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SEMIGLOBAL OPTIMAL FEEDBACK STABILIZATION OF
AUTONOMOUS SYSTEMS VIA DEEP NEURAL NETWORK
APPROXIMATION*

KARL KuUNiscH"? AND DANIEL WALTER?**

Abstract. A learning approach for optimal feedback gains for nonlinear continuous time control
systems is proposed and analysed. The goal is to establish a rigorous framework for computing approx-
imating optimal feedback gains using neural networks. The approach rests on two main ingredients.
First, an optimal control formulation involving an ensemble of trajectories with ‘control’ variables given
by the feedback gain functions. Second, an approximation to the feedback functions via realizations of
neural networks. Based on universal approximation properties we prove the existence and convergence
of optimal stabilizing neural network feedback controllers.
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1. INTRODUCTION

Closed loop optimal feedback control of nonlinear dynamical systems remains to be a major challenge. Ulti-
mately this involves the solution of a Hamilton Jacobi Bellman (HJB) equation, a hyperbolic system whose
dimension is that of the state space. Thus, inevitably one is confronted with a curse of dimensionality, possibly
first stated in [1]. In the case of linear dynamics, the absence of control and state constraints and a quadratic cost
functional the HJB equation simplifies to a Riccati equation. This Riccati equation has received a tremendous
amount of attention in the control literature, both from the point of view of analysis as well as efficient numeri-
cal realization. One of the frequently used approaches to nonlinear problems is therefore based on applying the
Riccati framework locally to linear-quadratic approximations of genuine nonlinear problems. This can be very
effective, but optimal controls based on the HJB equation differ from their Riccati-based approximation espe-
cially in the transient phase. Moreover linearization based feedback laws are often more expensive or may even
fail to reach the control objective, see e.g. [5, 21]. This suggests the search for deriving methods to obtain good
approximations to optimal feedback solutions for nonlinear systems, which go beyond local linear-quadratic
approximations. In this paper we propose and analyze such an approach.
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2 K. KUNISCH AND D. WALTER

To present the main ideas and features of the methodology we focus on stabilization problems of the form

. 1 o 2 U 2
mf L / (1Qu()2 + Blu(t)2) dt

weL2(0,00;R™) 2
sit. y= f(y)+ Bu, y(0)=yo,

(P)

where f describes the nonlinear dynamics, B € R™*™  is the control operator, Q € R"*" is positive semi-
definite, 8 > 0, and the optimal control is sought in feedback from. The value function V associated to (P),
which assigns to each initial condition yq the value of the optimal cost, satisfies a HJB equation. Once available,
the optimal control to (P) can be expressed in feedback form as u*(t) = —BTVV (y(t)). If M degrees of freedom
are used to discretize the HJB equation in each of the directions y;, then this results in a system of dimension
M™. Except for small dimensions n of the state equation this is unfeasible and alternatives must be sought. In
this paper we propose to replace the control « in (P) by F(y) and minimize with respect to the feedback F
over an admissible set H. It can be expected that the effectiveness of such a procedure depends on the location
of the orbit O = {y(¢t;y0) : t € (0,00)} within the state space R™. To accommodate the case that O does not
‘cover’ the state-space sufficiently well, we propose to look at the ensemble of orbits departing from a compact
set Yy of initial conditions and reformulate the problem accordingly. For this purpose we introduce a probability
measure p on Yy and replace (P) by

mf,// (1Quyo: )% + BIF (y(yo; ) ?) dtdy

st 9(yost) = f(y(yo; 1)) + BF(y(yo; 1)), v(v0;0) = vo,

(PYO)

for p-a.e. yo € Yo. Mathematical precision to this formulation will be given below. We note that ( Py, ) represents
a learning problem for the feedback function F' on the basis of the data Oc.t = {y(t;y0) : t € (0,00),y0 € Yo}.

For the practical realization of (Py,) the discretization or parametrization of the feedback function F' must
be addressed. To this end, due to their excellent approximation properties in practice, we propose the use of
neural networks. Let 6 denote the string of network parameters, and denote by Fy the approximation of F'
by the realization of a neural network. Using this parameterization in (Py,) we arrive at the problem which
represents the focus of the investigations in this paper:

s [ ] (Qumst® + A1Ewtaer )F) el

st g(yost) = f(y(yost)) + BFy(y(yo; 1)),  y(y0;0) = yo-

(Pyy,0)

While (Py,,9) conceptually represents well the goal of our investigations, some amendments, as for example a
properly chosen regularization term, will be necessary. This will be described in the later sections. One of the
main goals of this paper consists in the analysis of the approximation properties of (Py,) by (Py, ), and in
demonstrating the numerical feasibility of the approach.

Let us very briefly and with no pretense for completeness mention some of the methodologies which have
been proposed and analysed to approximate optimal feedback gains. First, there is the vast literature on solving
the HIB equations directly, see e.g. [15, 22] and obtaining the feedback by means of the verification theorem.
With the aim of increasing the dimension of computable HJB equations a sparse grid approach was presented
n [17]. More recently significant progress was made in solving high dimensional HJB equations by the use of
policy iterations (Newton method applied to HIB) combined with tensor calculus techniques, [12, 21]. The use
of Hopf formulas was proposed in e.g. [8, 27]. Interpolation techniques, utilizing ensembles of open loop solutions
have been analyzed in the work of [28], for example.
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From the machine learning point of view, the HJB approach is intimately related to reinforcement learning
(RL). For discrete time systems, overviews on this subject are presented in the inspiring monographs [3, 35]. See
also the survey articles [33, 38]. Reinforcement learning comprises e.g. value function-based feedback approaches
such as value and policy iterations, including the Q-factor versions. The concept of RL rollout algorithms, [2],
is closely related to receding horizon control. Another type of RL methods which do not rely on value function
approximation can be summarized under parametrized policy learning. These include e.g. interpolation of feed-
back laws from optimal open loop state-control pairs also known as expert supervised or imitation learning, [29].
The parametrized policy method which is closest to our approach is referred to as training by cost optimiza-
tion, ([3], Chap. 4), or policy gradient, ([35], Chap. 13), see also [30]. We also mention structural similarities
between (Py, 9) and optimal control problems under uncertainty, [18, 23].

While there are conceptual parallels between our research and selected machine learning methodologies,
here the focus lies on a rigorous mathematical analysis of the approach sketched above. We shall also provide
examples illustrating the numerical feasibility of the proposed method but we do not aim for sophistication in
this respect within the present paper.

The manuscript is structured as follows. In Section 2 we briefly summarize our notation, Section 3 contains
some aspects of optimal feedback stabilization which are pertinent for our work. In Section 4 we present the
proposed learning formulation of the optimal feedback stabilization problem. We then aim for an approximation
result of the optimal feedback law by neural networks. For this purpose we collect and derive necessary results
for neural networks in Section 5. Finally, in Section 6, the set of admissible feedback laws in the learning problem
is replaced by realizations of neural networks. Existence of optimal neural networks as well as convergence of
the associated feedback laws is argued. Amongst other issues, main difficulties that need to be overcome arise
due to the infinite time horizon and the fact that the dynamics of the system as well as the feedback functions
are only assumed to be locally Lipschitz. Some aspects for the practical realization of our approach are given
in Section 7. Section 8 contains a brief description of numerical examples. The Appendix details the proofs of
several necessary technical results. In particular in Appendix D we give a version of the universal approximation
theorem in C!, with bounds on the coefficients, which we were not able to find in the literature.

2. NOTATION

Let a complete measure space (€, A, i) as well as a Banach space Y with norm || - ||y be given. The topological
dual space of Y is denoted by Y* and the corresponding duality paring is abbreviated as (-, -)y,y~. Following
p. 41 of [11] we call y: Q@ — Y p-measurable or strongly measurable if there exists a sequence {y; };en of simple
functions with

lim |ly;(w) —y(w)|[| =0 for p—a.e. we.
1—> 00

Here a mapping y;: Q@ — Y is simple if y; = Z;\L‘l yjxa,; for some yi,...,yn, € Y and characteristic
functions xa;, 4; € A. If the mapping

y: QoY yw) = (yw),y" v,y

is p-measurable for all y* € Y* we term y weakly measurable. Strong and weak measurability are stable under
pointwise almost everywhere convergence i.e. if {y;}ien is a sequence of strong (weak) measurable functions
and y is defined by y(w) = lim; o yi(w) for p-a.e. w € Q then y is strong (weak) measurable, respectively
([11], p. 41). If Y is separable, Pettis’ Theorem, cf. ([11], p. 42), states the equivalence of strong and weak
measurability.
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We further introduce L% (2, A;Y), p € [1,00], as the Bochner space of equivalence classes of strongly
measurable functions y:  — Y such that the associated norms

1
|y||L5<Q,A;Y>=( [ vt du(w)> . pell o0
as well as

I¥llzee(,a,vy = inf  sup |ly(w)|ly
lian = ot sup [yl
n(0)=0

are finite. If the measure p and/or the o-algebra A are clear from the context we omit them in the description
of the space and simply write LF (Q2;Y') and LP(£2;Y'), respectively, for shortage. If Y is reflexive and p € (1, 00)
we identify

Lo (Q A Y)" = Li(Q, A YT),

where 1/¢+1/p = 1. For all y € LF(Q, A;Y) and y’ € L] (2, A;Y™) we have

<}'ay/>Lﬁ(Q,A;Y)7LZ(Q,A;Y*) = /Q<y(w)vy/(w)>Y.,Y* dp(w).

If Y is a Hilbert space with respect to the norm induced by the inner product (-, )y then Li(Q, A;Y) is also a
Hilbert space with inner product

(Y1, ¥2)12(0,.47) = /Q(yl(w),m(w))y dp(w) Vyi1,y2 € LZ(QA; Y).

For further references see [11, 14].
For a metric space X we denote the space of bounded continuous functions between X and Y by Cp(X;Y).
It forms a Banach space together with the supremum norm

[elle,xivy = sup lle(x)lly  for ¢ € C(X;Y).
zeX

Throughout this paper, let Yy C R™ be compact, and set I := [0, 00). Define
We ={y € L*(I;R") | y € L*(I;R™) }.

Here the temporal derivative is understood in the distributional sense. We equip W, with the norm induced
by the inner product

(Y1, ¥2)weo = (U1, 92) 2(1;mm) + (W1, ¥2) L2(rirn)  for Y1, 0 € Wee,

making it a Hilbert space. We frequently use the following properties of functions in W,. First, W, continuously
embeds into Cy(I;R™), i.e. there exists a constant C' > 0 such that

[1Yllesrmny < Cllyllwa,, for ally € W, (2.1)
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see e.g. Theorem 3.1 of [26]. Second, we have
lim |y(¢)| =0, for all y € W, (2.2)

t—o0

see pg. 521 of [7].
Given two Banach spaces X and Y, the space of linear and continuous functionals between X and Y is
denoted by L(X,Y). It is a Banach space with respect to the canonical operator norm given by

[Allzxyy = sup [[Azfly VA€ L(X,Y).

x X:l

We further abbreviate £(X) := £(X, X).

3. PRELIMINARIES

In the following we consider a controlled autonomous dynamical system of the form

y="f(y)+Bu in L*(I;R™), y(0)=yo, (3.1)

where yo € R™ is a given initial condition. The nonlinearity is described by a Nemitsky operator
f: Wy — LA(L;R™), f(y)(t) = f(y(t)) forae. tel,
where f: R™ — R". The requirements on f will be specified in Assumption 3.1 below. The dynamics of the
system can be influenced by choosing a control function u € L?(I;R™) which enters via a bounded linear
operator
B: L*(I;R™) — L*(I;R™), Bu(t) = Bu(t) forae. tcl

induced by a matrix B € R™*™,

3.1. Open loop optimal control

Our interest lies in determining a control u* € L?(I;R™) which keeps the associated solution y* € W,
to (3.1) small in a suitable sense and steers it to 0 as ¢ — oo. This can be achieved by computing an optimal
pair (7, @) to the open loop infinite horizon optimal control problem

. 1 9 9
n = (Q t + /3 u(t dt
yewm,;ewu;n@m) 2 /I (IQy(®) [u(®)F)

st. y="£f(y)+Bu, y(0)=yo,

(P5")

for some positive semi-definite matrix @ € R"*™ and a fixed cost parameter 8 > 0. In the following we silently
assume that the infimum in (Pgo) is attained for every yo € R™. For abbreviation we further set

J: Wee x L*(I;R™) = R,  J(y,u) = %/(|Qy(t)|2+6|u(t)|2) dt.
I

The open loop approach comes with several drawbacks. First, open loop controls do not take into account
possible perturbations of the dynamical system. Second, determing the control action for a new initial condition
requires to solve (PJ°) again.



6 K. KUNISCH AND D. WALTER

3.2. Semiglobal optimal feedback stabilization

The aforementioned disadvantages of open loop optimal controls serve as a motivation to study the semiglobal
optimal feedback problem associated to (Pj°) and to construct the optimal control (at any time ¢ > 0) as a
function of the associated state at time ¢. More precisely, given a compact set Yy C R™ containing the origin,
we are looking for a function F*: R™ — R™ which induces a Nemitsky operator

F*: We — LA(I;R™),  F*(y)(t) = F*(y(t)) forae. tel,
such that for every yo € Yy the closed loop system
y=1()+BF(y), (0)=wo (3.2)
admits a unique solution y*(yo) € Woo and (y*(vo), F*(¥"(y0))) is a minimizing pair of (P5°).
As a starting point to its solution we define the value function associated to the open loop problem (Pé’”) by

Viyo) = J(y,u) st g =1£y)+Bu, y(0)=1yo (3-3)

min
YEW oo ,u€ L2 (I;R™)

for yg € R™. If V is continuously differentiable in a neighborhood of yy € R™ it solves the stationary Hamilton-
Jacobi-Bellman equation (HIB)

(), TV ) = 55189V (o) + 51Quol* =0 (34)

in the classical sense, see e.g. page 6 of [16]. Moreover, once computed, an optimal control for (Pgo) in feedback

form is given by the verification theorem as v = f%BTVV(y), see Theorem 1.7.1 of [16]. This leads to the closed
loop system in optimal feedback form

y="1(y) — %IS’B’*VV(y)7 y(0) = yo, where B*VV(y)(t) = BT VV (y(t)), for a.e. t € I,

yielding a function y*(yo) € Weo. Thus

(y*@o), ;B*VV(y*(yo))> € argmin (P1")

and the function

1
F*=—--B'VV
B

solves the semiglobal optimal feedback problem as formulated above.
Realizing this closed loop system requires a solution of the HJB equation (3.4), which is a partial differential
equation in R™. This makes the HJB based approach numerically challenging or infeasible if n € N is large.
In this paper we adopt a different viewpoint for the semiglobal feedback problem which does not involve
the solution of the HJB equation. An optimal feedback law is determined as a minimizer to a suitable optimal
control problem which incorporates the closed loop system as a constraint. The following assumptions on the
dynamical system (3.1), the open loop problems (Pgo)7 and the value function V', are assumed throughout.

Assumption 3.1. A.1 The function f: R™ — R™ is continuously differentiable with f(0) = 0. Its Jacobian
Df: R™ — R™ ™ is Lipschitz continuous on compact sets.
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A.2 There exists a neighborhood N (Yy) C R™ of Yj, a function F*: N (Yy) — R™ with F*(0) = 0 as well as
the induced Nemitsky operator F*: W,, — L?(I;R™) such that the closed loop system

y=1f(y) +BF(y), y(0)=yo

admits a unique solution y*(yp) € W for every yo € N (Yy). Moreover we have
(" (wo), 7" (y" (y0))) € argmin (P5°)  Vyo € N(Yp).
A.3 The mapping
Yy N(Yo) = Wao, 5o =y (%)
is continuously differentiable. Moreover there is a constant M > 0 such that

[y*(yo)llw.. < Mlyol Vyo € N(Yo). (3.5)
A.4 There holds
F* € C' (B,;(0;;R™), DF* € Lip (B,57(0); R™™), with M := Cyy oo My,.

Here My, := M supy,en(vy)|%o| and Cw oo denotes the embedding constant from W, into Cy(1;R™).
We close this section with several remarks concerning Assumption 3.1.

Remark 3.2. Following the previous discussions, the canonical candidate for the optimal feedback law in A.2
is given by F* = f%BTVV provided the value function V is sufficiently smooth. A discussion of the regularity
assumptions according to A.4, in this context can be found in Appendix C.

Remark 3.3. Sufficient conditions on the problem data in (P) which imply A.2 and A.3 are given, for example,
by the following scenario: f(y) = Ay + g(y), where A € R™*™ and g : R™ — R", with g(0) = 0, where we suppose
that

(A, B) is stabilizable in the sense that there exists K € R™*" (3.6)
and u < 0, such that ((A+ BK)y,y)re < —ply|?, for all y € R™, :
and
g € C*(R",R") with || Dg(z)|| < L for some L € (0, p) and all = € N (Y}). (3.7)
Moreover ||Dg(x)|| < L for some L independent of x € R™. ’

For brevity, the proof of this result is given the arXiv-version of the paper. In Appendix C a sufficient condition
is provided which guarantees that under less stringent conditions A.2 and A.3 hold in a neighborhood of the
origin.

