ESAIM: COCV 27 (2021) 21 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv /2021016 WWW.esaim-cocv.org

GLOBAL GRADIENT ESTIMATES FOR NONLINEAR PARABOLIC
OPERATORS

SERENA DIPIERROM", ZU GA0? AND ENRICO VALDINOCI!

Abstract. We consider a parabolic equation driven by a nonlinear diffusive operator and we obtain a
gradient estimate in the domain where the equation takes place. This estimate depends on the structural
constants of the equation, on the geometry of the ambient space and on the initial and boundary data.
As a byproduct, one easily obtains a universal interior estimate, not depending on the parabolic data.
The setting taken into account includes sourcing terms and general diffusion coefficients. The results
are new, to the best of our knowledge, even in the Euclidean setting, though we treat here also the
case of a complete Riemannian manifold.
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1. INTRODUCTION

The heat equation was introduced almost two centuries ago by Joseph Fourier [3]. In spite of its classical
flavor, the investigation of the main properties of the solution is still an active field of research, and several
important gradient estimates have been obtained in modern literature. Also, given its importance in geometric
evolution problems, some of these results have been framed into the framework of Riemannian manifolds. Among
the several results on this topic, we recall the following universal bound for compact manifolds:

Theorem 1.1 (Thm. 1.1 in [15]). Let M be a compact Riemannian manifold with Ric(M) > —k, for some k > 0.
Let u = u(z,t) be a positive solution of uy = Au in M x (0,+00). Assume that u < M for some M > 0.
Then, for each (x,t) € M x (0, +00),

tVu(z,t)[?
u?(z,

< (1+ 2kt) In (1.1)

M
u(z,t)

This type of result is certainly striking and also somewhat surprising, since typically parabolic estimates aim
at controlling positive solutions at a given time by values at a later time, in view of the diffusive character of
the equation (see e.g. the classical Harnack Inequality on page 89 of [12]), while Richard Hamilton’s estimate
in (1.1) is a pointwise estimate in space-time.
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As a matter of fact, an estimate of this type cannot hold in non-compact manifolds, as the simple case of the

2
fundamental solution in R™ shows: namely, taking u(z,t) := v t)% exp (—%), one sees that
T
t[Vul* _ |zf?
w2 At

which does not permit a global bound as in (1.1).

With respect to this, several gradient estimates have been obtained in non-compact manifolds by considering
“interior estimates” in space and time. More specifically, if o € M and R > 0, one denotes the geodesic ball of
radius R centered at xg by B(xg, R). Also, given to € R and T > 0, we let

QR,T = B(Io,R) X [to — T‘7 to]. (12)

In this setting, a fruitful topic of investigation consists in obtaining local gradient estimates in Qr/27/2, see
especially the work [18] by Peter Li and Shing-Tung Yau in which the maximum principle and suitable cut-off
functions have been used to obtain a parabolic Harnack inequality on complete Riemannian manifolds. In this
setting, we recall also a celebrated result by Philippe Souplet and Qi S. Zhang:

Theorem 1.2 (Thm. 1.1in [24]). Let M be a complete Riemannian manifold with Ric(M) > —k, for some k > 0.
Let uw = u(z,t) be a positive solution of uy = Au in Qr,r. Assume that u < M for some M > 0.
Then, for each (z,t) € Qr/2,1/2,

for a suitable positive dimensional constant C'.

This result has been extended by Li Ma, Lin Zhao and Xianfa Song [22] to the case of nonlinear equations,
obtaining the following structural result:

Theorem 1.3 (Thm. 7 in [22]). Let M be a complete Riemannian manifold of dimension n with Ric(M) > —k,
for some k > 0. Let u = u(x,t) be a positive solution of uy = A(F(u)) in Qrr, with F € C*(0,+00). Assume
that w < M for some M > 0 and that

F'(s) € (0, K] for every s € (0, M]. (1.3)
Let also G : (0,+00) — R be such that G'(s) = F'(s)/s for all s € (0, M] and suppose that

Vn|F"(s)| s
1_W2K>0’
E—G(s)>n>0 (1.4)

and 2F(s) — W(E —G(s)) >0

for every s € (0, M], for suitable constants &, 7, &.
Then, there exists C > 0, depending only on n, K, k and n such that, for each (x,t) € Qr/21/2,

)gc(;+Q%+¢@. (1.5)
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As detailed in Remark 8 in [22] (see also Appendix A here), Theorem 1.3 includes Theorem 1.2 as a special
case, when F'(s) = s. Moreover, while conditions (1.4) may look rather technical at a first glance, they are in fact
sufficiently general to treat several important nonlinear models such as the porous medium equation u; = Au?
(see e.g. [27], and also [5, 6, 13, 14] for the case of Riemannian manifolds) with

pe <1\/15,1]. (1.6)

In this case, Theorem 1.3 entails the following statement:

Corollary 1.4 (Cor. 9 in [22]). Let M be a complete Riemannian manifold of dimension 2 and 3, with Ric(M) >
—k, for some k > 0. Let u = u(z,t) be a positive solution of uy = AuP in Qrr, with p as in (1.6). Assume
that u < M for some M > 0.

Then, there exists C > 0, depending only on n and p such that, for each (z,t) € Qrj2.1/2,

|Vu(z,t)] 1 M=
et <C (R Tt \/E> : (1.7)

For the sake of precision, we observe that, strictly speaking, in the original formulation given in [22], Corol-
lary 9 in [22] is not a direct consequence of Theorem 7 in [22], since the proof of the corollary presented there
does not rely merely on the statement of the theorem but rather on a skillful modification of its proof: never-
theless, it is possible to deduce the corollary directly from the results that we will present here, as we point out
in Appendix A.

We recall that existence and uniqueness results for the porous medium equation with p < 1 have been
established in [16]. We also mention that universal pointwise estimates for porous medium equations have been
obtained in [1]. In [19] the authors prove, together with other gradient estimates on manifolds, that one can
derive from these universal pointwise estimates also gradient estimates in the case of fast diffusion.

See also [2, 4, 7-10, 17, 20, 21, 23, 25, 28-32] for parabolic estimates related to the results presented so far.

The goal of this article is to enhance Theorem 1.3 (and consequently Thm. 1.2) in several directions:

— First of all, we replace the nonlinear operator A(F'(u)) with the more general nonlinear diffusive term
a(z, t,u)A(F (u)).

Even when F(s) = s, this improvement is interesting since it corresponds to allowing a heat equation in
which the diffusion coefficient of the substratum depends on space, time, and possibly also the temperature;
— Moreover, we allow a source term depending on space, time, on the solution itself, and possibly also on
the gradient and the Hessian of the solution;
— In addition, instead of a local estimate, we obtain a global estimate in @ 7, depending on the parabolic
data of the equation, which recovers the universal estimate in Qr/2 /2 as a byproduct.

To obtain our result, we will perform a number of rather involved and ad-hoc computations and exploit also
the cut-off function method that was introduced in [10] to address global estimates. We also remark that, as
far as we know, our results are new also in the case of nonlinear parabolic equations in the Euclidean space
when k = 0.

Our result relies on suitable structural assumptions, that can be seen as natural counterparts of those in (1.4),
and, to state clearly the estimates obtained, we now introduce precisely the mathematical framework in which
we work.

We consider the evolution equation

ug = a(x, t,u) A(F(u) + H(x,t,u, Vu, D*u) (1.8)
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on a complete Riemannian manifold M of dimension n and such that
Ric(M) > —k (1.9)

for some k € R. In this notation, u = u(x,t), where & € M is the space variable and t is the time variable. As
customary, the notation “V” and “A” is reserved, respectively, for the gradient and the Laplacian in the space
variable. We suppose that equation (1.8) is satisfied for every (z,t) € Qrr C M x (—00,00), where Qg 1 was
introduced in (1.2).

We take a € C1(Qr 1 x R) with

a(x,t,s) € [ag, ag '] (1.10)

for all (z,t,s) € Qrr X R, for some ag € (0,1).

We suppose that the solution w is smooth, positive and bounded, namely, that for every (z,t) € Qrr we
have u(z,t) € (0, M], for some M > 0.

