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LOCALIZATION OF ENERGY AND LOCALIZED

CONTROLLABILITY∗

F.W. Chaves-Silva1, J.-P. Puel2,** and M.C. Santos3

Abstract. We will consider both the controlled Schrödinger equation and the controlled wave equation
on a bounded open set Ω of RN during an interval of time (0, T ), with T > 0. The control is distributed
and acts on a nonempty open subdomain ω of Ω. On the other hand, we consider another open
subdomain D of Ω and the localized energy of the solution in D. The first question we want to
study is the possibility of obtaining a prescribed value of this local energy at time T by choosing the
control adequately. It turns out that this question is equivalent to a problem of exact or approximate
controllability in D, which we call localized controllability and which is the second question studied
in this article. We obtain sharp results on these two questions and, of course, the answers will require
conditions on ω and T which will be given precisely later on.
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1. Introduction

Exact controllability (in the whole domain) for the wave equation and for Schrödinger equation has been
extensively studied in the last thirty years, in particular after the introduction by Lions in [11] of the so-called
Hilbert Uniqueness Method which is based on the obtention of an observability inequality for the adjoint equa-
tion. Several geometric conditions were introduced successively in order to satisfy this observability inequality.
In [1], Bardos, Lebeau and Rauch introduced a celebrated sufficient and almost necessary Geometric Control
Condition (GCC) on the domain of study Ω and the time T which was proved to be necessary and sufficient
by Burq and Gerard in [3]. For Schrödinger equation, the first results were given by Machtyngier in [12] and
Lebeau in [7].

Here we are interested in a problem of controllability only in a subdomain and we look for weaker geometric
conditions to ensure exact or approximate localized controllability. We also remark that this question is equiv-
alent to a problem of prescribed localized energy for the solution of our equations. In fact, the motivation for
this present study was this question of prescribed localized energy, in particular for the Schrödinger equation
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as it seems important, for example in quantum chemistry, to focus the energy of the solution in a prescribed
region.

The controls we consider will be acting on a subset ω× (0, T ) of the physical domain. We will use the notation
L2(0, T ;L2(ω)) to recall this condition of support but of course, functions in this space are understood to be
extended by 0 outside ω × (0, T ).

To be more precise, we consider T > 0, a bounded open set Ω of RN (N ≥ 1) with boundary Γ and two open
subsets of Ω called ω and D. In a first step we will study the following controlled Schrödinger equation with
distributed control acting in ω:

∣∣∣∣∣∣∣
i
∂y

∂t
+ ∆y = vIω in Ω× (0, T ),

y = 0 on Γ× (0, T ),
y(0) = y0 in Ω,

(1.1)

where y0 ∈ L2(Ω) and Iω denotes the characteristic function of ω. We know that for v ∈ L1(0, T ;L2(ω)) the
solution y of (1.1) satisfies

y ∈ C([0, T ];L2(Ω)).

We define the localized energy in D at time t as

ESD(y)(t) =

∫
D

|y(t, x)|2dx.

The first problem we will study is the following.

Problem 1.1. Given α ≥ 0, can we find v ∈ L2(0, T ;L2(ω)) such that

ESD(y)(T ) = α ? (1.2)

For α > 0 we will give a positive answer to this question. For α = 0, up to our knowledge, the problem
remains open.

This will be related to the following problem of localized controllability which will be the second problem
studied in this article.

Problem 1.2. Given α > 0, can we find v ∈ L2(0, T ;L2(ω)) such that

ESD(y)(T ) = |y(T )|2L2(D) ≤ α ? (1.3)

Of course, Problem 1.2 is included in Problem 1.1 but Problem 1.1 is more precise.
We will give a positive answer for this problem of approximate localized controllability for T > 0 and any

nonempty open subset ω (and no condition on D).
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In a second step we will study the analogous problems for the controlled wave equation. For this purpose, we
will assume Ω to be of class C∞. ∣∣∣∣∣∣∣∣∣

∂2y

∂t2
−∆y = vIω in Ω× (0, T ),

y = 0 on Γ× (0, T ),

y(0) = y0;
∂y

∂t
(0) = y1 in Ω.