Remark 3.4. In A.3 we assume the continuous Fréchet differentiability of the solution operator y* to the closed
loop system. Utilizing the regularity assumptions on f and F™* specified in A.1 and A.4, we conclude the Fréchet
differentiability of the induced Nemitsky operators f and F* at y*(yo) with yo € N (Yp). Consequently, denoting
the Fréchet derivative of y* at yo € N (Yy) by dy*(yo), the function dy := dy* (yo)dyo € Woo fulfills

0y = DE(y* (y0))dy + BDF*(y* (y0))dy, y(0) = dyo (3.8)
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for every yo € N (Yy), dyo € R™. Note that there exists a constant ¢ > 0 with

16y (yo)ll crn W) < € Vyo € Yo

due to the continuity of dy and the compactness of Yj.
Next we discuss a sufficient condition for (3.5) to hold.

Proposition 3.5. Assume that A.1 and A.3 hold, and that the value function V associated to (Pg“) is Ct on
R", and satisfies V (y) < Ely|? for some & > 0 for all y € R™. Further assume that

a) f is globally Lipschitz continuous on R™, or
b) there exists k1 > 0,ky € R such that V(y) > ki|y| — ke for all y € N(Yp).

Then (3.5) holds.
Proof. The HJB equation associated to (P§°) is given by

(F0). TV )ar = 551 BTV + 51yl =0 for y € R (39)

For yo € N (Yy) the optimal closed loop system is given by

9= f(y) + BF(y),y(0) = yo, (3.10)

with F(y) = —%BTVV(y), where y = y(t),t > 0 (and we drop the superscript *). Testing (3.10) with VV (y(¢)),
we obtain

LV lE) = F0). TV ) ~ BTV GO - 5IBTIV ) (3.11)
Utilizing (3.9) this implies that
V) = 2O - BTV (312)
from which we deduce that
) + [ s+ 5 [ 1BV )P < 2V ) (313)

for all ¢ > 0. If f is globally Lipschitz with Lipschitz-constant L then by (3.10) and (3.13)

1

[ atracs 22 [ popars
0 0 B
EIR

< Lz/o ly(t)[*dt + 7/0 |BTVV (y(t))|*dt

< sup(Z?, %an?) / TP + %|BTvv<y<t>>|2dt

/ BBV (y(1) Pt

<2 sup(Z?, %I\BIIQ)V(yo)
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This implies that

Iyl = | (P + 12)dt < 201+ sup(Z2, SIBI%) Vo)

i 1
< 26 (L +sup(L?, 5 1BI) ol

which gives the desired estimate for A.2 to hold with M = \/QR(I + sup(L?, %HBHQ) Under condition (b) from
(3.13)

Sﬁ)lp )ﬁl\y(t)l — kg < V(yo) <V =sup{V(yo) : yo € N (Yp)}.
t€|0,00

We choose L as the Lipschitz constant of f on the ball with radius %(‘7 + ky), and center 0. Now we can
£y

proceed as for condition (a) to arrive at the desired estimate. O

In the case of a linear-quadratic optimal control problem a lower bound as in assumption (b) above is satisfied
with V(y) > k1|y|? if the control-system is observable.

4. OPTIMAL FEEDBACK STABILIZATION AS LEARNING PROBLEM

This section leads up to the formulation of the optimal feedback problem as ensemble-optimal control problem.
For this purpose we choose a complete probability space (Y, A, ) for the initial conditions. The measure p
describes the "training set” of initial conditions from which we will learn a suitable feedback law. For example,
the choice of p as the Lebesgue measure treats the case when all the elements yy € Y contribute to the learning
of F. On the contrary, choosing p as a conic combination of Dirac delta functionals describes the case of finitely
many pre-selected initial conditions in the training set. However the following results are not restricted to these
canonical examples. We define

Vad = {y € We | Hy”Woo < 2MY0 }

and endow the set with the norm of We.. By A.4 every y € V,q fulfills ||y||c, (rrn) < oM. According to Propo-
sition A.1 in Appendix A, every function F' € Lip (B,7(0); R™)with F(0) = 0 induces a Lipschitz continuous
Nemitsky operator on ),4. Following this observation the set of admissible feedback laws is defined as

H={F:Vag = L*(I,R™) | F(y)(t) = F(y(t)) Vt € I, F € Lip (B,57(0);R™), F(0)=0}.
We further introduce the closed loop system associated to F € H as
§=f(y)+ BF(y) in L*(IR"), y(0) = yo, (4.1)
where yo € Yy and the state y will be searched for in Wo,. By the Gronwall lemma it is imminent that (4.1)
admits at most one solution in V4.

In order to facilitate the analysis, we will work with an equivalent variational reformulation of (4.1) which
couples the closed loop dynamics and the initial condition. That is, we require the state y € YV,q4 to fulfill

a(F)(y:y0,0) =0 Vo € W, (4.2)
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where the semilinear form a(-)(-,+,): H X Vaa X R" x W, — R is defined by

a(F)(y,y0, d)
= (9,9)2(1rny — (W), ®) L2 (1:rn) — (BF(Y), @) 217y + (¥(0) — Yo, #(0)) g -

The next proposition establishes the equivalence of (4.1) and (4.2).
Proposition 4.1. Let yg € Yy and F € H be given. A function y € V,q fulfills

y=f£(y) +BF(y) in L*(I;R"), y(0) = yo,
if and only if
a(F) (Y Y0, ) =0 Vo € Wee.

In particular, (4.2) admits at most one solution in Vq.

Proof. First note that for fixed y € Vaa, yo € Yo and F € H the mapping
h: LX(LR") = R, ¢ (§—f(y) — BF(Y), d)r2(1;rm)
defines a linear and continuous functional on L?(I;R™). Obviously, if y € V,q fulfills (4.1) we have
W) =0,  (¥(0) = y0,(0))gn = 0
for every ¢ € W,. Therefore (4.2) holds.

Conversely assume that y € ), 4 satisfies (4.2). Choosing a test function ¢ € C*°(I; R™) with compact support
we have ¢(0) = 0 and consequently

0=a(F)(y,v0,9) = (9, ®) 2(rrn) — (£(y), &) L2(1:mm) — (BF(Y), @) r2(1;r0)-
By a density argument we conclude
0= (9,0)r2(rrny — (£(W), &) 21y — (BF(Y), ) L2(1m7)
for every ¢ € L?(I;R™). This proves
g =f(y) +BF(y) in L*(I;R").
Due to Wy, = L?(I;R™) we now obtain
0= (y(0) = 50,0(0))pn Vo € Woe.
Since the mapping ¢ — ¢(0) from W, to R™ is surjective, y(0) = yo has to hold. This finishes the proof of the
first statement.

If (4.2) admits a solution in Vg it is unique due to the equivalence of (4.1) and (4.2).
O
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Observe that the variational formulation (4.2) and thus also its solution, are parameterized as functions of

the initial condition yo € Yy. We introduce a suitable solution concept for the closed loop system which takes
this dependence into account. For this purpose consider the mapping

a: M x L2(Yo; Yaa) x L2 (Yo; Wa) = R

with

a(F)(y. @) = /Y a(F) (3 (40). 40, ®(y0)) daa(yo),

for every triple (F,y,®) € H x Li(Yo;yad) X Li(Yo; Wao)-

Definition 4.2. Given a feedback law F € H, an element y € L°(Yo; W) is called an ensemble solution
of (4.1) if ||yllzee (vo:we) < 2My, and

a(F)(y,®) =0 V& e L2(Yo; Wo). (4.3)

We next argue that ensemble solutions are unique and fulfill (4.2) in an almost everywhere sense.

Proposition 4.3. Let F € H be given and let Assumption 3.1 hold. Then there exists at most one ensemble
solution y € Lj°(Yo; Woo) with ||y (vo;wee) < 2My,, to (4.3). If it exists then

a(F)(y(y0),¢) =0 Vo € Wi (4.4)

for p-a.e. yo € Yy. Conversely, if there exists y € LiY(Yo; Wao) such that ||y||Lﬁo(YD;WOO) < 2My, and y(yo)
satisfies (4.4) for p-a.e. yo € Yo, then it is the unique ensemble solution to (4.3).

Proof. Let F € H be given. We first prove the second claim and assume that (4.3) admits an ensemble solu-
tiony € Ly (Yo; Wao). Consequently there exists O € A, u(O) = 0, with y(yo) € Vaa for all yo € Yo\ O. Utilizing
the Lipschitz continuity of f and F on Y,q4, see Proposition A.1, as well as £(0) = F(0) = 0 we estimate

|(F(y(y0)); ) r2(rmm) + (BF (¥ (%0)), &) L2(1;mm)|
< (Ljonr + IBIL g oz 1y (o)l L2 (rmm) |8l wie

for yo € Yy \ O and ¢ € W,. This implies that for p-a.e. yg € Yy the mapping

(b = a(f)(Y(yO)7y07¢) for ¢ S Woo

defines an element of the dual space W, . Further note that

o*: YQ — W;O, Yo —r a(f)(y(yO)vyOa ')7

defined in a p-almost everywhere sense, is p-measurable and

(@*(yo), P)wz . wa = a(F)(¥(v0),®) < clly(wo)llw.llllw.
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with a constant ¢ > 0 only depending on B, the Lipschitz constants L F2ff and L F2iT of f and F on Bzﬁ(O),

but not on yo. Thus ®* € LZ(Yy; WZ,). Since y is an ensemble solution to (4.3) we get

(@7, @) = / a(F)(y(y0), Yo, P(y0)) dulyo) = a(F)(y, @) =0 V& € L, (Yo; Wee)
Yo
where (-, -) denotes the duality pairing between L? (Yo; Weo) and L2 (Yo, WX). In particular, we conclude

0=(2"(y0), )wz, wa = a(F)(¥y(¥0):¢) Yo € Wi

and p-a.e. yo € Yp. This gives (4.4).
Next we prove the uniqueness of ensemble solutions. If y; € Ly (Yo; W), @ = 1,2, are two ensemble solutions
of (4.3) there exist sets O; € A, u(0;) =0, i = 1,2, with

a(F)(yi(yo),¢) =0 Vo € Wy, yo € Yo \ Os.

From Proposition 4.1 we thus conclude y1(yo) = y2(yo) for all yo € Y5\ O1 U O,. Since we have u(O1 UO2) =0
this yields y1 = y2 in L7 (Yo; Woo).
The last statement follows immediately from the definition of the form a(-)(,-). O

Example 4.4. Let (F*,y*) denote the pair of optimal feedback law and solution mapping to the associated
closed loop system according to A.2 and A.3. Due to A.3 and A.4 we have y* € Cp,(Yo; W) and F* € H.
Thus y* is g-measurable and there holds y* € L5 (Yo; Weo) with [ly* ||LZO(YD;WOO) < My, . Moreover for every yo €
Yy we have

a’(f*)(y*(yo)vy()a ¢) =0 V(b € WOOa

see Proposition 4.1. In particular, for an arbitrary ® € Li(Yo; W), this implies that

a(F* )y (y0),y0, ®(y0)) =0 for p-a.e. yo € Yy,

i.e. y* is the unique ensemble solution to (4.3) given F*.

We are now prepared to introduce the optimization problem which constitutes the learning of the feedback
function F. This will involve the ensemble of initial conditions Yj.
For this purpose we define the ensemble objective functional

Ji L (Yo W) x H 5 R, iy, F) = /Y J(y(50), F(y(s0))) dulvo).

which is understood as an extended real valued functional, and the associated constrained minimization problem

min iy, F)
FeH,yeLy (YosWoo)

(P)
s.t. a(f)(Y7cb) =0 V®e Li(K)vwm)v ”y”L,‘j"(Yo;Woc) < 2MY0'

Problem (P) together with a particular choice for the approximation of the elements F € H constitutes the
approach that we propose to determine semiglobal optimal feedback laws.
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By Lemma A.3 the cost j is finite on the admissible set. We next address the existence of a solution to (P), and
verify that every minimizing pair to (P) solves the semiglobal optimal feedback stabilization problem for u-a.e.

Yo-

Proposition 4.5. Let Assumption 3.1 hold. Then the pair (F*,y*) € H x L7 (Yo; Wao) is a global minimizer
of problem (P). Vice versa, if (F,y) € H x L3 (Yo; Woo) is an optimal solution of (P), then there holds

(¥(y0), F(¥(%0))) € argmin (P5°)

for p-a.e. yg € Yp.
Proof. By A.2 we have

J(y*(yo), F*(¥y"(%0))) = V(y0) VYyo € Yp.

The optimality of (y*, F*) thus follows directly from

j(y,7)=/y J(y(yo), F(y(v0))) du(yo)z/ V(yo) du(yo) = j(y*, F*) (4.5)

Yo

for every admissible pair (y, F) € L°(Yo; Weo) X H.
The second statement is obtained in a similar way. If (F,¥) is an arbitrary but fixed minimizing pair of (P),
then we immediately get

as well as
J(F (o), F(¥(yo))) > V(yo) for yo € Yo pu— a.e.

from (4.5), Proposition 4.3 and the definition of the value function. Thus, there holds
J(F (o), F(F(0))) = V(yo) for yo € Yo pu — a.e.

This yields the optimality of (¥ (o), F (¥ (y0))) for (P§°) and p-almost every yo € Yo. O

For the following considerations we need to recall the notion of support for the measure pu:

suppqub\U{OEA\u(O)zO, O is open },

where we assume that A contains the Borel o-algebra on Yy. Then the support of u is compact. In fact, by
assumption, u is a regular Borel measure. Hence its support is closed (see e.g. [34], pp. 252-254). Since supp u C
Yy and Yj is bounded, the compactness of supp u follows.

Let us note that the explicit form of j arising in (P) is given by

i.F) =5 [ [ 1Qum)OF + 81 (w)0) Pt o).

Thus for each yo € supp p the feedback function is learned along all the trajectory {y(yo)(t) : ¢t € I'}. In view
of the Bellman principle this can also be interpreted in such a manner that for each yg € supp p separately,



14 K. KUNISCH AND D. WALTER

the cost described in the training of F by means of the functional j is influenced by the whole trajectory
{y(yo)(t) : t € I'}. The following corollary expresses these observations in a formal manner, and shows how the
optimal solutions to (P) naturally can be extended to the set of all points which are met by optimal trajectories
starting in Yj.

Corollary 4.6. Let (F,y) be an optimal solution to (P) and assume that A contains the Borel o-algebra on Y.
If y € Cp(supp pu; W) the set of trajectories

Yo :={¥(w0)(t) |yo € suppp, t € [0,+00)} C B,z7(0)
s compact. Furthermore there exists a unique function
§ €Yo We),  900)lle, 5wy < 2My,
which fulfills

a(F)(F(Yo): %0,0) =0 Vo € Wes,  (¥(y0), F(¥(y0))) € argmin (P5°) (4.6)

for every yo € f’o.

Proof. We first show the compactness of EA’O. Let an arbitrary sequence {yx}ren C 370 be given. Then there

exists {yf, tx }ren C supp p x I such that yx = y(y¥)(tx), k € N. From the compactness of supp p we further get

the existence of a subsequence, denoted by the same symbol, as well as an element i, € supp g with y% — 7.
We distinguish two cases. First assume that {tx}ren is bounded. Then, possibly again by selecting a subse-

quence, there exists £ € I with (y¥,tx) — (7o, ) as k — co. Thus we also conclude y(y¥)(tx) — ¥ (7o) (F) € Yo
in R". Second, if {t; }ren is unbounded, we claim y(y&)(tx) — 0 € Y. By

19 (u6) (t)| < 15 (y6) (tk) — ¥ (50) (ti)] + 15 (50) (t))]
< 1y (y5) — ¥(@o)lley(r:zm) + 15 (o) (6.

The first term on the right hand side vanishes due to y € Cy(supp u; Cp(I; R™)) while the second term goes to 0
since (o) € . Since {yx tren C Yo was chosen arbltrarlly we conclude that every sequence in Yo admits a
convergent bllbsequence whose limit is again in YO Thus, YO is compact in R™.

