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ON THE CONVEXITY CONDITION FOR THE
SEMI-GEOSTROPHIC SYSTEM

ADRIAN TUDORASCU*

Abstract. We show that conservative distributional solutions to the Semi-Geostrophic systems in
a rigid domain are in some well-defined sense critical points of a time-shifted energy functional
involving measure-preserving rearrangements of the absolute density and momentum, which arise
as one-parameter flow maps of continuously differentiable, compactly supported divergence free vec-
tor fields. We also show directly, with no recourse to Monge-Kantorovich theory, that the convexity
requirement on the modified pressure potentials arises naturally if these critical points are local min-
imizers of said energy functional for any admissible vector field. The obligatory connection with the
Monge-Kantorovich theory is addressed briefly.
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1. INTRODUCTION
The Semi-Geostrophic (abbreviated SG in this paper) system is a model of large scale atmosphere/ocean

flows, where “large-scale” means that the flow is rotation-dominated [18]:

Dyu, +Vp+Ju=0
u, = JVp, Di0sp =0 in [0,T) x Q,

V.-u=0, (1.1)
u-v=_0 on (0,T) x 09,
p(Ov) = Po in Qa

where 0 C R? is open and bounded, 0 < T' < co, V denotes the spatial gradient, V = (9;,ds,0), V- the spatial
divergence, D; := 9; +u-V and v is the (outward) unit vector normal to 2. The total wind velocity is u, while
u, is the geostrophic wind. Here,

OO =
o O O
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2 A. TUDORASCU

There are many works dedicated to solutions (p,u) that satisfy the Cullen-Purser stability condition (see,
e.g., [9, 12]). This amounts to imposing that P(t,z) := p(t,z) + (23 + 23)/2 be convex as a function of x =
(z1,29,23) € Q for all t € [0,7). Our main goal in this paper is to provide a rigorous justification for imposing
convexity on the modified pressure map P.

In terms of (P,u), (1.1) can be written

DX = J(X — )

X=VP in [0,T) x Q,

V-u=0 (1.2)
u-v=>0 on (0,T) x 09,

P(O,):PO iHQ7

If VP(t,)#L3|q =: p(t,-), then one can use the Legendre-Fenchel transform

P*(t,) := gsctelg{x - X — P(t,z)} (1.3)

of P(t,-) to formally rewrite (1.1) as the so-called SG in dual variables

Op+V-(Up)=0 in[0,T) x Q,
VP(t,)uL3|q = p(t,) foranyte[0,T);
U(t, X) = JIX — VP*(t, X)],

p(0,X) = po(X) forae X €.

In [15] one can find a comprehensive bibliography on solutions of SG in dual space; a first result on existence of
solutions in dual variables was obtained in [3], where the system was treated as a Monge-Ampere equation cou-
pled with a transport equation. Generally, these solutions are not known to be regular enough to be translated
into Eulerian solutions of the problem in physical space. Cullen and Feldman [11] pulled the dual space solutions
back to physical space in the form of weak Lagrangian solutions in the case pg € LP(R®) for some p > 1; the
question left open in its generalization (to p > 1) by Faria et al. [14] regards the even more general case, i.e. the
case in which py may be a singular probability measure. We settled that in [16], where we introduced an appro-
priate generalization of weak Lagrangian solutions, namely renormalized relaxed Lagrangian solutions. More
recently, existence of Eulerian solutions for a class of initial data, where the conditions include the requirement
that the support of pg = VP0#£3|Q in the dual space is the whole space, was obtained by Ambrosio et al. [1, 2]
based on the results of De Philippis and Figalli [13] on regularity of solutions for the Monge-Ampere equation.

Loeper [20] first proved uniqueness for classical solutions in the class of functions which are Holder continuous
in space uniformly with respect to time. Cheng, Cullen and Feldman [7], besides the short time existence of
classical solutions for SG with variable Coriolis force, prove uniqueness of such solutions in the class of sufficiently
regular classical solutions. There is also work by Brenier and Cullen [5] where a formal proof of convergence of
solutions for a Navier-Stokes with Boussinesq approximation to a solution of x — z SG is given. Both systems are
assumed to have smooth solutions, which is unknown in general even for “nice” initial data. Also, it is assumed
that P(t,-) has a smooth convex extension to R?® such that V2P*(t,-) is bounded away from zero and infinity
uniformly for ¢ € [0,T] (for some T' > 0). A weak-strong uniqueness result in the case of uniformly convex P*
was recently obtained in [17] based on the relative entropy approach from [5]. This makes an even stronger case
for the convexity principle, as it is shown in [17] that solutions satisfying it are stable in the usual sense (small
perturbations in the initial data lead to small perturbations at later times).

In this paper we introduce a rigorous derivation of the Cullen-Purser stability condition by first observing
that classical solutions are “dynamical” critical points in some suitable sense of the SG energy functional. More
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precisely, let t > 0 and
E(t) ::/ |X(t,z) — z|*dz, (1.4)
Q

where X solves (1.2). It is easy to show that classical solutions to (1.2) conserve (1.4), i.e. E(t) = E(0) for
all t > 0. Moreover, in [16] it is shown that some “very weak” solution corresponding to any Py € H*(2) does
exist, satisfy P(t,-) € H'(Q) and conserve the energy for all ¢+ > 0. Therefore, Theorem 2.2 below applies to
such solutions.

In [10] the authors use a definition of stability for the free-surface SG system based on an extant notion (due
to Giaquinta and Hildebrand) of inner-variation for the energy functional. In the end, the convexity of P(t,-)
follows readily from the nonnegativity of the second variation, which in their case amounts to

/ V2P(t,2)¥(z) - U(x)dz > 0 for all t > 0 and all ¥ € C°(Q;R?).
Q

For any u € R3, 7y € Q and r > 0 sufficiently small one approximates u times the indicator function of B(xq,)
in L2(Q;R3) by C2°(;R?) vector functions to conclude that

u” {/ V2P(t,z)dx|u >0,
B(zo,r)

which, after dividing by the volume of B(xg,r) and letting r — 07, yields the nonnegative definiteness of
V2P(t,zg) (for a.e. zg € Q if V2P(¢t,-) is only assumed in L'). So, imposing vanishing first inner-variation
and nonnegative second variation does single out solutions satisfying the convexity property, but this selection
criterion has one drawback: note that the inner-variation of the energy functional involves the composition of
X(t,-) with diffeomorphisms that are not necessarily preserving the Lebesgue measure restricted to Q; this
composition does not preserve the dual-space measures associated to the physical space problem, i.e. it is
not a measure-preserving rearrangement of the absolute momentum (ug1 — 2,442 + 1) = (—02P, 01 P) and
density p = 03p = 95 P. Indeed, the variation of X (¢,-) = VP(¢,-) is taken [10] of the form X (¢, ®%(x)), where
®¢ = Id + e® is a smooth and compactly supported perturbation of the identity map, so it is measure preserving
only in the limit as ¢ — 0% (when it becomes the identity map). Our approach remedies that in Section 2, in
that (a) it first shows that all solutions to SG are “dynamical” critical points for the “time-shifted” energy
functional rearranged via the composition with one-parameter families of measure-preserving maps which are
flow maps of C! compactly supported divergence free vector fields v, and (b) it then shows that these critical
points correspond to minima of the shifted functional if and only if the maps P(¢,-) are convex. The trade-off
is a more elaborate proof of convexity, owing to the fact that the admissible v are subject to the restriction
V -v =0in Q even if they are chosen to have compact support (such as ¥ above).

