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A PENALTY APPROACH TO THE INFINITE HORIZON LQR
OPTIMAL CONTROL PROBLEM FOR THE LINEARIZED
BOUSSINESQ SYSTEM

KEVIN LE BALC’H AND MARIUS TUCSNAK®

Abstract. In this paper, we consider the infinite time horizon LQR optimal control problem for
the linearized Boussinesq system. The goal is to justify the approximation by penalization of the free
divergence condition in this context. We establish convergence results for optimal controls, optimal
solutions and Riccati operators when the penalization parameter goes to zero. These results are obtained
under two different assumptions. The first one treats the linearization around a sufficiently small
stationary state and an arbitrary control operator (possibly of finite rank), while the second one does
no longer require the smallness of the stationary state but requires to consider controls distributed in
a subdomain and depending on the space variable.
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1. INTRODUCTION

The optimal control of the Boussinesq system and of its linearization around a stationary state are matters
of great interest in various applications fields, such as designing and exploiting energy efficient buildings, (see,
for instance, [9, 10, 23, 33]). A difficulty which has to be handled in solving this type of problems is that,
due to the free divergence condition for the velocity field and to the presence of the pressure, the governing
equations cannot be written as a well-posed control system in the sense of Salomon-Weiss (as described, for
instance, in Curtain and Weiss [12]), but merely as an infinite dimensional descriptor system (see, for instance,
Reis [26]). This feature implies several difficulties when simulating or tackling the associated optimal control
problems, namely in developing efficient methods to solve the Riccati equations appearing in LQR problems.
More precisely, after semidiscretization with respect to the space variable, the original problem becomes a
LQR problem for a finite dimensional differential algebraic system, which, although projection based efficient
numerical methods have been recently developed in the literature, see (for instance, [8, 18, 25]), is in general
very difficult from the computational viewpoint.

In this paper we study the infinite horizon LQR problem for a system described by the linearized Boussinesq
equations with a bounded control operator, by adopting a different methodology, based on the penalization

Keywords and phrases: Linear quadratic optimal control, Riccati theory, Boussinesq system, penalty method, controllability.
Institut de Mathématiques de Bordeaux, 351 Cours de la Libération, 33400 Bordeaux, France.

* Corresponding author: marius.tucsnak@u-bordeaux.fr

© The authors. Published by EDP Sciences, SMAI 2021

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2021008
https://www.esaim-cocv.org
mailto:marius.tucsnak@u-bordeaux.fr
https://creativecommons.org/licenses/by/4.0

2 K. LE BALC’H AND M. TUCSNAK

of the free divergence condition. Within this approach, denoting the velocity field of the fluid by v and the
pressure field by p, the free divergence condition div v = 0 is replaced by div v + ep = 0. As described in the
next section, this procedure yields a standard well-posed linear system (governed by a PDE of parabolic type
with distributed control). For simulation purposes this approach has been widely used for Stokes, Navier-Stokes
or Boussinesq type system. We refer to Temam [31] for the first analysis of the method (for the Navier-Stokes
equations) and to Hebeker et al. [17] and Shen [27, 28] for error estimates in the case of non stationary Stokes
and Navier-Stokes systems. From an optimal control perspective, the penalty method has been applied in Badra,
Buchot and Thevenet [2] for the finite horizon LQR problem where the authors prove convergence results for
the penalized Oseen system with boundary control.

To give a more precise view on the questions in the present work, consider the Boussinesq system in a bounded
domain Q C R4, with d € {2,3}, whose boundary is denoted by I' := 9. It can be written as

o —vAv+ (v-V)v+Vp=yeqs+ f+ PBi in (0,00) x Q,

Oy —aAy+v-Vy =g+ Bgriugi: in (0,00) x £,

diveo=0 in (0,00) x £, (1.1)
v=0,y=0 on (0,00) x T,

U(Oa ) = Yo, y(ov ) =% in €.

In the above equations, v is the velocity field of the fluid, p is the pressure field, y stands for the temperature
field and {ey,ea,...,eq} is the standard basis of R%. Moreover, v > 0 is the viscosity parameter, a > 0 is the
heat conductivity in the fluid. The terms f : Q — R? and g : Q — R describe the influence of field forces and
possible internal heat sources. The operator P : [L?(2)] L V0(Q), with (denoting by n the unit normal to 99
oriented towards the exterior of )

VOQ) ={ve L*()?; divo=0, v-n=0ondN} (1.2)

is the Leray projector (see, for instance Sohr [29], Sect. I1.2.5). The (bounded) control operator B := (B, Bqy1)
will be required to satisfy various assumptions, which will be described below, whereas u := (@, ug4+1) is an
input function, taking its values in a Hilbert space U, called the space of controls.

In this work we consider the linearization of the system (1.1) around a stationary solution (vs, ps, ys). More
precisely, (vs, ps,ys) is supposed to satisfy the equations

—vAvg + (Us : V)Us +Vps =yseq + f inQ,
—alAys +vs-Vys =g in ,
div vy =0 in Q,
vs =0, ys =0 on I,

where the source terms f and g coincide with those in (1.1). It is not difficult to see that the linearization of
(1.1) around a stationary state satisfying (1.3) is

v — vAv + (v-V)vs + (vs - V)v + Vp = yeq + PBu  in (0,00) x Q,
0wy — Ay +vs - Vy+v - Vys = Bgyiugs in (0,00) x £,
diveo=0 in (0,00) x £, (1.4)
v=0,y=0 on (0,00) x I,

U(Ov ) = Yo, y(ov ) =% in Q.



A PENALTY APPROACH TO THE INFINITE HORIZON LQR OPTIMAL CONTROL PROBLEM 3

The goal of this article is to study the approximation of an infinite horizon LQR. optimal control problem for
(1.4) by the corresponding optimal control problem for the penalized system

Opve — VAV, + (v - V)vs + (vs - V)ve + Vb = yeeq + Bi in (0,00) x ,

OYe — Ay +vs - Vye + v - Vys = Bii1ugi1 in (O, OO) x €1,

div ve +ep. =0 in (0,00) x €, (1.5)
ve =0, ye =0 on (0,00) x T,

'Us(ov ) = Yo, ys(oa ) =Yo in €,

where € > 0 is a penalization parameter. Note that the Leray projector P does not appear in (1.5) because the
velocity field is not divergence free. By eliminating the pressure in (1.5), we can reformulate the above equations
as the following parabolic system:

Opve — VAV + (v - V)vs + (vs - V)ve — %Vdiv Ve = Y-€q + Bi in (0,00) x Q,

FYe — alye + 05 - VYe +ve - Vys = Baprudra, in (0,00) x €0, (1.6)
ve =0, ye =0 on (0,00) x T, :
UE(Oa ) = Vo, 95(07 ) =1%o in €.
For [;}0} € H:=V°Q) x L*(©) and u € L*([0,00); U), we introduce the quadratic cost functional
0
+oo 2
J <u; rﬂ) :/ ||u(t)||?] +‘ [U(t’ )] dt, with v, p, y subject to (1.4). (1.7)
Yo 0 y(ta ) H

Under suitable assumptions, to be described later, the functional J admits a unique minimum for u = uept €

Vopt
L?([0,00); U). The corresponding solution of (1.4) is denoted by |popt| and we have [Zom] € C([0,00); H).
opt
Yopt

Similarly, for BO] € X == L*(Q)%! and u € L?([0,00); U), we introduce the cost quadratic functional
0

Je (u; BED _ /0+°° (u(t)n?J +‘ Bgﬂ

Under suitable assumptions, the functional J. admits a unique minimum for u = ugpt . € L2([0,00);U), with

2
> dt, with {Uﬂ subject to (1.6). (1.8)
X ye

the corresponding state trajectory {%pt’a] € C([0,00); X).

opt,e

The main results of this work assert that, under appropriate assumptions, for every [ZO} € H we have
0

. . v v
lim Ugpt.c = Uopy and lim | OPH=| = | "OPH| (1.9)
e—=0 e—=0 |Yopt,e Yopt

in the sense which will be made precise in Theorems 3.1 and 3.2.