We suppose that F' € C?(0,+00) with

F'(s)>0 (1.11)
and
Vn|F"(s)| s
1—F,7(s)zm>o, (1.12)

for all s € (0, M], for a positive constant k, and that H € C* (QR7T x R x R™ x R”2). With respect to the

variables of H, the “gradient-Hessian” coordinates in R™ x R"™ will be denoted by

(w, Q) = (Wi)ieg1,...n> Qj)ijeqt, ..n})- (1.13)

We also take sg € (0,+00) and define, for all s € (0, M],

G(s) = / F;Eh) dh, (1.14)
and we assume that
§—G(s) 20 >0, (1.15)
that
glj/g()s) <T (1.16)
and that
2F'(s) — M(g —G(s)) >0 (1.17)

F'(s)
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for all s € (0, M], for a suitable! constant & and positive constants 1 and T
We introduce the structural constants

H(z,t,u(z,t), Vu(z,t), D*u(z,t)) F” (u(z,t))
F'(u(z, t))
+ Oy H (x,t,u(x,t), Vu(z, t), D*u(z,t))
B H(z,t,u(z,t), Vu(z,t), D*u(z,t))
u(z,t)
H(x,t,u(z,t), Vu(z, t), D?u(z, ) F' (u(z, t)))
i

o= sup | ka(etule, 0)F (u(, 1) +
(th)eQR,T

+

(6 = Gu(z, 1)) u(z,t)

and
F'(u(x,t))|VH (x,t,u(z,t), Vu(z, t), D?u(x,t))|
v1:=  sup .
(z,t)EQR,T u(x,t
Let also
pp = sup  |dya(z,t u(z,t))| div(F’(u(w,t))Vu(m,t))‘
(‘Tvt)eQR,T
and

Hi= iyt e

We stress that pus = 0, and thus g = p1, when a depends only on x and ¢ (but is independent of w).
We also consider the quantities

!
Y2 :=  sup M|Va(x,t,u(x,t))’ ‘div(F’(u(m,t))Vu(x,t))‘

(z,t)EQR,T ’LL( 7t)

and
F/
= s TS (19 et ua, 1), Vute. 1), Due, )] D, 1)
(z,t)€EQR,T u(l'?t)

+ |DoH (z,t,u(x,t), Vu(z,t), D*u(z,t))| |D3u(9c,t)|>

and we set

Y=yt 2 s

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

TTt is interesting to remark that conditions (1.3) and (1.4) are stronger than conditions (1.15), (1.16) and (1.17). In particular,
if (1.3) and (1.4) are satisfied, one can take I' :== K/n in (1.16). On the other hand, as it will be apparent in Appendix A, it is
technically convenient to avoid requesting assumption (1.3) in order not to limit the potential of the general approach that we

present.
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We remark that v = v3 = 0, and thus v = ~;, when a depends only on ¢t and u (but is independent of the
space variable), and H depends only on z, t and u (but is independent of the gradient and of the Hessian of
the solution).

Given d € (0,T) and p € (0, R), we define

G::\/ﬁJrW’

1
T:=—
V6 (1.25)
Yk
and 8= 1 + 1 + *.
P p(R—p) VP

We notice that €, T and 8 are functions of (z,t). Moreover, we set

F(w)|Vul

Tu:= sup ——————(x,tq—T),
Y seBlao,r) (€ — G(u))
wd oy sy FOIVE (1:20)
U contagm u(E— Gw)
te[tg—T,tg]
We also consider the functions
Bi(z,t) := XB(xo,R—p) (T)X[te—T,to—T+5) (1),
Ba(7,t) = XB(xo,R)\B(zo,R—p) (T)X[to—T+,t0] (£) (1.27)
Bi(x,t) := XB(wo,R)\B(z0,R—p) (L) X[to—Tto—T+5) (1)
and Iz, t) = XB(zo,R—p) (ff)X[to—T-s-é,to] (t)-
As customary, we used here the standard notation for the characteristic function of a set .S, that is
() 1 ifzels,
Z) =
Xs 0 otherwise.
Also, given a constant C' > 0 (to be appropriately chosen conveniently large in the following) we define
B1 = 7y +min{o,, C8},
= 0y +min{r,, CT},
Py 1= o {u, O} (1.28)
BS =0yt Ty
and ¢ :=min{oy, + 7, C(T+38)}.
Let also
Z = Bl Bl +B2'Bg+ﬁ333+Lj. (129)

With this notation, the main result of this paper is the following global gradient estimate, valid in all the
domain where a parabolic nonlinear equation holds true:

Theorem 1.5. Let M be a complete Riemannian manifold of dimension n satisfying (1.9). Leta € C*(Qrr X R)
satisfying (1.10) and F € C?(0,+00) satisfying (1.11), (1.12), (1.15), (1.16) and (1.17).
Let u be a positive, bounded and smooth solution of the evolution equation (1.8) in Qg 1.
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Then, there ezists a constant C' > 0 depending only on n, I, k, ag and i such that the following estimate
holds true:

G (u(z, 1)) [Vau(z, t)| < (ce + 2z, t)) (g ~ Glu(z, t))) for all (z,t) € Qr.r.

Here we used the notation in (1.14), (1.25) and (1.29).

Interestingly, Theorem 1.5 includes several recent results in the literature as a special case. For instance, the
particular choice

F(s):=s,a:=1and H := H(x,t,u), (1.30)

corresponding to the equation dyu = Au + H(z,t,u), taking £ := 1, n:= 1, s := M, produces in (1.18) the
quantity

1 =  sup <k + OuH (z,t,u(x, t)) —

Hitu(,0) | Htu(s,0)
(z,t)EQR,T +’

u(z,t) (1 + log L) u(z,t)

u(x,t)
which coincides with the quantity in (1.6) of [10]; similarly, in such a case, in (1.19) we find

|VH (z,t,u(z,))|
"= sup
(z,t)EQR,T u(x7 t)

)

which coincides with the quantity in (1.4) of [10]; also, in (1.20), (1.22) and (1.23) one finds ps = v2 = v3 =0,
therefore Theorem 1.5 here recovers, in the special setting of (1.30), the result given in Theorem 1.1 of [10].

Differently from the previous literature, our general framework comprises, as a particular case, the equa-
tion u; = uAu + g(u) which models the spread of an epidemic in a closed population without remotion and is
often used as a prototype for complicated and sometimes pathological behavior of the solutions, see [11, 26].

It is also interesting to comment on the structure of the estimate obtained in Theorem 1.5, and especially on
the dependence of the bound obtained by the quantities p and ~. Specifically, being a gradient estimate, one
would like the terms on the right hand side of the estimate to be independent of the derivatives of the solution,
while, at a first glance, these quantities may depend on the derivatives up to order three. Nevertheless:

— The dependence of py and 71 in (1.18) and (1.19) on the derivatives of u only occurs via the source
term H: in particular, if H and its derivatives are uniformly bounded, then p; and ; can be bounded
independently on the derivatives of u;

— The quantities ps and 72 in (1.20) and (1.22) depend on the derivatives of the solution up to the second
order, but they vanish if the diffusion coefficient a is either constant or depends only on time;

— The quantity 73 in (1.23) depends on the derivatives up to the third order of the solution, but it vanishes
if the source term H does not depend on the derivatives of the solution.

That is: on the one hand, in its general form, under additional bounds on the derivatives of the solution, the
estimate in Theorem 1.5 can be considered as a pointwise estimate at any (z,t) € Qg r; on the other hand, for
the special (but still extremely general) case given by the equation

Ou = a(t) A(F(uw)) + H(z,t,u),
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then the structural quantities g and 7 can be bounded independently from the derivatives of the solution,
reducing to

H(z,t,u(z,t)) F" (u(x,t))
F'(u(z, 1))

p=  sup ka(t)F' (u(x,t)) +
(x7t)€QR,T

O H (ol ) — H(z,t,u(z,t))  H(z, t,u(x,t)F' (u(z, t)))
+

u(x,t) (f — G(u(w,t))) u(x,t)

F’ t H(x,t t
ot ey POV )]
(z,t)EQR,T u(m,t)

The relevant structural quantities in case of an equation of the type
O = a(t)AuP + ¢ |Vul? (1.31)

with € > 0 will be discussed, as an exemplifying situation, in Appendix B.
Furthermore, one deduces from the global estimate of Theorem 1.5 a local estimate in Qg 2 7/2, according
to the following result.

Corollary 1.6. Let M be a complete Riemannian manifold of dimension n satisfying (1.9). Let a € CY(Qr.1 X
R) satisfying (1.10) and F € C?(0,+00) satisfying (1.11), (1.12), (1.15), (1.16) and (1.17).

Let u be a positive, bounded and smooth solution of the evolution equation (1.8) in Qg 1.

Then, there exists a constant C' > 0 depending only on n, I, k, ag and i such that the following estimate
holds true: for every (x,t) € Qr/2,1/2,

G (u(z,t)) [Vu(z,t)| < C <\/ﬁ+ v+ % + % + Vg) (§ - G(u(a:,t))). (1.32)

Here we used the notation in (1.14), (1.21) and (1.24).

We also stress that when H := 0 and a := 1, then u = ky and v = 0, therefore Corollary 1.6 contains
Theorem 1.3 (that is, Thm. 7 in [22]) as a special case. In addition, it also contains Corollary 1.4 (that is, Cor.
9 in [22]) as a particular subcase, as observed in Appendix A.

It is also interesting to compare the statements of Theorem 1.5 and Corollary 1.6. Evidently, the estimate
obtained in Theorem 1.5 is global, since it is valid in the whole of the domain where the equation is satisfied.
For this, the estimate obtained in Theorem 1.5 necessarily must take into account the “parabolic data” of the
equation, which are encoded in the quantities 7, and o, defined in (1.26). On the other hand, the estimate
obtained in Corollary 1.6 holds true only in a subdomain, but then it becomes independent of the “parabolic
data” of the equation and relies only on the structural functions of the equation and on the geometry of the
domain.

