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KATO SMOOTHING PROPERTIES OF A CLASS OF NONLINEAR
DISPERSIVE WAVE EQUATIONS ON A PERIODIC DOMAIN*

SHU-MING SUN!, XIN YANG?, BING-YU ZHANG*** AND NING ZHONG?

Abstract. The solutions of the Cauchy problem of the KdV equation on a periodic domain T,
Ut + Uy + Uzze =0, u(z,0) =¢(z), €T, teR,
possess neither the sharp Kato smoothing property,
¢ € H*(T) = 9w e LT (T, L*(0,T)),
nor the Kato smoothing property,
¢ € H°(T) = w e L*(0,T; H*"'(T)).

Considered in this article is the Cauchy problem of the following dispersive equations posed on the
periodic domain T,

Ut + Uy + Uzaz — 9(2)(9(2)U)ze = 0, u(z,0) =¢(z), z€T, t>0, (1)
where g € C°°(T) is a real value function with the support

w={z €T, g(x) #0}.

It is shown that

(1) if w # 0, then the solutions of the Cauchy problem (1) possess the Kato smoothing property;
(2) if g is a nonzero constant function, then the solutions of the Cauchy problem (1) possess the sharp
Kato smoothing property.
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1. INTRODUCTION
For the Cauchy problem of the KdV equation posed on R,

Ut + Uy + Uggy =0, u(z,0) =¢(z), z€R, teR (1.1)
its solutions are as smooth as their initial values in the sense that

u(-,t) € H*(R) if and only if ¢ € H*(R) for any ¢t € R.
However, Kato [17] discovered that the solutions of the KdV equation posed on R possess a local smoothing

property:

¢ € H(R) = u € L?(~T,T; H: ' (R)) for any T > 0.

loc

This smoothing property, now referred to as the local Kato smoothing property, has been proved by Constantin
and Saut [11] to be a common feature of dispersive-wave systems. Indeed, Constantin and Saut studied the
following general dispersive-wave equation

wy +iP(D)w =0, w(z,0)=gq(z), z€R" teR, (1.2)

where D = 1(0/0x1,...,0/0z,), P(D)w is the pseudo-differential operator

P = [ =il

defined by a real symbol p(§), and w is the Fourier transformation of w with respect to the spatial variable x.
The symbol p(§) is assumed to satisfy

(i) p € LS. (R™, R) and is continuously differentiable for |{| > R with some R > 0,

loc

(ii) there exist m > 1,Cy > 0,C > 0 such that
PO < CL(1+ )™ forall £eR",
and
|0p(€)/9¢;] > Co(1 + €)™ g;1/1€]
for all £ € R® with |(| > R, j=1,2,...,n.

Theorem A (Constantin and Saut [11]) Let s > —™+L be given. Then for any q € H*(R™), the corresponding
m—1
solution w of (1.2) belongs to the space C(R; H = (R™)) and moreover, for any given T > 0 and R > 0, there

loc
exists a constant C' depending only on s, T and R such that

! 2
/T/KR‘(IA)(m1+2s)/4w(x,t) dzdt < Cllql s gn)- (13)

This local smoothing effect, as pointed out by Constantin and Saut in [11], is due to the dispersive nature
of the linear part of the equation and the gain of the regularity, (m — 1)/2, depends only on the order m of
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the equation and has nothing to do, in particular, with the dimension of the spatial domain R™. The discovery
of the local Kato-smoothing property has stimulated enthusiasm in seeking various smoothing properties of
dispersive-wave equations which, in turn, has greatly enhanced the study of mathematical theory of nonlinear
dispersive-wave equations, in particular, the well-posedness of their Cauchy problems in low regularity spaces
(see [5, 6, 8, 18-22] and see the references therein).

For the linear KAV equation (Airy equation)
Ut + Uggy = 0, u(z,0) =¢(z), ze€R, teR, (1.4)

the following estimate holds for its solutions.
Given s € R and R, T > 0, there exists a constant C > 0 such that for any ¢ € H*(R), the corresponding
solution u of (1.4) satisfies

T
/ / A (e, 0)|* dedt < O|l1%z), (1.5)
—-T J|z|<R

where A = (I — 02)z.
Kenig et al. [19] have shown further that solutions of (1.4) possess the following stronger smoothing property.

Theorem B (Kenig et al. [19, 20])! For any s € R, there exists a constant Cs > 0 depending only on s such
that for any ¢ € H*(R), the corresponding solution u of (1.4) satisfies

Sup 105wz, Y2y < Csllgllzrewy- (1.6)

This property is now referred to as the sharp Kato-smoothing.? It has become an important tool in studying
the non-homogeneous boundary value problems [1, 2, 13, 14] and control theory of the KdV equation (see
[7, 15, 25, 26] and the references therein).

Note that the local Kato smoothing and the sharp Kato smoothing properties as described by estimates (1.5)
and (1.6) hold also for solutions of the linear KdV-Burgers (KdVB) equation posed on R,

Ut + Ugge — VUge = 0, u(z,0) =¢(z), z€R, t>0, ~v>0. (1.8)
But, for the linear Burgers equation
Ug — YUgze = 0, u(z,0) =¢(x), z€R, t>0, >0, (1.9)
while its solutions possess the (global) Kato smoothing property, i.e.,

for any s € R, there exists a constant Cs > 0 depending only on s such that for any ¢ € H*(R), the
corresponding solution u of (1.9) satisfies

[ee] oo 9
/ / |A*T u(z, t)|” dadt < CS||¢‘|%_IS(R)7
0 —00

1 This smoothing property as described by (1.6) holds also for solutions of the nonlinear KdV equation (1.1) when s > f%.
2 The Kato smoothing property as described by (1.6) is also sharp in the sense that for any ¢ > 0, the estimate

T
/ / AT u (e, )| dadt < Cllgl1Ze (1.7)
0 lz|<R

fails to be true for the solutions of the Cauchy problem (1.4) with C independent of ¢ (see [28]).
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it can only have the following weaker trace regularity estimate for its solutions.