Control problems with an approximation by penalization of the free divergence condition have been studied
in different ways. From a controllability point of view, the null-controllability of the Stokes system, respectively
Navier-Stokes, is established in [19], respectively in [1], with as many controls as equations. More recently, [6]
proves the null-controllability of the Stokes system in 2D with only one control, this result having been extended
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in [7] for the (nonlinear) Boussinesq system in 2D and 3D for cylindrical geometries. For LQR optimal control
problems, up to our knowledge, the only article in the literature seems to be [2] where the authors prove results
in the spirit of (1.9) for the Oseen system, with boundary control, and for a finite time horizon. We emphasize
that the error estimates provided in [2] explode when the horizon time goes to +oo.

The main novelty brought in by this work consists in obtaining convergence results for infinite time horizon
LQR problems. An essential ingredient to accomplish this goal is a version of the strategy proposed in Banks
and Kunisch [5] for Galerkin approximations, see also Banks and Ito [4]. More precisely, the method essentially
consists in the three main steps described below.

1. A question which is common to the various situations we consider is proving that the Riccati opera-

tor associated to (1.8) is bounded, uniformly with respect to & and that the optimal trajectories decay
exponentially, uniformly with respect to . This will be shown to hold under two different assumptions.
The first one considers an arbitrary bounded control operator B (possibly of finite rank) and assumes a
smallness condition for the stationary state. This is first done for the case of a vanishing stationary state
and then by a perturbation argument.
The second situation considered in this work treats the case of a control distributed in a subdomain O C 2.
In this case the control space is infinite dimensional, which enables us to derive uniform null-controllability
results for (1.4) and (1.6). This task is accomplished by combining Carleman estimates for the penalized
Stokes system due to [1] and Carleman estimates for the heat equation due to [14].

2. Secondly, we prove (1.9) for finite time horizon problems. In order to do this, we first establish convergence
results for solutions of (1.6) to solutions of (1.4), in the limit &€ — 0 and in compact time intervals. This
is obtained through an adaptation of the Trotter-Kato theorem and the use of Lax-Phillips semigroups.
Then, using the well-known formulas for optimal controls and optimal trajectories, given for instance in
[15], we can pass to the limit to deduce (1.9).

3. Finally, by using the uniform bounds and decays that are established in the first point of the strategy, we
can approximate the infinite time horizon problem in the interval [0, c0) by finite time horizon problems
in intervals [—s, 0] with s > 0. By gathering this approximation and the fact that (1.9) holds in [—s, 0],
we obtain the expected convergence results (1.9) for the infinite time horizon problem.

The paper is organized as follows. In Section 2, we introduce a functional analytic framework to establish
the well-posedness of the control systems (1.4) and (1.6) and we recall some basic facts about LQR problems
in infinite horizon. In Section 3 we state the main results of the paper, which basically formalize (1.9) under
appropriate assumptions. Section 4 mainly relies on convergence results (in the limit ¢ — 07) and uniform
bounds (in € > 0) for semigroups associated to penalized problems. In Section 5, we prove uniform stabilizability
results and null-controllability results for penalized systems. With all these preliminary results at hand, Section 6
is dedicated to the proof of the main results of the paper. Finally, Section 7 contains some final comments and
open questions.

2. SEMIGROUP FORMULATION AND BACKGROUND ON LQR PROBLEMS

s
For the remaining part of this work we assume that the stationary solution |ps| of (1.3) verifies
Ys

[vs] e WL (@), poe L¥(Q). (2.1)

S
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2.1. Well-posedness of the controlled systems

We introduce below a semigroup formulation of (1.4) and (1.6). To this aim we introduce the spaces

VHQ) = {ve H}(Q)?; divv =0}, (2.2)

d+1

D(Ay) = [(@)]) N [VH(©Q) x HY (). (2.3)

Recalling that H = V°(Q) x L?(Q) (with V°(Q) introduced in (1.2)), we consider the operator Ag : D(Ag) — H
defined by

e| _ [VPAp — (vs- V) — (¢ V)vs + Ceq
Ao M - [ aA¢ — (vs - VC) — (¢ - Vys) } ((¢,¢) € D(Ag)), (2.4)

where P is the Leray projector. Equivalently, Ay can be defined by duality, by setting:

—<A0 m 7 [‘f;DH:u/ﬂw:wdx+/ﬂ[(vs-vm+(<p-v>us]-zpdx—/ﬂgwddx

+oz/QVC~Vﬁd:z:+/Q[(vs~V)§+<p~Vys}~ﬁd:z: ({ﬂ m GD(A0)>. (2.5)

We will need the result below, for which we sketch the proof, for the sake of completeness, with no claim of
originality.

Proposition 2.1. The operator Ay defined above generates an analytic semigroup on H, denoted by T° =
0

(T?) 0"

Proof. By integration by parts and Young’s inequalities, it is not difficult to see that there exists a positive

Bé} such that for every [QO] € D(Ayp),

P
- <Ao M | [*"D > v IVl a0 + @ IV 2a e — ll (2 Ol
el

constant ¢ depending on

’Wlm(sz)dﬂ

where we recall the notation X = [LQ(Q)] 1 Thus the corresponding sesquilinear form associated to —Ag + ¢l
(this form is simply defined by the right hand side of (2.5)) is coercive on H. We also readily check that this
form is densely defined, closed and continuous on H. By Theorem 1.52 of [21], Ag — ¢I generates an analytic
semigroup on H and finally, by a perturbation argument (see, for instance, [22], Sect. 3.2, Cor. 2.2) Ay generates
an analytic semigroup on H. O

For every € > 0, consider the operator A, : D(A.) — X defined by

D(Ac) = [H(Q) N Hy ()], (26)

PG ] (o) e
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Alternatively, A. can be defined by

- <As m , m>x —v [ VesVada+ [ [0 Vet (o Vo] Bdo

—l—%/ﬁ(div ©)(div wi)dx—/QC%dx—i—a/QVCVﬁdx

+/Q[”S VetV e (m , m eD(AE)>. (2.8)

We have the following result.

Proposition 2.2. For every € > 0 the operator A. defined above generates an analytic semigroup on X =
[LQ(Q)]dH, denoted by T° = (Tf),,. Moreover, there exist M > 1 and w € R such that

T | o oxxy < Me* (>0, t>0). (2.9)

Proof. By integration by parts and Young’s inequalities, it is not difficult to see that there exists a positive

constant ¢ depending on [|(vs, ys)lyy1.()e+1 (independent of £ > 0), such that for every Lﬂ € D(A.),

L.
~(4:(£)(2)) > v I9elaaye + v ol +a 96T e~ cl@, Ol (210)
X

Thus the sesquilinear form associated to —A. + ¢l is coercive on X. We also readily check that this form is
densely defined, closed and continuous on X. By Proposition 5.1 of [21] and Theorem 1.52 of [21], A; — ¢l
generates an analytic semigroup T¢ satisfying

I

t
Since the constant ¢ is independent of & we can apply ([22], Sect. 3.2, Cor. 2.2), to obtain that for every £ > 0
the operator A, generates an analytic semigroup on X and that we have (2.9). O

< Me*? (>0, t=0).
L(X;X)

Let us introduce the projector Py € L(X; H) defined by

=[5 (Bl
Y Y Y
where P is the Leray projector. Let U be a Hilbert space (the space of controls). We introduce the control
operators

B e L(U;X) and By := PgB € L(U; H). (2.11)
We have the following well-posedness result for controlled systems.

Proposition 2.3. For every {ZO} € H, u e L*([0,00);U), the Cauchy problem
0

i =+ [0 =[] (212)
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admits an unique mild solution B] defined by
vt o Vol | ‘™ B u(o) do (t>0) (2.13)
y(®)] Tt lwo] Sy 0 - '

Similarly, for every [ZO} € X, u € L?([0,00);U), the Cauchy problem
0

) v v(O)} {vo}
| = A Y] + Bu, — |%f, 2.14
M M ! LAO) o (2.14)
admits an unique mild solution (v,y), defined by

{’U(t)} _Ts [”0] + /O "I Bu(o)do (t>0). (2.15)

Yo

Proof. The proof readily follows from Propositions 2.1 and 2.2 and standard semigroup theoretic results (see,
for instance, [32], Prop. 4.2.5). O

2.2. Some background on LQR optimal control problems

We recall below some basic facts on LQR problems in an infinite dimensional context.