Section 3 discusses some obligatory connections with the Optimal Transport theory, while the Appendix
contains self-contained proofs (that may be hard to find) of some fairly well-known results, along with different
proofs of the convexity result in the 2D and 3D cases.

2. MAIN RESULTS
Assume Q € C! and let

VR;Q):={veC'RxLR?) : V,-v=0inRxQand v-v=0onRx N}
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and
V(Q):={veC LR : V.-v=0inQ}.

It is well-known (also, see Appendix) that for any ¢t € R any v € V(R; Q) introduces a one-parameter family of

measure-preserving diffeomorphisms R 3 s — g¢(s;t, ) € Diff () given by

0s9(s;t,x) = v(s,g(s;t,x)) for all (s,7) € R x €, (2.1)
g(t;t,x) =z for all z € Q.

We will adopt the notation g[v] for the solution of the above problem in order to emphasize that it is completely
determined by the choice of v € V(R; Q). With this in hand, let us define, for all ¢ > 0 and all v € V(R; ),

J[t,v](s) ::/Q’X(s—i—t,g[v}(s—l—t;t,x))—x|2d:v, seR, s> —t.

The following theorem lies at the core of our approach.

Theorem 2.1. Let (P,u) be a classical solution for (1.2). For any t >0 and v € V(R; Q), the function J[t,V]
has a critical point at s = 0.

Proof. We differentiate J[t, v] with respect to s and use (2.1) to get

%J[t, v](s) = 2/Q [0 X (s +t,g(s+t;t,2)) (2.2)

+VX(s+t,g(s+t:t,z)v(s+t,g(s+t;t,2))] - [X(s+t,g(s+tt,2)) —z]da,

where we simplified the notation g[v] to g (as we will often do when there is no confusion about the relationship
between v and g). In light of the initial condition in (2.1), we have

d
&J[t, V]

—9 / [0.X (t,2) + VX(t,2)v(t,2)] - [X(t,2) — o] da.
s=0 Q

We next employ (1.2) in order to replace
WX (t,x) = =VX(t,z)u(t,z) + J[X(t, z) — ],

so we are led to

d
—J|t
dsJ[’v}

_ = 2/QVX(t7x)[v(t,x) —u(t,z)] - [X(t,z) — z|dw.
The identity

VY -Z)=(VT'Z+(V2)TY
yields

V[X]*] =2(VX)"X and V[z - X] = X + (VX)z,
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so the fact that v(t,-) — u(¢,-) is divergence free with no flux through the boundary implies J[t,v]'(0) = 0
provided that X (¢,-) is a gradient, which it is. O

It is then natural to ask if certain solutions of (1.2) render s = 0 a (local) minimum point for J[t,v] for all
t >0 and all v € V(R; ). As we shall soon see, this is equivalent to the convexity of P(t,-) (and so, according
to the Optimal Transport theory, the assumed local minimum is, in fact, global).

Theorem 2.2. Let (P,u) be a conservative (i.e., E(t) = E(0) for all t > 0) distributional solution for (1.2)
which satisfies P(t,-) € W11(Q) for all t > 0. Assume that for any t > 0 and v € V(Q), the function J[t,v] has
a minimum at s = 0 over the interval (—t,00). Then

/ P(t,z)V - [Vv(z)v(z)]lde >0 for allt > 0 and all v € V(). (2.3)
Q
Proof. Since v is time-independent, we have g[v|(s + t;t,z) = g(s, z), where

0s9(s,2) = v(g(s,z)) in R x Q, ¢g(0,z) =z in Q.
Thus, we have

J[t,v](s) = / |X(s+t.g(s x))— x‘gdx > / | X (t,x) - x‘de = E(t)
Q Q
for all ¢ > 0 and all s > —t. By the conservation of energy, E(t) = E(s+t) for all s > —t, so
/ | X(s+t,9(s,2)) — x|2dx > / | X(s+t,z)— x|2d9:
Q Q
forallt >0and s > —t. Welet s+t =:7>0,s0 s =7 —t and
/ ‘X(’T,g(’l’ - t,:l?)) - $|2d$ > / |X(T, ’JJ) — :r|2dx

Q Q
for all ¢ > 0 and 7 > 0, or, equivalently,

[ xgtos) o ar > [ [xr0) o

Q Q
for all 7 > 0 and all s < 7. We revert back to the notation 7 =: ¢, fix such ¢t > 0, so that
i(s) = / X (¢, g(s,2)) — x| de (2.4)
Q

achieves a local minimum at s = 0. Next we write (|| - [|2 denotes the L?(©2;R?) norm)

/|X(t,g(s,x))—x|2d$=/ IX(,2) — g(—s, 2)2dz
Q Q

=[xtz + IIIdH§*2/QX(t7$) cg(=s,z)dx
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to see that minimizing ¢ amounts to maximizing
i) [ X(t0) gl-s.0)a.
Q

(Note that this problem makes sense even for X (t,-) € L'(€;R%).) Imposing that the first variation be zero at
s =0 for all v e V() amounts to

/ X(t,z)-v(z)dz =0 for all v € V(Q),
Q

which holds because X (,-) is the gradient of a W!(£2) map. A non-positive second variation of j at s = 0
yields (2.3) via the calculations

706 = 5276 = =5 [ X(t.2) - vlgl-s.0)do

=/, X(t,x) - Vv(g(=s,2))v(g(=s,2))dz,

the condition ¢(0,x) = z for all € Q, and integration by parts. O

What if we have better regularity for P? In view of V[X - v] = (VX)Tv + (Vv)TX and V-v =0 in Q, we
have

O:/Q(VX(t,a:)) v(z) ~v(a:)da?+/Q(VV) ()X (t,2) - v(z)de,
which reveals
/ P(t,x)V - [Vv(z)v(z)]dz = —/ X(t, ) Vv(z)v(z)de
Q Q
=— /Q[Vv(m)]TX(t,x) -v(z)dz

:AVX(t,x)v(m)~V($)d$7

due to the fact that VX = V2P is symmetric. The following corollary arises as an immediate consequence of
Theorem 2.2:

Corollary 2.3. Let (P,u) be a conservative (i.e., E(t) = E(0) for all t > 0) distributional solution for (1.2)

which satisfies P(t,-) € W2Y(Q) for allt > 0. Assume that for anyt > 0 and v € V(L), the function J[t,v] has
a minimum at s = 0 over the interval (—t,00). Then

/ VX(t,x)v(z) v(z)de >0 for allt >0 and all v € V(). (2.5)
Q

Remark 2.4. The proof of Theorem 2.2 shows that (2.5) arises as a consequence of s = 0 being a local minimizer
for ¢ defined in (2.4). In turn, this is a consequence of s = 0 minimizing J[t, v] over (—t, c0).
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FIGURE 1. Region D? for d = 3.

2.1. The convexity of the modified pressure
Here we show how (2.3) implies the convexity of the modified pressure potential P(t,-).