(1.4)

We know that for y0 ∈ H1
0 (Ω), y1 ∈ L2(Ω) and v ∈ L1(0, T ;L2(ω)) the solution y of (1.4) satisfies

y ∈ C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω)).

We define the localized energy in D at time t by

EWD (y)(t) =
1

2

∫
D

(|∂y
∂t

(t, x)|2 + |∇y(t, x)|2)dx.

The first question of localized energy for the wave equation is

Problem 1.3. Given α ≥ 0, can we find v ∈ L2(0, T ;L2(ω)) such that

EWD (y)(T ) = α ? (1.5)

The second question of (exact) localized controllability is

Problem 1.4. Can we find v ∈ L2(0, T ;L2(ω)) such that

y(T ) = 0 and
∂y

∂t
(T ) = 0 in D ? (1.6)

Again here Problem 1.4 is a special case of Problem 1.3 but Problem 1.3 seems more general.
These two questions will turn out to be equivalent and we will give a sufficient geometric condition on D, ω

and T in order to obtain a positive answer to these problems.
Concerning Problem 1.4, we recently heard about a very similar work by He [5] on the localized controllability

of the wave equation. He gives a geometric condition which is quite similar to ours (but still somewhat different),
his strategy of proof is classical and similar to ours but the second part of the proof, namely the strategy leading
to the compactness-uniqueness argument is given without any detail in his article.

This article is structured as follows.
In a first section we treat the case of the Schrödinger equation. We give the main result for the case of

the Schrödinger equation and we show the relation between the prescribed localized energy and the localized
controllability. We then prove the result concerning localized controllability for the Schrödinger equation.

In Section 3 we consider the case of the wave equation. We state the localized geometric control condition
and give the main result concerning the wave equation. Again here we show the relation between the pre-
scribed localized energy and exact localized controllability. We then give the complete proof of exact localized
controllability for the wave equation.

We have considered here problems with distributed controls in order to give a classical sense to the energies.
We can obtain analogous results for the case of boundary controls but then we have to change the notions of
energies.
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2. Case of the Schrödinger equation

Throughout this section, all functions have complex values.

2.1. Main result and relation between localized energy and localized controllability

We will prove the following result.

Theorem 2.1. Let ω and D be any two non empty open subsets of Ω and let T > 0 be given. Then for any
y0 ∈ L2(Ω) and any α > 0, there exists a control v ∈ L2(0, T ;L2(ω)) such that

ESD(y(v))(T ) = α.

Moreover, for any α′ ≥ α, with the same control v, we can choose λ ∈ C such that

ESD(y(λv))(T ) = α′.

Remark 2.2. To our knowledge, the case α = 0 is an open problem.

Let us split the solution y of (1.1) in two parts

y = y(v) = z + w(v)

where z and w(v) are solutions of

∣∣∣∣∣∣∣
i
∂z

∂t
+ ∆z = 0 in Ω× (0, T ),

z = 0 on Γ× (0, T ),
z(0) = y0 in Ω,

(2.1)

and ∣∣∣∣∣∣∣
i
∂w(v)

∂t
+ ∆w(v) = vIω in Ω× (0, T ),

w(v) = 0 on Γ× (0, T ),
w(v)(0) = 0 in Ω,

(2.2)

respectively.
We know that ∫

D

|z(T, x)|2dx ≤
∫

Ω

|z(T, x)|2dx =

∫
Ω

|y0(x)|2dx,

and

∀λ ∈ C, w(λv) = λw(v).

Define

yλ(v) = y(λv) = z + λw(v).
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We have∫
D

|yλ(v)(T, x)|2dx =

∫
D

|z(T, x)|2dx+ 2<(λ̄

∫
D

z(T, x)w̄(v)(T, x)dx) + |λ|2
∫
D

|w(v)(T, x)|2dx.