Let A be the generator of a strongly continuous semigroup on a Hilbert space X and B € L(U; X) be a
bounded control operator on a Hilbert space Y. The LQR theory in infinite horizon focus on trajectories of the
linear control system x’ = Ax + Bu, x(0) = x, which minimize the quadratic cost functional

+oo
Tz = [ (IO + 1) a (weu). (2.16)

We recall below the well-known notion of stabilizability.

Definition 2.4. The pair (A, B) is stabilizable if there exists K € L(X,U) such that A — BK generates an

exponentially stable semigroup (}"t’c)po on X, i.e. there exist M > 0 and w > 0 such that

H]:tKHL(x;X) < Me™! (t > 0).

One of the main results of the LQR theory states that the optimal control associated to (2.16) is given by a
feedback law, see, for instance, Theorem 2.1 of [5] and Theorem 4.2 of [15].

Theorem 2.5. If the pair (A, B) is stabilizable then for every xo € X, J(-;x0) admits a unique minimum Uept
given by

Uopt (t) = =B*PFyxo (t € ]0,00)). (2.17)
where P € L(X; X)), is the unique nonnegative self-adjoint solution of the Riccati equation

AP+ PA—PBB*P + Iy =0, (2.18)



8 K. LE BALC’H AND M. TUCSNAK

and F = (Fy)i>o0 is the exponentially stable semigroup on X generated by A — BB*P. Moreover, for every
T € X,

: oy , 2.19
ueL2(r[{)l}£m);M)j(U7x0) (Pxg, zo) (2.19)

We recall that P € L(X; X) is a solution to the algebraic Riccati equation (2.18) if P maps D(A) to D(A*)
and (2.18) is satisfied when the left hand side is applied to an arbitrary = € D(A).

3. MAIN RESULTS

In this section we continue to use the notation introduced in Section 2 for the spaces H, X, U and for the
operators (Ac). g, Bo and B (we recall, in particular, from (2.11) that By = Py B). Moreover, we introduce
some new notation and we state the main results of the paper.

Assume that (Ag, By), with Ay defined in (2.4) and By defined in (2.11), is stabilizable. By Theorem 2.5, let
us denote by Iy € L(H) the unique nonnegative self-adjoint solution of

AiTly + Mg Ag — o By BiTly + Iy = 0. (3.1)

In (3.1), Ig denotes the identity operator on H. The feedback semigroup, i.e. generated by Ay — BoBgIly is

denoted by (FF?) vo

whereas the optimal control associated to an initial data Y
0

00 € H is given by uept,o(t) =

— BT FY [ﬂ
0
In the same way, assume that (A., B) is stabilizable with A, defined in (2.7) and B defined in (2.11). Then
let us denote by II. € £(X) the unique nonnegative self-adjoint solution of

AT, + 1. A, — I.BB*II. + Ix = 0. (3.2)

In (3.2), Ix denotes the identity operator on X. The closed loop semigroup, i.e. generated by A, — BB*II,,
Vo

is denoted by (F7),s, and the optimal control, associated to an initial data [y
Z 0

] € X is given by uopt(t) =
Vo
—B*TI.FF§ .
ot [yo]
The main results of the article focus on asymptotic properties of Il., (F§ )t>0 and Uept,e in the limit € — 0.

The first main result of the paper treats the case of a stationary state [US] “sufficiently small”, with an
S
arbitrary control space U and an arbitrary bounded control operator (possibly of finite rank).

Theorem 3.1. There exists § > 0 such that if

Vs

Ys
then Ag is exponentially stable and A is uniformly (with respect to ) exponentially stable. Moreover, there
exist M > 0 and w > 0, independent of € such that the solution

<9, (3.3)

‘Wl,oo(ﬂ)d+l

HH€||£(X;X) <M (e >0), (3.4)

||F§||£(X;X) < Me™*! (5’t > 0)7 (3'5)
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In addition, for every {ZO} € H,
0

. _UO_ Vo
lim ||TT I -0 t>0), 3.6
im0 () — o [yo] ‘H (t=0) (3.6)
. _UO_ o | Yo
lim |[FS |0 —F —0 £>0)), 3.7
i [ o] e 20| (t>0) (3.7
EE%L [[ttopt,e (t) — topt,o(t)|l; =0 (t=0), (3.8)

and the last two convergences are uniform with respect to t on compact intervals.

Our second main result does no longer require the smallness of (vs,ys), considering a particular class of
control operators.

Theorem 3.2. Assume that U = X and let B € L(U, X) be defined by
Bu=ulp (ueU), (3.9)

where O is an open subset of Q and 1o is the characteristic function of O. Then (Ag, B) is exponentially
stabilizable and there exists g > 0 such that (Ae, B) is uniformly, with respect to € € (0,e¢), exponentially
stabilizable. The uniform bounds (3.4) and (3.5) still hold true for ¢ € (0,&9). Moreover, the corresponding
Riccati operators, closed loop generators and optimal LQR controls still satisfy (3.6), (3.7) and (3.8).

4. PRELIMINARY RESULTS ON THE (PENALIZED) BOUSSINESQ SEMIGROUP

In this section and the following ones we continue to use the notation H := V°(Q) x L*(Q) and X =

[LQ(Q)] 1 for the state space of the system described by the Boussinesq equations and their penalized version,
respectively. We recall that the operator Ag : D(Ag) — H has been defined in (2.4), whereas for every € > 0 the
operator A, has been defined in (2.7). As in the previous sections, the analytic semigroup on H generated by
Ayp is denoted by T, whereas, for every ¢ > 0, T¢ stands for the analytic semigroup on X generated by A..

4.1. Convergence results for the semigroups describing the free dynamics

In this subsection we prove that when ¢ — 0+ the family of semigroups (T5)€>(] strongly converges to T° (and
the same for adjoint semigroups). The proof relies on an adaptation of the Trotter-Kato’s theorem, described
below.

We begin by noticing that the adjoint Af of Ag is defined by D(Af) = D(Ap) and

A [ (feew). w

In the same way, for every € > 0 the adjoint A* of A, is defined by D(AY) = D(A.) and

=[G ] (o). o

In (4.1), (4.2), the notation (V¢)" means the transpose of the matrix V.
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We first prove the convergence of the resolvents of A, (respectively A*) towards the resolvents of Ag

(respectively Af).

Proposition 4.1. There exists A\g > 0 such that for every A € C with Re A > Ao, we have

lim [|[[M — A]7! _J] — M = Ayt P, / =0
El 5 [ ] g [ o] H 9]
lim ||[A — A¥]! —f} — [\ —Ax7tP f =0
51 0 [ a] g [ 0] H 9]

Proof. We only prove (4.3), since the proof of (4.4) is fully similar.
Let ng] € X and

Ao >c¢ >0,

where the constant ¢ is the one appearing in (2.10). Then, for A € C with Re A > Ao, by setting

2] = or-ag 7],

and by using (2.8) we have

{

e x).
e x).

)\/Qapg~1/}dx+u/QV<p5:dex—i—/g[(vs~V)<p5+(cp5-V)v5]-wdm

1 — _
+g/ﬂ(di‘f @e)(div ¢)d$—/QCsWdﬂ?%-)\/QCeﬁdx—Fa/QVCE-Vﬁdx

+/[vs-VCE+<pE~VyS]~ﬁdx:/f~@dm+/gﬁdx
Q Q Q

Taking m = {?] in (4.6) and using (2.10) we obtain

2
2 1. 2 2
IVeellzagya + 2 I1div @ellzz(q) + [VEllz20)e < €

)

X

()<

(€>0),

(4.3)

(4.4)

(4.5)

where ¢ > 0 is some another constant. From this and the Poincaré inequality it follows that there exists (another)

¢ > 0 with

2

)

The above estimate implies that there exists [90] € H}(Q)4+! such that

2 1, .. 2 2
loellmy@ya + 2 Idiv @ellze(q) + 1€l @) < € .

¢

[?j — [?} as e — 0 in H3(Q)! weakly,

(e > 0).
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[?e} N [ﬂ as € = 0 in L?(Q)%*! strongly,
1>

dive = 0.