Theorem 2.5. Let d > 2 be an integer, Q C R? be open and ® € L'(Q). Then
/ O(x)V - [Vv(z)v(z)]dz > 0 for all v € V() (2.6)
Q

if and only if ® is convez in .

Proof. 1. We first assume ® € C3(Q) so that, as seen in Corollary 2.3, (2.6) is equivalent to
/ M(z)v(z) - v(z)dx > 0 for all v € V(£2), (2.7
Q

where M (z) := V2®(z). This is obvious if ® is convex, so we focus on proving the converse. Let ¢ € C1(1,2)
and € > 0. For each 1 < k < d consider the domain D¥ consisting of the region between the cylinders 2 < |z —
xper| < 2% for —e <z, < ¢, capped at x, = —¢ by the spherical shell between the hemispheres |z + cey,| = €2
and |z + cei| = 2e2 for —e — 2¢%2 < 23, < —¢, and at x; = ¢ by the spherical shell between the hemispheres
|z — cex| = €% and |z — cey| = 22 for £ + 262 > x;, > ¢; here, e; denotes the k" column of the d x d identity
matrix (the region D? for d = 3 is shown in Fig. 1). Consider the vector fields

—w9C(e72|x — myeq|)ey if |21 < ¢
vi(z) = ((—e2|z 4 cer])[ — x2e1 + (21 +€)ex] if 71 < —¢ (2.8)
C(—8_2|1‘ — 591|) [ — o€ + (331 — 6)82} ifx; >e¢

and
—11((e 72| — wpey|)ey if || < e
vi(z) = C(—e 2|z + cep|) [ — z1ek + (wp +e)er] if 21 < —¢ (2.9)
((—e 2|z —cex|)[ — z1ex + (z —e)er] if 21 > €
if 2 <k <d.
We have:

(i) vk € C.(D¥;R?) for alle > 0 and all 1 < k < d.
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(ii) v¥ is C! in the cylindrical shell and in each of the spherical shells. Furthermore, V - v¥ = 0 in each of these
subdomains.

Note that (i) and (ii) readily imply that V-v¥ = 0 in D¥ in the sense of distributions. Since it is continuous and
has compact support in Df, vlg can be approximated uniformly by smooth, compactly supported, divergence-free
vector fields (may use convolutions with mollifiers from a smooth, compactly supported kernel). This means that
if a matrix-valued function M : @ — My4(R) (the latter notation is for the vector space of d x d real matrices)
lies in L' and satisfies (2.7), then it will satisfy this for all v € C.(Q;R3) with zero distributional divergence. In
particular, if we fix xo € €, then we can take v(x) := QI v¥(Qo(z — x¢)), where 7o € Q and ro > 0 and ¢ > 0 are
sufficiently small so that zo + D¥ C B(zg,70) C 2, and Qq is a constant orthogonal matrix. Let By := B(0, 7).
Since By is invariant under the transformation z — Qox, we deduce

[ QoMo + QEQEVEE) VE@ar = | ME@)QEVE@olx — 20)) - QFVE(Qo(e — zo))d 20,

which means (due to spt(v¥) C D¥ C By)

P(z)v¥(x) - vF(z)dz > 0,
D¥

where P(z) := QoM (zo + Q¥ z)QF. Since M(x¢) is symmetric, let Qp be the orthogonal matrix such that
QoM (z0)QE = P(0) is diagonal. Since M € C*(Q; M4(R)), there exists a real constant C' such that |P(z) —
P(0)| < Clz| for all x € By. In particular, |P(z) — P(0)| < Ce for all x € D¥ (where the constant may be
different but we do not update the notation). Thus,

[ vt Vi@ [ o) v
D¥ Dk

< Ce / v (2)2de < Ce20+,
D

where we took into account that £4(DF) = O(e?¢=1) and |v¥| = O(?). So

PO)VF(z) - vF(z)dz > —Ce2?H,
D¥

The volume of each spherical shell is O(£29), so

< Ce2d+,

m  PONER) V@)

where S* is the union of the two spherical shells. Since D¥\S* =: C* is the cylindrical shell of equations
—e <y <e¢, % <|rx— xpeg| < 2% we conclude

—€

/E { P(0)vH(x) Vf(m)dfk] dzy = / PO)WVE(z) - vE(z)de > —Ce2dH4, (2.10)
Ak ok

where and Ty, := (T1,...,Tk_1,Tks1,---,2q4) and A¥ C RI7L is the annulus €2 < |zx| = |z — zpep| < 262
(naturally, if k =1 or k = d, Ty, is defined similarly). Let £ = 1. Then (2.10) becomes

2€P11(0)/ $§<2(5_2|f1|)di'1 2 —C€2d+4,
Al

€
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which, upon changing variables (ya,...,yq) = %1 = ¢ 21 and letting A! := {g; € R : 1 < |y1| < 2}, yields
2€2d+3P11(0)/ v (| dgr > —CeHH,
Al

Since this holds for all sufficiently small € > 0, it suffices to take ¢ not identically zero to conclude P;1(0) > 0.
Likewise, if we take 2 < k < d in (2.10), we get Pyx(0) > 0. But Py (0) is precisely the k' eigenvalue of M (z),
so we are done.

2. Next we drop the C? up to the boundary assumption and deal with the general case, i.e. ® € L*(2). Fore > 0
sufficiently small we denote €2, := {x € Q : dist(z, Q) > €} and let 1° be the standard mollifier supported in
B(0,¢). Define on Q. the function ®° := 7° x ®. Take v € V(QQ) supported in €. and compute

/Q V(P = /Q E { /B A —y)@(y)dy}v - [Vv(2)v(@))de
- /B(o,g) n (y) {/ﬂsy Q(2)V - [Vv(z +y)v(z + y)|dz|dy.

But v(-+y) € V() is supported in Q. —y C Q if v is supported in €., so the inner integral is nonnegative by
(2.6) for all y € B(0,¢) and all v € V() supported in Q.. It follows that ®° is (according to the proof above
for the regular case) convex on 2. But ®¢ converges a.e. to ® in Q, so P is convex.

Conversely, if ® is convex, then ®° is convex on {2, and so

/ OV - [(Vv)v]dz = lim O°V - [(Vv)v]dz = lim V20°y - vdx > 0,
Q

e—0t Q. e—=0t Q.

which finishes the proof. O

3. CONNECTION WITH OPTIMAL TRANSPORT AND OPEN PROBLEMS

3.1. Optimal transport with quadratic cost

As seen in the proof of Theorem 2.2, the condition that J[t,v] have a local minimum at 0 implies that

E[t,v](s) == /Q X (¢, g[v](s, 2)) — 2| *da

has a local minimum at 0 for all v € V(Q) and all ¢ > 0, i.e. X (¢, -) minimizes the energy with respect to measure-
preserving variations induced by one-parameter families of flow maps of compactly supported, divergence-free
vector fields. The Optimal Transport theory tells us that for any Borel probability density p with finite second
moment and any X € L%(p; RY) we have

[ 1XG@) = aPotaa = iy, [ V(@) ol plo)a

if and only if X is the gradient of a convex function, where ¥ ~ X means

| cr@ppeis = [ c(x(a)pta)de tor all ¢ € (RS,
Q Q
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Furthermore, if we denote by p := Xup, P(A) the set of Borel probabilities on A, and
L(p, ) := {y € P(R* x RY) : proj,y = p, projyy = p},

we have that the square of the quadratic Wasserstein distance between p and p is

Wi = [ 1X(@) = afpo)do = min [ [ joyPydndy)
Rd ) Rd x Rd

Y€l (p,1n

and 7 := (Id x X)xp is the unique minimizer of the right hand side.

