v. (1.36)

This function H depends on zy and ug, which we omit in our notation. We assume this family of functions H
parametrised by elements of R x U is Lipschitz equicontinuous, and denote this modulus of continunity by
I HIF;p-

Assumption 1.9. For each R > 0 and every x € R%, f(x,U%) is a convex set.

Our main results concerning homogenization of control problems and Hamilton Jacobi equations are as
follows.
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Theorem 1.10. Under Assumptions 1.1-1.9 there exists an effective Lagrangian L such that

lim V. (1, ,) = V (¢, 7) (1.37)

almost surely in ), uniformly on compact sets, where V is the value function corresponding to the cost functional

~ T ~
J(t,x,u) = /t L (s,z(s),u(s))ds + ¢¥(x(T)) (1.38)
and state dynamics
W) fats) u(s)). (1.39)

Theorem 1.11. Under Assumptions 1.1-1.9 there exists an effective Hamiltonian H such that

11_% Ve(t,z,w) =V (t,x) (1.40)

almost surely in Q. uniformly on compact sets, where YN/(t,QJ) s the unique viscosity solution to the Hamilton
Jacobi equation

- 8‘7&@ + H(t,z,D,V) =0, V(T,z)=1(x). (1.41)

Assumption 1.1 is a standard stationary ergodic assumption. Assumption 1.2 ensures that the control problem
is well-posed for each ¢ > 0. Similarly Assumption 1.3 is a standard assumption to ensure the solution to the
integral equation

2(t) — a(to) = /t Fa(s), uls))ds (1.42)

is well defined for each u € U.

The continuity conditions in Assumption 1.4 and are used to prove effective boundedness as per Lemmas 2.2
and 2.3. In fact this is the only place that Lipschitz continunity is needed and the proof of Lemmas 2.2 and 2.3
extensively rely on it.

The combination of Assumption 1.6 and 1.8 imply that there exists a § > 0 such that at each z, for every
v € S? (the d-dimensional unit sphere) there is a u € UM such that

f(@,u) = dv (1.43)

for M := M+ n(ﬂ ). This is one form of the ‘flexibility’ mentioned in Section 1.2 which is important to stipulate.
The terms M and ¢ will be referred to throughout.

Assumption 1.7 is analogous to various coercive assumptions in the calculus of variations setting. The impli-
cation of Assumption 1.7 is that we can essentially compactify the control set. This is a key point in the analysis.
The presence of the A > 0 makes this a mildly stronger assumption, however is satisfied in “many cases”. For
example, in the calculus of variations with L. (u) > clu|® — C for 8 > 1 and appropriate constants ¢ and C.
The role of the second statement in this assumption is to prove that the homogenized Lagrangian satisfies the
same coercive assumption as the original Lagrangian. It is essentially a generalization of convexity. In fact in
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the calculus of variations if we assume that L, (u) is a differentiable convex function, then the second statement
of Assumption 1.7 is satisfied by setting ©(u) := VL, (u). This is discussed further in Section 2.5.

Assumptions 1.6 and 1.8 give us flexibility but it in fact implies more, e.g.. given any control, we can always
find another control which follows the same trajectory but at a higher speed. Its formulation is motivated
by implicit function type theorems. A natural setting where Assumption 1.8 holds is when f is continuously
differentiable in the control variable with an Jacobian whose inverse is uniformly bounded on R? x U for each
R > 0. The function H appearing in Assumption 1.8 will also be referenced throughout, with the dependence on
Zo, u omitted - they will always be clear from the context. Similarly to Assumption 1.3, the Lipschitz continuity
of H is necessary for the proof of Lemmas 2.2 and 2.3.

The assumptions we impose on the state dynamics are strong however is more general then the calculus of
variations. Assumption 1.8 and 1.9 will imply the existence of the @ as in equation (1.14), which is essential to
preserve the state dynamics. Although restrictive, Assumption 1.9, is a common assumption in the theory of
optimal control. A typical result is that under Assumption 1.9, suitable regularity conditions, and compactness
(or effective compactness as per Lem. 2.2) of the control set, an optimal control exists. We refer the reader to
[8, 18, 21] for more details, though we emphasise that the existence of an optimal control does not play a role
in the argument presented here.

Remark 1.12. Let us compare our assumptions to those in [17, 20] in their setting. Thus we focus on the case
of calculus of variations, which makes Assumptions 1.3, 1.6 and 1.8 trivial. Assume that L is independent of the
first and second arguments. Then Assumption 1.7 is equivalent to a mean coercivity condition which states that
L. (u) can be taken as a convex function satisfying lim|, o L+« (u)/|u| = oo, which both [17, 20] assume. But
in fact additional polynomial growth conditions are assumed in [20] (upper and lower bounds) and [17] (upper
bound), which we do not require. Concerning Assumptions 1.4, note first that in this case, we may assume that
L is convex in w since its convex biconjugate leads to the same Hamiltonian and hence same value function.
Combined with the above polynomial upper bounds, the local Lipschitz continuity in u follows. Hence it is also
implicitly assumed in [17, 20]. Therefore our regularity assumption is no stronger than theirs, and [17] moreover
assumes continuous differentiability of L in w.

1.4. Examples

The simplest example is the calculus of variations setting with the Lagrangian given by
1
L(f,u,w) |v2®<x(s),w>, (1.44)
€ 2 €

for some ®(-,-) : R? x Q — R. We assume that ® is almost surely uniformly continuous and bounded. This
type of Lagrangian is referred to as an action in a random potential. Our result readily applies to this. However
we will consider a far more involved example motivated by the theory of relativity, which fully displays the
scope of our work. A principle complication in this setting is that the velocity, v, (with respect to coordinate
time), is bounded by the so call ‘light cones’, which may depend on position. Thus implicitly we are no longer
in the true calculus of variations setting, but restricted to a space-time manifold.

For definiteness we will consider the Lagrangian given by

2 1/2 2
% o) = —me (1 — a(z)) — (1 — afa) ! 7 o (®
L(;,v,w) = —mc ((1 ax)) 02(1 ax)) ) + ik (D( ,w), (1.45)
where v > 0 and

(1.46)
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for a given w > 1. This is motivated by the Schwarzchild geometry in general relativity. We have significantly
simplified it for the sake of exposition. The state dynamics is as in the calculus of variations, i.e taken as
fla,v) =v.

Note that the Lagrangian becomes undefined outside of the ‘light cone’ regions which depend on x, specifically
when

v > c(l — ax)). (1.47)

This means that the direct approach of the calculus of variations is difficult. However in our framework, this
can be done with ease. Let us define

u:= H(z,v) = . (1.48)

This can be inverted for v

v = “(1_0‘(”2) (1.49)

14

We can then rewrite the Lagrangian in terms of v to get

L(%,u,w) = —mc2<w>l/2 +7ul® — @ (%,w) . (1.50)

14+ L
c2

Then we can define the control problem associated to the cost function

Je(t, x,u,w) = —mc? /tT KW)I/Q + y|u(s)]? — @ (x(:) ,w) }ds (1.51)

with state dynamics

da(s) _ u(s)(1 —afx)) _ x(s),u(s
ds 14 e A o

With this change of variables, we have a control problem in which the control argument is well defined on
all of R? and satisfies all of our assumptions. In particular, we note that the image of the state dynamics
function f is bounded by the ‘light cones’. In addition, at each = € R?, the state dynamics are isotropic in the
control variable which ensures that Assumption 1.9 is satisfied. Indeed isotropy is one common setting in which
Assumption 1.9 can be expected to hold. B

We apply our homogenization result to conclude that there exists an effective Lagrangian L such that

lim V (¢, z,w) = V (¢, z), (1.53)
e—0

where

~ T ~
V(t,z) :;Iellfl/t L(z(s),u(s))ds, (1.54)
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and z(s) satisfies the state dynamics

da(s)
ds

= f(z(s),u(s)). (1.55)

We see then that the power of our homogenization result is that it can be applied to situations in which the
state dynamics non-trivially depend on the location. With further analysis, one can consider more complicated
Lorentzian geometries.

