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LOCALIZATION OF ENERGY AND LOCALIZED
CONTROLLABILITY™

F.W. CHAVES-SILVA', J.-P. PUEL?>** AND M.C. SANTOS?

Abstract. We will consider both the controlled Schrodinger equation and the controlled wave equation
on a bounded open set Q of RY during an interval of time (0,T), with T > 0. The control is distributed
and acts on a nonempty open subdomain w of €2. On the other hand, we consider another open
subdomain D of Q and the localized energy of the solution in D. The first question we want to
study is the possibility of obtaining a prescribed value of this local energy at time 7" by choosing the
control adequately. It turns out that this question is equivalent to a problem of exact or approximate
controllability in D, which we call localized controllability and which is the second question studied
in this article. We obtain sharp results on these two questions and, of course, the answers will require
conditions on w and T" which will be given precisely later on.
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1. INTRODUCTION

Exact controllability (in the whole domain) for the wave equation and for Schrédinger equation has been
extensively studied in the last thirty years, in particular after the introduction by Lions in [11] of the so-called
Hilbert Uniqueness Method which is based on the obtention of an observability inequality for the adjoint equa-
tion. Several geometric conditions were introduced successively in order to satisfy this observability inequality.
In [1], Bardos, Lebeau and Rauch introduced a celebrated sufficient and almost necessary Geometric Control
Condition (GCC) on the domain of study Q2 and the time 7" which was proved to be necessary and sufficient
by Burq and Gerard in [3]. For Schrodinger equation, the first results were given by Machtyngier in [12] and
Lebeau in [7].

Here we are interested in a problem of controllability only in a subdomain and we look for weaker geometric
conditions to ensure exact or approximate localized controllability. We also remark that this question is equiv-
alent to a problem of prescribed localized energy for the solution of our equations. In fact, the motivation for
this present study was this question of prescribed localized energy, in particular for the Schrédinger equation
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as it seems important, for example in quantum chemistry, to focus the energy of the solution in a prescribed
region.

The controls we consider will be acting on a subset w x (0,T) of the physical domain. We will use the notation
L?(0,T; L*(w)) to recall this condition of support but of course, functions in this space are understood to be
extended by 0 outside w x (0,T).

To be more precise, we consider T > 0, a bounded open set  of R (N > 1) with boundary I' and two open
subsets of 2 called w and D. In a first step we will study the following controlled Schrodinger equation with
distributed control acting in w:

z% + Ay =vl, inQx(0,T),
y=0 on I x (0,7), (1.1)

y(0) = o in Q,

where yo € L?(Q2) and 1, denotes the characteristic function of w. We know that for v € L'(0,7T; L?(w)) the
solution y of (1.1) satisfies

y € C([0,T); L*(%)).

We define the localized energy in D at time ¢ as

ES(y)(t) = /D ly(t, )?dz.

The first problem we will study is the following.

Problem 1.1. Given a > 0, can we find v € L?(0,T; L?(w)) such that

Ep(y)(T) =a? (1.2)

For o« > 0 we will give a positive answer to this question. For a = 0, up to our knowledge, the problem
remains open.

This will be related to the following problem of localized controllability which will be the second problem
studied in this article.

Problem 1.2. Given a > 0, can we find v € L?(0,T; L?(w)) such that
ER)(T) = y(T)[72py) < ? (1.3)
Of course, Problem 1.2 is included in Problem 1.1 but Problem 1.1 is more precise.

We will give a positive answer for this problem of approximate localized controllability for 7" > 0 and any
nonempty open subset w (and no condition on D).
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In a second step we will study the analogous problems for the controlled wave equation. For this purpose, we
will assume 2 to be of class C*°.

2

%—Ay:vﬂw in Q x (0,7),
y=0 on I' x (0,7, (1.4)
y(0) = yo; %(0) =y inQ.

We know that for yo € H}(Q), y1 € L?(2) and v € L(0,T; L?(w)) the solution y of (1.4) satisfies
y € C([0,T]; H () N C ([0, T]; L*(€2)).
We define the localized energy in D at time ¢ by

1 Jy

Y0 =3 [ (G 0F + [9y(t.0)P)de.

