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KATO SMOOTHING PROPERTIES OF A CLASS OF NONLINEAR

DISPERSIVE WAVE EQUATIONS ON A PERIODIC DOMAIN∗

Shu-Ming Sun1, Xin Yang2, Bing-Yu Zhang3,** and Ning Zhong3

Abstract. The solutions of the Cauchy problem of the KdV equation on a periodic domain T,

ut + uux + uxxx = 0, u(x, 0) = φ(x), x ∈ T, t ∈ R,

possess neither the sharp Kato smoothing property,

φ ∈ Hs(T) =⇒ ∂s+1
x u ∈ L∞x (T, L2(0, T )),

nor the Kato smoothing property,

φ ∈ Hs(T) =⇒ u ∈ L2(0, T ;Hs+1(T)).

Considered in this article is the Cauchy problem of the following dispersive equations posed on the
periodic domain T,

ut + uux + uxxx − g(x)(g(x)u)xx = 0, u(x, 0) = φ(x), x ∈ T, t > 0 , (1)

where g ∈ C∞(T) is a real value function with the support

ω = {x ∈ T, g(x) 6= 0}.

It is shown that

(1) if ω 6= ∅, then the solutions of the Cauchy problem (1) possess the Kato smoothing property;
(2) if g is a nonzero constant function, then the solutions of the Cauchy problem (1) possess the sharp
Kato smoothing property.
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1. Introduction

For the Cauchy problem of the KdV equation posed on R,

ut + uux + uxxx = 0, u(x, 0) = φ(x), x ∈ R, t ∈ R (1.1)

its solutions are as smooth as their initial values in the sense that

u(·, t) ∈ Hs(R) if and only if φ ∈ Hs(R) for any t ∈ R.

However, Kato [17] discovered that the solutions of the KdV equation posed on R possess a local smoothing
property:

φ ∈ Hs(R) =⇒ u ∈ L2(−T, T ;Hs+1
loc (R)) for any T > 0.

This smoothing property, now referred to as the local Kato smoothing property, has been proved by Constantin
and Saut [11] to be a common feature of dispersive-wave systems. Indeed, Constantin and Saut studied the
following general dispersive-wave equation

wt + iP (D)w = 0, w(x, 0) = q(x), x ∈ Rn, t ∈ R, (1.2)

where D = 1
i (∂/∂x1, . . . , ∂/∂xn), P (D)w is the pseudo-differential operator

P (D)w =

∫
Rn
eix·ξp(ξ)ŵ(ξ)dξ

defined by a real symbol p(ξ), and ŵ is the Fourier transformation of w with respect to the spatial variable x.
The symbol p(ξ) is assumed to satisfy

(i) p ∈ L∞loc(Rn,R) and is continuously differentiable for |ξ| > R with some R > 0,
(ii) there exist m > 1, C1 > 0, C2 > 0 such that

|p(ξ)| ≤ C1(1 + |ξ|)m for all ξ ∈ Rn,

and

|∂p(ξ)/∂ξj | ≥ C2(1 + |ξ|)m−1|ξj |/|ξ|,

for all ξ ∈ Rn with |ξ| > R, j = 1, 2, . . . , n.

Theorem A (Constantin and Saut [11]) Let s ≥ −m−1
2 be given. Then for any q ∈ Hs(Rn), the corresponding

solution w of (1.2) belongs to the space C(R;H
s+m−1

2

loc (Rn)) and moreover, for any given T > 0 and R > 0, there
exists a constant C depending only on s, T and R such that∫ T

−T

∫
|x|≤R

∣∣∣(I −∆)(m−1+2s)/4w(x, t)
∣∣∣2 dxdt ≤ C‖q‖2Hs(Rn). (1.3)

This local smoothing effect, as pointed out by Constantin and Saut in [11], is due to the dispersive nature
of the linear part of the equation and the gain of the regularity, (m − 1)/2, depends only on the order m of
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the equation and has nothing to do, in particular, with the dimension of the spatial domain Rn. The discovery
of the local Kato-smoothing property has stimulated enthusiasm in seeking various smoothing properties of
dispersive-wave equations which, in turn, has greatly enhanced the study of mathematical theory of nonlinear
dispersive-wave equations, in particular, the well-posedness of their Cauchy problems in low regularity spaces
(see [5, 6, 8, 18–22] and see the references therein).

For the linear KdV equation (Airy equation)

ut + uxxx = 0, u(x, 0) = φ(x), x ∈ R, t ∈ R, (1.4)

the following estimate holds for its solutions.
Given s ∈ R and R, T > 0, there exists a constant C > 0 such that for any φ ∈ Hs(R), the corresponding

solution u of (1.4) satisfies ∫ T

−T

∫
|x|≤R

∣∣Λs+1u(x, t)
∣∣2 dxdt ≤ C‖φ‖2Hs(R), (1.5)

where Λ = (I − ∂2
x)

1
2 .

Kenig et al. [19] have shown further that solutions of (1.4) possess the following stronger smoothing property.

Theorem B (Kenig et al. [19, 20])1 For any s ∈ R, there exists a constant Cs > 0 depending only on s such
that for any φ ∈ Hs(R), the corresponding solution u of (1.4) satisfies

sup
x∈R
‖∂s+1
x u(x, ·)‖L2

t (R) ≤ Cs‖φ‖Hs(R). (1.6)

This property is now referred to as the sharp Kato-smoothing.2 It has become an important tool in studying
the non-homogeneous boundary value problems [1, 2, 13, 14] and control theory of the KdV equation (see
[7, 15, 25, 26] and the references therein).

Note that the local Kato smoothing and the sharp Kato smoothing properties as described by estimates (1.5)
and (1.6) hold also for solutions of the linear KdV-Burgers (KdVB) equation posed on R,

ut + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ R, t ≥ 0, γ > 0. (1.8)

But, for the linear Burgers equation

ut − γuxx = 0, u(x, 0) = φ(x), x ∈ R, t > 0, γ > 0, (1.9)

while its solutions possess the (global) Kato smoothing property, i.e.,
for any s ∈ R, there exists a constant Cs > 0 depending only on s such that for any φ ∈ Hs(R), the

corresponding solution u of (1.9) satisfies∫ ∞
0

∫ ∞
−∞

∣∣Λs+1u(x, t)
∣∣2 dxdt ≤ Cs‖φ‖2Hs(R),

1 This smoothing property as described by (1.6) holds also for solutions of the nonlinear KdV equation (1.1) when s > − 3
4

.
2 The Kato smoothing property as described by (1.6) is also sharp in the sense that for any ε > 0, the estimate∫ T

0

∫
|x|≤R

∣∣Λs+1+εu(x, t)
∣∣2 dxdt ≤ C‖φ‖2Hs(R) (1.7)

fails to be true for the solutions of the Cauchy problem (1.4) with C independent of φ (see [28]).
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it can only have the following weaker trace regularity estimate for its solutions.

