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SINGULAR PERTURBATIONS AND OPTIMAL CONTROL OF

STOCHASTIC SYSTEMS IN INFINITE DIMENSION: HJB

EQUATIONS AND VISCOSITY SOLUTIONS

Andrzej Świ ch*

Abstract. We study a stochastic optimal control problem for a two scale system driven by an infinite
dimensional stochastic differential equation which consists of “slow” and “fast” components. We use
the theory of viscosity solutions in Hilbert spaces to show that as the speed of the fast component
goes to infinity, the value function of the optimal control problem converges to the viscosity solution
of a reduced effective equation. We consider a rather general case where the evolution is given by an
abstract semilinear stochastic differential equation with nonlinear dependence on the controls. The
results of this paper generalize to the infinite dimensional case the finite dimensional results of Alvarez
and Bardi [SIAM J. Control Optim. 40 (2001/02) 1159–1188] and complement the results in Hilbert
spaces obtained recently in Guatteri and Tessitore [To appear in: Appl. Math. Optim. (2019) https:
//doi.org/10.1007/s00245-019-09577-y].

Mathematics Subject Classification. 35R15, 35B25, 35Q93, 49L25, 49L20, 60H15, 93E20.

Received June 14, 2020. Accepted December 27, 2020.

1. Introduction

In this paper we study a stochastic optimal control problem for a two scale system given by an abstract
stochastic differential equation


dXε(s) = [−A1Xε(s) + b(Xε(s), Yε(s), a(s))] ds+ σ(Xε(s), Yε(s), a(s))dWQ(s)

dYε(s) = 1
ε [−A2Yε(s) + g(Xε(s), Yε(s), a(s))] ds+ 1√

ε
h(Yε(s), a(s))dWQ(s)

Xε(t) = x ∈ H,Yε(t) = y ∈ H, t < s ≤ T

(1.1)

in a real separable infinite dimensional Hilbert space H, where T > 0 is a fixed constant and 0 ≤ t ≤ T .
Above, A1, A2 are linear, densely defined, maximal monotone operators in H, b, σ, g, h are appropriate nonlinear
functions, a(·) is a control process, WQ is a Q-Wiener process (see Sects. 2 and 3 for the precise definitions and
assumptions) and ε > 0 is a small parameter which will be sent to zero. Thus system (1.1) consists of a “slow”
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component Xε and a “fast” component Yε. The cost functional we want to minimize has the form

Jε(t, x; a(·)) = E

[∫ T

t

l(Xε(s), Yε(s), a(s))ds+ f(Xε(T ))

]
.

The value function for the problem is defined by

uε(t, x, y) = inf
a(·)∈Ut

Jε(t, x; a(·)),

where Ut is a set of admissible controls defined in Section 2. Using the dynamic programming approach and the
theory of Hamilton-Jacobi-Bellman (HJB) equations, the value function uε should be an appropriately defined
unique viscosity solution of the associated HJB equation ∂tuε − 〈A1x,Dxuε〉 − 1

ε 〈A2y,Dyuε〉 − F
(
x, y,Dxuε,

1
εDyuε, D

2
xuε,

1
εD

2
yuε,

1√
ε
D2
xyuε

)
= 0

uε(T, x, y) = f(x) in (0, T )×H ×H,
(1.2)

where the Hamiltonian F is defined by (2.1). The goal of this manuscript is to use the theory of viscosity
solutions in Hilbert spaces to study the asymptotic limit of uε as ε → 0 and characterize it as a viscosity
solution of an effective HJB equation.

Singular perturbation problems in stochastic optimal control have been studied extensively in finite
dimensional spaces by probabilistic and partial differential equation (PDE) methods. We refer to [1–3, 5–
9, 15, 17, 18, 20, 22, 24, 25] and the references therein. There is also extensive body of work on a related subject
of stochastic homogenization. Much less is known for problems in infinite dimensional spaces. In a recent paper
[16] a two scale stochastic system driven by abstract stochastic differential equations in Hilbert spaces was
studied using backward stochastic differential equations. Only additive noise case was considered in [16]. In
[25] the author investigated linear-quadratic problems with bounded operators based on the analysis of the
associated Ricatti equations. Singular perturbations of infinite-dimensional deterministic control systems were
studied in [13] using differential inclusions. The reader can consult [23, 26] and references in [25] for an overview
of applications of singular perturbations.

In this paper we want to show that the PDE viscosity solution approach of [1] can be adapted to the infinite
dimensional setting by using the theory of viscosity solutions in Hilbert spaces (see [14]). Unfortunately the
theory in Hilbert spaces is not as broad and flexible and, depending on a type of an unbounded operator present,
every equation may require a slightly different approach. The general strategy we use here is very similar to that
of [1], however there are significant technical challenges. The viscosity solution approach in finite dimension in
[1] is based on the use of Barles-Perthame half-relaxed limits (see [10]). This method requires compactness which
is lacking in infinite dimensional spaces and hence fails in general. The reader can consult [14], Example 3.43
for a counterexample in a Hilbert space. However it was showed in [19] (see also [14], Sect. 3.9) that a version of
the method of half-relaxed limits works for some equations in a Hilbert space under certain conditions and with
an appropriate notion of a discontinuous viscosity solution. Thus we stay within this framework which requires
stronger coerciveness of the operator A1 in the slow variable equation (condition (3.2)). Another obstacle is the
lack of PDE techniques to prove regularity of viscosity solutions of general HJB equations in Hilbert spaces
considered here as they are degenerate, fully nonlinear and contain terms with unbounded operators. Thus we
resort to a mixture of stochastic and PDE methods. We assume that the operators A1, A2 satisfy the so called
“strong” B-condition (see Asm. 3.1). We also impose a monotonicity condition (3.4) on A2 and the coefficients
of the fast variable equation which is similar to the monotonicity condition used in [16]. Conditions like this
are well-known and used in the finite dimensional literature (at least in the deterministic case) and can be
traced back to [7]. Condition (3.4) guarantees uniform exponential decay of second moments of the difference
of two solutions of the fast variable equation (5.1) which then imply uniform Lipschitz continuity estimates for
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viscosity solutions wδ of discounted infinite horizon problems (5.2) needed to obtain the representation formula
for the effective Hamiltonian F . It also allows to prove good continuous dependence estimates for solutions
of (5.1) which are crucial in establishing the properties of the effective Hamiltonian. Such estimates for wδ
and properties of F were proved in [1] by PDE methods and were based on coerciveness or uniform ellipticity
of the equation. Unfortunately such methods are not available here. Moreover there is no hope of obtaining
any second derivative estimates for wδ and thus we need to assume that the diffusion coefficient h in the fast
variable equation is independent of x. The paper [1] dealt with the periodic fast variable case while our singular
perturbation problem is in the whole Hilbert space and this makes the PDE arguments more difficult. However
the monotonicity condition (3.4) implies (3.10), which gives some coerciveness of the operator A2 (weaker than
that of A1). It allows to contain the fast variable and is crucial in the proofs of Theorems 5.1 and 7.2. It is
similar to a condition assumed in [15] that considered singular perturbation problems in an unbounded setting
in Rn. We also define the half-relaxed limits in the proof of Theorem 7.2 as in [15].

The results of this paper generalize to the infinite dimensional case the results of [1] and complement the
results obtained in Hilbert spaces in [16]. We can deal with the case of drift and diffusion coefficients depending
nonlinearly on both variables x, y and the control variable, while additive noise and a special dependence on the
control variable was required in [16]. On the other hand we need to assume the continuity of some coefficients
with respect to weaker negative norms (see Asm. 3.1). We also have different assumptions on the operators
A1, A2, including compactness of the operators B1 and B2 associated with them (see Sect. 3), and our diffusion
coefficients must be Hilbert-Schmidt, while [16] dealt with cylindrical Wiener processes and bounded constant
diffusion operators. However, as far as the continuity of the coefficients, we cover the case considered in [16], see
Remark 7.3. Moreover, our results also apply to the case σ = h = 0 and thus cover singular perturbations for a
large class of deterministic infinite dimensional equations. Various improvements and versions of our results seem
possible, for instance allowing some growth of the coefficient functions, which are assumed to be bounded here,
or considering special operators A1, A2. Such generalizations however would perhaps require some different
techniques and we do not attempt to investigate them in this manuscript. Finally, we remark that we have
introduced the setup with the same state space for the slow and fast variables for simplicity, as the manuscript
is already very technical. However, the techniques of the paper can be easily adapted to the case where the
evolution of the slow variable is in one Hilbert space H1 and the evolution of the fast variable is in another
Hilbert space H2, with two different Wiener processes WQ1

and WQ2
. In particular the slow variable could then

be finite dimensional. We leave these modifications to the readers.
The plan of the paper is the following. In Section 2 we present the notation used in the manuscript and

the basic definitions. The assumptions are discussed in Section 3. In Section 4 we introduce various notions of
viscosity solutions needed in the paper and prove the theorem about existence of a unique viscosity solution of
equation (1.2). Section 5 is devoted to the analysis of discounted infinite horizon problems in the fast variable
and the definition of the effective Hamiltonian. Properties of the effective Hamiltonian are analyzed in Section
6. Finally in Section 7 we prove the main result, Theorem 7.2, about convergence of the viscosity solutions uε
of (1.2) to the viscosity solution of the effective equation (7.1).

We refer the reader to [14] for the overview of the theory of viscosity solutions of second order HJB equations
in infinite dimensional Hilbert spaces and the dynamic programming approach to optimal control of stochastic
PDE.

2. Notation and definitions

All Hilbert spaces in this manuscript are real and separable. We denote by 〈·, ·〉 the inner product in H and
by | · | its norm. For Hilbert spaces Z,W we denote by L(Z,W ) the space of bounded linear operators from Z
to W . If Z = W we will just write L(Z). We denote by S(Z) the space of self-adjoint operators in L(Z). For a
(non necessarily bounded) operator T we denote by T ∗ its adjoint. If T ∈ L(Z), T > 0 means that it is strictly
positive, that is 〈Tx, x〉 > 0 for all x ∈ Z, x 6= 0 and T ≥ 0 means that it is positive, that is 〈Tx, x〉 ≥ 0 for
all x ∈ Z. We denote by L2(Z,W ) the space of Hilbert-Schmidt operators from Z to W and if T ∈ L2(Z,W ),
its norm is denoted by ‖T‖L2(Z,W ). The space of nuclear (trace class) operators on Z is denoted by L1(Z). If
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T ∈ L1(Z), the trace of T is defined by

Tr(T ) =

∞∑
i=1

〈Tei, ei〉,

where {ei} is any orthonormal basis of Z. We refer the reader to [14], Appendix B.3 for more about Hilbert-
Schmidt and nuclear operators.

Let K be a real separable Hilbert space and Q ∈ S(K), Q ≥ 0. We define K0 := Q
1
2 (K). If Q−

1
2 is the

pseudo-inverse of Q
1
2 (see [14], Def. B.1), K0 is a separable Hilbert space equipped with the inner product

〈x, y〉K0 = 〈Q− 1
2x,Q−

1
2 y〉K . We say that µ =

(
Ω,F , {F t

s}s∈[t,T ] ,P,WQ

)
is a reference probability space if

(Ω,F ,P) is a complete probability space, WQ is a Q-Wiener process in K, WQ(t) = 0, and {F t
s}s∈[t,T ] is the

augmented filtration generated by WQ. We refer to [14], Section 1.2.4 and [12] for the notion of a Q-Wiener
process, and to [14], Sections 1.3 and 2.2.1 for more on the concept of a reference probability space.

For a probability space (Ω,F ,P), a separable Hilbert space Z, we denote by L2 (Ω,F ,P;Z) (or simply
L2 (Ω;Z)) the space of measurable Z-valued random variables ξ such that E|ξ|2Z <∞. The Hilbert space Z is
equipped with the Borel σ-field. If µ is a reference probability space, we denote by M2

µ(t, T ;Z) the space of
Z-valued progressively measurable processes Y (·) on [t, T ] such that

|Y (·)|M2
µ(t,T ;Z) :=

(
E

[∫ T

t

|Y (s)|2Zds

]) 1
2

<∞.

M2
µ(t, T ;Y ) is a Hilbert space with the standard inner product.
The control space Λ is a Polish space. For every reference probability space µ on [t, T ], we define Uµt to be

the set of all progressively measurable processes a(·) : [t, T ]→ Λ. We define the set of admissible controls to be

Ut :=
⋃
µ

Uµt ,

where the union is taken over all reference probability spaces µ on [t, T ].
If W is a subset of a Hilbert space, we denote by C(W ) the space of continuous functions on X with values

in R and by Cb(W ) the space of bounded functions in C(W ). We denote by UC(W ) the space of uniformly
continuous functions on W with values in R. If Z is a Hilbert space and I is an interval in R, we denote by
UBxb (I × Z) the space of functions u ∈ Cb(I × Z) such that u(t, ·) is uniformly continuous on Z, uniformly in
t ∈ I. We will write C1,2((0, T )×H) to denote the space of functions ϕ : (0, T )×H → R (writing ϕ(t, x)) such
that ∂tϕ,Dϕ,D

2ϕ are continuous on (0, T ) ×H, where Dϕ and D2ϕ stand for the first and second Fréchet
derivatives of ϕ with respect to the x-variable. We will also write C1,2((0, T ) ×H ×H) (writing ϕ(t, x, y)) to
denote the space of functions on (0, T ) ×H ×H such that ∂tϕ,Dϕ,D

2ϕ are continuous on (0, T ) ×H ×H,
where Dϕ and D2ϕ now stand for the first and second Fréchet derivatives of ϕ with respect to the full (x, y)
variable. For such functions we will write Dxϕ,Dyϕ,D

2
xϕ,D

2
yϕ,D

2
xyϕ to indicate partial Fréchet derivatives of

ϕ with respect to the variables x and y. We will write operators P ∈ S(H ×H) as

P =

(
X Z
Z∗ Y

)
,

where X,Y ∈ S(H), Z ∈ L(H). In this notation

D2ϕ =

(
D2
xϕ D2

xyϕ
(D2

xyϕ)∗ D2
yϕ

)
.