If we choose

λ = λ(v) = µeiθ(v), µ ∈ R, θ(v) ∈ R

such that

λ̄(v)

∫
D

z(T, x)w̄(v)(T, x)dx = −µ|
∫
D

z(T, x)w̄(v)(T, x)dx|,

we obtain∫
D

|yλ(v)(T, x)|2dx =

∫
D

|z(T, x)|2dx− 2µ|
∫
D

z(T, x)w̄(v)(T, x)dx|+ |µ|2
∫
D

|w(v)(T, x)|2dx.

We will see later on (see Rem. 2.4) that we can choose v such that
∫
D
|w(v)(T, x)|2dx 6= 0 and we will restrict

ourselves to such functions v.
Then, when µ = |λ| → +∞, we have that

∫
D
|yλ(v)(T, x)|2dx→ +∞.

We now have to find the minimum of
∫
D
|yλ(v)(T, x)|2dx which is achieved for

µ = µ(v) =
|
∫
D
z(T, x)w̄(v)(T, x)dx|∫
D
|w(v)(T, x)|2dx

.

The value obtained is

α(v) =

∫
D

|z(T, x)|2dx−
|
∫
D
z(T, x)w̄(v)(T, x)dx|2∫
D
|w(v)(T, x)|2dx

.

The question now is: can we find v ∈ L2(0, T ;L2(ω)) such that

α(v) ≤ α ?

Of course the case α = 0 corresponds to find v ∈ L2(0, T ;L2(ω)) such that y(T, x) = 0 in D and it is a problem
of localized exact controllability for the Schrödinger equation. This question should require some geometric
condition on D and ω and it seems to be an open problem up to now. It will be solved in section 3 for the wave
equation and we will give there some comments about the arguments which are valid for the wave equation and
not for the Schrödinger equation.

The case α > 0 will be solved via an approximate controllability result in the next section.

2.2. Approximate controllability for the Schrödinger equation and proof of Theorem 2.1

We give here an approximate controllability result for the Schrödinger equation. This result uses a very
classical argument and should be well known, but apparently it does not appear clearly in the literature.

Proposition 2.3. Let ω be a non empty open subset of Ω and T > 0. Then the equation (1.1) is approximately
controllable in L2(Ω) in the sense that for any y0 ∈ L2(Ω), the set of reachable states {y(T ), v ∈ L2(0, T ;L2(ω))}
is dense in L2(Ω).
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Proof. First of all, by translation, we can restrict ourselves to the case y0 = 0. We introduce the (backward)
adjoint equation ∣∣∣∣∣∣∣

i
∂ϕ

∂t
+ ∆ϕ = 0 in Ω× (0, T ),

ϕ = 0 on Γ× (0, T ),
ϕ(T ) = ϕT in Ω,

(2.3)

where ϕT ∈ L2(Ω).
We notice that

−i∂ϕ̄
∂t

+ ∆ϕ̄ = 0 in Ω× (0, T ).

Multiplying (1.1) by ϕ and integrating by parts we get

i

∫
Ω

y(T )ϕ̄Tdx =

∫
(0,T )×ω

vϕ̄dxdt.

Let ϕT be in the orthogonal in L2(Ω) of {y(T ), v ∈ L2(0, T ;L2(ω))}. Then we must have

∀v ∈ L2(0, T ;L2(ω)),

∫
(0,T )×ω

vϕ̄dxdt = 0,

which implies

ϕ = 0 in ω × (0, T ).

A unique continuation result has been obtained by Masuda [13] for the Schrödinger equation in the whole
space, but his argument, which mainly concerns the time variable, may be adapted without major changes to
the case of a bounded domain. The unique continuation property can also be found in Hörmander [6], Theorem
8.6.8. The unique continuation result implies

ϕ = 0 in Ω× (0, T ),

which in turn implies that ϕT = 0. Therefore the orthogonal set of {y(T ), v ∈ L2(0, T ;L2(ω))} is reduced to
{0} and the proof of Proposition 2.3 is complete.

Remark 2.4. As a consequence of this result we obtain the fact, which was announced, that in (2.2), we can
choose v such that

∫
D
|w(v)|2(T, x)dx 6= 0.