For any s ∈ R and ε > 0, there exists a constant Cs,ε > 0 depending only on s and ε such that for any
φ ∈ Hs(R), the corresponding solution u of (1.9) satisfies

sup
x∈R
‖∂s+

1
2−ε

x u(x, ·)‖L2
t (R+) ≤ Cs,ε‖φ‖Hs(R). (1.10)

The local Kato l smoothing and the sharp Kato smoothing properties as described by (1.5) and (1.6) earlier
are for solutions of the equations posed the whole line R. For the Cauchy problem of the KdV equation posed
on the periodic domain T,

ut + uux + uxxx = 0, u(x, 0) = φ(x), x ∈ T, t ∈ R , (1.11)

however, in a sharp contrast, its solutions possess neither the sharp Kato smoothing property nor local the Kato
smoothing property.

As for the Cauchy problem of the Burgers equation posed on T,

ut + ux + uux − γuxx = 0, u(x, 0) = φ(x), x ∈ T, t > 0, γ > 0, (1.12)

its solutions possess (global) Kato smoothing property

‖u‖L2(0,T ;Hs+1(T)) ≤ Cs,T ‖φ‖Hs(T),

but only possess the following trace regularity estimate

sup
x∈T
‖∂s+

1
2−ε

x u(x, ·)‖L2(0,T ) ≤ Cs,ε,T ‖φ‖Hs(T).

In particular, neither solutions of the KdV equation on T nor the solutions of the Burgers equation on T possess
the sharp Kato smoothing property similar to that described by (1.6). It turns out that certain dissipation
mechanism has to be introduced in order for solutions of the KdV equation on T to possess any Kato smoothing
properties.

For solutions of the KdVB equation posed on T,

ut + uux + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ T, t > 0, γ > 0, (1.13)

it is easy to see that they possess the (global) Kato smoothing property,

‖u‖L2(0,T ;Hs+1(T)) ≤ Cs,T ‖φ‖Hs(T).

However, the question remains:
Do they possess the sharp Kato smoothing property,

sup
x∈T
‖∂s+1
x u(x, ·)‖L2(0,T ) ≤ Cs,T ‖φ‖Hs(T)?

In this paper we will consider the Cauchy problem of the following class of the KdV equation posed on the
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Table 1. Results on R.

Smoothing Property Kato Sharp Kato

KdV Yes Yes
Burgers Yes No
KdVB Yes Yes

Table 2. Results on T.

Smoothing Property Kato Sharp Kato

KdV No No
Burgers Yes No
KdVB Yes ?

periodic domain T with certain dissipation embedded into the system:

ut + uux + uxxx − g(x)(g(x)u)xx = 0, u(x, 0) = u0(x), x ∈ T, t > 0, (1.14)

where g = g(x) is a C∞ smooth function on T. Let

ω := {x ∈ T, g(x) 6= 0}.

For any smooth solution u of (1.14), it holds that

0 =
d

dt

∫
T
u2(x, t)dx+ 2

∫
T
(g(x)u(x, t))2

xdx =
d

dt

∫
T
u2(x, t)dx+ 2

∫
ω

(g(x)u(x, t))2
xdx

for any t > 0. So the dissipation mechanism only acts on the set ω, the part of the domain T. We will show that
as long as the set ω is not empty, no matter how small it is, the solution u of (1.14) possesses (global) Kato
smoothing property.

Theorem 1.1. (Kato smoothing property) Assume g ∈ C∞(T) with nonempty support.

(i) Let s ≥ 0 and T > 0 be given. Then there exists a constant C depending only on s and T such that any
solution of the following linear problem,

ut + uxxx − g(x)(g(x)u)xx = f, u(x, 0) = u0(x), x ∈ T, t > 0, (1.15)

satisfies

‖u‖L∞(0,T ;Hs(T)) + ‖u‖L2(0,T ;Hs+1(T)) ≤ C
(
‖u0‖Hs(T) + ‖f‖L2(0,T ;Hs−1(T))

)
for any u0 ∈ Hs(T) and f ∈ L2(0, T ;Hs−1(T)).

(ii) Let s ≥ 0 and T > 0 be given. Then there exists a nondecreasing function αs,T : R+ → R+ such that any
solution of the Cauchy problem of the nonlinear equation (1.14) satisfies

‖u‖L∞(0,T ;Hs(T)) + ‖u‖L2(0,T ;Hs+1(T)) ≤ αs,T (‖u0‖L2(T))‖u0‖Hs(T)



6 S.-M. SUN ET AL.

for any u0 ∈ Hs(T). Moreover, if s > 1
2 , the solution u can be written as

u = v + w

so that

v ∈ C([0, T ];Hs(T)) ∩ L2(0, T ;Hs+1(T))

solves the linear problem (1.15) with f ≡ 0 and

w ∈ C([0, T ];Hs(T)) ∩ L2(0, T ;Hs+2(T))

solves the linear problem (1.15) with

f = −uux, u0(x) = 0.

In the case of ω = T, there exists a γ > 0 such that g(x) >
√
γ, or g(x) < −√γ, for any x ∈ T. In this

situation we assume that g(x) =
√
γ is a constant function. The equation in (1.14) is then the KdV-Burgers

equation. It will be shown that its solutions possess the sharp Kato smoothing property.

Theorem 1.2. (Sharp Kato smoothing property)

(i) Let s ∈ R be given. Then there exists a constant Cs depending only on s such that any solution u of the
Cauchy problem

ut + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ T, t > 0, γ > 0 (1.16)

with φ ∈ Hs(T) satisfies

sup
x∈T
‖∂s+1
x u(x, ·)‖L2(R+) ≤ Cs‖φ‖Hs(T).

(ii) Let s ≥ 0 and T > 0 be given. There exists a nondecreasing function αs,T : R+ → R+ such that any
solution u of the Cauchy problem

ut + uux + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ T, t > 0, γ > 0, (1.17)

with φ ∈ Hs(T) satisfies

sup
x∈T
‖∂s+1
x u(x, ·)‖L2(0,T ) ≤ αs,T

(
‖φ‖Hs(T)

)
.

For the linear problem (1.15), by the standard semigroup theory [24], it admits a unique solution u ∈
C([0, T ;Hs(T)) for any u0 ∈ Hs(T) and f ∈ L1(0, T ;Hs(T)). Moreover, due to the role of the dissipative term
g(x)(g(x)u)xx,

u ∈ L2(0, T ;Hs+1(ω))

and the solution u is one order smoother than its initial value φ when viewed on ω, a small open subset of T.
Our Theorem 1.1 shows not only on ω, but also on the whole spatial domain T, the solution u is one order
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smoother than the regularity of the initial value u0,

u ∈ L2(0, T ;Hs+1(T)).

This kind of phenomena is usually called as propagation of regularity in classical analysis: the s+ 1 regularity
of u has spreaded from the small open subset ω to the whole spatial domain T. It will be proved using some
standard techniques in analysis.

In the study of control and stabilization of distributed parameter systems described by some partial differential
equations, it may happen that the systems lack certain smoothing properties which are needed to establish the
controllability and stabilizability. One of the approaches to deal with this situation is to introduce some local
dissipation mechanism through feedback control acting on a small part of the spatial domain and then show
the gained local regularity can propagate to the whole spatial region so that the resulted closed loop systems
possess the needed smoothing properties. The interested readers are referred to the recent works of Linares and
Rosier [23] for control and stabilization of the Benjamin-Ono equation on a periodic domain, and Flores and
Smith [12] for control and stabilization of the fifth order KdV equations on a periodic domain, as well as the
references therein.