SINGULAR PERTURBATIONS AND OPTIMAL CONTROL OF STOCHASTIC SYSTEMS 5

We denote B(x, r) to be the open ball in H centered at x with radius r > 0. If a ball is in a different Hilbert
space Z, we will write BZ(x, r). A modulus is a continuous, nondecreasing and concave function ρ : [0,+∞)→
[0,+∞) such that ρ(0) = 0.

We denote

C(x, y, a) =
1

2
(σ(x, y, a)Q

1
2 )(σ(x, y, a)Q

1
2 )∗, E(y, a) =

1

2
(h(y, a)Q

1
2 )(h(y, a)Q

1
2 )∗,

D(x, y, a) = (σ(x, y, a)Q
1
2 )(h(y, a)Q

1
2 )∗,

The Hamiltonian F : H ×H ×H ×H × S(H ×H)→ R is defined by

F (x, y, p, q,X, Y, Z) = sup
a∈Λ

{
− Tr(C(x, y, a)X)− Tr(E(y, a)Y )− Tr(D(x, y, a)Z)

− 〈b(x, y, a), p〉 − 〈g(x, y, a), q〉 − l(x, y, a)

}
.

(2.1)

3. Assumptions

We recall that A1 and A2 are linear, densely defined, maximal monotone operators in H. Let B1, B2 ∈ S(H),
B1 > 0, B2 > 0 be such that

A∗1B1, A
∗
2B2 are bounded. (3.1)

For α ∈ R we define norms

|x|1,α := |B−
α
2

1 x|, |x|2,α := |B−
α
2

2 x|.

We denote H1,−1 to be the completion of H with respect to the norm | · |1,−1 and H2,−1 to be the completion

of H with respect to the norm | · |2,−1. Both are Hilbert spaces with inner products 〈x, y〉1,−1 = 〈B
1
2
1 x,B

1
2
1 y〉

and 〈x, y〉2,−1 = 〈B
1
2
2 x,B

1
2
2 y〉. We also define for α > 0 the spaces H1,α = B

α
2

1 (H) and H2,α = B
α
2

2 (H), which

are Hilbert spaces equipped with the inner products 〈x, y〉1,α = 〈B−
α
2

1 x,B
−α2
1 y〉 and 〈x, y〉2,α = 〈B−

α
2

2 x,B
−α2
2 y〉

respectively. We will assume (see Asm. 3.1(i)) that B1 and B2 are compact. For N ≥ 1, i = 1, 2, let Pi,N be the
orthogonal projection in H onto the (finite-dimensional) space spanned by the eigenvectors of Bi corresponding
to the eigenvalues which are greater than or equal to 1

N and let Qi,N = I − Pi,N . We remark that, since B1

and B2 are compact, the upper/lower semicontinuity with respect to the negative norms | · |1,−1 and | · |2,−1 on
bounded sets of H is equivalent to the weak sequential upper/lower semicontinuity (see [14], Lem. 3.6).

We now introduce the assumptions we will be using in the manuscript.

Assumption 3.1.

(i) The operators B1, B2 are compact, there exists λ > 0 such that for every x ∈ D(A∗1)

〈A∗1x, x〉 ≥ λ|x|21,1 (3.2)

and there exists c ≥ 0 such that for all x, y ∈ H

〈(A∗1B1 + cB1)x, x〉 ≥ |x|2, 〈(A∗2B2 + cB2)y, y〉 ≥ |y|2. (3.3)
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(ii) There exists µ > 0 such that for all x ∈ H, y1, y2 ∈ D(A∗2), a ∈ Λ,

− 〈A∗2(y1 − y2), y1 − y2〉+ 〈g(x, y1, a)− g(x, y2, a), y1 − y2〉

+
1

2
Tr
(

(h(y1, a)− h(y2, a))Q
1
2 )((h(y1, a)− h(y2, a))Q

1
2 )∗
)

≤ −µ|y1 − y2|2.

(3.4)

(iii) b, g : H×H×Λ→ H,σ : H×H×Λ→ L2(K0, H), h : H×Λ→ L2(K0, H), l : H×H×Λ→ R, f : H → R
are bounded, continuous and there exist L ≥ 0 and a modulus ω such that for all x1, x2, y1, y2 ∈ H, a ∈ Λ,

|b(x1, y1, a)− b(x2, y2, a)| ≤ L(|x1 − x2|+ |y1 − y2|), (3.5)

‖σ(x1, y1, a)− σ(x2, y2, a)‖L2(K0,H) + ‖h(y1, a)− h(y2, a)‖L2(K0,H)

≤ L(|x1 − x2|1,−1 + |y1 − y2|2,−1),
(3.6)

|g(x1, y1, a)− g(x2, y2, a)|+ |l(x1, y1, a)− l(x1, y2, a)|
≤ L(|x1 − x2|1,−1 + |y1 − y2|),

(3.7)

|l(x1, y1, a)− l(x2, y1, a)|+ |f(x1)− f(x2)| ≤ ω(|x1 − x2|). (3.8)

(iv) For every x ∈ H

lim
N→∞

sup
y∈H,a∈Λ

Tr (C(x, y, a)Q1,N ) = 0. (3.9)

We note that, since g and h are bounded, (3.4) implies that for all x ∈ H, y ∈ D(A∗2), a ∈ Λ

−〈A∗2y, y〉 ≤ −µ|y|2 − 〈g(x, y, a)− g(x, 0, a), y〉

− 1

2
Tr
(

(h(y, a)− h(0, a))Q
1
2 )((h(y, a)− h(0, a))Q

1
2 )∗
)
≤ −µ|y|2 + C|y|+ C

which implies

〈A∗2y, y〉 ≥ µ|y|2 for all y ∈ D(A∗2). (3.10)

Inequality (3.10) is similar to a condition assumed in [15].

Remark 3.2. Condition (3.9) is satisfied for instance when σ : H ×H × Λ → L(K,H) is bounded and Q is
trace class in K. We also remark that since B1 and B2 are compact, we always have

lim
N→∞

sup
a∈Λ

Tr (C(x, y, a)B1Q1,N ) = 0 (3.11)

and

lim
N→∞

sup
a∈Λ

Tr (E(y, a)B2Q2,N ) = 0, (3.12)
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see [14], page 237. In fact (3.11) is also a consequence of (3.9).

In the terminology of [11, 14], (3.3) means that A1 satisfies the strong B1-condition and A2 satisfies the
strong B2-condition. If A is self-adjoint then A satisfies the strong B-condition with B = (I + A)−1 and c = 1
and if in addition A is invertible then it satisfies the strong B-condition with B = A−1 and c = 0. The strong
B condition is generally satisfied by operators coming from elliptic equations. For instance, following [11, 14],
let O be a bounded, smooth domain in Rn and{

Af := −
∑n
i,j ∂i(aij∂jf) +

∑n
i bi∂if + ef

D(A) := H1
0 (O) ∩H2(O),

(3.13)

where aij = aji, bi ∈W 1,∞(O), e ∈ L∞(O) for i, j ∈ {1, . . . , n}, and there exists θ > 0 such that

n∑
i,j

aij(x)ξiξj ≥ θ|ξ|2 ∀x ∈ O, ξ ∈ Rn. (3.14)

We assume that e > 0 is large enough so that A is maximal monotone. If A0f = −
∑n
i,j ∂i(aij∂jf) with D(A0) =

D(A), then A is self-adjoint and invertible so A0 satisfies the strong B0 condition with B0 = A−1
0 and c = 0.

By elliptic regularity theory, B0 is compact as an operator from L2(O) to H1
0 (O) and thus (A − A0)∗B0 is

compact in L2(O). Thus, by Example 3.15 of [14], the strong B-condition is satisfied for A with B = λB0 for
some sufficiently big λ > 0 and for some c. We also remark that using a version of the Sobolevskii inequality
(see, for instance, Thm. 1.1 of [21]) we can take B0 = λ1(−∆)−1, D(B0) = D(A), for some λ1 > 0 and then we
can repeat the same arguments to obtain that A satisfies the strong B-condition with B = λ2(−∆)−1 for some
λ2, c > 0. Condition (3.2) requires some coerciveness of operators. It is always satisfied if A1 is self-adjoint and
invertible. It is also satisfied for the operator A in (3.13) if e is positive enough. However it cannot be satisfied by
skew-adjoint operators. We refer the readers to [11] and [14], Section 3.1.1 for more on the strong B-condition.

Condition (3.4) is a strong monotonicity condition on the operator A2 and the coefficients of the fast variable
equation. It implies uniform exponential decay of second moments of the difference of two solutions of the fast
variable equation (5.1) which allow to show uniform Lipschitz continuity estimates for viscosity solutions wδ
of discounted infinite horizon problems (5.2). They are also used to prove continuous dependence estimates for
solutions of (5.1) which are essential in establishing the properties of the effective Hamiltonian F in Section
6. Condition (3.9) is a rather strong condition about uniform degeneracy of the noise in slow equation as the
supremum there is taken over a ∈ Λ and y ∈ H. However it is always satisfied if h : H × Λ → L(K,H) is
bounded and Q is trace class, that is if the Q-Wiener process WQ has nuclear covariance operator Q.

We recall that if Assumption 3.1 is satisfied then equation (1.1) has a unique mild solution, see [12] or [14],
Section 1.4.2.

4. HJB equations and viscosity solutions

In this section we introduce various notions of viscosity solutions and prove a theorem about existence of a
unique viscosity solution of equation (1.2). The definitions are variations of the general definitions of viscosity
solutions from Chapter 3 of [14]. We want to emphasize that, contrary to equations in finite dimensional spaces,
there is no single definition of a viscosity solution in infinite dimensional Hilbert spaces as equations in such
spaces have different terms containing unbounded operators of various types. Thus each equation may require
the use of different test functions and a special interpretation of such unbounded terms. This is why we will use
several definitions of viscosity solution here. All definitions are related and use similar principles, however they
are crafted to fit particular equations. Moreover we will also need a notion of a discontinuous viscosity solution
(Def. 4.7) which requires a special definition. To avoid any confusion, each definition is stated explicitly.
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Definition 4.1. A function ψ : (0, T )×H ×H → R is called a test function for equation (1.2) if ψ(t, x, y) =
η1(t)θ1(|x|) + η2(t)θ2(|y|) + ϕ(t, x, y), where:

(i) η1, η2 ∈ C1((0, T )) and are strictly positive on (0, T ).
(ii) θ1, θ2 ∈ C2(R) are even, θ′1(r) > 0, θ′2(r) ≥ 0 for r ∈ (0,+∞), θ′′1 (0) > 0.
(iii) The function ϕ ∈ C1,2,2((0, T )×H ×H) is weakly sequentially continuous and ∂tϕ,A

∗
1Dxϕ, A∗2Dyϕ,Dϕ,

D2ϕ are uniformly continuous on (0, T )×H ×H.

Definition 4.2. A function u : (0, T ) ×H ×H → R is a viscosity subsolution of (1.2) if it is bounded from
above, weakly sequentially upper semicontinuous and if for every test function ψ, whenever u− ψ has a global
maximum at (t, x, y), then x ∈ H1,1 and

∂tψ(t, x, y)− λη1(t)
θ′1(|x|)
|x|

|x|21,1 −
µ

ε
η2(t)θ′2(|y|)|y| − 〈x,A∗1Dxϕ(t, x, y)〉 − 1

ε
〈y,A∗2Dyϕ(t, x, y)〉

− F
(
x, y,Dxψ(t, x, y),

1

ε
Dyψ(t, x, y), D2

xψ(t, x, y),
1

ε
D2
yψ(t, x, y),

1√
ε
D2
xyψ(t, x, y)

)
≥ 0.

(4.1)

A function u : (0, T ) ×H ×H → R is a viscosity supersolution of (1.2) is it is bounded from below, weakly
sequentially lower semicontinuous and if for every test function ψ, whenever u + ψ has a global minimum at
(t, x, y), then x ∈ H1,1 and

− ∂tψ(t, x, y) + λη1(t)
θ′1(|x|)
|x|

|x|21,1 +
µ

ε
η2(t)θ′2(|y|)|y|+ 〈x,A∗1Dxϕ(t, x, y)〉+

1

ε
〈y,A∗2Dyϕ(t, x, y)〉

− F
(
x, y,−Dxψ(t, x, y),−1

ε
Dyψ(t, x, y),−D2

xψ(t, x, y),−1

ε
D2
yψ(t, x, y),− 1√

ε
D2
xyψ(t, x, y)

)
≤ 0.

(4.2)

A function u is a viscosity solution of (1.2) if it is a viscosity subsolution of (1.2) and a viscosity supersolution
of (1.2).