We emphasize that the general estimate in Theorem 1.5 is stronger than the one in Corollary 1.6 even if one
reduces to Qr/2,7/2, since one can also deduce from it that, in Qg2 72,

G (ul, b)) [Vu(z, )| < C (Vi + &7 + 0w+ ) (5 - G(u(x,t))), (1.33)

which is a sharper estimate than the one in (1.32) when the data of the equation are particularly convenient to
make 7, and o, sufficiently small. That is, while the estimate in Corollary 1.6 has the advantages of being easier
to read and “universal” (i.e., not depending on the boundary data of the equation), the estimate in Theorem 1.5
is more precise, since it allows one to possibly recall the boundary data in order to achieve a sharper result.
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In any case, to the best of our knowledge, Theorem 1.5 is the first global estimate for nonlinear parabolic
operators, even in the case of porous medium equation with no source terms, and also the local version in
Corollary 1.6 is the first local estimate to take into account general porous medium equations with source
terms; besides, the alternative estimate in (1.33) is the first occurrence in which an improved estimate for
these parabolic equations driven by nonlinear operators is obtained thanks to the boundary data. Moreover,
the results obtained are new even in the Euclidean setting.

We also remark that suitable Liouville-type results can be easily deduced from our main estimates: as an
example, we provide a rigidity result in Appendix C that relies on Corollary 1.6. See also Theorems 1.3 and 1.5
for related Liouville-type results for porous media equations.

The rest of this paper is organized as follows. Section 2 presents the computations related to a suitable
auxiliary function that will be used to deduce the main results from the maximum principle. In Section 3 we
develop the necessary calculations to localize the problem by using suitable cut-off functions in space and time.
Section 4 contains the proof of Theorem 1.5 and Section 5 provides the one of Corollary 1.6.

2. AN AUXILIARY BARRIER

A common procedure in the theory of elliptic and parabolic equations is to introduce a suitable auxiliary
function (that will be denoted by w in our context) which satisfies a convenient equation; with this, an appro-
priate use of the maximum principle provides estimates on the auxiliary function, which can be traced back to
the original solution. To implement this technique in our framework, we argue as follows.

Given G as in (1.14), for all » € R we define

g(r) == G(e") (2.1)
and
g(r) . Vnlg"(r)
M =g T e (22)
It is interesting to observe that, by (1.14),
@=L ;ET) and  G'(r) = /;(7") _E ;(27"). (2.3)

In addition, since, by (2.1), we know that ¢'(r) = " G'(e"), we deduce from the assumption (1.11) on F’
and (2.3) that

g(r)=F'(e")>0 and ¢"(r)=¢e"F"(e"). (2.4)
Also, given u as in the statement of Theorem 1.5, we set
v(z,t) == Inu(z,t) (2.5)

and

w(z, t) = |V In( — g(o(,1)|? = m (2.6)

We stress that w is well defined, since

§—g(v(z, 1) =& = Gu(z, 1)) > n >0, (2.7)
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thanks to (1.15).

Also, as usual, the notation (u, Vu, D?u) will be used as short for (u(z,t), Vu(z,t), D*u(z,t)). Furthermore,
the notation g’ stands for the derivative of g(r) with respect to r, hence ¢’(v) is a short notation for ¢'(v(z,t)).
To clarify this framework, let us point out that

V(g(v(z,1) = ¢'(v(z,t))Vu(,1)

and V(g (v(z,t)) = g" (v(z,t))Vo(z, t) = g (v, 1)) V(g(v(x,t)). (2:8)

We recall that the latter denominator is nonzero, thanks to (2.4). With this setting, we can state the main result
of this section as follows:

Lemma 2.1. Let u be as in Theorem 1.5. Then, in Qr,,

ag' Aw — wy
2

71Vyl

> ak(€ — g)w? + aX (Vw, Vg) — pw — =L

(2.9)

where g is a short notation for g(v(x,t)). Here, & and & are given in assumptions (1.12) and (1.15), X in (2.2),
woin (1.21) and v in (1.24).

Proof. We note that

A(F(u)) = F'(u)Au + F" (u)|Vul?. (2.10)
Hence, by (1.8),
uy = aF' (u)Au + aF" (u)|Vul|® + H. (2.11)
Also, by (2.5),
vy = o and Vv = @, (2.12)
u u
whence
4 .
Gi“) [Vul? = W = V(G(u)) - V. (2.13)

To ease the notation, we write VG as a short notation for V(G(u)) = V(G(u(z,t))) (of course, no confusion
should arise with VG (u(x,t))). Accordingly, exploiting (2.3), (2.10), (2.11), (2.12) and (2.13),

aF'(u)Au + aF" (u)|Vul?> + H
u

— aG'(u)Au+a (G//(u) n F’(U)> ‘VU‘Q _'_%

u?

VU =

— CLG/(U)AU +a (G//(u) " G’(U)> |VU|2 + %

=aA(G(u)) +a(VG,Vv) +

2|l e
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Thus, recalling (2.1) and (2.5), we can write G(u) = g(v) and thereby obtain that
H
v = aA(g(v)) +a(Vg, Vv) + P (2.14)

where Vg is short for V(g(v)) = V(g(v(z,1))).
To ease the notation, we also write g; to mean J;(g(v)). As a consequence, by (2.14) we have that

g'(v)H
u (2.15)

gt = g'(v)vy = ag' (v)A(g(v)) + a(Vg,g'(v)Vv) +

= ag/ (A (g) + al VP + SO

Now we observe that, by (2.6),

2 2
v = YIVal L, [Val*Ve

€02 T2 g (2.16)

Moreover, we have that

div (VIVgP) _ A[vg]?  2(VIVgl, Vyg)
(€—9)? (€—9)?

T aF) " + : (2.17)

In addition,

. V9|2V9> (VIVgl?,Vg)  |Vg|?Ag = 3|Vg[*
d =) = - .
v ((59)3 €—9F T (€-g? g

From this, (2.16) and (2.17), we deduce that

Aw
_ AlvgP | 2(VIVel’.Vg)  2(VIV4l’.Vg) 2AVg’Ag 6]Vl
(€ —9) (€ —9)° €—9)? €-9? (-9 (2.18)

_ AVgl? | 4(VIVeP*Vg)  2(Vgl*Ag = 6|Vgl*
€—9)7 €—9)° €-9?  (E—9*

Besides, using (2.6) and (2.15), we find that

2(Vg,Vagi) | 2|Vgl*g:
(£ —9)? (€—9)3
_2(Vo V(agng) | 2(Ve. Ve 20T (“5))  augagver
(£ —9)? (€ —9)? (€ —9)? (€—9)?
2afvglt | 2AVel (22)
(€—-9)3 €-9?

Wt =

(2.19)
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In light of (2.8), we also have that

(Vg,V(ag'Ag))

=ag' (Vg,VAg) +alg(Vg,Vy') + 9'Ag (Vg,Va) + g'Ag (Vg, 0u.aVu) (2.20)
ag”Ag

/

=ag' (Vg,VAg) + IVgl> + g'Ag(Vg,Va) + duag Ag (Vg,Vu).

Now, using (2.4) and (2.5), we see that g”(v) = F”(u)u. Thus, recalling the coordinate notation in (1.13),
and making also use of (2.8) and (2.12), we find that

< <g’(v)H> _ 9" (v)HVv n g (v)VH n g (V)0 HVu g/(v)];IVu LTy
u u u u u
F"(w)HVg F'(u)VH HVg (2.21)
- + +0,HYg— 2 11,
F'(u) u u
where

_ 9w - - 2

Tyi= > 0,HVOu+ Y 0o, HV , u . (2.22)
i=1 ij=1

This observation, together with (2.19), (2.20) and (2.21), yields that

_ 2ag' (Vg,VAg) % IVgl* 2 (Vg,V(alVg|?)) 2F"(u)H|Vg|?

YT g2 (E—g) (€—g) F'(u)(€ - g)°
2F'(u)(Vg,VH)  20,H|Vg|? B 2H|Vg|?
u(§ — g)* (£ —9)? u(§ — g)*

2 (g’ (WH
2ag'Ag|Vgl?  2aVglt 2Vl ( u )
ag 9\g|+61|9|+

(€—9)? (€—9)? (€—9)3
_ 2a9'(Vg.VAg)  2a9"Ag|Vgl*  2(Vg,V(alVg)) & 2F"(u)H|Vg|*
(£ —9)? g'(€—g)? (€ —9)? F'(u)(§ — g)?
2F'(u) (Vg,VH) n 20, H|Vg|? B 2H|Vg|?
u(§ — g)? €—-9)?2 w-—g)?
2ag'Ag|Vygl? N 2a|Vg|* | 2F'(u)H|Vg|?
(E—9)? (€—9)? u(§ —g)?

+ 715

+ T,

where

2(Vg,T1) 2¢'Ag (Vg,Va+ 0,aVu)
Ty = . 2.23
2 T g e (2.23)
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This and (2.18), after the cancellation of the term %, give that

ag' A|Vg|?>  4ag’ (V|Vg|]>,Vg) 6ag'|Vg|*  2ag' (Vg,VAg)

e () BN (s (€ —g)?
_ 2F"(w)H|Vg|*  2F'(u)(Vg,VH) 20,H|Vg|’
F'(u)(& — g)? u(é — g)? (€—9)? (2.24)
2H|Vg|? B 2ag" Ag|Vg|? B 2<Vg,V(a\Vg|2)> B 2a|Vg|* .
ul—-g9)?  g(€—9)? (€—9)? (€—9)?
_2F'(w)H|Vg|* r
u(§ —g)? -

Now we recall the Bochner’s formula, according to which

|V9|2 _ 2 12 .
A 5 = (VAg,Vg) + |D?g|* + Ric(Vg, Vg).