Let 7y € Yy be given. Then we have 3y = ¥(io) (%) for some gy € supp p and ¢ € I. Define the function ¥(7o) =
¥ (50)(- + t). Clearly, there holds (7o) € Vaa- Moreover y(7o) is the unique solution in Y,q to

g =£(y) +BF(y), y(0)= 7o,
and the mapping
Y: Yo = Yad € Woo, Y0 = (10)
is continuous. By Bellman’s dynamical programming principle, we conclude that

(¥(v0), F(¥(w0))) € argmin(PE°)

for every yo € Yy and thus (4.6) holds.
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Example 4.7. To close this section we briefly discuss two canonical examples for the measure space (Yp, A, ).
In both cases we assume that Yy C R™ is the closure of a non-empty domain containing 0.

a) As a first example, choose A as the Lebesgue o-algebra and p = A(- NYy)/A(Yp), where A denotes
the Lebesgue measure on R™. Then (Yp, A, ) is complete and supp u = Y. Consequently, any minimizing
pair (F,¥) € H x L2 (Yo; Woo) to (P) fulfills

(¥(%0), F(¥(y0))) € argmin (P5°)

for all yo € Yo with the exception of a Lebesgue zero set. If the prerequisites of Corollary 4.6 are met, that is
if y € Cp(Yp, Wao), we can extend ¥ to a continuous function y € C(Yy; W ). The pair (¥(yo), F(¥)) provides
an optimal solution to (Pé’”) for every yg € }A’o. Note that Yy C 170 where the inclusion can be strict since the
optimal trajectories ¥(yo), yo € Yo, possibly leave the set Y.

b) Next we consider a measure p given by a convex combination of finitely many Dirac delta functions
onYy e p= Zil @ibyi, a; > 0, yb € R™ as well as Zf\il o; = 1. This example is of particular importance
for the numerical realization of (P), see Section 7. We choose A as the completion of the Borel o-algebra
on Yy with respect to p. Then we have suppu = {yi}Y ;. We point out that Li(Yb;WOO) ~ WL as well
as Ly?(Yo; Wao) =~ Cp(supp p1; Woo ). In particular, given a feedback law F € H, a function y € Ly (Yo; W) is
an ensemble solution to (4.3) if and only if the vector (y(yd),...,y(wd)) € WX fulfills ||y (v)|lw.. < 2My, and

a(F)(y () v, 9) =0 Vo € We
for i =1,...,N. Thus, problem (P) can be equivalently reformulated as

N

Jlfneivr{l, Z % [/0 (1Qu:(t)” + BIF (yi(1))?) dt
Yi€YVaa, i=1,...,N =1

subject to
a(F)(yi, v, ) =0 Vo€ Wy, i=1,...,N.

Let an optimal feedback pair (F,y) obtained by solving (P) be given. Due to the dynamic programming
principle, see Corollary 4.6, the associated closed loop system (4.2) admits a unique solution y(yo) for every yo €
Yo = U, Uses ¥(4)(t) which further fulfills

(¥(v0), F(¥(y0))) € argmin (P5°).

5. PERTINENT RESULTS ON NEURAL NETWORKS

In order to solve the semiglobal feedback stabilization problem (P), we replace the set of admissible feedback
laws ‘H by a family of finitely parameterized ones. For this purpose we use neural networks. In this section we
summarize the concepts which are relevant for the present paper.

5.1. Notation and network structure

Let Le N, L>2 aswellas N; e N, i=1,...,L —1 be given. We set Ng =n and Ny = m. Furthermore
define

R = X (RV*Nimt 5 RN

e

i=1
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Note that the space R is uniquely determined by its architecture
arch(R) = (No, Ny, ..., Np) € NE+L
An L-tupel of parameters 6 € R given by
0=Wy,b1,...,Wg,br)

is called a neural network with L layers. We equip the space R with the canonical product norm

L
l6llr = | D HIWill2 + b2 Vo e R

i=1

where || - || denotes the Frobenius norm. Moreover let o € C(R) with o(0) = 0 be given. A function Fy : R® — R™
is called the realization of 6 with activation function o if

Fi(x)=flogofl_190 0ofig®)—flgofi_190 0 fle(0) VzeR" (5.1)
where
fLo@) =Wz +b, VoeRNe
as well as
flo(@)=o(Wz+b;) VeeRVi— i=1... L-1
Here the application of ¢ should be understood componentwise i.e. given an index i € {1,..., L —1} and z € RY:
we set

o(z) = (o(z1),...,0(xn,))".

By construction we have that FJ(0) = 0. Subsequently, we define the set of associated neural network feedback
laws as

Hi = {F: Yaa = L*(LR™) | F(y)(t) = F§ (y(t), 0 €R}.

The following standing assumption is made throughout this paper.
Assumption 5.1. There holds o € C*(R).

The next proposition is imminent.
Proposition 5.2. Let Assumption 5.1 be satisfied. Then there holds H% C H.

Proof. Let an arbitrary 6 € R be given. Denote by Ff the realization of 6 with activation function o € C*(R).
We already observed that Fg(0) = 0. Next note that every layer s is either affine linear or the composition of
the vectorized function o and a continuous affine linear mapping. In particular, due to the smoothness of o, we
conclude the Lipschitz continuity of fgg, i=1,...,L, on compact sets. Since compactness is preserved under
continuous mappings it is straightforward to verify that FJ = fi‘ﬂ 0---0 ff o 1s also Lipschitz continuous on

compact sets. Thus, in particular, we have Fy € Lip(B,57(0), R™). This finishes the proof. O
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As a consequence elements in 1% have the same Lipschitz properties as those in H.

5.2. A neural network density result in C?!

The aim of this subsection is to ascertain the following approximation result for the optimal feedback law F*
appearing in Assumption 3.1 by realizations of bounded neural networks. For v € R™ we denote by |v], =
sup{lv;| : i =1,...,n}, and ||W||o is the matrix norm subordinate to R™ and R™ endowed with the | - ||;e-
norms.

Theorem 5.3. Let Assumptions 3.1 and 5.1 hold. Let 1 > 0,12 > 0, and assume that the activation function o
is not a polynomial. Then for each ¢ > 0 and every L. € N, there exist arch(R.) € NL=*! and a neural network

O = (Wi, b1,...,W[_,b7.) € Re
such that |Wslleo <, [b]lee <2, i =1,...,L, as well as
[F™(x) = Fy_(2)| + [ DF"(z) — DFg ()| <€

for all |z| < 2My,.

If the activation function o were a polynomial of degree IV, then each component of F§ would be a polynomial
of at most degree L., and it would not be possible to approximate an arbitrary function with accuracy e in
C". The proof of Theorem 5.3 depends on several preparatory steps and will be given at the end of this section.
For ¢ : R — R we define the set 3, of mappings from R” to R as

Yo =span{¥ | ¥(z)=¢(w-x+b):weW\{0},be B}

where W C R™ contains a neighborhood of 0, and B C R contains an open interval By = (b, b). Below C*(R",R)
is endowed with the topology of uniform convergence of its elements and its derivatives on compact subsets of
R”. Further we call a set of functions F C W °(R",R) dense in C'(R™,R) if for every f € C'(R"”,R) and

every compact set K C R™ there exists a sequence of functions {f,} C W1 (R" R) such that
hm ||fn — fHW1~°°(K,]R) = O
n—r oo

We note that the approximation of C'-regular functions f needs to be achieved by functions which are possibly
only W2 (R™ R)- regular.

loc

Proposition 5.4. If ) € W1>°(R) is not a polynomial then X, is dense in C*(R™, R).

Since the proof of this universal approximation property is rather technical we postpone it to Appendix D.
Proposition 5.4 allows to derive the following approximation result for neural networks.

Proposition 5.5. Let L > 2,1 > 0,12 > 0, and let the assumptions of Proposition 5.4 hold. Then
for each ¢ > 0,K C R" compact, and f € CY(K,R™) there exist {Ni}f:_ll and a neural network 6 =
(W17bl7"'abL—17WL50) € R with CLTC]’L(R) = (n7N17"'7NL—17m)7 and HW1||OO < nlﬂHbZ”OO < 72, 1=
1,...,L —1, such that

||f—fZ,eo-~-0f£90fﬁellc1<K7Rm> <€ (5.2)
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Proof. Step 1. Here we treat the case L = 2. By Proposition 5.4 there exist dimensions (ki,...,k,) and

Wi e RFixn Wi € Rk b € R with |[W ||leo < 71, 10700 < M2,7 = 1,...,m, such that
€

vao

In fact, for j = 1, for example, we obtain from Proposition 5.4 the existence of m; and (W)t € R™, (b');, where
i=1,...,my, and (W3)* € R™ with [[(W})i]loo < n1, [|(b'):] < 72 such that

W5 o (W -+b]) = filler .z < (5.3)

Wi o(W) - +by) - <— 5.4
Wy o(Wi - +b1) = fillerxm) N (5.4)
and Wi = col(W)1,..., (W), ). Since this holds for all coordinates of the vector-valued function f we have

(5.3).
To treat the vector-valued case we define
Ny =117 Ky Wy = col(W,...,Wm) € RNixn,
by =col(bl,....b7") e RNt Wy = col(W3,...,Wg*) € RNt
W3 = ((01)", (W), (W), (OR)),

where O% is the vector of zeros in RHg;iki,O%{ is the vector of zeros in RI=i+1% and T9_ k; = I, 1 k; are
empty sets. By construction (5.2) follows from (5.3).

Step 2. We proceed by induction and suppose that the result has been verified for all levels up to L — 1
with L > 3. The proof is inspired by Corollary 2.6 of [20]. By induction hypothesis there exists for arbitrary
€ and each compact subset K in R", a space Rp—1 with arch(Ry-1) = (n,N1,...,Np—2,m) and a network
0p_1 = (‘/Vl7 bi,... ,bL,Q, WLfl, 0) € Rr_1, with HW1||00 <mn, ||szoo < 72, t=1,... , L — 2, such that

€
Y

. (5.5)

If— fg—l,e o ff-z,e 0---0 fzg,o o ff,e”cl(K,Rm) <
where ff—u)(x) =Wp_1z, ffo(x) = o(Wiz+b;) fori =1,..., L — 2. Without loss of generality we may assume
that the norm on C{(K, R™) is chosen as || f|lc1(x,rm) = [ fllccxrm) + [1f lecx rm)-

Let us set o1 = f7 ;g0 f7 5900 fJg0f7yand K = ¢1(K) U ¢} (K), which is a compact set in R™. By
induction hypothesis there exist Ny_1, Wy € R™*Ne—1 1, € RNe—1xm p 1 e RNe-1 with 161 -1]00 < 12
such that

I fo €
1d = fT oo fL-20llciiprm) < 6’ (5.6)

where f7 4(z) = Wiz, f‘L’_w(x) = o(Wy_12 +br_1) and we set pp = floo fg—Le'

Next we concatenate the networks ¢ and ¢ to a network ¢ = @ 0 1 with arch(R) = (n, Ny, JyL,l,m). By
construction its elements satisfy the dimensions and bounds specified in the theorem and Wy_o = Wy_oW_5 €
RNz-2XNe—1 By (5.5) and (5.6) we have the estimate

1f=eller (e rmy < If = e1ller g rm) + [1(Zd = p2) © paller (ke mm)

€
<5 FIHd = e2llek mmy +1Ud = @2)@ e mm) + lloaerllecsrm) <€

as desired. 0
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Proof of Theorem 5.3. Fix e > 0 and choose an arbitrary but fixed L. € N, L. > 2. According to Proposition 5.5
there exist an architecture arch(R.) € NFe*! as well as a neural network

O = (Wi, b5,..., W, b%) € Re

satisfying [|[W5|leo < M1, [D5]o0 <72, i=1,..., L., as well as
* o [ o £
| F* — fLE,QE ©--+0 fz,ag © fl,ag ||01(Bm(0),Rm) < 3
In particular this implies
* o €
IDF*(z) — DFg ()l < 3
and, utilizing F*(0) =0 and (5.1),

|[F™(z) — Fg (2)] < [F*(0) = f7_g. 00 f3g 0 fTg.(0)
e 2e

* o o [ €
+|F (x)*fLE,eso"'ofz,es°f1,95($)|<§+3:§

for all x € BQJV(O). This finishes the proof. O

6. APPROXIMATION OF THE LEARNING PROBLEM BY NEURAL NETWORKS:
WELL-POSEDNESS & CONVERGENCE

We commence this section by defining neural network based approximations to (P). Let us observe that by
construction the feedback laws in H% can be parameterized as a function of the associated finite-dimensional
neural network 6 € R. For this purpose we introduce the surjective mapping

F7:R = Hy  where F7(y)(t) = Fy (y(t))

with y € W and ¢t € I. Fixing constants 71, n2 > 0, and choosing a number of layers L € N as well as an
architecture arch(R) € NX*1 we propose to approximate (P) by

min Iy, Fg) +Gr(0)
YELS® (YoiWes) (P%)

st a(F)(y,®) =0 Ve L3(Yo; Wao), [[¥llLee(vorwn) < 2My,.
Here we introduced an additional regularization term Gr: R — R U {oo} in the objective functional. It is used
to guarantee existence for (P%). It involves the set of admissible controls, reflecting the bounds suggested by
Theorem 5.3, given by
Raa = {0 = Wy,b1,...,WL,br) € R [ [Willoc <, [billec <72, i=1,...,L} CR,

and a penalty on the remaining network parameters:

Gr(0) = Ir,,(0) + Gr(0) (6.1)
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where Iz,,: R — RU {co} denotes the convex indicator function of Rqq i.e.

0 0eR,
Iz, (0) :{ +oo else ’

and
L
Gr(0) =ar > _||[Wil?
i=2

for some ar > 0.

Remark 6.1. In contrast to 71, 12, the regularization parameter agr depends on R. This will be crucial to show
convergence of the proposed approximation scheme. For further details we refer to Section 6.3.

The remainder of this section is dedicated to the investigation of the connection of (P) to (P%). In particular
we prove the existence of a sequence {Lc }.~o € N and architectures arch(R.) such that (P%_) admits an optimal
solution (67,y7) € Re x Ly (Yo; Weo) with (7., yZ) approximating minimizers of (P) as € — 0. We proceed in
three steps. First, in Section 6.1 we establish the existence of admissible points to (P% ) for suitable architectures
based on Theorem 5.3 and nonlinear perturbation results. Next, in Section 6.2 the existence of optimal solutions
to (P%) is argued. Finally their convergence behavior as ¢ — 0 is studied in Section 6.3.

6.1. Stabilization by deep neural network feedback laws

In this subsection well-posedness results for (3.2) with the feedback operator F* replaced by a neural network
based approximation are established. For this purpose we require an additional assumption concerning the
linearization of (3.2).

Assumption 6.2. There exists a constant C' > 0, such that for arbitrary yo € M (Yy) and every dyy € R™
and dv € L?(I;R™) there exists a unique function dy € W, satisfying

8y = DE(y*(y0))dy + BDF*(y*(y0))dy + 6v,  8y(0) = dyo
and

l6yllw.. < C(l[0v]lL2(rmn) + [dy0l)-
Sufficient conditions for Assumption 6.2 to hold are discussed in Appendix C. For ¢ > 0 let 6. € R. be

the neural network obtained from Theorem 5.3. Subsequently we consider the following family of closed loop
systems

ve = £(ye) + 8.7:36 (Ye),  ¥e(0) =yo (6.2)

where F¢ with ¢ > 0 is induced by Fy . Before we turn to the main theorem of this section we establish two
preparatory results.

Lemma 6.3. Let € > 0 as well as y1, yo2 € Vaq be given. Then there holds

1F*(y1) — Fo. (1) — (F*(y2) — Fg. (W)l z2rmmy < ellyr — v2llwe -
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Proof. Set h =y — y1 € W,. By applying the mean value theorem we obtain

IF" (1) =F5. (Y1) = F(y2) + Fg_(y2)ll L2(r:mm)

S Sl[lp] HD}'*(yl + Sh) — .D.]'-ga (y1 + Sh)HE(W(x,,Lz(I;R""))HhHWoo' (63)
s€0,1

We note that y; + sh € V4 for all s € [0,1]. Using Theorem 5.3 we estimate for every s € [0,1] and dy € W

[(DF*(yr + sh) = DFg_ (y1 + sh))oyllL>(rmm)

— \//ooo [(DF*(y1(t) + sh(t)) — DFg (y1(t) + sh(t)))dy(t)|>dt

< \// [DE*(y1(t) + sh(t)) — DFg (y1(t) + sh(t)) g [0y (t)[*dt
0
< elldyllrz(rmny < elldyllw..

where we utilized |y (t) + sh(t)] < 2M for all t € I. Combining this estimate with (6.3) yields the result. O
Corollary 6.4. Let € > 0 and y € Vqq be given. Then there holds

I () = Fo. W)l 21wy < ellyllwe -

Proof. The statement immediately follows by applying Lemma 6.3 with y; = y and y» = 0 as well as
using F*(0) = F7 (0) = 0. O

We are now in the position to prove the following theorem.

Theorem 6.5. Let Assumptions 3.1-6.2 hold. There exists e1 > 0 such that (6.2) admits a unique solution y. =
Ve(yo) in Vaa for all yo € Yo and 0 < & < 1. Moreover there holds

ly*(vo) — y=(vo)l|w.. <ce

with a constant ¢ > 0 independent of yo and €. The mapping
Ye: Yo = Wee, w0 '_>y~e(y0) (64)
fulfills

3
lye(wo)llw. < §M|yo| Vyo € Y. (6.5)

In particular we have y. € L7°(Yo; W) with ||yEHLﬁo(YO;WOO) < %MYO.

