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SINGULAR PERTURBATIONS AND OPTIMAL CONTROL OF
STOCHASTIC SYSTEMS IN INFINITE DIMENSION: HJB
EQUATIONS AND VISCOSITY SOLUTIONS

ANDRZEJ SWIECH"

Abstract. We study a stochastic optimal control problem for a two scale system driven by an infinite
dimensional stochastic differential equation which consists of “slow” and “fast” components. We use
the theory of viscosity solutions in Hilbert spaces to show that as the speed of the fast component
goes to infinity, the value function of the optimal control problem converges to the viscosity solution
of a reduced effective equation. We consider a rather general case where the evolution is given by an
abstract semilinear stochastic differential equation with nonlinear dependence on the controls. The
results of this paper generalize to the infinite dimensional case the finite dimensional results of Alvarez
and Bardi [SIAM J. Control Optim. 40 (2001/02) 1159-1188] and complement the results in Hilbert
spaces obtained recently in Guatteri and Tessitore [To appear in: Appl. Math. Optim. (2019) https:
//doi.org/10.1007/s00245-019-09577-y].
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1. INTRODUCTION

In this paper we study a stochastic optimal control problem for a two scale system given by an abstract
stochastic differential equation

AX.(s) = [~ ALXo(s) + (X (s), Ya(s), a(s))] ds + o(X.(5), Ya(s), as)) AW s)

dYz(s) = £ [~ A2Ye(s) + g(Xc(5), Ye(s), als))] ds + J=h(Ye(s), als))dWq(s) (1.1)

X(t)=2€ HY.(t)=ye Ht<s<T

in a real separable infinite dimensional Hilbert space H, where T > 0 is a fixed constant and 0 < ¢t < T.
Above, A, As are linear, densely defined, maximal monotone operators in H, b, o, g, h are appropriate nonlinear
functions, a(-) is a control process, Wq is a Q-Wiener process (see Sects. 2 and 3 for the precise definitions and
assumptions) and € > 0 is a small parameter which will be sent to zero. Thus system (1.1) consists of a “slow”
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2 A. SWIECH

component X, and a “fast” component Y. The cost functional we want to minimize has the form

T
Je(t,z;a() = E /t [(X<(s), Ye(s), a(s))ds + f(X(T))

The value function for the problem is defined by

ue(t,z,y) = a(%lefut Je(t, z5a(-)),

where U, is a set of admissible controls defined in Section 2. Using the dynamic programming approach and the
theory of Hamilton-Jacobi-Bellman (HJB) equations, the value function u. should be an appropriately defined
unique viscosity solution of the associated HJB equation

Ot — <A1xa Dwu6> - %(Az% Dyu€> - F <$7ya D, ue, éDyuea Dzusa éDqu, %Diyue) =0 (1 2)

ue(T, z,y) = f(x) in (0,7) x H x H,

where the Hamiltonian F' is defined by (2.1). The goal of this manuscript is to use the theory of viscosity
solutions in Hilbert spaces to study the asymptotic limit of u. as € — 0 and characterize it as a viscosity
solution of an effective HJB equation.

Singular perturbation problems in stochastic optimal control have been studied extensively in finite
dimensional spaces by probabilistic and partial differential equation (PDE) methods. We refer to [1-3, 5
9, 15, 17, 18, 20, 22, 24, 25] and the references therein. There is also extensive body of work on a related subject
of stochastic homogenization. Much less is known for problems in infinite dimensional spaces. In a recent paper
[16] a two scale stochastic system driven by abstract stochastic differential equations in Hilbert spaces was
studied using backward stochastic differential equations. Only additive noise case was considered in [16]. In
[25] the author investigated linear-quadratic problems with bounded operators based on the analysis of the
associated Ricatti equations. Singular perturbations of infinite-dimensional deterministic control systems were
studied in [13] using differential inclusions. The reader can consult [23, 26] and references in [25] for an overview
of applications of singular perturbations.

In this paper we want to show that the PDE viscosity solution approach of [1] can be adapted to the infinite
dimensional setting by using the theory of viscosity solutions in Hilbert spaces (see [14]). Unfortunately the
theory in Hilbert spaces is not as broad and flexible and, depending on a type of an unbounded operator present,
every equation may require a slightly different approach. The general strategy we use here is very similar to that
of [1], however there are significant technical challenges. The viscosity solution approach in finite dimension in
[1] is based on the use of Barles-Perthame half-relaxed limits (see [10]). This method requires compactness which
is lacking in infinite dimensional spaces and hence fails in general. The reader can consult [14], Example 3.43
for a counterexample in a Hilbert space. However it was showed in [19] (see also [14], Sect. 3.9) that a version of
the method of half-relaxed limits works for some equations in a Hilbert space under certain conditions and with
an appropriate notion of a discontinuous viscosity solution. Thus we stay within this framework which requires
stronger coerciveness of the operator A; in the slow variable equation (condition (3.2)). Another obstacle is the
lack of PDE techniques to prove regularity of viscosity solutions of general HJB equations in Hilbert spaces
considered here as they are degenerate, fully nonlinear and contain terms with unbounded operators. Thus we
resort to a mixture of stochastic and PDE methods. We assume that the operators A;, Ay satisfy the so called
“strong” B-condition (see Asm. 3.1). We also impose a monotonicity condition (3.4) on Az and the coefficients
of the fast variable equation which is similar to the monotonicity condition used in [16]. Conditions like this
are well-known and used in the finite dimensional literature (at least in the deterministic case) and can be
traced back to [7]. Condition (3.4) guarantees uniform exponential decay of second moments of the difference
of two solutions of the fast variable equation (5.1) which then imply uniform Lipschitz continuity estimates for
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viscosity solutions ws of discounted infinite horizon problems (5.2) needed to obtain the representation formula
for the effective Hamiltonian F. It also allows to prove good continuous dependence estimates for solutions
of (5.1) which are crucial in establishing the properties of the effective Hamiltonian. Such estimates for ws
and properties of F were proved in [1] by PDE methods and were based on coerciveness or uniform ellipticity
of the equation. Unfortunately such methods are not available here. Moreover there is no hope of obtaining
any second derivative estimates for ws and thus we need to assume that the diffusion coefficient £ in the fast
variable equation is independent of . The paper [1] dealt with the periodic fast variable case while our singular
perturbation problem is in the whole Hilbert space and this makes the PDE arguments more difficult. However
the monotonicity condition (3.4) implies (3.10), which gives some coerciveness of the operator Ay (weaker than
that of A;). It allows to contain the fast variable and is crucial in the proofs of Theorems 5.1 and 7.2. It is
similar to a condition assumed in [15] that considered singular perturbation problems in an unbounded setting
in R™. We also define the half-relaxed limits in the proof of Theorem 7.2 as in [15].