For any s € R and € > 0, there exists a constant Cs. > 0 depending only on s and € such that for any
¢ € H*(R), the corresponding solution u of (1.9) satisfies

s+%7e

sup [[9:7% u(z, )lzzee) < Cocll Sl @)- (1.10)

The local Kato 1 smoothing and the sharp Kato smoothing properties as described by (1.5) and (1.6) earlier
are for solutions of the equations posed the whole line R. For the Cauchy problem of the KdV equation posed
on the periodic domain T,

Ut + Uy + Ugge = 0, u(z,0) =¢(z), xz€T, teR, (1.11)
however, in a sharp contrast, its solutions possess neither the sharp Kato smoothing property nor local the Kato
smoothing property.

As for the Cauchy problem of the Burgers equation posed on T,
U + Uy + Uy — YUgy = 0, u(z,0) = ¢(z), €T, t>0, ~>0, (1.12)
its solutions possess (global) Kato smoothing property
lull 220, 7;m5+1 (1)) < Corll Ol (1),

but only possess the following trace regularity estimate

+l,
sugllﬁ'i 2" u(z, )lr207) < Cs,erl|dll s (m)-
xe

In particular, neither solutions of the KdV equation on T nor the solutions of the Burgers equation on T possess
the sharp Kato smoothing property similar to that described by (1.6). It turns out that certain dissipation
mechanism has to be introduced in order for solutions of the KdV equation on T to possess any Kato smoothing

properties.
For solutions of the KdVB equation posed on T,

Up + ULy + Upzy — YUzz = 0, u(z,0) =¢(z), €T, t>0, >0, (1.13)
it is easy to see that they possess the (global) Kato smoothing property,
lullz2o,7;m+1 (1)) < Cs7 1Bl s ()

However, the question remains:
Do they possess the sharp Kato smoothing property,

sup 05 u(, )| r20,7) < Cs, 1|0l mre(m)?
xr

In this paper we will consider the Cauchy problem of the following class of the KAV equation posed on the
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TABLE 1. Results on R.

Smoothing Property Kato Sharp Kato

KdV Yes Yes
Burgers Yes No
KdVB Yes Yes

TABLE 2. Results on T.

Smoothing Property Kato Sharp Kato

Kdv No No
Burgers Yes No
KdVB Yes ?

periodic domain T with certain dissipation embedded into the system:
Up + Uy + Upgr — 9(2)(g(@)U) gz = 0, u(z,0) =up(z), z€T, t>0,
where g = g(z) is a C* smooth function on T. Let
w:={zeT, g(x)#0}.

For any smooth solution u of (1.14), it holds that

e (e 2de = L [ w2 de Dulz. )2de
O_dt/T (z,t)d +2/T(9()(,t))zd dt/T (z,t)d —|—2/(g()(,t))xd

w

(1.14)

for any ¢ > 0. So the dissipation mechanism only acts on the set w, the part of the domain T. We will show that
as long as the set w is not empty, no matter how small it is, the solution u of (1.14) possesses (global) Kato

smoothing property.

Theorem 1.1. (Kato smoothing property) Assume g € C*°(T) with nonempty support.

(i) Let s >0 and T > 0 be given. Then there exists a constant C' depending only on s and T such that any

solution of the following linear problem,
ut+uzmxfg(x)(g(x)u)mr :fa U(IL’,O) ZUO(x)a $€T, t> 07
satisfies

||UHL°°(O,T;HS('JT)) + ||U||L2(0,T;Hs+1(1r)) <C (||U0||Hs(1r) + Hf”Lz(O,T;HS*l('Jl‘)))

for any ug € H*(T) and f € L*(0,T; H*~1(T)).

(1.15)

(ii) Let s >0 and T > 0 be given. Then there exists a nondecreasing function asr : R™ — RY such that any

solution of the Cauchy problem of the nonlinear equation (1.14) satisfies

Nl Loo (0,75 15 (ry) + Ul 20,7515+ 1 (1)) < s, ([1uoll L2 (my)llwol| = (1)
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for any up € H*(T). Moreover, if s > %, the solution u can be written as
u=v+w
so that
ve C([0,T); H¥(T)) N L?(0,T; HT(T))
solves the linear problem (1.15) with f =0 and
w e C([0,T); H*(T)) N L*(0, T; H*T2(T))
solves the linear problem (1.15) with

f=—uug, wue(x)=0.

In the case of w = T, there exists a v > 0 such that g(z) > /7, or g(x) < —/7, for any x € T. In this
situation we assume that g(x) = /7 is a constant function. The equation in (1.14) is then the KdV-Burgers
equation. It will be shown that its solutions possess the sharp Kato smoothing property.

Theorem 1.2. (Sharp Kato smoothing property)

(i) Let s € R be given. Then there exists a constant Cs depending only on s such that any solution u of the
Cauchy problem

Ut + Upge — YUzzr = 0, u(z,0) =¢(z), ze€T, t>0, >0 (1.16)
with ¢ € H*(T) satisfies

sup (|05 u(z, )| L2y < Cslldll e r)-
z€eT

(ii) Let s > 0 and T > 0 be given. There exists a mondecreasing function asp : Rt — RT such that any
solution u of the Cauchy problem

Up + Uy + Uggpr — YUze = 0, w(x,0) =¢(x), xze€T, t>0, ~>0, (1.17)
with ¢ € H*(T) satisfies

Slequé ||3§+1U(Ia Nz < asr (||¢HHS(T)) .

