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TWO GEOMETRIC LEMMAS FOR SV~1.VALUED MAPS AND AN
APPLICATION TO THE HOMOGENIZATION OF SPIN SYSTEMS*

ANDREA BRAIDES** AND VALERIO VALLOCCHIA

Abstract. We prove two geometric lemmas for S ~!-valued functions that allow to modify sequences
of lattice spin functions on a small percentage of nodes during a discrete-to-continuum process so as to
have a fixed average. This is used to simplify known formulas for the homogenization of spin systems.
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1. INTRODUCTION

A motivation for the analysis in the present work has been the study of molecular models where particles
are interacting through a potential including both orientation and position variables. In particular we have in
mind potentials of Gay-Berne type in models of Liquid Crystals [5, 6, 17, 19, 20]. In that context a molecule
of a liquid crystal is thought of as an ellipsoid with a preferred axis, whose position is identified with a vector
w € R? and whose orientation is a vector u € S2. Given o and B two such particles, the interaction energy
will depend on their orientations u., ug and the distance vector (g = wg — w,. We will concentrate on some
properties on the dependence of the energy on u due to the geometry of S? (more in general, of S™V—1).

We restrict to a lattice model where all particles are considered as occupying the sites of a regular (cubic)
lattice in the reference configuration. Note that in this assumption (,3 =  — « can be considered as an additional
parameter and not a variable. Otherwise, in general the dependence on (,g is thought to be of Lennard-Jones
type (for the treatment of such energies, still widely incomplete, we refer to [8, 10, 12]).

We introduce an energy density G : Z™ x Z™ x SN71 x SN=1 5 RU {+00}, so that

Gf (Oé, u, U) = G(Oé, a+ ga u, U)

represents the free energy of two molecules oriented as v and v, occupying the sites « and § = a + £ in the
reference lattice. Note that we have included a dependence on « to allow for a microstructure at the lattice level,
but the energy density is meaningful also in the homogeneous case, with G¢ independent of a.. Such energies
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are the basis for the variational analysis of complex multi-scale behaviours of spin systems (see, e.g., [9] for the
derivation of energies for liquid crystals, [2] for a study of the XY-model, [14] for a very refined study of the
N-clock model, [15, 16] for chirality effects).

In order to understand the collective behaviour of a spin system, we introduce a small scaling parameter
€ > 0, so that the description of such a behaviour can be formalized as a limit as ¢ — 0. For each Lipschitz set
Q the discrete set Z.(Q) := {a € eZ™ : (a4 [0,6)™) N Q # O} represents a ‘discretization’ of the set Q at scale
€. We also let R > 0 define a cut-off parameter representing the relevant range of the interactions (which we
assume to be finite).

We define the family of scaled functionals

E.(u) = Z Z emGe (gm(a)m(a—i—eé))

SEL™ qeRE(Q)
[§I<R

with domain functions u : Z.(Q) — SN~ where RE(Q) := {a € Z.(Q) : a, a+e& € Q).

Extending functions defined on Z.(€Q) to piecewise-constant interpolations, we may define a discrete-to-
continuum convergence of u. to u. The assumptions on GG ensure that u takes values in the unit ball. We can
then perform an asymptotic analysis using the notation of T-convergence (see e.g. [7, 8, 13]). Energies as F.,
but with w taking values in general compact sets K have been previously studied by Alicandro, Cicalese and
Gloria (2008) [3], who describe the limit with a two-scale homogenization formula. In the case of SV ~1-valued
functions we simplify the homogenization formula reducing to test functions w satisfying a constraint on the
average. This is a non-trivial fact since this constraint is non-convex, and its proof is the main technical point
of the work.

The key observation is that we can modify the sequences u. so that they satisfy an exact condition on their
average. We formalize this fact in two geometrical lemmas. The first one is a simple observation that each point
in the unit ball in RV with N > 1 can be written exactly as the average of k vectors in SN~ for all k > 2,
while the second one allows to modify sequences u.; satisfying an asymptotic condition on the discrete average
of u. with a sequence u. satisfying a sharp one and with the same energy E. up to a negligible error. This can
be done if the asymptotic average of u. has modulus strictly less than one. In this case, most of the values of
ue are not aligned; this allows to use a small percentage of these values to correct the asymptotic average to a
sharp one by using the first lemma.