The results of this paper generalize to the infinite dimensional case the results of [1] and complement the
results obtained in Hilbert spaces in [16]. We can deal with the case of drift and diffusion coefficients depending
nonlinearly on both variables x,y and the control variable, while additive noise and a special dependence on the
control variable was required in [16]. On the other hand we need to assume the continuity of some coefficients
with respect to weaker negative norms (see Asm. 3.1). We also have different assumptions on the operators
A1, Ay, including compactness of the operators By and By associated with them (see Sect. 3), and our diffusion
coefficients must be Hilbert-Schmidt, while [16] dealt with cylindrical Wiener processes and bounded constant
diffusion operators. However, as far as the continuity of the coefficients, we cover the case considered in [16], see
Remark 7.3. Moreover, our results also apply to the case ¢ = h = 0 and thus cover singular perturbations for a
large class of deterministic infinite dimensional equations. Various improvements and versions of our results seem
possible, for instance allowing some growth of the coefficient functions, which are assumed to be bounded here,
or considering special operators A, A;. Such generalizations however would perhaps require some different
techniques and we do not attempt to investigate them in this manuscript. Finally, we remark that we have
introduced the setup with the same state space for the slow and fast variables for simplicity, as the manuscript
is already very technical. However, the techniques of the paper can be easily adapted to the case where the
evolution of the slow variable is in one Hilbert space H; and the evolution of the fast variable is in another
Hilbert space Hj, with two different Wiener processes Wq, and Wg,. In particular the slow variable could then
be finite dimensional. We leave these modifications to the readers.

The plan of the paper is the following. In Section 2 we present the notation used in the manuscript and
the basic definitions. The assumptions are discussed in Section 3. In Section 4 we introduce various notions of
viscosity solutions needed in the paper and prove the theorem about existence of a unique viscosity solution of
equation (1.2). Section 5 is devoted to the analysis of discounted infinite horizon problems in the fast variable
and the definition of the effective Hamiltonian. Properties of the effective Hamiltonian are analyzed in Section
6. Finally in Section 7 we prove the main result, Theorem 7.2, about convergence of the viscosity solutions u.
of (1.2) to the viscosity solution of the effective equation (7.1).

We refer the reader to [14] for the overview of the theory of viscosity solutions of second order HIB equations
in infinite dimensional Hilbert spaces and the dynamic programming approach to optimal control of stochastic
PDE.

2. NOTATION AND DEFINITIONS

All Hilbert spaces in this manuscript are real and separable. We denote by (-, ) the inner product in H and
by | - | its norm. For Hilbert spaces Z, W we denote by L£(Z, W) the space of bounded linear operators from Z
to W. If Z =W we will just write £(Z). We denote by S(Z) the space of self-adjoint operators in £(Z). For a
(non necessarily bounded) operator T' we denote by T* its adjoint. If T' € £(Z), T > 0 means that it is strictly
positive, that is (T'z,z) > 0 for all x € Z,x # 0 and T > 0 means that it is positive, that is (Txz,z) > 0 for
all x € Z. We denote by L2(Z, W) the space of Hilbert-Schmidt operators from Z to W and if T € Lo(Z, W),
its norm is denoted by ||T'||z,(z,w). The space of nuclear (trace class) operators on Z is denoted by L£;(Z). If
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T € £1(Z), the trace of T is defined by

oo

TI‘(T) = Z<T6i, €i>,

i=1

where {e;} is any orthonormal basis of Z. We refer the reader to [14], Appendix B.3 for more about Hilbert-
Schmidt and nuclear operators.
Let K be a real separable Hilbert space and Q € S(K),Q > 0. We define K := Q%(K) If Q_% is the

pseudo-inverse of Q% (see [14], Def. B.1), K is a separable Hilbert space equipped with the inner product
(YK, = (Q’%x,Q’%yh(. We say that p = (Q,ﬁ,{ﬁ;}se[t 7] P, WQ> is a reference probability space if
(Q, #,P) is a complete probability space, W is a Q-Wiener process in K, Wg(t) =0, and {jf}se[t ) I8 the
augmented filtration generated by Wg. We refer to [14], Section 1.2.4 and [12] for the notion of a ()-Wiener
process, and to [14], Sections 1.3 and 2.2.1 for more on the concept of a reference probability space.

For a probability space (Q2,.7,P), a separable Hilbert space Z, we denote by L?(£,.%#,P;Z) (or simply
L?(Q; Z)) the space of measurable Z-valued random variables £ such that E|£|% < co. The Hilbert space Z is
equipped with the Borel o-field. If u is a reference probability space, we denote by M, 5(t,T ; Z) the space of
Z-valued progressively measurable processes Y (-) on [t,T] such that

2

/tT |Y(s)|22d81> < 0.

Mﬁ(t, T,Y) is a Hilbert space with the standard inner product.
The control space A is a Polish space. For every reference probability space p on [t,T], we define U}' to be
the set of all progressively measurable processes a(-) : [t,T] — A. We define the set of admissible controls to be

u = Jut,
N

|Y(')‘Mﬁ(t,T;Z) = (E

where the union is taken over all reference probability spaces p on [t, T].

If W is a subset of a Hilbert space, we denote by C'(W) the space of continuous functions on X with values
in R and by Cy(W) the space of bounded functions in C(W). We denote by UC(W) the space of uniformly
continuous functions on W with values in R. If Z is a Hilbert space and I is an interval in R, we denote by
UBZ(I x Z) the space of functions u € Cy(I x Z) such that (¢, -) is uniformly continuous on Z, uniformly in
t € I. We will write C*2((0,T) x H) to denote the space of functions ¢ : (0,T) x H — R (writing (¢, x)) such
that 9y, Do, D?¢ are continuous on (0,7) x H, where Dy and D?p stand for the first and second Fréchet
derivatives of ¢ with respect to the z-variable. We will also write C12((0,T) x H x H) (writing ¢(¢,z,y)) to
denote the space of functions on (0,7) x H x H such that d;p, Dy, D?¢p are continuous on (0,7) x H x H,
where Dy and D?p now stand for the first and second Fréchet derivatives of ¢ with respect to the full (z,y)
variable. For such functions we will write D¢, D, ¢, D2, D12/<,07 Dgygo to indicate partial Fréchet derivatives of
 with respect to the variables x and y. We will write operators P € S(H x H) as

X z
r=(z ¥)

where X,Y € S(H),Z € L(H). In this notation



SINGULAR PERTURBATIONS AND OPTIMAL CONTROL OF STOCHASTIC SYSTEMS 5

We denote B(xz,r) to be the open ball in H centered at x with radius 7 > 0. If a ball is in a different Hilbert
space Z, we will write Bz (x,r). A modulus is a continuous, nondecreasing and concave function p : [0, +00) —
[0, 4+00) such that p(0) = 0.