I. If p = L%, without any extra assumptions on X (see [4]), if d > 1 it is not true that any Y ~ X can be
written as Y = X os for some Borel map s that preserves the Lebesgue measure restricted to 2. Even more
exclusive is the set of maps Y of the form Y = X o g for some measure-preserving, invertible g. And it is not
known whether all such maps can be approximated by flow maps g[v](s, ) for some v € V(2) and s € R. Yet,
Proposition 3.1 below shows that minimizing the energy over each of these measure-preserving variations is
equivalent. More precisely, let

S(Q) :={s: Q— QBorel : sup=p},

G(Q) :={g: Q2 — Q Borel, invertible : gup = p}
and
M(X):={YV :Q = RY Borel : Yyp= Xyup}.

Proposition 3.1. Let X € L?(Q;RY) be a Borel map. The following are equivalent:
(i) s =0 locally minimizes / | X (g[v](s,2)) — z|*dx for all v € V().
Q

(#4) Idg minimizes /Q | X (g9(2)) — z|?da over all g € G().

(731) Idq minimizes /Q |X (s(x)) — z|*dx over all s € S(Q).

(iv) X minimizes /Q Y (2) — z[*dz over all Y € M(X).

(v) (Ida x X)xp minimizes //Rd .y |z — y|?y(dz, dy) over all v € T'(p, X4p).
x

(vi) There exists ® € H*(Q) convex such that X = V® a.e. in Q.

Proof. The equivalence of (iv), (v), (vi) follows from the Monge-Kantorovich theory with cost c(x,y) = |z —y/|?.
There is a proposition in [6] (Lemma 6.4) which ensures that any ¥ € M(X) can be approximated uniformly
by maps of the type X o g with g € G(2), so (iv) and (ii) are equivalent. Same proposition applied to X and
X os for any s € §(Q2) shows that the latter can be approximated uniformly by maps X o g for g € G(£2) (since
X os € M(X)). Thus, (i7) and (iii) are equivalent. It is easy to see that (#¢) implies (¢). Finally, by Theorem 2.2,
() implies (vi). O

IL If p € C1(Q) is positive , we consider

V[p](Q) := {w € CHQ;RY) : V- (pw) = 0in Q}. (3.1)
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The flow g[w] of a vector field w € V[p](£2) is defined by
0s9(s,2) =w(g(s,z)) in R x Q, ¢g(0,2) =z in Q.
The proof of Proposition A.1 can be modified (see Rem. A.2) to show that g(s, -) is a diffeomorphism of 2 which
satisfies both g(s,-)™! = g(—s,) and g(s,-)xp = p for all s € R. Indeed, the first claim is a simple consequence

of the semigroup property for an autonomous ODE. As for the second, we use the initial value problem that
d(s,x) := det[V,g(s, )] satisfies, namely

0sd(s,x) = (V-w)(g(s,x))d(s,z), d(0,z)=1. (3.2)
Since ¢(s, -) is a diffeomorphism of 2 and the above IVP shows d is always positive, all we need to prove is that
p(g(s,x))d(s,x) = p(x) for all s e R, = € Q. (3.3)

Since d(0,-) = 1 and ¢(0,-) = Id, it is enough to show that the derivative with respect to s of the left hand side
vanishes at any s € R. To that effect we compute

9s(p o g)d(s,x) = Vp(g(s, ) - Dsg(s, x)d(s, ) + p(g(s, ))3 d(s, z)
= [Volg(s,2)) - w(g(s.z)) + (9(8796))( w)(g(s, z))]d(s, )
= [V-(pw)l(g(s,x))d(s, x) =

so the claim that g(s,-)xp = p is proved. Thus, if s = 0 maximizes
)= [ X(@)-gwl(s.a)pa)d
we infer
/QX(z) -w(z)p(r)dz = 0 and /QX(:L’) -Vw(z)w(x)p(z)dz < 0.

Since any v € V() can be written as pw for some w € V[p|(2) in a unique way (for any v € V(2), w = v/p),
from the first variation we deduce X must be a gradient in Q. If we assume ® € W21(Q), i.e. X € Wh1(Q;RY),
and use V[X - w] = (VX)Tw + (Vw)T X and integrate against pw on Q we get

0<— /Q X(z) - Vw(x)w(x)p(z)dz = /QVX(x)w(x) -w(x)p(x)de.
We deduce

/Q[p(x)]AVX(m)v(m) -v(z)dz > 0 for all v € V(Q),

which yields, as before, the nonnegative definiteness of [p(z)] "'V X(z) for all z € Q. Since p > 0 in €, this
is equivalent to VX (x) being nonnegative definite at all x € Q. If the assumption ® € W21(Q) is relaxed
to @ € Wh(Q), it is not clear to us how to finish the argument. If we denote a := 1/p, we obviously have
a € CHQ) and a > 0 on Q if and only if p € C1 () and p > 0 on . Thus, we can reformulate the problem as:
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let ® € WH1(Q) and p € C1() such that p > 0 on Q. Then ® is convex if and only if

/ Vo - V(pv)vdz <0 for all v e V().
Q

As seen above, this is settled if ® € W21(Q); we have not been able to use a convolution argument as in the
last part of the proof of Theorem 2.2 to accommodate the less regular case. Of course, integration by parts in
the last displayed inequality shows that the problem can be pushed further to:

Conjecture 3.2. Let ® € L'(Q). Then the following are equivalent:
(i) @ is convex; B B
(ii) There exists p € C1(Q) such that p >0 on Q and

/ OV - [V(pv)v]dz > 0 for all v € V(Q); (3.4)
Q

(ii7) (3.4) holds for all p € C*(Q) such that p >0 on Q and all v € V(Q).

If p = const # 0 or if ® € W21(Q), this is settled above, but the general case is impeded by p not being
translation invariant (essential to the last part of the proof of Theorem 2.2, where p = £%|g).
III. If pg is nonnegative and is only assumed to lie in L'(Q) we can only make sense of V - (pgv) = 0 in the
sense of distributions, and the computations we performed above to prove that g(s,-)xpo = po for any s € R
do not apply, due to the lack of regularity for py. We define

V[pol(Q) := {v € CHULRY) : V- (pev) = 0 as a distribution in Q}. (3.5)

Once again, we take g to be the flow of v € V[po](£2) originating at the identity map; let p(s,-) := g(s, -)#po, s0
that po = p(0,-). We would like to prove that p(s,-) = po for all s € R. Let ¢ € C}(R?) and compute