This and the Ricei curvature assumption in (1.9) entail that
A|Vgl* —2(VAg, Vg) = 2|D?*g|* + 2Ric(Vg, Vg) > 2|D?g|* — 2k [Vg|?,

where, as customary, the norm of a matrix is taken to be the square root of the sum of the squares of its entry.
Plugging this information in (2.24), we conclude that

2ag'|D?g]*  2ag'k|Vg|® n dag' (V|Vgl*,Vg) n 6ag'|Vg|*
(€ —9)? (€ —9)? (E—9)3 (E—g)*
_ 2F"(w)H|Vg|*  2F'(u)(Vg,VH) 20,H|Vg|’

ag Aw — w; >

F'(u)(§ — g)? u(§ — g)? (€—9)?
2H|Vg|*  2ag"Ag|Vg]> 2(Vg,V(alVg*)) 2a|Vg|*
wé-9)?  g(E€—9)? (€—9)? (€—g)3 (2.25)
2P (w)H|Vg]?
u(€ —g)? ?
- 2a9'|D%g|* | 4ag' (V|Vg[*,Vg)  6ag'|Vg|' 2m|Vg
~ (E-9)? (€—g)? E—9*  (£—9)?
_2n|Vgl  2ag"Ag|Vgl*  2(Vg.V(alVgl)) 2a|Vgl' .
€-9°  gE—9)7 (€—9) (-9 7

where the definitions of p; and 7 in (1.18) and (1.19) have been exploited.
It is now convenient to define

//|

¢ (valie- g>)_1 . (2.26)
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We point out that ¢ € (0, +oc], due to (2.4) and (2.7). By the Cauchy-Schwarz inequality, if ¢” # 0 (hence ¢ #
+00), one has that

9" Ag|Vgl?

"\ 2 4 N 2 A
7€ g) §C<g> (Ag)”'vg')‘*gcn () D%+ (2.27)

g
g -y g C(§—g)*

We will now make use of (2.27) at all points, with the convention that, since the left hand side of (2.27) vanishes
when ¢’ = 0, the terms involving ¢ can simply be neglected in the forthcoming computations. In this sense,
putting together (2.25) and (2.27) we see that

q (€ —9)? (€—-9)?
, 1\ alVg[*  2(Vg, V(a|Vg|})) (2.28)
(0 - ) gy €97

B 2a|Vg|* B 201 |Vg|? 270 |Vy|

E—93 (E—-9? (E—9)?

n 2 2 12 / 2
D dag (V|Vg|2,V
e ng'—Cn (%) (5_94 Dl dag (VIVF, Vg)

- Ts.

Furthermore, in light of (2.16),

(VIVgl?,Vg)  2|Vg[*
(£ —9g)? (E—g)%

(Vw,Vyg) =

and, as a result,
4ag' (V|Vyg|?,Vg) N 6ag’|Vg|*
€—9)? (€—g)*
_ (209’ (VIVg[?,Vg) n 4ag’IVg|4> <2a9’<V|V92,Vg> 2ag’|Vg|4>

€— g €9 €—9F (E-gp¢
_ 2ag’ (Vw,Vg) N 2ag' (V|Vg|>,Vg)  2ag'|Vg|*
B E—g (&—g)? E—9)* "

The previous two identities, combined with (2.28), yield that

1 2 2 12 / 2
D 2ag’ (V|Vg|2, ¥

A €97 g
1) alVel* | 2aVg[* (g w (2.29)
+<29 C) E—gf —gp " (5—9 1><v Vo)

_2m|Vgl? 20 |Vy|

E-97 (E-gp *

where

2(Vg,Va+ d,aVu) |Vg|?

e (2:30)

Tg = T2+
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It is now convenient to factor out a term of the type
1/

=:=2g'—(n (Z)Q (€ —g)° (2.31)

from the first three terms in the right hand side of (2.29) (up to a reminder). For this, we write
2
) g" 9 a|D29|2 2ag’ <V|Vg|27Vg> < , 1> a|Vg|4
20 —(n (L) (e- 2 — >
l d-an() €0 ] C—or " E-gr T\Y )y
_=aD%*P (2 <g”>2 o) a(VIVelP, Vy)
H(5—9)2+<H+<n g) €9 (€~ g)?
2
= 9"\ (e _gp_ L) ave! 2.32
+<H+<n<g’) €-9) C) (E—9)* (2.52)
o (Dl a(V|Vgl*,Vg) L alvgl*
RN GEIR -9 (&g

2 2
9"\ a(VIVg]’,Vyg) (9”) o 1) avgl*
+Cn<g’> E—yg e q €-9) ¢ (-9

Now we claim that

(11
%
o

(2.33)
Indeed, recalling (2.4), (2.26) and (2.31),

VANE—0) VA )] (€~ Glw)
v 2w /()

[1]

and therefore (2.33) is a consequence of (1.17).
We also remark that V|Vg|? = 2D%gVg, and consequently

2
0< <<V|Vg|2,w> VP )
- 2

2(§ —g)|Vgl? * €—-9)

2

2(§—g)Vgl? €—9)° €—9)?*

2
_ ((DQng,Vg>> <V|Vg|2,Vg>+ Vg|*

(€ —9)Vyl? €—9)? (€ —9)*
D% (VIVgI*.Vg)  [Vgl*
T (€92 (€—9)? -9
This information, (2.32) and (2.33) give that

1\ 2 D2a|? 2ag' (V|Vg|?,V 4
oo (5 oo R ()
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2 2
g\ a(VIVy]*,Vyg) <9”> 2 1) alvgl!
><n(9’) VI (Cn g) T e

Now, we insert this inequality into (2.29), thus finding that

"N*a(V|Vg]%,V "2 alTald
ag’AwthCTL(!],) a<|g|g>+<2(§g)+<n<f],> (§g)21> Vgl

g -9 ¢ (€E=9)* (2.34)
g _2m|Vg]* 2 |Vy| o
#20 (g 1) v - T
Moreover, it is convenient to exploit (2.16) once again and note that
(VIVg*, Vg) | 2[Vgl* <V|v92 IR >
= ,Vg)=(Vw,V
-7 T E-aF \E-97 TP Vo) VOV
and consequently
2 2
9"\ a(VIVyl*,Vg) (g”) o 1) alVg[*
J ) AT I PIT 20E — Z _ _ -
Cn(g’) £y T2 in g €-9 ¢) (E—9)*
2
g 2|vg|* >
= Z — V. Va) —
Cna(g,) €—9) << w, Vg) =L
2
9" > 1) alVgl!
2& — 7 — _Z
+<(§ D+ (L) €= C) A
—Cna<g”)2(£— ) (Vw, Vg) + | 2(¢ - )—<n<g”)2(£— g L) vl
a g DAV I g P €9t
We can thereby plug this information into (2.34) and deduce that
2
4 _ ) — 97// - 2_1 a|Vg|4
ag’ A wtz<2<s 9 <n<g,) -9 C) A
’ ”y 2
+a<£zf 5~ 2+¢n (gg) <s—g>> (Vuw, V) (2.35)

_2u|Vgl* 2 |Vg|
E—9? (-9

Ts.
Now we remark that

2(§ —9) —(n (7)2(5—9)2— —2(¢ - g) (1_ﬁ|gg'/'|)

=2(£-9) (1 - ﬁ'F;,(ZL))I ) > 2k(& — g),

thanks to (1.12), (2.4), (2.7) and (2.26).
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For this reason, recalling the definition of w in (2.6), we obtain that

) —en gf" 2 e 1 a|Vgl* 2/£a|Vg|4: aklf — Y
<%5 - (%) €0 <><5m42 VO~ 2ante g

Hence, by (2.35),

/ 7

2
ag' Aw — wy > 2ak(§ — g)w® +a (;;qg —2+(n <gg,) (= g)) (Vw, Vg)

(2.36)
_2m|VgP 2|Vl T,
€-9? (£-9)?
We also note that
29' (g” ) ’ 29' 9"
—24¢n (=) (-9 = —2+4/n=0 =2),
-9 g =9 £—9 g
thanks to (2.2) and (2.26).
Using this identity and (2.6) inside (2.36), we get that
2
ag' Aw — wy > 2ak(€ — g)w? + 2a\ (Vw, Vg) — 2w — (21_|Z)92| —7Ts. (2.37)
Now we observe that, by (2.22), (2.23) and (2.30),
. 2(Vg, Y1) N 29'Ag (Vg,Va + d,aVu) N 2(Vg,Va+ d,aVu) |Vg|?
€9 Gk (€—9)?
, n n
-7 2 E <vg79£”> (Z D, HV 0, u + Z aginvagtm,u>> (2.38)
-9 i=1 ig=1 !