The first question of localized energy for the wave equation is

Problem 1.3. Given a > 0, can we find v € L?(0,T; L?(w)) such that

Ep (y)(T)=a? (1.5)

The second question of (exact) localized controllability is

Problem 1.4. Can we find v € L?(0,T; L?(w)) such that

y(T) =0 and %(T} =0inD? (1.6)

Again here Problem 1.4 is a special case of Problem 1.3 but Problem 1.3 seems more general.

These two questions will turn out to be equivalent and we will give a sufficient geometric condition on D, w
and T in order to obtain a positive answer to these problems.

Concerning Problem 1.4, we recently heard about a very similar work by He [5] on the localized controllability
of the wave equation. He gives a geometric condition which is quite similar to ours (but still somewhat different),
his strategy of proof is classical and similar to ours but the second part of the proof, namely the strategy leading
to the compactness-uniqueness argument is given without any detail in his article.

This article is structured as follows.

In a first section we treat the case of the Schrédinger equation. We give the main result for the case of
the Schrodinger equation and we show the relation between the prescribed localized energy and the localized
controllability. We then prove the result concerning localized controllability for the Schrédinger equation.

In Section 3 we consider the case of the wave equation. We state the localized geometric control condition
and give the main result concerning the wave equation. Again here we show the relation between the pre-
scribed localized energy and exact localized controllability. We then give the complete proof of exact localized
controllability for the wave equation.

We have considered here problems with distributed controls in order to give a classical sense to the energies.
We can obtain analogous results for the case of boundary controls but then we have to change the notions of
energies.
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2. CASE OF THE SCHRODINGER EQUATION

Throughout this section, all functions have complex values.

2.1. Main result and relation between localized energy and localized controllability

We will prove the following result.

Theorem 2.1. Let w and D be any two non empty open subsets of Q0 and let T > 0 be given. Then for any
yo € L?(Q2) and any a > 0, there ezists a control v € L?(0,T; L*(w)) such that

E3(y(v))(T) = a.
Moreover, for any o/ > «, with the same control v, we can choose \ € C such that
ER(y(A))(T) = o,

Remark 2.2. To our knowledge, the case @ = 0 is an open problem.

Let us split the solution y of (1.1) in two parts

y=y() = 2+ wv)

where z and w(v) are solutions of

Z‘%+Az:0 in Q x (0,T),
o (2.1)
5 =0 onT'x (0,7),
2(0) = yo in €,
and
Zaw<v) + Aw(v) =vl, in Q x (07T)7
w(v) =0 on I'x (0,T), .
w()(0) =0 in &2,
respectively.

We know that

[l opar < [ ra)fde = [ ()P,

and
VA e C, w(iv) = Aw(v).
Define

ya(v) = y(Av) = z + dw(v).
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We have
/|y>\ Tx\dx—/| Tx|dx—|—29‘ﬁ/\/ (T, z)w Tx)dx+\)\|2/|w (T, x)|*dz.
If we choose
A= Av) = pe®™ | peR, §(v) eR

such that
X(u)/Dz(T,x)w(v)( :-,4/ (T, 2)%(v) (T, z)da],
we obtain
/ lyr(v) (T, )| dx—/ |2(T, )| dx—2,u|/ (T, z)w Tx)dx\+|u|2/ lw(v)(T, z)|*da.

We will see later on (see Rem. 2.4) that we can choose v such that [}, |w(v)(T,z)[*dz # 0 and we will restrict
ourselves to such functions v.

Then, when p = [A\| = +o0, we have that [, |yx(v)(T,z)[*dz — +oc.

We now have to find the minimum of [} [yx(v)(T, z)|*da which is achieved for

AT, )
p=pv) = ID|w T, z)|2dz

The value obtained is

Yw(v)(T, z)dx|?
(v)(T, x)|?dz

/I (T, z)[*dx — UDIDIw

The question now is: can we find v € L%(0, T; L?(w)) such that
aw)<a?

Of course the case a = 0 corresponds to find v € L?(0,T; L?(w)) such that y(T,z) = 0 in D and it is a problem
of localized exact controllability for the Schrédinger equation. This question should require some geometric
condition on D and w and it seems to be an open problem up to now. It will be solved in section 3 for the wave
equation and we will give there some comments about the arguments which are valid for the wave equation and
not for the Schrédinger equation.