Compared to the generic definition of a viscosity solution (see Def. 3.35 of [14]), we use a smaller class of

test functions and we have two additional terms ±λη1(t)
θ′1(|x|)
|x| |x|

2
1,1 ±

µ
ε η2(t)θ′2(|y|)|y| in inequalities (4.1) and

(4.2). These terms, which come from the radial parts of test functions, would have to be dropped according to
Definition 3.35 of [14], in which nothing more is assumed about the unbounded operators besides their maximal
monotonicity. This however would result in a loss of valuable coercive terms which make the viscosity solution

techniques of this paper possible. The terms ±λη1(t)
θ′1(|x|)
|x| |x|

2
1,1 are the same as in the definitions in [19] and [14],

Definition 3.90, and utilize the coercive condition (3.2). Without these terms in Definition 4.2 (and in Defs. 4.4
and 4.7), we would not be able to use the crucial technique of half-relaxed limits here. Note that, if x ∈ D(A∗1),

then 〈x,A∗1Dx(η1(t)θ1(|x|))〉 = η1(t) θ1(|x|)
|x| 〈x,A

∗
1x〉 ≥ λη1(t)

θ′1(|x|)
|x| |x|

2
1,1. The terms ±µε η2(t)θ′2(|y|)|y| utilize the

weaker coercive condition (3.10) and are important when dealing with the unboundedness of the fast variable y in

the equations. Note that, if y ∈ D(A∗2), then 1
ε 〈y,A

∗
2Dy(η2(t)θ2(|y|))〉 = 1

εη2(t)
θ′2(|y|)
|y| 〈y,A

∗
2y〉 ≥

µ
ε η2(t)θ′2(|y|)|y|.

Thus, due to the difference in the coercive conditions (3.2) and (3.10), Definition 4.2 is not symmetric with
respect to the variables x and y.

We will also be dealing with HJB equations

{
∂tu− 〈A1x,Du〉+G

(
x,Du,D2u

)
= 0 in (0, T )×H,

u(T, x) = g(x) for x ∈ H
(4.3)
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and

δv + 〈A2y,Dv〉+G1

(
y,Dv,D2v

)
= 0 in H, (4.4)

where δ ≥ 0.

Definition 4.3. A function ψ : (0, T )×H → R is called a test function for equation (4.3) if ψ(t, x) = η(t)θ(|x|)+
ϕ(t, x), where:

(i) η ∈ C1((0, T )) and is strictly positive on (0, T ).
(ii) θ ∈ C2(R) is even, θ′(r) > 0 for r ∈ (0,+∞), θ′′(0) > 0.

(iii) The function ϕ ∈ C1,2((0, T ) × H) is weakly sequentially continuous and ∂tϕ,A
∗
1Dϕ,Dϕ,D

2ϕ are
uniformly continuous on (0, T )×H.

Definition 4.4. A function u : (0, T )×H → R is a viscosity subsolution of (4.3) is it is bounded from above,
weakly sequentially upper semicontinuous and if for every test function ψ, whenever u−ψ has a global maximum
at (t, x), then x ∈ H1,1, and

∂tψ(t, x)− λη(t)
θ′(|x|)
|x|

|x|21,1 − 〈x,A∗1Dϕ(t, x)〉+G
(
x,Dψ(t, x), D2ψ(t, x)

)
≥ 0. (4.5)

A function u : (0, T )×H → R is a viscosity supersolution of (4.3) is it is bounded from below, weakly sequentially
lower semicontinuous and if for every test function ψ, whenever u + ψ has a global minimum at (t, x), then
x ∈ H1,1, and

− ∂tψ(t, x) + λη(t)
θ′(|x|)
|x|

|x|21,1 + 〈x,A∗1Dϕ(t, x)〉+G
(
x,−Dψ(t, x),−D2ψ(t, x)

)
≤ 0. (4.6)

A function u is a viscosity solution of (4.3) if it is a viscosity subsolution of (4.3) and a viscosity supersolution
of (4.3).

Definition 4.5. A function ψ : H → R is called a test function for equation (5.7) if ψ(y) = θ(|y|) +ϕ(y), where
θ ∈ C2(R) is even, θ′(r) ≥ 0 for r ∈ (0,+∞), ϕ ∈ C2(H) is weakly sequentially continuous and A∗2Dϕ,Dϕ,D

2ϕ
are uniformly continuous on H.

Definition 4.6. A function v : H → R is a viscosity subsolution of (5.7) is it is bounded from above, weakly
sequentially upper semicontinuous and if for every test function ψ, whenever v − ψ has a global maximum at
y, then

δv(y) + µθ′(|y|)|y|+ 〈y,A∗2Dϕ(y)〉+G1(y,Dψ(y), D2ψ(y)) ≤ 0. (4.7)

A function v : H → R is a viscosity supersolution of (5.7) is it is bounded from below, weakly sequentially lower
semicontinuous and if for every test function ψ, whenever v + ψ has a global minimum at y, then

δv(y)− µθ′(|y|)|y| − 〈y,A∗2Dϕ(y)〉+G1(y,−Dψ(y),−D2ψ(y)) ≥ 0. (4.8)

A function u is a viscosity solution of (5.7) if it is a viscosity subsolution of (5.7) and a viscosity supersolution
of (5.7).

To use the technique of half-relaxed limits we will need a notion of a discontinuous viscosity solution. For a
function v : (0, T )×H → R we define its upper and lower semicontinuous envelopes in R×H1,−1 by

v∗(t, x) = lim sup{v(s, y) : |s− t| → 0, |y − x|1,−1 → 0},
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v∗(t, x) = lim inf{v(s, y) : |s− t| → 0, |y − x|1,−1 → 0}.

Definition 4.7. A function u : (0, T )×H → R is a discontinuous viscosity subsolution of (4.3) is it is bounded
from above and if for every test function ψ from Definition 4.3 satisfying in addition θ(r)→ +∞ as r → +∞,
whenever (u− η(·)θ(| · |))∗ − ϕ has a global maximum at (t, x), then x ∈ H1,1, and

∂tψ(t, x)− λη(t)
θ′(|x|)
|x|

|x|21,1 − 〈x,A∗1Dϕ(t, x)〉+G
(
x,Dψ(t, x), D2ψ(t, x)

)
≥ 0. (4.9)

A function u : (0, T ) ×H → R is a discontinuous viscosity supersolution of (4.3) is it is bounded from below
and if for every test function ψ from Definition 4.3 satisfying in addition θ(r) → +∞ as r → +∞, whenever
(u+ η(·)θ(| · |))∗ + ϕ has a global minimum at (t, x), then x ∈ H1,1, and

− ∂tψ(t, x) + λη(t)
θ′(|x|)
|x|

|x|21,1 + 〈x,A∗1Dϕ(t, x)〉+G
(
x,−Dψ(t, x),−D2ψ(t, x)

)
≤ 0. (4.10)

A function u is a discontinuous viscosity solution of (4.3) if it is a discontinuous viscosity subsolution of (4.3)
and a discontinuous viscosity supersolution of (4.3).

We point out that even if u above is continuous but not weakly sequentially continuous it still falls into a
category of a discontinuous viscosity solution.

We note that for test functions θ1, θ2 from Definition 4.2, we have θ′i(0) = 0 and the function θ̃i(x) = θi(|x|) ∈
C2(H), i = 1, 2. Moreover, since θ′1(r)/r → θ′′1 (0) > 0 as r → 0, the term θ′1(|x|)/|x| is bounded away from 0 on
bounded sets and, after modifying θ1(r) for large r we can always assume that θ′1(|x|)/|x| ≥ c > 0 on H. We
also remark that we could have assumed that the maxima/minima in all definitions are local, and we can always
assume that the maxima/minima in Definitions 4.2, 4.4, 4.6 are strict and the maxima/minima in Definition 4.7
are strict in the | · | × | · |1,−1 norm (see [19], Lem. 3.6 and [14], Lem. 3.37). Moreover, since we only deal
with bounded viscosity sub/super-solutions and ϕ has at most quadratic growth, we can always assume that
θi(|x|) ≤ C(1 + |x|2), i = 1, 2, x ∈ H. We say that a function f has a strict maximum at (t, x, y) if it has a
maximum at (t, x, y) and if whenever f(tn, xn, yn)→ f(t, x, y) then (tn, xn, yn) converges (in a proper norm) to
(t, x, y).

Theorem 4.8. Let Assumption 3.1 be satisfied. Then, for every ε > 0, there exists a unique bounded viscosity
solution uε ∈ C((0, T ]×H ×H) in the sense of Definition 4.2 of equation (1.2) satisfying

lim
t→T,t<T

sup
x,y∈H

|(uε(t, x, y)− f(e−(T−t)A1x))| = 0. (4.11)

Proof. The existence of a unique viscosity solution in the sense of Definition 3.35 of [14] given by the value
function of the associated optimal control problem follows from Theorem 3.67 of [14] after we notice that the
operator Ã(x, y) := (A1x,

1
εA2y) is a maximal monotone operator in H ×H, B̃(x, y) := (B1x,B2y) is such that

B̃ ∈ S(H ×H), B > 0 and

〈(Ã∗B̃ + cB̃)(x, y), (x, y)〉 ≥ |x|2 + |y|2 for some c ≥ 0 and all x, y ∈ H,

that is Ã satisfies the strong B̃-condition.
Uniqueness of viscosity solutions of (1.2) is a consequence of a comparison principle whose proof follows the

proof of Theorem 3.54 of [14]. In the proof of comparison the terms λη1(t)
θ′1(|x|)
|x| |x|

2
1,1 and µ

ε η2(t)θ′2(|y|)|y| can be

dropped so that we can work with the definition of viscosity solution from [14]. The radial parts of test functions
used in [14] were more general to accommodate unbounded solutions with possible exponential growth however,
since we deal with bounded subsolutions and supersolutions here, the proof of comparison principle (Thm. 3.54
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of [14]) is much simpler and works after standard modifications if we replace the radial test functions used there
with test functions δeK(T−t)(|x|2 + |y|2). The full proof of comparison principle for a similar equation (7.1) in
(0, T ] × H is also given in the proof of Theorem 7.1. We can basically follow this proof here after adjusting
for the extra variable. We also note that we do not have to use perturbed optimization in this paper (like in
the proof of Theorem 3.54 of [14]) as our operators B1, B2 are compact and hence the functions in the proof
are weakly sequentially upper semicontinuous. We leave the details to the readers. It remains to explain a few
details of the proof that the value function is also a solution in the sense of Definition 4.2 and satisfies (4.11).

Following the proof of Lemma 3.23 of [14] we easily obtain that for every a(·) ∈ Ut, if Xi
ε, Y

i
ε , i = 1, 2, are

the unique mild solutions of (1.1) with initial conditions Xi
ε(t) = xi, Y

i
ε (t) = yi, then there is a constant Cε(T ),

independent of a(·) and xi, yi ∈ H, such that

sup
s∈[t,T ]

(
E[|X1

ε (s)−X2
ε (s)|21,−1 + |Y 1

ε (s)− Y 2
ε (s)|22,−1]

)
+

∫ T

t

E[|X1
ε (s)−X2

ε (s)|2 + |Y 1
ε (s)− Y 2

ε (s)|2]ds ≤ Cε(T )(|x1 − x2|21,−1 + |y1 − y2|22,−1)

(4.12)

and

E[|X1
ε (s)−X2

ε (s)|2] ≤ Cε(T )|y1 − y2|22,−1 +
Cε(T )

s− t
|x1 − x2|21,−1 for all s ∈ (t, T ]. (4.13)

Then, arguing like in the proof of Proposition 3.62 of [14], we obtain that there exist moduli ρ, ρτ such that, if
uε is the value function associated to equation (1.2), we have for all 0 ≤ t ≤ T − τ, xi, yi ∈ H, i = 1, 2,

|uε(t, x1, y1)− uε(t, x2, y2)| ≤ ρ(|y1 − y2|2,−1) + ρτ (|x1 − x2|1,−1),

the dynamic programming principle is satisfied, uε ∈ C((0, T ]×H ×H) and there exists a modulus ρ̃ such that
for every 0 ≤ t ≤ T, x, y ∈ H,

|uε(t, x, y)− f(e−(T−t)A1x)| ≤ ρ̃(T − t).

Using the dynamic programming principle one shows as in the proof of Theorem 3.66 of [14] that the value
function uε is a viscosity solution of (1.2) in the sense of Definition 3.35 of [14]. It remains to explain that the x
components of the points where the maxima and minima occur are in H1,1 and we have the extra terms (which
are dropped in Definition 3.35 of [14]) in inequalities (4.1) and (4.2).

To simplify the notation we define b̃(x, y, a) = (b(x, y, a), 1
εg(x, y, a)), σ̃(x, y, a)w = (σ(x, y, a)w,

1√
ε
h(y, a)w), w ∈ H. We notice that

〈Ã∗(x, y), (x, y)〉 ≥ λ|x|21,1 +
µ

ε
|y|2 for all (x, y) ∈ D(Ã∗).

Moreover, the function b̃ satisfies (3.5) and σ̃ satisfies (3.6). Then, for a(·) ∈ Uµt , equation (1.1) can be rewritten
for the variable Z(t) = (Xε(t), Yε(t)) as

 dZ(s) =
[
−ÃZ(s) + b̃(Z(s), a(s))

]
ds+ σ̃(Z(s), a(s))dWQ(s)

Z(t) = z := (x, y) ∈ H ×H.
(4.14)
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In the rest of the proof we will use | · | to denote both the norm in H and the norm in H ×H. Equation (4.14)
has a unique mild solution which satisfies the estimates of Theorem 1.130 of [14], in particular

E[ sup
t≤s≤T

|Z(s)|p] ≤ Cp(T )(1 + |z|p) (4.15)

for every p ≥ 2.
We set for N ≥ 1, PNz = (P1,Nx, P2,Ny),

ÃNz = (PN Ã
∗PN )∗z = ((P1,NA

∗
1P1,N )∗x, (P2,NA

∗
2P2,N )∗y) =: (A1,Nx,A2,Ny)

and define ZN = (XN , YN ) to be the solution of dZN (s) =
[
−ÃNZN (s) + PN b̃(ZN (s), a(s))

]
ds+ PN σ̃(ZN (s), a(s))dWQ(s)

ZN (t) = PN (x, y).