For [:/7}] € D(Ap), note that div ¢ = 0, we can thus pass to the limit in (4.6) to obtain that

)\/ng-deﬁ—y/QVgo:V@dx+/{2[(vs~V)go+(go-V)vs]~de
—/ngddm—l-/\/ﬂgﬁdx—i—a/QVCVﬁdm
+/Q[vs-VC+<p~VyS]-ﬁdxz/ﬂf@dx—i—/ﬁgﬁdx, ({iﬂ ED(AO)),
then using
/Qf-@der/Qgﬁdwz/QPH m - m dz <m eD(A0)>,

we deduce (4.3) from (4.7).

11

Note that, arguing as in Proposition 2.1 and in Proposition 2.2, the operator Af generates an analytic
semigroup on H, denoted by (T°)* = ((Tg)*) >0 and for every € > 0 the operator A7 generates an analytic

semigroup on X, denoted by (T¢)* = ((T§)*),5,- Moreover, there exist M > 1 and w € R such that

H(Ti)*ng(x;x) < Me*t (e>0,t>=0).
An important consequence of Proposition 4.1 is the following result:

Proposition 4.2. For every BO} € H, we have
0

lim ||T5 |*°| — T9 [”OH =0 (t>0),
e—=0 LYo | Yol |l x
lim ||(T%)* | *° —TO*[UOH =0 t>0),
Lim || (T7) 0, (T, . (t=>0)

uniformly with respect to t on compact intervals.

Proof. We only prove (4.10). The proof of (4.11) follows the same scheme, using (4.4) instead of (4.3).

(4.9)

(4.10)

(4.11)

We follow Section 3.4, Theorem 4.2 of [22]. We take A > A9 where )\ is defined in Proposition 4.1 and we

note

S= =A™ RY =M — Ao]
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By using that the resolvent commutes with the associated semigroup, see Section 1.2, Theorem 2.4, c¢) of [22],
we have

)87 — TRl < T — Rl + ST = Tl + 5~ BTl
=: D{zo + D520 + D529 (e>0,t€]0,T], 2 € H).

It follows from (4.3) and (2.9) that D§zp — 0 as € — 0, uniformly on [0,7]. Also, since t € [0,T] — Tz is
continuous because T is a strongly continuous semigroup, we deduce that the set {T?zo ; tejo, T]} is compact
in H and therefore D§zp — 0 as ¢ — 0 uniformly on [0, T.

For the term D5z, we use the fact, proved in Section 3.4, Lemma 4.1 of [22], that

t
R5(TS — TR 2 = 7/ TS (R — RS)T%20ds (¢ >0, t€[0,T], 20 € H). (4.12)
0
From (4.12), we have
t
HRE/\(Ti - T?)R(/{ZOHX < /0 HTg—s(R()J\ - Ri)T(s)ZOHX ds
t
< / Me*T ||(RS — RS)T2z0l|  ds (e >0, t €[0,T], 2 € H).

0

The integrand in the right hand side of the above estimate is bounded by an independent function of s and
tends to 0 as € — 0 by using (4.3). So, by Lebesgue’s convergence theorem, we have

| R5(T§ — T?) R3]y, 0 ase—0 (t€[0,T], 2 € H),

and the limit is uniform in [0, 7.

So we have that D;R?\zo — 0 as € — 0 uniformly in [0,T] for every zo € H. Moreover, we know that every
20 € D(Ap) can be written as zg = Rgzl with 21 € H so we deduce that D5zp — 0 as ¢ — 0 uniformly in [0, T
for every zg € D(Ap). Then, we have actually proved that

||(T§—'H‘?)R9\zo||x —0ase—0 (t €10,T], z0 € D(Ap)),
so we deduce that
|(TF = T?)z0]| , +0ase—0 (t €[0,T], 20 € D(AD)) - (4.13)

Moreover the above convergence is uniform on [0,T]. By using that H']Tf - T?H is uniformly bounded on [0, 7]
and since D(A2) is dense in H, see Theorem 1.2.7 of [22], we have that (4.13) holds for every 2o € H and
uniformly for ¢ € [0, T], which concludes the proof. O

4.2. Lax-Phillips semigroups

In this section we recall, following Staffans and Weiss [30], the concept of Lax-Phillips semigroups associated
to a control system which is then used, combined with the Trotter-Kato theorem, to prove the convergence of
the penalized Boussinesq control systems towards the usual one.

Let A:D(A) — X be the generator of a strongly continuous semigroup F = (F¢),5,. We denote by wr the
growth bound of F and we fix w > wx. Let B € L(U, X) be a bounded control operator. We denote

U, = Li([O, OO),Z/{) = ewL2([0’ OO);U)v (414)
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where (e,v)(t) = e“*v(t) and |le,v| 2 = [[v][z>. For later use, we also introduce the notation
WZ2([0,00);U) = e, W™?([0, 00);U),

with [[egvl|yyme = [Jv|lwm.e.
Let

V = D(A) x Uy
Tt is known (see Grabowski and Callier [16] for the first derivation of this result and Staffans and Weiss [30] for

a presentation of these results in a much more general context), that the operator C : D(A) — X x U,, defined
by

D(C) = D(A) x W *((0,00);U), (4.15)
_[A By
C= {0 ;J (4.16)

generates a strongly continuous semigroup E on X x U,,. More precisely, we have

g, = {]3 2;] (t > 0),
where (®¢),, are the output maps defined by
t
Du = / Fi—sBu(o)do (t>=0, ueld,),
0
and S} is the left shift by ¢ on LZ ([0, 00);U), i.e.,
Siu(r) = u(t +1t) (t, >0, ue L3 ([0,00);U)).

Remark 4.3. Note that, as mentioned in [30], the growth bound of = equals to w.

Proposition 4.4. Let C be the operator defined in (4.15) and (4.16). Then its resolvent set p(C) contains the
half plane

C,={2€C | ReA>uw},

and we have

- A)! e~ My, z
or—ey [ = [V vecserueny a

Proof. Given A € C,,, the equation

(AT —C) [zﬂ = m , (4.18)
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writes
(M — A)zp + Bup(0) = 2, (4.19)
d
Aug — difo =u. (4.20)

Denoting u_,, = e_,u and ug —,, = e_,ug, we note that u_,, € L*([0,00);U) and that ug € W22([0, 00);U) if
and only if ug,_, € W2([0, 00);U). Moreover, equation (4.20) can be rephrased in terms of u_, and ug _,, as

duO,—w

dg

(5) = <)‘ - w)UO,—w(f) + U—w(f) (Re A> W, f S (O’ OO))

In the following, we use some basic facts about Laplace transformation, see for instance Section 12.4 of [32]. By
applying the Laplace transform to all the terms in the above equation we obtain

SUp,—w(8) — U0,—w(0) = (A — w)lUo,—w () + U—_w(s) (Re s > 0,Re A > w). (4.21)
Choosing ug —(0) = —U_, (A — w) we obtain

U_w(8) —U_p(N —w)
s—(A—w)

(Re s > 0,Re A > w). (4.22)

U, —w(8) =

Since, by the Paley-Wiener theorem, see Theorem 12.4.2 of [32], we have that @_,, lies in the Hardy space
H2(Co;U), the above formula implies that U, —, € H?(Co;U). Applying again the Paley-Wiener theorem it
follows that @ _, is the unique solution of (4.21) with ug,_,, € L?([0,00);U). Moreover, applying the inverse
Laplace transform to (4.22), we obtain that

up,—w (&) = —eA-w)g /OO e(“_’\)”d(n) dn (Re A > w, £ € (0,00)),
13
so that
ug(§) = — /oo N~y (n) dn (Re A > w, € € (0,00)). (4.23)
13

Going back to (4.19), it follows that
29 = (A — A) " (—up(0) + 2) (Re A > w). (4.24)

Finally, putting together (4.23) and (4.24) we obtain the conclusion (4.17). O

Let us now retrieve our (penalized) Boussinesq context, with the notation for the operators A. and semigroups
T¢ recalled at the beginning of this section. We know from Proposition 2.1 and Proposition 2.2 that there exist
M > 1 and @ € R such that the corresponding semigroups satisfy

¢

HL(X;X) < Me®t and 1Tz ox,x) < Me®t, (e>0,t>0). (4.25)

For w > @, we consider the space U, introduced in (4.14) taking & = U.
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We can introduce the Lax-Phillips semigroup Z° = (27);5¢ on H x U,,, associated to the pair (Ag, By

15

= PyB)

and, for every € > 0, the Lax-Phillips semigroup Z¢ = (£f);>0 on X X U, associated to the pair (4., B).
The main result in this section is given just below and it will be used several times in the remaining part of

this work.