For the Cauchy problem of the linear KdV-Burgers equation posed on R,

ut + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ R, t > 0, (1.18)

its solution u is given by

u(x, t) := WR(t)φ =

∫
R
eitξ

3−γξ2teixξφ̂(ξ)dξ =

∫
R
eitη−γµ

2(η)teixµ(η)µ′(η)φ̂(µ(η))dη.

Here, φ̂(ξ) is the Fourier transform of φ(x), and µ(η) = η
1
3 is the inverse function of η = ξ3. Using Lemma 2.6

in [4] (a revised version of the Plancherel theorem) with respect to t variable,

‖ux(x, ·)‖2L2
t (R+) ≤ C

∫
R+

∣∣∣µ(η)µ′(η)φ̂(µ(η))
∣∣∣2 dη ≤ C

∫
R
|φ̂(ξ)|2dξ

which gives us the sharp Kato smoothing of the solution u:

sup
x∈R
‖ux(x, ·)‖L2

t (R+) ≤ C‖φ‖L2
x(R) .

However, this approach to establish the sharp Kato smoothing property of the linear KdV-Burgers equation on
R fails completely for the equation posed on the periodic domain T

ut + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ T, t > 0 , (1.19)

even though it has a similar explicit solution formula.
In this article, we propose a new approach to establish the sharp Kato smoothing property for solutions of

the Cauchy problem (1.19). We study the following initial boundary value problem (IBVP for short) of the
linear KdV-Burgers equation posed on the finite interval (0, 1) ut + uxxx − γuxx = 0, u(x, 0) = φ(x), x ∈ (0, 1),

u(0, t)− u(1, t) = 0, ux(0, t)− ux(1, t) = 0, uxx(0, t)− uxx(1, t) = 0
(1.20)
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which is equivalent to the Cauchy problem (1.19).
Consideration is first given to the associated non-homogeneous boundary value problem: vt + vxxx − γvxx = 0, v(x, 0) = 0, x ∈ (0, 1),

v(0, t)− v(1, t) = h1(t), vx(0, t)− vx(1, t) = h2(t), vxx(0, t)− vxx(1, t) = h3(t) .
(1.21)

For given ~h = (h1, h2, h3), denote its solution by

v(x, t) = B(t)~h,

in which the operator B(t) is called the boundary integral operator. Formally, if u is a solution of (1.18) and we
let

h1(t) = u(0, t)− u(1, t), h2(t) = ux(0, t)− ux(1, t), h3(t) = uxx(0, t)− uxx(1, t),

then

w(x, t) = u(x, t)− B(t)~h

is a solution of IBVP(1.20) when restricted on the interval (0, 1). As the solution u of (1.18) (here φ(x) is zero
outside of (0, 1)) is known to possess the sharp Kato smoothing property

sup
x∈(0,1)

‖ux(x, ·)‖L2(0,T ) ≤ C‖φ‖L2((0,1)),

one thus only needs to prove that v = B(t)~h satisfies

sup
x∈(0,1)

‖vx(x, ·)‖L2(0,T ) ≤ C‖φ‖L2(0,1)

in order to show that the solution of (1.20) possesses the sharp Kato smoothing property. Note that when u is
a solution of (1.18) with its initial value φ ∈ L2(R), then

g1(t) = u(0, t)− u(1, t) ∈ H
1
3
t (0, T ), g2(t) = ux(0, t)− ux(1, t) ∈ L2

t (0, T ),

and

g3(t) = uxx(0, t)− uxx(1, t) ∈ H−
1
3

t (0, T )

satisfying

‖g1‖
H

1
3 (0,T )

+ ‖g2‖L2(0,T ) + ‖g3‖
H−

1
3 (0,T )

≤ C‖φ‖L2(R).

So the key for this strategy to work is to show that v = B(t)~h satisfies

‖v‖C([0,T ];L2(0,1)) + ‖vx‖L∞x (0,1;L2(0,T )) ≤ C‖~h‖H(0,T ) (1.22)
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for any

~h ∈ H(0, T ) := H
1
3 (0, T )× L2(0, T )×H− 1

3 (0, T ).

It will be demonstrated later that the estimate (1.22) holds if and only if the dissipative parameter γ > 0.
The paper is organized as follows. Section 2 is concerned with the Kato smoothing property of the system

(1.15) and provides the proof of Theorem 1.1. Section 3 is devoted to establish the sharp Kato smoothing
property of the KdV-Burgers equation following the strategy outlined earlier.

2. Kato smoothing property

In this section, we will present the proof of Theorem 1.1.
The usual L2(T) inner product is written (u, v) =

∫
T u(x)v(x)dx, and in Hs(T), s ∈ R, (u, v)s = ((1 −

∂2
x)

s
2u, (1− ∂2

x)
s
2 v). The norm in Hs(T) is given by ‖u‖s = (u, u)

1
2
s , and we abbreviate ‖u‖0 = ‖u‖.

Consider first the linear problem

ut + uxxx − g(x)(g(x)u)xx = f, u(x, 0) = u0(x), x ∈ T, t > 0. (2.1)

Proposition 2.1. Let s ≥ 0, T > 0 be given. For any u0 ∈ Hs(T), f ∈ L2(0, T ;Hs−1(T)), the Cauchy problem
(2.1) admits a unique solution u ∈ C(0, T ;Hs(T)) ∩ L2(0, T ;Hs+1(T)) which, moreover, satisfies

sup
t∈(0,T )

‖u(·, t)‖s + ‖u‖L2(0,T ;Hs+1(T)) ≤ C
(
‖u0‖s + ‖f‖L2(0,T ;Hs−1(T))

)
, (2.2)

where C > 0 is a constant depending only on s and T .

Proof. The constant c in this proof may vary from line to line and only depends on s, T and g.
By the standard semigroup theory, for any u0 ∈ Hs(T) and f ∈ L1(0, T ;Hs(T)), the Cauchy problem (2.1)

admits a unique solution u ∈ C([0, T ];Hs(T)) and

sup
t∈(0,T )

‖u(·, t)‖s ≤ Cs,T
(
‖u0‖s + ‖f‖L1(0,T ;Hs(T))

)
.

One thus only needs to show that estimate (2.2) holds for any smooth solution of (2.1). The proof is then
completed by using the standard density arguments.

Consider first the case of s = 0. Assume that u is smooth solution of (2.1). Multiplying the both sides of the
equation in (2.1) by 2u and integrating over T and (0, t) lead to

‖u(·, t)‖2 + 2

∫ t

0

‖∂x(gu)‖2dτ ≤ ‖u0‖2 + 2

∫ t

0

‖u‖1‖f‖−1dτ (2.3)

for any t ∈ (0, T ]. In particular,

sup
0<t<T

‖u(·, t)‖2 ≤ ‖u0‖2 + 2

∫ T

0

‖u‖1‖f‖−1dτ

and ∫ T

0

‖u‖2dt ≤ T‖u0‖2 + 2T

∫ T

0

‖u‖1‖f‖−1dτ.
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For ω = {x ∈ T; g(x) 6= 0}, let ωx = {x + y, y ∈ ω} for given x ∈ ω. As T is compact, there exist xk ∈ T for
k = 1, 2, . . . , N such that

T = ∪Nk=1ωxk

and, moreover, there exist ψ∗k ∈ C∞0 (ωk), k = 1, 2, 3, . . . , N , which forms a finite partition of unit,

1 =

N∑
k=1

(ψ∗k(x))
2
, for any x ∈ T.