Recall that ÃN is a bounded operator such that −ÃN generates a semigroup of contractions and, by Lemma 3.83
of [14], for every z and T > 0,

e−tÃN z → e−tÃz uniformly on [0, T ]. (4.16)

We have

Z(s)− ZN (s) = e−(s−t)Ãz − e−(s−t)ÃNPNz +

∫ s

t

(e−(s−r)Ã − e−(s−r)ÃN )b̃(Z(r), a(r))dr

+

∫ s

t

(e−(s−r)Ã − e−(s−r)ÃN )σ̃(Z(r), a(r))dWQ(r)

+

∫ s

t

e−(s−r)ÃNQN b̃(Z(r), a(r))dr +

∫ s

t

e−(s−r)ÃNQN σ̃(Z(r), a(r))dWQ(r)

+

∫ s

t

e−(s−r)ÃNPN (b̃(Z(r), a(r))− b̃(ZN (r), a(r)))dr

+

∫ s

t

e−(s−r)ÃNPN (σ̃(Z(r), a(r))− σ̃(ZN (r), a(r)))dWQ(r).

Therefore

E|Z(s)− ZN (s)|2 ≤ C|e−(s−t)Ãz − e−(s−t)ÃNPNz|2 + C

∫ T

t

E|(e−(s−r)Ã − e−(s−r)ÃN )b̃(Z(r), a(r))|2dr

+ C

∫ T

t

E
[
Tr
(
(e−(s−r)Ã − e−(s−r)ÃN )σ̃(Z(r), a(r))Q

1
2

)(
(e−(s−r)Ã − e−(s−r)ÃN )σ̃(Z(r), a(r))Q

1
2

)∗]
dr

+ C

∫ T

t

E|QN b̃(Z(r), a(r))|2dr + C

∫ T

t

E
[
Tr
(
QN σ̃(Z(r), a(r))Q

1
2

)(
QN σ̃(Z(r), a(r))Q

1
2

)∗]
dr

+ C

∫ s

t

E|Z(r)− ZN (r)|2dr.

(4.17)

We now use (4.16) to estimate the first term in the right hand side of (4.17), (4.16) and the dominated conver-
gence theorem to estimate the second and third terms, and the dominated convergence theorem to estimate the



SINGULAR PERTURBATIONS AND OPTIMAL CONTROL OF STOCHASTIC SYSTEMS 13

fourth and fifth terms to obtain

E|Z(s)− ZN (s)|2 ≤ aN + C

∫ s

t

E|Z(r)− ZN (r)|2dr,

where aN → 0 as N →∞. Therefore, by Gronwall’s inequality, it follows that

E|Z(s)− ZN (s)|2 ≤ aNeC(T−t) for all s ∈ [t, T ]. (4.18)

Let now η1(s)θ1(|x|) + η2(s)θ2(|y|) + ϕ(s, x, y) be a test function. We can assume that the functions θ̃1(x) =
θ1(|x|), θ̃2(y) = θ1(|y|) have uniformly continuous first and second Fréchet derivatives, bounded second Fréchet
derivatives on H and 0 < c ≤ θ′1(r)/r is uniformly continuous and bounded on (0,+∞). Thus, if ε > 0, we have
by Itô’s formula

Eη1(s)θ1(|XN (s)|) + Eη2(s)θ2(|YN (s)|) = η1(t)θ1(|P1,Nx|) + η2(t)θ2(|P2,Ny|)

+

∫ s

t

Eη′1(r)θ1(|XN (s)|)dr +

∫ s

t

Eη′2(r)θ2(|YN (s)|)dr

−
∫ s

t

Eη1(r)
θ′1(|XN (r)|)
|XN (r)|

〈A1,NXN (r), XN (r)〉dr −
∫ s

t

E
1

ε
η2(r)

θ′2(|YN (r)|)
|YN (r)|

〈A2,NYN (r), YN (r)〉dr

+

∫ s

t

Eη1(r)〈Dθ̃1(XN (r)), b(XN (r), YN (r), a(r))〉dr

+

∫ s

t

E
1

ε
η2(r)〈Dθ̃2(YN (r)), g(XN (r), YN (r), a(r))〉dr

+
1

2

∫ s

t

Eη1(r)Tr[(P1,Nσ(XN (r), YN (r), a(r))Q
1
2 )(P1,Nσ(XN (r), YN (r), a(r))Q

1
2 )∗D2θ̃1(XN (r))]dr

+
1

2

∫ s

t

E
1

ε
η2(r)Tr[(P2,Nh(YN (r), a(r))Q

1
2 )(P2,Nh(YN (r), a(r))Q

1
2 )∗D2θ̃2(YN (r))]dr.

(4.19)

We now estimate

〈A1,NXN (r), XN (r)〉 ≥ λ|XN (r)|21,1, 〈A2,NYN (r), YN (r)〉 ≥ µ|YN (r)|2. (4.20)

Then (4.19), together with (4.15) and (4.20), yields

∫ s

t

E[η1(r)
θ′1(|XN (r)|)
|XN (r)|

|XN (r)|21,1]dr < C for all N ≥ 1. (4.21)

Denote WN (r) = η1(r)
θ′1(|XN (r)|)
|XN (r)| ,Wε(r) = η1(r)

θ′1(|Xε(r)|)
|Xε(r)| . Inequality (4.21) implies that, up to a subsequence,

√
WNXN ⇀ X̃ inM2

µ(t, s;H1,1). Since, by (4.18),
√
WNXN →

√
WεXε inM2

µ(t, s;H), we thus obtain
√
WεXε =

X̃ ∈M2
µ(t, s;H1,1).

We can now pass to the limit as N →∞ in (4.19) using the continuity properties of the coefficients and θ̃1

and its derivatives, lower semicontinuity of the norm with respect to weak convergence, (4.15), (4.18), (4.20)



14 A. ŚWI CH

and the dominated convergence theorem, to obtain

Eη1(s)θ1(|Xε(s)|) + Eη2(s)θ2(|Yε(s)|) ≤ η1(t)θ1(|x|) + η2(t)θ2(|y|)

+

∫ s

t

Eη′1(r)θ1(|Xε(r)|)dr +

∫ s

t

Eη′2(r)θ2(|Yε(r)|)dr

−
∫ s

t

Eλη1(r)
θ′1(|Xε(r)|)
|Xε(r)|

|Xε(r)|21,1dr −
∫ s

t

E
µ

ε
η2(r)θ′2(|Yε(r)|)|Yε(r)|dr

+

∫ s

t

Eη1(r)〈Dθ̃1(Xε(r)), b(Xε(r), Yε(r), a(r))〉dr +

∫ s

t

E
1

ε
η2(r)〈Dθ̃2(Yε(r)), g(Xε(r), Yε(r), a(r))〉dr

+

∫ s

t

Eη1(r)Tr[C(Xε(r), Yε(r), a(r))D2θ̃1(Xε(r))]dr +

∫ s

t

E
1

ε
η2(r)Tr[E(Yε(r), a(r))D2θ̃2(Yε(r))]dr.

(4.22)

Itô’s formula for test function ϕ is proved in Proposition 1.165 and Lemma 3.65 of [14].
We now briefly sketch the proof that viscosity solution inequalities are satisfied. We will only do it for the

subsolution part. We follow the proof of Theorem 3.66 of [14]. Suppose that uε − ψ has a global maximum
at (t, x, y) for a test function ψ. Recall that uε is the value function. We take a ∈ Λ and define a constant
control a(·) = a on any reference probability space µ. Using the dynamic programming principle, (4.22) and
Itô’s formula for ϕ, we obtain for sn = t+ 1

n

0 ≤− 1

n
E
[ ∫ sn

t

λη1(r)
θ′1(|Xε(r)|)
|Xε(r)|

|Xε(r)|21,1dr

]
+

1

n
E
[ ∫ sn

t

(
∂tψ(r,Xε(r), Yε(r))−

µ

ε
η2(r)θ′2(|Yε(r)|)|Yε(r)|

− 〈Xε(r), A
∗
1Dxϕ(r,Xε(r), Yε(r))〉 −

1

ε
〈Yε(r), A∗2Dyϕ(r,Xε(r), Yε(r))〉

+ 〈Dxψ(r,Xε(r), Yε(r)), b(Xε(r), Yε(r), a(r))〉+
1

ε
〈Dyψ(r,Xε(r), Yε(r)), g(Xε(r), Yε(r), a)〉

+ Tr[C(Xε(r), Yε(r), a)D2
xψ(r,Xε(r), Yε(r))] +

1

ε
Tr[E(Xε(r), a)D2

yψ(r,Xε(r), Yε(r))]

+
1√
ε

Tr[D(Xε(r), Yε(r), a)D2
xyψ(r,Xε(r), Yε(r))] + l(Xε(r), Yε(r), a)

)
dr

]
.

(4.23)

Since, by Jensen’s inequality (using previous notation),

E
∣∣∣∣ 1n
∫ sn

t

√
Wε(r)Xε(r)dr

∣∣∣∣2
1,1

≤ 1

n
E
∫ sn

t

Wε(r)|Xε(r)|21,1dr, (4.24)

using the properties of test functions and moment estimates for Xε, Yε (see Thm. 1.130 of [14]), we thus have
that the variables

Un =
1

n

∫ sn

t

√
Wε(r)Xε(r)dr

are bounded in L2(Ω;H1,1) so, up to a subsequence, they converge weakly in this space to Un ⇀ Ũ in L2(Ω;H1,1)

for some element Ũ in this space. But, for instance by (1.38) of [14],

Un →
√
η1(t)

√
θ′1(|x|)√
|x|

x in L2(Ω;H) (4.25)
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so we get x ∈ H1,1. We can now pass to the lim sup as n → ∞ in (4.23) using (4.24), (4.25), the weak lower
semicontinuity of the norm, the properties of test functions, and the moment and continuity estimates of
Theorem 1.130 of [14] for Xε, Yε. It then remains to take the infimum over all a ∈ Λ in the obtained inequality.
The proof of the supersolution property, which is explained in the proof of Theorem 3.66 of [14], is a little more
complicated but it requires similar modifications.

Remark 4.9. In order to prove Theorem 4.8 we can replace |x1 − x2|1,−1 by |x1 − x2| in (3.7) and only require
|l(x1, y1, a)− l(x2, y2, a)| ≤ ω(|x1 − x2|+ |y1 − y2|).

5. Discounted problems in the fast variable and effective
Hamiltonian

This section is devoted to the analysis of discounted infinite horizon problems in the fast variable, the
solvability of the ergodic control problem in the fast variable and the definition of the effective Hamiltonian.
The overall approach follows [1, 4].

Theorem 5.1. Let Assumption 3.1 be satisfied. Let (x, p,X) ∈ H ×H × S(H) be fixed. Define for δ > 0

wδ(y) = inf
a(·)∈U0

E
∫ +∞

0

e−δs
(

Tr(C(x, Y (s), a(s))X)

+ 〈b(x, Y (s), a(s)), p〉+ l(x, Y (s), a(s))

)
ds,

where Y (s) is the solution of{
dY (s) = [−A2Y (s) + g(x, Y (s), a(s))] ds+ h(Y (s), a(s))dWQ(s)

Y (0) = y.
(5.1)

The function wδ is the unique bounded viscosity solution of the equation

δwδ + 〈A2y,Dywδ〉+ F
(
x, y, p,Dywδ, X,D

2
ywδ, 0

)
= 0 in H, (5.2)

there exists a constant C = C(p,X) such that for every δ > 0

|wδ(y1)− wδ(y2)| ≤ C|y1 − y2| for all y1, y2, x ∈ H (5.3)

and δwδ converges, as δ → 0, uniformly on bounded sets in H to a constant. We denote

F (x, p,X) := − lim
δ→0

δwδ.

Proof. The fact that wδ is the unique bounded viscosity solution of equation (5.2) follows from Theorem 3.76
of [14] after a few modifications, using Itô’s formula (4.22), similar to what we did in the proof of Theorem 4.8.
Notice that, since all coefficient functions C, b, l, g, h here are bounded, in the proof of comparison principle,
Theorem 3.58 of [14], it is enough to use our test functions.

Let

M = sup
y∈H
|F (x, y, p, 0, X, 0, 0) |. (5.4)
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Then w = M
δ , w = −Mδ are respectively a viscosity supersolution and a viscosity subsolution of (5.2) so by

comparison we obtain |δwδ| ≤M . We will now prove (5.3).
Let Y (s) be the mild solution of (5.1). For N ≥ 1, let Ã2,N = (P2,NA

∗
2P2,N )∗ and let YN be the solution of dYN (s) =

[
−Ã2,NYN (s) + P2,Ng(x, YN (s), a(s))

]
ds+ P2,Nh(YN (s), a(s))dWQ(s)

YN (0) = P2,Ny.
(5.5)

Repeating the arguments in the proof of Theorem 4.8 we obtain that for every t > 0 there is a sequence (atN )
such that

E[|Y (s)− YN (s)|2] ≤ atN for 0 ≤ s ≤ t,

where atN → 0 as N → +∞.
Let Y1(s), Y2(s) be the mild solutions of (5.1) with initial conditions Y1(0) = y1, Y1(0) = y2 and let

Y 1
N (s), Y 2

N (s) be the solutions of (5.5) with initial conditions Y 1
N (0) = P2,Ny1, Y

2
N (0) = P2,Ny2. Applying Itô’s

formula and using (3.4) and the properties of the trace, we have

e2µtE|Y 1
N (t)− Y 2

N (t)|2 ≤ |y1 − y2|2 + 2µE
∫ t

0

e2µs|Y 1
N (s)− Y 2

N (s)|2ds

− 2E
∫ t

0

e2µs〈A∗2(Y 1
N (s)− Y 2

N (s)), Y 1
N (s)− Y 2

N (s)〉ds

+ 2E
∫ t

0

e2µs〈g(x, Y 1
N (s), a(s))− g(x, Y 2

N (s), a(s)), Y 1
N (s)− Y 2

N (s)〉ds

+ E
∫ t

0

e2µsTr
[
(h(Y 1

N (s), a(s))− h(Y 2
N (s), a(s)))Q

1
2 )

((h(Y 1
N (s), a(s))− h(Y 2

N (s), a(s)))Q
1
2 )∗
]
ds

≤ |y1 − y2|2.