Remark 1.13. We emphasise that, because our homogenization result has preserved the state dynamics, we
can now readily convert this back into a calculus of variations problem by using (1.48).

Remark 1.14. In this example, we have an explicit formula for the function H(x,v) appearing in
Assumption 1.8;
v
H(z,v) = =. (1.56)
V- a(@)? - B

in fact, precisely by (1.48)—(1.49), we have that f(z, H(z,v)) = v and H(z, f(x,u)) = u.

2. PROOF OF MAIN RESULTS

2.1. Approximation scheme

We define the approximation scheme which is the key construction in the proof of main result. This is based
on defining a discrete cost function by locally optimizing over a given terminal condition. Fix a (g, z¢) € R% x R?
and a time step 7 > 0. For i > 1let ; = (t;_1 + 7) AT until the first N such that ¢; = 7. This sequence {t;}}¥,
defines a partition of [tg, T]. For a given 1y € R? we recall the definition

to+T7 w(s)
L, (to, zo, Uy, w) = inf / L <t0,x0, ,u(s),w) ds (2.1)
u(8)E€ILyy g, a0 J o €
where
to-‘rT _
ILy o750 = {u ceU : f(zo,u(s))ds = 7 f (o, uo)} . (2.2)
to

The set Iy, 4,,-u, Will never be empty. In particular the constant control given by u(s) = ug is in y 4, -
Hence L, . is always well defined. Note that in these objects, all the macroscopic variables are frozen. This is
to ensure stationarity in preparation of utilizing the sub-additive ergodic theorem.

For this fixed (to,xo), if we take a finite sequence of vectors {ﬂi}f\i_ol, where each @; € RY, we can define the
discrete trajectory sequence {z;}¥, via the discrete state dynamics

Tip1 = 2 + 7 f (25, U5). (2.3)

Let U, denote the set of all such sequences {ﬂi}ﬁgl. This U, is our discrete approximation to U. For
u = {u;};' € U, define an approximate effective cost functional

N-1

J'r,e(tO» Zo, ﬂ» W) = Z LT,E(tiv L, ﬂiv ‘JJ) + 1/J($N) (2’4)
=0
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and approximate effective value function

vae(to,l’o,w) = ~iIlf Jﬁ,-ve(t(),l'o,ﬂ,w). (25)

ueEU,

We also define the non-stationary version of L. . as

. _ tot+t x(s)
L, (to, zo, T, Uy, w) := inf / L <3,x(s), 7u(s),w) ds, (2.6)
u(s)€Mlty, 29,710  to €
where
R to+T7 ~
s = {uctl s [ falo),ute)ds = rfan, ) | 27)
to

Note that, given a uyg, if we take 7 sufficiently small such that 7|f*(|tug|) < n(|tg|) then, by Assumption 1.8,
there will exist a %o (+) € Ily, 4, .5, Such that, for all s € [tg,to+ 7),

f(x(s),uo(s)) = f(zo,uo). (2.8)

In particular, given a K > 0 and a g € U, we can take 7 so small (depending only on K), such that the
set Iy 20,75, 15 non empty and hence in this regime, L, . is always well defined.

2.2. Technical lemmas

Throughout the proof of the main theorem, we will require several technical lemmas. The proof of these is
relegated to Section 3. The first of these is regarding the use of approximating controls with piecewise constant
dynamics.

We consider a general control problem f(z,u) and Lagrangian L(t,z,u). For this control problem we define
S be the set of controls such that f(z(s),u(s)) is a step function. That is, S is the set of controls such that for

some intervals {[t;,t;41)}}L, partitioning [to, 7] and values {v;}}¥ |,
) N
f(m(r)7u(r)) = Zvil[ti7ti+1)(7ﬂ)' (29)
i=0

We will always assume that f, L satisfies Assumptions 1.1-1.9, with the bounds f*, L*. The following lemma
will be applied to multiple control problems.

Lemma 2.1. Let J and V be the cost and value function of a control problem on time [0, T with Lagrangian L

and state dynamics f. Assume that L and f satisfy Assumptions 1.1-1.9. Then for every t € [0,T] and x € RY
V(t,x):= inf J(t = inf J(t . 2.1
V(t, z) ireluJ(,x,u) qirelsj(’x’u) (2.10)

The same is true for the control problem with terminal constraint x(T) = x.

The second lemma argues that we can, without loss of generality, restrict the control space to a compact set.
To formalize this we consider the cost functions obtained by restricting the admissible controls to U® for a fixed
R > 0 and hence define for each (t,z,w) € [0,T], xR% x

VRt z,w) = inf J(t,z,u,w) (2.11)
ueU®
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and the objects, given (to,xo,u0) € [0,T] x R% x RY,

LE (to, 20, U, w) : inf /t0+TL (t x 2(s) u(s) w) ds (2.12)
7.e\l0, L0, W0, - = 0,20y — > ) .
’ w(8)E€Myy g, a0 UF to €
and
R - ) to+T z(s)
L (to,xo, o, w) : = _inf L ( to,x0, —,u(s),w | ds. (2.13)
’ u(8) €l zq,7.ao NUE J 1o €
Similarly, for the discrete control problem we define
UR ={ueclU, : |u;] <R foreach 1 <i< N —1,}, (2.14)
and the value function
VE(t,x,w) = inf jﬂe(tw,u,w). (2.15)

TEUR
Lemma 2.2. There ezists an K > 0 such that for allt € [0,T] and x € R%, € > 0 and almost every w,

VE(t z,w) = Vi(t,z,w), (2.16)
and

Vf;(t,x,w) =V,(t, z,w). (2.17)

Lemma 2.3. For 7 > 0 and u € R? such that 7f(zo,u) < n(|u|), there exists a K = K(u) such that for all
to € [0,T] and zo € R, € > 0 and almost every w,

LT,E(to,l‘o,a,w) = Lfe(to,xo,ﬂ,w), (218)

and

~

Ly (to, xo, 1, w) = L (to, x0, 1, w). (2.19)

These K will be referred to throughout the paper.

Remark 2.4. These lemmas are not to be taken for granted. In the context of more general control theory,
neither Lemma 2.1, nor Lemmas, 2.2-2.3 or even the fact that we are from the outset minimizing over controls
in L> ([0,T] — R%), is something which is justified without strict assumptions. In the calculus of variations
setting, we might more generally minimize over the set of measurable controls, M. However there are examples
in which

inf J(t inf J(t,x,u). 2.2
Jnf J(t,2,v) < inf J(¢ 2,u) (2:20)

Such examples are said to exhibit the Lavrentiev phenomenon. This shows that a careful choice of the space of
minimizers is required. A particular one-dimensional example is given in [2], which shows that for the Lagrangian

L(t,x,u) = (t4 — 292 ul® + |ul? (2.21)
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on the time interval [—1, 1], the Lavrentiev phenomenon is exhibited for some v > 0 and s > 27, under the
boundary conditions z(—1) = k1, x(1) = ks for some ky, k2. Furthermore the Lagrangian in (2.21) satisfies every
assumption in our hypothesis of Lemma 2.3 except the uniform Lipschitz continuity with respect to time, as
given by the Lipschtiz constant || L||z:p. If we attempted to replicate the proof of Lemma 2.3, as given in Section
3 for the Lagrangian in (2.21), it would fail for that very reason. Thus we see that the results of this paper rely
delicately on the regularity assumptions.