Now Proposition 2.3 immediately implies Theorem 2.1 because, by density, given α > 0, we can find v ∈
L2(0, T ;L2(ω)) such that

|y(T )|2L2(Ω) ≤ α

which implies of course

|y(T )|2L2(D) ≤ α.
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We just have to prove that this can be achieved with a control v such that
∫
D
|w(v)|2(T, x)dx 6= 0. Suppose this

is not the case. Then we can repeat the argument for any α′ with 0 < α′ ≤ α and this implies that∫
D

|z(T, x)|2dx = 0.

Then we obtain for any v such that
∫
D
|w(v)|2(T, x)dx 6= 0,

∫
D

|y(λv)(T, x)|2dx =

∫
D

|yλ(v)(T, x)|2dx = |λ|2
∫
D

|w(v)(T, x)|2dx.

This shows that we can achieve our result by choosing only |λ|.

3. Case of the wave equation

Throughout this section the functions have real values.

3.1. Main result and relation between localized energy and localized controllability

We suppose here that Ω is C∞ and we introduce the generalized bicharacteristics for the wave operator as
defined in [8], We assume that these bicharacteristics have no contact of infinite order with the boundary of
Ω× (0, T ) and from their definition, they are continuous with respect to their initial datas.

We introduce here a localized geometric control condition (LGCC) on D, ω and T0 > 0 as follows.

Condition 3.1 (LGCC). Every generalized bicharacteristics associated with the wave operator starting at the
point ((0, x0), (τ0, ξ0)) with x0 ∈ D does not hit the boundary of (0, T ) × Ω at a diffractive point and meets
(0, T0)× ω × RN+1.

Another way of writing this condition is to say that every ray of the geometric optics starting from a point
x0 ∈ D at time t = 0 does not hit the boundary of Ω at a diffractive point and meets ω before time T0.

We can notice that this condition is written in a slightly different way as Condition 1.1 in [5] and this will
be important in the proof of the theorem stated below.

Our main result concerning the wave equation is the following.

Theorem 3.2. Let T > T0 and let us assume that D, ω and T0 satisfy the localized geometric condition (LGCC).
Then, for any y0 ∈ H1

0 (Ω) and y1 ∈ L2(Ω), there exists a control u ∈ L2(0, T ;L2(ω)) such that for any α ≥ 0,
there exists λ ∈ R such that by choosing v = λu, the solution y of the controlled wave equation (1.4) satisfies

EWD (y)(T ) = α. (3.1)

A particular case is α = 0, case of exact localized controllability, which implies that there exists a control
v ∈ L2(0, T ;L2(ω)) such that

y(T ) = 0 and
∂y

∂t
(T ) = 0 in D. (3.2)

In a first step we will follow the lines of the previous case of the Schrödinger equation. Let us split the solution
y of (1.4) in two parts

y = y(v) = z + w(v),
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with z and w(v) solutions of ∣∣∣∣∣∣∣∣∣
∂2z

∂t2
−∆z = 0 in Ω× (0, T ),

z = 0 on Γ× (0, T ),

z(0) = y0;
∂z

∂t
(0) = y1 in Ω,

(3.3)

and, respectively, ∣∣∣∣∣∣∣∣∣
∂2w(v)

∂t2
−∆w(v) = vIω in Ω× (0, T ),

w(v) = 0 on Γ× (0, T ),

w(v)(0) = 0;
∂w(v)

∂t
(0) = 0 in Ω.

(3.4)

We know that

EWD (z)(T ) ≤ EWΩ (z)(T ) = EWΩ (z)(0) =
1

2

∫
Ω

(|y1(x)|2 + |∇y0(x)|2)dx,

and

∀λ ∈ R, w(λv) = λw(v).

Define

yλ(v) = y(λv) = z + λw(v).

We have

EWD (yλ(v))(T ) = EWD (z)(T )

+λ((
∂z

∂t
(T ),

∂w(v)

∂t
(T ))L2(D) + (∇z(T ),∇w(v)(T ))L2(D))

+λ2EWD (w(v))(T ).

We will see later on (see Rem. 3.4) that we can choose u such that EWD (w(u))(T ) 6= 0.
First case EWD (z)(T ) = 0.