29'Ag (Vg,Va+ d,aVu) 2(Vg,Va+ d,aVu) |Vg|?
(€—9)? (€ —9)? ‘

From (2.8) and (2.12), we also note that
Ag=g"|Vv|* + ¢ Av

and

A 2 A
Av = div <W> == 'VZ' e\
u u u u
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These observations lead to
9'Ag+1|Vgl* = g'g"|Vol* + (¢')? Av + (¢')*|Vol?

' Auy
— g [T+ (¢ (5 = 190 + (o I

ul? U
= F'(u) (uF”( )‘vuz‘ —I—F'(u)Au>
F'(u)(div(F’(u)Vu))

As a result, after an interesting cancellation we conclude that

29'Ag (Vg,0,aVu) N 2(Vg,d.aVu) |Vgl|?
(£ —9)? (€—9)
~2F(u) (div(F'(u)Vu))dya (Vg, Vu) B 2(div(F'(u)Vu))dua (Vg, Vg)
- u(€ — g)? B (€—9)
= 20,a(div(F'(u)Vu))w < 2us w,

where the definition of us given in (1.20) has been used in the inequality. Using again (2.39),

2g'Ag (Vg,Va) N 2(Vg,Va) |Vg|?

(€-9)? (€—9)?
_ 2F' (u) (div(F’(u)Vu)) (Vg, Va) - 272|Vgl|
u(é — g)? T (€E-9%

where we have used the definition of 9 in (1.22).
From (2.38), (2.40) and (2.41), we see that

ij=1

Now, recalling the definition of «ys in (1.23), we have that

ij=1

’ n n
g’ (Z 0o HVO,ut S aQinvagﬂ_u>
u =1 ’

, n n
u =1 ]

ij=1
This and (2.42) yield that

2(y2 +73)| Vgl
(€ —9)?

Combining this estimate and (2.37) we obtain the desired result in (2.9).

T3 < + 2u2w.

2 g [ - 2 272| Vg
T, < vy, 0o, HVOpu+ S 80, HVP , u | )+ 2ppw + 21290
3_(5—9)2< P (2_; ut D On, HYO:, T =gy

(2.39)

(2.40)

(2.41)

(2.42)
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3. CUT-OFF FUNCTIONS AND LOCALIZATION PROCEDURES

In order to obtain the global bounds in Theorem 1.5, we distinguish four regimes, according to the cut-off
functions in (1.27). For this, we recall the following auxiliary cut-off functions, both in the space and in the
time variables, that have been introduced in Lemmata 2.2 and 2.3 in [10]:

Lemma 3.1. Let 6 € (0,1), R > 0 and p € (0,R). Then, there exists a decreasing function ¢ € C%(R,[0,1])
such that

P(r) =1 forallr € [0,R—p], (r)=0 forallr >R, (3.1)

and, for every r > 0,

0

Pl ()| + p?[9" (r)] < C(¥(r))", (3.2)

for some C > 0, depending only on 0.

Lemma 3.2. Letto € R and T > 0. Let 0 € (0,1) and § € (0,T'). Then, there exists an increasing function ¢ €
C?(R,[0,1]) such that

o) =0 forallt <ty —T, and ¢(t) =1 for allt > to — T+, (3.3)

and, for everyt € R,

for some C > 0, depending only on 0.

Now we obtain a general inequality for the auxiliary barrier w introduced in (2.6) in dependence of a smooth
and positive function :

Lemma 3.3. Let i) € C*°(Qpr,1, (0,+00)). Then, there exists C > 0, depending only on ag and &, such that

ag'A(w1/12) —(wy)y u <V(w1/)), g’zw n )\Vg>
apk(€ — g)w*y Cuy Cy*/3
2T Y e T e (35
ol VP (gAY~ g
(0 2 '

Proof. We have that

ag' Alwy) — (W), ag (V(wy), Vi)
2 (0
(ag/Dw —w) ¥ | (ag'A—p)w _ ag'w|TyP
2 2 P '

(3.6)
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Hence, subtracting a\(V(wi)), Vg) to both sides of (3.6),

ag' A(wy) — (wip) g’V
5 —a <V(w¢), m + /\Vg>

:u@Ai;wow+«mAﬁ;¢0w—”yﬁy¢P—anwwmvm-

As a result, it follows from Lemma 2.1 that

ag' A(wy) — (wip)y
)= o (T

g’V
(0

> ak(€ — g)w?Y + aX (Vw, Vg) 1 — pwip —

+ /\Vg>

v IVgly

(£ —9)?

ag'w [Vy|? N (ag' A — p)w
(0 2 '

(3.7)

—aX(V(wy), Vg) —

One can also notice that

which together with (1.10) and (3.7) implies that

o DY) =W (910, 5 1 a5,

2
7| Vgl
(£ —9)?

> agk(§ — 9)w*y — adw (Vip, Vg) — pwp —

_ag/w| Ve | (ag/Ay — vn)w
" 2 '

In addition, from (2.6) and Young’s inequality with exponents 4 and 4/3,

VIVgly v .
E-9? €t—-g : gﬂﬂ}(&
agk(§ — g)wy CyY/3 ¢
S P R REIEE 39
CLoff(f — g)wa 074/3¢

2 (E-gpr

for some C > 0, possibly varying from line to line and possibly depending only on a¢ and x. Formulas (3.8)
and (3.9) entail that

yip
—-9g)

5
1

ag' A(wy) — (wip), 9’V
5 —a <V(ww), ” + )\Vg>
agk(§ — g)wy Cy* 3y

_ agwlVYP | (ag'Ay —g)w
(4 2 '
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Besides, by the Cauchy-Schwarz inequality,

. agr(E—g)w3p Ccu?
poy = (VE=guw Vi) (55) < 28t + ot (3.11)
i (e gﬁuu) Cp
<= BGEE
which combined with (3.10) gives the desired result in (3.5). O

Inequality (3.5) will play a pivotal a role in the following computations in order to analyze four different
regimes, as given by (1.27).

Lemma 3.4. In the setting of Theorem 1.5, if x € B(xo, R — p) and t € [to — T\ to],
1 \/ k+>

MR—M+ P

w <

, (3.12)

1
ﬁ+c@+ﬁ“+?+

for some C > 0, depending only on n, n, ag, k and I'. Here, T,, p and v are the quantities defined in (1.26),
(1.21) and (1.24), respectively.

Proof. Let 6 € (0,1), to be conveniently chosen in what follows. For every x € B(xg, R), we define
Y(x) := P(d(x, z0)), (3.13)

where d(-,-) represents the geodesic distance and %) is the function introduced in Lemma 3.1.
Recalling the assumption (1.9) on the Ricci curvature, we have that

n—1

Ad(z, ) < T ++/(n—1)ky.
As a result, in view of (3.2), we deduce that
V@) = W (A, w0)) Ve, )] < “’Z’f))
and  — Ay(z) = =’ (d(x, 20))Ad(z, 20) — ¥ (d(z,20))|Vd(z, 20)] (3.14)
C@)’ [ n-1 - C (¢ ()’
< P <d($,$0) + (TL 1)k+> + 7p2 5

with C' > 0 depending only on 6.
We now define w := w and, in the support of ¢, we exploit (3.5) and write that

ag/ AT — @ _a<w AL >

2
aok (€ — g)wy Cu?p  Cy¥34y
2 = E—9 -9 (3.15)

> 1 —a w (Vy,Vyg) —
B ag'w|V|? n ag' wAp
(G 2
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We take (x1,t1) in the closure of Qg 1 such that

sup w = w(wy,t1). (3.16)
QR,T

Since w(x,t) = 0 if x € OB(xg, R), necessarily z is an interior point of B(xg, R). Consequently Vw(z1,t1) =0
and Aw(zy,t1) < 0. Hence, inserting this information into (3.15), we obtain that

W | agk(§ — g)w*y Cp*p  Cy*3y

0> —+ —alw (Vy,Vg) —
2 4 < -y (& —g)°/3 X
B ag'w|Vi|? n ag'wAy (3.17)
v (z,t)=(21,t1)
Exploiting (2.1), (2.4), (2.5) and (2.6), we also see that
|F" (u(@, ) P Vu(z, ) g (v(z, 1)) ]*|Vu(z, t)*
[uz, D€ = Glulw, 1))? ~ [ulz, )€ = gv(z,1))?
2 (3.18)
_ @ )PP
(€ —g(v(z,1)))? ’
Now, to address the proof of (3.12), it is convenient to distinguish two cases, namely:
either t;1 =t — T, (3.19)
or t] € (t() T, to]. (320)

To start with, we suppose that (3.19) holds true. In this case, we use (1.26), (3.16) and (3.18) to deduce that,
for every (z,t) € Qr,T,

@(m,t) < ﬁ(l‘l,to — T)
<

sup  @(z,to — T)
z€B(zo,R)

IN

sup  w(x,tg—1T)
:EGB(:E(),R)

: (E@)ivup
B wegzlzpoﬂ) ug(f _ G(u))Q (x7t0 T)

< 7'3.
In particular, for all (z,t) € B(xg, R — p) X [to — T, o),
w(z,t) = w(x,t) < 72,

and this proves (3.12) in this case.
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Hence, to complete the proof of (3.12), we now consider the case in which (3.20) is satisfied. Then, wy(x1,t1) >
0, and consequently (3.17) entails that

aok(€ — 9wy Cu?y  Cy¥39y

0> —a w (Vy,Vg) — —
4 < "9 E—gpn 41
_agulVeP | agwdy (3.21)
v (zt)=(1,t1)
It is also useful to observe that
Vilg' ()| _ e |[F(en)| o 2F7(e) _ 24(r)
g'(r) Filer)  —&—=G(er)  &—g(r)’
thanks to (2.4) and (1.17).
From this and the definition of X in (2.2), we conclude that
29'(r)
Ar)| < +1
OIS g0
It is also useful to observe that, in light of (1.16), (2.1) and (2.4),
/ (LT
20(r) _ 2F(<) _op (3.22)

E—g(r) &£—G(e)

and thus [A(r)| < 2T + 1.