% /Q<<x>f)<8adw> = /Q VC(g(s,)) - v(g(s, 2))po(x)da
:/QVC(;E)~V(x)p(s,d:E),

i.e. p(s,x) is a distributional solution of the initial value problem
Osp+ V- (pv) =01in (0,00) x 2, p(0,:) = po in Q.
Let us denote by v the extension of v by zero outside €2 and let g be its flow originating at Idga. It is easy to

see that g(s,-) = g(s,-) in Q and g(s,-) = Id outside Q. If we denote by pp and j(s,-) the extensions by zero
outside Q of pg and p(s, -) respectively, we consequently have

p(s,z) = po(d(—s,x))det[V,§(—s, )] for all s € R, x € RY,
i.e. g(s,-)upo = p(s,-) for all s € R. We deduce p solves
Dsp+ V- (p¥) = 0in (0,00) x RY, 5(0,-) = po in RY

in the sense of distributions. Since V - (pgv) = 0 in 2, it is easy to see that pg is also a solution (stationary). We
may now use Theorem 6.1.1 [8], which guarantees that uniqueness for the PDE above is equivalent to uniqueness
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for the ODE
Osa(s,x) = v(a(s,x)), a0,z) = po(x)
for any z € €2, provided that fig(RY\Q) = 0 (where i is the measure on R? whose density is fo), which holds by
the definition of go. But this ODE does have a unique solution for every = € 0, namely ¢(-, ), so we conclude

p(s,+) = po in RY, i.e. p(s,-) = pp in Q for all s € R. Thus, g(s, )xpo = po for all s € R, which means that we
can now conclude, as in part IT above, that

/QVX(:E)v(x) -v(z)po(z)dz > 0 for all v € V[pg].

Since pg is not necessarily sufficiently regular and positive in €2, we cannot finish the argument as in part I1
(pov may not exhaust all the vector fields in V(92)). We leave it open to see if the last displayed inequality does
imply that VX is nonnegative definite on the support of py.

3.2. 1D case

Since V(2) consists only of the null function if d = 1, there is no 1D version of the above arguments, i.e.
one cannot use flow maps of compactly supported divergence free vector fields to prove that optimal maps are
gradients of convex functions. As a workaround, we use the d = 2 case in the following way: let us assume
X € L?(0,1) is the optimal map pushing x := £1|(0,1) forward to some probability measure p, i.e.

1
Wine) = [ 1X() - ad.
0
First notice that S(z,y) := (X (z), X (y)) pushes x ® x forward to p ® p and so
1
WExxpen) < [ [ 100, X(w) - (o) Pdady = 20 (). (3.
0o Jo

On the other hand, if 7 is a transport plan between y ® x and p ® p, i.e. a Borel probability measure on R*
such that

1 1
[ e (o o dyndye) = [ G [ Claa)das
and
/ £(y2)C () (dor, dag, dyy, dys) = / £(y)p(dyn) / C(y2)p(dys)
R4 R R

for all continuous and of at most quadratic growth £ and ¢, then the measures 7; defined by

/ C(xza yl):}/z(dﬁza dyl) = / C(xi,yi)V(d$17d$2,dy1ady2)v 1= la 2)
R2 R4

are both transport plans between y and p. Since

2
[ Norms) = s Pt dossdyn,die) = 3 [ o P,
R i=1 YR
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we select v optimal in the left hand side to conclude

W3 (x @ x,p @ p) = 2W3 (x, p).

Thus, we have equality in (3.6), which implies S is an optimal map pushing x ® x forward to p ® p. As we
have seen above, this means S = V® for some convex map ®, i.e. X(z) = 0,®(x,y), X(y) = 9,P(z,y) for some
convex ®. Of course, this means ®(z,y) = ¢(z) + ¢(y) for some convex ¢, and so X = ¢ a.e. in (0, 1).

APPENDIX A.

Proposition A.1. Let Q C R be open and C* and let v € CH(R x Q;RY) such that V, -v =0 in R x ) and
v-v =0 on R x 0Q. Then there exists a unique flow of measure-preserving diffeormorphisms for v in §2. More
precisely, for every x € Q the solution of

339(5,1') = v(s,g(s,x)), g(O,x) = (Al)

exists and is unique for all s € R. Furthermore, the map x — g(s,x) is a measure-preserving C*-diffeomorphism
of Q. Moreover, if v does not depend on s, then [g(s,-)] ™! = g(—s,-) for all s € R.

Proof. We divide the proof in three parts.

1. First we show that for any = € Q, the solution g(s,z) exists for all s € R, is unique, and stays in € for all
time (observe that v is not even defined outside Q). Fix 2 € Q. By the theorems of existence, uniqueness and
continuation of solutions for ODE, note that the solution exists and is unique for as long as g(s,x) € Q. Thus,
it is enough to prove that there is no time s € R such that g(s,z) € 9Q. Assume there is such sy > 0 when the
solution first reaches 99, i.e. g(s,z) € Q for all s € [0, 59) and g(sg,z) = y° € 9. Since IQ € C!, we know there
exists a function f € C'(R?!) such that locally around y° the boundary 9 is given by the surface of equation
ya=f(y1,...,ya-1). If z € R4, denote Z = (21,...,24_1). Consider the unique local (i.e. s € (sg — 6,59 + ) for
some small 0 > 0) solution (uy,...,uq—1) for the ODE system

’llk<t) =vg(t,ug, ..., ug—1, f(ug,... 7ud,1)), Uk(tO) = yg, k=1,...,d—1. (A.2)

Define ug : (sg — 9,50 +9) = R by ug(s) := f(ui(s),...,uqs—1(s)) and note that, if we set u := (u1,...,us—1,uq)
and differentiate, we find

g =V f(a)-v(s,u).
Since
u(s) € 90 for all s € (sg — 0,50 + 0) (A.3)
(by taking § > 0 even smaller, if necessary), the previous equation implies
ita(5) = va(s, u(s)). (A.4)

Here we have used that on the portion of the boundary 99 around y° described by the equation yg = f(7) we
have that the normal direction to dQ at y is (Vf(7), —1) € R%, and so, by hypothesis,

V@) -v(s,y) —va(s,y) = 0.
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According to (A.2) and (A.4), we have constructed a solution of

u= V(S7u)7 u(so) = y07
which is defined and unique on (sg — 4, 9 + d) for some § > 0 sufficiently small. However, we know that ¢(s, z)
satisfies the same system of ODE’s on (sq — §, so] and g(so, ) = y°. By uniqueness, we infer g(s,z) = u(s) for
all s € (sg — 0, s], which, by (A.3), contradicts the fact that s > 0 is the earliest time when g(-, ) reaches 0.
The case sg < 0 can be treated similarly. We conclude that the unique solution g(-, z) is defined on the whole R

and satisfies g(R,z) C Q for any = € Q, i.e. g(R,Q) C Q. A straightforward application of Gronwall’s Lemma
to the variation of constants formula yields

l9(s, @+ h) = g(s,2)| < [R|e"IVVI= =: ()R], (A.5)

so g(s,-) is Lipschitz for every s € R. It follows that g(s,-) can be extended by continuity up to 99; since
9(s,Q) C Q, we also infer g(s, ) C Q. We retain the notation g(s,-) for this extension. From

g(s,z) ==z Jr/ v(o,g(o,x))do for all (s,z) € R x Q,
0

the continuous extension proved above shows that for every x € Q the solution of (A.1) exists and is unique for
all s € R. We next claim that g(s,9Q) C 99 for all s € R; otherwise we would have some Q > yg = g(so, o) for
some so € R and zg € 9Q. But then (s, z) := g(s + so, x) solves 05g(s,x0) = Vs, (t, §(s, o)) with §(0, zo) = yo,
where v, (s, ) := v(s + so,x). However, §(—so,zo) = xo9 € 0§, so we obtain the same contradiction as above
(for vs,, which also satisfies v, - v =0 on 99). So,

g(s,Q2) C Q and g(s,00) C I for all s € R. (A.6)