2.3. Continuity of the discretized control problem and value function

In this subsection we study the error of using a stationary approximation to the control problem and prove
continuity properties of L, . and V.. These lemmas will then be applied in the next subsection to analyse the

continuity of the effective Lagrangian L and to show that it is almost surely constant in €).

Lemma 2.3 is key for the following two lemmas. The first of these will be used, albeit in a different form, to
show convergence of the value functions in subsection 2.5. It illustrates the error obtained if we use a stationary
approximation.

Lemma 2.5. For every (to, zo, o) € [0,T] x R x R% and 7 > 0 such that 7| f*(K)| < |n(K)|, where K = K (i)
as in Lemma 2.3, we have

~ =~ ~ K K K K K *
| L+ (to, %0, Wo, w) — L. (to, @o, o, )| < 72 [IIL| Lip + FXEONLI o O NH ") + 7m0 (24 (K))
(2.22)

Proof. Take any control u € ﬁto,wo,r,ﬁo- Without loss of generality, we can assume that ||u||o, < K. This implies
that sup,e(y 1941 [2(8) — 0| < 7f*(K). Therefore we may use Assumption 1.8 and deduce that for each s €

[to, to + 7] there will exist a @ € UK+ guch that

f(zo,u(s)) = f(x(s), u(s)) (2.23)
and
ja(s) — u(s)| < | H | 55" (1 (K)) (2.24)

this control follows the same trajectory, in that Z(s) = x(s). Then

/t:WL (to,xo,‘”(:),a(s),w) ds/t:WL (s,x(s) @ u(s), )ds
<

K K K K K *
< P2 (Ll ap + £ E) LI " NHN )+ rm O (2 () (2.25)

as the control u(-) was arbitrary, this proves that

7 ~ * K+4n(K) K+n(K) K+
Ly e(to.w0, B w) + 7 [ Lllip + £ (KN LI o "N H N7 ™0 om0 (7 (1))
> LT,E(tO'mO,a()»w)' (226)
The converse inequality is proved in the same fashion and this completes the proof. O

We turn our attention to obtain a modulus of continuity on L, .
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Lemma 2.6. Suppose (to,70,y) € [0,T] x R x R, and €, 71,72 are strictly positive and (U, u2) € R? x RY are
such that 7 > 67 (|71 f (zo, u1) — T2.f (x0, U2)|) + €y. Then define

T1
8 = _ _ , 9.27
' Tz—571(|71f($0,ul)—Tzf(xo,u2)|+€y) (2.27)

T2
B2 = — — ) 2.28
2 T1 —5*1(|72f($0,u2)—T1f($0,U1)|+€y) ( )

and

B* := argmaxg 5 [0 — 1] (2.29)
B i= argmaxg, g |1/8; — 1], (2.30)

T:=71 ATe and K := K(uy) A K(ug), where K(uy) and K(us) are as in Lemma 2.3. Assume |5* — 1| < n(K).
Then for every w € Q almost surely,

’L‘rl,e(tO; 370,171,(4)) - L72,6<t07x07ﬂ2?w) o (Py|
L (M)
é

* K K K K % % ~ ~
< TL*(K)|1/ B — 1| + 7| LI 5 N H | 7O () 87— 1] + (IFI5|a — | + ey).  (2.31)

Proof. Without any loss of generality we take ¢, = 0. Fix any control u € Il 4, r, @, , and assume ||ull < K. We
will adopt a similar strategy of defining a control, & which traces out the same trajectory. Define @(s) € g 4 75,7,
as follows. For s € [0,71 — e~ !|y|] define @ such that

F(zo,u(s)) = 5@—‘, (2.32)

this ¢ is as in equation (1.43). The trajectory of @, denoted Z, will satisfy Z(ed~'|y|) = xo. For s € [ed " |y|, 72 —
67 f(zo, 1) — T2 f (w0, U2)|| define @(s) as the solution to

f(zo, u(s)) = Brf(xo,u(Bs)). (2.33)

This will reach 71 f(z0,%1) by time 75 — 61|71 f(wo,u1) — T2f (20, U2)|, and the existence of such a control is
guaranteed by Assumption 1.8 and our assumption |8* — 1| < n(K). in the statement of the lemma. During this
time note that

[a(s) = u(Brs)| < |H |z, (7 ()11 — 1)). (2.34)
and z(t) = z(B1t).
For s € [ra — 0 7Y f(zo,u1) — f(z0,U2)|, T2] we define 4(s) such that

f(xo,ur) — f(xo,u2)

Fo-0s)) = 0 T = F o)

(2.35)
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which ensures Z(m) = xg + T2 f (20, u2). Then,

/Oﬂ I (O,xo, x(j),U(s),w) ds — /OT2 L <0,x0, xis),u(s)7w> ds
/Oﬂ I (O,xo, x(e’s),u(S),w) ds — /Bll/oTl L (0,x07 3@7u(5115),w> ds

s 'y/lyl = To
+/ L(O,mo,x(s),u(s),w> ds+/ L(O,xo,x(s),u(s),w> ds.
0 € To—0 "7 f(z1,u1)—T2 f(22,u2)] €

L (M)
0

<

* K K K K) px ~ ~
< 7L (K)[1/By — 1| + Tl LI O H | 5 (1) (8 — 1))+ (IFI15, i — s + ey)

The control w € Ily 4, r,.w, Was arbitrary. We can repeat the proof for an arbitrary @ € 1/_\[071.07727772 and acquire
a similar bound for involving (2, and then taking the maximum over ;, arrive at the conclusion. O]

Finally we also wish to get a uniform continuity bound on V¢ (¢, z,w) uniform in e. For this proof, it similarly
essential that we have effective compactness stated in Lemma 2.2.

Lemma 2.7. Let K be as in as in Lemma 2.2. Then for all € > 0, almost every w and x; € R%, t; € [0,T],
ie{1,2},

L*(M)
1)
+ T(|t1 — tQ‘ + (571|£81 — $2|)L*(K) + mw(|t1 — t2| + 571‘(E1 — CEQD

[Ve(ty, 21, w) = Ve(tz, x2,w)| < |21 — 2| + T|| L) Lip(|t1 — t2| + 67 a1 — 22])

(2.37)

Proof. The concept and argument of the proof is very similar to that of the previous lemma. If we start from
r1, we can move to position xo in time 5’1|z1 — x3|. From here we can trace out the same trajectory. The
difference that we pick up is accounted as follows

1. The first term is the cost during the time taken for the control to reach x5. The cost of this is

/tltl_éllxl_m L <s>x(8)» m(s),u(s)’“) ds < L*((;M> |1 — (2:38)

€

for some control u(s) such that

fz(s),u(s)) = g2 (2.39)

ETEE

2. The second term accounts for the difference in the time argument of the Lagrangian throughout the
imitating control. This is bounded by ||L||Lip(|t1 — t2| + a1 — 2)

3. The third term follows from the fact that any control attempting to trace out another control which
started at ¢, may fall short of time up to a maximum of |t; — ta| + 1|1 — 22|. However over any period
of time, we can assume that the Lagrangian is bounded proportional to L*(K)

4. The last term comes from the difference in the terminal cost, which by Assumption 1.5 is less then
m¥ ([t — ta] + 07 a1 — 22])

O
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2.4. Subadditive Ergodic theorem and effective Lagrangian

In this subsection we state a continuous parameter version of the sub-additive ergodic theorem to deduce
(1.19) almost surely and define the effective Lagrangian.