Optimizing on all the functions satisfying the same average condition satisfied by their limit we show that
the I-limit of the sequence E., for functions u € L (€2, BYY) is a continuum functional

E()(U) :/QGhom(u) dxa

and the function Gpon, satisfies a homogenization formula

Ghrom(z) = lim Timinf{ET(u) : Tim Z u(a) = z},

T—00
aEZl(QT)

where Qr = (0,7)™ and

Er(w) =Y Y G (BuB)uB+E).
lggeégﬁeRf(QT)

Note that the constraint in the homogenization formula involves the values of u(a), which belong to the non-
convex set SV ~L. This is an improvement with respect to Theorem 5.3 in [3], where the integrand of the limit
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is characterized imposing a weaker constraint on the average of u; namely it is shown that it equals

Ghom(z) = lim lim iirlf{é'T(u) : ‘Tlm Z u(a) — z’ < 77}. (1.1)

n—0t+t T'—oo Tm
a€Z1(Qr)

A formula with a sharp constraint may be useful in higher-order developments, which characterize microstruc-
ture, interfaces and singularities.

The plan of the paper is as follows. In Section 2 we introduce the notation for discrete-to-continuum homog-
enization. In Section 3 we state and prove the geometric lemmas on S™~!-valued functions. In Section 4 we
prove the homogenization formula, and finally in Section 5 we give a proof of the homogenization theorem.

2. NOTATION AND SETTING

Let m,n > 1, N > 2 be fixed. We denote by {ej,...,e,} the standard basis of R™. Given two vectors
v1,v2 € R™, by (v1,v2) we denote their scalar product. If v € R™, we use |v| for the usual euclidean norm. SV =1
is the standard unit sphere of RV and BV the closed unit ball of RY. If x € R, its integer part is denoted by
|x]. We also set Qr = (0, 7)™ and B(f2) as the family of all open subsets of Q. If A is an open bounded set,
given a function u : A — RY we denote its average over A as

1
(uya = W/Au(x) dz.

2.1. Discrete functions

Let Q C R™ be an open bounded domain with Lipschitz boundary, and let € > 0 be the spacing parameter
of the cubic lattice eZ™. We define the set

Z:(Q) :={a€eZ™: (a+[0,6)™)NQ#0D}
and we will consider discrete functions u : Z.(€2) — SN~! defined on the lattice. For £ € Z™, we define
REQ) :={a€Z(N) : a,a+c €},

while the “discrete” average of a function v : Z.(A) — SN~ over an open bounded domain A will be denoted
by

2.2. Discrete energies

We assume that the Borel function G : R™ x R™ x SV~ x S¥N~1 _; R satisfies the following conditions

(boundedness) sup {|G(a,ﬁ,u, V)|, B ER™, uv € SN*I} < 003 (2.1)
(periodicity) there exists | € N such that G(-,-,u,v) is Q; periodic;

(lower semicontinuity) G is lower semicontinuous.
Given £ € R™, we use the notation

G* (a,u,v) = G(a, o+ €€,u,v), (2.4)
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and define the functionals

S Y e (Sutauta+eo) o9

EEL™ qeRE(Q)
lEI<R

for u : Z.(Q) — SN-L

2.3. Discrete-to-continuum convergence

In what follows we identify each discrete function w with its piecewise-constant extension @ defined by
w(t) = u(a) if t € a4+ [0,€)™. We introduce the sets:

A8V = {u R™ - SVL L a(t) = u(a) if £ € a + [0,6)™, for o € ZE(Q)}.

If no confusion is possible, we will simply write u instead of %. If e = 1 we will simply write A(€2; S¥~1) in the
place of A; (Q;SN1).

Up to the identification of each function w with its piecewise-constant extension, we can consider energies
E.: L>®(Q,8V71) » RU {+00} of the following form:

DY mG£<%,u(a),u(a+5§)) if u e A(Q; SN,

Ee(u; Q) = { £525 0cRi@) (2.6)

+00 otherwise.