In this case, we have immediately

EWD (yλ(u))(T ) = λ2EWD (w(u))(T )

and this shows that by choosing λ we can obtain

EWD (yλ(u))(T ) = α.

Second case EWD (z)(T ) 6= 0.
We see that

EWD (yλ(u))(T )→ +∞ when λ→ +∞.
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We will show in the next section that we can find u such that

y(u)(T ) = 0 and
∂y(u)

∂t
(T ) = 0 in D,

which we call exact localized controllability. This will imply

EWD (w(u))(T ) = EWD (z)(T ) 6= 0.

Therefore, for any α ≥ 0, by choosing λ ∈ R we find v = λu such that EWD (y(v))(T ) = α.

3.2. Exact localized controllability for the wave equation

We are going to prove the following localized controllability result which is in fact the last part of Theorem 3.2.

Theorem 3.3. We assume that D, ω and T0 satisfy condition (LGCC) and we take T > T0. Then for any
y0 ∈ H1

0 (Ω) and y1 ∈ L2(Ω), there exists a control u ∈ L2(0, T : L2(ω)) such that the solution y(u) of equation
(1.4) with control u satisfies

y(u)(T ) = 0 and
∂y(u)

∂t
(T ) = 0 in D. (3.5)

Remark 3.4. The result of this Theorem 3.3 implies that EWD (w(u))(T ) = EWD (z)(T ). In addition, by solving
backward equation (3.3) for z with (final) data supported in D with non zero energy, we can find initial data
y0 and y1 such that EWD (z)(T ) 6= 0. Applying now Theorem 3.3 to these initial data, we obtain a control u such
that EWD (w(u))(T ) 6= 0 as announced earlier.

We adapt here Lions’ Hilbert Uniqueness Method (HUM) (see [11]) and we introduce the adjoint (backward)
equation for initial values having their support in D. Let us take

ϕ0 ∈ H1
0 (D) and ϕ1 ∈ L2(D)

which are extended by 0 (with the same notation) in Ω \D and let ϕ be solution of∣∣∣∣∣∣∣∣∣
∂2ϕ

∂t2
−∆ϕ = 0 in Ω× (0, T ),

ϕ = 0 on Γ× (0, T ),

ϕ(T ) = ϕ0,
∂ϕ

∂t
(T ) = ϕ1 in Ω.

(3.6)

We know that

ϕ ∈ C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω))

and

EWΩ (ϕ)(0) = EWΩ (ϕ)(T ) = EWD (ϕ)(T ) =
1

2

∫
D

(|ϕ1(x)|2 + |∇ϕ0(x)|2)dx.

We are going to prove the following observability inequality.
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Theorem 3.5. We assume that D, ω and T0 satisfy condition (LGCC) and we take T > T0. Then there exists
a constant C > 0 such that for every ϕ0 ∈ H1

0 (D) and ϕ1 ∈ L2(D), we have

EWΩ (ϕ)(0) = EWD (ϕ)(T ) ≤ C
∫

(0,T )×ω
|∂ϕ
∂t

(t, x)|2dxdt. (3.7)

Let us assume for the moment that Theorem 3.5 is proved. It is well known that we also have the converse
inequality [11] ∫

(0,T )×ω
|∂ϕ
∂t

(t, x)|2dxdt ≤ C ′EWΩ (ϕ)(0).

We can apply Lax-Milgram Theorem to the bilinear form∫
(0,T )×ω

∂ϕ̂

∂t
(t, x)

∂ϕ

∂t
(t, x)dxdt.

Then, for every y0 ∈ H1
0 (Ω) and y1 ∈ L2(Ω), there exists ϕ̃0 ∈ H1

0 (D) and ϕ̃1 ∈ L2(D) such that denoting by ϕ̃
the solution of (3.6) corresponding to these initial values, we have for every ϕ0 ∈ H1

0 (D) and ϕ1 ∈ L2(D),

((y0, ϕ(0))H1
0 (Ω) − (y1,

∂ϕ

∂t
(0))L2(Ω) =

∫
(0,T )×ω

∂ϕ̃

∂t
(t, x)

∂ϕ

∂t
(t, x)dxdt.