For k = 1, 2, . . . , N , define ψk(x) = ψ∗k(x+ xk). Then ψk ∈ C∞0 (ω),

1 =
N∑
k=1

ψ2
k(x− xk), for any x ∈ T,

and ψk(x) = g(x)ψ̃k(x) for some ψ̃k ∈ C∞(T). For each k, there exists a φk ∈ C∞(T) such that

ψ2
k(x)− ψ2

k(x− xk) = φ′k(x).

One has ∫ T

0

‖ux‖2dt =
∑
k

∫ T

0

(
ψ2
k(x− xk)ux, ux

)
dt

≤
∑
k

∣∣∣∣∣
∫ T

0

(ψ2
k(x)ux, ux)dt

∣∣∣∣∣+
∑
k

∣∣∣∣∣
∫ T

0

(φ′k(x)ux, ux)dt

∣∣∣∣∣
:=
∑
k

M1,k +
∑
k

M2,k,

and

M1,k =

∣∣∣∣∣
∫ T

0

(ψ2
k(x)ux, ux)dt

∣∣∣∣∣ =

∫ T

0

‖ψ̃kgux‖2dt

≤
∫ T

0

‖ψ̃k(gu)x‖2dt+

∫ T

0

‖ψ̃kgxu‖2dt

≤ c

∫ T

0

‖∂x(gu)‖2dt+ c

∫ T

0

‖u‖2dt.

Thus, using (2.3) yields that

M1,k ≤ c‖u0‖2 + c

∫ T

0

‖u‖1‖f‖−1dt. (2.4)

As for

M2,k =

∣∣∣∣∣
∫ T

0

(φ′k(x)ux, ux)dt

∣∣∣∣∣ ,
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multiplying the both sides of the equation in (2.1) by 2uφk and integrating over T, we arrive at

d

dt

∫
u2φkdx+ 3

∫
u2
xφ
′
kdx+ 2

∫
∂x(φkgu)∂x(gu)dx =

∫
u2φ

(3)
k dx+

∫
ufφkdx

which yields that

M2,k ≤ c‖u0‖2 + c

∫ T

0

‖u‖2dt+ c

∫ T

0

‖∂x(gu)‖2dt+ c

∫ T

0

‖u‖1‖f‖−1dt.

Consequently,

∫ T

0

‖u‖21dt ≤ c‖u0‖2 + c

∫ T

0

‖u‖1‖f‖−1dt ≤ c‖u0‖2 +
1

2

∫ T

0

‖u‖21dt+ c

∫
‖f‖2−1dt

and ∫ T

0

‖u‖21dt ≤ 2c‖u0‖2 + 2c

∫ T

0

‖f‖2−1dt.

Estimate (2.2) thus holds for s = 0.

For s = 1, let v = ux, then v solves

vt + vxxx − g(x)(g(x)v)xx − Ω(u, v) = fx, v(x, 0) = v0(x) := u′0(x), x ∈ T, t > 0, (2.5)

with

Ω(u, v) = Ω0u+ Ω1v + Ω2vx

and

Ω0u = g′(x)g′′(x)u+ g(x)g′′′(x)u,

Ω1v = 2g′(x)g′(x)v + 2g(x)g′′(x)v,

Ω2vx = 2g(x)g′(x)vx.

Arguing as earlier, one arrives at

‖v‖2L∞(0,T ;L2(T)) + 2

∫ T

0

‖∂x(gv)‖2dτ ≤ 2‖v0‖2 +

∫ T

0

‖v‖1‖fx‖−1dτ + 2

∣∣∣∣∣
∫ T

0

(v,Ω(u, v))dτ

∣∣∣∣∣ .
It is easy to see that

|(Ω0u, v)| ≤ c‖u‖‖v‖, |(Ω1v, v)| ≤ c‖v‖2,
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and

|(Ω2vx, v)| ≤ c‖v‖2 .

Noticing that v = ux and invoking the estimate (2.2) with s = 0, one arrives at

2

∣∣∣∣∣
∫ T

0

(v,Ω(u, v))dτ

∣∣∣∣∣ ≤ c
∫ T

0

(‖u‖2 + ‖v‖2)dt = c

∫ T

0

‖u‖21dt ≤ c
(
‖u0‖2 + ‖f‖2L2(0,T ;H−1(T))

)
and

‖v‖2L∞(0,T ;L2(T)) + 2

∫ T

0

‖∂x(gv)‖2dτ ≤ 2‖v0‖2 +

∫ T

0

‖v‖1‖fx‖−1dτ + c
(
‖u0‖2 + ‖f‖2L2(0,T ;H−1(T))

)
.

The same propagation of regularity argument as in the case of s = 0 yields

∫ T

0

‖vx‖2dτ ≤ c

(
‖v0‖2 +

∫ T

0

‖v‖1‖fx‖−1dτ + ‖u0‖2 + ‖f‖2L2(0,T ;H−1(T))

)
.

Consequently, arguing as in the case of s = 0, it follows that the estimate (2.2) holds for s = 1. The similar
argument can show that the estimate (2.2) holds for any positive integer s. The case of s being a positive
fractional real number follows by interpolation.

Attention now is turned to the nonlinear problem

ut + uxxx + uux − g(x)(g(x)u)xx = 0, u(x, 0) = u0(x), x ∈ T, t > 0. (2.6)

Proposition 2.2. Let s ≥ 0, T > 0 be given. For any u0 ∈ Hs(T), (2.6) admits a unique solution u ∈
C(0, T ;Hs(T)) ∩ L2(0, T ;Hs+1(T)) which, moreover, satisfies

sup
t∈(0,T )

‖u(·, t)‖s + ‖u‖L2(0,T ;Hs+1(T)) ≤ αT (‖u0‖)‖u0‖s, (2.7)

where αT : R+ → R+ is a nondecreasing continuous function depending only on T .

Proof. For given s ≥ 0 and T > 0, let

Ys,T := C([0, T ];Hs(T)) ∩ L2(0, T ;Hs+1(T)).

First we show that (2.6) is locally well-posed in the space Hs(T).
For a given u0 ∈ Hs(T), we define a map Γ on the space Ys,T : for any v ∈ Ys,T ,

Γ(v) := u

with u as the solution of

ut + uxxx − g(x)(g(x)u)xx = −vvx, u(x, 0) = u0(x), x ∈ T, t > 0.



KATO SMOOTHING PROPERTIES OF A CLASS OF NONLINEAR DISPERSIVE WAVE EQUATIONS 13

By the same arguments as those in the proof of Lemma 3.1 in [2], for any v, w ∈ Ys,T ,∫ T

0

‖vwx‖sdτ ≤ C(T
1
3 + T

1
2 )‖v‖Ys,T ‖w‖Ys,T .

Let r > 0 and θ > 0 be constants to be determined, and

Sr,θ = {v ∈ Ys,θ : ‖v‖Ys,θ ≤ r}.

For any v ∈ Sr,θ, by Proposition 2.1

‖Γ(v)‖Ys,θ ≤ c0‖u0‖s + c1

∫ θ

0

‖vvx‖sdτ ≤ c0‖u0‖s + c1(θ
1
2 + θ

1
3 )‖v‖2Ys,θ .