Proof. The proof is based on a classical fixed-point argument. Let yo € Yy be arbitrary but fixed. Define the set
3
M= {y W |yl < 33thl } < Y

On M we consider the mapping Z: M — W, where z = Z(y) € V,q is the unique solution of

z=1(2) + BF*(z) + BFg_(y) — BF*(y), 2(0)=yo. (6.6)
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To see that this mapping is well-posed we first note that the perturbation function v = BF (y) — BF*(y) fulfills

[ollL2(rmny < IBIIF*(y) = F5.(0)l| 22 0,00mm)

3 3
< elBllylw... < 5M=lBllyol < 5 Myoel Bl

Note that the right hand side of the final inequality is independent of y € M and yy € Yy. Thus by choosing € > 0
small enough we may invoke Theorems B.1 and B.3, respectively, to get the existence of a unique solution z € V,q4
to (6.6) with

Izl < Mlyo| + cllvllL2zmm)

3 3
< Mlyol| + 05ME|\B||L(LZ(I;Rm),m(I;Rn))|y0| < §M|y0|

where ¢ > 0 is the constant from Theorem B.3. From this we conclude Z(M) C M for all yo € Yy and € > 0
small enough. It remains to prove that Z is a contraction. To this end let y;, y» € M be given. Applying
Corollary B.2 yields

1Z2(y1) — Z(y2)lwe < cllF*(y1) — Fo.(y1) — F*(y2) + F4. (Y2)l122(0,00;rm)
< cellyr — yallw.,

with a constant ¢ > 0 independent of y1, y2 € M as well as of yg € Yy. Note that we also utilized the Lipschitz
result of Lemma 6.3 in the final inequality. Choosing & > 0 small enough we conclude that Z admits a unique
fixpoint y. = Z(y.) € Woo on M. Clearly, the function y.(yo) := y. satisfies (6.2), (6.5) as well as

§ 3
llye(wo) =¥ Wo)llwe. = I12(y(y0)) — Z2(0)|lw.. < cellyellw.. < ceq My,

where the constant ¢ > 0 is independent of yo. Last, we mention that the solution to equation (6.2) is unique
due to Gronwall’s lemma. It remains to proof the p-measurability of the mapping y. given in (6.4) for all € > 0
small enough. Let yo € Yp as well as an arbitrary sequence {yf }ren C Yo with y§ — yo be given. By construction
we have

a(FE)(ye(yh), yk,¢) =0 Vo € Wi

and all k£ € N. Since {yg(y’g)}keN C V.qa we can extract a subsequence, denoted by the same symbol,
with y.(y%) — 7 € Vaa- Passing to the limit as & — oo we conclude

a(‘/—-ge)(gayOa(b) =0 \V/¢ € Woo

Since solutions to (6.2) are unique in Y,q we get § = y.(yo). Due to the arbitrary choice of the sequence {yf }ren,
the weak continuity of y. follows. We finish the proof by noting that weakly continuous functions are u-
measurable. O
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6.2. Existence of optimal neural network feedback laws

Let us now return to the study of problem (P%). For further reference define the sets of pairs fulfilling the
equality constraints in (Pg) as

NE={(0,y) e Rx LY (Yo; Weo) | a(F§)(y, @) =0 VP € L2(Yy; Weo)}
as well as those fulfilling the bound constraints by
NE = { (0,5) € R X L (Yo; Weo) | 0 € R, [¥llpzevisawa) < 2My, b
Finally we get the set of admissible pairs to (P%) as
NE=NEANE, . CRx L2 (Yo; Wao).

The product space is endowed with the norm

169 lrxrzvowee) = /101 + 1115 viawe -

In this section we shall prove the following two existence results.

Theorem 6.6. Let Assumption 3.1 and 5.1 hold and assume that/\f(zg % (). Then there exists at least one global
minimizer (0%,ye-) € Raa X LY (Yo; Wao) to (PF).

Theorem 6.7. Let Assumption 3.1-6.2 hold and denote by arch(R.), € > 0, the family of architectures from
Theorem 5.3. Then there exists €1 > 0 such that (P%_) admits a global minimizer for every 0 < e < e;.

We require several technical results.

Lemma 6.8. Let L € N and an architecture arch(R) € NEF1 be given. Consider neural networks 0, 0 € R, k €
N, with 0 — 6 in R. Denote by Fg and Fg the Nemitsky operators induced by the corresponding realizations.
Then there holds

lim sup 75, (y) — ‘Fg(Y)H%ﬁ(YO;LQ(I;Rm)) =0.

ko0 HYHLEO(YO:WOO)SZMYO

Proof. We proceed in several steps. First let Ny, No, N3 € N, g¥, let g, € CY(RM;RM2) as well as g5, go €
CH(RN2;RN3), k € N, with
[||9’f - gl||Cl(K1;RN2) + ||9§ - g2||C1(K2;RN3)] =0

lim
k—o00

for all compact sets K; C R™ and K, C RV, respectively, be given. Set g* = g5 o g and g = g2 0 g1. By a
compactness argument it follows that

khm lg* — 9ller (x,;mvsy = 0. (6.7)
— 00
Now let us return to the proof of the stated result. We estimate

|Fg, () = F (2)] = |Fy, () — F§ (z) = F5,(0) + F(0)]

sup_||DFyg, (z) — DFy (2)]| ||
|7|<2M

IN
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for every z € R™, |z| < 2M. Utilizing Assumption 5.1 as well as 0, — 6 in R it is straightforward to show
k;ll)n/olo ||sz)"6 - flo;ak ||C1(K,-,1;RN7?) = 0, for i = 1, ey L

and arbitrary compact sets K;_; C R¥i~1., We apply (6.7) repeatedly to conclude

lim sup ||DFy (z) — DFy(2)|

7% z|<2M
= lim sup ||D(ff,9 O---0 féj,e Off,e)(f) - D(fz,ek O sza,ek Off,ek)(f)H =0.
k—o0 |’f‘§21/\2

For abbreviation define the null sequence

my = sup |[DFg (z) — DFg(z)|| VkeN.
|z <2M

Next consider an arbitrary y € Yoq. We have [|y|lc,rrn) < 2M and therefore

175, () = F§ Wz rm) = /1| 5. ((t) = F (y(t))]* dt < mi/j\y(t)P dt < 4mj Mg,

Finally let y € L7 (Yo; Woo) with [y || e (vy;we) < 2My, be given. Note the existence of a p-zero set O € A
such that y(yo) € Vua for yo € Yo \ O. Thus we can estimate

175, (%) = F& (D12 (v (1w = /Y 175, (v (y0)) = F§ (¥ (o)) |72 (r;m) di(yo)
0
<m0 s ey o) < 4,
0
Since the right hand side tends to 0 as k — oo independently of y € LZO(YO; W), this completes the proof. [
Remark 6.9. Along the lines of the previous proof we also conclude that

klim sup || Fg, () — F§ ()|l L2(r;rm) = 0.
—XYeYVad

Lemma 6.10. Let {0 }reny C R be a given sequence of neural networks satisfying 0, — 0 € R. For every k € N
assume that there exists an ensemble solution yy, € Ly (Yo; Woo) fulfilling

a(Fg )(yr, ®) =0 Vo Li(Yo;Woo)7 ¥kl Lo (Vo) < 2Mys-
Then there exists y € Li(Yo; Weo) with yr, —y in Li(Yo; Weo) as well as
a(Fg)(y, ®) =0 Y€ L7, (Yo; Woo), [I¥]lLee(vorwn) < 2My,.
Proof. Since {yk}ren is bounded in LZO(YO; W) there exists a subsequence, denoted by the same symbol, as

well as an element y € Li(YO; W) with yp — y in Li(Yo; Woo). Invoking Proposition 4.3, let O € A denote
a i zero set such that

a(Fg ) (¥e(o),y0,0) =0 Vo € Wi, [lye(vo)llw., <2My,
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for all k € N and all yg € Yy \ O. Fix an arbitrary yo € Yy \ O. Note that the sequence {y(vo)}ren is bounded
in We. Let {y,; (yo) }ien denote an arbitrary but fixed subsequence with yy, (yo) — ¥(yo) for some ¥ (yo) € W

as i — 0o. Due to the weak lower semicontinuity of the norm on W, we immediately get ¥(yo) € Vaq. Next
fix ¢ € W.. Utilizing the weak convergence of {yy, (yo) }ien yields

lim (¥, (%), 6) 22 (1) — (¥ (¥0), ) 2(1:mm)| = 0
1—00
and
Jim | (78, (40)(0), 6(0)g = (F00)(0),6(0)z | = 0.
Furthermore, applying Corollary A.2 (with F replaced by f) , we conclude

lim [(f(yr, (40)), ®)p2(rmn) — E(F(%0)), @) 2(1:mm)| = 0.

11— 00

Last we split
For., Yk (W0)) — F5 (¥ (wo)) = T4, (yr. (w0)) — F5 (¥, (v0)) + F5 (¥, (v0)) — F5 (¥(¥0))
to get

Jim [(BFG, (Yr:(0)), @) 2 (i) — (BFG (Y (y0))s @) L2 (1:0m)| = 0.

Here we again used the weak convergence of {yx, (yo)}icn, Corollary A.2, as well as Remark 6.9 and 0y, — 6
in R. Recalling that ¢ € W, was chosen arbitrarily we arrive at

0= zli{lgo a(fgk7)(ykz (yO)vyOa ¢) - a(]:g)(s;(y())vyo’ ¢) V(,b € Woo

Thus ¥(yo) € Vaa is the unique solution to the closed loop system (4.1) associated to F§ € H and yo € Yy \ O
¢f. Proposition 4.1. Combining this conclusion with the arbitrary choice of the subsequence {yy, }ien we get
the weak convergence of the whole sequence i.e. yr(y0) — ¥(yo)- Last note that the previous argument can be
repeated for every yo € Yy \ O i.e. there exists a family {7(y0)}yoevo\o0 C Yaa With

ye(o) = Y(Wo), a(Fg)(F (o) y0,¢) =0 Vo€ Wy

and every yo € Yy \ O.

Summarizing our previous findings we therefore have Hyk”Lzo(Yo;Woo) <2My,,yr —yin Li(Yo; W) as well
as yr(yo) = ¥(yo) in W for p-a.e. yo € Yp. In particular, the requirements of Lemma A.4 are met implying
that y € L7 (Yo; Woo) with [[y|| Lo (voswe) < 2My, and y(yo) = ¥(yo) for p-a.e. yo € Yy. Moreover it is evident
that y is an ensemble solution to (4.3) given FJ € H i.e.

a(Fg)(y, @) =0 VP e Lj(Yo; W),

see Proposition 4.3.

Finally note that the weakly convergent subsequence of {y}ren was chosen arbitrary in the beginning and
ensemble solutions are unique, see again Proposition 4.3. Thus we obtain y; — y in Li(Yo; W) for the whole
sequence. This completes the proof. O
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We make the following observations.
Lemma 6.11. There holds:

— Weak closedness: The set N is weakly closed in R x L? 2 (Yo; Weo).
- Radial unboundedness: For every sequence {(Gk,yk)}keN C NE we have

1Ok, yi) | R x 22 (voswa) = 00 = (Y&, Fg,) + GR(Ok) = 00
— Lower semicontinuity: For every sequence {(0k,yx)}tken C NS we have

(O, 38) = (6,5) = §(y. F5) + Gr(6) < i nflj(ys, 75,) + G (01)].

Proof. In the following {(0k,¥%)}ren C /\/ZS always denotes an arbitrary sequence. Let us prove the first
statement. Assume that

{0k, yr) teen = {(0,y)ken in R x Li(YO; Woo).

Clearly, this is equivalent to ;, — 6 in R and yx — y in Lz(Yo; W ). By definition of R,q we immediately
get 0 € Ryq. Applying Lemma 6.10 we further conclude

a(Fy)(y,®) =0 Vbe Li(Yo;Woo)a ¥l zee (voswae) < 2My,,
e. (0,y) € Naa. Thus N is weakly closed. By Remark 6.9 and (A.2) of Lemma A.4 we conclude that
Fo (ye) = Fg(y) in L (Yo; L*(;R™)).
Next we introduce the linear and continuous mapping
Q: L7 (Yo; Woo) = L7 (Yo; Weo),  where  (Qy)(y0)(t) = Qy(y0)(t)

for p-a.e. yg € Yy and t € I. We rewrite j(yk,fgk) as

j()’kafgk) Hka||L2 (Yo; L2 (I;R™)) || gk(yk)H%i(Yg;L?(I;Rm))'

Since the squared norm is convex and continuous it is weakly lower semicontinuous on Li(Yo;WOO). As a
consequence we get

lim inf j(ye, 7§,) > §(y, F5)-
—00

Together with G (0x) — Ggr(0) this yields the third statement.
It remains to comment on the radial unboundedness of the objective functional on N, ;3. Assume now that
we have [[(0k, y&)llrx 12 (vo;w..) — 0o. This is equivalent to

L
- e K2 —
Jim Gr(Ok)/ar = JE&; W I* = +o0.
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We finish the proof noting that

OSOZR

0
%Rk) < j(yr, Fg,) + Gr(0) — oo, for k — oo.

O

Based on the results of the previous lemma the existence of at least one solution to (P%) is imminent if the
set of admissible pairs is not empty. This verifies the assertion of Theorem 6.6.

Proof of Theorem 6.7. For every € > 0 denote the set of admissible pairs to (P%_) by Ng;. We show that N,
is nonemtpy for all € > 0 small enough. The existence of a global minimizer then follows from Theorem 6.6.
Let 6., € > 0, be the family of neural networks from Theorem 5.3. According to Theorem 6.5 there exist e; > 0
and functions y. € Ly (Yo; Woo) with

a(Fg)(y- @) =0 V& € L (Yo; Woo), [Iyellre (voswee) < 2My,

for every 0 < € < ;. Since 0. € R 44, € > 0, by construction we conclude that (0.,y.) e N5, 0<e <e;. O

Remark 6.12. To close this subsection we again point to the explicit form of the objective functional j in (P%)
which is given by

567 =5 [ [(Qym)OF + AP () )Pt o)

In particular recall that the parameter 3 is strictly positive. This is often required, in the absence of further
control constraints, to show existence of minimizers to the open loop problem (Pgo) for yo € Y. Since we
parametrize admissible feedback laws by neural networks whose weights are additionally regularized this is not
necessary to guarantee existence in the approximating problem (P%). In fact all results derived in this section
remain valid for 8 = 0.

6.3. Convergence & a priori estimates

This subsection addresses the convergence of feedback controls induced by realizations of optimal solutions
to (P%E) as € — 0. For this purpose we again point to the additional regularization term Gr_ which was added
to the objective functional in (Pg) in order to ensure the existence of global minimizers. Since no similar term
appears in the original problem (P) it should vanish at a certain rate as € > 0 goes to zero. This will be
achieved by choosing the regularization parameter ar, in dependence on the admissible set of neural networks.
For preparation we make the following observation.

Corollary 6.13. Let 0. = (W, b5,..., W} _,b3_), e > 0, denote the family of neural networks from Theorem 5.3.
Then there exists 0 < g2 such that 25252 [WE2 > 0 for all 0 < & < 3.

. . Le,
Proof. Assume that there exists a sequence {e;}ren C Ry \ 0 with e — 0 as well as Y, 75 [[W:*||2 = 0 for
all k € N. Then by definition the realizations associated to 6., are constant i.e.

kg (z) =Fy_ (0) Vxe B,5:(0)
and all k¥ € N. Moreover due to Theorem 5.3 we have

lim sup [F*(z)— Fg (z)] =0.
k—oo0 QTEBZM\(O) k
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This gives a contradiction since F** is not constant on B,:7(0). O
The preceding corollary justifies the following assumption on the regularization parameter.

Assumption 6.14. Let Assumption 3.1-6.2 hold and denote by arch(R.) and 0. € R, € > 0, the families of
architectures and neural networks according to Theorem 5.3. The family of regularization parameters {ag_ }e>0
is chosen such that

£
O<ar, <

——, 0<e<ea.
e — L. bl
25 IWEl?

We first derive an a priori estimate for the optimal objective function values.

Theorem 6.15. Let Assumption 3.1-6.14 hold. For 0 < e < ey let (0%,ye:) be a minimizing pair to (ng)'
Then we have

0< j(y9;7]:g;) + gRE(Gz) _j(y*vj:*) <ce
for some constant ¢ > 0 independent of €. In particular we have

as € — 0.

Proof. First recall that the considered approximation scheme is conforming i.e. H%_C H for every € > 0. Thus
for the family {6.}c~0 from Theorem 5.3 and € > 0 small enough we get

0<j(yo: Fo:) —i(y", F*) < j(yez, Fg-) + Gr.(02) = j(y", F7) (6.8)
< j(yo.. Fg.) + Gr.(0) = j(y", F7)
due to the optimality of (F*,y*) for (P), the optimality of (6%,ye:) for (P%_) as well as Gg_(07) > 0. Let 0 <
€ < g9 be given. We further estimate the difference on the right hand side of the last inequality. For this purpose
we proceed similarly to the proof of Lemma 6.11 and rewrite
i(yo.. F5.) —3i(y", F*)/2 = D1+ D>

where

D, = ||st\|%g(y0;1:2(1;w)) - ”Qy*”%ﬁ(Yo;L%I;R“))v
Dy = B(||F5. (ye)H%i(Yg;Lz(I;R””)) - H}—*(y*)H%g(YO;LZ(I;Rm)))'

The first term is estimated by

|||QYEH%ﬁ(YO;L2(I;]R")) - ||Qy*||%i(Y0;L2(I;R"))|
< QYellree vowa) + 1QY" | zee (vo;weo) 11QYel 22 (vos22(rirm)) — QY |22 (v6; 12 (187 |
< AQIP My, llye =y ez (vosrzrmmyy < 4IQIP My Iy = ¥l Lee (voswne) < 41Q)* My, ee,

where we used

max{ [|yell Lo (vo;weo)s 1Y ([ 2o (voswe) ¥ < 2My,
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in the second inequality and the convergence result of Theorem 6.5 in the last one. To bound the second term
we first point to

IFg.(y2) = F ()22 (vosr2(1:mm))
SNFG. (ve) = Fr (vl ez voszammyy + [1IF(ye) = F () L2 (vosz2(rimm))
< 6HYEHLZO(YO;WOO) + LF*’QI/\/THYE - y*HL;’f‘(Yo;Woo) < QMYos + ce.