The case a > 0 will be solved via an approximate controllability result in the next section.

2.2. Approximate controllability for the Schrédinger equation and proof of Theorem 2.1

We give here an approximate controllability result for the Schrodinger equation. This result uses a very
classical argument and should be well known, but apparently it does not appear clearly in the literature.

Proposition 2.3. Let w be a non empty open subset of Q and T > 0. Then the equation (1.1) is approzimately
controllable in L?(Q) in the sense that for any yo € L*(S2), the set of reachable states {y(T), v € L*(0,T; L*(w))}
is dense in L?(12).
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Proof. First of all, by translation, we can restrict ourselves to the case yo = 0. We introduce the (backward)
adjoint equation

B
z’a—‘erA@:o in Q x (0,T),

p=0 on I'x (0,7), (2.3)
o(T) = or in Q,

where o1 € L?(9Q).
We notice that

—z‘%erA@:omQx (0,7).

Multiplying (1.1) by ¢ and integrating by parts we get

i/y(T)@de:/ vedzdt.
Q (0, T)xw

Let @7 be in the orthogonal in L?(Q2) of {y(T), v € L?(0,T; L?(w))}. Then we must have

Yo € L2(0,T; L (w)), / vpdadt = 0,
0, T)xw

which implies
p=01inw x (0,T).
A unique continuation result has been obtained by Masuda [13] for the Schréodinger equation in the whole
space, but his argument, which mainly concerns the time variable, may be adapted without major changes to

the case of a bounded domain. The unique continuation property can also be found in Hérmander [6], Theorem
8.6.8. The unique continuation result implies

e =0in Q x (0,T),
which in turn implies that ¢ = 0. Therefore the orthogonal set of {y(T), v € L*(0,T; L*(w))} is reduced to

{0} and the proof of Proposition 2.3 is complete.
O

Remark 2.4. As a consequence of this result we obtain the fact, which was announced, that in (2.2), we can
choose v such that [}, [w(v)|*(T, z)dx # 0.

Now Proposition 2.3 immediately implies Theorem 2.1 because, by density, given « > 0, we can find v €
L?(0,T; L?(w)) such that

[y(T)|720) < @
which implies of course

|y(T)|i2(D) <o
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We just have to prove that this can be achieved with a control v such that [}, [w(v)[*(T, z)da # 0. Suppose this
is not the case. Then we can repeat the argument for any o with 0 < o/ < a and this implies that

/ |2(T, 2)[2dz = 0.
D

Then we obtain for any v such that [}, |w(v)[*(T, z)dz # 0,

/D [y()(T, @) 2dz = /D lya (0) (T, ) Pdz = | /D o (0) (T, ) da.

This shows that we can achieve our result by choosing only |A|.

3. CASE OF THE WAVE EQUATION

Throughout this section the functions have real values.

3.1. Main result and relation between localized energy and localized controllability

We suppose here that € is C* and we introduce the generalized bicharacteristics for the wave operator as
defined in [8], We assume that these bicharacteristics have no contact of infinite order with the boundary of
Q x (0,7T) and from their definition, they are continuous with respect to their initial datas.

We introduce here a localized geometric control condition (LGCC) on D, w and Ty > 0 as follows.

Condition 3.1 (LGCC). Every generalized bicharacteristics associated with the wave operator starting at the
point ((0,x0), (70,&0)) with o € D does not hit the boundary of (0,T) x § at a diffractive point and meets
(0,Tp) x w x RVFL,

Another way of writing this condition is to say that every ray of the geometric optics starting from a point
xo € D at time t = 0 does not hit the boundary of Q at a diffractive point and meets w before time T,.

We can notice that this condition is written in a slightly different way as Condition 1.1 in [5] and this will
be important in the proof of the theorem stated below.

Our main result concerning the wave equation is the following.