Proposition 4.5. With the above notation, we have

lim ||=2 Z]E?{ZH =0 (t>0, ﬂequw),
e—0+ _U u X xU u
. N P —0vx |2 z
= - (2 = 20, w |
el er ] o (o e

Moreover, the convergence above is uniform for t in compact intervals.

Proof. We only prove (4.26).
The generator of Z¥ is the operator Cy : D(Co) — H x U,, defined by

D(Co) = D(Ag) x W52((0,00);U),

Ao Bob
Co—[oo %0]-
d¢

Similarly, for every € > 0, the generator of Z°¢ is the operator C. : D(C.) — X x U defined by

D(Ce) = D(A:) x W*((0,00);U),

cofs ]
By Proposition 4.4, we have for every A € C,
(A —Co)~! m {(M ?2 (f foo ‘, (7%731277 - Z)] (m € H x uw> :
e [ - [N B e ([ ex)

By combining Proposition 4.1, recalling that By = Py B and taking z € H, it follows that

™ (o)

lim
e—0+

(A — )™ m — (AT —Co) ™ m

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Then the conclusion (4.26) follows from (4.34) and (4.25) by a slight variation of the Trotter-Kato theorem, in

the spirit of the proof of Proposition 4.2.

O
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Remark 4.6. Note that for every w > 0, L?([0,00);U) is contained in U, so one can apply in particular
Proposition 4.5 for controls u € L?([0, 00); U).

4.3. Uniform constants in Datko’s theorem

The goal of this subsection is to provide a version of a well-known theorem of Datko, in which we make
explicit the fact that the exponential decay rate of the semigroup depends only on the constants involved in
assumptions (4.35) and (4.36) below.

Proposition 4.7. Let A be a generator of a strongly continuous semigroup (Fi)i>0 on a Hilbert space X.
Assume that there exists a positive constant C > 0 such that

”]:tHL(X;X) < Ce (t>0), (4.35)

and
* 2 2
| 1Fng <oy (he ). (4.36)
Then there exist M > 0 and w > 0, depending only on C, such that
H]-"t||£(X;X) < Me™ @t (t>0). (4.37)

Proof. We closely follow the methodology used, for instance, in Tucsnak and Weiss ([32], Sect. 6.1), in proving
Datko’s theorem.

First, from (4.35), we have that for every 7 > 0 there exists m, > 1 (depending also on C) such that
| Fellz(x;x) < my for all t € [0, 7]. Then

1 T 2 T
R e e N IR (r>0, he ). (4.38)
0 0

By combining (4.38) and (4.36) it follows that

kT
S / |l dt > 12 S | Firh? (>0, heX), (4.39)
keN keN
where k., 7{ In particular, we see from the above that ||Fir|lz(x;x) < 2 for every 7 > 0 and every k € N

(and this holds also for k = 0). Hence, for every 7 > 0, every n € N and every h € X,
1 n n
[Farhll® = 2> WFnsr Farhll® < 205 Z | Frh.
k=1 Fr =

By (4.39) we get that

62

| Frnrhl|? < ||h||2 (1>0,neEN, heX),
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so that

c
| Frr ll sy < \/7L0/<;2 (r >0, neN).

Denoting n, = [4%] + 1 it follows that

—log 2

lnf ’I’Lf 10g ”]:n'r”[, X; X) log H}—nf‘r”[,()( X)X < (T > 0)

N, T

Finally, combining the above estimate and a classical result (see, for instance, Tucsnak and Weiss [32], formula
(2.1.3)), it follows that

—log 2

wo(F) = inf )7 log [Fell a0y < mf 10g||]-'m||£(X x) < (t > 0),

t€(0,00 N, T

which ends the proof. O

5. UNIFORM STABILIZABILITY AND NULL-CONTROLLABILITY RESULTS

In the first part of this section we show that, assuming a smallness assumption on the stationary state {vs]
S

(see Prop. 5.1), the semigroups T¢ generated by the operators A. defined in (2.7) are uniformly (with respect
to €) exponentially stable. This will be a basic ingredient of the proof of Theorem 3.1. In the second part of this
section we derive the corresponding ingredient of the proof of Theorem 3.2, which is is a uniform (again with
respect to €) null-controllability result for the pair (A., B), where B is the operator defined in (3.9).

5.1. Small stationary states and arbitrary control operator

In this subsection we show that if the stationary state around which we linearized the problem is small (in
an appropriate sense) then the semigroups (T¢).~¢ are uniformly exponentially stable. More precisely, we have:

Proposition 5.1. There exists 6 > 0 such that if (3.3) holds then A. generates a uniformly stable semigroup
on X, i.e. there exist M > 1 and w > 0 independent of € such that

TS|y < Me™t (e>0, t > 0). (5.1)

Proof. We split the proof into three steps. B B
Step 1. For every € > 0, consider the operator A, : D(A.) = D(A.) — X defined by

i [f] _ [VA@ FiViv o)+ Ced} ([f] c D@E)) .

In other words, looking to (2.7), we have

alf-alf+ e ([ erd). 52)
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To show that the resolvent set of ﬁg contains the half plane C_g := {z € C; Re z > —f} for some § > 0, we
note that the resolvent equation for A., that is

(sI — A,) m = H € X, (5.3)

can, according to (2.8) and (5.2), be equivalently written as

_ _ 1 _ . _
S/QQO-z/)dm—l-v/QVgo:Vd)dx—kg/ﬂdivw-divd)dxz/ﬂ(-zﬁddx—k/ﬂf-wdx (5.4)

s/(ﬁdera/VC-Vﬁdx:/gﬁdz, (5.5)
Q Q Q

for every [;ﬂ € D(A.). Note that the second equation is decoupled from the first. By Lax-Milgram’s lemma and

Poincaré’s inequality, there exists 81 > 0 such that for every s € C_g,, (5.5) admits a unique solution ¢ = (sI —
aA)~tg. Inserting this information in (5.4), we see that by Lax-Milgram’s lemma and Poincaré’s inequality, there

exists B2 > 0 such that for every s € C_g,, (5.4) admits a unique solution ¢ = (sI — vA — 1V(div ))_1 (Ca+[)-
This proves that indeed the resolvent set of A, contains C_g for 8 = min(f4, B2) > 0.

Step 2. We remark that there exists o € (0, 5) such that oI + A, generates an exponentially stable analytic
semigroup. Indeed, this is a direct application of Theorem 4.3 page 118 in [22], using Step 1 and Proposition 2.2.
Step 3. We show that the operator E, with domain D(E) = H}(Q)9*+!, defined by

(24| m>x —— [ Do+ o Vo] - wda
~ [ V646 Vi s (7] [4] e2®). (5.6)

is (oI + ZE)—bounded in the usual sense, recalled below. To this aim, let [cp, w] € D(E). We know from Step 1,
that [ﬂ = (-0l — ﬁe)*l B] for some Pgt] € X and there exists a constant C' > 0 such that

P
H L[J] HH&(Q)dH 9] llx ( )

Assuming that (3.3) holds, we have by using (5.7) that

9| I [ L ] I CeRrali |
H Lﬁ X V) gz @yar 91l x (~e )1/’ X

Taking 0 > 0 sufficiently small, and using Corollary 2.3, page 81 of [22] we obtain that A+ 0l+E=A,+0ol
generates a bounded analytic semigroup on X, so A, generates a uniform stable semigroup on X (note that o
is independent of € > 0). This concludes the proof. O
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5.2. Possibly large stationary sates and controls distributed in a subdomain

In the general case of a stationary state Bs} € Wt (Q)4+! with no smallness assumption, we cannot ensure
S

that the operator A, generates a stable semigroup, so we will use the control operator B defined in (3.9) to
stabilize this semigroup, uniformly with respect to (small enough) e.

The main contribution in this subsection is the following uniform (with respect to ) null controllability
result.