Define the set Q. = {(a,b) € R? : 0 < a < b}. Let F = {F,; : (a,b) € Q.} be a family of integrable real
valued functions on our probability space (Q, F, P). Let {@, : 7 > 0} be a family of measure preserving mappings
acting on 2. The family F, ; is called a continuous sub-additive process if the conditions

(Cl) Fa,b o SZT = La+rb+r ((CL, b) S Qca l Z 0 )
(C2) Fa,l S Fa,b + Fb,l ((av l)v (ba l) € Qc)
(C3) E(Fp,p) > b for some v > —c0

are satisfied and Fj, (w) is a measurable map of Q. x © — R with respect to the product o-algebra in Q. x €.
The expectation is with respect to the measure P.
For the statement and proof of the following proposition we refer to [13].

Proposition 2.8. Suppose that {Fy b} (a,p)cq. satisfies (C1)-(C3), is continuous in a,b and there exists a K (a, b)
such that |Fy p(w)| < K(a,b) a.s.! Then

lim b~ ' Fy, (2.40)

b— o0

exists a.s. and is @, invariant for all r > 0.

To apply the sub-additive ergodic theorem to L. ., we need to reintepret our problem as “long term averages.”
We will fix a a (tg, o, u0) € [0,T] x RY x R? and 7 > 0. For u(s) € 14y 0,7, We have that by substitution
S=s/e

x - Z (t+71)/e
o(t+7) _ +/t F(wo, u(€3))d5 =: F(t + 7). (2.41)

€ € P

After the same substitution s our object of interest is equivalent to

(t+7) /e
L,.7E(t0,sc0,ﬂ0,w) = inf 6/ L(tg,xo,f(a,u(@,w)dg. (242)
t

u€lly o7 /e iig /e ¢

The distinguishment between (Z(s),s) and (z(s),s) is superficial, we shall henceforth write (z(s), s). For our
purpose, we then define F, ; as

t0+b—LL
Fop = inf / L(to, xo, z(s), u(s),w)ds. (2.43)

wElleg wotaf(zg.iig).b—a.ig J
Then using equation (2.42), for each e > 0 this is equivalent to

1 o~ o~
gLe(b—a),e(et()v xo + eaf(xo,up), Up,w). (2.44)

In the formulation given in [13], the conditions are weaker. Fy, j is assumed to be separable and has integrable oscillations. We

refer the reader to [13] for further details.
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The family of measure preserving transformations {¢, : r > 0} is then defined as ¢, (5, ,7,) - the ergodic measure
preserving transformations from Assumption 1.1. Therefore

to-‘rb—(t
Fopo@, = inf / L(to, 20, 7(5),u(8), Orf(z0,10)w)ds (2.45)
w€llyy zg+af(zg,ip).b—au J i
to+b—a
_ inf / Lito, w0, 2(s) + f(z0, o), u(s), w)ds (2.46)
u€llig wotaf(eg,ag).b—a.@g Jto
to+b—a
= inf / L(to, xo, z(s), u(s),w)ds (2.47)
uento,mo+(a+r)f(m0wio):b—aﬂo to
= La+rb+r (248)

and so (C1) is satisfied. Sub-additivity (C2) is a consequence of the fact that any path from zq to xo + af (2o, uo)
in time [0, a], and then a path from zg + af (o, %) to o + bf(xg, Up) in time [a,b], can be joined to form a
path from x to bf(zg, Up) in time [0,b]. The condition (C3) follows from the assumption that L. (0) is finite.

We now want to show that it satisfies the conditions of Proposition 2.8. The upper bound K(a,b) can be
taken as (b— a)L*(K (tg)) where the K (up) is as in equation (2.18). Hence we only need the following continuity
lemma.

Lemma 2.9. For positive real numbers by, by, ay,as such that |by — ba|, |a; — as| are sufficiently small there
exists a constant C = C(k) such that if |by — a1| A |ba — az| > k

|F(l17b1 - Fa27b2 © ‘Py| < C“al - a2| + |b1 - bQ‘ + |y|] (249)

Proof. The proof occurs through using Lemma 2.6 in the special case where u; = us = ug and the equation
(2.44). Doing so we observe that, for each € > 0,

1 - -
|Fop, © 0y — Fopy| = = |Leby e (€to, @0, Uo, w) — Lep, e (€to, o, o, w)|
€ (2.50)

< Iy — bl (L* ()18 = 11+ LI 2575 g a9 = 1) + 2y

provided that |b; — by| and y are sufficiently small so that the hypothesis of Lemma 2.6 are satisfied. 5* and S,
are as in Lemma 2.6. Note 8* and f, diverges/becomes indeterminant for small values of by, bs and hence the
Lipschitz constant C'(k) depends on the parameter k. This is not an issue as we will be interested in the regime
when by, bo are large.

This proves Lipschitz continuity of the object Fj, 3 o ¢, in the y variable and second parameter. The continuity
of the first parameter is proved similar to the analysis in Lemma 2.6. O

We may now utilize the Proposition 2.8 to deduce on a set Q¢ C Q with P(Q) = 1 there exists an
L, (to, x0, U, w) such that

lim 6F0 T/e = lim LT e(t07 o, ﬂo, w) = L-,—(to, Zo, ﬂo,w) = Til(to, o, ﬂo, w) (2.51)
e—0 ’ e—0 '

for all w € Q. The linear relationship of L with respect its argument 7 will become important later.
Take any y € R? and observe that, from (2.50),

221(1)6|F0,7'/6 O Py — FO,T/G’ < 21—13(1) eC\y| =0. (252)
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Hence it follows that ET (to, o, Uo,w) is ¢, invariant. Therefore by ergodicity, ET (to, xg, up,w) is almost surely
constant in .

We then extend this to every rational number and take the countable intersection to conclude the following
lemma.

Lemma 2.10. There is a function L, such that, for all (to, xg, up) € ([0, TN Q) x Q% x Q%, we have an event
Q' < Q with P() =1 such that

hII(l) LT,E(to, .To,ﬂo,w) = LT(tQ,xo,ﬂo) on Q/. (253)
e—

For a control & = {u; }1\.5! € U, we define the cost function

N-1
Jo(to,z0, W) = > Lr(ti, i, 1) (2.54)
i=0
and value function
Vi (to, z0) = nf J(t,2,7). (2.55)
uel-

Recalling the linear relationship of ZT with respect to 7, we define the effective Lagrangian

- 1~ ~ -
L(to,l‘o,Uo) = ;LT(to,JC(),UO) = LT(t(),l'(),Uo) (256)

for any 7 > 0.

Lemma 2.11. For each R > 0, L(-,-,-) is uniformly continuous on ([0,7] N Q) x Q% x (Q4NU~R) and hence
can be extended to all real numbers.

Proof. In this proof we always take (t;,7;,u;) € ([0,7] N Q) x Q¢ x (Q? N U%). Employing Lemma 2.6 and the
B; therein, for any fixed 7 we will have

1
— 571 f(wo, u2) — f(z0,u2)|’

Bi=p1=p2= 1 (2.57)

This quantity is also 7 invariant, and thus, by Lemma 2.6 we immediately obtain a uniform modulus of continuity
in the control variable on U® and in 7.