For the linear problem (1.15), by the standard semigroup theory [24], it admits a unique solution u €
C([0,T; H*(T)) for any ug € H*(T) and f € L*(0,7; H*(T)). Moreover, due to the role of the dissipative term
9(x)(9(x)t) e,

u € L*(0,T; H 1 (w))

and the solution u is one order smoother than its initial value ¢ when viewed on w, a small open subset of T.
Our Theorem 1.1 shows not only on w, but also on the whole spatial domain T, the solution « is one order
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smoother than the regularity of the initial value uyg,
u € L2(0,T; HSTH(T)).

This kind of phenomena is usually called as propagation of reqularity in classical analysis: the s + 1 regularity
of u has spreaded from the small open subset w to the whole spatial domain T. It will be proved using some
standard techniques in analysis.

In the study of control and stabilization of distributed parameter systems described by some partial differential
equations, it may happen that the systems lack certain smoothing properties which are needed to establish the
controllability and stabilizability. One of the approaches to deal with this situation is to introduce some local
dissipation mechanism through feedback control acting on a small part of the spatial domain and then show
the gained local regularity can propagate to the whole spatial region so that the resulted closed loop systems
possess the needed smoothing properties. The interested readers are referred to the recent works of Linares and
Rosier [23] for control and stabilization of the Benjamin-Ono equation on a periodic domain, and Flores and
Smith [12] for control and stabilization of the fifth order KdV equations on a periodic domain, as well as the
references therein.

For the Cauchy problem of the linear KdV-Burgers equation posed on R,
Ut + Uggy — YUgz = 0, U(Z,O) - ¢($), reR, t>0, (118)

its solution w is given by
u(z, t) = We(t)p = / I i () e = / eitn=aE et ier() ! (1) () dy.
R R

Here, ¢(€) is the Fourier transform of ¢(z), and u(n) = 13 is the inverse function of 7 = £3. Using Lemma 2.6
in [4] (a revised version of the Plancherel theorem) with respect to ¢ variable,

~ 2 ~
s ey < C [ futnmitutn)| an < € [ 1oteopag
which gives us the sharp Kato smoothing of the solution u:

sup (@, ) z2@ty < CllollLzw) -
S

However, this approach to establish the sharp Kato smoothing property of the linear KdV-Burgers equation on
R fails completely for the equation posed on the periodic domain T

Ut + Ugpy — VUzg = 0, u(z,0)=¢(z), zeT, t>0, (1.19)

even though it has a similar explicit solution formula.

In this article, we propose a new approach to establish the sharp Kato smoothing property for solutions of
the Cauchy problem (1.19). We study the following initial boundary value problem (IBVP for short) of the
linear KdV-Burgers equation posed on the finite interval (0, 1)

Ut + Ugpy — YUzx = Oa U(Z‘,O) = (b(l’), HAES (05 1)7
(1.20)
w(0,t) —u(l,t) =0, ugy(0,t) —ux(1,t) =0, upe(0,8) — uge(1,8) =0
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which is equivalent to the Cauchy problem (1.19).
Consideration is first given to the associated non-homogeneous boundary value problem:

V¢ + Vggz — VVzz = 0, U(ZE, O) =0, we (07 1),

(1.21)
0(0,8) — v(1,t) = hy(t),  va(0,8) — va(1,) = hot), ew(0,t) — vau(L,t) = h(t).

For given h= (h1, ha, h3), denote its solution by
v(z,t) = B(t)h,

in which the operator B(¢) is called the boundary integral operator. Formally, if u is a solution of (1.18) and we
let

hi(t) = u(0,t) —u(1,t), ho(t) = ug(0,t) — ugy(1,t), ha(t) = tee(0,t) — upy (1, 1),
then

w(z,t) =u(z,t) — B(t)h

is a solution of IBVP(1.20) when restricted on the interval (0,1). As the solution u of (1.18) (here ¢(z) is zero
outside of (0,1)) is known to possess the sharp Kato smoothing property

sup ||luz(,)||l20,7) < Cll@llL2(0,1))>
z€(0,1

one thus only needs to prove that v = B(t)h satisfies

sup |[|vz(@, )|l 20,1) < Cll@lL2(0,1)
z€(0,1)

in order to show that the solution of (1.20) possesses the sharp Kato smoothing property. Note that when u is
a solution of (1.18) with its initial value ¢ € L?(R), then

Wl

g1(t) = u(0,t) —u(l,t) € HP (0,T),  g2(t) = ux(0,8) — ua(1,t) € LF(0,7),
and
93(8) =tz (0,1) — e (1,8) € H; $(0,7)
satisfying
91113 0y + 192122007 + 1514 .y < Cll2 o
So the key for this strategy to work is to show that v = B(t)h satisfics

vl cqo.mz200,1)) + 102l os 0,122 00,7y < CllRtllecom) (1.22)
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for any
g 1 _1
h € H(0,T):= H3(0,T) x L*(0,T) x H~3(0,T).

It will be demonstrated later that the estimate (1.22) holds if and only if the dissipative parameter v > 0.

The paper is organized as follows. Section 2 is concerned with the Kato smoothing property of the system
(1.15) and provides the proof of Theorem 1.1. Section 3 is devoted to establish the sharp Kato smoothing
property of the KdV-Burgers equation following the strategy outlined earlier.

2. KATO SMOOTHING PROPERTY

In this section, we will present the proof of Theorem 1.1.
The usual L*(T) inner product is written (u,v) = [ju(z)v(z)dz, and in H*(T), s € R, (u,v), = ((1 —

s s 1
92)2u, (1 — 92)2v). The norm in H*(T) is given by ||ul|s = (u,u)Z, and we abbreviate |Julo = |Ju]|.
Consider first the linear problem

Ut + Uggr — () (g(2)U) g = f,  u(x,0) =up(x), €T, t>0. (2.1)

Proposition 2.1. Let s >0, T > 0 be given. For any ug € H*(T), f € L*(0,T; H*=(T)), the Cauchy problem
(2.1) admits a unique solution u € C(0,T; H*(T)) N L?(0,T; H*TX(T)) which, moreover, satisfies

S(%PT) u(, E)ls + llull 2o, m=+1(my) < C (uolls + 1| 220,501 (1)) 5 (2.2)
te (0,

where C' > 0 is a constant depending only on s and T.