As a consequence, recalling the definition of w in (2.6), and utilizing the Young’s inequality with exponents 4/3
and 4, we see that, in the support of v,

a|Aw (Vip, Vg)| < (2T + D)ag 'w VY| V]
= (2T + 1)ag 'w®? |V (€ — g)
ag!* [k(€ — g)/4 w234\ 3ag (€ — g)V/* |V
=(2I'+1) ( o 3 ° PEVENENE

C(€—9)|Vyl*
wB

< —agk (§ —g)w Y +

| =

for some constant C' > 0 depending only on ag, x and I". From this and (3.14), we find that

CE-gv™ i) 1/’4973, (3.23)

@A (9, V)| < gao (€ — gl +

up to renaming C' > 0, possibly also in dependence of 6.
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Also, by using again (2.4), (3.14), (3.22) and the Cauchy-Schwarz inequality, we can write that

ag'w|VY[? _ Cag'g/wy?~! = w7 U
¢ p? a0 SN = VE—gp°

1 ( ) 11)49 3
< an(g g)kw?p + BE—gyrpt (3.24)
C(—gp*?

1
< an(f g)Rw + — 4

up to renaming C.
Plugging this information and (3.23) into (3.21), we obtain that, at the point (x1, 1),

aok(§ — gy _ Cpy L Cy* 3y +C(§—9)1/149’3 ag'wAy

— . 3.25
16 T (E-g9)  (E—g)8 p* 2 (3:25)
Moreover, by (3.14), using the short notation d := d(x, zp), we see that
Apw _ Cw [¢? (n—1 1/)9
_ < 27 |
2~ 2 [ p ( g TV )k+) P2
CVE= ~1 0-3
_ Ot gwﬁ%(” + (n—l)k+)+1}¢2.
2 d E—gp
Consequently, by the Cauchy-Schwarz inequality and (3.22),
’ _ 2 _ 2 -3/ .1\2,/,20—1
_agAdw _aor(€ — gl [p (n L (n—l)m) +1] ag " (g'")*% i
2 32 d (€ —g)kp (3.26)

_ 2 1 2¢29—1 _
aor(§ — 9wy 329)w w—i—C[p (”d + (n—l)k:+> +1] p(f 9)

up to renaming C.
We also remark that when z € B(zg, R — p), we have that d = d(x, z¢) € [0, R — p), and thus Rl—jd > 1, which

gives that ¥ (z) = ¢(d) = a (%) = 1. In particular,

Ay(z) =0 for all x € B(xo, R — p). (3.27)

Notice also that

/ 2 _
49 AQM < 20K( ;29)“’% e {p (;_; +y/(n— 1)k+) + 1} vE-g) lp(f —9)
C k€ — gy CY*THE—g)  Chiv*(E—g) N o ()

- 32 T TRER-p P pt

(3.28)

up to renaming C'. Indeed, the estimate in (3.28) is obvious in B(zg, R — p), since the right hand side vanishes,
thanks to (3.27), and it follows directly from (3.26) in the complement of B(xzq, R — p), where d > R — p.
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We can therefore insert (3.28) into (3.25) and find that, at the point (z1,t1),

aor(§— gy _ Cpth Oy Cy e g)

32 T (E—g)  (E—g)p? pt
CyY?=1(E—g)  Chkp? 1 (E—g)  CyY¥*1(E—g)
* p*(R — p)? - p? * p '

In light of (3.16), we can rewrite the latter estimate as

2,./,2 4/3 2 46 -2 20 k 20 20
sup w’y? < Cn 77ij @ ng C¢4 2 v 2 ¢ +2¢ + Cdj; ‘
Qn.r (E—9)? (-9 p p*(R — p) p p

(3.29)

We recall that 0 < ¢ < 1 and that ) = 1 in B(xg, R — p). In this way, choosing 6 := 1/2, we deduce from (3.29)
and (1.15) that

sup w? = sup w?ey?
B(zo,R—p)x(to—T;to] B(zo,R—p)x(to—T\to]
C Cky

/JQ(R—/))2+ p?

C
SCu2+CW4/3+pj+

where C' can now depend on 1 too. With this, the proof of (3.12) is complete. O

Lemma 3.5. In the setting of Theorem 1.5, if x € B(xo, R) and t € [to — T + 6, to],

w(z,t) < ) (3.30)

1
03+C<u+vz/3+ 6)

for some C > 0, depending only on n, ag and k. Here, o, 1 and vy are the quantities defined in (1.26), (1.21)
and (1.24), respectively.

Proof. We take ¢ as in Lemma 3.2 (say, with 6 := 1/2), and we define w(x,t) := w(x,t)¢(t). Then, in light
of (3.5),

ag' Aw — wy
2

ak(§ —gw’e  Cple  Cy'P¢ ¢

oV Ve 2 Ty €9 - aF 2

(3.31)

Suppose that the maximum of w in the closure of Qg 1 is reached at (z1,t1). Since w = 0 when ¢t = t; — T, we
know that ¢1 € (to — T, to]. As a result,

@t(l‘l,tl) Z 0. (332)

We then distinguish two cases,
either 21 € dB(xo, R), (3.33)
or x1 € B(zg, R). (3.34)

If (3.33) holds true, then, in Qg 7,

w<w(ry,t1) < sup  w(z,t) < sup  w(zx,t).
©€8B(xg,R) ©€8B(xg,R)
telto—T,to] telto—T,to]
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Consequently, recalling the definition of w in (2.6) and using (2.8) and (2.12), we have that

_ 1 (F'(w)|Vul?
S WG

te(tg—T+6/2,tg]

(z,t) =02

w-

As a result, since ¢ = 1if t > to — T + 0, thanks to (3.3), we obtain that, if x € B(xo, R) and t € [to — T + 4, to],

w(z,t) = w(z,t) < o2

u

which proves (3.30) in this case.
Hence, we can now suppose that (3.34) holds true. In this case, we have that Aw(zy,t1) < 0and Vw(zy,t1) =
0. Therefore, in the light of (2.4), (3.5) and (3.32), at the point (x1,1) it holds that

ak(§ —gw’s  Cp¢  Cy*P¢

0> - - 3.35
i €0 C-o7F 2 339
Moreover, from (3.4) and the Cauchy-Schwarz inequality,
dew _ 0o % w [ Vaos(€—g)w /o Cgt
2 - 20 2 6\/ aOH(f - g) (336)
< agk(§ — g)w’e N Ce’ < agk(§ — g)w’e n Co°
- 8 6%aok(§ —g) ~ 8 5(€—9)
Plugging (3.36) into (3.35), we conclude that, at the point (x1,%1),
1 Cup  Cy'3¢ Ce’
— (£ = glagrw?p < + z + .
S e R = e )
That is, at the point (z1,t1),
2 4/3 0
we < Cu¢2+ Cy 8¢3+ 2C¢ N
€—92 (E-9% (-9
Now, since 0 < ¢ <1 and ¢ =1 for any ¢t > tg — T + §, this implies that
OMQ C 074/3
2 2,2
sup w* = sup we” < +
B(zo,R) X [to—T+36,t0] B(zo,R)x[to—T+3,to0] (E - 9)2 52(5 - 9)2 (f - 9)8/3 (2,4)=(z1,t1)
As a consequence, recalling also (1.15), we obtain (3.30), as desired. O
Lemma 3.6. In the setting of Theorem 1.5, if x € B(zg, R) and t € [to — T, to],
w(z,t) < log + 74 + Clu+~), (3.37)

for some C' > 0, depending only on n, ag and k. Here, 7, and o, are the quantities defined in (1.26), p is defined
in (1.21), and v is defined in (1.24).
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Proof. We suppose that the maximum of w in the closure of Qg 1 is reached at the point (x4, ;). We distinguish
three possibilities:

either x; € B(J?o, R) and t; € (to T, to], (338)
or 21 € B(zg,R) and t; =to — T, (3.39)
or x1 € 0B(xg, R) and t; € [to — T, to]. (3.40)

Suppose first that (3.38) holds true. Then, we have that Aw(z1,t1) <0, Vw(zy,t1) = 0 and wy(zq,¢1) > 0.
Therefore, in light of Lemma 2.1 and recalling also (2.4), we obtain that, at the point (x1,¢1),

(z LV;])L > agk(é — g)w? — pw — (z |_V5)|2 (3.41)

We insert (3.9) and (3.11) (used here with ¢ := 1) into (3.41) to see that, at the point (z1,t1),

0> ar(é — 9w’ — pw —

aok (€ — g)w? Cu? CH*/3
T e k)

Consequently, using the maximality of (z1,¢1) and recalling that £ — g > n > 0,

2 Cp? 074/3

sup w* < +
B(wo,R) X [to—T\to] €—9)?% (£—g)%3

< Cu? + CH*3.