Here we utilized again Theorem 6.5 as well as Corollary 6.4 and the Lipschitz continuity of F* on BQJ/M\(O).
Similar to the first term we estimate

H|féfs (YE)H%g(YU;m(I;Rm)) - H]:*(y*)H%ﬁ(Yo;LQ(I;Rm))|
< (1. (vl 2 vosz2rmmyy + 1F ()M 22 (v 2 amemy) ) 1F. (ve) = F (Y ) 2 (vos 2 (1mmy)

< ce
where we used the last estimate as well as

SUp{|l 75 (ve)llzz s rmmy) } < oo
€

Summarizing the previous observations we conclude
0<j(yor, Fi:) + 9r.(02) —i(y", F*) < ce + Gr. (0c)

for some constant ¢ > 0 independent of €. The first part of the proof is now finished by noting that Gg_(0.) < ¢
due to Assumption 6.14. From (6.8) we finally get

0 Sj(y9;‘7fg;) 7](y*7‘7:*) <ce
yielding j(ye:, Fg-) — j(y*, F*) as € = 0. O

The following convergence result is a direct consequence of the a priori estimate on the optimal objective
functional values.

Theorem 6.16. Let Assumption 3.1-6.14 hold and denote by {er}ren C (0,e1] an arbitrary null sequence.

For each k € N let (9:k73’9;‘k) € Re x L?(Yo; Wao) be a minimizing pair to (PZ. ). Then there is a subse-

quence, denoted by the same index, such that for p-a.e. yg € Yy the sequence (yegk (o), Fg- (yg;k (y0))) €
. :

Weoo x L2(I;R™) admits at least one weak accumulation point. Each such point (,7) satisfies
y=1£(3) + B, §0) =yo, (§,1) € argmin (P). (6.9)
Proof. Define the sequence of scalar valued functions he, = J(yg;k  Foe (yg*k )) in L*(Yp). From Theorem 6.15
£k €

and since h., > J(y*, F*(y*)) p-a.e we conclude that he, — J(y*, F*(y*)) in L} (¥5). As a consequence there
exists a subsequence of €, denoted by the same symbol, as well as a p zeroset O with

J(yor, (0), 75 (voz, (40))) = J(y" (90), F*(¥"(y0))) = min (P5") (6.10)
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as well as
Yoz, (vo) = f(Ye;k (v0)) + B}"g;k (ye;k (o)), yoz, (¥0)(0) = o, ||yegk (yo)llw.. <2My,

for all yo € Yy \ O. Fix such a yo. Due to (6.10), the sequence (ye;k (yo), Fe (yg*k (yo))) is bounded in W, X
c £k €k

L?(I;R™) and thus admits a weakly convergent subsequence with limit (7, %). Now utilizing Corollary A.2 we
conclude

y=£(@) + B, §0) = yo, [Fllw.. <2My,.
Thus we have

min (P¥°) < J(7,4) < liminf J(ygg (Yo), F- (ygg (y0))) = min (P¥°).
B k—o0 k €k k B

Since yo € Yp \ O was arbitrary this finishes the proof. O
To obtain a stronger convergence property we impose a uniqueness assumption on the minimizers of (Pgo).

Corollary 6.17. Assume that (y*(yo), F*(y*(y0))) is the unique minimizer of (P§°) for p-a.e yo € Yo. Then
there holds

(vor, - BFG. (vo:,)) = (", BF*(y*)) in L2 (Y: W) x L(¥o: L2(I: ). (6.11)
Proof. First note that ||y9;k o (vo;wa) < 2My, as well as

i ) } ) 2j(yo:, » 75 (¥5: )
IBFG. (yor Mz (voirzrmny) < ellFg: (Vor Tz (vosrzrmmy) < € R

for every k € N. Since the right handside of this inequality converges as k — oo, the sequence (y€;k , B]-'g;k (ygzk )
is bounded in Lg°(Yo; Woo) x L2 (Yo; L*(I;R™)) and thus admits at least one weakly convergent subsequence
in L2 (Yo; Weo) x L2 (Yo; L*(I; R™)). Let (yg;k/,}'gzk/ (yg;k/ )) be such a sequence and let (¥, IAI) € L2 (Yo; Wao) X
L2 (Yo; L*(I;R™)) denote its weak limit. Note that B g;k/ (yg;k,) € L2 (Yo; L*(I;R™)) with

IBF5. | (vo:, Mg voir2mny) < I¥o:, e (voszarmmy) + 1€(ye:  Mlng vosz2mmy)

€

< C||yegk, ”Lff(Yg;Wm) < c2My,.

By Theorem 6.16 applied to the sequence €, and the uniqueness of the minimizing pair (y*(yo), F*(y*(v0))
to (Pg") for p-a.e. yg € Yy we further get a subsequence e~ of e, with

(vor,, (w0): BFS.  (vor,, (v0))) = (¥ (90), BF*(y"(40))) in Woo x L*(I;R") for p-a.e. yo € Yp.

1" "

By the dominated convergence theorem and uniqueness of the weak limit we can conclude that y = y*, h=
BF*(y*). Since the weakly convergent sequence was chosen arbitrarily in the beginning, we obtain (6.11). [

Next we consider the measure given by finitely many Dirac delta functions on Yjp.
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Corollary 6.18. Let p = Zf\;l aiéyé with o; > 0, yb € Yy as well as Zf\il a; = 1, see Example 4.7 b),
and let (07, ,y0: ) € Re x Ly?(Yo; Woo) be as in Theorem 6.16. Then the sequence {(yg;k7.7:g* (vor, ) tren
: 5 Yoz,

admits at least one weak accumulation point (y,4Q) in L2 (Yo; W) x L2 (Yo; L*(I;R™)). Each such point
fulfills |¥ | Lo (vo;we) < 2My, as well as

§(iyo) =1£(¥(y0)) + Bu(yo), ¥(40)(0) =50, (¥(%0),u(yo)) € argmin (Pé”)

for all yo € Yp.

Exploiting the finite dimensionality of the support of the measure we can follow the proof of Theorem 6.16
to verify this result.

Remark 6.19. Note that Theorem 6.16 does not ensure the existence of a Nemitsky operator F € H such that
y =£(3) + BF(), 5(0) = g, G =F(9) (6.12)

for p-a.e. yg € Yp. In practice, indeed, we can only solve instances of the approximating problem (737"35) for small
but nonzero £ > 0 yielding controls in feedback form. Nevertheless, sufficient conditions on the considered neural
networks which ensure the existence of an operator F fulfilling (6.12) would be of great theoretical interest. We
postpone a thorough discussion of this question to future research.

7. PRACTICAL REALIZATION

We address selected topics for the computational realization of the learning problem. First the infinite time
horizon in (P%_) is replaced by a problem with finite time horizon. Together with its first order optimality
conditions it is discussed in Section 7.1. These first order conditions are subsequently used within a gradient
based algorithm. Combined with a discretization approach this is described in Section 7.2.

7.1. Finite time horizon problem

We fix e > 0 and T > 0, and set I = [0, T]. For every yo € Yy and 6 € R. we consider the finite time horizon
learning problem given by

pnin Jr(y, Fg) + Gr.(0)
yEL (Yo;Wr) (Pk..r)

st ar(FG)(y,®) =0 Ve L2(Yo; Wr), lyllrevowr) < 2My,,

where
in ) =3 [ [ (Qy() O + AP0 @) Pt oo

and W and aT(fg ) denote the canonical restrictions of W, and a to Ir.

It is straightforward to argue existence for a minimizing pair (07 ,ye: ) of (P%_r) if (Pr.) admits a
minimizer. We formally derive the following necessary first order conditions, a detailed proof, however, goes
beyond the scope of this paper. For simplicity let us focus on the case of inactive constraints i.e. we assume
that

027 € Nt Raae, [Vor e vowr) < 2My,.
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Then there exists pg- . € L;°(Yo; Wr) such that

(vo: , —£(vo: ) = BF-  (yo: ), @)1z (voszz(rmm)) + (¥o: 1. (0) — yo, (0)) L3 (voimm)
=0 Ve L2(Yo; Wr), (7.1)

(Po: . + DE(yor )" Po: . + Dmfg* 2 yo: ) Bz 1 ®) 2 (vo2amny) — (Poz . (T), (1) L3 (voimm)

—(Q"Qyo+ . + BD, (yo; ) fé‘T(yé);T), D) r2(vy;r2(rmny) VP E Li(yo; Wr), (7.2)
as well as
(0 + L0 (02.0)"v0z . + VG, (07),0 — 6 )RE >0 V0 € Rua. (7.3)
where
VGr, (02 7) = 2ar.(0,0,W5,0,--- ,WL,0) € R.
and

T
O = /yo/o |:D9]:g;T (YG;)T)*B*I)G;,T + ﬂDgfé‘T(ygz’T)*]:g;T(yQ;T)} dt du(yo).
7.2. Discretization & algorithmic solution
In order to compute a minimizer of (P%g,T) we also have to approximate the integrals with respect to the
probability measure p as well as the closed loop system and the adjoint equation. While a thorough discussion
of different discretization schemes including a rigorous analysis of their convergence is postponed to future

research we nevertheless briefly outline our chosen approach. First replace the measure p by a suitable convex
combination of Dirac Delta functions

N N
“N:Zwiéy{,’ Zwizl, w; >0
i=1 i=1

for i =1,..., N, supported on a finite set )70 C Yy. Without loss of generality we may assume 0 € )70.
The new ensemble objective functional is then given by

vy, F sz [/ Q¥ O + AP )]

Due to the finite cardinality of }Afo we identify

L2 (Yo;Wr) = (Wil |- llwr2),  ¥llwez =

N
> willyilly,
=1
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as well as

L35, Vos Wr) = (W3 - ) Iy e = e lyillwy oo

Lo

Further there holds Lg5, (Yo; W) ~ Cy(Yo; Wr). This leads to the learning problem which we treat numerically

0€ER: ad,
yewy

N
. 1 -
i [2 > [ ] G@voF + 51F; <yi<t>>|2dt] +0r. <9>] 7 (7.4
subject to the constraints
vi=f(yi) + F§(vi), yi0)=w5, lyilwe <2My,, i=1,...,N.

Again, we put ourselves in the situation when there exists a minimizing pair (6*,y*) € Raq.. x WA for (7.4)
with

0" € int Raae, |yillwe <2My,, i=1,...,N,
satisfying
yi =f(y:) + F§ (vi), yi(0)=wp, i=1,....N. (7.5)

These assumptions together with (7.1)—(7.3) imply the existence of p* € W such that the triple (6*,y*, p*) is
a solution to

yi = £(yi) + F§ (vi), yi(0) =y (7.6)
—pi = DEf(y:)"pi + Do Fg (y:)"B*pi + Q" Qy; + 8D, Fg (v:)* F§ (yi), pi(T) =0 (7.7)
foralli=1,..., N and
N T
VG, (0)+ Zwi/ [DoFg (yi) B*pi + BDoFg (yi)* Fg (yi)] dt = 0. (7.8)
. 0

In practice we compute a triple (0,y,p) satisfying (7.6)—(7.8) by applying a gradient descent method to the
reduced problem

i [ S| [ (@S + 8157 (SO )Pt] + Gr. @] ,
where S denotes the operator mapping neural networks to the vector of solutions to system (7.5). The procedure
is summarized in Algorithm 1. Concerning the choice of the stepsize s* in step 5 we note that each evaluation
of the reduced objective functional requires the solution of N nonlinear ordinary differential equations. Hence
implicit stepsize rules such as Armijo backtracking are infeasible for the problem. In our implementation we
select s* according to the Barzilai-Borwein stepsize rule. Concretely this method is based on

Sk-1,Ek—1)R (Er—1,&-1)Rr
81 — ( k—1,Ck—1 e and 52 — ’ 2,
BB (Sko1,Sh-1)R. BB (Sko1, Eh1)R.
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Algorithm 1. Gradient descent feedback learning.

1. Let 6! € R..
while not converged do
2. Fori=1,..., N solve

yE=fyF) + F(yh),  yi0) = .
as well as
—p¥ = DE(y¥) pF + D, F5.(yE) B pF + Q" QyF + 8D, F5. (yF)* F§ (yF)

with p¥(T) = 0.
4. Compute

N T
0" = VGr, (0" + > w; / [DyFg (y¥)*B*pf + BDoFg (y¥)* Fou (yF)] dt.

i=1 0

5. Choose s* > 0 and set 851 = g% — skgF.
end while

with Sp_1 = 6% — 051 and &,_; = 8* — #*—1. Subsequently we either choose

s¥ = max {smin, min {51133, smax}} or s*=max {smin, min {SQBB, smax}} .

where Smin, Smax > 0 are fixed constants independent of & € N. At the same moment we have to mention that
the computation of the reduced gradient in steps 2—4 requires the solution of N nonlinear closed loop systems
and N linear adjoint equations per iteration. While only a moderate number IV of initial conditions is considered
in our numerical experiments we propose a stochastic version of Algorithm 1 and/or the use of inexact gradients
for large N.

8. NUMERICAL EXAMPLES

In the last section we report on three examples which illustrate the practical applicability of the proposed
approach. It is based on (7.5)—(7.8) where the state dynamics are replaced by a continuous Galerkin approx-
imation of order one and all arising temporal integrals are treated by the trapezoidal rule. This corresponds
to a Crank-Nicolson scheme for the closed loop system. Accordingly we derive first order necessary optimal-
ity conditions for the discretized learning problem. Finally a neural network feedback law is obtained from
Algorithm 1.

The finite time horizon 7', the number of layers L as well as the activation function o vary between the
considered examples and are chosen based on numerical testing. Our experiences with the learning problem
suggest that the time horizon T has to be chosen sufficiently large to ensure successful stabilization. We set N; =
n,1=1,..., L —1 and slightly depart from the presentation in Section 5 by considering layers of the form

fig(@) =c(Wix +b;))+2 VeeR", i=1,...,L—-1
including an additional identity mapping. Such skip or shortcut connections, [19, 40], prevent the Jacobians

of the individual layers from vanishing for small weights and thus greatly help in the training of deep neural
networks.
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FIGURE 1. LC-circuit.

Special attention is paid to comparisons between effects of the neural network feedbacks and the feedback laws
obtained by the linear-quadratic regulator (LQR) applied to the linearized system. It is given by Fr.qr(y)(t) =
—(1/B)BTTIy(t), cf. ([10], Chap. 6.2), where IT € R"*" denotes the unique positive-definite solution to the
algebraic Riccati equation

ATTI+TA - (1/B)TIB"BII +Q =0 where A = Df(0). (8.1)
Comparisons are also carried out to the power series expansion type controller (PSE)
Fese(y)(t) = —(1/8)BT (Ly(t) — (AT — (1/8)IIBB )11 fi(y(t))

with f; describing the nonlinear part of the state dynamics. Such feedback laws can be related to formal Taylor
approximations of first and second order for the value function around zero. For further reference see e.g. [36].

While we do not aim here at a quantitative comparison among different feedback methodologies with respect
to e.g. approximation capabilities and computational effort, we nonetheless point out that, at least for the
examples considered in the following, even with only a moderate number of initial conditions for the learning
problem and with early stopping after few iterations of Algorithm 1 the NN-based feedback gain provides
competitive results. There are cases when it is successful, while the Riccati- or the PSE-controllers fail. We
point out that the computations in step 2 can be parallelized leaving the overall computation time in the range
of minutes. Finally the application of NN-feedback laws only require the computation of matrix-vector products
as well as the application of the nonlinear activation function which can be efficiently realized. All computations
in this section have been conducted in Matlab 2019a.

LC-circuit

As a first example consider a LC-circuit consisting of two inductors of unit inductivity and a capacitator of
unit capacity see Example 4.2.1 of [39]. The setup is schematized in Figure 1. The magnetic fluxes in the left
and right hand side inductor are described by time-dependent functions ¢; and ¢, respectively. Let ¢ denote
the charge stored on the capacitor at any given time, and set y = (1, d2,q). We assume the linearity of all
involved elements. As a consequence the combined magnetic and electric energy in the circuit at time ¢ € [0, 00)
is given by % ly()]?. The system can be influenced by applying a voltage u through the generator at the lower
left side. According to Kirchhoff’s laws the vector-valued function y thus follows

01 -1 0
g=| -1 0 0 |y+| 1 Ju, y(0)=yo, (8.2)
10 0 0

where 3y € R? is the initial distribution of magnetic fluxes and charge. We stress that in the absence of a
voltage u the system is norm-constant i.e. |y(¢)| = |yo| for all ¢ € [0, 00).
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FIGURE 2. Results for yo = (—1,2,1)".

Given yg our aim is to drive the energy stored in the circuit to zero by applying a voltage u in feedback form.
We set Q =Id € R**3, and 5 = 0.1.