Let £; — 0 and let {u;} be a sequence of functions u; : Z,(€2) — SV~1. We will say that {u;} converges
to a function v if 4; is converging to u weakly* in L*>°. Then we will say that the functionals defined in (2.5)
I-converge to Ey if F. defined in (2.6) T-converge to Fy with respect to that convergence.

2.4. The homogenization theorem

We will prove the following discrete-to-continuum homogenization theorem.

Theorem 2.1. Let E. be the energy defined in (2.5) and suppose that (2.1)~(2.3) hold. Then E. I'-converge to
the functional

u):/QGhom(u)dx (2.7)

defined for functions u € L>(Q, BYY). The function Gpom is given by the following asymptotic formula

Ghom(7z) = lim T—mf{El(u Qr) : (u >in —z} (2.8)

T—00

The treatment of the average condition in (2.8) will be performed using a geometric lemma which exploits
the geometry of SN~ as shown in the next section.

3. TWO GEOMETRIC LEMMAS

In this section we provide two general lemmas. The first one is a simple observation on the characterisation
of sums of vectors in SV ~!, while the second one allows to satisfy conditions on the average of discrete functions
with values in SN—1,
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Lemma 3.1. Let u be a vector in the ball BY in RN centered in the origin and with radius k > 2; then u can
be written as the sum of k vectors on SN~1:

k
u:Zui u; € SVL
i=1
Equivalently, given u € BY and k > 2, u can be written as the average of k vectors on SN ~1:

u =

| =

k
E U; u; € SNil.
i=1

Proof. We proceed by induction on k.

Let k =2 and let u € BY. The set (u+ SV ~1) NS~ is not empty set. If we choose v € (u+ SV 1) NSN-1
then the first induction step is proven with u; = v and ug = (u — v).

Suppose that the claim holds for & — 1. Let u € BY and note that the set (u +SN~1) N BY | is not empty.
If v e (u+SY~1) N BY | by the inductive hypothesis we may write v = uy + -+ - 4+ ug_1 with u; € S¥~1. The
claim is then proved by setting uy = u — v. O

Lemma 3.2. Let A C R™ be an open bounded set with Lipschitz boundary. Let §; > 0 be a spacing parameter
and uj : Zs,(A) — SN be a sequence of discrete function. Suppose that u; —* u in L°°(A, BY) and that the
average of uw on A satisfies |(u) 4| < 1. Then, for all j there exist ; such that

1

1. the discrete average (ii;)% == ———— Z 4;(4) is equal to (u)a;
#Zs,(A)
1€Z5j (A)
2. the function @; is obtained by modifying the function u; in at most 2P; points, with m — 0.
d;
Proof. To simplify the notation we set Z;(A) = Zs, (A) and u} = u;(i).
Note that, by the weak convergence of u;,
n; = [(u)® — (u) a] = o(1) (3.1)
as j — +00. We will treat the case that n; # 0 since otherwise we simply take @; = u;.
Since (u;)4 — (u)a, by the hypothesis that |(u)4| < 1 we may suppose that
[(u)4l < 1—2b (32)

for all j, for some b € (0,1/2).

Claim: setting B = b/(4 — 2b), for every i € Z;(A) there exist at least B #7Z,;(A) indices [ € Z;(A) such that
(uf,ul) <1—b.
Indeed, otherwise there exists at least one index ¢ for which the set

Ay = {1 €Z;(A): (ul,ul) >1—b, I #£i} (3.3)
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is such that #.A4;, > (1 — B)#Z;(A) and we have

)l = () ) = e 3 (uhad)

#2i(4) o
_ [ N 1o
- #Zi(4) l;fuj’u]) T HZ,(A) lezj%:m(%%)
1
2 #Z](A) (#Ab(l - b) - (#ZJ (A) - #Ab))
1

= m(@ —b)#A, — #Zj(A))
> (2—b)(1—B)—1:1—gb

> [(uy)%l,
where we have used (3.2) in the last estimate. We then obtain a contradiction, thus proving the claim.
By the Claim above, there exist (B/2)#Z;(A) pairs of indices (is,ls) with {is,ls} N {i,, I} =0 if r # s and
(u;,ué) <1-b. (3.4)