Choosing r, θ satisfying

r = 2c0‖u0‖s, c1(θ
1
2 + θ

1
3 )r ≤ 1

2
, (2.8)

then

‖Γ(v)‖Ys,θ ≤ r

for any v ∈ Sr.θ . Thus, with such a choice of r and θ, Γ maps Sr,θ into Sr,θ. The same inequalities allow one to
deduce that for r and θ chosen as in (2.8),

‖Γ(v1)− Γ(v2)‖Ys,θ ≤
1

2
‖v1 − v2‖Ys,θ

for any v1, v2 ∈ Sr,θ. In other words, Γ is a contraction mapping of Sr,θ, Its fixed point u is the unique solution
of (2.6) in Sr,θ. More precisely, for any u0 ∈ Hs(T), there exists a θ > 0 depending only ‖u0‖s such that (2.6)
admits a unique solution u ∈ Ys,θ.

Next we show that (2.6) is globally well-posed for which it suffices to prove that a global a-priori estimate

sup
t∈(0,T )

‖u(·, t)‖s ≤ αT (‖u0‖)‖u0‖s (2.9)

holds. We only consider the case of 0 ≤ s ≤ 1 and the proof for other values of s is similar.
For s = 0, as it follows from the equation in (2.6) that

d

dt

∫
T
u2(x, t)dx+ 2

∫
T
|∂x(g(x)u(x, t))|2dx = 0

for any t ≥ 0, we have

sup
t≥0
‖u(·, t)‖ ≤ ‖u0‖.

Thus the solution u exists globally, u ∈ Y0,T and

‖u‖Y0,T
≤ αT (‖u0‖)‖u0‖. (2.10)
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For s = 1, let w = ux. Then, w solves

wt + wxxx + (uw)x − g(gw)xx − 2(gg′′ + (g′)2)w − 2g′gwx = f, w(x, 0) = u′0(x) (2.11)

This is a linear equation with variable coefficient u ∈ Y0,T and forcing

f = (g′g′′ + gg′′′)u.

Using the contraction mapping principle as before yields that for u0 ∈ H1(T), (2.11) admits a unique solution
w ∈ Y0,T satisfying

‖w‖Y0,T
≤ C‖u0‖1.

Thus

‖ux‖Y0,T
≤ C‖u0‖1,

where the constant C depends only on ‖u‖Y0,T
and therefore only on ‖u0‖ by (2.10). Consequently

sup
0≤t≤T

‖u(·, t)‖1 ≤ αT (‖u0‖)‖u0‖1

and moreover

sup
0≤t≤T

‖u(·, t)‖s ≤ αT (‖u0‖)‖u0‖s

holds for 0 < s < 1 by applying nonlinear interpolation [29].

Corollary 2.3. Let s > 1
2 . For any u0 ∈ Hs(T), the corresponding solution u of (2.6) can be decomposed into

w = v + w

with v ∈ Ys,T as the solution of (2.1) with f ≡ 0 satisfying

‖v‖L2(0,T ;Hs+1(T)) ≤ C‖u0‖s,

and w ∈ C([0, T ];Hs(T)) ∩ L2(0, T ;Hs+2(T)) as the solution of (2.1) with u0 ≡ 0 and f = −uux satisfying

‖w‖L2(0,T ;Hs+2(T)) ≤ αT (‖u0‖)‖u0‖s,

Proof. When u0 ∈ Hs(T), the solution u ∈ C([0, T ];Hs(T)) with ux ∈ L2(0, T ;Hs(T)). Thus, uux ∈
L2(0, T ;Hs(T)) if s > 1

2 . The corollary follows from Proposition 2.1.

3. Sharp Kato smoothing property

In this section we present the proof of Theorem 1.2. Attentions are focused on the KdV-Burgers equation
posed on the periodic domain T,

ut + uux + uxxx − γuxx = 0, u(x, 0) = u0(x), x ∈ T, t > 0.
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The sharp Kato smoothing property will be established following the strategy outlined in Introduction. For
simplicity we assume γ = 1.

3.1. Boundary integral operators

Consideration is given to the following non-homogeneous boundary value problem for linear KdV-Burgers
equation: 

ut + uxxx − uxx = 0, u(x, 0) = 0, x ∈ (0, 1),
u(0, t)− u(1, t) = h1(t),
ux(0, t)− ux(1, t) = h2(t),
uxx(0, t)− uxx(1, t) = h3(t).

(3.1)

Applying the Laplace transform with respect to the temporal variable t leads to
sũ+ ũxxx − ũxx = 0, x ∈ (0, 1),

ũ(0, s)− ũ(1, s) = h̃1(s),

ũx(0, s)− ũx(1, s) = h̃2(s),

ũxx(0, s)− ũxx(1, s) = h̃3(s).

(3.2)

where

f̃(s) =

∫ ∞
0

e−stf(t)dt, with Re s > 0 .

For fixed s = α+ iβ with α > 0 and s 6= 4
27 , the equation

s+ λ3 − λ2 = 0

has three different solutions,

λj = λj(s), j = 1, 2, 3.

The solution ũ of the equation (3.2) can be written as

ũ(x, s) =

3∑
k=1

cke
λk(s)x

where ck, k = 1, 2, 3 solve 
(1− eλ1)c1 + (1− eλ2)c2 + (1− eλ3)c3 = h̃1,

λ1(1− eλ1)c1 + λ2(1− eλ2)c2 + λ3(1− eλ3)c3 = h̃2,

λ2
1(1− eλ1)c1 + λ2

2(1− eλ2)c2 + λ2
3(1− eλ3)c3 = h̃3.

(3.3)

Let

∆(s) =

∣∣∣∣∣∣
1− eλ1 1− eλ2 1− eλ3

λ1(1− eλ1) λ2(1− eλ2) λ3(1− eλ3)
λ2

1(1− eλ1) λ2
2(1− eλ2) λ2

3(1− eλ3)

∣∣∣∣∣∣
= (1− eλ1)(1− eλ2)(1− eλ3)(λ3 − λ2)(λ2 − λ1)(λ3 − λ1),
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∆1(s) =

∣∣∣∣∣∣
h̃1 1− eλ2 1− eλ3

h̃2 λ2(1− eλ2) λ3(1− eλ3)

h̃3 λ
2
2(1− eλ2) λ2

3(1− eλ3)

∣∣∣∣∣∣
= (1− eλ2)(1− eλ3)

[
h̃1λ2λ3(λ3 − λ2)− h̃2(λ3 − λ2)(λ3 + λ2) + h̃3(λ3 − λ2)

]
,

∆2(s) =

∣∣∣∣∣∣
1− eλ1 h̃1 1− eλ3

λ1(1− eλ1) h̃2 λ3(1− eλ3)

λ2
1(1− eλ1) h̃3 λ

2
3(1− eλ3)

∣∣∣∣∣∣
= (1− eλ1)(1− eλ3)

[
−h̃1λ1λ3(λ3 − λ1) + h̃2(λ3 − λ1)(λ3 + λ1)− h̃3(λ3 − λ1)

]
,

∆3(s) =

∣∣∣∣∣∣
1− eλ1 1− eλ2 h̃1

λ1(1− eλ1) λ2(1− eλ2) h̃2

λ2
1(1− eλ1) λ2

2(1− eλ2) h̃3

∣∣∣∣∣∣
= (1− eλ2)(1− eλ1)