Theorem 3.2. Let T > Ty and let us assume that D, w and Ty satisfy the localized geometric condition (LGCC).
Then, for any yo € H}(Q) and y1 € L*(Q), there exists a control uw € L?(0,T; L*(w)) such that for any o > 0,
there exists A € R such that by choosing v = Au, the solution y of the controlled wave equation (1.4) satisfies

Ep (y)(T) = . (3.1)

A particular case is a = 0, case of exact localized controllability, which implies that there exists a control
v € L?(0,T; L*(w)) such that

_ W
y(T) =0 and E(T) =01inD. (3.2)

In a first step we will follow the lines of the previous case of the Schrédinger equation. Let us split the solution
y of (1.4) in two parts

y=y(v) =z +w),
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with z and w(v) solutions of

0%z ;
ﬁ‘Az:O in Qx (0,7),
=0 onI' x (O»T)a (33)
0
20)=p; (O =y nQ
and, respectively,
2
0 ;g”) — Aw(v) = L, in Qx (0,7),
w(v) =0 on I' x (0,T), (34)
w@©) =0 %500 =0 o

We know that

B (2)(T) < EY (2)(T) = EY ()(0) = = /Q (2 (2)? + Vo () [2)da,

2
and
VA € R, w(iv) = Aw(v).
Define
ya(v) = y(Av) = 2 + Aw(v).
We have

EW (i (0))(T) = EY (:)(T)
M Z (), )

+ANEY (w())(T).

(1) 220y + (V2(T), Vw(0)(T)) 2(1))

We will see later on (see Rem. 3.4) that we can choose u such that E}Y (w(u))(T) # 0.
First case EWY (2)(T) = 0.
In this case, we have immediately
EY (42 (w))(T) = A2EW (w(u))(T)
and this shows that by choosing A we can obtain

Ep (ya(w)(T) = e

Second case EW (2)(T) # 0.
We see that

EY (ya(w))(T) — 400 when A\ — +o0.
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We will show in the next section that we can find v such that

Jy(u)

y(u)(T) = 0 and o0

(T)=0in D,
which we call exact localized controllability. This will imply
B} (w(w)(T) = Ep (2)(T) # 0.
Therefore, for any a > 0, by choosing A € R we find v = Au such that E¥ (y(v))(T) = a.

3.2. Exact localized controllability for the wave equation
We are going to prove the following localized controllability result which is in fact the last part of Theorem 3.2.
Theorem 3.3. We assume that D, w and Ty satisfy condition (LGCC) and we take T > Ty. Then for any

Yo € HE(Q) and y; € L*(2), there exists a control u € L*(0,T : L*(w)) such that the solution y(u) of equation
(1.4) with control u satisfies

y(w)(T) =0 and a%(t“) (T) =0 in D. (3.5)

Remark 3.4. The result of this Theorem 3.3 implies that EY (w(u))(T) = EX (2)(T). In addition, by solving
backward equation (3.3) for z with (final) data supported in D with non zero energy, we can find initial data
yo and y; such that EW (2)(T) # 0. Applying now Theorem 3.3 to these initial data, we obtain a control u such
that EW (w(u))(T) # 0 as announced earlier.

We adapt here Lions’ Hilbert Uniqueness Method (HUM) (see [11]) and we introduce the adjoint (backward)
equation for initial values having their support in D. Let us take

@0 € Hy(D) and ¢, € L*(D)

which are extended by 0 (with the same notation) in \ D and let ¢ be solution of

2
%Tf—mo:o in Q x (0,7),
=0 onI'x (0,7), (3.6)

o(T) = o, E(T) = in Q.
We know that
o € C([0,T); HY () N CH((0,T); I2(2)
and

B (2)(0) = B (2)(T) = B ()(T) = 5 [ (1@)F + IVn(@)f o

We are going to prove the following observability inequality.
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Theorem 3.5. We assume that D, w and Ty satisfy condition (LGCC) and we take T > Ty. Then there exists
a constant C > 0 such that for every po € HL(D) and p1 € L*(D), we have

B @0 =FE @ <C [ 150 Parar (37

Let us assume for the moment that Theorem 3.5 is proved. It is well known that we also have the converse
inequality [11]

9
/( B P < Y ()0
T Xw

We can apply Lax-Milgram Theorem to the bilinear form
/ 99 (t,z) 9¢ (t, z)dxdt.
0,T)xw O ot

Then, for every yo € H}(Q) and y; € L?(Q), there exists pg € H} (D) and ¢; € L?(D) such that denoting by ¢
the solution of (3.6) corresponding to these initial values, we have for every ¢o € Hi(D) and ¢; € L*(D),