Since (8.2) is linear the value function of the associated open loop optimal control problem is V(yp) =
1/2y4 Hyg, where II denotes the solution of the corresponding Riccati equation (8.1). Thus as described in
Section 3.2 an optimal feedback law is given by F*(yo) = —1/8 B Ilyy, and W* = —1/8 BTII € R'*3 is the
Riccati feedback gain.

Clearly in this case it suffices to consider linear feedback laws in the learning problem i.e. L is set to one
and we only optimize Wy € R**3. The finite time horizon is chosen as T' = 20 and the training set of initial
conditions solely contains the first canonical basis vector (1,0,0)". Algorithm 1 stops with

W, = —(3.567,4.137,0.331)

after 38 iterations with gradient norm smaller than 107%. As a comparison the true Riccati feedback gain is
computed using the icare routine in Matlab. This results in

W* = —(3.571,4.140, 0.332).

Remarkably the learning based approach with a single initial condition yields a good approximation to the true
Riccati feedback feedback gain. The optimal and neural network feedback controls for yo = (—1,2,1) " as well
as the evolution of the norm of the closed loop states are depicted in Figure 2.

Van-der-Pol like system

The second example addresses the stabilization of a nonlinear oscillator whose dynamics are described by

Y(t)=1.5(1-Y2()Y(t) =Y (t) +0.8Y3(t) +u, (Y(0),Y(0)) =y, (8.3)
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for some yo € R?. This corresponds to the governing equation of a Van-der-Pol oscillator with an added cubic
nonlinearity which destabilizes the system. We equivalently rewrite (8.3) as a two-dimensional system

. 0 1 0 0 B
v= ( -1 15 >y+< —1.59%ys —y1 +0.893 >+< 1 >u y(0) = wo,

where y = (Y, Y) € Wao. We set Q = (1,0)7(1,0). Further we fix
B =0.001, T =3, and o(z) = max(z"°,0).

A set of 20 initial conditions is obtained by sampling from a uniform distribution on Yy = [—10, 10]?. Subse-
quently it is equally split into a set Y = {yé}2, used as training data in the learning problem with equal
weights w; = 1/10, i = 1,...,10, and its complement on which we validate the computed results. In order to
stabilize the system we trained neural networks with L = 3 and 5 layers, respectively. Since both lead to very
similar results we only report on those for the smaller network to avoid ambiguities in the following.

We illustrate the effect of the different feedback controllers on the system. For this purpose the orbits of
the associated closed loop dynamics originating from the test and validation sets are plotted in Figure 3. In
Table 1 the state and feedback control norms as well as open loop objective functional values, approximated by
a suitably large time horizon, are summarized for several initial conditions in the validation set.

As we can see from the results presented in Figure 3 as well as Table 1 the uncontrolled trajectories diverge
rapidly. This is due to the presence of the cubic nonlinearity. In contrast the linearization based feedback sta-
bilizes the system in most of the considered test cases but fails for initial conditions with relatively large y;
component. Last, while both nonlinear feedback laws succeed for all sampled initial conditions the computed
trajectories remarkably differ, especially in the transient phase. In fact the neural network feedback controller
first drives the state almost in parallel to the ys-axis towards a curve crossing the origin. On this lower dimen-
sional manifold the trajectories are controlled to the origin. We point out that none of the initial conditions
considered in the learning problem (indicated by blue dots in the Figures) lie directly on this curve. Again,
in view of the Bellman principle, this highlights the influence of the whole trajectory, and not just the initial
condition, on the learned feedback controller cf. Corollary 4.6.

The initial changes in the ys component of the PSE closed-loop state differ from the neural network dynamics
both in magnitude and, in some cases, in sign. In particular note that the neural network states do not leave Yy
while this occurs for the PSE dynamics if the first component of the initial condition is too large or small.

Comparing the computed results in Table 1 we observe that the LQR and PSE feedback controllers lead to
smaller objective functional values if the first component of yg is relatively close to zero. This can be expected
since both feedback laws are constructed based on a polynomial expansion of the value function around the
origin. Moreover, in contrast to LQR, the PSE controller efficiently stabilizes for initial conditions with relatively
large/small first component. However, we observe substantially larger control norms in comparison to the neural
network feedback and thus also larger open loop objective functional values.

Viscous Burgers’ equation

The final example is dedicated to the stabilization of a one dimensional Burgers’-like equation given by

O (x,t) = 0.20,:Y(x,t) + Y(x, 1) 0. Y (z,t) + SVP + xo () u(t)
V(-1,t)=Y(1,t) =0
y(fﬂ, 0) = y(),

for all (z,t) € (=1,1) x I, § >0, p € {1,3} and initial datum ). The time-dependent control signal u € L*(I)
acts on the subset w = (—0.5,—0.2) of the spatial domain, with x,, denoting its characteristic function.
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F1GURE 3. Orbits of the closed loop systems.

To fit this setting into the perspective of the manuscript we approximate the state by YVy(z,t) =
Z;'V:o y;j(t)¢;(x) where N € N, ; = cos(jn/N), j =0,..., N, are the Chebyshev nodes, and {dy}f;o is the
set of Lagrange basis polynomials associated to {a:j}évzo. The time-dependent coefficient function y; corre-
sponds to an approximation of the state V' at the j-th collocation point z;. In more detail, we set yo = yn = 0,
and require y = (y1,...,yn_1)' to fulfill

y(t) = Dyy(t) + y(t) * Day(t) + d y* + Bu, (8.4)

where the matrices D1, Dy € RV=D*(N=1) are pseudospectral approximations of the first and second derivative
with respect to z, y? denotes the coordinate-wise p-th power of y, and yo = (Vo(z1),...,Vo(xn_1)). The control
operator is given by B = (x(z1),...,x(zn-1)), and the symbol x denotes the Hadamard product between two
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TABLE 1. Results for different yq.

yo = (—=7.37,-9.17)

Yo = (2.04, —4.97)

Foo @yl IF @l Iy, F(y)

FoQullee [IFW)llee J(y, F(y))

uncont. +o00 0 400
LQR 400 400 +00
PSE 3.7 494 129

NN 5.76 379 88.5

uncont. +o00 0 +o00
LQR 0.82 7.85 0.37
PSE 0.72 14.7 0.37
NN 0.87 6.66 0.4

yo = (5.81,2.03)

yo = (—3.31,-7.61)

F 1Qullz:  I1FWlLz  J(y. F(y))
uncont. +00 0 +00
LQR 7.32 205 47.8
PSE 2.7 240 32.4
NN 3.46 200 25.88

F 1Qullz:  I1FWllLe  J(y, F(y))
uncont. +00 0 +00
LQR 2.26 52.4 3.91
PSE 1.75 68.7 3.89
NN 1.71 81.0 4.74

TABLE 2. Results for 6 =2, p = 1.

Vi(z) = cos(2nz)cos(mz) + 0.5

V3(z) = cos(2rz)cos(mz) + 1.5

F 1Qullz: I1FWllzz  J(y. F(y))
uncont. +o00™* 0 +o00*
LQR 1.0 5.28 1.9
PSE 1.38 4.56 1.99
NN 1.12 4.86 1.81

F 1Qullz:  I1FW)llzz  J(y, F(y))
uncont. +o0* 0 +o00*
LQR 400 400 400
PSE +00 +00 +00
NN 2.34 11.6 9.47

Yi(z) = ~2sign(x)

Vi(z) =2.5(x —1)%(z +1)?

F 1Qull= [[FWllze  J(y, F(y))
uncont. +o00* 0 +00*
LQR 2.67 5.5 5.08
PSE 3.49 7.04 8.57
NN 2.5 1.36 3.23

F 1Qull  [[FWllze  J(y, F(y))
uncont. +00* 0 +o00*
LQR 1.85 13.1 10.3
PSE +00 400 +00
NN 1.93 11.9 8.94

vectors. We approximate the L2-norm of J by

/I/_ll |V(z,t)]? dz dt’*"/j|Qy(t)|2 da

where @ is a diagonal matrix containing the square roots of the Clenshaw-Curtis quadrature weights. Further

we fix

B=0.1,T=20,0(z) =In(1 + exp(x)), and N = 14.
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FIGURE 4. § =2, p =1, Yy = —2sign(x).

Our network-based feedback laws for (8.4) are obtained based on a four layer neural network on the set Yy =
[—3,3]13. A set of 40 random training initial conditions is randomly sampled in Yy. We apply equal weights w; =
1/40 and first train a neural network controller for § = 2, p = 1. As in the previous example, initial conditions
that were not part of the training set are used to compare the neural network feedback with the LQR and PSE
controllers.

Turning to the validation of the computed results, Table 2 summarizes the norm of the states and feedback
controls as well as the open loop objective function value approximated with a finite time horizon of T" = 50.
The entries “4+00*” indicate that the closed-loop state does not converge to zero while “4-00” marks finite-time
blowups. Additionally we plot the temporal evolution the logarithm of the norm of the state, as well as the
feedback controls for two particular initial conditions in Figures 4 and 5.

While all considered feedback laws stabilize initial conditions yg and yg increasing the magnitude of the
latter one, cf. V2, causes blowups of the LQR and PSE closed-loop states. This emphasizes the local nature
of these controllers. Moreover the nonlinear PSE feedback is unable to stabilize yg and leads to the largest
open loop objective functional values for all initial conditions. On the contrary the neural network feedback
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FIGURE 5. § =2, p=1, Yo = 2.5(x — 1)*(z + 1)°.

stabilizes the dynamical system at an exponential rate in all test cases and admits the lowest open loop objective
functional value among the considered controllers. Such a behavior can be expected since the neural network
controller is found as an approximate solution to a minimization problem involving the nonlinear closed-loop
system. We also point to the difference in magnitude between the LQR optimal controls and the neural network
feedback which is a well known drawback of linearization based feedback laws. It is also reflected in the smaller
norm of the nonlinear feedback controls compared to the linear ones. Last we highlight the remarkably different
transient behavior of the neural network feedback in Figure 4 especially in comparison to the PSE controller.

The final set of results are obtained for the choice ¢ = 0.5 and p = 3, while leaving all other specifications
unaltered.

The obtained results are depicted in Table 3. While the uncontrolled system is stable for Y} and V3, the
additional cubic term leads to a finite time blow up for larger initial conditions. Since the Fréchet derivative of
the cubic nonlinearity vanishes at zero the same behavior can be observed for the linearization based feedback.
In contrast, the nonlinear controllers take this destabilizing effect into account and drive the state to zero at
an exponential rate for all considered initial conditions. It is worth mentioning that the neural network closed
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Vi (x) = cos(2mx)cos(rx) + 0.5

TABLE 3. Results for § = 0.5, p = 3.

V3(x) = cos(2mx)cos(rx) + 1.5

F 1Qullz:  1FWllzz  J(y, F(y)) F 1Qullz:  1FWllze  J(y, F(y))
uncont. 0.98 0 0.48 uncont. +00 0 +00
LQR 0.67 1.19 0.26 LQR 400 400 400
PSE 0.59 1.32 0.26 PSE 1.73 6.79 3.81
NN 0.46 2.56 0.43 NN 1.53 8.03 4.4

Vi(z) = —2sign(z) Vi(z) =25(x —1)%(z +1)?

F 1Qullz:  I1FWlLz  J(y. F(y)) F 1Qullz:  I1FWllLe  J(y, F(y))
uncont. 1.85 0 1.72 uncont. +00 0 +00
LQR 1.84 0.28 1.7 LQR +o00 400 +o00
PSE 1.86 0.52 1.75 PSE 1.86 8.01 4.94
NN 1.82 1.25 1.74 NN 1.59 9.2 5.49

loop state is the smallest, in the L? sense, in all test cases. This comes at the cost of larger control norms and
objective functional values. A possible explanation for this behavior can be found in the early termination of
Algorithm 1 after only few iterations. However this was particularly crucial in the present example since the use
of explicit stepsizes in the gradient method occasionally led to iterates with finite-time blow ups on the training
set. A more sophisticated and rigorous algorithmic treatment of systems with exploding behavior in the context
of the proposed feedback setting is subject to future research.

9. CONCLUSION

A feedback strategy based on learning neural networks has been proposed and analysed in the framework of
optimal stabilisation problems. The underlying concept is quite general and several extensions suggest them-
selves. It can be of interest to carefully analyse the finite horizon case, with a state-dependent control operator, so
that bilinear control problems occur as a special case. Moreover the treatment of infinite dimensional controlled

systems is of interest.

APPENDIX A. RESULTS ON NEMITSKY OPERATORS
In this section we provide several auxiliary results on superposition operators.

Proposition A.1. Let M >0 and F € Lip (By(0);R™), By (0) C R", with F(0) =0 be given and define the
induced Nemitsky operator as

[FWlt) =Fy®) Yy €W, lyle,azn <M, tel.
Then F(y) € L*(I;R™) NCy(I;R™) for all y € W, ||ylle,(rrny < M, and we have
IF (1) — Fy2)llz2(rmmy < Lemllyr — y2ll2(reys
as well as

I F(y1) — F(y2)lle,(rmmy < Leamllyr — v2lle, (rmm)
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for all y; € Weo, |lyille,(rmny < M, i = 1,2, where Lp s is the Lipschitz constant of F' on B (0).

If F is continuously Fréchet differentiable on Bps(0) and DF € Lip(Bas(0); R™*™), with Lipschitz con-
stant Lppn on By (0), then F : Wo to L?(I;R™) s differentiable at y € W, ||yllc,(1:rny < M. Its Fréchet
derivative DF (y) € L(Weo; L2(I;R™)) satisfies

[DF(y)dy](t) = DF(y(t))dy(t) Voy € We
and almost every t € I. Moreover we have

[(DF(y1) — DF(y2))yllL2(1rm) < [loll c(wo e (:rm)) LM Y1 — Y2l L2 (rimm) 16y [l

fOT’ all Yi € W<>07 ||yi||cb(I;R") < M7 i = 1a27 and 59 € We.
For the sake of brevity we leave the proof of this proposition and Lemma A.3 to the reader.

Corollary A.2. Lety, — y in Weo, with ||yxlc, (1;rn) < M, and assume that F € Lip (B (0); R™), with F(0) =
0. Then we have F(yi) — F(y) in L*(I;R").

Proof. Let ¢ € L*(I;R™) with ¢ = 0 on [T, 00) for some T, > 0. By compactness of H'(0,T4;R") in
L%(0,T4;R™) and the first assertion of Proposition A.1 we deduce

(¢7F(yk))L2(l;R") — (¢7F(y))L2(I;R")~

Since the set {¢ € L*(I;R") : ¢ =0 on [T, 00) for some T}, > 0} is dense in L*(I;R™), the claim follows. [
A result analogous to Proposition A.1 also holds for superposition operators on LZO(YO; Weo).

Lemma A.3. Let F € Lip (By(0); R™), with F(0) =0, and y € L;°(Yo; W), with ¥l 2o (vosp2(rmny < M be
given. Define the induced Nemitsky operator by

FWwo)(#) = Fy(yo)(t)) for p—a.e. yo €Yo, t € I. (A1)
Then F(y) € Ly (Yo; L*(I;R™)) and
IF (1) = FOr2)llne voz2army) < Lk allys = yollpge vosz2gny)
IF(y1) = F(y2)llez (vose2mmy) < Liallyr = vellzz vosz2 (rimm))
for all'yi € Lie (Yo; Woo), |[yill Lge (vor co(rmmyy < M, i =1,2. )

If I is continuously Fréchet differentiable on Bas(0) and DF € Lip(Ba (0); R™*™), then F : Ly (Yo; W) —
L2 (Yo; L*(I;R™)) s differentiable at 'y € Li°(Yo; Woo) with Vil e (vo; ey (1;rm)) < M. Its Fréchet derivative
satisfies

DF(y) € L(Ly (Yo; Wee), Ly (Yo LA(I;R™))),  [DF(y)dy](t) = DF(y())dy (1)
for all 0y € LZO(YO; W), almost every t € I, and p-a.e. yo € Yy. Moreover we have
[(DF(y1) = DF(y2))0¥ | Lee (vo:L2(rimm))

< LDF,M||Z||£(WOQ7cb(1;Rn))||Y1 - Y2||L;<>(Y0;L2(1;Rn))||5YHL30(YO;WOO)

Jor ally; € L (Yo; Weo), [[¥illLee (vos co(rmmyy < M, i =1,2, and 8y € L7 (Yo; Weo).
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Next, we discuss the relation between weak and pointwise almost everywhere limits in Li(YO; Weo).

Lemma A.4. Let {yk}ren C LZO(YO; Weo) be given. Assume that there exists a constant My > 0, an elementy €
Li(YO; W) such that:

(1) llyrlloe vowe) < Mo VE €N,
(i) yr =y in L2(Yo; Woo),
(tit) there exists a family {¥(yo)}yoevy, C Woo such that yi(yo) — ¥(yo) in Wu for p-a.e. yo € Y.