The temporal and spatial modulus of continuity are inherited from the original Lagrangian, after taking
€ — 0. Specifically, we have, for almost all w € Q

= |E1(t1,$1,ﬁi) - Zl(tan%ai)'

<l | Ly e (t2, 22, Ui, ) = Lie(to, @2, Uiy 0oy —ow)| + 1Ll Lip ([t — T2]) + my (Joy — xa])  (2.58)

However as the ZT is almost surely constant on €2, then

hr% |L1(t2, T2, ﬁi, w) - Ll(tg, o, ﬂi; gpxl_mwﬂ =0 a.s. (259)
€E—>
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Therefore
|L(tr, @1, 3;) — L(ta, 22, @5)| < || Lllip(tr — to]) +mby" () — a2)). (2.60)

O

This shows that L is Lipschitz continuous on UX for each K > 0 and is Lipschitz continuous in the temporal
variable. We will denote these Lipschitz moduli of continuity as ||E||ﬁp and ||ﬂLip respectively.

Having extended the effective Lagrangian to all of R% we can now define the homogenized control problem.
For some control u € U, let z(-) be given by the state dynamics as in (1.3). We define the cost functional as

T
J(t, x,u) = / L(s,z(s),u(s))ds (2.61)
t
for (t,z,w) € [0,T] x R? x Q and the value function

Vt,x) = inzf;{ J(t, z,u). (2.62)

ue

2.5. Coercivity of the effective Lagrangian
Lemma 2.12. For all (tg,z0, o) € [0,T] x R x R? and e,7 > 0 we have that

LT,e(t07x07aO) Z TL*(aO) (263)

Proof. Without loss of generality, take 7 = 1 and suppose that 7,75 > 0 such that 7, + 7 = 1.
Suppose that u; and us are such that

m1f (20, U1) + T2 f (20, U2) = f(20,0) (2.64)
then the essence of the proof is showing that this implies that
T1La (1) + T Ly (U2) > Ly (). (2.65)
The argument is as follows. We have from Assumption 1.8 that
71 L. (1) = 1 La(t) = 1O(2) - [f(2,U1) — f(z,Uo)] (2.66)
and
7oLy (Uz) — 7oLy (1) > 720(U2) - [f (2, U2) — f(z,00)]. (2.67)
Adding these gives the inequality
T1 Ly (01) 4+ T2 Ly (u2) > L (up). (2.68)

Iterating and passing to limits we can conclude for any u € Il 4.7 »

/t:OH L (to,xo, @, u(s),w) ds > /tOJrT L. (u(s))ds > L. (). (2.69)

to
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O

By taking € — 0 we can immediately conclude from this Lemma that L, (t, 2, u) > 7L, (u) for every (t,z,u) €
[0,7] x R? x R? and 7 > 0. This lemma gives us precisely the same estimates on L, L:. as L, and so we can
prove the effective boundedness for the homogenized control problems.

Lemma 2.13. There exists an K > 0 such that for all t € [0,T],z € R,
VE(t,z) = V(t, ), (2.70)
and
VE(t z) = V. (t, 2). (2.71)
In order to understand the nature of this ©, consider the case where f and L, (-) is continuously differentiable
and that the Jacobian of f is invertible at every point. Then similar to lemmas in classic convex analysis we

can prove that the function ©(-) is the gradient of L,(-) multiplied by the inverse of the Jacobian. Given the
conclusion that

(1= 7) Ly (1) + 7L () > L, (i) (2.72)

for 7 € [0, 1] and w3, ug such that (1 — 7)f(xo, u1) + 7f (20, u2) = f(x0, Up), we can make a brief calculation to
deduce that

Ly (1) — L (@1 + 7~ (2o, ) [f (w0, Ur) — f (w0, U2) + o(7)])

Li(u2) — Li(u1) > (2.73)

Taking 7 — 0 implies that
Ly (t2) = L(@1) 2 VL (1) - [J ™ (w0, @) (f (20, U2) — f(z0,W))] (2.74)

Thus we can essentially calculate the function ©(:).

2.6. Convergence of the value functions

In this subsection we prove Theorem 1.10.

Lemma 2.14. For every t € [0,T],z € R? and almost all w € Q
Vielt,z,w) = Ve(t, z,w) (2.75)

uniformly in € as T — 0.

Proof. Similar to the preceding sections, the argument is based on imitating the trajectory and showing that
the difference in cost is small.
Let x > 0 be arbitrary, take a u € U such that

Je(t, x,u,w) < Vet z,w) + g (2.76)
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Using Lemma 2.2 we can without of generality assume that ||u||.c < K. Define an associated approximation
w in U, by iterative construction. Set to = t,

t1 = (to + T) AT, (277)
and zg = z(tp) = z. We will show that there is a u; € U such that

x(t1) —z

f(xo,u1) = (2.78)

We can, without any loss of generality, suppose that the control is a step function taking values uy at times
[tk,trr1) (see [19] Prop. 22, P. 69). Then

N

(th) — alto) = Z[ U Fas), ug)ds. (2.79)

k=1t

So, stipulating that 7 > 0 is sufficiently small so that n(K) < 7f*(K), we can use Assumption 1.8 to deduce
that there exist @y such that f(z(s),ux) = f(zo, ur) at each [tx, tri1].

N

tk+1 N
x(ty) — x(ty) = Z[ f(@o, ur)ds =Y [Ers1 — Bl f (w0, ur)- (2.80)
k=1"1k k=1

Divide both sides by 7 and use that fact that the sum of #; — f541 is 7 and f(zo, UX) is a convex set to derive
the existence of a u; such that

z(t1) —x
F (o, m) = X 13 (2.81)
We iterate this procedure to define
t; == (ti—l + 7') AT (282)
Similarly for each i there exists w; such that
~ t;) — Ti—
f(xi ;) = ot — @i . = (2.83)

where we define x; = x(¢;). We terminate on the first N such that ¢y = 7. These @; then define a u = {uz} o

in U,.
By Lemma 2.5, in light of the fact that ¢;41 —¢; < 7,

~ K K K K
Lre(ti i, G, w) — 72 [ Ll Lip + £ EOLI "N H N 7] = 7mg 7750 (7 (k)

Summing over ¢ we conclude

~ * K K K K K K %
Jre(to, 20,8, w) — T (|| L] Lip + F*ELI T " O NH| £ 75O) = T 775 (7 (k)
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< Vi(to,0,0) + 1. (2.85)
Conversely for a given x > 0, suppose @ = {u;}¥, € U, is such that

Jre(t,z,u,w) <V, (tz,w)+ (2.86)

il
5

We know by Lemma 2.2 that we can without loss of generality assume that |u;| < K for every i, uniformly in
T, €.
Let u; be a sequence of controls such that, for each i < N,

tit1
[ (ti, o, 2, uz-(s),w) 08 < Ly (b0 0) 4 s (tir 1), (2.87)
t; €

We know by Lemma 2.2 that for every @; there is a K (@;) such that we may assume |u;]|oo < K (@;). However
as sup;< v |u;| < K then we may strengthen this to sup,; <y [luillc < K(K) =: K.
Hence, by Lemma 2.5,

K K K K K =
Loe(ti iy s, w) = 72 [ Ly + £* || L K EME | p | RoenEY] gy KnR) (. <K+n<K>>)

Lip

+ 5
2
=N tit1
> Ly (ts, x4, uw) > / L (5755(3) > (2.88)
t;

As k > 0 was arbitrary, summing up over i we get the converse of (2.85). Thus taking K* := K A K such that

Vet 2,0) = Ve(t, 2, w)] (2.89)
N K* K*+n(K* K*+n(K* P
< Tr{|Llzip + £ KL, N H g, )+ Tl 10 (7 () + . (2.90)
Observing the RHS is independent of € completes the proof. O

We now show that the discrete homogenized control problem converges to the continuous homogenized
problem as 7 — 0.