¢ op I
0 — —(0 = —(t,x)—=(t, z)dxdt.
U LD M A ok AU
: g . o : . oy .. .
Taking the control u = a0 in (1.4) and multiplying this equation by a0 (this looks formal but can be easily
and classically justified) we obtain
dy ¢
(5 (D)0 = W1 5 (0) 220 = (WD) o)) g (o) + (Yo, (0) g

(%) Oy
= —(t,x)—(t, x)dxdt.
/(Ww 2 ) % 1)

This implies that for every ¢o € H} (D) and ¢, € L?(D),

(%(T)wm)m(m ~ ((T) v0))mye) =0

which in turn implies

y(T) =0 and %(T) =0in D,
and finishes the proof of Theorem 3.3.
An immediate consequence of Theorem 3.3 is the following.

Corollary 3.6. We assume the same hypotheses as in Theorem 3.3. Let zo € H}(Q) and z; € L*(Q). Then
there exists a control @ € L?(0,T; L?(w)) such that the solution y(i) of equation (1.4) with control i satisfies

dy(a)

y(a)(T) = zp and 9

(T) = z in D. (3.8)
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Proof of Corollary 3.6. Let Z be solution of the backward problem

2,..,

AN in Q % (0,7),

ot? (3 9)
z2=0 onI' x (0,7, ’

AT)=2; %(T)=z ingQ,
Then z € C([0,T); H}(Q)) N CL([0,T]; L*()). Let us define

N . . 0z
%o = Yo — 2(0) and 7, = y1 — 5(0)7

and apply Theorem 3.3 to the initial data o and ;. We obtain a control @ € L?(0,T; L?(w)) such that the
corresponding solution ¢ of (1.4) satisfies

9%

g(T) =0, and 9

(T) = 0.
Now
y(a) =g+ 2

and the control @ satisfy the conclusion of Corollary 3.6.

We still have to prove Theorem 3.5.
Proof of Theorem 3.5. Our strategy of proof is classical and follows the lines of the various works for (global)
exact controllability of the wave equation by [8] or [3], see also [1]. In order to simplify the presentation we

change the variable ¢ in T — ¢ in order to consider the forward problem instead of the backward problem. We
also write

EY)V(SD07901) = EJVDV(W)(O)-
Let us first prove a weak observability inequality, namely

ac > Oa V(Sﬂo,s@l) € H(}(D) X L2(D)a

d¢
ER (g0, 1) < C a(tvff)\Qdffdt + Cll(pos )72y -1 (02)- (3.10)
0, T)xw

We argue by contradiction. Suppose (3.10) is not true. Then there exists a sequence (¢F, ¢7) € Hg(D) x L?(D)
such that

E}/)V((p&(p?) =1,

and

g n o n
g Vo P 1 0 ey i) = ©
T Xw
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After an extraction of a subsequence, still denoted in the same way, we know that

/ 99" 4 ) Pdwdt — 0,
0,T)xw Ot

(@8, @) — (w0, 1) in HY () x L*(2) weakly,

(¢f, 1) = (po, 1) in L*(Q) x H™ () strongly,
and

||(3087<P711)‘|%2(Q)><H*1(Q) — 0.

Therefore

(0, ¢1) = 0.

We can also easily show that for every 6 € C§°((0,T) x w)

/ 9(|3<p 1> 4 V™ [*)dzdt — 0. (3.11)
0T)xw Ot

We identify the initial values of the wave equation to the corresponding solutions and we now use the notations
of [8] (see also [9, 10]). Let Y = Q x (0,T) and *TY be the fiber bundle of rank N + 1 whose sections are the
vector fields tangent to 9Y. Let ®T*Y be its dual fiber bundle. We denote by j the natural projection of T*Y
on *T*Y and by ¥ the image by j of the characteristic set of the wave equation. We set Y=YU j(T*Y/ay) and
L =% /R% (the quotient applies only to the frequency variables). For a subsequence again, still denoted in
the same way, there exists a microlocal defect measure p defined on S5*3) associated to the sequence ". From
(3.11), we know that u vanishes on w x (0,7) x R¥*1. On the other hand, we know from [8] that x is invariant
by the flow of the generalized bicharacteristics.