Proof. The constant ¢ in this proof may vary from line to line and only depends on s, T and g.
By the standard semigroup theory, for any ug € H*(T) and f € L'(0,T; H*(T)), the Cauchy problem (2.1)
admits a unique solution v € C([0,T]; H*(T)) and

sup |u(t)]ls < Cor (luolls + 120, (ry)) -
te(0,7)

One thus only needs to show that estimate (2.2) holds for any smooth solution of (2.1). The proof is then
completed by using the standard density arguments.

Consider first the case of s = 0. Assume that u is smooth solution of (2.1). Multiplying the both sides of the
equation in (2.1) by 2u and integrating over T and (0,t) lead to

t t
nu<»t>n2+—2m4;néa<gu>n2dr < Huouz+—2jﬁ il [l l—1dr (2.3)

for any ¢ € (0,T]. In particular,

T
sup_||u(-, )] < [luol® +2/ [l [l fll-1d7
0<t<T 0

and

T T
/“MWMSTwﬂﬂnT/|mmvmﬂr
0 0
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For w = {x € T; g(x) # 0}, let w, = {z + y,y € w} for given x € w. As T is compact, there exist z; € T for
k=1,2,...,N such that

N
T = Ukzlwa?k

and, moreover, there exist ¢y € C3°(wk), k = 1,2,3,..., N, which forms a finite partition of unit,

N
1= Z (Vi (2))?, for any x € T.

k=1
For k=1,2,...,N, define ¢y (z) = ¢} (« + zx). Then ¢, € C§°(w),

N
lzzwz(x—xk), for any x € T,
k=1

and () = g(x)r(z) for some b, € C°(T). For each k, there exists a ¢ € C°°(T) such that

Vi(@) = vi(x — 2x) = ¢ ().

One has
T T
/0 Hu$||2dt = Zk:/() (1/},3(93 — zk)“am%;) dt
T T
< zk: /0 (VR (2) g, ug )dE| + zk: /0 (@ () Uy, ug )dE
= Z My, + ZMQ’kH
k k

and

T
My = - / Grgus|2dt
0

T
/ (w,%(m)um, ug)dt
0

T T
< / (g |12dt + / |GrgeulPde
0 0
T T
<c [ lonlgulPar e [ fular
0 0

Thus, using (2.3) yields that

T
M < cluolP ¢ [ fullfl-adt (2.4)
0

As for
T
M2,k: / ((b;c(x)umuz)dt
0

)
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multiplying the both sides of the equation in (2.1) by 2u¢y and integrating over T, we arrive at

%/u%ﬁkdx—l—i’)/uiqﬁﬁcdx—&—2/5m(¢kgu)8z(gu)dx: /u2¢,(€3)dx+/uf¢kdx

which yields that

T

T T
My, < elluo]® + ¢ / Jul?dt + ¢ / 102 (gu)[2dt + ¢ / lall | £l
0 0 0

Consequently,

T T T
1
| e < cluol® ¢ [ sl st < el + 5 [l +e 1712

and

T T
/ Jul2dt < 2efu||? + 2¢ / 172 1t
0 0

Estimate (2.2) thus holds for s = 0.

For s =1, let v = u,, then v solves
U+ Vsre — 9@ (@) — U 0) = for 0(2,0) = voa) = uh(x), zET, t >0,
with
Qu,v) = Qou+ Qv + Qov,
and

Qou = ¢'(x)g" (x)u + g(x)g" (z)u,
Qv = 2¢'(x)g' (z)v + 2g9(x)g" (x)v,

Q2vm = 29($)g/($)’0x

Arguing as earlier, one arrives at

T T
1ol Zoe (0.7:22m)) +2/0 102 (gv)1*d7 < 2[jvo]? +/0 [oll1ll fell-1dT +2

It is easy to see that

[(Qou, v)| < cllullllvll, Qo) < cllvll?,

/OT(U,Q(u,v))dT .

11
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and
(202, v)] < ¢l

Noticing that v = u, and invoking the estimate (2.2) with s = 0, one arrives at

T T T
2| [ 0uoar| <e [l + o) = [ ulfar < e (ol + 100 rome10e0)

and

T T
o1~z +2 [ 10stan)lPdr < 2fol? + [ ol el s+ ¢ (Juol? + 1o rr-1com) -

The same propagation of regularity argument as in the case of s = 0 yields

T T
/0 loalPdr < <|Uo||2 + / ollall foll a7+ luo® + f||ia(o,T;Hl(T))> .

Consequently, arguing as in the case of s = 0, it follows that the estimate (2.2) holds for s = 1. The similar
argument can show that the estimate (2.2) holds for any positive integer s. The case of s being a positive
fractional real number follows by interpolation. O

Attention now is turned to the nonlinear problem
Up + Uggr + WUy — g(x)(g(@)U) g =0, u(z,0) =ug(x), z€T, t>0. (2.6)

Proposition 2.2. Let s > 0, T > 0 be given. For any uy € H*(T), (2.6) admits a unique solution u €
C(0,T; H*(T)) N L?(0,T; HST(T)) which, moreover, satisfies

sup |[u(+,?)|s + [lull 20,7 m5+1 (1)) < ar([[uol])[[uolls, (2.7)
te(0,7)

where ap : RT — RT is a nondecreasing continuous function depending only on T.

Proof. For given s > 0 and T > 0, let
Yoo = C([0,T]; H*(T)) N L*(0,T; H*H(T)).