We denote

ol
[N
[MES
SIS

C(2,y,0) = 2 (0(z,9,0)Q

; (o, 0)Q

)’ Blya) = 5(h(y, Q) (h(y, Q)"
D(z,y,a) = (o(x,y,0)Q7)(h(y, )Q7)",

The Hamiltonian F' : H x H x H x H x S(H x H) — R is defined by

F(ZL’, Y,p: 4, X, Y, Z) = sup { - TI‘(C(:L’, Y, CL)X) - TI‘(E(y, a)Y) - TI‘(D(CU, Y, a)Z)
a€N

—(bla,y.0).7) — {g(zv.a),q) — Z<x,y,a>}.

3. ASSUMPTIONS

We recall that A; and As are linear, densely defined, maximal monotone operators in H. Let By, Bs € S(H),
Bi > 0, B3 > 0 be such that

A7 By, A3By are bounded. (3.1)
For o € R we define norms

Lo =By Pal, |zlaa =By P al.

|z

We denote H; 1 to be the completion of H with respect to the norm |- |;,_1 and Hs _; to be the completion
of H with respect to the norm |- |2 _1. Both are Hilbert spaces with inner products (z,y)1,-1 = (Bléx, Bléy)
and (x,y)2,—1 = <B2%.Z‘,B2%y>. We also define for o > 0 the spaces Hy,o = B? (H) and Hy o = BQ% (H), which
are Hilbert spaces equipped with the inner products (z,y)1 o = (Bl_%x, Bl_%y> and (x,y)2.q = (B;%x, B;%y)
respectively. We will assume (see Asm. 3.1(i)) that By and By are compact. For N > 1,4 = 1,2, let P; 5 be the

orthogonal projection in H onto the (finite-dimensional) space spanned by the eigenvectors of B; corresponding

to the eigenvalues which are greater than or equal to % and let Q; v = I — P; nv. We remark that, since B;

and By are compact, the upper/lower semicontinuity with respect to the negative norms |- |1,_; and |- |2,—1 on
bounded sets of H is equivalent to the weak sequential upper/lower semicontinuity (see [14], Lem. 3.6).
We now introduce the assumptions we will be using in the manuscript.

Assumption 3.1.

(i) The operators By, By are compact, there exists A > 0 such that for every z € D(A?)
(Afz,z) 2 Nali, (3:2)
and there exists ¢ > 0 such that for all z,y € H

((ATBy + cBr)a,x) > |z]?,  ((A5B2+ cBa)y,y) > yl*. (3-3)



6 A. SWIECH
(ii) There exists g > 0 such that for all € H,y1,y2 € D(A3), a € A,

— (A3(y1 —y2), 1 — w2) + (9(2, 91, 0) = g(2, Y2, ), Y1 — y2)
+ 57 (g, 0) — Ay, 0) Q) (b, ) — by, 0)QF)") (3.4)

< —plyr — y2\2~

(iii) b,g: HxHXxA — H,o: HXxHXA — Lo(Ko,H),h: HxA — Lo(Ko,H),l : HxHxA—R f: H—R
are bounded, continuous and there exist L > 0 and a modulus w such that for all x1,z2,y1,y2 € H,a € A,

‘b(xlaylaa) - b(x2ay25a)| < L(‘xl - 1‘2‘ + |y1 - y2|)7 (35)

lo(x1,y1,a) = 0(22, Y2, a)|| o (0, 1) + 17(Y1, @) — h(Y2, )|l 2o (k0. 1)

3.6
< L(Jxy — 22f1,-1 + [y1 — y2l2,-1), (36)
l9(x1,y1,a) = g(x2,y2,0)| + |l(z1, 91, 0) — U(21, Y2, 0) (3.7)
< Llzy — w2ly,—1 + [y1 — 92) .
l(x1,91,a) = l(z2, 91, 0)| + | f(21) — f(22)] < w(lzr — z2]). (3.8)
(iv) For every x € H
lim sup Tr(C(z,y,a)Qi,n)=0. (3.9)
N—oo yEH,aeA
We note that, since g and h are bounded, (3.4) implies that for all © € H,y € D(A}),a € A
—(A5y.y) < —plyl* = (9(z,y,a) — g(,0,a),y)
1 1 Ly«
— 5T ((h(y. @) = h(0,@)Q)((h(y. a) = h(0,a)Q?)") < —ulyl* + Cly| + C
which implies
(A3y,y) > ply> for all y € D(A3). (3.10)

Inequality (3.10) is similar to a condition assumed in [15].

Remark 3.2. Condition (3.9) is satisfied for instance when o : H x H x A — L(K, H) is bounded and Q is
trace class in K. We also remark that since B; and B, are compact, we always have

lim sup Tr (C(z,y,a)B1Q1,n) =0 (3.11)
N—oo e
and
lim sup Tr (E(y,a)B2Q2,n) =0, (3.12)

N—oo e\
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see [14], page 237. In fact (3.11) is also a consequence of (3.9).

In the terminology of [11, 14], (3.3) means that A; satisfies the strong Bj-condition and As satisfies the
strong Bs-condition. If A is self-adjoint then A satisfies the strong B-condition with B = (I + A)~! and ¢ = 1
and if in addition A is invertible then it satisfies the strong B-condition with B = A~! and ¢ = 0. The strong
B condition is generally satisfied by operators coming from elliptic equations. For instance, following [11, 14],
let O be a bounded, smooth domain in R™ and

Af :_2238(a238f)+z bioif +ef
{ (A4) := Hi(0) N 1(0), (3.13)

where a;; = aj;,b; € WH(0),e € L>*(0) for i,j € {1,...,n}, and there exists # > 0 such that
Zau )65 > 0l Vo€ 0,6 €R™ (3.14)

We assume that e > 0 is large enough so that A is maximal monotone. If Ayf = — Z?] 0i(ai;0; f) with D(Ay) =

D(A), then A is self-adjoint and invertible so A satisfies the strong By condition with By = Aal and ¢ = 0.
By elliptic regularity theory, By is compact as an operator from L?(0) to H}(O) and thus (A — Ag)* By is
compact in L?(0). Thus, by Example 3.15 of [14], the strong B-condition is satisfied for A with B = ABy for
some sufficiently big A > 0 and for some c. We also remark that using a version of the Sobolevskii inequality
(see, for instance, Thm. 1.1 of [21]) we can take By = A\1(—A)~1, D(By) = D(A), for some A\; > 0 and then we
can repeat the same arguments to obtain that A satisfies the strong B-condition with B = A\y(—A)~! for some
A2, ¢ > 0. Condition (3.2) requires some coerciveness of operators. It is always satisfied if A; is self-adjoint and
invertible. It is also satisfied for the operator A in (3.13) if e is positive enough. However it cannot be satisfied by
skew-adjoint operators. We refer the readers to [11] and [14], Section 3.1.1 for more on the strong B-condition.