Lemma 2.15. For each t € [0,T],z € R?

Th_r)% Vi (t,z) = V(t, ). (2.91)

Proof. FixaT > 0.Let u = {uZ Y, € U,, with associated time intervals [t;, ¢;11) and spatial points x;. As usual
we can use Lemma 2.2 to assume that for some K we have |u;| < K for every i. We can define a u € S such that
fzi, ;) = f(x(s),u(s)) on s € [t;,ti+1). Using Assumption 1.8 this will satisfy |u; — u(s)| < Tf*(K)HHH}L(w
Then we have that

Tt 2, 0) :/tTE(s o Z/ " (s 2(s), u(s))ds. (2.92)

Because

= = ~ K K K K K K *
|L(s, 2(s), u(s)) — L(ti, x4, @)| < 7| LI 5t " NHI ™ + 7Ll ip +mp T (7 f(K)) (2.93)
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and by definition of L in (2.56) we have

tivr1 - — ~
/ L(tz,a:z,ﬂz)ds = TL(ti,$i,ai)dS = LT(ti,xi,ﬂi). (294)
ti
Then,
T ~ K K K K K
|2 (2, @) — J(t, 2, u)] < T LIS " ONHI )+ 7| L iy + mp T (2 (K) (2.95)

In particular if given a x > 0 and a control % such that

Jo(t,x,u) < Vit z) + K (2.96)
then this proves that

Vo (toa) + 7| LI N H )+ 7| L) iy + my T (5 (K)) + 8 > V(). (2.97)

Conversely, fix a control u € U. Without loss of generality we may assume that u € S. We now define a w € U,
precisely as in the previous lemma through equations (2.82), (2.83) and denote the sequence of controls in U
as U; and it’s time partitions as [t;,;11]. If we have for some J, 4 that [tj,ti+1] C [ti,tit1], then it follows that
[t —u(s)| < Tf(K)|H|%, as f(:vz,uz) = f(x(s),u(s)) for s € [t;,t;41], which implies that during this time

¥ = ¥ K+n(K
|L(s,2(s),u(s)) = L(ts, s, wi)| < 7l LI, | Iy + 71 Lllnip + my 77 (77 (K)) (2.98)
We want to argue that the vast majority of j falls within such an 1.

Let P be the number of partitions of the control u. P is independent of 7. Then observe that all but P of
the j must satisfy [t;,;41] C [ti, t;+1] and on each j we have that ¢ —t; < 7. Then

(2, u) = T (8,2, @) < Tr(| LIS I, + Ll + PL*(K)) +mpy " (k) (2.99)

In particular if we have for a given x > 0 that

J(t,z,u) <V(t,z)+r (2.100)

Then we deduce that
V(t,2) + Tr(| LI K | H 5y + 1Ll ip + PLY(K)) +mp " (7 4(K)) + & > Vi (t, ). (2.101)
We now take 7 — 0, as k was arbitrary, this concludes the proof. O

Remark 2.16. In the proofs of Lemma’s 2.14 and 2.15, the terminal cost function plays no role. The discrete
trajectory and continuous are always such that xy = (7). This will also be true in the Lemmas 2.1 and 2.2
which will be proved later.

We can now combine this to prove the main result.

Proof of Theorem 1.1. For all t € [0,T], z € R? and almost all w € © we have

Vi(t,z,w) = V(t,z)| (2.102)
< |Velt,z,w) — Vi o(t,2)| + [Vee(t, 2) — Vit 2)| + Vo (t,2) — V(t,2)]. (2.103)

)
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For the second term,

lim |Vielt,z) = Vi(t,@)| =0 (2.104)

as L, (to, zo, Ug,w) — L. (to, w0, Ug) for each (tg,z0,tg) € [0,T] x R x R? almost surely and L, is uniformly
continuous.
Taking € — 0 and using Lemma 2.14, we have then that, on the event 0,

limsup |Ve(t, z) — V(t,:c)| < |1~/(t,x) - ‘~/T(t,x)| +limsup |Ve(t, x) — Vi (8, z,w)|. (2.105)
e—0

e—0

As 7 is arbitrary, we have the result by Lemmas 2.14, 2.15. Uniform convergence on compact sets follows from
equicontinunity of V,(t,x). O

2.7. Homogenization of the Hamiltonian Jacobi equation

In this subsection we detail the equivalence of homogenizing our control problem, to homogenizing the
associated class of Hamilton Jacobi equation. This thereby proves Theorem 1.11.
If we define the Hamiltonians

H <t, x, x(:),p,w> = vseuﬂgl {ff(x,v) -p—1L (t,x, %,v,w)} , (2.106)
A(t,w,p) = sup {~f(2,0) - p— Lt,2,0) |, (2.107)
vERC

then it is a well known fact that the value functions V, and V are the unique viscosity solutions to the following
Hamilton-Jacobi equations:?

_88‘26 +H (t,m, x(j),DxVE,w) =0, V(T,z,w)=1¢(x) (2.108)
oV~ ~ ~
~ar +H(t,z, D, V)=0, V(T,z)=1v(z) (2.109)

Thus, having proved that V., — V uniform on compact subsets, Theorem 1.11 is immediate.

3. PROOF OF TECHNICAL LEMMAS

3.1. Approximation by piecewise constant dynamics

Proof of Lemma 2.1.
Step 1: Without loss of generality take ¢ = 0. Our first step is to prove that we can approximate the value
function using controls that are step functions. Fix a (¢,2) € [0,7] x R? and a control u € Y. We know from
standard analysis (e.g. see [19], Prop. 22, p. 69.) that for any given x > 0 we can take @ to be a step function
such that,

a(s) —u(s)] < (3.1)

2We refer the reader to (9] page 104 for details. We mention that the continunity of the Lagrangians, state dynamics and effective

compactness of the control space are essential ingredients.
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except perhaps on a set of measure less then k and ||@]|o < |Ju||oo- Denoting Z(-) as the trajectory of the control
@(-) we have that

T — —
|70, 2,u) = J(0,2,a)| </O |L(s,x(s),u(s)) — L(s, Z(s), u(s))|ds (3-2)

< / e (12(s) — 2(s)[)ds + RTILI= + KL*(Julloo). (3.3)

We then apply Gronwall’s inequality on |Z(s) — z(s)|. Specifically for each t € [0, T,

12(s) — o(s)] < / ), u(r) — F((r),a(r)|dr (3.4)
T

< (17l / (2(r) — 2(r)] + [a(r) — u(r)])dr (3.5)
O,
T

< [17]) el / (2(r) — =(r))dr + £(T +1). (3.6)

Therefore |Z(s) — x(s)| < k(T + 1)exp(\|f||%1!°° (T +1)) for all ¢ substituting this into equation (3.3), we deduce
that

|7(0, 2, u) = J(0,2,a)| < Tmy"" (s|(T + Dexp(| £} (T + 1)) + kTILILD= + kL*(lulloe).  (3.7)

This completes step one.