First we show that (2.6) is locally well-posed in the space H*(T).
For a given ug € H*(T), we define a map I' on the space Y, p: for any v € Y; 7,

T'(w):=u
with u as the solution of

Ut + Ugzr — 9(2)(g(2)U) e = —vV,, u(x,0) =ug(z), x €T, t>0.
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By the same arguments as those in the proof of Lemma 3.1 in [2], for any v, w € Y; 7,

Yor @]

T
/ lowsldr < C(TF + TH) || Yor-
0

Let r > 0 and 6 > 0 be constants to be determined, and

Sro={veYsp: |v|

Ys.0 < 7‘}.

For any v € S, 4, by Proposition 2.1

IT(v)]

0
11
Yoo < colluolls + Cl/ [vvg[lsdr < colluolls + 1 (62 +6%)v]7, , -
0
Choosing r, 0 satisfying

(2.8)

|~

r = 2co||uolls, (0% +03)r

IN

then
Ty, <7

for any v € S, ¢ . Thus, with such a choice of  and 8, I' maps S, g into S, 9. The same inequalities allow one to
deduce that for r and € chosen as in (2.8),

IT(v1) = T(v2)]

1
Yoo S gllv—vally,,
for any vy, vy € Sy . In other words, I' is a contraction mapping of S, ¢, Its fixed point u is the unique solution
of (2.6) in S, g. More precisely, for any ug € H*(T), there exists a § > 0 depending only ||ugl|s such that (2.6)

admits a unique solution u € Y g.
Next we show that (2.6) is globally well-posed for which it suffices to prove that a global a-priori estimate

sup lu(-,t)[[s < ar(lluol)lluolls (2.9)
te(0,T)

holds. We only consider the case of 0 < s < 1 and the proof for other values of s is similar.
For s = 0, as it follows from the equation in (2.6) that

d
—/uQ(x,t)dw—i—Q/ 102 (g9(x)u(z,t))[*de = 0
for any ¢ > 0, we have
sup [|u(-, )] < [luoll-
>0

Thus the solution u exists globally, u € Yy 7 and

[ullyy < az((luol)luoll- (2.10)
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For s =1, let w = u,. Then, w solves
W + W + (uw)y — g(gw)as — 2(99" + (¢'))w — 2¢'gw, = f,  w(z,0) = up(x) (2.11)
This is a linear equation with variable coefficient u € Y, 7 and forcing
f=(0g9"+g99")u.

Using the contraction mapping principle as before yields that for ug € H'(T), (2.11) admits a unique solution
w € Yy 7 satisfying

[wllypr < Clluollx-
Thus
[tallyy » < Clluolls,
where the constant C' depends only on ||u||y, . and therefore only on ||ug| by (2.10). Consequently

sup [Ju(-,t)|l1 < ar([luoll)lluollx
0<t<T

and moreover

sup ||u(-,?)[[s < ar(|luoll)l[uolls
0<t<T

holds for 0 < s < 1 by applying nonlinear interpolation [29].
O

Corollary 2.3. Let s > 1. For any ug € H*(T), the corresponding solution u of (2.6) can be decomposed into
w=v+w
with v € Ys 7 as the solution of (2.1) with f =0 satisfying
vl 20,7 5+1 () < Clluolls,
and w € C([0,T); H*(T)) N L*(0,T; H¥*2(T)) as the solution of (2.1) with ug =0 and f = —uu, satisfying
w2051 +2(m)) < e ([luoll)[[uolls,

Proof. When ug € H*(T), the solution u € C([0,T]; H*(T)) with u, € L?*(0,T;H*(T)). Thus, uu, €
L?(0,T; H*(T)) if s > %. The corollary follows from Proposition 2.1. O

3. SHARP KATO SMOOTHING PROPERTY

In this section we present the proof of Theorem 1.2. Attentions are focused on the KdV-Burgers equation
posed on the periodic domain T,

U + Uy + Upgy — YUzr = 0, u(z,0) = up(x), z€T, t>0.



KATO SMOOTHING PROPERTIES OF A CLASS OF NONLINEAR DISPERSIVE WAVE EQUATIONS 15

The sharp Kato smoothing property will be established following the strategy outlined in Introduction. For
simplicity we assume v = 1.
3.1. Boundary integral operators

Consideration is given to the following non-homogeneous boundary value problem for linear KdV-Burgers

equation:

Up + Ugze — Uze = 0, U(I,O) =0, =ze€ (07 1)7
u(0,t) —u(l,t) = hi(t),

U (0,1) — g (1,8) = ho(t), (3-1)
Uag (0,) = Uaa(1,) = ha(t).
Applying the Laplace transform with respect to the temporal variable ¢ leads to
SU + Uggy — Uze =0, x € (0,1),
o ke, 2

(s
Uy (0, 8) — Uga (1, 5) = hs(s).
where

f(s) = /OOO e S f(t)dt, with Re s >0 .

For fixed s = a4 i with a > 0 and s # 2%, the equation
s+A =N =0
has three different solutions,
Aj=X(8),7=1,2,3.

The solution @ of the equation (3.2) can be written as

3
— E cke)\k(s)z
k=1

where ¢,k = 1,2, 3 solve

(1—eM)ep + (1 —e*)ey 4 (1 — eX3)ez = hy, )
/\1(1 — 6)\1)61 + /\2(1 — €A2)C2 + )\3(1 - 6>\3)03 = ];LQ, (33)
A (1—eM)ep + A3(1 — e2)eg + A2(1 — e™3)e3 = ha.