Let us show that all the bicharacteristics emanating from a point outside D at ¢t = 0 are not contained in
Supp(p). For ¢ ¢ D the initial conditions vanish in a neighborhood of zy and therefore, due to the finite
speed propagation for the wave equation, for ¢ small enough, the solutions vanish in a neighborhood of (¢, z)
which shows that for any (79,&) € RVT!, u vanishes on ((¢,20), (70, &0)). Now for (¢,z) € (0,7) x Q and for
(1,€) € RN+ with ((t, ), (1,€)) € Supp(u), the whole bicharacteristics coming to this point belongs to Supp(u),
in particular for ¢t = 0, ((0, zo), (70,&0)) € Supp(u) where (79, &p) are the corresponding initial conditions for this
bicharacteristics. As seen before, this implies that zy € D

On the other hand, from condition (LGCC), for every xo € D, the bicharacteristics emanating from (0, )
meet (0,7) x w, which implies that ((0,zo), (7,£)) ¢ Supp(u). Therefore ; = 0 and we must have

ER (¢5,¢1) = 0
which gives a contradiction. This proves the weak observability inequality (3.10).
We still need to prove the (strong) observability inequality (3.7).

We can rewrite inequality (3.10) in the following way.

ac > 07 v(@Oawl) € H(%(D) X LQ(D)’
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¢
/(o - |a(t,x)|2dxdt > CE} (0, 1) = (w0, )72 0y -1 (02)- (3.12)
T Xw

On the other hand, E¥ (o, 1) is the square of a norm in Hg(Q) x L3() for functions having their support
in D and because € is bounded, the embedding H{ () x L?(2) C L?(Q) x H~1(Q) is compact. Then by a
standard compactness-uniqueness argument, (3.12) will imply (3.7) if the kernel

0
N = {(¢0, 1) € H}(D) x L*(D), %(t,x) —0in (0,T) x w}
is reduced to {0}. This constitutes the major point of the proof of Theorem 3.5.
Let (¢0, 1) € N. Then from (3.12) there exists C' > 0 independent of (¢, ¢1) such that

EP (@0, 1) < Cll(¢0, 21172 x11-1.(02)-

Because of the compact embedding this implies that N is a finite dimensional vector space. We are going to
prove that the operator A operates in N. We first show that (@1, Agg) € N.
For 0 < h < hy with hg small, we consider the differential quotient

on(t7) = o(t + h, x})z —o(t,x)

and

Then ¢y, is solution of
2
aat‘@h — App=0in (0,7 — h) x Q,

op=0o0n (0,7 —h) xT,

9 .
en(0) = ¥h,0, %(O) = p,1 in Q.

On the other hand we have

%(m) =0in (0,7 — h) x w.

An important point is that in general Supp(yp.0,@n,1) is no longer contained in D. But for hy small enough
and 0 < h < hg, due to the finite speed propagation in the wave equation, it is contained in Dy, with

Dy c | J Bla,e(h)

xzeD

where ¢(h) — 0 when h — 0.
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Therefore, using the continuity of the bicharacteristics with respect to their initial datas and the compactness

of D, we can assume that hy is small enough so that Dj,, w and (T — h) still satisfy condition (LGCC). Repeating
the previous argument, we obtain the existence of a constant Cy > 0 such that for every h, 0 < h < hg,

ER, (¢n.0,2n1) < Cill(0n.0, om0 72@)xm-1()-

Now we know that when h — 0,

0 .
eno = 57 (0) = o1 in L*(€)

and

0? . _
On1 — a—tf(O) = Ay in H1(Q).

This implies that E}/)Vh (¢h,0,¥n,1) stays bounded when h — 0 and shows that

¢1 € Hy(D), and Ay € L*(D).

0
If we define ¢ = a—f we have

2
a—w—Aw:Oin(O,T)xQ,

ot?
¥ =0on (0,T) T,
0 .
¥(0) = 1, 6—1?(0) = Ay in Q,
and
o o
E(t,x) =0in (0,7) X w.

Therefore (1, Apg) € N.
We can repeat the same argument to show that

(Apo, Ap1) €N,

which shows that A operates from the finite dimensional vector space N into N.