Taking the control u =
∂ϕ̃

∂t
in (1.4) and multiplying this equation by

∂ϕ

∂t
(this looks formal but can be easily

and classically justified) we obtain

(
∂y

∂t
(T ), ϕ1)L2(Ω) − (y1,

∂ϕ

∂t
(0))L2(Ω) − ((y(T ), ϕ0))H1

0 (Ω) + ((y0, ϕ(0))H1
0 (Ω)

=

∫
(0,T )×ω

∂ϕ̃

∂t
(t, x)

∂ϕ

∂t
(t, x)dxdt.

This implies that for every ϕ0 ∈ H1
0 (D) and ϕ1 ∈ L2(D),

(
∂y

∂t
(T ), ϕ1)L2(Ω) − ((y(T ), ϕ0))H1

0 (Ω) = 0

which in turn implies

y(T ) = 0 and
∂y

∂t
(T ) = 0 in D,

and finishes the proof of Theorem 3.3.
An immediate consequence of Theorem 3.3 is the following.

Corollary 3.6. We assume the same hypotheses as in Theorem 3.3. Let z0 ∈ H1
0 (Ω) and z1 ∈ L2(Ω). Then

there exists a control ũ ∈ L2(0, T ;L2(ω)) such that the solution y(ũ) of equation (1.4) with control ũ satisfies

y(ũ)(T ) = z0 and
∂y(ũ)

∂t
(T ) = z1 in D. (3.8)
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Proof of Corollary 3.6. Let z̃ be solution of the backward problem∣∣∣∣∣∣∣
∂2z̃

∂t2
−∆z̃ = 0 in Ω× (0, T ),

z̃ = 0 on Γ× (0, T ),
z̃(T ) = z0; ∂z̃

∂t (T ) = z1 in Ω,

(3.9)

Then z̃ ∈ C([0, T ];H1
0 (Ω)) ∩ C1([0, T ];L2(Ω)). Let us define

ỹ0 = y0 − z̃(0) and ỹ1 = y1 −
∂z̃

∂t
(0),

and apply Theorem 3.3 to the initial data ỹ0 and ỹ1. We obtain a control ũ ∈ L2(0, T ;L2(ω)) such that the
corresponding solution ỹ of (1.4) satisfies

ỹ(T ) = 0, and
∂ỹ

∂t
(T ) = 0.

Now

y(ũ) = ỹ + z̃

and the control ũ satisfy the conclusion of Corollary 3.6.

We still have to prove Theorem 3.5.

Proof of Theorem 3.5. Our strategy of proof is classical and follows the lines of the various works for (global)
exact controllability of the wave equation by [8] or [3], see also [1]. In order to simplify the presentation we
change the variable t in T − t in order to consider the forward problem instead of the backward problem. We
also write

EWD (ϕ0, ϕ1) = EWD (ϕ)(0).

Let us first prove a weak observability inequality, namely

∃C > 0, ∀(ϕ0, ϕ1) ∈ H1
0 (D)× L2(D),

EWD (ϕ0, ϕ1) ≤ C
∫

(0,T )×ω
|∂ϕ
∂t

(t, x)|2dxdt+ C||(ϕ0, ϕ1)||2L2(Ω)×H−1(Ω). (3.10)

We argue by contradiction. Suppose (3.10) is not true. Then there exists a sequence (ϕn0 , ϕ
n
1 ) ∈ H1

0 (D)×L2(D)
such that

EWD (ϕn0 , ϕ
n
1 ) = 1,

and ∫
(0,T )×ω

|∂ϕ
n

∂t
(t, x)|2dxdt+ ||(ϕn0 , ϕn1 )||2L2(Ω)×H−1(Ω) → 0.
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After an extraction of a subsequence, still denoted in the same way, we know that∫
(0,T )×ω

|∂ϕ
n

∂t
(t, x)|2dxdt→ 0,

(ϕn0 , ϕ
n
1 ) ⇀ (ϕ0, ϕ1) in H1

0 (Ω)× L2(Ω) weakly,

(ϕn0 , ϕ
n
1 )→ (ϕ0, ϕ1) in L2(Ω)×H−1(Ω) strongly,

and

||(ϕn0 , ϕn1 )||2L2(Ω)×H−1(Ω) → 0.