Let
1—eM 1— et 1—ets
A(s) = [ A(1 —eM) Xa(1 —e*2) A3(1 — &™)
A(1—eM) A3(1—e?2) A3(1 —e9)

=(1—eM)(1—eM)(1—e™)(As— A2)(A2 — A1) (As — A1),



16 S.-M. SUN ET AL.

Bl 1— e 1—ehs
A]_(S) = h2 )\2(176 ))\3(176 )
hs A3(1—e*2) A3(1 — e3)

(1—e*)(1— ) [hA )\3()\3—/\2)—712()\3—Ag)(A3+A2)+Bg(A3—A2)],

1—eM le 1—els
)\1(1—6 )hg /\3(1—6 )
A1 —e) hy A2(1—e)

AQ (S)

(1 - 6)\1)(1 — 6)\3) |:—iL1)\1)\3()\3 — )\1) + ];,2()\3 — )\1)()\3 + /\1) — iL3()\3 - )\1):| ,

1—eM 1— et EL
Az(s) = | M(1 =€) Aa(1 = e*) hy
A2(1 —eM) A2(1 —e?2) hy

(1—6 )(1—6 )hl)\gAl()\g—Al) iLQ()\Q—)\1)(>\2+/\1)+iL3(>\2—)\1)],

Note that for s = a + 8i with o > 0 and s # 5, the determinant A(s) # 0% since A(s) = 0 if and only if s is
an eigenvalue of the operator

A=-D?+D?: [*0,1) — L*(0,1)
with the domain
D(A) = {v e H*(0,1);v(0) = v(1), v'(0) = v'(1), v"(0) =v"(1)}

It thus follows from the Cramer’s rule that

which we rewrite as

with
Ry _
i, s) = 30— ek (), k=1,2,3

3If there is no dissipation, A = —D2, then A(s) have infinitely many zeros on the imaginary axis s = 3i.
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where
)\2>\3 /\1/\3 )\1/\2
R = 9 R - ) R = ’
1) = 5T e = 12 = T 0w e ) T e e — )
Az + Ao Az + M A2+ M
R = — 5 R - — ) R = - ?
2108) =~ 5 a0 me — ) T2 T T T 0e — ) 1Y T T T 0w — )
1 1 1

Rsi(s) = R3a(s) = , Rss(s) =

(A1 = A3) (M1 — A2)’ (A2 = A1) (A2 — Az) (A3 = A1) (A3 — A2)

Taking the inverse Laplace transform of u yields the representation

with

B 2mi T —100 —100 1- ekj(s)

1 r+i00 3 1 r+ic0 . ~
u(x,t) —/ ety (x,5)ds = Z %/ eStMeAJ’(S)zhk(s)ds,
i=1 r

for k =1,2,3, where r > 0 is a fixed constant with r # 2%. For given 0 < 1 < 2%, let

Q- ={a+pi: 0<a<r, —oo<pf <o}

The following four lemmas, which will play important roles in estimating the solutions of (3.1), follow from
direct computations.

Lemma 3.1. Let s = a +1i8 with a >0, p° = /a2 + 32 and 30 = tan™! g Then three solutions of
s+AN—A=0

have the following asymptotic form as p — +o0:

1 . 1 ) 1 )
A\ = g + pez(9+7r/3) + O(pil), Ay = g + pez(9+7r) + O(pil), A3 = g + pel(9+(57r/3)) + O(pfl),

Moreover, there exists a constant € > 0 such that

sup [1—eM®)| > j=1,2,3.
seQ,.

For given = € (0,1)

Ry _
H]k(s) = #(f()s)e)\j(‘g)zhk(s)’ j?k = 172735
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is analytic in 2, and continuous on €,, one may let » — 0 to obtain,

1 e st Rkj(s)

. - st TYRI\°) Xj(s)x7,
ugj(z,t) = omi ) P ve L hi(s)ds
1 e t Rka(s) (s)
- = s s a:h ds
278 J_ise ‘1z e>‘7(3) (s)
_ 1 10 st Rk](s) )\j(s)m~ 1 0 st Rk (S) A,’(s)m~
=50 |, P vl hi(s)ds + 9 ﬂ_ooe T hi(s)ds
_ 1 o0 st Rkj(s) \j(s)z 7, 1 o st Rkj(s) \j(8)x T
“ami ), Caimenm¢ st on | et A Tm e ha(s)ds
where
1 oo Ryj(s) (8)zT
+ _ = st J Aj(s)x
ug;(z,t) = omi /. s wols hi(s)ds
1 [ e Bigo) s 1) -
- i(p+5p)t _"kj Az (3.2 0 2 ) FH(o)d
o fy ¢ [N (p+3)k@)p
with
) 1 ) 1 = = i
RE@%RwGﬁ+3O, V@%M(WSQ¢)7hﬂm:waf+3a
for k,j=1,2,3.

Lemma 3.2. As p — 400,

1 . _
M (p)=<+ip+0(p"),

3
1 1 pi 1 V3—i
=gt g E e = g ol
and
1 1 \/§—|—z
,/ - =-— 1
t3- ) 3 > p+o(1)

Lemma 3.3. As p — +o00,
Rfi(p) = a1n +0(p™"),

o
Rijp) = =2+ 007", k=12 j=23,
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RE(p) =5 L0(p3), k=2j=1 k=3 j=1,223
kj(p)_7+ (p )v =4,] =1, or =9, ]=1,4,

PE

where ay, ; are nonzero constants for j,k =1,2,3. Moreover,

1— M) 1 —estrl, 1— M0 o5, 1_ M0 g
as p — +00.
Lemma 3.4. For k=1,2,3, j=1,3, let
=t R;(P) 5
e _ J +
k,j( ) 1_@)\;(;)) k(p)a
and
7%t Rk2(p) )\;(p) +
h
balo) = 2L (v)
Then,
£t s (Rt T 7t =31
hi € Hy® (RT), he € HJ(R™), hs € Hy® (RT) = hy, € H™ (R)

for k,7 =1,2,3 with

’ff{; ’H%(R) < CSHMHH%(DW)’ ‘ ~§J; g @) < Cs||h2”H%(R+)
and
’E’;ﬁ spr S Cllhs]|en
HY5 (R) H™5 (RF)
for j=1,2,3.