Letting N →∞ above we conclude

E|Y1(t)− Y2(t)|2 ≤ e−2µt|y1 − y2|2.

It now follows from (3.6) that

|wδ(y1)− wδ(y2)| ≤ sup
a(·)∈U0

E
∫ +∞

0

e−δsC(1 + |p|+ ‖X‖)|Y1(s)− Y2(s)|ds

≤
∫ +∞

0

e−µsC(1 + |p|+ ‖X‖)|y1 − y2|ds ≤ C(1 + |p|+ ‖X‖)|y1 − y2|.

We now choose a sequence δn such that an = δnwδn(0) → ν for some ν. Then, by (5.3), δnwδn(y) → ν
uniformly on bounded sets of H. Suppose there is another sequence δ1

n such that bn = δ1
nwδ1n(0)→ ν1 for some

ν1 and then δ1
nwδ1n(y) → ν1 uniformly on bounded sets of H. Suppose without loss of generality that ν < ν1.

Denote

vn(y) = wδn(y) + κ|y|2 − wδn(0), zn(y) = wδ1n(y)− wδ1n(0) + 1,
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where κ > 0 will be determined later. Using the definition of viscosity supersolution, (3.10) and the boundedness
of g and h, we check that vn is a viscosity supersolution of

δnvn + 〈A2y,Dvn〉+ F
(
x, y, p,Dvn, X,D

2vn, 0
)

= −an + κ((2µ+ δn)|y|2 − C(|y|+ 1)) =: fn(y).
(5.6)

Moreover, zn is a viscosity subsolution of

δ1
nzn + 〈A2y,Dzn〉+ F

(
x, y, p,Dzn, X,D

2zn, 0
)

= −bn + δ1
n

and hence zn is a viscosity subsolution of

δnzn + 〈A2y,Dzn〉+ F
(
x, y, p,Dzn, X,D

2zn, 0
)

= −bn + δ1
n + (δn − δ1

n)zn(y)

≤ −bn + C(δn + δ1
n)(1 + |y|) =: f1

n(y).

We now observe that if n is large enough then

fn(y)− f1
n(y) ≥ −an + bn − C1κ→ ν1 − ν − C1κ

for some absolute constant C1 > 0 so if κ = (ν1− ν)/(2C1) then, for large n, we have fn > f1
n on H. Thus, zn is

a viscosity subsolution of (5.6) and vn is a viscosity supersolution of (5.6) and hence, by comparison principle,
zn ≤ vn on H. But this is impossible since zn(0) = 1 > 0 = vn(0). This proves that we must have δwδ(0)→ ν
as δ → 0 and hence δwδ(y)→ ν as δ → 0 uniformly on bounded sets of H.

We notice that

F (x, p,X) = lim
δ→0

sup
a(·)∈U0

{
E
∫ +∞

0

δe−δs
(
− Tr(C(x, Y (s), a(s))X)

− 〈b(x, Y (s), a(s)), p〉 − l(x, Y (s), a(s))

)
ds

}
,

where Y (s) is the solution of (5.1).

Remark 5.2. Differently from [1] and [4], since closed balls are on compact inH, we could not find a subsequence
among wδ − wδ(0) converging uniformly on bounded sets to pass to the limit in (5.2) in the proof of Theorem
5.1 and we had to resort to a comparison argument. However, if A2 satisfies in addition 〈A∗2y, y〉 ≥ λ|y|22,1 for all
y ∈ D(A∗2) then, using a definition of viscosity solution similar to Definition 4.7, one can show that the functions

w(y) = lim sup
δ→0

{wδ(yδ)− wδ(0) : yδ → y}, w(y) = lim inf
δ→0

{wδ(yδ)− wδ(0) : yδ → y}

are respectively a (discontinuous) viscosity subsolution and a (discontinuous) viscosity supersolution of

ν + 〈A2y,Dw〉+ F
(
x, y, p,Dw,X,D2w, 0

)
= 0 in H (5.7)

and satisfy (5.3). Equation (5.7) then has a (discontinuous) viscosity solution by Perron’s method (see [14, 19]).
Moreover it can be proved that ν is the unique constant such that equation (5.7) has a (discontinuous) viscosity
solution having at most linear growth.
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6. Properties of the effective Hamiltonian F (x, p,X)

We now prove properties of the effective Hamiltonian F (x, p,X). We rely on stochastic estimates.

Lemma 6.1. Let Assumption 3.1 be satisfied. Let x1, x2, y ∈ H. Let Y1(s) be the solution of (5.1) with x = x1

and Y2(s) be the solution of (5.1) with x = x2. Then there exists a constant C, independent of x1, x2 ∈ H and
t ≥ 0, such that

E|Y1(t)− Y2(t)|2 ≤ C|x1 − x2|21,−1 for all t ≥ 0. (6.1)

Proof. Let Y 1
N (s) be the solution of (5.5) with x = x1 and initial condition Y 1

N (0) = P2,Ny1 and Y 2
N (s) be the

solution of (5.5) with x = x1 and initial condition Y 2
N (0) = P2,Ny2. Applying Itô’s formula and using (3.4) and

(3.7) we get

eµtE|Y 1
N (t)− Y 2

N (t)|2 ≤ µE
∫ t

0

eµs|Y 1
N (s)− Y 2

N (s)|2ds

− 2E
∫ t

0

eµs〈A∗2(Y 1
N (s)− Y 2

N (s)), Y 1
N (s)− Y 2

N (s)〉ds

+ 2E
∫ t

0

eµs〈g(x1, Y
1
N (s), a(s))− g(x2, Y

1
N (s), a(s)), Y 1

N (s)− Y 2
N (s)〉ds

+ 2E
∫ t

0

eµs〈g(x2, Y
1
N (s), a(s))− g(x2, Y

2
N (s), a(s)), Y 1

N (s)− Y 2
N (s)〉ds

+ E
∫ t

0

eµsTr
(
((h(Y 1

N (s), a(s))− h(Y 2
N (s), a(s)))Q

1
2 )

((h(Y 1
N (s), a(s))− h(Y 2

N (s), a(s)))Q
1
2 )∗
)
ds

≤ µE
∫ t

0

eµs|Y 1
N (s)− Y 2

N (s)|2ds− 2µE
∫ t

0

eµs|Y 1
N (s)− Y 2

N (s)|2ds

+ CE
∫ t

0

eµs|x1 − x2|1,−1|Y 1
N (s)− Y 2

N (s)|ds

≤ C
∫ t

0

eµs|x1 − x2|21,−1 ≤ Ceµt|x1 − x2|21,−1.

To estimate the trace term we used the fact that if X,Y ∈ L2(K0, H) then XY ∗ ∈ L1(H) and |Tr(XY ∗)| ≤
‖XY ∗‖L1(H) ≤ ‖X‖L2(K0,H)‖Y ‖L2(K0,H).

Lemma 6.2. Let Assumptions 3.1 be satisfied. The Hamiltonian F (x, p,X) has the following properties.

– For every x, p ∈ H,X ∈ S(H),

|F (x, p,X)| ≤ sup
y∈H
|F (x, y, p, 0, X, 0, 0)|. (6.2)

|F (x, p,X)− F (x, q, Y )| ≤ C(|p− q|+ ‖X − Y ‖) ∀p, q ∈ H,X, Y ∈ S(H). (6.3)

|F (x1, p,X)− F (x2, p,X)| ≤ ω(|x1 − x2|) +C|x1 − x2|(1 + |p|+ ‖X‖) ∀x1, x2, p ∈ H,X ∈ S(H). (6.4)
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– There exists a modulus ω1 such that

F

(
x1,

B1(x1 − x2)

ε
,X

)
− F

(
x2,

B1(x1 − x2)

ε
, Y

)
≥ −ω1

(
|x1 − x2|

(
1 +
|x1 − x2|1,−1

ε

)) (6.5)

for every ε > 0, x1, x2 ∈ H,X, Y ∈ S(H), X = P1,NXP1,N , Y = P1,NY P1,N ,

(
X 0
0 −Y

)
≤ 3

ε

(
B1P1,N −B1P1,N

−B1P1,N B1P1,N

)
. (6.6)

– There exists a modulus ω2 such that

F

(
x1,

x1 − x2

ε
,X

)
− F

(
x2,

x1 − x2

ε
, Y

)
≥ −ω2

(
|x1 − x2|

(
1 +
|x1 − x2|

ε

)) (6.7)

for every ε > 0, x1, x2 ∈ H,X, Y ∈ S(H), X = P1,NXP1,N , Y = P1,NY P1,N ,

(
X 0
0 −Y

)
≤ 3

ε

(
I −I
−I I

)
. (6.8)

– For all x, p ∈ H,R > 0,

sup

{
|F (x, p,X + κQ1,N )− F (x, p,X)| :

|κ| ≤ R,X = P1,NXP1,N

}
→ 0 as N →∞.

(6.9)

Proof. Inequality (6.2) is obtained arguing as in the proof of Theorem 5.1, since we have |δwδ| ≤M , where M
is defined by (5.4). This gives (6.2) by the definition of F (x, p,X).

Inequality (6.3) is obvious from the definition of F (x, p,X). Estimate (6.4) is a simple consequence of (3.5),
(3.6), (3.7), (3.8) and (6.1). Inequality (6.5) also follows from (3.5), (3.6), (3.7), (3.8) and (6.1). Using the
notation of Lemma 6.1, for every control a(·) we have

E
∣∣∣∣〈b(x1, Y1(s), a(s)),

B1(x1 − x2)

ε
〉 − 〈b(x2, Y2(s), a(s)),

B1(x1 − x2)

ε
〉
∣∣∣∣

≤ EL(|x1 − x2|+ |Y1(t)− Y2(t)|) |B1(x1 − x2)|
ε

≤ C|x1 − x2|
|x1 − x2|1,−1

ε
.

Similar argument gives

E|l(x1, Y1(s), a(s))− l(x2, Y2(s), a(s))| ≤ C|x1 − x2|1,−1 + ω(|x1 − x2|).
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Moreover, arguing as in [14], pages 235–236, we obtain

Tr(C(x1, Y1(s), a(s))X)− Tr(C(x2, Y2(s), a(s))Y )

≤ 3

ε
Tr
(
((σ(x1, Y1(s), a(s))− σ(x2, Y2(s), a(s)))Q

1
2 )((σ(x1, Y1(s), a(s))− σ(x2, Y2(s), a(s)))Q

1
2 )∗B1

)
≤ C(|x1 − x2|1,−1 + |Y1(t)− Y2(t)|)2.

This, together with (6.1), gives the required estimate for the trace terms. The three inequalities above give
(6.5). Inequality (6.7) is proved similarly. The convergence in (6.9) is a consequence of (3.9) and the definition
of F .

7. Convergence of viscosity solutions

In this section we prove the main result, Theorem 7.2, about convergence of the viscosity solutions uε
of (1.2) to the viscosity solution of the effective equation (7.1). We need first to prove the existence of a
unique viscosity solution of the limiting effective equation (7.1) and show comparison principle for discontinuous
viscosity solutions of (7.1).

Theorem 7.1. Let F satisfy the properties stated in Lemma 6.2 and f satisfy (3.7). Then there exists a unique
bounded viscosity solution u ∈ UBxb ((0, T ]×H)∩UBxb ((0, τ ]×H1,−1) for 0 < τ < T , in the sense of Definition
4.4 of the equation {

∂tu− 〈A1x,Du〉 − F
(
x,Du,D2u

)
= 0 in (0, T )×H,

u(T, x) = f(x) for x ∈ H
(7.1)

satisfying

lim
t→T,t<T

sup
x∈H
|(u(t, x)− f(e−(T−t)A1x))| = 0. (7.2)

Moreover if u is a bounded discontinuous viscosity subsolution of (7.1) and v is a bounded discontinuous viscosity
supersolution of (7.1) satisfying

lim
t→T,t<T

[
(u(t, x)− f(e−(T−t)A1x))+ + (v(t, x)− f(e−(T−t)A1x))−

]
= 0 (7.3)

uniformly on bounded subsets of H, then u ≤ v on (0, T ]×H.