Condition (3.4) is a strong monotonicity condition on the operator As and the coefficients of the fast variable
equation. It implies uniform exponential decay of second moments of the difference of two solutions of the fast
variable equation (5.1) which allow to show uniform Lipschitz continuity estimates for viscosity solutions wg
of discounted infinite horizon problems (5.2). They are also used to prove continuous dependence estimates for
solutions of (5.1) which are essential in establishing the properties of the effective Hamiltonian F in Section
6. Condition (3.9) is a rather strong condition about uniform degeneracy of the noise in slow equation as the
supremum there is taken over a € A and y € H. However it is always satisfied if h : H x A — L(K, H) is
bounded and () is trace class, that is if the Q)-Wiener process W¢ has nuclear covariance operator Q).

We recall that if Assumption 3.1 is satisfied then equation (1.1) has a unique mild solution, see [12] or [14],
Section 1.4.2.

4. HJB EQUATIONS AND VISCOSITY SOLUTIONS

In this section we introduce various notions of viscosity solutions and prove a theorem about existence of a
unique viscosity solution of equation (1.2). The definitions are variations of the general definitions of viscosity
solutions from Chapter 3 of [14]. We want to emphasize that, contrary to equations in finite dimensional spaces,
there is no single definition of a viscosity solution in infinite dimensional Hilbert spaces as equations in such
spaces have different terms containing unbounded operators of various types. Thus each equation may require
the use of different test functions and a special interpretation of such unbounded terms. This is why we will use
several definitions of viscosity solution here. All definitions are related and use similar principles, however they
are crafted to fit particular equations. Moreover we will also need a notion of a discontinuous viscosity solution
(Def. 4.7) which requires a special definition. To avoid any confusion, each definition is stated explicitly.
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Definition 4.1. A function ¢ : (0,7) x H x H — R is called a test function for equation (1.2) if ¢ (¢, x,y) =
m ()01 (|z]) +n2(t)02(|yl) + ¢ (¢, 2,y), where:

(i) m1,m2 € CY((0,T)) and are strictly positive on (0, 7).

(i) 01,02 € C%(R) are even, 07 (r) > 0,05(r) > 0 for r € (0, +00),67/(0) > 0

(iii) The function ¢ € C122((0,T) x H x H) is weakly sequentially continuous and d;¢, A D¢, A3Dyp, Do,
D2y are uniformly continuous on (0,7) x H x H.

Definition 4.2. A function u : (0,7) x H x H — R is a viscosity subsolution of (1.2) if it is bounded from
above, weakly sequentially upper semicontinuous and if for every test function v, whenever u — 1 has a global
maximum at (¢, z,y), then x € Hy ; and

01(z[)
||

1 1
- F <$,y, Dzl/}(tvxay)a gDyl/J(t, xay)v D’%U}(ta x,y), gDiﬂ’(tafﬂa y)7

8t'(/)(t7 €, y) - /\771 (t)

H * 1 *
=3, — gnz(t)%(lyl)lyl — (x, AT D p(t,z,y)) — g(y,AgDyw(t,x,yD
. (4.1)

A function u : (0,T) x H x H — R is a viscosity supersolution of (1.2) is it is bounded from below, weakly
sequentially lower semicontinuous and if for every test function v, whenever u + ¢ has a global minimum at
(t,x,y), then x € Hy ; and

01 ()
||

1 1
- F (xaya 7Dz1/}(t7z7y)a *gDyi/f(t,%y)a 7D3w(taxay)a 7ED§w(taxay)7 -

- 8tw(ta x, y) + )‘Th (t)

* 1 *
22 1+ Enma @85 (1ylyl + (v, AT Dap(t,2,p) + < (9, A3 Dyip(t, 7.9)
(4.2)

1

A function u is a viscosity solution of (1.2) if it is a viscosity subsolution of (1.2) and a viscosity supersolution

of (1.2).

Compared to the generic definition of a viscosity solution (see Def. 3.35 of [14]), we use a smaller class of

test functions and we have two additional terms A () 9'1|(x|é‘v\

(4.2). These terms, which come from the radial parts of test functions, would have to be dropped according to
Definition 3.35 of [14], in which nothing more is assumed about the unbounded operators besides their maximal
monotonicity. This however would result in a loss of valuable coercive terms which make the viscosity solution

)|x\il + Enp(t)05(|y[)|y| in inequalities (4.1) and

techniques of this paper possible. The terms A (¢ )9 1)) |z|3,, are the same as in the definitions in [19] and [14],

Definition 3.90, and utilize the coercive condition (3. ) Wlthout these terms in Definition 4.2 (and in Defs. 4.4
and 4.7), we would not be able to use the crucial technique of half-relaxed limits here. Note that, if z € D(AY),

then (z, A1 D, (1 (£)0:1 (j2]))) = m1 (1) 202D (2, Ay > gy (6) B0 |22 | The terms + L5 ()05(Jy])]y| utilize the

Bl ||
weaker coercive condition (3.10) and are 1mportant when dealing with the unboundedness of the fast variable y in

the equations. Note that, if y € D(A3), then L (y, A3D, (n2(t)02(|y|))) = Lna(t ) |y|1|/| (y, Asy) > Ema(t)05(|y) |yl

Thus, due to the difference in the coercive condltlons (3.2) and (3.10), Definition 4.2 is not symmetric with
respect to the variables x and y.

We will also be dealing with HJB equations

dyu — (A1z, Du) + G (2, Du, D*u) = 0 in (0,T) x H,
u(T,z) = g(x) forz e H
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and
ov + (Agy, Dv) + G4 (y,Dv, Dzv) =0 in H, (4.4)

where 6 > 0.