For given k, j =1,2,3, let By ; be an operator from H{(R") defined as follows: for any h € H§(R),

[Br,jh)(x,t) = [Ur,;hl(2,t) + [Uy,;h] (z, 1)

with
L% 3a1 At Rf(p) -
Wz t) = — i(p”+3p)t AT (P) 2.1 kj At (p)d
[Uk,jh] (2, t) 277/0 € e (3p + /3) ST (p)dp

for k=1,2,3, j=1,3 and

[e'e] . -+ 5
[Uy2h) (2, 1) = i/ P’ +3p)t =23 (p)(1-1x) (3% +1/3) Me)\;(ﬁ)}fr(p)dp
’ 2T 0 1— e)‘z (p)

19
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for k =1,2,3. Here

W (p) = hin® + Lp).

Proposition 3.5. For given hy, hs, and hs, let h= (h1, ha, hs). Then the solution of (3.1) may be written in
the form

3
u(w,t) = [Bh)(z,t) = > [Br hl(x,1).
k,j=1
In particular,

(B jhi)(x,t) = [Ug jhil(2,t) + [Ug,jhi) (2, 1)

with

1 Rl -
[Uk,jhk}(%t) = 27/ el(p3+%9)t6>\j(ﬂ)ﬂ? (3p2 4 1/3) Zz(p)dp

T Jo
fork=1,2.3, 7=1,3 and

1 oo -
[Ur.2hi)(z,t) = 27/ GO0 (352 4 173) 2 (p)dp
Y3 0 ’

for k=1,2,3. Here, ?LZ-Z (p) are as defined in Lemma 3.4.

The operator B is called as the boundary integral operator.
For any s € R, let

s+1

HARY) == Hy® (RY) x H (RY) x Hy® (RY).

Using the same arguments as that in the proof of Theorem 2.10 in [2], one can see that if he HO(RT), then
u=Bh e Cy(R*; L?(0,1)) N L*(R*; H'(0,1))

with

sup [lu(, )| z2(0,1) + [[ullL2 @+, 521 (0,1)) < CHH”HO(Rﬂ-
0<t<oo

Moreover, it possesses the sharp Kato smoothing property as described by the following proposition.

Proposition 3.6. For any h = H°(R"), the solution u of (3.1) satisfies

sup |ug (@, ) z2®+) < CllAll3o @)
0<z<1
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Proof. For any heH (R*), the solution u of (3.1) is given by

3

u(w,t) = [Bh)(z,1) Z{Uk]hkxt) [Uriha](@,6)}

We only consider the case of
1 [ -
U(q;7 t) = [(]171]7‘1](_’1;7 t) = % /O el(p3+%l’)t6)\r(ﬂ)-’t (3[)2 + 1/3) Tﬁ(p)dp,

the proofs for other cases are similar.
As

1 > i(p+1 F(p)z 7t
va(w,t) = o | RO WINE () (397 +1/3) By 1 (p)dp
0

1

o0 . I ~*+
= 5n | €M I (u)hi s (el b

where p = p(n) is the solution of the equation

oyl
n=pe 3Pa

applying Plancherel Theorem with respect to ¢ yields

+ 2|2 2|5 ot 2
ot Mgy = [ |0 3 e [ o[ an
Recalling Lemma 3.2 and Lemma 3.4, we arrive at
2|5 ot
sup vy (@, )2 ey < / INF )2 [i5 a) | o < el
0<z<1 R+ )

3.2. Linear problems

For the Cauchy problem of the linear KdV-Burgers equation posed on R,
Wt + Wape — W = g(a, 1), w(z,0) =Y(z), z€R, t>0,
for any given s € R, T'> 0, ¢ € H*(R) and g € L'(0,T; H*(R)), it admits a unique solution
w € C([0,T}; H*(R))

which can be written as the form of

w(z,t) = Wr(t)y + /0 Wgr(t — 7)g(7)dT,

21

(3.4)
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where Wg(t) is the Cy—semigroup associated to the Cauchy problem (3.4),
Walt)y = [ e €eerg(g)ag
R

with 1& being the Fourier transform of .
The solutions of (3.4) not only possess the Kato smoothing property, i.e., given s € R,

Y€ H*(R), g€ L*(RT; H*(R)) = w € Cp(RT; H*(R)) N L*(R*; H¥TH(R))
and
Y € H¥(R), g € L*(RT; H*"Y(R)) = w € CW(R"; H*(R)) N L*(RT; H*TY(R)),

but also possess the sharp Kato smoothing property as described by the following proposition.

Proposition 3.7. Let s € R be given. Then
Y€ H¥(R), g€ L'(RT; H¥(R)) = 05w € L (R; L*(RT))
satisfying
105 wll oo riz2®+)) < CUICN e ®) + 19022 R+ 182 (R)))-

Proof. 1t suffices to consider only the case of s = 0.
Assume first g = 0 and ¢ € L*(R). The solution

(e, t) = Wa(t)d = / (€ ) e

R

and
i3t —€2t ix€ e it(nJrin%) jond (o 1\ 2 1\ 1 _2
wy(z,t) = [ e e igp()dE = | e e (1773) P (Tl3> 37 5dn.
R R
Using Lemma 2.6 in [4] (a revised version of the Plancherel theorem) with respect to ¢ variable,

2 2] 12
sup o2, 3qay < € [ 1™ [50h)] dn < Clols ey

Thus
[0:Wr ()Yl oo (r;L2®+)) < CllYllL®)-

If =0, g € L}Y(R*; L3(R)), then

w(zx,t) = /0 Wgr(t — 7)g(T)dr
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and

llwe ll Lo (r; L2 (R+)) §/0 102 We(t = 7)g(T) | oo (R £2 (7, 00)) AT < C/o 9(7) || L2y d.