2. Next we show that g(s,-) € C* (€ RY) for all s € R. Fix 2 € Q and h € RY with |h| sufficiently small so that
x4+ h € Q. Since, v € C1(Q;RY), we have

1 _
lim —|v(y+p) — v(y) — Vv(y)p| = 0 uniformly w.r.t. y € Q. (A.7)
lpl=0 [p]

Now, (A.5) and (A.7) imply

[v(g(s,z + h)) —v(g(s,z)) — Vv(g(s,2))[g(s,x+ h) — g(s,z)]|
= A(s, 2, h) = [h|O(|h|) (A.8)

uniformly for z € Q and for s in compact sets, where O : [0,00) — [0,00) is continuous at the origin and
0(0) = 0. Next, for each x € €, let us consider the matrix solution to

M(s,x) = Vv(g(s,x))M(s,z), M(0,z)=1I,, (A.9)

where I is the d x d identity matrix. Set, again for h € RY with || sufficiently small, w := w(s,z, h) = M(s,x)h
to see that it satisfies

w(s,x,h) = Vv(g(s,z))w(s,z,h), w(0,z,h)=h. (A.10)
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We employ again the variation of constants formula to deduce
B(Sa z, h):‘g<5? T+ h) - g(s, .’IJ) - ’LU(S, x, h)|

S/OS [v(g(o,z+ h)) —v(g(o,z)) — w(o,z,h)|do

g/ A(o,x,h)da—&—HVva/ B(o, 2, h)do.
0 0

By (A.8) and Gronwall’s Lemma we get
|B(s,x,h)| = o(|h|) uniformly for z € Q and s in compact sets,

i.e. g(s,-) is differentiable at = € ) uniformly for s in compact sets. Furthermore, we obtain Vg(s,z) = M (s, z),
which implies (by (A.9)) that the map x — Vg(s, x) is continuous in  (uniformly for s in compact sets). Thus,
g(s,+) € CHRY) for all s € R.

3. Finally, we prove that for all s € R the map g(s,-) is a measure-preserving C! diffeomorphism of ). By the
uniqueness theorem for the prescribed-value problem at any sy € R we infer that g(s,-) is one-to-one for all
s € R. Let Qg := g(s,Q) so that g(s, ) is a one-to-one map from 2 onto ;. By direct computation we arrive at
an IVP for an ODE satisfied by d(s,z) := det V,g(s, z), namely

0sd(s,z) =V -v(s,g(s,x))d(s,x), d(0,z) =1, (A.11)

which implies that the Jacobian of ¢(s,x) has determinant equal to one for all s € R and all x € Q. Thus,

/ C(g(s,x))dx = / ¢(y)dy for all ¢ € C(RY). (A.12)
Q Q.

First, by choosing ¢ = 1 we infer that £4(Q,) = £4(Q). Assume Q\(,, # 0 for some sy € R and let yo € Q\Qy, .
Since Q,, C Q (by (A.6)) and L4(Q,) = L4(Q), we deduce that there is no ball centered at yo that is contained
in Q\Qy,, so there exists a sequence {x,,}, C 2 such that g(so,z,) converges to yo. Let zp be an accumulation
point for the sequence {x,, },; then g(so, o) = yo by the continuity of g(so, ). Since yo € Q\Qs,, it must be that
xg € 0L, but that contradicts g(sg, Q) N Q = () (see (A.6)). It follows that Qg, = Q. Since s¢ is arbitrary, we
conclude g(s,) is a C* diffeomorphism of Q, which, by (A.12), is also measure preserving. O

Remark A.2. If v is time-independent, then the assumption V - v = 0 is not necessary to conclude that
g(s,-) is a C*! diffeomorphism of 2. Indeed, again by uniqueness, we infer (the semigroup property) that if v is
time-independent, then g(s + t,x) = g(s, g(t, z)), which implies ¢(s,-) (whose domain is Q) is invertible, with
[9(s,)]7! = g(—s,-) (whose domain is also Q) for all s € R. If, in addition, V-v = 0 in 2, we conclude as above
that the C!-diffeomorphisms g(s, -) are volume preserving.

Proposition A.3. Let d > 2 be integer and let B denote the open unit ball in R?. Then:
(i) The quantity ¢ — ||02,C|lL2(p) defines a norm on Hi(B) fori=1,...,d.
(i) None of the norms from (i) is metrically equivalent to the standard Euclidean H'-norm on Hg(B).

Proof. Let us, without loss of generality, fix ¢ = 1. (i) All the conditions from the definition of a norm are trivial
to check, including the positive definiteness: indeed, let { € C$°(B) and extend it by zero outside the ball. For
x € B we have

C(I’) = [11 ax1<(il/7 T2ywnn 7$d)dy7
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so if 8, =01in B we get ( = 0.

(ii) If d = 2 take up () = f1(r1)gn(z2), where both f; and g,, are nonzero, supported in (—0.5,0.5) and smooth.
Then u,, € Hi(B). Assume g,, converges uniformly to g(xa) = 1/0.25 — 22 (extended by 0 outside (—0.5,0.5));
existence of such sequence g, is obvious. So u,, converges uniformly to u(z) = f1(z1)g(z2), while 05, u,, converges
uniformly to fi(z1)g(z2). Both w and 8,,u are in L?(B), while 0,,u is not. This shows that the L?-norm of
O, u is not complete on Hg(B), so it is not equivalent to the standard Hg(B) norm. If d > 3 we multiply u,
by a nonzero compactly supported smooth function fa(xs,...,z4) supported in (—0.5,0.5)4~2 and we conclude
similarly. O

Proposition A.4. Let B denote the open unit ball in R3. Then:
(i) The quantity (P,Q,R) =:u — ||P. — Re||12(5) + |Qz — Pyllz2(B) defines a norm on do.
(ii) The norm from (i) is not metrically equivalent to the standard Euclidean H'-norm on dy.

Proof. For (i) the only thing that needs checking is that P, = R, and Qm = P imply u = (P Q, R) =0in B.
So take (P, Q, R) in C?(B;R?) such that P = R, — Q., Q PZ Ry, R = Q. — P,. We have that P, = R, and

Qac = P imply

yz sz = me — Izy and Py, — Ryp = Ryy - Qyz (AlS)
or, equivalently,

AQ =0,V (P,Q,R) and AR = 0.V - (P,Q,R).

Thus AQ. = AR, and, since ., = R, = 0 on 9B, we deduce 0 = R, — Q, = P in B; so now (A.13) imply
— Qup = Py — Ryp = 0, i.e. Q and R are independent of . Due to their compact support in B, we infer

Q R=0in B.