Definition 4.3. A function ¢ : (0,7) x H — R is called a test function for equation (4.3) if ¥ (¢, ) = n(¢)0(|z|) +
(t, x), where:

(i) m € CH((0,T)) and is strictly positive on (0, 7).
(ii) @ € C2(R) is even, §'(r) > 0 for r € (0, +0o0),8”(0) > 0.
(iii) The function ¢ € CY2((0,T) x H) is weakly sequentially continuous and 8;p, Af Dy, Do, D*p are
uniformly continuous on (0,7) x H.

Definition 4.4. A function w: (0,7) x H — R is a viscosity subsolution of (4.3) is it is bounded from above,

weakly sequentially upper semicontinuous and if for every test function 1, whenever u — v has a global maximum
at (t,z), then x € Hy 1, and

0'(|=])
||
A function u : (0,T) x H — R is a viscosity supersolution of (4.3) is it is bounded from below, weakly sequentially

lower semicontinuous and if for every test function 4, whenever u + ¢ has a global minimum at (¢, z), then
re H 1,15 and

3t¢(t79€) - A’?(t) |$‘i1 - <.%', ATDSO(L:C» +G (.%', Dw(tﬁ)a D2¢(t»$)) > 0. (4‘5)

0'(|x])

||
A function u is a viscosity solution of (4.3) if it is a viscosity subsolution of (4.3) and a viscosity supersolution
of (4.3).

Definition 4.5. A function ¢ : H — R is called a test function for equation (5.7) if (y) = 6(|y|) + ¢(y), where
6 € C*(R) is even, ¢/(r) > 0 for r € (0,+00), p € C%(H) is weakly sequentially continuous and A3 Dy, Dy, D?p
are uniformly continuous on H.

— Opb(t, ) + Mn(t) lz[3 1 + (@, A} Do(t, z)) + G (x, —Dy(t,x), —D*p(t, x)) < 0. (4.6)

Definition 4.6. A function v : H — R is a viscosity subsolution of (5.7) is it is bounded from above, weakly
sequentially upper semicontinuous and if for every test function 1, whenever v — ¢ has a global maximum at
1y, then

5v(y) + pb (ly)lyl + (y, AsDe(y)) + G1(y, DY (y), D*¢(y)) < 0. (4.7)

A function v : H — R is a viscosity supersolution of (5.7) is it is bounded from below, weakly sequentially lower
semicontinuous and if for every test function v, whenever v + 1 has a global minimum at y, then

su(y) — ud'(ly))ly| = (y, A5De(y)) + Gi(y, —=Di(y), —D*¢(y)) > 0. (4.8)

A function u is a viscosity solution of (5.7) if it is a viscosity subsolution of (5.7) and a viscosity supersolution
of (5.7).

To use the technique of half-relaxed limits we will need a notion of a discontinuous viscosity solution. For a
function v : (0,T) x H — R we define its upper and lower semicontinuous envelopes in R x Hy _1 by

v*(t,2) = limsup{v(s, ) : |s — | = 0,]y — 2|11 — 0},
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vi(t, ) = liminf{v(s,y) : [s —t| = 0, |y — z|1,—1 — 0}.

Definition 4.7. A function u : (0,7) x H — R is a discontinuous viscosity subsolution of (4.3) is it is bounded
from above and if for every test function ¢ from Definition 4.3 satisfying in addition 6(r) — +o00 as r — +o0,
whenever (u —n(-)0(] - |))* — ¢ has a global maximum at (¢,z), then z € Hy 1, and

0'(|])

||

Op(t, ) — An(t) |z[f 1 = (2, A]Do(t, 2)) + G (2, Dy (t, ), D*)(t, x)) > 0. (4.9)

A function w : (0,T) x H — R is a discontinuous viscosity supersolution of (4.3) is it is bounded from below
and if for every test function v from Definition 4.3 satisfying in addition 6(r) — 400 as r — +o00, whenever
(u+n()0( - ]))« + ¢ has a global minimum at (¢, x), then € Hy 1, and

— Oup(t, ) + Mn(t) 9’|(xx||) lz[3 1 + (z, AiDo(t, z)) + G (x, —D(t,x), —D*)(t, x)) < 0. (4.10)

A function w is a discontinuous viscosity solution of (4.3) if it is a discontinuous viscosity subsolution of (4.3)
and a discontinuous viscosity supersolution of (4.3).

We point out that even if u above is continuous but not weakly sequentially continuous it still falls into a
category of a discontinuous viscosity solution. )

We note that for test functions 61, 5 from Definition 4.2, we have ¢}(0) = 0 and the function 0;(x) = 0;(|z|) €
C?(H),i = 1,2. Moreover, since ¢;(r)/r — 6{(0) > 0 as r — 0, the term 6} (|z|)/|z| is bounded away from 0 on
bounded sets and, after modifying 6;(r) for large r we can always assume that 8] (|z|)/|z| > ¢ > 0 on H. We
also remark that we could have assumed that the maxima/minima in all definitions are local, and we can always
assume that the maxima/minima in Definitions 4.2, 4.4, 4.6 are strict and the maxima/minima in Definition 4.7
are strict in the |- | x |- ]1,—1 norm (see [19], Lem. 3.6 and [14], Lem. 3.37). Moreover, since we only deal
with bounded viscosity sub/super-solutions and ¢ has at most quadratic growth, we can always assume that
0;(|z]) < C(1 + |z]?),i = 1,2,x € H. We say that a function f has a strict maximum at (¢,z,y) if it has a
maximum at (¢, z,y) and if whenever f(t,,zn,yn) = f(t, z,y) then (¢,,z,,y,) converges (in a proper norm) to
(t,z,y).

Theorem 4.8. Let Assumption 3.1 be satisfied. Then, for every e > 0, there exists a unique bounded viscosity
solution us € C((0,T] x H x H) in the sense of Definition 4.2 of equation (1.2) satisfying

. _ 7(T*2§)A1 —
i s [ (t) — fe TN o (411)

Proof. The existence of a unique viscosity solution in the sense of Definition 3.35 of [14] given by the value
function of the associated optimal control problem follows from Theorem 3.67 of [14] after we notice that the
operator A(z,y) := (A, 1 Asy) is a maximal monotone operator in H x H, B(z,y) := (Byz, Byy) is such that
Be S(H x H),B> 0 and

((A*B + ¢B)(z,y), (z,y)) > |z|* + |y|*> for some ¢ >0 and all z,y € H,

that is A satisfies the strong B-condition.