Then yo — y(yo) belongs to Ly (Yo; W), ||§\|Lio(ymwoo) < My, and y =y p-almost everywhere.
If, moreover, F € Lip (Bp(0); R™), with F(0) =0 and M = Mo||1|| z(w...cy(1:r7)) then

Flyw) = Fly) in Ly (Yo; L*(I;R™)). (A2)
Proof. For arbitrary ¢ € WZ define

y2: Yo = R, yo = (Y(v0), p)wae, w

oo

as well as

yi:Yo =R, wo = (Yr(%0), ) wa,ws

for k € N. Clearly, the mapping y} is p-measurable for every k € N. By assumption (iii) there exist p-zero
sets 0,0 € A, k € N such that

Yr(o) = ¥(yo) Vyo € Yo\ O

as well as

lye(yo)llw., <My Vyo € Yp\ U Oy.
keN

Setting O = O U U, ey Ok, we have 1(O) = 0 as well as
(Ye(Wo) @) we we = (Vo) ©)we,wz  Vyo € Yo\ O

and by (i)

Iy (o)llwe < liminf{|yx(yo)lw.. < Mo Vyo € Yo\ O. (A3)

Since O is a p-zero set, the mapping y¥ is the pointwise almost everywhere limit of a sequence of u-measurable
functions. Thus it is p-measurable. Since ¢ € WX was chosen arbitrarily, this implies the weak measurability
of ¥. Due to the separability of W, and Pettis’ theorem we conclude its u-measurability. From (A.3) we further
get y € LZO(Yo; W) and ||§||LEQ(YO;WOO) < Mj.

Next we verify that the weak limit y of {yx}ren coincides p-a.e. with y . Let & € Li(YO, WZ)) be given. Set

Op =0U{yo €Yo | P(yo) € Weo } -
Noting that p(Og) = 0, the mappings

YYo= R,y (ye(yo), ®(yo))we,we ,
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k € N, as well as
b . ~
Y Yo =R, yo = (F(yo), ®(yo))wo. we

are pi-measurable and integrable. We immediately conclude |y} (yo)| < Mol||®(yo)||w= for all k € N and yo €
Yo \ Og. Furthermore we have

yi (o) = ¥* (o) Vo € Yo\ Os.

Denote by (-,-) the duality pairing between L? (Yo; W) and L2 (Yo; WX,). Since p is finite we may now apply
Lebesgue’s dominated convergence theorem to conclude

(Vi @) :/Y<Yk(yO)a¢’(yO)>W,,o,Wgo du(yo) — . (¥(o), (o)) we,we du(yo) = (¥, ).

Due to the arbitrary choice of the test function ® € L?(Yy; W2 ) we thus get yx — ¥ in Li(YO; W). Since weak

limits are unique there holds ¥ =y u-a.e, with y given in (ii).
To verify (A.2), let an arbitrary ¥ € L2 (Yo; L*(I;R™)) be given and set

Oy =0U{yo €Yy | ¥(y) & L*(I;R™) }.
By construction and Corollary A.2 there holds u(Og) = 0,
(U(yo), F(yr(yo)))L2rimny — (¥(yo), F(y(¥0))) r2(rmny V%0 € Yo \ Os
as well as
(@(yo), F(yr(¥0))) L2(rrny < ML ar||®(yo)llz2(rmmy  Vyo € Yo \ Os, k € N.

Since p is finite, the right hand side in this estimate is u-integrable independent of k € N. Lebesgue’s dominated
convergence theorem thus yields

/Y(‘P(yo),F(Yk(yo))mu;mn) dp(yo) — Y(‘1>(yo)7F(y(yo)))Lzu;Rn) dp(yo).-

Due to the arbitrary choice of ® € L2 (Yy; L*(I; R™)) we conclude
Flye) = Fly) in L5 (Yo; L*(I;R™),
as desired. O

APPENDIX B. PERTURBATION RESULTS

B.1 A perturbation result for the nonlinear closed-loop equation

In this section we study the behavior of solutions to (3.2) under additive perturbations of the dynamical
system. In more detail we consider

Yo = f(yv) + Bf*(yv) + v, yv(o) = %Yo (Bl)

where v € L2(I;R") is a given function.
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Theorem B.1. Let Assumptions 3.1 and 6.2 hold. Then there exist an open neighbourhood Vi C L*(I;R™) of 0
as well as an open neighbourhood Yo of Yo such that (B.1) admits a unique solution y, =y (yo) € Vaa for
every pair (v,y0) € Vi X Yo. Moreover the mapping

yo(®): Vi x Yo = Vaa, (v,90) = ¥ (y0) (B.2)

1s at least continuously Frechet differentiable.

Proof. The proof is based on the application of the implicit function theorem to
G: Vaa x N(Yy) x L*(I; R™) — L*(I;R™) x R"

with

G(y,90,v) = ( v f(yy)(a)li};(y) - )

Given an arbitrary go € Yy and the associated unique solution § = y* (%) € int V,q (according to Assump-
tion 3.1 A.3) to the unperturbed closed loop system, G(%, %o, 0) = 0 holds. Moreover G is at least of class C* in
a neighborhood of (7, y0,0) and there holds

D, Gy, yo, v)5y = ( oy — Df(y)c(isz; (B)BD]-"*(y)éy ) |

Assumption 6.2 now ensures that D,G(7, §o,0) is boundedly invertible. Hence applying the implicit function
theorem yields the existence of positive constants k1 = k1 (7, 9o) and k2 = k2(Y, Jo), which may depend on g, %o,

such that for every yo € R" with |yo — Zo| < k1 and |v]| < kg there exists y(yo) € Vaa with G(y" (o), yo,v) =0
i.e. y¥(yo) is the unique solution to (B.1) in V,q. Moreover, the mapping

Y (-): By (0) X By, (%0) = Vaa, (v,y0) — " (v0)

is of class C!. This yields an open covering of Y i.e.

Yo C U By, (5,50) (U0)-

JoEYo
Since Yp is compact there exists a finite set of initial conditions {g}}¥., C Yp, including 0, such that
N
Yo CYy:= U Bnl(yi,gg)@(l))‘

i=1

Set V = ﬂfvzl B
mapping

ra(gi,30)(0) C L?(I;R"). Collecting all previous observations now yields the existence of a C*-

V():VxYo—= Vs, y'(y0) uniquely solves (B.1) in Vyq.
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Denote by dy¥(yo) € L(V1 X Yo, W) the Fréchet derivative of y'(-) at (v,y0) € Vi X Yo. It is evident
that dy = 0y ?(yo)(dv, dyo) € W, fulfills

3y = DE(y" (y0))dy + BDF*(y"(y0))dy + 6v,  6y(0) = dyo (B-3)
for every dv € L?(I;R™) and dyo € R™.

To establish an a priori estimate for the solution to the perturbed closed loop system (B.1) we require the
following auxiliary result.

Corollary B.2. There exists an open neighborhood Vo C Vi C L(I;R™) of 0 as well as ¢ > 0 such that
1y (y0) — ¥ (Wo) lwa. < cllvr —vall22(0,00:r7)
holds for all vi,ve € Vo and yo € Yp.

Proof. Let vy, vy € V7 be given. By the mean value theorem we obtain

1y (o) — ¥ (o) lwa < Sl[zpl] 165 (40) (-, 0| £(z2(rsRm ) we) 101 — V2l 2R
s€|0,

< sup max [|0y" (yo) (-, 0) | c(zz(rmm) wo) lv1 = V2l L2 (18,
s€[0,1] Yo€Yo
where v(s) = v1 + s(v2 —v1) € Vi, s € [0, 1]. Let us now consider the mapping

h:V =R, v max [|0y”(yo)(-0) |l cz2(rrm),wae)-
Yo€Yo

Note that h(v) < oo for all v € V;. We now prove that h is continuous at zero. To this end let an arbitrary
sequence {v; }rey with vp — 0 be given. Since the mapping y'(-) is C! there exists a sequence {y§ }ren C Yo as
well as an element 7y € Yy with

h(vg) = [nax 16y (90) (-, O)| 2 (rimm ) woey = 1167 (16) (5 O) | 222 (1:mm), o)

and h(0) = [|6y°(%0) (-, 0)|| (L2 (r;mm), W )- By cross-testing we obtain

9", 50) = 118y (50) (- 0) | (L2 (1:mm), W) = 165" (H0) (5 O) | 222 (1:m), W) < B(®) = R(0)
as well as
h(v")=h(0) 1|8y (y5) (- Ol c(z2 (rmmy,woe) = 103° (46) (- O) | 222 (1.m), W) = 9(0%, 95)-
Therefore we may estimate
[ (or) = 1(0)] < max{g(v,Jo), 9(vr, ¥5)}-

Due to the continuity of dy the righthand side of this inequality converges to 0 for k — co. Thus we get h(vg) —
h(0). Since the sequence {vy }ren was chosen arbitrarily we conclude the sequential continuity of h at 0. Finally,
we note that L?(I;R™) is a metric space. Hence, sequential continuity and continuity in the ¢ — § sense are
equivalent. In particular, this implies the existence of k > 0 as well as ¢ > 0 such that

Ssup max ||5yv(s) (o) (- 0)[l 22 (rmmy, W) < €
s€[0,1] Yo€Yo
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for all vy, vy € Vi with |lvi||p2(r;rny < K, @ = 1,2. Setting V5 := V1 N B, (0) finishes the proof. O

Theorem B.3. Let Assumptions 3.1 and 6.2 hold. There exists a constant ¢ > 0 such that
Iy* (wo)llw. < Mlyol +cllvllL2(rrn)  Vyo € Yo, v € Va.

Here M denotes the constant from A.2.

Proof. We first point to y°(yo) = y*(yo) for all yo € Y. Let v € V5 be given. We estimate

1y* (wo)llwe < Iy*wo)llwe. + 11y* (wo) — ¥° (o) llw..
< Mlyo| + cl|lvl| 2 (1;rm)

Here we used Assumption A.2 as well as Corollary B.2 in the second inequality. O

APPENDIX C. SMOOTHNESS OF THE VALUE FUNCTION

Here we provide sufficient conditions which imply A.4 from Assumption 3.1 as well as Assumption 6.2 in a
neighborhood of the origin. Throughout this subsection we assume that A.1 from Assumption 3.1 holds.
We shall assume that A = Df(0) is exponentially stabilizable, i.e.

there exists £ € R"*™ such that e(A+BF)! i exponentially stable on R". (C.1)

Then it follows, see e.g. Theorem 6.2.7 of [10], that the algebraic Riccati equation
1
AT+ TIA+1T = BHBBTH (C.2)

has a unique nonnegative solution IT € R™*",
Our first goal will be to show that the value function associated to (Pg") is smooth if f is smooth. It will be
convenient to express (P4°) in the form

min 3 [° |y()2dt+ 5 [ |u(t)]? dt )
subject to e(y,u) =0,
where e : W, x L2(I,R™) — L*(I,R™) x R" is given by
e(y,u) = (§ = f(y) = Bu,y(0) = yo)-
Note that e is C!, with De(y,u) : Wy, x L?(I,R™) — L?(I,R") x R™ given by
De(y,u)(z,v) = (¢ — Df(y)z — Bv, 2(0)).

We further introduce g : Wo, — L2(I) as

Here and below, contents permitting, we shall frequently write L2(I) in place of L?(I; R™) or L?(I; R™). Moreover
balls in R™ of radius ¢ and centered at the origin are denoted by Bs.
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Lemma C.1. There exists a constant C > 0 such that for all § € (0,1], and for all y and z € Wy with
lyllw., <38 and ||z||lw,, <0, we have

l9(y) — g(2)llz2(ry) < 3C|ly — 2[lw. -

Proof. Due to the continuous embedding W, — C(I; R™) there exists 6 such that |y(t)| < ¢ for all t € I and
y € Woo with ||y|lwe~ < d. Let Lz denote the Lipschitz constant of g on the ball B; in R™ and let us define
g:R™ > R" as g(2) = f(z) — Df(0)z. For all t > 0 we have, with y, z as in the statement of the lemma,

| 9(z(0)] = [f(y(#)) = f(z(t)) = DF(0)(y(t) — 2(1))]

g9(y(t)) —
1
= I/O (Df(sy(t) + (1 = s)z(t)) — DF(0))(y(t) — 2(¢))]
< %Lgly(t) — 2Oy + [2(O)] < ol cowie s (1377 My L1y (t) — 2(2)],

where ¢ is the continuous embedding of W, into C(I; R™). The claim now follows the integration of the above
inequality. O

The following result can be verified by a fixed point argument. For a proof in a Hilbert space setting, we refer
to [6].

Lemma C.2. Assume that the spectrum of E € R™*™ lies in the left half plane and let C' be as in Lemma C.1.
Then there exists a constant C such that for all yo € R™ and all h € L*(I) with |yo| + ||k||r21) < ez, the

E
system

y=FEy+g(y)+h, y(0) = yo,

has a unique solution in W satisfying |lyllwe < 2Cg(|yo| + |hllz2(1))-
This lemma will be applied with two different choices for E.

Corollary C.3. There ezists a constant Mz > 0 such that for all yo € R™ and all h € L*(I) with |yo|r~ +
12l L2y < ﬁ there exists a control u € L*(I) such that the system
F

g =f(y) + Bu+h, y(0) =yo, (C.3)
has a unique solution y € Wy, satisfying
lyllwe < 2C4(1yol + 1Bl 2(ry) and |[ull 2y < 2C 1 Fll(1yol + 1Bl 21y ).

Proof. We recall that f(y) = g(y) + Ay, and that by (C.1) there exists F' such that A + BF is exponentially
stable. Now we can apply Lemma C.2 to

g = (A+ BF)y+g(y) +h, y(0) = yo,

and, setting u = fﬁ’y, we arrive at the conclusion. O

Corollary C.4. Let A > ||A|| and (yo,h) € R™ x L?(I). There exists Cx > 0 with the property: if for u € L*(I)
the system

v = f(y) + Bu+h, y(0) = yo,
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has a solution y € L?(I) satisfying |yo| + ||h + Ay + Bul|2) < 74010% , theny € Weo, and ||y|lw., < 2Mx(|yo| +
F
Hh + Ay + Bu||L2(1)) holds.

Proof. For A > || Al the matrix A — AI is exponentially stable. This suggests to consider

y=(A=X)y+g(y)+h,

with h = h+ Ay + Bu € L?(I;R™). We can now apply Lemma C.2 with E = A — A to assert the claim. O

Lemma C.5. There exists 61 > 0 such that for every yo € Bs, problem (Pg") possesses a solution (y,u).
Moreover there exists C1, such that max(||al| 221y, |9llw..) < Cilyol.

The proof follows standard calculus of variations arguments using Corollaries C.3, C.4, and a-priori estimates
which are implied to hold for minimizing sequences due to the structure of the cost functional. The smaller the
choice of A for the use of Corollary C.4, the larger M), and the smaller §; will be, compare Lemma 8 of [6]. To
pass to the limit in the state equation, which is satisfied by the elements of weakly convergent subsequences of
state-control pairs, one uses that W12(0,7) embeds compactly into C([0,T7]), for every T > 0.

Proposition C.6. There exists 02 € (0,01] such that for all yo € Bs,, and for all solutions (y,u) of (P°),
there exists a unique Wy, satisfying

—p—Df(y)'p =9, limieo p(t) =0 )

Bu+ B*p=0. '
Moreover there exists a constant Co such that

[pllw.. < Calyol, for all yo € Bs,. (C.5)

Proof. We recall the formulation of problem (Pg") at the beginning of the subsection and choose C; as in
Lemma C.5. Then

sup sup |y(t;yo)| < CrCLéy,
t>0 yoe By,

where C denotes the embedding constant of W into C(I), and §(:; yo) denotes a solution to (P§°) with initial
datum yg € Bs,. Let L denote the Lipschitz constant of D f on the ball Be,¢,s,. We next argue that De(g, ) is
surjective, provided that d5 is sufficiently small. We choose an arbitrary pair (r,s) € L?(I,R") x R", and verify
that there exists (z,v) € Wy x L?(I,R™) such that

z2—Az— (Df(y) — Df(0))z — Bv=r, z(0) =s. (C.6)

By the Lipschitz continuity of D f on B, ms, we have
IDf(y) = DOl cewe L2(1rm)) < LCIHZJIIWOC-/ [Df(y) = DfO)|yldt||yllwe [0y we. -
0
Thus by Lemma C.5 there exists d» such that

1
|1Df(H) — DfO)lc(wao,L2(r,rm)) < LC12 < o (C.7)
F
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with M from Corollary C.3. We search for a solution to (C.6) with v = Fze L2(1,R"), i.e.
i —(A+ BF)z — (Df(5) — Df(0))z =r, 2(0) = s. (C.8)

With (C.7) holding we can apply Lemma 2.5 of [4] to conclude that (C.8) admits a unique solution z € W,
satisfying

Izllwa < M(llrllz2rmny + 1) (C.9)

for a constant M independent of (r,s) € L2(I,R™) x R™, and yo € Bjs,. The surjectivity of De(7, %) implies the
existence of a unique Lagrange multiplier (p, u) € L2(I;R™) x R™ such that for all (z,v) € Wy, x L?(I;R™)

DI, 0)(z.v) ~ (7, 12), De(F,@)(2,v)) 1y = 0. (C.10)
Choosing z = 0 and v € L?(I;R™) arbitrarily, we obtain the second equation in (C.4):

B+ B*p=0in L*(I;R™).
Setting v = 0 we find

(p, Z.')L2(I) = (p, Df(g(-))Z)Lz([) + (7, Z)Lz(]) for all z € W. (C.11)

We observe that t — Df(g(t)) € L>(I;R™") and thus t — Df((t))z(t) is in L?(I;R™) for every z € L*(I;R").
Moreover S = {2z € Wy, : suppz C I} is dense in L?(I;R"™). Thus (C.11) implies that p € W, and the first
equation in (C.4) follows.