If N is not reduced to {0}, the operator A has eigenfunctions (ug,u1) associated to an eigenvalue (—A) with
(up,u1) € N and of course u;,7 = 0,1 is an eigenfunction of A in € with Dirichlet boundary conditions. If D
is different from  this leads to a contradiction as w; has to vanish in 2\ D. Even if D = Q, we can write
explicitely the solution ¢ as

o(t, ) = cos(VAt)ug(z) + % sin(VAt)uq (z).
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Using the condition

dp o
a(t,x) =0in (0,7T) X w

we see that necessarily

up(xz) =0 and uy(z) = 0 in w,
which implies

uo(x) =0 and uy(z) =0 in Q

and leads to a contradiction.
This proves that N is reduced to {0} and finishes the proof of Theorem 3.5 and therefore also the proofs of
Theorem 3.3 and of Theorem 3.2.
O

Remark 3.7. The above argument cannot be applied to the case of Schrodinger equation for at least two
reasons. First of all, we should make use of the semiclassical defect measure instead of the microlocal defect
measure and this should be done on a small interval of time. But then, the argument cannot be continued as
the propagation at infinite speed tells us that after a small interval of time the solution has a support on the
whole domain €2 and the situation is no longer the same, neither analogous.

Acknowledgements. The authors want to thank Nicolas Burq for very helpful discussions and comments during the
redaction of the present article. The authors want to thank the anonymous referees for their valuable remarks and
corrections on the first version of this article. This research was initiated during the visit of the third author at the
Universidade Federal de Pernambuco, Recife, supported by the Réseau Franco-Brésilien de Mathématiques.

REFERENCES

[1] C. Bardos, G. Lebeau and J. Rauch, Sharp sufficient conditions for the observation, control and stabilisation of waves from
the boundary. SIAM J. Control Optim. 305 (1992) 1024-1065.
[2] N. Burq, Controle de I’équation des ondes dans des ouverts peu réguliers. Asymptotic Anal. 14 (1997) 157-191.
[3] N. Burq and P. Gerard, Condition nécessaire et suffisante pour la contrélabilité exacte des ondes. C.R. Acad. Sci. 325 (1997)
749-752.
[4] P. Gerard, Microlocal defect measures. Commun. Partial Differ. Equ. 16 (1991) 1761-1794.
[5] Y. He, Partial exact controllability for wave equations. Syst. Control Lett. 103 (2017) 45-49.
[6] L. Hérmander, The Analysis of Linear Partial Differential Operators. I. Distribution Theory and Fourier Analysis. Classics
Math. Reprint of the second (1990) edition. Springer-Verlag, Berlin (2003).
[7] G. Lebeau, Contréle de I'equation de Schrodinger. J. Math. Pures Appl. 71 (1992) 267-291.
[8] G. Lebeau, Equation des ondes amorties. Algebraic and Geometric Methods in Mathematical Physics, 73-109, Edited by
A. Boutet de Monvel and V. Marchenko. Kluwer Academic, The Netherlands (1996).
[9] J. Le Rousseau, G. Lebeau, P. Terpolilli and E. Trelat, Geometric control condition for the wave equation with a time-dependent
observation domain. Anal. Partial Differ. Equ. 10 (2017) 983-1015.
[10] C. Letrouit, Infinite-time observability of the wave equation with time-varying observation domains under a geodesic recurrence
condition. Preprint hal-0210213 (2019).
[11] J.-L. Lions, Controlabilité exacte, perturbations et stabilisation des systémes distribués. Tome 1, Controlabilité exacte.
Collection R.M.A 8, Masson (1988).
[12] E. Machtyngier, Exact controllability for the Schrédinger equation. SIAM J. Control and Optim. 32 (1994) 24-34.
[13] K. Masuda, A Unique Continuation Theorem for Solutions of the Schrédinger Equations. Proc. Jpn. Acad. 125 (1967) 853—860.



	Localization of energy and localized controllability
	1 Introduction
	2 Case of the Schrödinger equation
	2.1 Main result and relation between localized energy and localized controllability
	2.2 Approximate controllability for the Schrödinger equation and proof of Theorem 2.1

	3 Case of the wave equation
	3.1 Main result and relation between localized energy and localized controllability
	3.2 Exact localized controllability for the wave equation


	References