Proposition 5.2. Let (A:).>0 and B be the operators introduced in (2.6), (2.7) and (3.9), respectively. Then
for every T > 0 there exist g > 0 and C > 0 such that for every e € (0,¢¢), the pair (A., B) is null controllable

0

in time T with control cost independent of € € (0,eq0). In other terms, for every Z € X, one can find a control
0

U = [ e } € L2((0,T) x 0)4*1 satisfying
Ud+1,e

H

||u€||L2((07T)XO)d+1 < C‘ ‘
X

and such that the solution of (2.14) satisfies

Remark 5.3. Using the standard duality between null controllability and finite state observability (see, for
instance, [32], Thm. 11.2.1), Proposition 5.2 is a direct consequence of the following result:

Proposition 5.4. With the notation in Proposition 5.2, for every T > 0 there exist €9 > 0 and k > 0 such that
for every € € (0,¢),

T
@ [ @l asimrk ex), 59)

where, for every e > 0, T** is the analytic semigroup on X generated by AZ.
The remaining part of this subsection is essentially devoted to the proof of Proposition 5.4.

Remark 5.5. Recalling that the adjoint AY is defined in (4.2) and noticing that B* € L(X;U) is given by
«|® ¢lo ¢
B — cX), 5.10
g-1asl ([d=x) (10

we see that the observability estimate (5.9) can be rephrased in PDE terms as follows: for every [go} € X, the
0

solution of

0, — vAD — (V®)v, — (VO)v, + OVy, + VI =0 in (0,7) x Q,
0,0 — aA® — v, - VO = By in (0,7) x Q,
div ® + ¥ = 0 in (0,7) x Q. (5.11)
d=0, ©=0 on (0,T) x T,

(I)(Oa ) = @07 6(03 ) =09 in Qa
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satisfies
2

<K
X

2
2

e

H

) 5.12
L2((0,T)x O)d+1 (512

where & is the constant in (5.9).

To prove (5.12), we will use Carleman estimates in the spirit of [1]. We have to introduce the classical weights
of Carleman inequalities. -
Let Op CC O and let n € C?(Q2) such that

n(x) >0 (x € Q),
n(z) =0 (z € 09),
[Vn(z)] >0 (ze€Q\Op).

The existence of such a function is due to Imanuvilov, see Lemma 2.68 of [11] for a proof. Then, we introduce
1€ C*(]0,T]) such that

I(t) =1t (t €(0,7/4)),
l(t) € [T/4,T/2] (t € (T/4,3T/4)),
(ty=T- (t € (3T/4,T)).
Finally, for £ > 2 and A > 1, we define
Ml — pAn(x) eMn(@)+lnll) 0.71 x Q 513
= ——-------— t - t . :
a(t,v) o e = (t.) € [0,7] x ) (5.13)
Setting Qr = (0,T) x Q, we also introduce the notation
I(\5,0) = SSX*/ e 2%¢310)? dtdx + 5/\2/ e 2%¢|VO|? dtde. (5.14)

T T

We are the now in a position to recall the standard Carleman estimate for the heat equation with homogeneous
Dirichlet boundary conditions, see [13].

Proposition 5.6. There exists \g > 0 such that for all X = Xo, there exist two constants co(A) and so(X) such
that for all s > so(N), for every ©g € L*(), g € L*(Qr) the solution © to

0O —aA® =g in (0,T) x Q,
©=0 on (0,7) x T,
@(O, ) = @0 in Q,

satisfies

T
I()\,5,0) < co(N) (/ e~ 2% g|? dtdx+53)\4/ / e 25¢3|0)? dtda:) : (5.15)
T 0 O
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One of the main ingredient of the proof of (5.12) is a uniform Carleman estimate for the penalized Stokes
system

Hh® —vAD+ VU =f in (0,T) x 9,

div®+ec¥ =0 in (0,T) x Q,
® =0 on (0,T) x T, (5.16)
®(0,-) = ® in Q,
with
f=to+ h+) (Vhj)n+ (Vi) 2,), n€N, (5.17)
j=1
where for i =1,2 and j=1,...,n,

fi € L*(Q7)?, V x f1 € L*(Qr)* 73,
fi; € L2(0,T5 (HY(Q)?), zi; € L=(0,T; (WH>2(Q)%),

are given functions. In the previous equations, notation V x f; is used for the curl of f;. To state this Carleman
estimate we introduce the integral quantities:

Io(\, 5, @) = 53)\4/ e 25¢3| B2 dtda + 5/\2/ e 25| VO|? dtdx

T T

+ 32>\2/ e 22|V x @ dtdx +/ e 25| V(V x ®)|? dtdz,
Qr Q

T

and

Lhs.f)=s / 2 fol? dtda

T

+sl/2/ e 25| f1)? dtdx+s*1x2/ e 25V x f1|? dtda
T

T

n 2
+ ZZ/ e (s 2LV fi 17 + sE|V x fi4) dida.

j=11i=1

We have the following Carleman estimate, proved in Theorem 2.2 of [1].

Proposition 5.7. Let g > 0 and assume that k > 4. Then exists Ag > 0 such that for all A = Ao, there exist
two constants co(N\) and so(N) such that for every s > so(A\) and all € € (0,¢), for every ®¢ € L*(Q)? and f as
in (5.17), the solution ® to (5.16) satisfies

T
Io(\, 5, ®) < co(N) (Il(/\,s,f)+s4/\4/ /6—25’153@\2 dtdx). (5.18)
0 (@]

Note that the constants co(M\) and so(A) depend on ||zi,j||Loo(0 TWee (Q)d)-

Putting together the two Carleman estimates above, stated. in Proposition 5.6 and Proposition 5.7 we obtain
the following result:
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Proposition 5.8. Let €9 > 0 and assume that k > 4. There exists A\g > 0 such that for all X > Ao, there exist

two constants co(A) and so(A) such that for every s = so(A) and all € € (0,€q), for every [go] € X, the solution
0

(®,0) to (5.11) satisfies

T T
Io(\, 5, @) + I()\,5,0) < co(N) <54A4/ / e 250¢3| B2 dtd:r+s3)\4/ / e 25¢310)? dtdz), (5.19)
0 (@] 0 (@]

Vs

Ys

Proof. In the following proof, the positive constants C' can vary from line to line and possibly depend on A,
but do not depend on .

1"
yS Wl,oo(Q)d+l

First, by Proposition 5.7, we apply the Carleman estimate for the Stokes penalized system satisfied by ®
with f as in (5.17) and

with the constants co(A) and so(X\) possibly depending on

‘Wl,oo(g)d+1

n=1, fo=-0Vys, 1 =0, fi1=fo1=®, 211 =21 =v;,

then we obtain

Io(\,5,®) < C<s/ e fo|? dtda
Qr

n 2

T
+y° / e~ 252 (sM2€|Vy)? + €|V x y|?) dtdx+s4)\4/ / e 250¢3| 9|2 dtdm). (5.20)
0 @}

j=1i=17@Qr

Taking s sufficiently large, according to the definition of Iy, we can absorb the second right hand side term in
(5.20) to obtain

T
Io(\,5,®) < C<s/ e 25¢|0)? dtdx+s4)\4/ / e 250g3| P2 dtdx). (5.21)
T 0 O

We now use the Carleman estimate for the heat equation in Proposition 5.6 satisfied by © with g = v, - VO + &4
and we obtain

T
I(\,5,0) gc(/ e 2 (|VO|? +|®[?) dtdx+s3)\4/ /e-2sag3|@|2 dtdx). (5.22)
Qr 0 O

We can absorb the first right hand side term in (5.22) taking s sufficiently large to obtain

T
I()\,5,0) < c(/ e 25| 2 dtdx+s3>\4/ / e 250¢3|0)? dtdx). (5.23)
T 0 O
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We sum (5.21) and (5.23) to obtain

Io(\, 5, @) +1()\,5,0) < C(s/ e 25¢| 0 dtdx+/ e~ 25|®|? dtdx
Q Q

T T
T T
+s4)\4/ /6*25a§3|c1>|2 dtdx+s3)\4/ /6*25a§3\@|2 dtd:z:),
0 (@] 0 (@]

and taking again s sufficiently large, we can absorb the first and second right hand side terms of the above
inequality to deduce (5.19). O

Remark 5.9. The above proof can be adapted, by slightly changing the weights, to obtain that (5.19) holds
without the term in the right hand side that containing ®4. Indeed, by remarking that ®; = —0,0 — «AO —
vs - VO, one can estimate the local term in ®4 by a local term in © and global terms in ©. Moreover, these
global terms can be absorbed by the left hand side of (5.19), see, for instance, Proof of Proposition 2.8 in [7]
for the employment of such a technique. This actually leads to a null-controllability result as in Proposition 5.2
with a control of the form (7.1).