Therefore

(ϕ0, ϕ1) = 0.

We can also easily show that for every θ ∈ C∞0 ((0, T )× ω)∫
(0,T )×ω

θ(|∂ϕ
n

∂t
|2 + |∇ϕn|2)dxdt→ 0. (3.11)

We identify the initial values of the wave equation to the corresponding solutions and we now use the notations
of [8] (see also [9, 10]). Let Y = Ω× (0, T ) and bTY be the fiber bundle of rank N + 1 whose sections are the
vector fields tangent to ∂Y . Let bT ∗Y be its dual fiber bundle. We denote by j the natural projection of T ∗Y
on bT ∗Y and by Σ the image by j of the characteristic set of the wave equation. We set Σ̂ = Σ∪ j(T ∗Y/∂Y ) and

S∗Σ̂ = Σ̂/R∗+ (the quotient applies only to the frequency variables). For a subsequence again, still denoted in

the same way, there exists a microlocal defect measure µ defined on S∗Σ̂ associated to the sequence ϕn. From
(3.11), we know that µ vanishes on ω × (0, T )×RN+1. On the other hand, we know from [8] that µ is invariant
by the flow of the generalized bicharacteristics.

Let us show that all the bicharacteristics emanating from a point outside D at t = 0 are not contained in
Supp(µ). For x0 /∈ D the initial conditions vanish in a neighborhood of x0 and therefore, due to the finite
speed propagation for the wave equation, for t small enough, the solutions vanish in a neighborhood of (t, x0)
which shows that for any (τ0, ξ0) ∈ RN+1, µ vanishes on ((t, x0), (τ0, ξ0)). Now for (t, x) ∈ (0, T ) × Ω and for
(τ, ξ) ∈ RN+1 with ((t, x), (τ, ξ)) ∈ Supp(µ), the whole bicharacteristics coming to this point belongs to Supp(µ),
in particular for t = 0, ((0, x0), (τ0, ξ0)) ∈ Supp(µ) where (τ0, ξ0) are the corresponding initial conditions for this
bicharacteristics. As seen before, this implies that x0 ∈ D

On the other hand, from condition (LGCC), for every x0 ∈ D, the bicharacteristics emanating from (0, x0)
meet (0, T )× ω, which implies that ((0, x0), (τ, ξ)) /∈ Supp(µ). Therefore µ = 0 and we must have

EWD (ϕn0 , ϕ
n
1 )→ 0

which gives a contradiction. This proves the weak observability inequality (3.10).
We still need to prove the (strong) observability inequality (3.7).
We can rewrite inequality (3.10) in the following way.

∃C > 0, ∀(ϕ0, ϕ1) ∈ H1
0 (D)× L2(D),
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(0,T )×ω

|∂ϕ
∂t

(t, x)|2dxdt ≥ CEWD (ϕ0, ϕ1)− ||(ϕ0, ϕ1)||2L2(Ω)×H−1(Ω). (3.12)

On the other hand, EWD (ϕ0, ϕ1) is the square of a norm in H1
0 (Ω) × L2(Ω) for functions having their support

in D and because Ω is bounded, the embedding H1
0 (Ω) × L2(Ω) ⊂ L2(Ω) × H−1(Ω) is compact. Then by a

standard compactness-uniqueness argument, (3.12) will imply (3.7) if the kernel

N = {(ϕ0, ϕ1) ∈ H1
0 (D)× L2(D),

∂ϕ

∂t
(t, x) = 0 in (0, T )× ω}

is reduced to {0}. This constitutes the major point of the proof of Theorem 3.5.
Let (ϕ0, ϕ1) ∈ N . Then from (3.12) there exists C > 0 independent of (ϕ0, ϕ1) such that

EWD (ϕ0, ϕ1) ≤ C||(ϕ0, ϕ1)||2L2(Ω)×H−1(Ω).