Step 2: In this step we use Assumption 1.8 to show that step one can be converted into the statement about
elements of S. Let @(s) be as above with @(s) = @; on [t;,t;+1). For i < N, define the quantity ¢; as

e e A (OO (3.5)

tiv1 —t; tiv1 —ti Jy,

Note that this is the average of the velocity produced by the original control, u. Without loss of generality we
can take the time interval of the step function (s) so small so that sup,<y [tiv1 — ti| f*([[ulloc) < n(][1f00)-
Then using Assumption 1.8 and 1.9 there exists a control w such that

f(@(s),u(s)) = o; (3.9)
for s € [t;,t;41), where Z(s) is piecewise linear trajectory from z(¢;) to x(t;4+1). We then extend this control to

all [0, 7). Observe in particular that x(t;) = #(¢;) and thus Z will also satisfy the same terminal conditions (and
have identical terminal cost). Then we have that

(t) = 2(O)] < [2(t) — x(O)] + |2(2) — 2(1)) (3.10)

< | ppple / (12(s) — Z(s)| + [a(s) — a(s))ds + (T + Dexp(IFI1= (T +1)).  (3.11)

By Gronwall’s inequality

ja(t) - #(e)] < ( / [a(s) — (s)|ds + £(T + 1)) exp( FIL= (T + 1)). (3.12)
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Thus we want to acquire a bound on |@(s) — @(s)|. But, because @ is a step function, then we have that, except
perhaps on a set of measure less then x (using |a(s) — u(s)| < k),

|F(@(s),u(s)) = F(@(t), )| < LT~ tisn = il (F* (lulloo) + 5)- (3.13)

This implies that, if we integrate over [t;,t;11) we get

F(@(t),ws) — Bl < FIFD= (tivr — il f* (lulloe) + &) + 5. (3.14)

Thus,
|F(@(s),wi) =Tl < AN tirs — £ lulloo) + £ (2(t:), wi) — 5l (3.15)
< 20 I [tir — il £ (lulloo) + wOIFINT> + 1), (3.16)

Then we can utilize Assumption 1.8 to deduce that

ja(s) — a(s)| < [HIP 20 £ 1t — ol (lulloo) + £ + 1)), (3.17)

Choosing these functions such that sup; |t;+1 — ;| and & tends to 0 and placing them in equation (3.12) and
then the equivalent of equation (3.3) with Z replaced by Z gives the result. O

An important point is that this lemma applies to the value function V; as it can be interpreted as the value
function associated with the Lagrangian

L (t,z,u):=L (t,:c, E, u,w) (3.18)
€

which is uniformly continuous for each fixed e. Although its modulus of continuity deteriorates as ¢ — 0, this
is not an issue. The effect of the deteriorating modulus of continuity is that the step functions will gain in
complexity. However, in the case where we use then for effective boundedness this does not become a problem.
In the other case when we use it to prove Lemma 2.15, the Lagrangian L is uniformly continuous.

In particular, what will we do in the proof of Lemmas 2.2 and 2.3 is, for any control u,, € S, we will take the
time intervals [t;, t;41), to be so small that |u,(s) — un,(t)] < A for all ¢, s € [t;, t;+1) for each i, where the term
A is as in Assumption 1.7. Our ability to do this depends on the function H and consequently will depend also
on [|u]c-

3.2. Approximation by bounded control
Lemma 3.1. Let [to,to + h] C [¢,T] and u € S be such that

f(x(5>7u(s)) = Zvil[ti»twl)(s)? (319)
1=0

max sup  Ju(s) —u(r)] <A (3.20)

0<J<N s reft; tiqal

/:M L <s,x(s), I(S),u(s)> ds < Wh (3.21)
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for some W > 0, where X is as in Assumption 1.7. Then for sufficiently large R > 0 depending only on W,
there exists a control ur € UF such that

/t:o+hL <s7:cR(S)7 xRe(S)7uR(s)> ds < /:HLL <syx(s)7 36(8)41(3)) ds (3.22)

and x(tg + h) = zg(to + h).

Proof. We assume t; = 0 without loss of generality. The assumption L, (0) > —oo implies that the Lagrangian
L is bounded from below. Since we are dealing with a finite time horizon problem, we assume L > 0 by adding
a constant if necessary. The random environment and fast variable are superfluous. For some given w € 2, we
will throughout this proof write the short hand

L (t,x,u) =1L (t,x, f,u,w) .
€

Let [tj,t;41) be the last time period such that max.ep, ., |u(s)] > R. If there is no such time period
for R sufficiently large, there is nothing to prove. Define #; := argmingep,. .. jlu(s)]. By (3.20), we have
SUPselt ;4] [U(S)] < lu(t;)| + A and hence
) _ La(Ju(;)])

< , 3.23

SR 52

ol = (e ey < Lol
ol = (et ules))] < 2ok

|
)
where + is defined in Assumption 1.7. We divide the proof into 7 steps.
Step 1: Fix an N > 0 and set
Cn(r) = [{s < 7+ Ju(s)] < N (3.24)

If we take N sufficiently large depending on W, we have (y(h) > h/2.
Proof of Step 1. Observe that

/ L. (s,z(s),u(s),w)ds > L.(N)(h —(n(h)). (3.25)

{s<r: Ju(s)|>N}

On the other hand, since L is assumed to be non-negative,

/ L. (s,2(s), u(s)) ds < Wh. (3.26)
{s<r+ Ju(s)| <N}

Combining (3.25) and (3.26), we arrive at

Wh
L.(N)

h—Cw(h) < (3.27)

and, since limpy o, L« (N) = 00, we are done. O

Step 2: We can make

1 V;

7 /t Hl f(z(s),u(s))ds = (tj41 — tj)# (3.28)

J
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as small as we wish by choosing R large depending only on W.
Proof of Step 2. By the same way as in the proof of Step 1, we obtain
. tit1
(tr1 = )L(fulB)) < [ L(u(s))ds < Wh. (329)
tj
Using this bound in (3.23), we obtain

(tjrr —t;)lvs| < v(;gf_h)\) (3.30)

and thanks to Assumption 1.7, we are done. O

Step 3: In this step, we construct a time-change function. For N < R — X\ and 8 > 0, define

’ v
p(s) = \/0 <17"€[tj,tj+1) - Blu(r)<N + lere[tj,tj+1) dr. (3.31)

If s > ;41 this is equal to

= B0(s) + (171 — 1)1, (3.32)
We choose
8= (b1 - ) s (3.39)

so that p(h) = h. By Steps 1 and 2, we can make 8 as small as we wish by choosing R > 0 large depending
only on W and we always assume § < 1. Our time-change ¢ is defined as the inverse function of p. Note that
p(h) = h implies o(h) = h. Noting also that min,.c(, ¢, ) [u(r)] > R — X > N, we have

= (L)

(3.34)
_ lowetity) 8 o
L= Blyaonen oy 7Ot
The time-changed trajectory x o ¢ has the velocity
dz(o(s)) dx do
“as T(U(s))?(s)
5 5 s (3.35)

= Falo (), ulo () G2 (s),

which means that we speed up by the factor (1 — 3)~! when |u(o(s))| < N and change the speed to § when
o(s) € [tj,tj41)-

Step 4: When R > 0 is sufficiently large depending on W there exists a control @ € U which satisfies the
following:
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1. The associated trajectory is x o o, that is,

Fla(o(s)),1(s)) = Fx(o(s)), ulo () 52 (5), (3.36)
2. when O'(S) S [tj,tj_H), |’L_I,(S)‘ <M,
3. when |u(o(s))| < N,
ulo(s) — a()] < 125 1, (V) (3.37)

and in particular |u(s)| < R.