(z,t)=(w1,t1)

This proves (3.37) in this case. Thus, we can now assume that (3.39) is satisfied. Then, recalling (2.6), (2.8)
and (2.12), we see that, in Qg 7,

(F/(u))?|Vo)?
£ —G(u)?
(F'(u))?|Vul?

= m(xl,to —T) < 7'3,

wgw(l‘l,to—T): (xlvtO_T)

which establishes (3.37) in this case.
We now suppose that (3.40) is satisfied. In such a case, we have that, in Qg 7,

(F/(u))?|Vul?
w2(€ — G(u))?

(z1,t1) < op

u?

w < w(zy,t) =

whence the proof of (3.37) is complete. O

Lemma 3.7. In the setting of Theorem 1.5, if v € B(xo, R — p) and t € [to — T + 0, to],

1 Vi 1 1
w(z,t) <C | p+~*°+ + +-+—=], 3.42
(1) (M p(R—p) p 6 p? (3.42)

for some C > 0, depending only onn, ag, k and T'. Here, i and v are the quantities defined in (1.21) and (1.24),
respectively.
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Proof. Let 6 € (0,1) to be conveniently chosen in what follows. Let also ¢ be as in (3.13) and ¢ be as in
Lemma 3.2. We define ®(z,t) := 1(x)¢(t) and w := w®P. Suppose that the maximum of @ in Qg r is reached
at some point (x1,t1). Since ® vanishes along the parabolic boundary, we know that xz; € B(zo, R) and t; €

(to T, to]. As a consequence,
Aﬁ;(l‘l,tl) SO, V’ljj(.’lﬁl,tl) =0 and wt<.’1?1,t1> ZO
Combining this information with (3.5), we obtain that, at the point (z1,t1),

aok(€ — g)w?® Cu2d C~*3 ®

0> —alw (VP ,Vg) — — -
i S ey R e
_ag'w|VO? N (ag’ AD — y)w
P 2

(z,t)=(z1,t1)

From (3.23), (3.24) and (3.43), we deduce that

0> agk(§ —g)w?®  Cp*®  C*3e  CPY3(¢—yg) N (ag' A® — O;)w
- 16 E—9) (E-9)P? p* 2

(m#t):(mhtl)
Now, from (3.28),

—ag'wA®  —ag'wpAy
2 B 2

< G0k(§ — 9w N Cyp2=1p(& — g) N Ckyp?'~1p(E — g) N Cp?~1p(¢ — g)

- 32 p*(R — p)? p? p*
and from (3.36),

wd; _ widr _ aok(§ — g)w’e N CoP4p
2 2 = 64 52(6—g)

From (3.44), (3.45) and (3.46) we obtain that, at the point (z1,%1),

ak(§ —g)w?® _ Cp*d  CyfPe OOV —yg)  CY*TIH(E—g)

64 ) * (& —g)5/3 pt P?(R — p)?
Ckyp? g —g)  Cy* o —g)  Co'y
- p? - p* * 82(E&—-g)

)

(3.43)

(3.44)

(3.45)

(3.46)

We see that 0 < ® < 1, and that ® = 1 for every « € B(xg, R—p) andt € [to—T +6,to]. Thus, if x € B(zg, R—p)

and t € [tg — T + 6, to], choosing 6 := 3/4,

w(z,t) = w?(z, )% (2,t) = ©°(z,t) < @ (21, t1) = w(21,£1)P* (21, 1)
oI cyis ¢ c Ck. c

+ s+t + + ’
§-97 (-9 pt pAR-p2 2 €9 L

=1

that, recalling (1.15), yields the desired estimate in (3.42).
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4. COMPLETION OF THE PROOF OF THEOREM 1.5

In this section, we provide the proof of Theorem 1.5. To this end, we use the notation

@ —u+72/3
~ 1
T ==
) (4.1)
~ 1 1 vkt
and 8:= —< + + .
p?  p(R—p) P

With this notation, gathering together the estimates in Lemmata 3.4, 3.5, 3.6 and 3.7, we obtain the following
statement.

Corollary 4.1. In the setting of Theorem 1.5, the function w can be estimated by

Ce+ (r2 + C’g) in B(zo, R — p) x [to — T, to],
CC+ (02 + CT) in B(ao, )>< [to — T + 0, to],
CC+ (02 +72) in B(zo, R) x [to — T\ o),
CC+C(8+7T) in B(xO,R p) X [to — T + 6, to),

for some C > 0.

Hence, considering the more convenient term in any common domain, we deduce from Corollary 4.1 that:

Corollary 4.2. In the setting of Theorem 1.5, at any point in Qr 1, we have that

w < C8+ [min {02 + 72, 02 + CF, 72+ C8, C(T +8) } Xbw0.p)xlt0-T 4510
+ (05 + min {T C‘T}) X(B(wo, R)\B (w0, R—p)) X[ta—T-+5,to]
+ (73 + min {03» CS}) X B(w0, R—p) X [to—T,to—T-+4]
+ (Ui =+ 73) X(B(gco,R)\B(wo,R—p))x[to—T,to—T—&-é]}7

for some C > 0.
Completion of the proof of Theorem 1.5. Recalling (3.18), we write that

o (F)*Vul?
w2(E - Glu))?

This and (4.2) give that

(F'(u))*|Vul?
u?(§ — G(u))?
, o~

(0 +mln{ Tas C‘T}) X(B(zo,R)\ B(z0,R—p)) X [to—T+38,to]

< CC+ [min{ +72, 02+ OF, 72+ C8, C(fr+8)}XB(IO,R_,J)XHO_T+5¢O]

72 + min {012” Cg}) X B(xo,R—p)x[to—T,to—T+0]

+ (Uu + qu) X(B(xo,R)\B(xg,R—p))x[tU—T,tO—T—i-(S]}~
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Taking the square root and recalling (1.25), we obtain the desired result stated in Theorem 1.5. O
5. PROOF OF COROLLARY 1.6
We now deduce a local estimate in QQr/2 7/2 as a special case of the global one obtained in Theorem 1.5.

Proof of Corollary 1.6. By taking 6 :=T/2 and p := R/2, we reduce the quantities T and § in (1.25) to

T = z and Szi—kM.
T R VR

Consequently, we deduce from (1.28) that

Yk
Lg0(7+5)gc<1+1+ v *).

R VT VR

Furthermore, by (1.27), we know that By = By = B3 = 0 in Qr/2,7/2 and therefore we deduce from Theorem 1.5
that, for each (z,t) € Qry2,1/2,

O (u(z, 1)) [Vu(z, t)| < (oe + Iz, t) (g ~ Glu(a, t)))

<C <\/ﬁ+ eﬁ+%+% + \/\/]%?) (E—G(u(m)))
as desired. [l

APPENDIX A. A DIRECT PROOF SHOWING THAT COROLLARY 1.6
IMPLIES COROLLARY 1.4 (i.e., COR. 9 IN [22])

Goal of this appendix is to give a direct proof of Corollary 1.4 from the statement of Corollary 1.6. To this
end, in the setting given by the statement of Corollary 1.4, we define F(s) := sP. Let also

~ M=P(t —t t
T :=MP~IT and u(z,t) := G 5\4 0) + o) . (A1)

We observe that if ¢ € [tg — T, to] then M*=P(t —to) +to € [to — T\ to]. Consequently, if (z,t) € Qr 7

Opu(x, MI7P(t —t t AuP (o, M*P(t —t t
Oy, 1) = hu (@ ]\/}p 0) +to) _ Au (z M(p 0) + to) AT (o t).

Also, 0 < u < 1, hence we can exploit Corollary 1.6, with T" replaced by f, u replaced by u and M replaced
by 1. Moreover, in (1.14) we pick any sp > 27-7 and we have that

. 1 1
=p [ Ww2dh=-"L - .
G(s) P/SO 1—p (Sé—p Sl—p)
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% and & := 0, we have that, for all s € (0,1],

Then, choosing n := 50—p
_p 1 1
£—G(s) = 1—p (slp h 8(1J—P>

and, as a byproduct,

Furthermore,

whence, setting k := \/n (p -1+ ﬁ) >0,

_VRIE(s)s
1 70s) > 0.

Moreover, for all s € (0, 1],

26 (s) — M(g_g(s)) — 2ps” L — (1 —p) - fp <811 B 11_p>

F'(s) s
2 1 1 2—+/n n
S Y (R - _ o 17\f)+p[
si—p si—p SOp si—Pp SOP
n n
m(?—@{ﬂzi’}gzo
0 0

From this, (A.3) and (A.4), we see that the conditions in (1.12), (1.15) and (1.17) are fulfilled.