Uniqueness of viscosity solutions of (1.2) is a consequence of a comparison principle whose proof follows the
ZA(ED)
E]
dropped so that we can work with the definition of viscosity solution from [14]. The radial parts of test functions
used in [14] were more general to accommodate unbounded solutions with possible exponential growth however,

since we deal with bounded subsolutions and supersolutions here, the proof of comparison principle (Thm. 3.54

proof of Theorem 3.54 of [14]. In the proof of comparison the terms An (¢) 2|3, and £y (2)05(|y|)|y| can be
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of [14]) is much simpler and works after standard modifications if we replace the radial test functions used there
with test functions 6e (T~ (|z|? + |y|?). The full proof of comparison principle for a similar equation (7.1) in
(0,T] x H is also given in the proof of Theorem 7.1. We can basically follow this proof here after adjusting
for the extra variable. We also note that we do not have to use perturbed optimization in this paper (like in
the proof of Theorem 3.54 of [14]) as our operators By, By are compact and hence the functions in the proof
are weakly sequentially upper semicontinuous. We leave the details to the readers. It remains to explain a few
details of the proof that the value function is also a solution in the sense of Definition 4.2 and satisfies (4.11).

Following the proof of Lemma 3.23 of [14] we easily obtain that for every a(-) € U, if Xi, Y i= 1,2, are
the unique mild solutions of (1.1) with initial conditions X!(t) = z;, Y2(t) = y;, then there is a constant C.(T),
independent of a(-) and x;,y; € H, such that

sup (E[IXZ(s) = X2(s)[f 1 + [V (s) = YZ2(s)[3 _4])

s€t,T]
- (4.12)
+/t E[|X1(s) = X2(s)* + [V (s) = Y2(s)|*Jds < C(T)(Ja1 — 22ff _y + |91 — 2[5, 1)
and
1) w2/ (2 2 C(T), o
BIIX!(5) ~ X2(5)P) < Oy — 3y + o oy forallse (17) (413)

Then, arguing like in the proof of Proposition 3.62 of [14], we obtain that there exist moduli p, p; such that, if
u, is the value function associated to equation (1.2), we have for all 0 < ¢ < T —7,2;,y; € H,i = 1,2,

lue(t, 21, y1) — ue(t, 2, 92)| < p(ly1 — y2l2,—1) + pr(Jz1 — 22]1,-1),

the dynamic programming principle is satisfied, u. € C((0,T] x H x H) and there exists a modulus p such that
forevery 0 <t <T,z,y € H,

Jus(t,2,y) — fe”T0Ma)| < H(T —1).

Using the dynamic programming principle one shows as in the proof of Theorem 3.66 of [14] that the value
function u. is a viscosity solution of (1.2) in the sense of Definition 3.35 of [14]. It remains to explain that the x
components of the points where the maxima and minima occur are in H; ; and we have the extra terms (which
are dropped in Definition 3.35 of [14]) in inequalities (4.1) and (4.2).

To simplify the notation we define b(z,y,a) = (b(z,y,a), L9(z,y,a), 6(z,y,a)w = (o(z,y,a)w,

%h(y,a)w),w € H. We notice that

(A%(@,y), (0,9)) = Nal}, + ElyP? for all (,y) € D(A").

Moreover, the function b satisfies (3.5) and & satisfies (3.6). Then, for a(-) € U/, equation (1.1) can be rewritten
for the variable Z(t) = (X:(¢), Y=(1)) as

dZ(s) = [fle(s) +b(Z(s),a(s))| ds + 5(Z(s),a(s))dWg(s)
Z(t)=z:=(z,y) € Hx H.

(4.14)
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In the rest of the proof we will use | - | to denote both the norm in H and the norm in H x H. Equation (4.14)
has a unique mild solution which satisfies the estimates of Theorem 1.130 of [14], in particular

E[ sup [Z(s)"] < Cp(T) (1 + [27) (4.15)

for every p > 2.
We set for N > 1, Pyz = (Pinz, Po Ny),

/INZ = (PNA*PN)*Z = ((PLNAIPLN)*.%, (P27NASP27N)*y) =: (A17N.13,A27Ny)
and define Zy = (Xy,Yn) to be the solution of
AZx(s) = [~AnZx(s) + Pab(Zn(s), a(s))| ds + Pna(Zn(s), als))dWq(s)

Recall that Ay is a bounded operator such that — Ay generates a semigroup of contractions and, by Lemma 3.83
of [14], for every z and T' > 0,

e ANz 5 e, uniformly on [0,T7]. (4.16)
We have
Z(s)— Zn(s) = e~ (A, _ o=(—DANpy 4 /S(e_(S_T)A - e_(S_T)AN)B(Z(T), a(r))dr
t
- / (O AN (20 alr)) AW ()
t

e—(s—r)AN QNE(Z(T)7 a(r))dr N ‘/ts 6_(s—r)AN QNﬁ'(Z(T), a(r))dWQ ('f’)

+

t

/t e~ 6AN pyH(Z(r), a(r)) — B(Zy (r), a(r))dr

+

" /t e~ TAN P (5(2(r), alr)) — 5(Zn (1), a(r)))dWg (r).
Therefore

_ ~ T ~ L
E|Z(s) — Zn(s)|? < Cle” D4, — e~ (DAN Py 2|2 4 C/ E|(e= (574 — e=(=nAN(Z(r), a(r))|2dr
t

S
—~
)
~
~
O
SIS
~—
*
[—
o
3

+ C’/t IE[’I‘Lr((e_(S_T)‘Li - e_(s_T)AN)&(Z(r), a(r))Q%) ((e_(s_r)’a - e_(S_T)AN)é(Z(T)
T

Nl

Nl
~
*
f—
o,
=

T
+C’/t ]E|QNB(Z(T),G(7’))|2dT+C/t E[Tr(QN&(Z(T),a(r))Q )(QNﬁr(Z(T),a(r))Q
+C/SIE|Z(7‘) ~ Zn(r)2dr.