Finally we need to derive a bound on p in L?(I;R™). Let r € L?(I) and choose (z, v) such that De(g, @)(z,v) =
(r,0). Then, using (C.10) we obtain

(0, ") 2y = ((p, ), (1,0)) 21y xrn = (De(y, @) (p, 1), (2,0)) L2(1)xrn
= DJ(g,u)(2,0) = (9, 2) + (@,0) <||gllL2n Izl 2y + 1l 2 [0l 2y
< Clyolllrllz2(ry,
for a constant C' independent of 3o € Bj,, and r € L?(I;R"). Here we used Lemma C.5 and (C.9). This implies

that ||pl|2) < Clyol, for all yy € Bs,. Now we use the first equation in (C.4) and the last assertion in Lemma C.9
to deduce (C.5). O

Next we carry out a sensitivity analysis for the optimality system. For this purpose we introduce

O X =Wy x L*(I;R™) x Woo — Y =R" x L*(I;R") x L*(I;R™) x L*(I;R™)

by
fy
®(y,u,p) = -p—=Df(y)p—y |’
Bu + Bip

and endow X and Y with the L°°-product norm.
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Lemma C.7. Assume that f € C**1 (W, L2(I;R")) with k > 1. Then there ezist 3 < 0, 65, M > 0, and a
C*-mapping

Yo € Bs, — (Y (o). U(y0), P(y0)) € Woo x L*(I;R™) x W

such that for each yo € Bs, the triple (Y (yo),U(yo0), P(yo)) is the unique solution to

D(y, u, p) = col(yo,0,0,0) with ||(y, u,p)|x < 5, (C.12)
and
(Y (y0),U(yo), P(yo))llx < Mlyol- (C.13)
Proof. We note that ®(0,0,0) = col(0,0,0,0) and that ® € C*¥. We argue that D®(0,0,0) is an isomorphism.
For this purpose it suffices to verify that for each col(wi,...,ws) € Y there exists a unique (y,u,p) € X
such that
y(0) = wy

D®(0,0,0)(y,u,p) = col(wy, ..., wy) < . (C.14)
—p—Ap-—y=mw;
Bu+ B*p = w,
This is the necessary and sufficient optimality system to the linear-quadratic problem
min 3 [ |y +wsl? dt+ 5 [T ul? dt — [ utwy dt
(C.15)

subject to y = Ay + Bu + w2, y(0) = w;.

By the stability assumption (C.1) it is standard to show, compare Proposition 3.1 of [4] that (C.15) has a unique
solution, (which is the unique solution to (C.14)) and that

||(y7u7p)||X < M‘l(w17w27w37w4)”3’7

for some M independ of w € Y. The inverse function theorem implies the local existence of the C¥-mapping
(Y,U,P) and (C.12). Possibly after further reduction of d3, estimate (C.13) follows form the fact that ®(0,0,0) =
0, and Lipschitz-continuity of ®. O

Theorem C.8. Assume that (C.1) holds and that f € CK*Y (W, L>(I;R™)) for k > 1. Then the value function
V associated to (PS°) is C* on Bs, for 84 = min(dz,d3).

Proof. By Lemma C.5 and Proposition C.6 there exists d2 > 0 such that for all yo € Bs, problem (Pg“)
admits a solution (7, @) with associated adjoint p such that ||(7,@,p)||x < max(Ci,C2)|yol|, and ®(7,a,p) =

U, D
col(yo,0,0,0). For yy € Bs, we deduce from Lemma C.7 that (7, 7,D) = (Y(yo),U(yo), P(yo)) is the unique solu-
tion to ®(y,u, p) = col(yo,0,0,0). Hence the mapping yo — (9(v0), #(yo)) is C¥ on Bs, and the value function
V is C* on Bs,. O

Finally we turn to justify Assumption 6.2 in a neighborhood of the origin.
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Proposition C.9. Let Assumptions 3.1 and as well as the assumptions of Theorem C.8 hold with k = 2. Then
there exists p > 0 and C' > 0 such that for every yo € B, the linearized closed loop system

0 = Df(y*(yo))v + BDF*(y* (yo))v + v, v(0) = v (C.16)

with vy € R™, 6y € L*(I; R™) admits a solution v € W and ||v||w.. < C([|6v]2(0,00:r7) + |6y0]). Here y*(yo)) €
W denotes the unique solution to (3.2).

Proof. For the linearized state equation with linearization at the origin, the optimal feedback law is provided
by —%BTH, with II given in (C.2). In particular the linear closed loop system is exponentially stable and we
have for some ¢ > 0 that

1
((A— BBBTn)y,y)Rn < —clyf3., for all y € R™. (C.17)

For this ¢ > 0 we determine p > 0 such that

[DCS(y™(yo) (1)) + BE*(y* (yo)(t)) ) — D(f(0) + BF*(0))| < § (C.18)

for all £ > 0 and yo € B,. This choice is possible due to the a-priori estimate (3.5). We next use the relationship
between the Riccati operator and the second derivative of the value function as

D(£f(0) + BF*(0)) = D(f(0) — %BBTVV(O)) =A- %BBTH.

Finally we turn to the estimate the asymptotic behavior of the solutions to (C.16). Taking the inner product of
(C.16) with y(t) we obtain by (C.17) and (C.18), for yo € B,

Gl < (Df(y*(yo) (1)) + BDF*(y* (yo) (1)) v(t), v(t)) + (du(t), v(t))
< —§lo@®)F + (0v(t), v(t)).

[

c(s

Hence we have 24 |v(2)[? < —<|v(t)|? + |6v(t)|?. This implies that |v(t)[? < e % ol + 2fge o |6v(s)|? ds,

2 dt
for all t > 0, all yo € B, and all vy € R", dv € L*(I;R"), and hence [[v[|7;zn) < 2(Jwol* + 2[00 (172 mn))-
From here the desired estimate follows. O

APPENDIX D. UNIVERSAL APPROXIMATION PROPERTY

In this last section we give the technical proof of Proposition 5.4.

Proof of Proposition 5.4. In many aspects we can profit from Theorem 1 of [24], and its proof, and from [31]
adapted to our purposes. Here, however, we only require a mild regularity assumption for v, and w and b are
restricted to subsets rather than allowed to vary in all of R™ and R. These situations are also commented on in
the cited references but not treated in detail.

Step 1. We recall that the set of polynomials in n-variables is a dense linear subspace of C*(R" R), i.e. for
every ¢ € C'(R™",R) and every compact set K C R™ there exists a sequence p,, of polynomials in (z1,...,2,)
such that lim, . || — pnllcr(xr) = 0, see page 169 of [37].

Step 2. We introduce

MW) = span{p(w - e) : ¢ € C1(R,R),w € W} c C*(R™,R).
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Following [25] we introduce the set of homogenous polynomials of degree k:

Hp = Zcmsm:cmGR ,

[m|1=k

as well as the set of all homogenous polynomials in n variables,
o0
H" = | J HY,
k=0

where the usual multi-index notation is used with m = (mq,...,m,) € Z", |m|; = >, m;, and s™ =
s7" .. smn. In ([25], Proof, Thm. 2.1) it is verified that H} = span{(d -x)* : d € W} € M(W) for all k.
Here it is used that WV contains an open set and thus there does not exist a nontrivial homogenous polynomial
vanishing on it. Thus M (W) contains H™ and thus all polynomials. By Step 1 we have that M(W) is dense in
CY(R™,R) in the C'-norm.

Step 3. Let x be in C§°(R, R), the space of C*°(R, R)-functions with compact support. Since v is not a polyno-
mial, x can be chosen such that ¢ * x = [4(- — y)x(y) dy is not a polynomial as well. This follows from Steps
6 and 7 of proof of Theorem 1 on [24]. Let us set 1) = ¢ * x. Then ¥ € C(R,R).

We verify in this step that $; = span{¢(Az +b) : A € A\ 0,b € B} is dense in C'(R,R). Here A is an open
neighborhood of the origin with the property that A € A implies that Aw € W for all w € W, a property, which
will be used in Step 6 below.

Note that
() = %(i((x Fh)e4+b) — B h)a + b)) €

for every A € A,b € B, and |h| sufficiently small with h # 0. Moreover

d
&d (z)

_ L

= o7 (A + W)Y (A + R +0) = (A = W)d' (A = h)z + b)),

and thus lim, o, d"(x) = dd—/\@()\x +b) in the C'-norm on compact subsets of R. We have dd—/\@()\x +b) € c(X5),
where cl(X7) denotes the closure of ¥; with respect to the C*'-topology. Note moreover that d%%z/;()\x +b) =
' (Az + b) + Az (A + b). In a similar way we argue that

(%)(k)l/;(Ax +b) € (%)

for all k= 1,2,..., A € A and b € B. We calculate further (-3)®p(Az +b) = 2"y® (\z + b), and
f—x(%)(k)z/;()\x +0) = kx®=DP®E Az + b) + 2P \pEHD Az + b) for k = 2,.. .. In particular we have

2*p®) (b) € cl(B5), forall k=1,2,...,b € B, (D.1)

a property which will be used in Step 5 below.
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Now we utilize that 1 is not a polynomial and hence there exist by € B such that ﬁ(k)(bo) # 0, see [9, 13],
([31], p. 156), for all k. Consequently we find that

2k 98 (by) = (%)(’%(Am +b)|r=0,6=bo € cl(51)

for all k= 0,1,..., where we have set ¥; = span{y(\z +b) : A € A,b € B}, which differs from ¥; only with
respect to the element A = 0. Thus cl(ii) contains all polynomials. Since they are dense in C*(R,R), we have
that f]i is dense in C! (R, R) as well. Thus for each g € C* (R, R) and each compact set K € R we have the following
property: For all € > 0 there exist m € N, and \; € A, b; € B such that [lg — >, DN - +bi)|lcr xRy < €.

Since ¢ € C*(R,R) and in particular ¢ € C*(R,R), it follow that ¥ is dense in C'(R,R). In fact, if in the
above expansion there are terms with A; = 0, they can be replaced by nontrivial, sufficiently small A;, such that
lg = 22021 0N - @ +bi)ller (r r) < 2e.

As a final note to this step, we point out that if ) € C*°, then the regularisation by convolution is not
necessary, the last estimate holds with 1/; replaced by v, and we can directly continue the proof at Step 6.
Step 4. Let us choose « € (0, b—b, and define B_,, = b+ «, b— a). Then B_,, is a nontrivial interval contained
in By. Further we choose a sequence of mollifiers x,, € C5°(R,R) with the properties that

— ¢ * xn, = ¥ in LP(K,R) for some p € [2,00) and every compact set K C R, and
— with the support of x,, contained in (—a, ).

We show in this step that ¢ * x,, € cl(span{)(- +b) : b € By}), for each n. For this purpose we verify that for
each n € N, for each compact set K C R, and each € > 0, there exist m € N, {b;}7, C By, and {u;}"; C R
such that

m

19 * Xn — ZHW(' = bi)[lw.ee (iR
i—1

N " (D.2)
=l vl = Oxal€)de ~ Z;/wc = b)lwr= () < 3e.
We set b; :—a—i—%, fori=0,...,m,
A; = [bi—1,bi], i =Aixn(by), fori=1,...,m, (D.3)
and choose d = () such that
106[|9"[| oo (ko sm) I Xn lo@®r) < €, (D.4)

where K, = {s =51+ $2: 81 € K, 82 € (—a,)}. By assumption there exist 7(d) € N intervals {Ij};g with
w(U) < §, such that ¢ is uniformly continuously differentiable on K,\U. Here u(U) denotes the Lebesgue
r(8)

measure of U = |J;.] I,;. Next we choose m sufficiently large such that

ar(9)

m

<6, (D.5)

and for & and & € K, with |§ — &| < %a

€

| <
QO‘HwHle‘X’(Ka;]R)

|Xn(€1) - Xn(§2) 3 (DG)
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€

(&) —¢(&)] < 2l o= @m) (D.7)
[ (&) — ¥ (&2)] < ————, if more over &1, & € K, \U. (D.8)
||XnHL1(R,]R)
To estimate (D.2) we first use the triangle inequality
[ % xn = D path(- = bi) lwroo (kiR
i=1
<106 9©% =3 [ o= b O~
—a i=1" i
T bi n - Xn bz Lo (K
£ ;/A U= 5 (n6) — X llwr= (e
<UD [ 1 =9 = 5 = B O 1y
i=17 A
FIY [ 196 =0 =9 = b Il e
i=17 i
FIY [ 06— 81+ /= B (€) — X (BIIE e
i=17 i
< ims—k]—klmszk—}-l7
m m
where we used (D.6), (D.7), and |A;| = 22. Thus we have
19 * Xn —Zﬂﬂ/)(' —bi)|lwree(rir) < 26+ 1, (D.9)

i=1
where I denotes the next to the last equality in the above estimate. To estimate I we proceed as follows. For

a.e. x € K we consider the set of intervals characterized by indices ¢ € Z if and only if (z — A;) NU = (. Then
for i € Z by (D.8)

"o —§&) = (z— b, n d¢é < _° n d
/A [P (x — &) — ' (x = bi)||xn(§)|dE < AP /A [Xn (&)]dE,
and thus

> [ We- =@l <<

i€l

For the complementary index set Z¢ = {1,...,m}\Z, with the property that (z — A;) N U # () for i € € we
find that the measure of such intervals satisfies pi({J;czc Ai) < 6 + 227 (8) < 56, where we used (D.5). Using
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(D.4) we obtain

> / — ' (= i) |[xn (§)[AE < 10819 [| oo (K i) IXn || oo (1) < €

i€LC

Thus I < € and together with (D.9) we obtain (D.2).

Step 5. We establish that X1 = span{(\-+b) : A € A\ 0,b € B} is dense in C!(R,R). We start by observing
the following inclusions, which hold for each n:

2 (1 % xn) B (b) C cl(span{tp * xn(A-+b) : A€ A\ 0,b € B_,})
C cl(span{(A-+b) : A€ A\ 0,b € By}) (D.10)
C cl(span{(A-+b) : A € A\ 0,b € B}),

where the first inclusion one holds for each b € B_, and each k = 0,1,.... The last inclusion in (D.10) is
obvious. The second inclusion is a consequence of Step 4. For k = 1,2,... the first one follows from (D.1) in
Step 3 with B replaced by B_,, and w 1 * Xn. Note that in Step 3 the requlrement that 1/1 is not a polynomial,
is only used after (D.1), and hence is applicable for 1/} 1 % xpn. For kK = 0 the first inclusion can be achieved by
appropriate choice of small A # 0.

If 31 = span{y(A- +b) : X € A,b € B} is not dense in C!(R,R), then 2 is not in £, for some k’. From
(D.10) we conclude that (¢ xn)(k/)(b) =0 for all b in B_, and all n. This implies that 1 * x,, is a polynomial
of at most degree k' — 1 for all n. By the choice of the sequence X, in Step 4, this implies that 1 itself is a
polynomial of at most degree k' — 1. This gives a contradiction and hence ¥ is dense in C!(R, R).

Step 6. Now we show that ¥, is dense in C'(R",R). Let g € C*(R™,R) be arbitrary and let K C R™ be an
arbitrary compact set. By Step 2 for every ¢ > 0 there exists k = k(e), ¢; € C*(R), and w; € W,i=1,...,k
such that

k
llg(e) — Z%‘(wi “o)|lerkr) < % (D.11)

i=1

Since ¢ € C(R,R) we can choose w; # 0 for each i. Moreover, since K is compact there exist intervals [o;, 8;],7 =
.,k such that {w; -2 : 2z € K} C [ay, Bi].
By Step 5 there exist indices m;, and constants c;j, A;; # 0, and b;;, with ¢ =1,...,k, 5 =1,...,m;, and
(/\ija bz) € A x B such that

lpi = > eigth iz () + big) lwn.os (abism) < (D.12)

max(1, |w;|2) 2k

We next consider (D.12) with 1 € WH°(R, R) replaced by a representative ¥ € 1, where now ¢/ € L>® (R,R).
By (D.12) there exists a set S; C R with p(.S;) = 0 such that

su Zczj'(/) l] +bl])|

z€Ja;,b; ]\S
(D.13)

1 €
Zcmw 1] +b”))| - m%
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We set S; = {z € R"|w; -« € S;}. Since w; # 0 it follows that u(S;) = 0, see e.g. [32]. We therefore have

sup [pi(w; - ) chw Aijwi - &+ bij) |+ |Va(pi(wi - @ chw Aijwi - T + bij)|2
:EGK\Si j=1 j=1
€
< sup <|‘Pz Zczﬂ/) Aijy+bij)| + |wil2 @i (y ZCU Aij ¥ ( ij—i_bl,])‘) 2%’
y€[ai,B] j=1 j=1

where we used (D.13). This estimate together with (D.11) imply

k. m;
sup [g(z) =YD cip(hijwi - +byy)| < e (D-14)
zeK\U7, Si i=1 j=1

From our choice of A we conclude that A;jw; € W for all (i, 7). Since u(|J,) = 0 and ¢ € ¢ was arbitrary,
inequality (D.14) implies the desired result. O
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