(ii) Let @ = R = 0 and for each positive integer n we define P,(z,y,2) := u(x)v(ny,nz), where u, v are

smooth, nonzero and compactly supported in (—0.5,0.5) and (—0.5,0.5)2, respectively; it follows that P, is

smooth, nonzero and compactly supported in B. Let (15”, Qn, ]:Zn) =V x (P,,0,0) = (0, P, .,—P, ), so that

u, = V X (pna Qna Rn) = (_Pn,yy - Pn,zu _Pn,a:ya Pn,a:z)-

Since

0.5
1 Payy + PazzllZe(m) = n4/ / |Av(ny, nz)2dydz
0.5,0.5)2

=n? / / |Av(y, 2)[*dydz
0. 5 0.5,0.5)2

and
0.5

||Pn,ry||%2(3) + ”PVLJTZH%Z(B) = n2/0 .

0.5
— [ WP [ (Tel)Pdyds
0.5 (—0.5,0.5)2

it is enough to notice that v is non-harmonic (as a non-identically vanishing, compactly supported smooth
function) to obtain the desired thesis. O

u2(z)dz/ |Vo(ny, nz)[>dydz
(—0.5,0.5)
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A.1 The 2D and 3D cases revisited

Here we present different proofs that (2.3) is equivalent to the convexity of P(¢,-) as a function of x € Q if
d = 2, 3; this is achieved by means of Propositions A.5 and A.6, which are not consequences of Theorem 2.5,
but imply it if d = 2, 3. Albeit more complex, they are, in some sense, more straight forward than the proof in
Section 2 as no explicitly constructed test functions (vector fields such as Vf) need be involved. Furthermore,
we believe they are worth presenting here, as they rely on a spatially locally continuous decomposition of
the symmetric matrix V2P(¢,z) as QT (¢,z)A(t,)Q(t,x) for each fixed t, where @ is orthogonal and A is
diagonal. Whereas the continuity of the eigenvalues with respect to the matrix entries is a well-known fact, it
is not always true that @) can be chosen in such a way that it varies continuously with respect to the factored
matrix [19]. What turns out to be of tremendous help is the simple observation that any nonnegative definite
perturbation of V2P satisfies (2.5) if V2P does. It then becomes a matter of carefully choosing arbitrarily small
appropriate perturbations V25, of V2P for which VZ(P + S.) does admit a continuous Q1 A.Q.-decomposition
in a neighborhood of any given point in 2. This continuity will enable us to prove that the eigenvalues of
V2(P + S.) are nonnegative, which, by the continuity of the eigenvalues with respect to the matrix entries,
implies by letting ¢ — 07 that the eigenvalues of V2P are nonnegative. In what follows, the entries of the
matrix M are denoted by m;;, while the vector space of all d x d real symmetric matrices is denoted by Sg(R).

A.1.1 2D case

Here we show that if d = 2, then (2.3) is equivalent to the convexity of P(t,-). Note that the existence of a
sequence {(,}» with the properties below is given (up to the transformation z — z¢ + QoJro(z — x¢)) in the
proof of Proposition A.3.

Proposition A.5. Let zg € R?, 79 > 0 and M : By := B(xg,70) — S2(R) be continuous. Denote by Qo the
constant orthogonal matriz such that QoM (20)QZL is diagonal. Let {C,}, € C2°(By) be such that

spt(¢n) C B(xzg,ry) for a decreasing sequence {ry}n 40 (A.14)
and
(QoJVEn)2 — 0 asn — 0. (A.15)
1Cnll et (o)
If
/ JM(x) IV (x) - V¢ (z)dz <0 for alln > 1, (A.16)
Bo

then the first eigenvalue of M(xo) is nonnegative.

Proof. Let A(x) be the 2 x 2 diagonal matrix with real diagonal entries A1 (z), A2(z) (eigenvalues of M (x)). By
the well-known fact that roots of polynomials vary continuously with respect to their coefficients, the continuity
of M implies that A is continuous on §.
1. Assume first that «g := mia(z) # 0. If necessary, restrict rg closer to zero such that for all x € B(xg,rg) we
have mya(x) > ap/2 if ag > 0, or mia(z) < ap/2 if ag < 0. Assume A (zg) =: —2A~ < 0.

We claim that there exists a continuous function B(zg,r) 3 ¢ — Q(x) € M2(R) such that Q(x) is orthogonal
and

M(z) = QT (z)A(z)Q(x) for all x € B(zg, 7).
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Indeed, since mi2(x) is bounded away from zero uniformly with respect to x € B(xo,70), we see that the
two eigenvalues are distinct for any such x and we can calculate that an orthonormal pair of eigenvectors
corresponding to A1 (x) and Ay(z), respectively, consists of

mlg(l‘) m12(1‘>
Vmiy (@) + [ma () — A (2)]? Vmiy (@) + [ma () — A (2)]?
A1(x) —myq(z) and Ao(x) —myq(z
Vmis (@) +mai () — A (2)]2 Vmiy(@) + [ (z) — A (2)]?

Since my2 is bounded away from zero on B(xg, 1), we easily see that these two vectors are continuous as functions
of z on B(zp,r). We choose Q(z) to be the matrix whose columns are these two vectors (in this order), so the
claim is proved. We may ocasionally drop the dependence on z to unburden notation; we have

Mv v = (Qv)TAQV) = M[(QV)1]> + 2| (QV)2*.

If necessary, restrict r even further such that A\ (z) < —A~ for all © € B(xg,r). Let n be sufficiently large
such that ¢, € C}(B(xo,r)) and put v,, := JV(,. We conclude that

/ M(z)vy(z) - vy(x)de = / M(z)vy(z) - vy (x)de
Q B(zo,r)

< —/\‘/ |(Qvn)1|2dx—|—)\+/ (Qvn)s|2da,
B(zo,r)

B(zo,r)
where
AT = max |A(2).
x€B(wo,r)
We now employ (A.16) to infer
/B( : V¢ |2da < 5\/B( : (QJIV(,)a|*da for all sufficiently large n, (A.17)
o, zo,r

where A := (A~ 4+ AT)/A~. Note that we have used |Qv| = |v| in B(z¢,7) because Q(z) is an orthogonal matrix
for all x € B(zg,r). Let Qo := Q(x0) and for all 0 < s <7 we set (since @ — @ is continuous on the closure of
B(xg, 1))

HQ - Q0||L°°(B(a:g,s)) =ins <00,

so that [(Q(x)vn(2))2 — (Qovn(z))2] < ns|ve(x)| for all x € B(xg,s) and all sufficiently large n such that
Cn € CH(B(xo,s)). Thus,

(Q@)va(2))2l* < 2[[(Qovn(@))2f* + m2lva(@)[?].

Since s — 07 as s — 0T, there exists 0 < s < 7 such that 0 < 2An2 < 1; (A.17) then implies

/ |VCn|2dCU < )\0/ |(Q0JVCn)2|2d$ for all sufficiently large n, (A.18)
B(IQ,SQ) B(waSD)
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where Ao := 2)/(1 — 2An?2 ). This contradicts the properties of the sequence {Cy }n.