We are now in a position to prove the main result in this section.

Proof of Proposition 5.4. According to Remarks 5.3 and 5.5 it suffices to prove (5.12). The basic tool is the
Carleman estimate (5.19) above. Let A and s be sufficiently large such that (5.19) holds. We first remark that
there exist ¢q, co > 0 such that

sSAtem250g3 > ) (t € (T/4,3T/4), z € Q). (5.24)

stAte2sag3 4 3 \tem 293 Loy (te(0,T), x€0). (5.25)
Using (5.19), (5.24) and (5.25) we have that

3T /4

T
/(|<1>|2+|@\2) dtdm<c3/ / (\@|2+|@|2) dtde, (5.26)
T/4a Ja o Jo

for some constant cs > 0. By using (4.9), i.e. the semigroups ((T¢)*)c>0 have a growth bound independent of
e > 0, it follows that there exists ¢4 > 0 such that

P

|:@:| (tv )

2 3T /4
6 /
T, - <ec
[le] @ < [,

Gathering (5.26) and (5.27) we deduce the expected observability estimate (5.12). O

2
dt. (5.27)

X

Remark 5.10. For obtaining the null-controllability result of Proposition 5.2 for the pair (Ag, By), one can
follow exactly the same steps that we have done, using Lemma 3.1 of [13] for Carleman estimates applied to
the Stokes system.

6. PROOF OF THE MAIN RESULTS

The goal of this section is to prove Theorem 3.1 and Theorem 3.2.
We first use Proposition 5.1 to prove (3.4) and (3.5) for Theorem 3.1.



24 K. LE BALC’H AND M. TUCSNAK

Proofs of (3.4) and (3.5) for Theorem 3.1. We have from Theorem 2.5 and Proposition 5.1 that

2

+o00 2
el Bl <2 (o fal) < £ I Bl o< Ball (oo Gl =),
Yo Yo Yo 0 Yol |l x Yol |l x Yo
which implies (3.4). Moreover,
oo vl II? v oo vol |I? vl I? v
PN | IR CI W) R A [ 1M I G M)
0 Yolllx Yo 0 Yolllx Yolllx Yo
which implies (3.5) by using Proposition 4.7. O

We secondly use Proposition 5.2 to prove assertions (3.4) and (3.5) in Theorem 3.2.

Proof of (3.4) and (3.5) in Theorem 3.2. From Proposition 5.2, by fixing some T' > 0, we know that there exists
g0 > 0 such that for every ¢ € (0,¢9) and every BO] € X, one can find a control u. € L2((0,T) x O)%*! satisfying
0

(5.8) and such that the associated solution of (2.14) satisfies v.(T,-) = 0 and y.(T,-) = 0. By extending the
control ue by 0 on (T, 4+00) x O, the associated solution satisfies v.(¢,-) = 0 and y.(¢,-) = 0 for every t > T.
Moreover, using (2.9), (2.15) and (5.8), we obtain that there exists a constant C' > 0 independent of ¢ such that

Ve vo ”
€ (0,) |, [€X). 6.1
Il B (e [a] <) (o)
We can thus combine Theorem 2.5, (5.8) and (6.1) to get
% v v T ) 2
HE 0 B} 0 < cJ cs 0:|> </ - t dt
< [90} [yo]> (u LJO o [Jue( )HL2(O)J+1 + .
2
Vo Vo
€ € (0,¢0), €eX|).
[?‘/0} b's ( (0,€0) [yo} >

The above estimate implies (3.4) for € € (0,eg). Moreover, we have

oo Vo ? Vo r 2 2
€ .
/0 ’Ft [yo} LY (u L/oD </o leeOllzz oyern +’ o
2
< c] H ( € (0,c0). H e X).
Yol || x Yo

which can be combined with Proposition 4.7 to yield (3.5) for € € (0, &). O

<c|

C([0,T);X) ‘X

]

<c|

]

For the sake of simplicity, we omit below, while using (3.4) and (3.5), the condition & € (0,&¢), which will be
often replaced € € (0,¢0) (as in Thm. 3.2).

In order to complete the proofs of Theorem 3.1 and Theorem 3.2 we still need to check the convergence
results stated in (3.6), (3.7) and (3.8). This will be done by first proving that similar convergence properties
hold for the corresponding finite horizon LQR problems, in the spirit of Appendix in [5]. To this aim, we first
recall some general results concerning this type of approximation.

Let A be a generator of a strongly continuous semigroup (7;):>0 on a Hilbert space X, let B € L(U; X) be
the (bounded) control operator where the input space U is also a Hilbert space. Consider regulator problems
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on the finite intervals [s,t] with —oco < s < ty, with a weighting symmetric bounded positive operator G > 0
for the final state z(¢;). The finite interval problems are given by

tr
(Ruty) + Mininsize J(u:5,2(5)) = (Galtr).a(ty)) + [ (o)l + ut) ) a
t
subject to z(t) = Tixs +/ Ti—oBu(o)do, s <t < ty.

In the above context it is known that a unique nonnegative selfadoint Riccati operator function Il can be
associated with (R,ts), see, for instance, Theorem 3.2 of [15]. More precisely, I, satisfies the integral Riccati
equation

¢
)z =Ty, GTep—tx + / T,—e(I = () B* s(n)) Ty—z dn (x e X, €ls,ty]), (6.2)
ty

with II;(§) € £(X) a self-adjoint operator for every £ € [s,ty].
We have the following classical result, see, for instance, Theorem A.1 of [5]:

Theorem 6.1. Assume that the unique nonnegative selfadjoint solution I1 of the Riccati equation (2.18) exists.
Let T, be the unique Riccati operator function associated with the problem (R,t; = 0). If limy_,o || Frzo]| = 0
for all xg € X, where F := (Fy)i>0 is the closed loop semigroup, i.e., the one generated by A — BB*II, then we
have

lim II,(s)zo = Hxg (o € X). (6.3)

5——00
If moreover G > 11 (in the sense of symmetric operators) and there exist positive constants M and 3 such that
1Fell < Me=? (t=0), (6.4)

then
IT < M, (s) < I+ M?e* |G| (s <0). (6.5)
By coming back to our situation, calling (R¢,¢; = 0) the finite horizon regulator problem associated to

(A:, B), and (R°,t; = 0) the finite horizon regulator problem associated to (Ag, By), we can show the following
result, which is an adaptation of Theorem 5.1 in [15] to our context.

Theorem 6.2. For every s < 0, for every

UO} € H, we have
LY0

lim [[opt,e () — topt (1) [l = 0 (6.6)
o o] [Z?;: .- o
tim ||TT, . (¢) Bg] [“ﬂ ‘X (6.8)

uniformly in t € [s,0]. Here, Uopt e, Uopt, {

Vopt,e
yopt,e

the problems (R<,0) associated to (A, B) and (R°,0

Yopt

) associated to (Ag, B

], [UOpt] denote respective optimal controls and trajectories of
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Proof. Take s < 0, 7 > s and [ZO} € H. First, we remark that we just have to prove (6.6). Indeed, assuming
0

that we have (6.6), the optimal trajectory of the penalized problem is given by

t) U, t
sc_, V0] = [Vore () g [0 —/TE Bugpe,(n) d <t<0). .
T [yo} {yopt,g(t) =7 g _ Tt Uopt,e (1) dn (e>0, 7 0) (6.9)

By Proposition 4.2, we have

- )
Yo Yo

For the second term in the right hand side of (6.9), we write

=0 uniformly in ¢ € [r,0]. (6.10)

‘ X

t t t t
/ T;_, Bopt.e (1) dn — / T}, Botopt (1) dnp = / T;_,, Btopt.e(n) dn — / T;_, Buops(n) dn
t t
+ / T3, Buopt (1) dn — / Tg_nBuopt(n) dn (e>0, 7<t<0).