We now use (4.16) to estimate the first term in the right hand side of (4.17), (4.16) and the dominated conver-
gence theorem to estimate the second and third terms, and the dominated convergence theorem to estimate the
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fourth and fifth terms to obtain
E|Z(s) — Zn(s)|> < an + C'/ E|Z(r) — Zy(r)|*dr,
t

where ay — 0 as N — oco. Therefore, by Gronwall’s inequality, it follows that
E|Z(s) — Zn(s)|? < aneC T8 for all s € [t,T]. (4.18)

Let now 71 (s)01(|z|) 4+ n2(s)02(|y|) + ¢ (s, z,y) be a test function. We can assume that the functions 6 (z) =
01(|z]), 2(y) = 01(|y|) have uniformly continuous first and second Fréchet derivatives, bounded second Fréchet
derivatives on H and 0 < ¢ < ) (r)/r is uniformly continuous and bounded on (0, +00). Thus, if £ > 0, we have
by It6’s formula

Eni(5)01(| XN (s)]) + Enz(s)02(1Yn (s)]) = m (#)01 (| P vz]) + n2(t)02(] P2, nyl)

- "B ()61 (| X () ) + / Bl (r)0a(| Y (5)])dr

(XN (r)]) * o1 05(|Yn (r)])
/ Eny (r |XNJE A X () X () = /t Egﬁg(?“)ﬁ(AZNYN(T),YN(T)>d7“
+ /t By (r) (D1 (X (1)), B(Xn (r), Yy (r), a(r)))dr (4.19)

+

m\»—x

t (DO (Yn (1)), 9(Xn (r), Yo (r), a(r)))dr

1/ Eny (r) Te[(Py o (Xn (r), Y (r), a(r) Q2 ) (Prvo (Xn (r), Ya (1), a(r))Q2)* D*6y (X n (r))Jdr
1

+3 / SEgm(ﬂTr[(pg,Nh(YN(r),a(r>>Q%><P2,Nh(YN<r),a(r))Q%>*D252(YN(r)>}dr-

We now estimate

(AN XN (r), Xn(r) 2 MXn() 1, (Ao YN (r), Y (r)) = plYn(r). (4.20)

Then (4.19), together with (4.15) and (4.20), yields

/ts E[nl(r)W|XN(T)|il]dT <C forall N >1. (4.21)

Denote Wy (r) = nl(r)%, We(r)=m (r)%. Inequality (4.21) implies that, up to a subsequence,

VWNXy = X in M7(t,s; Hy1). Since, by (4.18), VWn Xy — VW.X_ in M7(t, s; H), we thus obtain IW_ X, =
X € M2(t,s; Hy ).

We can now pass to the limit as N — oo in (4.19) using the continuity properties of the coefficients and 6,
and its derivatives, lower semicontinuity of the norm with respect to weak convergence, (4.15), (4.18), (4.20)



14 A. SWIECH

and the dominated convergence theorem, to obtain

By (s)01(1 X< (5)]) + Ena(s)02(|Y=(5)[) < m1(2)01(|]) + n2(2)02(]y])

+ [ EREB XD+ [ Eg(Y0)dr
RO, - [ ,
/t B () A (R adr = [ EE (Y () DIV ()l (122)
+ [ EnENDR X)), Yol alr e+ [ B () DBV, (X (1) Vo). )
+ [ EnO)TICOE0). Yol alr) D6 (X r))dr + [ B L) THE(Y. (1), ) Do)

t
It6’s formula for test function ¢ is proved in Proposition 1.165 and Lemma 3.65 of [14].

We now briefly sketch the proof that viscosity solution inequalities are satisfied. We will only do it for the
subsolution part. We follow the proof of Theorem 3.66 of [14]. Suppose that u. — ¢ has a global maximum
at (t,z,y) for a test function 1. Recall that u. is the value function. We take a € A and define a constant
control a(-) = a on any reference probability space u. Using the dynamic programming principle, (4.22) and
1t6’s formula for ¢, we obtain for s, =t + %

A GBI
o< =25 [ HED i a
w2 [ (00060700 - Em vV
(X (), ATDap(r, Xelr),Ye(r) = Y (r), ASD 0, Xo(r), Yolr)
1

+ (Datp(r, Xe(r), Ye(r), ((Xe(r), Ye(r), a(r)) + — (Dytp(r, Xe(r), Ye(r)), 9(Xe(r), Ye(r), a))

+ Te[C(Xe(r), Ye(r), @) D3 (r, Xe(r), Ye(r))] + gTr[E(Xs(T), a) Dy (r, Xe(r), Ye(r))]

1 2
# ZETDOC). Yelr), @) D2, 00 X ), Vo) 4 X0, Y00 a>)dr] .

Since, by Jensen’s inequality (using previous notation),

(4.23)

. 2
E %/t VWe(r) X (r)dr

1,1

1 Sn
< 2B [ W0IX0R (4.24)
t

using the properties of test functions and moment estimates for X., Y. (see Thm. 1.130 of [14]), we thus have
that the variables

-1 / X (r)dr

are bounded in L?(Q; Hy 1) so, up to a subsequence, they converge weakly in this space to U,, — U in L2(%; Hiq)
for some element U in this space. But, for instance by (1.38) of [14],

Un = V1 Vf} n L2(Q; H) (4.25)
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so we get € Hy 1. We can now pass to the limsup as n — oo in (4.23) using (4.24), (4.25), the weak lower
semicontinuity of the norm, the properties of test functions, and the moment and continuity estimates of
Theorem 1.130 of [14] for X, Y. It then remains to take the infimum over all a € A in the obtained inequality.
The proof of the supersolution property, which is explained in the proof of Theorem 3.66 of [14], is a little more
complicated but it requires similar modifications. O

Remark 4.9. In order to prove Theorem 4.8 we can replace |z1 — z2]1,—1 by |x1 — 22| in (3.7) and only require
ll(z1,y1,a) — 22,92, 0)| S w(|z1 — 32| + |y1 — y2l).

5. DISCOUNTED PROBLEMS IN THE FAST VARIABLE AND EFFECTIVE
HAMILTONIAN

This section is devoted to the analysis of discounted infinite horizon problems in the fast variable, the
solvability of the ergodic control problem in the fast variable and the definition of the effective Hamiltonian.
The overall approach follows [1, 4].

Theorem 5.1. Let Assumption 3.1 be satisfied. Let (x,p,X) € H x H x S(H) be fixed. Define for 6 >0

+oo
ws(y) = inf B /0 e is (Tr(C(x,Y(s), a(5))X)

T (b, ¥ (s),a(s)).p) + Uz, ¥ (s), a(s»)ds,

where Y (s) is the solution of

dY (s) = [-AY (s) + g(x,Y (s),a(s))] ds + h(Y (s),a(s))dWg(s) -
{ Y(0)=y. o
The function ws is the unique bounded viscosity solution of the equation
dws + (Asy, Dyws) + F (x, v, p, Dyws, X, Diw(;, O) =0 inH, (5.2)
there exists a constant C' = C(p, X) such that for every 6 >0
lws(y1) — ws(y2)| < Clyr —yo|  for all y1,yo, 2 € H (5.3)

and dwg converges, as § — 0, uniformly on bounded sets in H to a constant. We denote

F(z,p,X) := —}i_r%dw(;.