Because of the compact embedding this implies that N is a finite dimensional vector space. We are going to
prove that the operator ∆ operates in N . We first show that (ϕ1,∆ϕ0) ∈ N .

For 0 < h < h0 with h0 small, we consider the differential quotient

ϕh(t, x) =
ϕ(t+ h, x)− ϕ(t, x)

h

and

ϕh,0(x) =
ϕ(h, x)− ϕ0(x)

h
,

ϕh,1(x) =
∂ϕ
∂t (h, x)− ϕ1(x)

h
.

Then ϕh is solution of

∂2ϕh
∂t2

−∆ϕh = 0 in (0, T − h)× Ω,

ϕh = 0 on (0, T − h)× Γ,

ϕh(0) = ϕh,0,
∂ϕh
∂t

(0) = ϕh,1 in Ω.

On the other hand we have

∂ϕh
∂t

(t, x) = 0 in (0, T − h)× ω.

An important point is that in general Supp(ϕh,0, ϕh,1) is no longer contained in D. But for h0 small enough
and 0 < h < h0, due to the finite speed propagation in the wave equation, it is contained in Dh with

Dh ⊂
⋃
x∈D

B(x, ε(h))

where ε(h)→ 0 when h→ 0.
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Therefore, using the continuity of the bicharacteristics with respect to their initial datas and the compactness
of D, we can assume that h0 is small enough so that Dh, ω and (T −h) still satisfy condition (LGCC). Repeating
the previous argument, we obtain the existence of a constant C1 > 0 such that for every h, 0 < h < h0,

EWDh
(ϕh,0, ϕh,1) ≤ C1||(ϕh,0, ϕh,1)||2L2(Ω)×H−1(Ω).

Now we know that when h→ 0,

ϕh,0 →
∂ϕ

∂t
(0) = ϕ1 in L2(Ω)

and

ϕh,1 →
∂2ϕ

∂t2
(0) = ∆ϕ0 in H−1(Ω).

This implies that EWDh
(ϕh,0, ϕh,1) stays bounded when h→ 0 and shows that

ϕ1 ∈ H1
0 (D), and ∆ϕ0 ∈ L2(D).

If we define ψ =
∂ϕ

∂t
we have

∂2ψ

∂t2
−∆ψ = 0 in (0, T )× Ω,

ψ = 0 on (0, T )× Γ,

ψ(0) = ϕ1,
∂ψ

∂t
(0) = ∆ϕ0 in Ω,

and

∂ψ

∂t
(t, x) = 0 in (0, T )× ω.

Therefore (ϕ1,∆ϕ0) ∈ N .
We can repeat the same argument to show that

(∆ϕ0,∆ϕ1) ∈ N,

which shows that ∆ operates from the finite dimensional vector space N into N .
If N is not reduced to {0}, the operator ∆ has eigenfunctions (u0, u1) associated to an eigenvalue (−λ) with

(u0, u1) ∈ N and of course ui, i = 0, 1 is an eigenfunction of ∆ in Ω with Dirichlet boundary conditions. If D
is different from Ω this leads to a contradiction as ui has to vanish in Ω \ D. Even if D = Ω, we can write
explicitely the solution ϕ as

ϕ(t, x) = cos(
√
λt)u0(x) +

1√
λ

sin(
√
λt)u1(x).
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Using the condition

∂ϕ

∂t
(t, x) = 0 in (0, T )× ω

we see that necessarily

u0(x) = 0 and u1(x) = 0 in ω,

which implies

u0(x) = 0 and u1(x) = 0 in Ω

and leads to a contradiction.
This proves that N is reduced to {0} and finishes the proof of Theorem 3.5 and therefore also the proofs of

Theorem 3.3 and of Theorem 3.2.

Remark 3.7. The above argument cannot be applied to the case of Schrödinger equation for at least two
reasons. First of all, we should make use of the semiclassical defect measure instead of the microlocal defect
measure and this should be done on a small interval of time. But then, the argument cannot be continued as
the propagation at infinite speed tells us that after a small interval of time the solution has a support on the
whole domain Ω and the situation is no longer the same, neither analogous.
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