By using (6.6) and the growth bound of T¢ given in (2.9), we get that the first right hand side term of the above
formula goes to 0 as € — 0, uniformly in ¢ € [7,0]. Next, by using the convergence of Lax-Phillips semigroup,
given in Proposition 4.5, we obtain that the second right hand side term of the above formula also goes to 0 as
¢ — 0, uniformly in ¢ € [r,0]. This yields

t t
gii% H/ T3, Buopt.(1) dn — / T}, Bottopt (1) dnH =0 uniformly in ¢ € [r,0]. (6.11)
T T X
By gathering (6.9), (6.10) and (6.11), we obtain (6.7).
Moreover, we have by Equation (3.25) in [15],
ty
Vo * Vo * Vo
o020 = 15, rest [0+ [T s [0 e esor<eso)

so we can readily pass to the limit as ¢ — 0, in the above formula, using Proposition 4.2 and (6.7). This leads
to (6.8).
According to Equation (3.14) in [15], we have

Uopt.e(t) = —(Q) 7! (Bg* {ZED (t) (>0, 7 <t<0), (6.12)

where Q¢ and B¢ are (linear) bounded operators defined in equations (3.10), (3.11) of [15]. By following line by
line ([15], Egs. (5.8)—(5.11)), using Proposition 4.2, we obtain the expected convergence (6.6). O

We are now in a position to prove (3.6), (3.7) and (3.8) for both Theorem 3.1 and Theorem 3.2, recalling
that we already know that (Ao, Bp) is stabilizable and that we have already checked (3.4) and (3.5).

Proofs of (3.6), (3.7) and (3.8). We first prove (3.6). We take G' = M1I; where M corresponds to the uniform
bound for the Riccati operator II. in (3.4). We apply Theorem 6.1 to each problem (R¢,0) on X and by using
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the uniform bound for the feedback semigroup, stated in (3.5), we conclude that for s < 0, we have

I < T, . (s) < I + M2 M. (6.13)
Let us fix {ZO} € H\ {0} and N € N*. From (6.13), we know that there exists Cy > 0 such that
0

1
||HC$E(C> - H€||L(X;X) S TR anT
4N‘

B
Yo
Using the fact that (Ao, By) is stabilizable, we have that (6.3) holds for IT (here IT actually denotes IIj to avoid

confusion with II; or II¢). From Theorem 6.1 applied to the problem (R’ 0) on H, we then know that there
exists C7 > 0 such that

(e >0, ¢ <—=Cy). (6.14)

‘ X

I ()~ T ) < (¢ < =Cy). (6.15)

1
| )
Yo

’ X

Therefore, from the triangle inequality, we deduce that for ¢ < —max(Cy, C1),

o) = i) < = e @ | |12+ et [12] <1 [

Yo Yo
|:'U0:| ’
Yo X

<ot HHc,s(o [Zj ~I(Q) M

’X ‘X ’X

+ ||HC - H”g(x;x)

(e > 0).

‘ X

We know from Theorem 6.2 that the second term in right hand side term of the above equation goes to 0 as
€ — 0, so there exists &’ such that for every e € (0,¢’), we obtain

ol
Yo Yo
which, recalling that N € N* is arbitrary, concludes the proof of (3.6).
We next prove the convergence of the feedback operators, i.e. (3.7). To this aim we first note that for every

[vo] € H we have

<—+ — < —, 6.16
X 2N+2N N ( )

‘ 1 1 1
<

Yo

v o] =22 ] =7 ] - )
Yo Yo Yo Yo

t t

£ * € v * v

+/ Tt—n(fBB HE]Fn) Ljﬂ d77*/ T?—n(*BOBOHOFg) [ 0
0 0

] dn (e>0,t>0). (6.17)
Yo

The quantity defined by the first two terms in the right hand side of (6.17) tends to 0 as € — 0, uniformly on
compact intervals in time. For the remaining terms in the right hand side we write
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t
* * U
/ [Ti, (- BB'ILEF;) — TY_,(~ Bo BTl FY)| [yg] dn
0
t
:/0 [Tﬁfn(—BB*HEIFZ) —T;_,(-BB*ILLF)) + T;_, (-BB*ILF)) — T;_, (~BB*I,F;)

T (BB ~ T, (- BoTiaE})] |17 an (>0, 120, (6.18)
0

Consequently, from (6.17), (6.18) and the uniform bound (2.9), we obtain that taking T' > 0, there exists a
constant C' > 0 such that for every ¢ > 0 and t € [0, 77,

t
]FE Vo _ FO |:U0:| TE |:U0:| _ TO |:U0:| + C/ HE]FO |:U0:| _ HOFO |:U0:| d
’t[yo} " o " lvo “lyo] |l 0 " Yo 7’”po?7
t t
+ [ ||Te_ (= BB:TI,F? UO} ~ T (—ByB:TI,F° {”O] dn +C / e [”0} _F° [”0}
A t 17( 010 17) |:y0 t 17( 00110 n) vo || n o |y |y

Hence, by using Gronwall’s inequality, we obtain that there exists a positive constant C' > 0 such that for every

g > 0, te [O,T],
Tf |:U():| Tg |:1)0:| ’
Yo Yo X

TLF° Vo _ TI°R© Vo
= L/o T Yo

< ‘

‘ X

’ dn.
X

‘ <C| sup
X te[0,T)
T

+

0

T
+ / sup
0 t€[0,T]

By using Proposition 4.2, the convergence of the Riccati operators i.e. (3.6) and Proposition 4.5 we see that the
three terms in right hand side of the above formula converge to 0 as ¢ — 0. Then, we immediately deduce (3.7).

Finally, we obtain the convergence of the optimal controls (3.8), using the definition of optimal controls
in function of the closed-loop semigroup, i.e. (2.17), and the convergence of the closed-loop semigroup, i.e.
(3.7). O

(5]
Yo Yo

o
X

I3 * (Y * [
T;_,(—BB;IIF;) [yﬂ —T{_, (= Bo B3I Fy) L/ﬂ

dn) exp(CT).
b'e

7. CONCLUDING REMARKS

In this paper we prove that the penalization of the free divergence condition allows the approximation infinite
horizon LQR problem for the linearized Boussinesq system by the corresponding problems for a sequence of
parabolic systems, for which standard theory and available computational techniques fully apply. The main
open question left by this work is the study of the action of the obtained controllers when inserted in the
nonlinear Boussinesq system. As in the case of the Navier-Stokes equation (see, for instance, [24]), we expect
local stabilization results, the difficulty being that we need estimates for the nonlinear problem which are
independent of ¢.

We end this paper by formulating some comments and some open questions related to our main results in
Theorem 3.1 and Theorem 3.2.
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— In Theorem 3.2, we can actually replace (3.9) by
uy

Bu = 1o (u S U), (71)

Ud—1
0

Ud+1

that is to say, a control operator that acts only on the first (d — 1) velocity components and on the
temperature, see Remark 5.9 above.

— In the spirit of Theorem 4.8 of [4], assuming that (3.4) and (3.5) hold true, we may wonder if we have the
following convergence in norm operator

8_1>%1+|‘ e OH[:(H;X) 0

— For numerical purposes, it would be relevant to obtain error estimates for the convergences (3.6), (3.7)
and (3.8), in the spirit of [20].

— A natural generalization, concerning both Theorem 3.1 and Theorem 3.2, could consist in adding an
observation operator in the quadratic functionals defined in (1.7) and (1.8). We think that, at least in
the case of bounded observation operators, our approach can be adapted to this situation, in the spirit of
what has been done in [4] for Galerkin type approximations.

— For proving Theorem 3.1 and Theorem 3.2, the approach that we follow crucially uses the fact that B
and By are bounded control operators. It would be relevant to extend these results for unbounded control
operators in order to treat boundary control operators, see [2] for finite time horizon problem in the
context of the Oseen system.

— Another important issue, namely when one aims getting closer to applications, is to show that if (3.3) or
(3.9) holds then the semigroup generated by A — By BgII¢ is uniformly exponentially stable for € sufficiently
small.

— In the spirit of [3], it would also be interesting to obtain local exponential stabilization with a finite number
of controls, uniformly with respect to e, for the (nonlinear) Boussinesq system (1.1), replacing div v =0
by div v 4+ ep = 0.
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