Remark 3.2. By the second condition, the control is made small on the last interval where it exceeded R. The
third condition ensures that we have not created a new point where the control exceeds R, i.e., |u| > R only on

Uic; o ([tis tis1))-

P(rm()f)())f Step 4. First, when o(s) & [tj,t;+1) and |u(o(s))] > N, we have 92(s) = 1 and we can take u(s) =
u(o(s)).

Second, when o(s) € [tj,tj41), since the right hand side is on §S?, we can use (1.43) to find u(s) € UM
satisfying (3.36). Since M is the constant fixed in (1.43), we have |@(s)| < R by choosing R > M.

Finally, when o(s) & [tj,t;+1) and |u(o(s))| < N, the right hand side of (3.36) is a small perturbation of
f(z(o(s)),u(c(s))). Hence we can use Assumption 6 to find @(s) € U satisfying (3.36): specifically, the R in
Assumption 1.8 is set to be N and then we take our R so large (i.e., 5 small) that

ﬁf(z(G(S)LU(U(S))) € By (f(z(a(s)), u(a(s))))- (3.38)

Then we can define the desired control as
) = H (slo(s), {25 alo(s).ulo(s)). (3.39)

Recalling the identity H(z(o(s)), f(z(o(s)),u(c(s)))) = u(o(s)) and the Lipschitz continuity of H in Assump-
tion 1.8, we have

_ 1
ulo(s) - 1) < 181, (125 ~ 1) 17 (alo (). ulos)
5 (3.40)
N *
< ||H|‘Lipmf (N).
Taking R large makes 5 small and we can conclude |a(s)| < R. O
Step 5: The following hold:
v
52 0(s) € i)} = (0 — 1)1 (3.41)
v

sup |o(s) —s| < lih + (tj41 — tj)%. (3.42)

s€[0,h] - B
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Proof of Step 5. The first claim is a consequence of the fact that x o o travels the distance (¢;41 —t;)|v;] in speed
8. For the proof of the second claim, by (3.34), we know that 92(s) # 1 only if u(o(s)) < N or o(s) € [t;,tj41).
Therefore,
*1d
lo(s) — o] < / 4oy - 1‘ ds
o |ds
(3.43)

<(1_1) ‘ ‘{s o(s) € [ty t41)}]

AN o] "
Substituting the first claim and {y(h) < h, we obtain (3.42). O

Step 6: When R > 0 is sufficiently large depending on W,

h h
/ L(s, (s), u(s))ds > / Lo(s,5(s), a(s))ds. (3.44)

0 0

Proof of Step 6. We assume lf—ﬁ < 2f by choosing R > 0 large enough. The left hand side is bounded from
below by

t; h
uﬁr%»uwu»+4 L(sals)u(s)ds + [ Lu(s,als).u(s)ds. (3.45)

tjt1

Making the substitution s = o(r), recalling (o (7)) = Z(r) and noting that ¢’(r) > 1 on the above two domains
of integration, we can bound the second term from below by

‘771(’5]‘) Uﬁl(t]‘)
/ Lo(o(r), 5(r), u(o(r)))o’ (r)dr > / Lo(o(r), 5(r), u(o(r)))dr (3.46)
0 0

Applying the same argument to the third term in (3.45), we find that the sum of two integrals in (3.45) is
bounded from below by

/ Le(o(r),z(r),u(o(r)))dr. (3.47)
[0,0=2(t;))Ulo =1 (tj+1),h]

Using Steps 4 and 5, we can evaluate the error of replacing o(r) and u(o(r)) by r and @(r) in this integral and
obtain

/ L(o(r),z(r),u(o(r)))dr
[0,0=2(t;))Ulo =1 (tj4+1),h]
Lc(r,z(r),u(r))dr

= Wl (280 + t501 = )20} — HILIE, x 28112 ()

>/
[0,0=2(t;))U[o =1 (tj41),h] (3.48)

Le(r,z(r),a(r))dr —c(W)(tj41 — t; )%,

/[0,0—1 ()Yl =1 (tj+1),h]
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where in the last line we have used the definition (3.33) of 8 and Step 1. (Recall that N depends only on W.)
On the remaining interval [0~ (¢;),07 (t;41)), we have |u| < M by Step 4 and hence combining with Step 5,

/ Le(r, 3(r), a(r)dr < L*(M)(tys1 — t5) 1], (3.49)
[o=2(t;),0 7 (Lt 41)) g

Substituting all the above estimates to (3.45), we find that

h h
/ Lc(s,x(s),u(s))ds > / Lc(r,z(r),u(r))dr
0 0 (350)

+ (a1 — ) (L*w(t})) — (e(W) + L*<M>>|?|) -

By (3.23) and Assumption 1.7, the second term on the right hand side is positive for sufficiently large R > 0
depending only on W. O

Step 7: We can apply the above procedure to @ again and continue recursively. As we noticed in Remark 3.2,
this procedure always decreases the number of intervals where the control exceeds R. Therefore, after finitely
many steps, we end up with a new control ur € U™ that gives a smaller cost than the original one. O

Remark 3.3. As we proved in Section 2.5, the same estimates on the homogenized control problem as well as the
discrete problems are applicable. Hence we can easily extend Lemma 3.1 to control problems with Lagrangians
L, L;..

Using Lemma 3.1 we can now readily prove Lemmas 2.2, 2.3 and 2.13.

Proof of Lemma 2.3. For the object ET’E(tm X, Ug,w), if we consider the control u(s) such that f(z(s),u(s)) =
f(xg, ), then we conclude that

~

L.,—’e(to,xo,ﬂo,w) < hL*(|170| + n(|ﬂ0|)) (351)

by taking W = L*(|ug| + n(|@o]))- If u, is a sequence of controls such that

n— o0

to+h N
lim L <t0,x0, @, un(s),w> ds = L, . (to, zo, Uo,w) < hL*(Ju| + n(|Juo))) (3.52)
. €

which we can without loss of generality take u,, € S by Lemma 2.1, then by Lemma 3.1 we find a sequence of
controls 1, (s) such that i, (s) € U+ for some K; depending only on L*(|ug| + 7(|tig|)) and

to+h to+h
/ L (to,xo, x(:),un(s),w> ds < / L (to,xo, JJ(j),un(s),w) ds (3.53)
to to

and therefore we conclude

o~

L‘r,e(t07x07a0aw) = Eﬁl(to,xmamw)- (354)

It is trivial to repeat the proof of Lemma 3.1 for the frozen dynamics f (g, ug). Then, taking W = L*(|ug|)
we can show for some Ko

L7—7€(t0,1'0,ﬁ0,0.)) = Lfg(t07x07ﬂ05w) (355)
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Taking K = Ky A K5 and observing that this K depends only on @y completes the proof. O

Proof of Lemma 2.2 and 2.13. Take a sequence of controls u,, € S such that

lim J.(t, 2, up,w) = Ve(t, x,w). (3.56)

n—oo

Clearly there exists an M > 0 such that J.(¢,z,u,,w) < M for all n. Therefore we can conclude that there
exists a K > 0 and sequence of controls @, € UX such that

Je(t, @, U, w) < J(t, T, Up,w) (3.57)
in part owing to the fact that x,,(T") = Z,(T) and hence ¢(z,(T)) = ¥(Z,(T)). Thus

VE(t z,w) < lim J(t, 2, U, w) = V(t,2,w) (3.58)

n—oo

The reverse inequality is trivial and hence this completes the proof of Lemma 2.2. Adopting the same
argument for J and J; . we can immediately obtain Lemma 2.13 O
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