[
h̃1λ2λ1(λ2 − λ1)− h̃2(λ2 − λ1)(λ2 + λ1) + h̃3(λ2 − λ1)

]
,

Note that for s = α + βi with α > 0 and s 6= 4
27 , the determinant ∆(s) 6= 03 since ∆(s) = 0 if and only if s is

an eigenvalue of the operator

A = −D3
x +D2

x : L2(0, 1)→ L2(0, 1)

with the domain

D(A) = {v ∈ Hs(0, 1); v(0) = v(1), v′(0) = v′(1), v′′(0) = v′′(1)}

It thus follows from the Cramer’s rule that

ũ(x, s) =

3∑
j=1

∆j(s)

∆(s)
eλj(s)x.

which we rewrite as

ũ(x, s) =

3∑
k=1

ũk(x, s)

with

ũk(x, s) =

3∑
j=1

Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s), k = 1, 2, 3

3If there is no dissipation, A = −D3
x, then ∆(s) have infinitely many zeros on the imaginary axis s = βi.
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where

R11(s) =
λ2λ3

(λ3 − λ1)(λ2 − λ1)
, R12(s) =

λ1λ3

(λ1 − λ2)(λ3 − λ2)
, R13(s) =

λ1λ2

(λ1 − λ3)(λ2 − λ3)
,

R21(s) = − λ3 + λ2

(λ3 − λ1)(λ2 − λ1)
, R22(s) = − λ3 + λ1

(λ1 − λ2)(λ3 − λ2)
, R23(s) = − λ2 + λ1

(λ3 − λ1)(λ3 − λ2)
,

R31(s) =
1

(λ1 − λ3)(λ1 − λ2)
, R32(s) =

1

(λ2 − λ1)(λ2 − λ3)
, R33(s) =

1

(λ3 − λ1)(λ3 − λ2)
.

Taking the inverse Laplace transform of ũ yields the representation

u(x, t) =

3∑
k=1

uk(x, t)

with

uk(x, t) =
1

2πi

∫ r+i∞

r−i∞
estũk(x, s)ds =

3∑
j=1

1

2πi

∫ r+i∞

r−i∞
est

Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds,

for k = 1, 2, 3, where r > 0 is a fixed constant with r 6= 4
27 . For given 0 < r < 4

27 , let

Ωr = {α+ βi : 0 < α < r, −∞ < β <∞}.

The following four lemmas, which will play important roles in estimating the solutions of (3.1), follow from
direct computations.

Lemma 3.1. Let s = α+ iβ with α ≥ 0, ρ3 =
√
α2 + β2 and 3θ = tan−1 β

α . Then three solutions of

s+ λ3 − λ2 = 0

have the following asymptotic form as ρ→ +∞:

λ1 =
1

3
+ ρei(θ+π/3) +O(ρ−1), λ2 =

1

3
+ ρei(θ+π) +O(ρ−1), λ3 =

1

3
+ ρei(θ+(5π/3)) +O(ρ−1).

Moreover, there exists a constant ε > 0 such that

sup
s∈Ωr

|1− eλj(s)| > ε, j = 1, 2, 3.

For given x ∈ (0, 1)

Hjk(s) :=
Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s), j, k = 1, 2, 3,
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is analytic in Ωr and continuous on Ωr, one may let r → 0 to obtain,

ukj(x, t) =
1

2πi

∫ r+i∞

r−i∞
est

Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds

=
1

2πi

∫ i∞

−i∞
est

Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds

=
1

2πi

∫ i∞

0

est
Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds+

1

2πi

∫ 0

−i∞
est

Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds

=
1

2πi

∫ i∞

0

est
Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds+

1

2πi

∫ i∞

0

est
Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds

= u+
kj(x, t) + u+

kj(x, t)

where

u+
kj(x, t) =

1

2πi

∫ i∞

0

est
Rkj(s)

1− eλj(s)
eλj(s)xh̃k(s)ds

=
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)t
R+
kj(ρ)

1− eλ
+
j (ρ)

eλ
+
j (ρ)x

(
3ρ2 +

1

3

)
h̃+
k (ρ)dρ

with

R+
kj(ρ) := Rkj

(
iρ3 +

i

3
ρ

)
, λ+

j (ρ) := λj

(
iρ3 +

i

3
ρ

)
, h̃+

k (ρ) := h̃k

(
iρ3 +

i

3
ρ

)
for k, j = 1, 2, 3.

Lemma 3.2. As ρ→ +∞,

λ+
1 (ρ) =

1

3
+ iρ+O(ρ−1),

λ+
2 (ρ) =

1

3
+

√
3ρ2

4
+

1

3
− ρi

2
+O(ρ−1) =

1

3
+

√
3− i
2

ρ+ o(1),

and

λ+
3 (ρ) =

1

3
−
√

3ρ2

4
+

1

3
− ρi

2
+O(ρ−1)) =

1

3
−
√

3 + i

2
ρ+ o(1).

Lemma 3.3. As ρ→ +∞,

R+
11(ρ) = α1,1 +O(ρ−1),

R+
kj(ρ) =

αk,j
ρ

+O(ρ−2), k = 1, 2, j = 2, 3,
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R+
kj(ρ) =

αk,j
ρ2

+O(ρ−3), k = 2, j = 1, or k = 3, j = 1, 2, 3

where αk,j are nonzero constants for j, k = 1, 2, 3. Moreover,

1− eλ
+
1 (ρ) ∼ 1− e 1

3 +ρi, 1− eλ
+
2 (ρ) ∼ e

√
3−i
2 ρ, 1− eλ

+
3 (ρ) ∼ 1

as ρ→ +∞.

Lemma 3.4. For k = 1, 2, 3, j = 1, 3, let

h̃∗
+

k,j(ρ) :=
R+
kj(ρ)

1− eλ
+
j (ρ)

h̃+
k (ρ),

and

h̃∗
+

k,2(ρ) :=
R+
k2(ρ)

1− eλ+
2 (ρ)

eλ
+
2 (ρ)h̃+

k (ρ).

Then,

h1 ∈ H
s+1
3

0 (R+), h2 ∈ Hs
0(R+), h3 ∈ H

s−1
3

0 (R+) =⇒ h̃∗
+

k,j ∈ H
s+1
3 (R)

for k, j = 1, 2, 3 with ∥∥∥h̃∗+1,j

∥∥∥
H
s+1
3 (R)

≤ Cs‖h1‖
H
s+1
3 (R+)

,
∥∥∥h̃∗+2,j

∥∥∥
H
s+1
3 (R)

≤ Cs‖h2‖H s
3 (R+)

and ∥∥∥h̃∗+3,j

∥∥∥
H
s+1
3 (R)

≤ Cs‖h3‖
H
s−1
3 (R+)

for j = 1, 2, 3.

For given k, j = 1, 2, 3, let Bk,j be an operator from Hs
0(R+) defined as follows: for any h ∈ Hs

0(R),

[Bk,jh](x, t) = [Uk,jh](x, t) + [Uk,jh](x, t)

with

[Uk,jh](x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)teλ
+
j (ρ)x

(
3ρ2 + 1/3

) R+
kj(ρ)

1− eλ
+
j (ρ)

h̃+(ρ)dρ

for k = 1, 2, 3, j = 1, 3 and

[Uk,2h](x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)te−λ
+
2 (ρ)(1−x)

(
3ρ2 + 1/3

) R+
k2(ρ)

1− eλ+
2 (ρ)

eλ
+
2 (ρ)h̃+(ρ)dρ
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for k = 1, 2, 3. Here

h̃+(ρ) = h̃(iρ3 +
i

3
ρ).