Since n; — 0, with fixed ¢ > 0 we may suppose that
Nj
BHZ;(A) > 2 b#zj(A)J +1 (3.5)

for all j.
We now set

Py = | Baz,a)| +1, (3.6)

so that by (3.5) there exist pairs (is,[s) as above, with s € I; := {1,..., P;}. Note that P; satisfies the second
claim of the theorem.
If for fixed j7 we define the vector

w= 30wl (A ) — Dy ),

i€Z;(A) s€l;

then we have

| < #(Zy (A (s} = (wyal + > Juie + uls
s€Ij

SHZ; (A + (/2 + 2l ul)

sel;

< #(Z;(A))n; + P;j /4 —2b.
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Since #Z;(A)n; < c¢P; by (3.6), we then have |w| < ¢P; + P; /4 —2b. We finally choose ¢ > 0 such that
V4 —2b < 2—c, so that

By Lemma 3.1, applied with u = —w and k = 2P;, there exists a set of 2P; vectors in SV =1, that we may
label as
s 2rls |
{uy,uy : s € I},
such that

> @+l = —w. (3.7)

If we now define @; by setting

ﬁ;i: E; ifie{%‘s,lszsefj} (3.8)
uj otherwise,
we have
~ 1 i is ls —ig ls
<uﬂ>%:#z (A doui= ) () + Y (@ —|—u])>
J i€Z;(A) sel; sl
1 7 is ls
T HZ,(A) Z Urz(“j +uj)—w>
! i€Z;(A) s€l;
= (u)a,
and the proof is concluded. O
Remark 3.3. The assumption |(u) 4| < 1 in Lemma 3.2 is sharp: if |(u) 4| = 1, we may have u; —* u, such that
uj # u and |<uj>fl45'j\ =1 at every point (for example take u and u; constant vectors in S™¥~1). In this case, in

order to have (uj>fl4’6j = (u) 4, we should change the function u; in every point.

4. THE HOMOGENIZATION FORMULA

In this section we prove that the homogenization formula characterizing Gpopm, in Theorem 2.1 is well defined,
and derive some properties of that function.

Proposition 4.1. Let G be a function satisfying (2.1)~(2.3) and let G* be defined as in (2.4). For all T >0
consider an arbitrary xp € R™, then the limait

: 1. 1
lim T 1nf{E1(u;xT +Qr): (Wirig, = z} (4.1)

T—o0

exists for all z € BYV.

Proof. Let z € BY¥ be fixed. In the following we will assume G to be 1-periodic (which means that in (2.2) we
consider | = 1) and xr = 0, since the general case can be derived similarly following arguments already present
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for example in [1, 3] and only needing a heavier notation. Let ¢ > 0 and consider the function
() = et By, G Qu) (! = (12)
g¢(2) = o inf B1(u, G Q) = (u)g, = 2 .
In the rest of the proof we will drop the dependence on z. Let u; be a test function for g; such that
1 1
ﬁEl(uﬁ Qi) < g¢ + 7 (4.3)

For every s >t we want to prove that g5 < g; up to a controlled error.
For fixed s, t, we introduce the following notation:

= {OEJ —1}m.

We can construct a test functions for g, as

u(ﬂ){w(ﬁ—ti) if Beti+Q, iel

a(B) otherwise,

where 4 is a SV~ !-valued function such that <us>dQl = z. We can choose such @ thanks to Lemma 3.1: define
2Q)=2"NQs  Qur = (Ui +Q)NZ(Q.)).
i€l

We want @ to be such that

Equivalently

S wB-t)+ Y alB) = Q)

IBEQSat Bez(Qs)\Qs,t
BELI+Qy

which means that

a(B) = 2 (#(2(Q.) ~ #(Qu)). (4.4)
BELZ(Q:)\Qs ¢

On the left-hand side of (4.4) we are summing #(Z(Qs)) — #(Qs.t) vectors in SV =1 while on the right-hand
side we have a vector which belongs to a ball whose radius is at most #(Z(Qs)) — #(Qs.¢)-

If |z| < 1, thanks to Lemma 3.1 we know that it is possible to choose the values of @ in such a way that the
relation (4.4) is satisfied.