Proof. The existence of a unique viscosity solution u of (7.1) in the sense of Definition 3.35 of [14] with the
required properties follows from Theorem 3.84 of [14]. Uniqueness can also be deduced from arguments in [14],
however it will follow from an even stronger comparison principle for discontinuous viscosity solutions which
we will prove below. To show that u is also a viscosity solution of (7.1) in the sense of Definition 4.4 we recall
that the solution in Theorem 3.84 of [14] was obtained as the limit as N →∞, uniform on bounded subsets of
(0, τ)×H for every 0 < τ < T , of the viscosity solutions uN , N ≥ 1, of the approximating problems{

∂tuN − 〈A1,Nx,DuN 〉 − F
(
P1,Nx, P1,NDuN , P1,ND

2uNP1,N

)
= 0 in (0, T )×H,

uN (T, x) = f(P1,Nx) for x ∈ H,
(7.4)

where A1,N = (P1,NA
∗
1P1,N )∗. We have 〈A1,Nx, x〉 ≥ λ|P1,Nx|21,1.
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Suppose now that u−ψ has a strict global maximum at (t, x) for a test function ψ(s, y) = η(s)θ(|y|) +ϕ(s, y).
Then there is a sequence (tN , xN ) → (t, x) such that uN − ψ has a local maximum at (tN , xN ). Therefore we
have

0 ≤ ∂tψ(tN , xN )− η(tN )
θ′(|xN |)
|xN |

〈A1,NxN , xN 〉 − 〈A1,NxN , Dϕ(tN , xN )〉

− F
(
P1,NxN , P1,NDψ(tN , xN ), P1,ND

2ψ(tN , xN )P1,N

)
≤ ∂tψ(tN , xN )− λη(tN )

θ′(|xN |)
|xN |

|P1,NxN |21,1 − 〈P1,NxN , A
∗
1P1,NDϕ(tN , xN )〉

− F
(
P1,NxN , P1,NDψ(tN , xN ), P1,ND

2ψ(tN , xN )P1,N

)
.

(7.5)

It follows from Lemma 3.83(i) of [14] that A∗1P1,NDϕ(tN , xN )→ A1Dϕ(t, x). Therefore, since F is continuous,
η > 0, θ′ > 0 and θ′′(0) > 0 (in case x = 0), (7.5) implies

|P1,NxN |21,1 ≤ C for all N ≥ 1.

Thus P1,NxN ⇀ x̄ in H1,1 for some x̄ ∈ H1,1. But P1,NxN → x in H so we must have x = x̄ ∈ H1,1. We can
now pass to the limit as N →∞ using the continuity properties of F and Lemma 3.85 of [14] to get

∂tψ(t, x)− λη(t)
θ′(|x)

|x|
|x|21,1 − 〈x,A∗1Dϕ(t, x)〉 − F

(
x,Dψ(t, x), D2ψ(t, x)

)
≥ 0.

The proof of the supersolution property is similar.
We now prove the comparison statement for bounded discontinuous viscosity subsolutions and supersolutions.

We argue by contradiction and assume that u 6≤ v. Then there is γ > 0 such that for every sufficiently small
µ > 0 and every T1 < T sufficiently close to T ,

γ < m(T1) := lim
R↑∞

lim
(r,α)↓(0,0)

sup{uµ(t, x)− vµ(s, y) :

|t− s| < α, |x− y|1,−1 < r, x, y ∈ B(0, R), 0 < t, s ≤ T1}
= lim
R↑∞

lim
r↓0

lim
α↓0

sup{uµ(t, x)− vµ(s, y) :

|t− s| < α, |x− y|1,−1 < r, x, y ∈ B(0, R), 0 < t, s ≤ T1},

(7.6)

where we have set uµ(t, x) = u(t, x)− µ
t and vσ(s, y) = v(s, y) + µ

s . We define uη(t, x) = uµ(t, x)− ηeK(T−t)|x|2,

vη(s, y) = vµ(s, y) + ηeK(T−s)|y|2 and K = C, where C is from (6.3). Let

mη := lim
r↓0

lim
α↓0

sup{(uη)∗(t, x)− (vη)∗(s, y) : |x− y|1,−1 < r, |t− s| < α, 0 < t, s ≤ T1}

= lim
r↓0

lim
α↓0

sup{uη(t, x)− vη(s, y) : |x− y|1,−1 < r, |t− s| < α, 0 < t, s ≤ T1},

where (uη)∗ and (vη)∗ are computed using only points in (0, T1]×H,

mη,ε := lim
α↓0

sup
{

(uη)∗(t, x)− (vη)∗(s, y)− 1

2ε
|x− y|21,−1 : |t− s| < α, 0 < t, s ≤ T1

}
,
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mη,ε,β := sup
{

(uη)∗(t, x)− (vη)∗(s, y)− 1

2ε
|x− y|21,−1 −

(t− s)2

2β
: 0 < t, s ≤ T1

}
.

We have

m(T1) = lim
η↓0

mη, (7.7)

mη = lim
ε↓0

mη,ε, (7.8)

mη,ε = lim
β↓0

mη,ε,β , (7.9)

Since B1 is compact, the function

(uη)∗(t, x)− (vη)∗(s, y)− 1

2ε
|x− y|21,−1 −

1

2β
|t− s|2

is weakly sequentially upper semicontinuous on [0, T1]× [0, T1]×H ×H. Thus it achieves a global maximum at
some point (t̄, s̄, x̄, ȳ) ∈ [0, T1]× [0, T1]×H×H which can be assumed to be strict in the | · |×| · |×| · |1,−1×|· |1,−1

norm. By Definition 4.7, x̄, ȳ ∈ H1,1. Convergences (7.7)–(7.9) yield (see for instance [14], page 208 for such
arguments)

lim
β↓0

1

2β
|t̄− s̄|2 = 0 for every η, ε > 0, (7.10)

lim
ε↓0

lim sup
β↓0

1

2ε
|x̄− ȳ|21,−1 = 0 for every η > 0. (7.11)

It follows from the definitions of uη and vη that t̄, s̄ > 0 and that |x̄|, |ȳ| ≤ Rη for some Rη > 0 independent
of ε, β, µ and T1. Suppose that we also have t̄, s̄ < T1. We will show that this is impossible. We set

u1(t, x) = (uη)∗(t, x)− 〈B1Q1,N (x̄− ȳ), x〉
ε

−
|Q1,N (x− x̄)|21,−1

ε
+
|Q1,N (x̄− ȳ)|2−1,1

2ε
,

v1(s, y) = (vη)∗(s, y)− 〈BQ1,N (x̄− ȳ), y〉
ε

+
|Q1,N (y − ȳ)|21,−1

ε
.

Then

u1(t, x)− v1(s, y)− 1

2ε
|P1,N (x− y)|21,−1 −

1

2β
|t− s|2

has a strict (in the | · | × | · | × | · |1,−1 × | · |1,−1 norm) global maximum at (t̄, s̄, x̄, ȳ). We can now use Theorem
3.27 and Corollary 3.29 of [14]. However our maximum is not strict in the standard norm. This will result in
one change in the statement of Corollary 3.29 which follows trivially from the proof of Theorem 3.27 of [14]. (In
fact the proofs of Theorem 3.27 and Corollary 3.29 of [14] are easier in our case since all the functions involved
are weakly sequentially upper semicontinuous and so there is no need to use perturbed optimization). We leave
the details to the readers. We thus obtain that there exist test functions ϕk, ψk satisfying the properties of
Definition 4.3-(ii) such that

u1(t, x)− ϕk(t, x)
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has a global maximum at some point (tk, xk),

v1(s, y) + ψk(s, y)

has a global minimum at some point (sk, yk), and

(
tk, xk, u1(tk, xk), ∂tϕk(tk, xk), Dϕk(tk, xk), D2ϕk(tk, xk)

)
→
(
t̄, x̄, u1(t̄, x̄),

t̄− s̄
β

,
BP1,N (x̄− ȳ)

ε
,XN

)
,

(7.12)

(
sk, yk, v1(sk, yk), ∂tψk(sk, yk), Dψk(sk, yk), D2ψk(sk, yk)

)
→
(
s̄, ȳ, v1(s̄, ȳ),

s̄− t̄
β

,
BP1,N (ȳ − x̄)

ε
, YN

)
,

(7.13)

− 3

ε

(
B1P1,N 0

0 B1P1,N

)
≤
(
XN 0
0 YN

)
≤ 3

ε

(
B1P1,N −B1P1,N

−B1P1,N B1P1,N

)
, (7.14)

with the convergences being in R×H1,−1×R×R×H1,2×L(H) and moreover the sequences of points xk, yk, k =
1, 2, ... are bounded.

We have from the definition of a viscosity subsolution and supersolution that xk, yk ∈ H1,1. Moreover

− µ

tk
+ ∂tϕ(tk, xk)− ηKeK(T−tk)|xk|2

− 2λη|xk|21,1 −
〈
xk, A

∗
1

(
Dϕk(tk, xk) +

B1Q1,N (x̄− ȳ)

ε
+

2B1Q2,N (xk − x̄)

ε

)〉
− F

(
xk, 2ηe

K(T−tk)xk +Dϕk(tk, xk) +
B1Q1,N (x̄− ȳ)

ε
+

2B1Q2,N (xk − x̄)

ε
,

2ηeK(T−tk)I +D2ϕk(tk, xk) +
2B1Q2,N

ε

)
≥ 0.

(7.15)

We deduce from (7.15) that |B−
1
2

1 xk|2 = |xk|21,1 ≤M for some M and all k ≥ 1. Since B
1
2
1 xk → B

1
2
1 x̄, we have

|xk − x̄|2 = 〈B
1
2
1 (xk − x̄), B

− 1
2

1 (xk − x̄)〉 → 0 as k →∞.

Using this, (7.12), (7.13) and dropping the 2λη|xk|21,1 term, we pass to the limit as k →∞ in (7.15) to obtain

− µ

t̄
− ηKeK(T−t̄)|x̄|2 +

t̄− s̄
β
−
〈
x̄,
A∗1B1(x̄− ȳ)

ε

〉
− F

(
x̄, 2ηeK(T−t̄)x̄+

B1(x̄− ȳ)

ε
, 2ηeK(T−t̄)I +XN +

2B1Q2,N

ε

)
≥ 0.

(7.16)
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Using (6.3) we now have

−µ
T

+
t̄− s̄
β
−
〈
x̄,
A∗1B1(x̄− ȳ)

ε

〉
− F

(
x̄,
B1(x̄− ȳ)

ε
,XN +

2B1Q2,N

ε

)
≥ −3ηKeK(T−t̄)

which, upon employing (6.9), yields

− µ

T
+
t̄− s̄
β
−
〈
x̄,
A∗1B1(x̄− ȳ)

ε

〉
− F

(
x̄,
B1(x̄− ȳ)

ε
,XN

)
≥ −3ηKeKT − ωε(N) (7.17)

where, for ε fixed, ωε(N)→ 0 as N →∞.
Similar arguments produce

µ

T
+
t̄− s̄
β
−
〈
ȳ,
A∗1B1(x̄− ȳ)

ε

〉
− F

(
ȳ,
B1(x̄− ȳ)

ε
,−YN

)
≤ 3ηKeKT + ωε(N). (7.18)

Subtracting (7.17) from (7.18) we thus obtain

2µ

T
+

〈
x̄− ȳ, A

∗
1B1(x̄− ȳ)

ε

〉
+ F

(
x̄,
B1(x̄− ȳ)

ε
,XN

)
− F

(
ȳ,
B1(x̄− ȳ)

ε
,−YN

)
≤ 6ηKeK(T−t̄) + 2ωε(N).

In now follows from (3.3) and (6.5) that

2µ

T
≤ 6ηKeKT + 2ωε(N)

+ ω1

(
|x̄− ȳ|

(
1 +
|x̄− ȳ|1,−1

ε

))
+
c

ε
|x̄− ȳ|21,−1 −

1

ε
|x̄− ȳ|2.

(7.19)

If ω1(s) ≤ µ
T +Mµs, s > 0, an elementary computation shows that for some constant Cµ

ω1

(
|x̄− ȳ|

(
1 +
|x̄− ȳ|1,−1

ε

))
≤ µ

T
+ Cµε+

Cµ
ε
|x̄− ȳ|21,−1 +

1

ε
|x̄− ȳ|2. (7.20)

Plugging (7.20) into (7.19) now gives us

µ

T
≤ 6ηKeKT + 2ωε(N) + Cµε+

Cµ
ε
|x̄− ȳ|21,−1. (7.21)

It remains to take limη→0 limε→0 lim supβ→0 limN→∞ in (7.21) and use (7.11) to obtain a contradiction.
Therefore we must have that either t̄ = T1 or s̄ = T1. It follows from (7.6)–(7.9) that for every T1 sufficiently

close to T and sufficiently small µ, η, ε, β,

(uη)∗(t̄, x̄)− (vη)∗(s̄, ȳ) > γ > 0.

Thus, by the definition of (uη)∗ and (vη)∗ and (7.10), (7.11), there exist points (t̃, s̃, x̃, ỹ) ∈ (0, T1] × (0, T1] ×
H ×H, depending on µ, η, ε, β, such that T1 − s̃ ≤ C

√
β, T1 − t̃ ≤ C

√
β, |x̃ − ỹ|1,−1 ≤ C

√
ε, |x̃|, |ỹ| ≤ Rη for

some Rη > 0 independent of µ, η, ε, β, T1, and such that

u(t̃, x̃)− v(s̃, ỹ) > γ.
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Denote τ = T − T1. Without loss of generality we will suppose that s̃ ≥ t̃. Then, by (7.3),

γ <
(
u(t̃, x̃)− f(e−(T−t̃)A1 x̃)

)+

+
(
f(e−(T−t̃)A1 x̃) + f(e−(T−t̃)A1 ỹ)

)
+
(
f(e−(T−t̃)A1 ỹ) + f(e−(T−s̃)A1 ỹ)

)
+
(
v(s̃, ỹ)− f(e−(T−s̃)A1 ỹ)

)−
≤ ωη

(
τ + C

√
β
)

+ ω
(
|e−(T−t̃)A1(x̃− ỹ)|

)
+ ω

(
|e−(T−s̃)A1(e−(s̃−t̃)A1 ỹ − ỹ)|

)
,

(7.22)

where ωη are some moduli coming from (7.3) and ω is the modulus from (3.7). By Lemma 3.19

ω
(
|e−(T−t̃)A1(x̃− ỹ)|

)
≤ ω

(
C1√
τ
|x̃− ỹ|1,−1

)
≤ ω

(
C2
√
ε√
τ

)
and

ω
(
|e−(T−s̃)A1(e−(s̃−t̃)A1 ỹ − ỹ)|

)
≤ ω

(
C1√
τ
|e−(s̃−t̃)A1 ỹ − ỹ|1,−1

)
≤ ω

(
Cη
√
β√
τ

)
Plugging these into (7.22) and taking limε→0 limβ→0 we thus obtain

γ ≤ ωη (τ)

which is again a contradiction for sufficiently small τ . Therefore we must have u ≤ v.