2. Now assume miz(zo) = 0. Let § > 0 and define ®5(z) := §(x1 + x2)?/2. Obviously, M + V2®; satisfies (A.16)
and, since 012®Ps(xg) = & > 0, we are back under the restrictions of part 1 of this proof, so the eigenvalue /\‘f(xo)
(first eigenvalue of M (zg) + V2®s(xg)) is nonnegative. Once again, the eigenvalues are continuous functions of
the matrix entries, so we let § — 0T to infer \;(xo) > 0. O

A.1.2 The 3D case

The d = 3 case is slightly more delicate because compactly supported divergence free vector fields have a
more complex structure. There is also significantly more work involved in showing that we can always reduce
the problem to one where we locally have a decomposition V2® = QT AQ such that Q is a continuous function
of x. The proof is no different from the 2D case once we produce a result emulating Proposition A.5 in 3D.
By Proposition A.4 we get the existence of a sequence {(,}, which satisfies (up to the transformation = —
xo + ro(x — x9)) the properties listed in the proposition below.

Proposition A.6. Let 79 € R?, 79 > 0 and M : By := B(xo,70) — S3(R) be continuous. Denote by Qo the
constant orthogonal matriz such that QoM (z0)QL is diagonal. Let {(,}n € C°(By;R?) be such that

spt(Cn) C B(xo, ) for a decreasing sequence {ry}n | 0 (A.19)
and
[(QoV X Cn)2| +[(QoV X (n)sl
0 A.20
||VXC7L||H1(BO) e ( )
If
M (2)V X (p(x) - V X §u(x)da > 0 for alln > 1, (A.21)

By
then the first eigenvalue of M (xo) is nonnegative.

Proof. The characteristic polynomial of M is
g(A) == =X\ + (trM)A? + %[(trM)Q — tr(M?)] X + detM.
The discriminant of the equation —gg(A) = 0 is
D := 18bcd — 4b*d + b*c* — 4c® — 27d?, (A.22)

where b := —trM, ¢ := —[(trM)? — tr(M?)] /2, d := —detM. It is well-known that D > 0 is equivalent to all
roots being real. We may also assume that all the entries of M are nonzero. This is because there exists dg > 0
such that for all 0 < § < & we have M;; +d # 0 for all 1 < i,j < 3. Let ®5(z) := d(x1 + 22 + x3)?/2; then
M + V2d; satisfies (A.21) as well, and its eigenvalues converge to the eigenvalues of M. Thus, it is enough to
prove that the first eigenvalue of this perturbed matrix (at x() is nonnegative for all §o > § > 0. Since for all
§ in this range we have that all the entries of M(xq) + V2®s(x) are nonzero, we may now work under that
assumption. However, it turns out it is more convenient to only assume, which we do, that the off-diagonal
entries of M(x) are nonzero.
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1. Assume D(xp) > 0, i.e. the three real roots are distinct (another well-known fact), and the top two rows of
the matrix M (zg) — Al3 are linearly independent for any eigenvalue A. The latter is equivalent to

Y - A
Mu=A_,mMs M2 7 A, T2 ¢ any eigenvalue A. (A.23)
mi2 ma3 mi2 mi3

either

For each eigenvalue A we look for an eigenvector q € R? by singling out a nontrivial solution of the system
(m11 — A)q1 +mi2g2 + mizgz = 0, mi2q1 + (Mma2 — A)ga + mazgs = 0.

If

mip— A, mi3
—F

mi2 ma3
we do this by setting g = —1 and then solving to find

_ M3\ + M12Ma3 — M13Mao Moz — A —miaq
q1 = N\ q3 = )
m11M23 — M12M13 — M2y ma3

which are valid (denominators are nonzero). Instead, if

mir — A s

)
mi2 ma3

according to (A.23), we do this by setting ¢ = —1 and then solving to find

4 = Ma3\ + Mi2Mm13 — M11Ma3 M1 — A —mi12g2
2 — » 43 — .
M22MM13 — M12M23 — M3\ my3

We normalize these values into the unit vector qy. Since the eigenvalues are distinct, the three vectors qy do
form an orthonormal set of vectors. Again, by the continuity of the eigenvalues with respect to the coefficients,
we infer that we still have distinct real roots and the linear independence of the top two rows of M (z) — Al still
holds for all eigenvalues A (and, consequently, the above choices of eigenvectors still works) if we replace M (zg)
by M(z) for all  in a sufficiently small ball around g, say B(zg,2r). We define the matrix @ whose columns
are the vectors q computed at © € B(zg,r); due to the above considerations, @ is a continuous function on
B(xg,7). So, one can still perform a decomposition M = QT AQ which is continuous in B(zg,r). This means
that if A\j(zo) < 0, we can use (A.21) and imitate the 2D case to conclude that there is 7 > sy > 0 such that
By := B(zo, s0) C  and

[ alds <0 [ [@ovaal? +1(Quvaaf]ds (a24)
By By

for all n sufficiently large such that (, is supported in By, where A\ is a positive constant and v,, :=V X (,.
This contradicts (A.20).

2. Now we only assume D(zg) > 0. If the first two rows of M (xg) are linearly dependent for some eigenvalue A,
then
mi2 mi2

A=my — ——Mi3 = Moy — ——Mag3,
ma3 mi3
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which implies mag — mq1 = mya(m3; —m32;)/(mi3mas). However, note that by adding § > 0 to my; this equality
is violated, and for all § > 0 sufficiently small D(z¢) stays positive if we replace m1; by m1; + 6. Since for ®4(x) :=
§22/2, M + V?®; satisfies (A.21) if M does, it is enough to prove that the eigenvalues of M (o) + V2®s(x¢) are
nonnegative for all sufficiently small § > 0 in order to conclude (via the continuity of eigenvalues with respect
to matrix entries) that \;(z¢) > 0. But M (z¢) + V2®s(xg) satisfies the restrictions imposed in part 1 of this
proof, so we are done (if D(zg) > 0).

3. All that is left is the case D(z() = 0. Since M cannot be a scalar multiple of the identity matrix (which would
violate the assumption that all off-diagonal entries are nonzero), one of the quantities (mq; — mag)? + 4m?,,
(mag — mg33)? + 4m3,; and (my1 — maz)? + 4m?; is nonzero. Without loss of generality, assume that (mq; —
mas)? + 4m3y > 0. Let ®s(z) := 622/2 so that M (zq) + V2®;(x0) is also a symmetric real matrix, so the
discriminant of its characteristic polynomial is also nonnegative; some elementary calculations lead to (with the
notation from (A.22))

D% :=18(b — 8)(c — ad)(d — B8) — 4(b — 6)3(d — j30)
+(b—0)*(c — ad)? — 4(c — ad)® — 27(d — 36)? =: h(6),

for a 1= myy + mag, B := mi1mas — m3,. We see that h is a polynomial in § of degree four (since its dominant
coefficient is (m11 —maz2)? +4mi, > 0) such that h(§) > 0 for all § € R and h(0) = D(z) = 0; we conclude that h
has at most three more real roots, so there exists dy > 0 such that h(d) > 0 for all 69 > ¢ > 0, which is equivalent
to the roots of the characteristic polynomial of M(xq) + V2®;5(xo) being real and distinct. Since M + V2d4
satisfies (A.21) as well, we are now in the setting of part 2, so all the first eigenvalue of M (xo) + V2®;(x0) is
nonnegative. We conclude the proof by letting § — 0% and using, once again, the continuity of the eigenvalues
with respect to the matrix entries. O
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