If |z| = 1, we simply set u(8) = z, and again (4.4) is satisfied. Moreover, we observe that

Ri(Qu) € (U R (1 + Qa) v (Rﬁ (@\Uti+ Qﬁ)) y
i€l i€l

(U(n‘ +({0,...,t + R}Y™\{0,...,t — R}N))>

el
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and if 3 belongs to one of the last two set of indices, then DS¢.(B) = M(£/)€)).
Recalling now (2.1), for some C' > 0 big enough, we have that

1
Js S SimEl(us; Qs)

s|m 1

<[5 s e [ 3] e ).

Using now (4.3) we get

0o 3] (e ) v ke (o 2 e [ e ),

Letting now s — +o00 and then ¢ — 400, we have that

lim sup gs(z) < liminf g;(2),

s—+oo t—+oo

which concludes the proof. O

Remark 4.2. Note that for z € SN¥~! the only test function for the minimum problem in (4.1) is the constant
z, so that the limit is actually an average over the period with u = z.

Proposition 4.3. The function Gyom as defined in (2.8) is convex and lower semicontinuous in B{V.

Proof. We want to show that for every 0 <t < 1 and for every z;, 22 € BY it holds:
Ghom(t2’1 + (1 — t)Zz, M) < tGhom(Z1, M) + (1 — t) Ghom(ZQ, M) (45)

Let k € N be fixed; having (2.2) in mind, and thanks to Proposition 4.1, it is not restrictive to take k € IN. We
define

ge(2) = kim inf{El(u; Qu): (Wl = z} (4.6)

In the following we will denote g}, = gr(21), 97 = gr(22).
Let uj, and u? be functions such that

1 1

T B Qk) < gi+ 7 (4.7)
1 1

T Bl Qu) < gi+ 7 (4.8)

Let h > k be such that h/k € N. Denote g5, = gn(tz1 + (1 —t)z2), we define the following test function for gp:

up(B) =

) L . . h mel h
ug(B—ki) if Beki+Qp 16{0,...7]{;—1} X{O,...,{ktJ—l}
h
{0

W2(B—ki) if Beki+Qr i€0,...,

u(B) otherwise,
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Reasoning as in Proposition 4.1, thanks to Lemma 3.1 we can choose the values of @ such that
d,1
<“5>Qs =tz + (1 —t)z

By (2.1) and (2.2), for some C' > 0 we get

IN

1
9h hmel(Uthh;Qh)

) P () (22 ek
e (= (1) (] [ )
+le (")m (k+ )™ — (h— B)™)

Then, thanks to (4.7) and (4.8), we can rewrite the above relation as

et () L] ) 4 ()7 [ o)
e (-7 (o))

i %c <Z>m ((k+R)™ —(k—R)™).

Letting h — 400 and then k — +00, we can conclude the proof of the convexity.
From the convexity and the boundedness of Ghon we deduce that it is continuous in the interior of B{V .
Moreover, by (2.3) it is lower semicontinuous at points on the boundary of BY O

Remark 4.4. Note that the function Gy, may not be continuous on B{V , even if it is convex. It suffices to
take a nearest-neighbor energy G = G¢ independent on «, with G(e1,e;) = 0 and G(u, v) = 1 otherwise. In this
case, in particular Ghom(e1) = 0 and Gpom(2) = 1if 2 € SVN7L, 2 # e1.

5. PROOF OF THE HOMOGENIZATION THEOREM

Thanks to the geometric lemmas in Section 3, we can now easily give a proof of the homogenization theorem.
We remark that it will be sufficient to prove a lower bound, since we may resort to the homogenization result
of Alicandro, Cicalese and Gloria [3] in order to give an upper bound for the homogenized functional. Indeed,
by (1.1) we have Ghom < Ghom, S0 that functional (2.7) is an upper bound for the homogenized energy. Note
that we could directly proof the upper bound using approximation results and constructions starting from the
formula for Gyom, but this would be essentially a repetition of the arguments in [3].