We can now prove the main result of the paper. The overall idea of the proof of Theorem 7.2 is similar to
that of the proof of Theorem 14 of [1] in the finite dimensional case.

Theorem 7.2. Let Assumption 3.1 be satisfied. Then, for every 0 < T1 < T,R > 0 and every compact set
K ⊂ H, the family {uε} converges uniformly on [T1, T ]×K×B(0, R), as ε→ 0, to the unique bounded viscosity
solution u of (7.1) satisfying (7.2).

Proof. It follows from comparison that if

M1 = sup
x∈H
|f(x)|, M2 = sup

x,y∈H
|F (x, y, 0, 0, 0, 0, 0)|

then for every ε > 0,

|uε| ≤M1 +M2(T − t).

Define

F1(x, p,X) = sup
y∈H

F (x, y, p, 0, X, 0, 0), F2(x, p,X) = inf
y∈H

F (x, y, p, 0, X, 0, 0).

The functions F1, F2 satisfy the same assumptions as F so (by Thm. 7.1), for i = 1, 2, the equations{
∂twi − 〈A1x,DWi〉 − Fi

(
x,DWi, D

2wi
)

= 0 in (0, T )×H,

wi(T, x) = f(x) for x ∈ H
(7.23)
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have unique bounded viscosity solutions wi ∈ UBxb ((0, T ]×H) ∩ UBxb ((0, τ ]×H1,−1) for 0 < τ < T , satisfying

lim
t→T,t<T

sup
x∈H
|(wi(t, x)− f(e−(T−t)A1x))| = 0. (7.24)

It is easy to see that w1 is a viscosity supersolution of (1.2) and w2 is a viscosity subsolution of (1.2). Therefore,
by comparison, we get w2 ≤ uε ≤ w1 on (0, T ]×H ×H for every ε > 0.

We define similarly as in [15]

u(t, x) = inf lim inf
ε→0

{uε(tε, xε, yε) : tε → t, xε → x, yε is bounded} ,

u(t, x) = sup lim sup
ε→0

{uε(tε, xε, yε) : tε → t, xε → x, yε is bounded} .

Since w2 ≤ uε ≤ w1 on (0, T ]×H ×H, we have w2 ≤ u ≤ u ≤ w1 on (0, T ]×H, so in particular u(T, x) =
u(T, x) = f(x) and the functions u, u satisfy (7.24). We claim that u is a discontinuous viscosity supersolution
of (7.1) and u is a discontinuous viscosity subsolution of (7.1). We will only prove the subsolution statement as
the supersolution claim is proved similarly.

Denote F = F (x̄, Dψ(t̄, x̄), D2ψ(t̄, x̄)). Let vε be the viscosity solution of

εvε + 〈A2y,Dyvε〉+ F
(
x̄, y,Dψ(t̄, x̄), Dyvε, D

2ψ(t̄, x̄), D2
yvε, 0

)
− F = 0 in H.

We know by Theorem 5.1 and the definition of F , that ε(vε − ε−1F ) converges uniformly on bounded sets of H
to −F . This implies that εvε converges uniformly on bounded sets of H to 0. It also follows from comparison
that |εvε| ≤ K for some K and all ε.

Suppose that (u − η(·)θ(| · |))∗ − ϕ has a strict in | · | × | · |1,−1 norm maximum over (0, T ] × H at some
point (t̄, x̄) ∈ (0, T )×H. We can assume that (u− η(·)θ(| · |))∗(t̄, x̄)− ϕ(t̄, x̄) = 0. By modifying the functions
θ and ϕ if necessary we can assume that (u − η(·)θ(| · |))∗(t, x) − ϕ(t, x) → −∞ as |x| → ∞, uniformly for
t ∈ (0, T ], for every ε, uε(t, x, y)− η(t)θ(|x|)− ϕ(t, x)→ −∞ as |x| → ∞, uniformly for (t, y) ∈ (0, T ]×H, and
there exist R > |x̄|, r > 0, such that if uε(t, x, y)− η(t)θ(|x|)− ϕ(t, x) > −(K + 1), then (t, x) ∈ (t̄− r, t̄+ r)×(
BH−1

(x̄, r) ∩B(0, R)
)
.

It now follows that there must exist a sequence (t̃n, x̃n) such that t̃n → t̄, |x̃n − x̄|1,−1 → 0, |x̃n| ≤ C and

u(t̃n, x̃n)− η(t̃n)θ(|x̃n|)− ϕ(t̃n, x̃n) ≥ − 1

n
.

Therefore, for every δ > 0, there exist εn → 0 and (s̃n, z̃n, ỹn) such that

uεn(s̃n, z̃n, ỹn)− εnvεn(ỹn)− δεn|ỹn|2 − η(s̃n)θ(|z̃n|)− ϕ(s̃n, z̃n) ≥ − 2

n
.

Let (tn, xn, yn) be a global maximum over (0, T ]×H ×H of the function Ψ(t, x, y) = uεn(t, x, y)− εnvεn(y)−
δεn|y|2 − η(t)θ(|x|) − ϕ(t, x) which we can assume to be strict. We must have (tn, xn) ∈ (t̄ − r, t̄ + r) ×(
BH−1

(x̄, r) ∩B(0, R)
)
. We want to produce appropriate test functions for the functions uεn and vεn . Recall

that the test functions must have a nontrivial radial component. Thus we will introduce an extra variable z and
a parameter α > 0, split the function δεn|y|2 into two parts for the variables y and z, and then penalize the

doubling by subtracting the term
|z−y|22,−1

2α .
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We thus fix n and, for α > 0, let (tα, xα, zα, yα) be a global maximum over (0, T ]×H ×H ×H of

Ψα(t, x, z, y) = uεn(t, x, z)− δεn
2
|z|2 − η(t)θ(|x|)− ϕ(t, x)− εnvεn(y)− δεn

2
|y|2 −

|z − y|22,−1

2α

which we can also consider to be strict. We know that xα ∈ H1,1. It is easy to see that we must have
|xα|, |zα|, |yα| ≤ C,

lim
α→0

Ψα(tα, xα, zα, yα) = Ψ(tn, xn, yn)

and

lim
α→0

|zα − yα|22,−1

2α
= 0. (7.25)

Since uεn , vεn , ϕ are weakly sequentially continuous, the norm is weakly sequentially lower semicontinuous,
and Ψ has a strict maximum at (tn, xn, yn), passing to a subsequence we can assume that tα → tn, xα ⇀
xn, zα ⇀ yn, yα ⇀ yn but then we must also have |xα| → |xn|, |zα| → |yn|, |yα| → |yn| so we conclude that
(tα, xα, zα, yα) → (tn, xn, yn, yn) as α → 0. In particular, we can assume that (tα, xα) ∈ (t̄ − r, t̄ + r) ×(
BH−1

(x̄, r) ∩B(0, R)
)
.

We now have

|z − y|22,−1 = |P2,N (z − y)|22,−1 + |Q2,N (z − y)|22,−1

and

|Q2,N (z − y)|22,−1 ≤ 2〈B2Q2,N (zα − yα), z − y〉+ 2|Q2,N (z − zα)|22,−1

+ 2|Q2,N (y − yα)|22,−1 − |Q2,N (zα − yα)|22,−1

with equality at zα, yα. Thus, defining

Un(t, x, z) = uεn(t, x, z)− η(t)θ(|x|)− ϕ(t, x)− δεn
2
|z|2

− 〈B2Q2,N (zα − yα), z〉
α

−
|Q2,N (z − zα)|22,−1

α
+
|Q2,N (zα − yα)|22,−1

2α

and

Vn(y) = εnvεn(y) +
δεn
2
|y|2 − 〈B2Q2,N (zα − yα), y〉

α
+
|Q2,N (y − yα)|22,−1

α

we see that

Un(t, x, z)− Vn(y)−
|P2,N (z − y)|22,−1

2α

has a strict global maximum at (tα, xα, zα, yα).
It now follows from the proof of Theorem 3.27 on [14] (see also Cor. 3.28 there) that there exist functions

ϕk, ψk ∈ C2(H) such that ϕk(z) = ϕk(P2,Nz), ψk(y) = ψk(P2,Ny), ϕk, Dϕk, D
2ϕk, ψk, Dψk, D

2ψk are bounded
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and uniformly continuous, and such that

Un(t, x, z)− ϕk(z) has a global maximum at some point (t̂k, x̂k, ẑk),

Vn(y)− ψk(y) has a global minimum at some point (ŷk),

and, as k →∞,

(t̂k, x̂k, ẑk, Un(t̂k, x̂k, ẑk), Dϕk(ẑk), D2ϕk(ẑk))

→
(
tα, xα, zα, Un(tα, xα, zα),

B2P2,N (zα − yα)

α
,XN

)
in R×H ×H × R×H2,2 × L(H)

(7.26)

(ŷk, Vn(ŷk), Dψk(ŷk), D2ψk(ŷk))

→
(
yα, Vn(yα),

B2P2,N (zα − yα)

α
, YN

)
in H × R×H2,2 × L(H),

(7.27)

where XN = P2,NXNP2,N , YN = P2,NYNP2,N ,(
X 0
0 −YN

)
≤ 3

α

(
B2P2,N −B2P2,N

−B2P2,N B2P2,N

)
. (7.28)

(To be in the setup of Theorem 3.27 on [14] we can extend the number of variables of Vn by setting, say,
Vn(s, w, y) = Vn(y)− s2− |w|2 so that we now have a strict maximum at (tα, xα, zα, 0, 0, yα), carry out the proof
and then restrict the conclusions to the statements about the functions restricted to the original variables.)

Using the definition of viscosity subsolution we now have xk ∈ H1,1 and

∂tψ(t̂k, x̂k)− λη(t̂k)
θ′(|x̂k|)
|x̂k|

|x̂k|21,1 − δµ|ẑk|2 − 〈x̂k, A∗1Dϕ(t̂k, x̂k)〉

− 1

εn

〈
ẑk, A

∗
2

(
Dϕk(ẑk) +

B2Q2,N (zα − yα)

α
+

2B2Q2,N (ẑk − zα)

α

)〉
− F

(
x̂k, ẑk, Dψ(t̂k, x̂k), δẑk +

1

εn
Dϕk(ẑk) +

B2Q2,N (zα − yα)

εnα
+

2B2Q2,N (ẑk − zα)

εnα
,

D2ψ(t̂k, x̂k),
1

εn
D2ϕk(ẑk) + δI +

2B2Q2,N

εnα
, 0

)
≥ 0.

(7.29)

Since (7.29) implies that, up to a subsequence, x̂k ⇀ xα in H1,1, passing to the limit as k →∞ in (7.29) and
using (3.12) and (7.26), we obtain

∂tψ(tα, xα)− λη(tα)
θ′(|xα|)
|xα|

|xα|21,1 − δµ|zα|2

− 〈xα, A∗1Dϕ(tα, xα)〉 − 1

εnα
〈zα, A∗2B2(zα − yα)〉

− F
(
xα, zα, Dψ(tα, xα), δzα +

1

εnα
B2(zα − yα), D2ψ(tα, xα),

1

εn
XN + δI, 0

)
≥ ρ1(N),
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where limN→∞ ρ1(N) = 0. It now follows

∂tψ(tα, xα)− λη(tα)
θ′(|xα|)
|xα|

|xα|21,1 − 〈xα, A∗1Dϕ(tα, xα)〉 − 1

εnα
〈zα, A∗2B2(zα − yα)〉

− F
(
xα, zα, Dψ(tα, xα),

1

εnα
B2(zα − yα), D2ψ(tα, xα),

1

εn
XN , 0

)
≥ ρ1(N)− δ(C(1 + |zα|)− µ|zα|2)

(7.30)

for some absolute constant C > 0.
Using the definition of viscosity supersolution for the function vεn , we obtain

εnvεn(ŷk) + δµ|ŷk|2 +
1

εn

〈
ŷk, A

∗
2

(
Dψk(ŷk) +

1

α
B2Q2,N (ẑk − ŷk)− 2

α
B2Q2,N (ŷk − yα)

)〉
+ F

(
x̄, ŷk, Dψ(t̄, x̄),

1

εn

(
−δεnŷk +Dψk(ŷk) +

1

α
B2Q2,N (ẑk − ŷk)− 2

α
B2Q2,N (ŷk − yα)

)
,

D2ψ(t̄, x̄),
1

εn

(
−δεnI +D2ψk(ŷk)− 2

α
B2Q2,N

)
, 0

)
− F ≥ 0.