O

Consider the Cauchy problem of the linear KdV-Burgers equation posed on the interval (0,1) with periodic
boundary conditions

Ut + Ugzy — Uzw = f(z, 1), u(z,0) = ¢(x), x € (0,1), t>0 .
3.5
w(0,t) = u(1,t), up(0,8) = uz(1,t), gr(0,t) = ugz(1,1).

Let
Pn(x) = €M 0 =0,41,42,. -

Then {¢,, }>°,, forms an orthonormal basis in the space L?(0,1). We may define the Sobolev space H3 := H3(0,1)
of order s (s € R) as the space of all real periodic functions of period 1

’U(J}): Z Undjn(x)
such that
{ > Ivnl2(1+ln|)25} < +o0. (3.6)

n—=—oo

The left hand side of (3.6) is a Hilbert norm for H,; we denote it by [lv]|.

Wrt)p= > e K (k) gk ().

k=—o
For any s € R, v € H, with
v(z) = Y udi(x),
k=—o00
we define the operator D7 by
Dyv(z) = Y (1+K) vpdn(z).
k=—oc0

Thus

[olls = 1Dz [l 22 0.1y
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Solutions of (3.5) do possess the Kato smoothing property as described by the following proposition.
Given s € R, for any ¢ € Hy and f € LY(R*; Hp), (3.5) admits a unique solution

(VRS C%UR+;]Y;)
which can be written in the form

u(z,t) = Wr(t)o —l—/o Wr(t — 1) f(r)dr,

where Wr(t) is the Cp—semigroup associated with the Cauchy problem (3.5). Solutions of (3.5) possess the Kato
smoothing property:

S 1m+. s 2/m+. rys+1
peHS, feLl'(RTHS) = uwe L*(RT;HSM)

with
lulley@+img) + lull 2 gy gzery < CUlRNs + 1l @+ 1))
and
o€ HS, feL*RYHY) = uwe L*(RT;HIT)
with

lulley ey + Nl o gy < © (U8l + 1l e gy )

where the constant C' depends only on s.
The next proposition shows that the solutions of (3.5) also possess the sharp Kato smoothing property.

Proposition 3.8. Let s € R be given. For any ¢ € Hy and [ € Ll(RJr;H;), the corresponding solution u of
(8.5) in the space C,(R™; Hy) satisfies

sup [l01 (e, lzagee) < C (Il + 1oy ) -
0<z<1

Proof. 1t suffices to consider the case s = 0. Using the boundary integral operators introduced in Section 3.1,
the solutions of (3.5) can be represented by the solutions of (3.4) in the following way.

For ¢ € L*(0,1), let ¢* be the zero extension from (0,1) to R. Then ¢* € L*(R) with [|¢* || 2wy = [|#]l £2(0,1)-
Let

w(z,t) = We(t)9",

hi(t) = w(0,t) — w(1,t), ha(t) = wy(0,t) — wy(1,8), h3(t) = wey(0,8) — Wy (1,1).
By Proposition 3.7, w € Cy(RT; L?(R)) N L?*(RT; HY(R)) and

hi€ HE(RY), hye L*R*), hye H #(RY)
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with

[2]l30 < C16* || 2my-
When restricted on (0,1) x RT,

W (t)p = Wi (t)6" — [Bh](z1).
Consequently the solution u of (3.5) with f = 0 can be written as
u(x,t) = We(t)g = Wa(t)¢* — [BR](2,t).

By Proposition 3.6 and Proposition 3.7,

sup (|0 [Wr(t)¢](x, )l 2wy < CllollL2(0,1)-
0<z<1

For ¢ =0 and f € L'(RT; L%(0,1)), the solution u of (3.5) is given by

ule, 1) = / Wit — ) f(r)dr = / T o (Walt — 1) f(r)dr,

where x(o,¢)(7) is the characteristic function on the interval (0,t). Thus

s s < [ 10Wat = DOl oy 7 <€ [ 1Oz

3.3. Nonlinear problems
Consider the Cauchy problem of the KdV-Burgers equation posed on (0, 1) with periodic boundary conditions,
Up + Uy + Ugzy — Uze = 0, u(z,0) = ¢(x), x € (0,1), t >0
(3.7)
u(0,t) = u(1,t), uz(0,t) = ug(1,t), wze(0,t) = uzy(1,t),

which is well-known to be globally well-posed in the space H, for s > 0:
Let s >0 and T > 0 be given. For any ¢ € Hy, (8.7) admits a unique mild solution

ue C([0,T]; Hy)
which possesses the Kato smoothing property:
g€ Hy = ueL*(0,T;H5™).

It also possesses the sharp Kato smoothing property.
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Proposition 3.9. Let s > 0 and T' > 0 be given. For any ¢ € H,, the corresponding solution u of (3.7) belongs
to the space C([0,T]; Hy) N L*(0,T; Hy™') and satisfies

sup (|05 u(@, ez 0,r) < sz (ll4]ls)
0<z<1

where as  : RY — R is a nondecreasing continuous function.

Proof. The same proof as that of Proposition 2.2, shows that, given s > 0 and T' > 0, for any ¢ € H, (3.7)
admits a unique solution

u€ Yy =C([0,T); Hy) N L*(0,T; Hy ™)

with

lully, » < Brl¢l)llls

where 87 : Rt — RT is a nondecreasing continuous function. Since

Up + Upgr — Uge = f 1= —UlUy, u(z,O) = ¢(I),

u(z,t) = Wr(t)o — /0 Wr(t —7)f(7)dr.

Applying Proposition 3.8 yields that

(1]
2]
(3]
(4]
(5]
[6]
(7]
(8]

(9]

oot / Wl — ) f(r)dr
0

81+S . R < as+1W t _|_
0221 19z (@, Mezo.my < ” z ( WHL;’?(OJ;L?(O,T)) L>(0,1;L2(0,T))

< C(llells + Hf”Ll(o,T;H;))
<Clolls + llull¥. )
<z (loll.) .
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