31

We now check that (1.16) is also satisfied (and, from the technical point of view, this step is the one that

makes assumption (1.16) more convenient than (1.3)). To this end, we remark that, in light of (A.2),

_ps"t psy
and therefore, for every s € (0, 1],
F'(s) (1—p)s"! 1-p

and consequently

(A.5)

(A7)
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and this shows that condition (1.16) is fulfilled here with I" := 2(1 — p).
Therefore, we can utilize Corollary 1.6 and conclude that, if (x,t) € QR/2 725

G'(u(z, b)) [Vu(z, t)| |VG( (z,1))]
& — G(u(x,t)) G(u(x,t))

<o (7 7z )Z(’(

Thus, recalling (A.5), we find that

and then (A.8) gives that

1-p) x(;;(a 2,1)) |Va(z, t)| _ SC(;_'_ e +\/E>. (49)

(
)G (u(x, 1) —psg a

il

We can now send sg — +o00 and (up to renaming constants) conclude that, for every (z,t) € QR/2 720

\Va(z,t)| 1 =
S S C (R et \/E> : (A.10)

which, scaling back the time variable, leads to the desired result in (1.7).

Remark A.1. We stress that in this paper we are not addressing the optimality of the range of powers p taken
into account in the porous medium equation dealt with in Corollary 1.4 (rather, the main goal of this appendix
was to show how to obtain some results in the literature, such as Corollary 9 in [22], as a byproduct of our
main results). In a sense, we do not expect the range of p presented here to be optimal and it can be expected
that broader intervals in p could be addressed by combining our methods with those in [29] (see in particular
Remark 1.1 in [29]).

APPENDIX B. THE CASE OF EQUATION (1.31)

To emphasize the possible role of the additional function H in the evolution equation (1.8), we present here
a specific application (without aiming at the greatest possible generality):

Corollary B.1. Let M be a complete Riemannian manifold of dimension n with Ric(M) > —k, for some k > 0.
Let w = u(z,t) be a positive solution of (1.31) in Qprr, with0 <m <u < M for some M >0, m >0, e >0,
ap € (0,1), ¢ >0, p as in (1.6) and a € C*(R) such that a(t) € [ag,ay '] for all t € R.

Let also

|D%u(x,t)|

F(R,T):= sup M and H(R,T):= sup el

(z,t)EQR,T u(x’t) (z,t)€EQR,T (U(Jf,t))

Then, there exists C > 0, depending only on n, ag, q, and p such that

9(52) <C <‘/7;M +YE M (F(RT))T YR, T)+ % Ly Mf Vs ) (B.2)
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Proof. We let T and @ as in (A.1) and a(t) := a(M*"P(t — to) + to). Let also
F(s):=s” and H(w):=eM%¥?|w|.
In this way, we have that §; <u <1 and, by (1.31),

Opu(z, MY 7P(t — to) + to)
MPp
a(MY¥=P(t —tg) + to) AuP(x, MY=P(t —tg) + to) + € |[Vu(x, M 7P(t — tg) + to)|?
Mp (B.3)

aﬂj(l’, t) =

A~ e |Vu(z, t)]
= a(t)AuP(x,t) + S V=

= A(t)A(F (@) + H(Va),

and thus we see that (B.3) is a special case of (1.8).

As already remarked in Appendix A, we have that conditions (1.11), (1.12), (1.15), (1.16) and (1.17) are
satisfied by F' (with suitable sq, &, i, T and x depending only on n and p).

Moreover, we have that @ € [ag, ag '], whence we deduce from (1.18), (1.20) and (A.7) that

1= i1

N _ —1
< sup (aglkp(u(x,t))p s elp=1)
(th)eQR,f'

Ma=P |Vii(, )]
u(z, 1)

e MTP|Vu(z, 1) n 2¢ (1 —p) MI7P |Vu(z,t)|?
u(zx,t) w(x,t) N

= sup (aolk‘p(ﬂ(a:, t))

(xwt)eQRﬁf‘

b1 pe MO |V, 1)
(e, 1) X

(z,t)€EQR 7
1-p
< kpM

~ aqoml~P’

< sup <a0_1k:p(ﬂ(1:, t))p1>
.

Also, owing to (1.19), (1.22) and (1.23),

Y =73
< sup  pge MOP((x, )" 2| Vi(e, )41 | D%z, t)
(,t)EQR 7
= sup  pge M (u(, )" V(e |71 | D3u(a, 1))
(z,t)EQR,T

< pgeM>~% (F(R,T))* " H(R,T).
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From (A.2) (and sending sy — +00), utilizing Corollary 1.6, and renaming C' line after line, for every (z,t) €
Qr/2,1/2,

|Vl |Vl
sup = sup —
Qry2,r/2 U Qr/2.7/2 u
1 1 VA
<C(Ve+iv+5+—F—=+
(f VI RY R VR )
<C M+%M2‘f? (F(RT) T VIR T)+1+M1_Tp L VR
— \/%ml_Tp K k) R \/T \/R )
that gives the desired result. ([l

We remark that estimate (B.2) is certainly nonstandard in bounding F (%, %) with the obviously larger

term F(R,T) and with the term H(R,T) that involves higher derivatives: nevertheless, estimate (B.2) is non-
trivial, since these larger or higher order objects occur with a lower exponent when ¢ < 4 and are modulated
by the (possibly small) structural parameter e.

In this spirit, we point out a quantitative result on the oscillations of ancient solutions which easily follows
from Corollary B.1:

Corollary B.2. Assume that

M is a complete Riemannian manifold of dimension n (B.A)
with nonnegative Ricci curvature. '

Let u be a positive, bounded and smooth solution of the evolution equation
Oru = a(t)AuP + ¢ |Vul?

in M x (—o0,0], for some a € C1((—o0,0]) which is positive, bounded and bounded away from zero, some € > 0,

pe (1f ﬁl} and q € (0,4).

Assume that

| D?ul
ud—pP—4a

[Vl

Fyi= sup — <+ and H,:= sup
Mx(—oc0,0] U Mx (—00,0]

< +o0. (B.5)

Then, there exists C > 0 depending only on n, a, ¢ and p such that

2

5 1
F, <Ceia Mia HI7,

where M is the supremum of u.

Proof. Welet F(R,T) and H(R,T) be as in (B.1). With this notation, and recalling (B.4), we can exploit (B.2)
with o := 0 and any given xg € M, thereby finding that, for every R > 0, T > 0, x € B(xo,R/2) and t €
[=T/2,0],

sr(];:g) <c <\/EM (F(R,T) 3 S{(R,T)+1+M2>.

R VT
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Consequently, we can send R — +o00 and T — 400 and obtain that

- =1
F, <CYe MFEFS Y,

from which the desired result follows. O

APPENDIX C. A LIOUVILLE-TYPE RESULT

In this appendix we point out that suitable classification results for ancient solutions under appropriate
pointwise bounds follows directly from uniform interior estimates. We do not address the most general statement
here, but just provide the following one as a simple example:

Corollary C.1. Assume that

M is a complete Riemannian manifold of dimension n

) . o (C.1)
with nonnegative Ricci curvature.
Let u be a positive and smooth solution of the evolution equation
uy = a(t) A(F(u)) (C.2)

in M x (—00,0], for some a € C'((—00,0]) which is positive, bounded and bounded away from zero, and for
some F € C%(0,+00) satisfying (1.11), (1.12), (1.15), (1.16) and (1.17).
Assume that

sup u(z,t) = o(R) + o(V/T) (C.3)

z€BR
te[—T,0]

near infinity. Then, u is constant.

Proof. We exploit Corollary 1.6. For this, we observe that we can take k := 0, owing to (C.1). Furthermore,
comparing (C.2) with (1.18), (1.19), (1.20), (1.21), (1.22), (1.23) and (1.24), we see that p =y = 0.
For this reason, for every R >0, T > 0, x € B/, and t € [-1'/2,0] the use of Corollary 1.6 leads to

G'(ule0) Va0 < € (3;+ = ) (&= Gluta ).

for a suitable structural constant C.
This and (1.14) give that

Vu(z,t)] < C (1 n 1) (¢ = Glu(x, 1) ulx,t)

R VT F'(u(z,1))
Hence, in light of (1.17),

|Vu(a:,t)§0<1 1) F'(u(,t))

R VT) P (u(,t)]
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and thus, by (1.12),

Vu(z,t) < C ( ! w(a. 1),

R+&)

up to renaming C line after line.
Therefore, utilizing (C.3), for every x € Br/, and t € [—R?/2,0],

C R
[Vu(z,t)] < = sup  u= o )
R BRX[*RQ,O] R
Sending now R — +00 we obtain the desired result. (Il

With respect to (C.3), we do not address here the problem of the optimal growth at infinity needed to obtain
nontrivial solutions. As a matter of fact, we do not expect condition (C.3) to be optimal (indeed, at least when a
is independent of ¢t and F' is a suitable power, milder growth assumptions lead to suitable classification results,
see e.g. Theorems 1.3 and 1.5 in [29]).
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