Proposition 3.5. For given h1, h2, and h3, let ~h = (h1, h2, h3). Then the solution of (3.1) may be written in
the form

u(x, t) = [B~h](x, t) :=

3∑
k,j=1

[Bk,jhk](x, t).

In particular,

[Bk,jhk](x, t) = [Uk,jhk](x, t) + [Uk,jhk](x, t)

with

[Uk,jhk](x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)teλ
+
j (ρ)x

(
3ρ2 + 1/3

)
h̃∗

+

k,j(ρ)dρ

for k = 1, 2, 3, j = 1, 3 and

[Uk,2hk](x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)te−λ
+
2 (ρ)(1−x)

(
3ρ2 + 1/3

)
h̃∗

+

k,2(ρ)dρ

for k = 1, 2, 3. Here, h̃∗
+

k,j(ρ) are as defined in Lemma 3.4.

The operator B is called as the boundary integral operator.
For any s ∈ R, let

Hs(R+) := H
s+1
3

0 (R+)×H
s
3
0 (R+)×H

s−1
3

0 (R+).

Using the same arguments as that in the proof of Theorem 2.10 in [2], one can see that if ~h ∈ H0(R+), then

u = B~h ∈ Cb(R+;L2(0, 1)) ∩ L2(R+;H1(0, 1))

with

sup
0<t<∞

‖u(·, t)‖L2(0,1) + ‖u‖L2(R+,H1(0,1)) ≤ C‖~h‖H0(R+).

Moreover, it possesses the sharp Kato smoothing property as described by the following proposition.

Proposition 3.6. For any ~h = H0(R+), the solution u of (3.1) satisfies

sup
0<x<1

‖ux(x, ·)‖L2(R+) ≤ C‖~h‖H0(R+).
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Proof. For any ~h ∈ H0(R+), the solution u of (3.1) is given by

u(x, t) = [B~h](x, t) =

3∑
k,j=1

{
[Uk,jhk](x, t) + [Uk,jhk](x, t)

}
.

We only consider the case of

v(x, t) := [U1,1h1](x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)teλ
+
1 (ρ)x

(
3ρ2 + 1/3

)
h̃∗

+

1,1(ρ)dρ,

the proofs for other cases are similar.
As

vx(x, t) =
1

2π

∫ ∞
0

ei(ρ
3+ 1

3ρ)teλ
+
1 (ρ)xλ+

1 (ρ)
(
3ρ2 + 1/3

)
h̃∗

+

1,1(ρ)dρ

=
1

2π

∫ ∞
0

eiηteλ
+
1 (µ(η))xλ+

1 (µ(η))h̃∗
+

1,1(µ(η))dη,

where ρ = µ(η) is the solution of the equation

η = ρ3 +
1

3
ρ,

applying Plancherel Theorem with respect to t yields

‖vx(x, ·)‖2L2(R+) = c

∫
R+

∣∣∣eλ+
1 (µ(η))x

∣∣∣2 ∣∣λ+
1 (µ(η))

∣∣2 ∣∣∣h̃∗+1,1(µ(η))
∣∣∣2 dη.

Recalling Lemma 3.2 and Lemma 3.4, we arrive at

sup
0<x<1

‖vx(x, ·)‖2L2(R+) ≤ c
∫
R+

∣∣λ+
1 (µ(η))

∣∣2 ∣∣∣h̃∗+1,1(µ(η))
∣∣∣2 dη ≤ c‖h1‖2

H
1
3 (R+)

.

3.2. Linear problems

For the Cauchy problem of the linear KdV-Burgers equation posed on R,

wt + wxxx − wxx = g(x, t), w(x, 0) = ψ(x), x ∈ R, t > 0 , (3.4)

for any given s ∈ R, T > 0, ψ ∈ Hs(R) and g ∈ L1(0, T ;Hs(R)), it admits a unique solution

w ∈ C([0, T ];Hs(R)) ,

which can be written as the form of

w(x, t) = WR(t)ψ +

∫ t

0

WR(t− τ)g(τ)dτ ,
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where WR(t) is the C0−semigroup associated to the Cauchy problem (3.4),

WR(t)ψ =

∫
R
eiξ

3t−ξ2teiξxψ̂(ξ)dξ

with ψ̂ being the Fourier transform of ψ.
The solutions of (3.4) not only possess the Kato smoothing property, i.e., given s ∈ R,

ψ ∈ Hs(R), g ∈ L1(R+;Hs(R)) =⇒ w ∈ Cb(R+;Hs(R)) ∩ L2(R+;Hs+1(R))

and

ψ ∈ Hs(R), g ∈ L2(R+;Hs−1(R)) =⇒ w ∈ Cb(R+;Hs(R)) ∩ L2(R+;Hs+1(R)),

but also possess the sharp Kato smoothing property as described by the following proposition.

Proposition 3.7. Let s ∈ R be given. Then

ψ ∈ Hs(R), g ∈ L1(R+;Hs(R)) =⇒ ∂s+1
x w ∈ L∞x (R;L2(R+))

satisfying

‖∂s+1
x w‖L∞x (R;L2(R+)) ≤ C(‖ψ‖Hs(R) + ‖g‖L1(R+;Hs(R))).

Proof. It suffices to consider only the case of s = 0.
Assume first g ≡ 0 and ψ ∈ L2(R). The solution

w(x, t) = WR(t)ψ =

∫
R
eiξ

3t−ξ2teixξψ̂(ξ)dξ

and

wx(x, t) =

∫
R
eiξ

3t−ξ2teixξiξψ̂(ξ)dξ =

∫
R
e
it
(
η+iη

2
3

)
eixη

1
3
(
iη

1
3

)
ψ̂
(
η

1
3

) 1

3
η−

2
3 dη.

Using Lemma 2.6 in [4] (a revised version of the Plancherel theorem) with respect to t variable,

sup
x∈R
‖wx(x, ·)‖2L2

t (R+) ≤ C
∫
R
|η|−

2
3

∣∣∣ψ̂(η
1
3 )
∣∣∣2 dη ≤ C‖ψ‖2L2(R).

Thus

‖∂xWR(t)ψ‖L∞x (R;L2
t (R+)) ≤ C‖ψ‖L2(R).

If ψ = 0, g ∈ L1(R+;L2(R)), then

w(x, t) =

∫ t

0

WR(t− τ)g(τ)dτ
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and

‖wx‖L∞x (R;L2
t (R+)) ≤

∫ ∞
0

‖∂xWR(t− τ)g(τ)‖L∞x (R;L2
t ((τ,+∞)) dτ ≤ C

∫ ∞
0

‖g(τ)‖L2(R)dτ.