In order to prove a lower bound we will make use of Lemma 3.2 and of the Fonseca-Miiller blow-up technique
[11, 18]. Let £; — 0 be a vanishing sequence of parameters, let u € L>(, B{¥) and let u; —* u with u €
L>(2, BYY). We define the measures y; by setting

-y ¥ mGﬁ(f uj(e) i+ 25))6,, 5 ((A)
EEL™ aeRE (Q)
I§I<R
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for all A € B(R"), where §, denotes the usual Dirac delta measure at x. Since the measures are equibounded, by
the weak* compactness of measures there exists a limit measure p on €2 such that, up to subsequences, p; —* p.
We consider the Radon-Nikodym decomposition of the limit measure p with respect to the m-dimensional
Lebesgue measure L£™:

d
= —udﬁm—kus, pw’ L L.
dx

Besicovitch Derivation Theorem [4] states that almost every point in § with respect to L™ is a Lebesgue point

for pu. So, we may suppose that zo € Z,(2) be a Lebesgue point both for u and for p and let Q,(x¢) =
o+ (—p/2,p/2)™. We then have

#@p(0)) _ —u(Qp(xo)) (5.1)

B p—0+ [,m(Qp(IQ)) p—0t p

Recalling that

m(Qp(w0)) = lim p;(Q,(0)) (5.2)

j—+o0

except for a countable set of p, by a diagonalization argument on (5.1) and (5.2) we can extract a subsequence
{p;} such that

) = Q)

holds. This means that

%(xo) — lim (7) >y (7 (@), us(er+256) )0, o1 (Qp, (30)): (5.3)
l&gGIZm a€RE,(Q)

Also note that, by the weak* convergence of u; to u, we have

=

() Qy(wo) = (U}, (4) = li§n<“J>Qp<zo>
and that for almost every xo we have

Tim, (1) (2y) = (o).

so that we may assume that

. d,e; o
11§n<uj)ij (o) = u(zg).

We can parameterizing functions on a common unit cube, by setting

v () = u;(wo + pjy) and ;= o
j
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With this parameterization, (5.3) reads

du m To 7
Qg (o) = lim 4] > > Gf(; + 5 v (), 0y 5j€))57_%+%5(621(0))-
|£56|§R7+Z?ER§ (19) J J J

Note that we have limj<vj>dQ’fJ('0) = u(xo). We can then apply Lemma 3.2 with v; in the place of u; and
A = Q1(0). We obtain a family v; with

(05 oty = (o), (5.4)

and such that v;(vy) = v;(7) except for a set P; of v with #P; = 0o(6; ™). From this, the finiteness of the range
of interactions and the boundedness of G¢, we further rewrite as

dp m o v o~ -
Gl =tm 5 3 3 (T L u0LG0+5)0 w5 (QO).
U vrers by ’

We now set
Pj —1 Zo
T:—:(s s = —,
Uy j T £
so that
du
a(%)
1 ~ g
— lLim —— Gf( Ty, ( 7))5
i w2 > o, + T 5500850+ ) )8, _em L (@i(0)
S Tt €RS 1 (D)

. 1 ~ 1N n+¢§
dm e S Y G (a0 (05 (T ) ), +16(Qr (0)):
J—=t J J

T SERmren R

We now set w;(n) = v;(7-) and use the boundedness of G¢ and R to deduce that

T]
a(xo) > jEToo Tm Z Z G (ij +n, wj(n), Uj(’? + f)) 5n—g;Tj+%g(QTj (0))
ffelg n+zr; €R§ (Qr;)

Note indeed that by considering interactions in Rf(QT].) we neglect a contribution of a number of interactions
of order O(ijfl); i.e., an energy contribution of order O(T;l). Noting that w; satisfies the constraint

d,1
<w]>93T +Qr,;(0) u(zo),
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thanks to (5.4), by Proposition 4.1 we finally deduce that

dp . 1. . . d,1
E(wo) > Jlgl(f)lo ﬁlnf{El(w,xT]. +Qr,) : <w>$Tj+QTj = u(mo)} = Ghom(u(zp)).

Since this holds for almost all zy € 2, we have proved the desired lower bound, and hence the convergence
result.
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