(7.31)

Since the function vεn is Lipschitz continuous on H we have

∣∣∣∣−δεnŷk +Dψk(ŷk) +
1

α
B2Q2,N (ẑk − ŷk)− 2

α
B2Q2,N (ŷk − yα)

∣∣∣∣ ≤ Cεn
for some C independent of k, α and N . Therefore, by Assumption 3.1 (this is the only place that requires h to
be independent of x),

∣∣∣∣F (x̄, ŷk, Dψ(t̄, x̄),
1

εn

(
−δεnŷk +Dψk(ŷk) +

1

α
B2Q2,N (ẑk − ŷk)− 2

α
B2Q2,N (ŷk − yα)

)
,

D2ψ(t̄, x̄),
1

εn

(
−δεnI +D2ψk(ŷk)− 2

α
B2Q2,N

)
, 0

)
− F

(
xα, ŷk, Dψ(tα, xα),

1

εn

(
−δεnŷk +Dψk(ŷk) +

1

α
B2Q2,N (ẑk − ŷk)− 2

α
B2Q2,N (ŷk − yα)

)
,

D2ψ(tα, xα),
1

εn

(
−δεnI +D2ψk(ŷk)− 2

α
B2Q2,N

)
, 0

) ∣∣∣∣ ≤ ρ2(|t̄− tα|+ |x̄− xα|)

for some modulus ρ2. Passing to the limit as k →∞ in (7.31) and using (3.12) and (7.27), we obtain

εnvεn(yα) + δµ|yα|2 +
1

εnα
〈yα, A∗2B2(zα − yα)〉+ F

(
xα, yα, Dψ(tα, xα),−δyα +

1

εnα
B2(zα − yα),

D2ψ(tα, xα),−δI +
1

εn
YN , 0

)
− F ≥ ρ1(N)− ρ2(|t̄− tα|+ |x̄− xα|)
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and thus

εnvεn(yα) +
1

εnα
〈yα, A∗2B2(zα − yα)〉+ F

(
xα, yα, Dψ(tα, xα),

1

εnα
B2(zα − yα),

D2ψ(tα, xα),
1

εn
YN , 0

)
− F ≥ ρ1(N)− ρ2(|t̄− tα|+ |x̄− xα|)− δ(C(1 + |yα|)− µ|yα|2).

(7.32)

We now add (7.30) and (7.32), and use (3.3), (3.5), (3.6), (3.7), (3.8) (see [14], pages 234–236 for such
arguments) to get

∂tψ(tα, xα)− λη(tα)
θ′(|xα|)
|xα|

|xα|21,1 − 〈xα, A∗1Dϕ(tα, xα)〉

+ εnvεn(yα)− 1

2εnα
|zα − yα|2 +

C

εnα
|zα − yα|22,−1 + ω̃(|zα − yα|)− F

≥ ρ1(N)− ρ2(|t̄− tα|+ |x̄− xα|)− δ(C(2 + |yα|+ |zα|)− µ(|yα|2 + |zα|2))

(7.33)

for some modulus ω̃. By (7.25), the above implies that there exists a constant C1, independent of n, such that
for large α, |yα| ≤ C1, |yα| ≤ C1, |xα|21,1 ≤ C1, and hence, since (tα, xα, zα, yα)→ (tn, xn, yn, yn), we must have
|yn| ≤ C1, xn ∈ H1,1 and xα ⇀ xn in H1,1, as α→ 0. It thus follows by letting N →∞ and then α→ 0 in the
above inequality and using

lim
α→0

sup
r>0

(
ω̃(r)− 1

2εnα
r2

)
= 0

that

∂tψ(tn, xn)− λη(tn)
θ′(|xn)

|xn|
|xn|21,1 − 〈xn, A∗1Dϕ(tn, xn)〉

+ εnvεn(yn)− F ≥ −ρ2(|t̄− tn|+ |x̄− xn|)− δC2

(7.34)

for some constant C2 independent of n and δ. Inequality (7.34) implies that |xn|1,1 ≤ C for some constant C
and hence, up to a subsequence, tn → t̃, xn ⇀ x̃ in H1,1 for some t̃ and x̃ ∈ H1,1. Since B1 is compact, this
implies xn → x̃. Therefore

u(t̃, x̃) ≥ lim sup
n→∞

uεn(tn, zn, yn)

and so

0 ≥ (u− η(·)θ(| · |))∗(t̃, x̃)− ϕ(t̃, x̃) ≥ u(t̃, x̃)− η(t̃)θ(|x̃|)− ϕ(t̃, x̃)

≥ lim sup
n→∞

(uεn(tn, zn, yn)− εnvn(yn)− δεn|yn|2 − η(tn)θ(|xn|)− ϕ(tn, xn)) ≥ 0.

Thus (t̃, x̃) = (t̄, x̄) and letting n→∞ and then δ → 0 in (7.34) gives

∂tψ(t̄, x̄)− λη(t̄)
θ′(|x̄)

|x̄|
|x̄|21,1 − 〈x̄, A∗1Dϕ(t̄, x̄)〉 − F ≥ 0,

which concludes the proof that u is a viscosity subsolution of (7.1).
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Therefore, by comparison principle for (7.1), we now have u ≤ u ≤ u on (0, T ]×H and hence u = u = u. Let
now 0 < T1 < T,R > 0 and K ⊂ H be compact. If uε does not converge uniformly on [T1, T ] ×K × B(0, R),
as ε→ 0 to u then there are sequences εn and (tn, xn, yn) ∈ [T1, T ]×K ×B(0, R) such that tn → t, xn → x for
some t, x such that, say,

uεn(tn, xn, yn) ≥ u(tn, xn) + ν

for some ν > 0. But then

u(t, x) ≥ lim sup
n→∞

uεn(tn, xn, yn) ≥ u(t, x) + ν

which is impossible and thus the proof is complete.

Remark 7.3. We point out that if the diffusion coefficient functions σ and h are both independent of x and y,
assumption (3.6) is void and assumption (3.7) can be replaced by

|g(x1, y1, a)− g(x2, y2, a)|+ |l(x1, y1, a)− l(x1, y2, a)| ≤ L(|x1 − x2|+ |y1 − y2|) (7.35)

for all x1, x2, y1, y2 ∈ H, a ∈ Λ. Then Theorems 4.8 and 5.1 hold without any changes, Lemma 6.1 is true if
|x1 − x2|21,−1 in (6.1) is replaced by |x1 − x2|2, Lemma 6.2 and consequently Theorem 7.1 are true without any
changes, and finally Theorem 7.2 holds. Thus, as far as the continuity of the coefficients, we cover the case
considered by [16], however we have different assumptions on the operators A1, A2 and our diffusion coefficients
must be Hilbert-Schmidt while [16] dealt with cylindrical Wiener processes and bounded constant diffusion
coefficient operators.

Remark 7.4. It is easy to see by simple modifications of the proofs that all results of this paper except Theorem
7.2 are still true if the diffusion coefficient function h also depends on x and satisfies

‖h(x1, y1, a)− h(x2, y2, a)‖L2(K0,H) ≤ L(|x1 − x2|1,−1 + |y1 − y2|2,−1) ∀x1, x2, y1, y2 ∈ H, a ∈ Λ.

We finish the paper with some examples of problems where our theorems can be applied.

Example 7.5. We consider the singular perturbation and control problem for a system of stochastic parabolic
partial differential equations. Let O be a bounded, smooth domain in Rn and H = Λ := L2(O). Let A1, A2 be
the operators defined in (3.13) which satisfy (3.14) and the regularity conditions on the coefficients introduced
there. As it was discussed after Remark 3.2, if the zero order coefficients e of both operators are positive and
large enough, then both A1, A2 are maximal monotone and, if B1 = B2 = λ2(−∆)−1 for sufficiently large λ2,
they satisfy (3.2) and (3.3) for some λ, c > 0. Thus the norms ‖ · ‖i,1, ‖ · ‖i,−1, i = 1, 2 are just the standard
Sobolev and negative Sobolev norms. Obviously B1, B1 are compact. We also recall that, by Poincaré inequality,
inequality (3.2) for A2 implies (3.10) for some µ = µ1. We now consider two cases.
Case 1. (Additive noise) Let b1, g1, l1 : R×R×R→ R and f1 : R→ R be bounded and continuous. We define
b, g, l, f to be the Nemytskii operators. For x, y, a ∈ L2(O), we set

b(x, y, a)(ξ) = b1(x(ξ), y(ξ), a(ξ)), g(x, y, a)(ξ) = g1(x(ξ), y(ξ), a(ξ))

l(x, y, a)(ξ) = l1(x(ξ), y(ξ), a(ξ)), f(x)(ξ) = f1(x(ξ)).

It is easy to see that if b1, g1 are Lipschitz continuous in the first two variables, l1 is Lipschitz continuous in the
first variable and uniformly continuous in the second variable, and f1 is uniformly continuous, then assumptions
(3.5), (3.8) hold and (3.7) is replaced by (7.35). Suppose that σ, h : Λ→ L2(K0, H) are bounded and continuous.
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Then assumption (3.6) is trivially satisfied. Moreover, if σ : Λ → L(K,H) is bounded and Q is trace class in
K, then assumption (3.9) holds. For instance we could take K = H and σ, h : Λ→ L(H) be the multiplication
operators defined by

[σ(a)z](ξ) = σ1(a(ξ))z(ξ), [h(a)z](ξ) = h1(a(ξ))z(ξ)

for some continuous and bounded functions σ1, h1 : R→ R. Regarding assumption (3.4), it will be satisfied with
µ = µ1 − µ2 if there exists µ2 < µ1 such that for every s, t1, t2, r ∈ R

(g1(s, t1, r)− g1(s, t2, r))(t1 − t2) ≤ µ2(t1 − t2)2.

Therefore, in light of Remark 7.3, Theorem 7.2 holds in this case. We point out that in particular we can take
σ, h = 0 in which case Theorem 7.2 holds for a deterministic singular perturbation and control problem.
Case 2. (Multiplicative finite dimensional noise) In the multiplicative noise case we face two issues. Nemytskii
operators in general do not preserve Lipschitz continuity with respect to the operator and Hilbert-Schmidt
norms and we have to deal with continuity with respect to weaker norms. To take care of the first issue we will
assume that K = K0 = Rm, Q = I ∈ S(Rm) so WQ is a standard Wiener process in Rm. Regarding the second

issue we recall that a bounded operator P ∈ L(H) satisfies |Px| ≤ CP |B
1
2x| for some CP and every x ∈ H, if

and only if P ∗(H) ⊂ B 1
2 (H), see e.g. [12], page 429, Proposition B.1.

Let P1, P2 be such operators. For instance they can be orthogonal projections onto the spaces spanned by
finite numbers of eigenvectors of B. Let b1, g1, l1, f1 be as in Case 1 and let σ1, h1 : R×R×R→ Rm be bounded
and continuous. We take b, f, l as in Case 1 and define versions of Nemytskii operators σ, h, l by setting, for
x, y, a ∈ L2(O), z ∈ Rm,

[σ(x, y, a)z](ξ) = σ1([P1x](ξ), [P2y](ξ), a(ξ)) · z, [h(y, a)](ξ) = h1([P2y](ξ), a(ξ)) · z,

g(x, y, a)(ξ) = g1([P1x](ξ), y(ξ), a(ξ)),

where · above is the dot product in Rm. If b1, g1, l1, f1 satisfy the same assumptions as those in Case 1, then
assumptions (3.5), (3.7), (3.8) and (3.9) (see Rem. 3.2) are satisfied. Regarding (3.6), in this case, by the
definition of the Hilbert-Schmidt norm, we have

‖h(y1, a)− h(y2, a)‖2L2(Rm,H) =

∫
O
|h1([P2y1](ξ), a(ξ))− h1([P2y2](ξ), a(ξ))|2dξ

≤ Lh1
|P2(y1 − y2)|2 ≤ Lh1

CP2
|y1 − y2|22,−1,

where Lh1 is the Lipschitz constant of h1 with respect to the first variable. Similar computation is also done for
σ and thus (3.6) is satisfied.

Regarding assumption (3.4), we recall that if g1 is as in Case 1, then we have for x, a ∈ H, y1, y2 ∈ D(A∗2),

−〈A∗2(y1 − y2), y1 − y2〉+ 〈g(x, y1, a)− g(x, y2, a), y1 − y2〉 ≤ −(µ1 − µ2)|y1 − y2|2.

Thus, since by the properties of trace and the definition of the Hilbert-Schmidt norm,

Tr
(

(h(y1, a)− h(y2, a))Q
1
2 )((h(y1, a)− h(y2, a))Q

1
2 )∗
)

= ‖h(y1, a)− h(y2, a)‖2L2(K0,H),
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assumption (3.4) will be satisfied with µ = µ1 − µ2 − 1
2Lh1

‖P2‖ if µ1 − µ2 >
1
2Lh1

‖P2‖. Thus the combined
linear and the nonlinear drift terms must be strongly monotone enough to compensate for the diffusion part,
however this is required only if h depends on y.

Finally we mention that we could also take σ, h, g to be cylindrical functions. More precisely, if e1, ..., ek are
some elements of D(B

1
2 ), we take σ1 : R2k+1 → Rm, h1 : Rk+1 → Rm, g1 : Rk+2 → R and define

σ(x, y, a)(ξ) = σ1(〈x, e1〉, ..., 〈x, ek〉, 〈y, e1〉, ..., 〈y, ek〉, a(ξ)),

h(y, a)(ξ) = h1(〈y, e1〉, ..., 〈y, ek〉, a(ξ)), g(x, y, a)(ξ) = g1(〈x, e1〉, ..., 〈x, ek〉, y(ξ), a(ξ)).

Similar arguments to those used before show that if σ1, h1, g1 are bounded, continuous and Lipschitz continuous
in the variables involving x and y, then Assumption 3.1 is satisfied, provided µ1 − µ2 is large enough.
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