Consider the Cauchy problem of the linear KdV-Burgers equation posed on the interval (0, 1) with periodic
boundary conditions  ut + uxxx − uxx = f(x, t), u(x, 0) = φ(x), x ∈ (0, 1), t > 0

u(0, t) = u(1, t), ux(0, t) = ux(1, t), uxx(0, t) = uxx(1, t).
(3.5)

Let

φn(x) = ei2nπx, n = 0,±1,±2, · · ·

Then {φn}∞−∞ forms an orthonormal basis in the space L2(0, 1). We may define the Sobolev space Hs
p := Hs

p(0, 1)
of order s (s ∈ R) as the space of all real periodic functions of period 1

v(x) =

∞∑
n=−∞

vnφn(x)

such that { ∞∑
n=−∞

|vn|2(1 + |n|)2s

} 1
2

< +∞. (3.6)

The left hand side of (3.6) is a Hilbert norm for Hs
p ; we denote it by ‖v‖s.

WT(t)φ =

∞∑
k=−∞

eik
3t−k2tφ̂(k)φk(x).

For any s ∈ R, v ∈ Hs
p with

v(x) =

∞∑
k=−∞

vkφk(x),

we define the operator Ds
x by

Ds
xv(x) =

∞∑
k=−∞

(1 + k2)
s
2 vkφk(x).

Thus

‖v‖s = ‖Ds
xv‖L2(0,1).
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Solutions of (3.5) do possess the Kato smoothing property as described by the following proposition.
Given s ∈ R, for any φ ∈ Hs

p and f ∈ L1(R+;Hs
p), (3.5) admits a unique solution

u ∈ Cb(R+;Hs
p)

which can be written in the form

u(x, t) = WT(t)φ+

∫ t

0

WT(t− τ)f(τ)dτ ,

where WT(t) is the C0−semigroup associated with the Cauchy problem (3.5). Solutions of (3.5) possess the Kato
smoothing property:

φ ∈ Hs
p , f ∈ L1(R+;Hs

p) =⇒ u ∈ L2(R+;Hs+1
p )

with

‖u‖Cb(R+;Hsp) + ‖u‖L2(R+;Hs+1
p ) ≤ C(‖φ‖s + ‖f‖L1(R+;Hsp))

and

φ ∈ Hs
p , f ∈ L2(R+;Hs−1

p ) =⇒ u ∈ L2(R+;Hs+1
p )

with

‖u‖Cb(R+;Hsp) + ‖u‖L2(R+;Hs+1
p ) ≤ C

(
‖φ‖s + ‖f‖L2(R+;Hs−1

p )

)
,

where the constant C depends only on s.
The next proposition shows that the solutions of (3.5) also possess the sharp Kato smoothing property.

Proposition 3.8. Let s ∈ R be given. For any φ ∈ Hs
p and f ∈ L1(R+;Hs

p), the corresponding solution u of
(3.5) in the space Cb(R+;Hs

p) satisfies

sup
0<x<1

‖∂1+s
x u(x, ·)‖L2(R+) ≤ C

(
‖φ‖s + ‖f‖L1(R+;Hsp)

)
.

Proof. It suffices to consider the case s = 0. Using the boundary integral operators introduced in Section 3.1,
the solutions of (3.5) can be represented by the solutions of (3.4) in the following way.

For φ ∈ L2(0, 1), let φ∗ be the zero extension from (0, 1) to R. Then φ∗ ∈ L2(R) with ‖φ∗‖L2(R) = ‖φ‖L2(0,1).
Let

w(x, t) = WR(t)φ∗,

h1(t) = w(0, t)− w(1, t), h2(t) = wx(0, t)− wx(1, t), h3(t) = wxx(0, t)− wxx(1, t).

By Proposition 3.7, w ∈ Cb(R+;L2(R)) ∩ L2(R+;H1(R)) and

h1 ∈ H
1
3 (R+), h2 ∈ L2(R+), h3 ∈ H−

1
3 (R+)
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with

‖~h‖H0 ≤ C‖φ∗‖L2(R).

When restricted on (0, 1)× R+,

WT(t)φ = WR(t)φ∗ − [B~h](x, t).

Consequently the solution u of (3.5) with f ≡ 0 can be written as

u(x, t) = WT(t)φ = WR(t)φ∗ − [B~h](x, t).

By Proposition 3.6 and Proposition 3.7,

sup
0<x<1

‖∂x[WT(t)φ](x, ·)‖L2(R+) ≤ C‖φ‖L2(0,1).

For φ ≡ 0 and f ∈ L1(R+;L2(0, 1)), the solution u of (3.5) is given by

u(x, t) =

∫ t

0

WT(t− τ)f(τ)dτ =

∫ ∞
0

χ(0,t)(τ)WT(t− τ)f(τ)dτ,

where χ(0,t)(τ) is the characteristic function on the interval (0, t). Thus

sup
0<x<1

‖ux(x, ·)‖L2(R+) ≤
∫ ∞

0

‖∂xWT(t− τ)f(τ)‖L∞x (0,1;L2(τ,∞)) dτ ≤ C
∫ ∞

0

‖f(τ)‖L2(0,1)dτ .

3.3. Nonlinear problems

Consider the Cauchy problem of the KdV-Burgers equation posed on (0, 1) with periodic boundary conditions, ut + uux + uxxx − uxx = 0, u(x, 0) = φ(x), x ∈ (0, 1), t > 0

u(0, t) = u(1, t), ux(0, t) = ux(1, t), uxx(0, t) = uxx(1, t),
(3.7)

which is well-known to be globally well-posed in the space Hs
p for s ≥ 0:

Let s ≥ 0 and T > 0 be given. For any φ ∈ Hs
p , (3.7) admits a unique mild solution

u ∈ C([0, T ];Hs
p)

which possesses the Kato smoothing property:

φ ∈ Hs
p =⇒ u ∈ L2(0, T ;Hs+1

p ).

It also possesses the sharp Kato smoothing property.
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Proposition 3.9. Let s ≥ 0 and T > 0 be given. For any φ ∈ Hs
p , the corresponding solution u of (3.7) belongs

to the space C([0, T ];Hs
p) ∩ L2(0, T ;Hs+1

p ) and satisfies

sup
0<x<1

‖∂s+1
x u(x, ·)‖L2(0,T ) ≤ αs,T (‖φ‖s)

where αs,T : R+ → R+ is a nondecreasing continuous function.

Proof. The same proof as that of Proposition 2.2, shows that, given s ≥ 0 and T > 0, for any φ ∈ Hs
p , (3.7)

admits a unique solution

u ∈ Ys,T = C([0, T ];Hs
p) ∩ L2(0, T ;Hs+1

p )

with

‖u‖Ys,T ≤ βT (‖φ‖)‖φ‖s

where βT : R+ → R+ is a nondecreasing continuous function. Since

ut + uxxx − uxx = f := −uux, u(x, 0) = φ(x),

u(x, t) = WT(t)φ−
∫ t

0

WT(t− τ)f(τ)dτ.

Applying Proposition 3.8 yields that

sup
0<x<1

‖∂1+s
x u(x, ·)‖L2(0,T ) ≤

∥∥∂s+1
x WT(t)φ

∥∥
L∞x (0,1;L2(0,T ))

+

∥∥∥∥∂s+1
x

∫ t

0

WT(t− τ)f(τ)dτ

∥∥∥∥
L∞x (0,1;L2(0,T ))

≤ C(‖φ‖s + ‖f‖L1(0,T ;Hsp))

≤ C(‖φ‖s + ‖u‖2Ys,T )

≤ αs,T (‖φ‖s).
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