Proof. The fact that w; is the unique bounded viscosity solution of equation (5.2) follows from Theorem 3.76
of [14] after a few modifications, using It6’s formula (4.22), similar to what we did in the proof of Theorem 4.8.
Notice that, since all coefficient functions C,b,l, g, h here are bounded, in the proof of comparison principle,
Theorem 3.58 of [14], it is enough to use our test functions.

Let

M = sup |F (z,y,p,0,X,0,0)|. (5.4)
yeH
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Then w = %,7 = —% are respectively a viscosity supersolution and a viscosity subsolution of (5.2) so by

comparison we obtain |§ws| < M. We will now prove (5.3).
Let Y'(s) be the mild solution of (5.1). For N > 1, let Ay n = (P2, nA3P> v)* and let Yy be the solution of
dYn(s) = [*/IQ,NYN(S) + P2 ng(z, YN (s), G(S))} ds + P2 nh(Yn(s), a(s))dWq(s)

YN(O) = PQ,Ny.

(5.5)

Repeating the arguments in the proof of Theorem 4.8 we obtain that for every ¢ > 0 there is a sequence (aly)

such that
E[|Y(s) — Yn(s)])] <aly for0<s<t,
where al, — 0 as N — +o0.
Let Yi(s),Y2(s) be the mild solutions of (5.1) with initial conditions Y1(0) = y1,Y1(0) = y2 and let

Y (s), Y2(s) be the solutions of (5.5) with initial conditions Y3 (0) = P> yy1, Y2(0) = Py ny2. Applying Ito’s
formula and using (3.4) and the properties of the trace, we have

t
EMEIVH(0) — YR < b — el + 20 | VR - VR (o) P
0
t
28 [ AVEE) - YR V() - V()
0

+ 2E/0 e (g(x, Yy (s), als)) — g(x, Y (s), als)), Yy (s) = Y (s))ds

1

+E /0 T [(R(Y3 (s), a(s)) — h(YZ(s), a(s)))Q?)

(M(Yn(5), als)) — h(YZ(s),a(s))Q7)"]ds
<y — vl

Letting N — oo above we conclude
E|Y1(t) - Ya(t)]* < e |yr -y

It now follows from (3.6) that
+oo
lws(y1) — ws(y2)| < sup ]E/ e C(1+ [p| + [ XID[Yi(s) — Ya(s)|ds
a(-)euo 0
+oo
< / e MO+ [pl + I XIDIyr — yalds < C(L+ [p[ + [ X|DIy1 — w2l.
0
We now choose a sequence d, such that a, = d,ws,(0) = v for some v. Then, by (5.3), d,ws, (y) — v
uniformly on bounded sets of H. Suppose there is another sequence §} such that b, = 6,11105; (0) — vy for some

vi and then dyws: (y) — vi uniformly on bounded sets of H. Suppose without loss of generality that v < v;.
Denote

vn(y) = ws, (y) + slyl* — ws, (0),  zn(y) = wsy (y) — ws: (0) +1,
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where £ > 0 will be determined later. Using the definition of viscosity supersolution, (3.10) and the boundedness
of g and h, we check that v, is a viscosity supersolution of

OnUn + (Asy, Dv,) + F (9:, y,p, Dun, X, D?v,,, ()) (5.6)
= —an + £((2p + 8a) [y = Clyl + 1)) =t fuly).
Moreover, z, is a viscosity subsolution of
6tz + (Agy, Dz,) + F (x,y,p, Dz,, X, DQZn,O) = b, +6}
and hence z, is a viscosity subsolution of

6nzn + (Aoy, Dzp) + F (2,y,p, Dzn, X, D?2,,0) = —by, + 6, + (6, — 6;)2n(y)

< —b, + 0(5n + 6%)(1 + |y|) = fnl(y)

We now observe that if n is large enough then
Faly) = fi(y) = —an + by — C1k = vy —v — Cik

for some absolute constant C; > 0 so if k = (v; — v)/(2C}) then, for large n, we have f,, > f} on H. Thus, z, is
a viscosity subsolution of (5.6) and v, is a viscosity supersolution of (5.6) and hence, by comparison principle,
zn < vy, on H. But this is impossible since z,(0) =1 > 0 = v,,(0). This proves that we must have dws(0) — v
as 0 — 0 and hence dws(y) — v as § — 0 uniformly on bounded sets of H. O

We notice that

“+oo
F(x,p,X)=lim sup <{E se7%%( —Tr(C(z,Y (s),a(s))X)
0=04a()elo 0

where Y'(s) is the solution of (5.1).

Remark 5.2. Differently from [1] and [4], since closed balls are on compact in H, we could not find a subsequence
among ws — ws(0) converging uniformly on bounded sets to pass to the limit in (5.2) in the proof of Theorem
5.1 and we had to resort to a comparison argument. However, if Ay satisfies in addition (A3y,y) > A|y|3 ; for all
y € D(A3) then, using a definition of viscosity solution similar to Definition 4.7, one can show that the functions

w(y) = limsup{ws(ys) —ws(0) : ys = yh,  w(y) = liminf{ws(ys) —ws(0) : ys — y}

6—0

are respectively a (discontinuous) viscosity subsolution and a (discontinuous) viscosity supersolution of
v+ (Ayy, Dw) + F (z,y,p, Dw, X, D?w, 0)=0 inH (5.7)
and satisfy (5.3). Equation (5.7) then has a (discontinuous) viscosity solution by Perron’s method (see [14, 19]).

Moreover it can be proved that v is the unique constant such that equation (5.7) has a (discontinuous) viscosity
solution having at most linear growth.
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6. PROPERTIES OF THE EFFECTIVE HAMILTONIAN F(z,p, X)

We now prove properties of the effective Hamiltonian F(z,p, X). We rely on stochastic estimates.

Lemma 6.1. Let Assumption 3.1 be satisfied. Let x1,x2,y € H. Let Y1(s) be the solution of (5.1) with x = x1
and Ys(s) be the solution of (5.1) with x = x5. Then there exists a constant C, independent of x1,x2 € H and
t >0, such that

EY1(t) = Ya(t)]* < Cloy — a0|f _y  for all t > 0. (6.1)
Proof. Let Yy (s) be the solution of (5.5) with = z1 and initial condition Y3 (0) = P> yy1 and Y32 (s) be the

solution of (5.5) with = x; and initial condition YZ(0) = P2 ny2. Applying It6’s formula and using (3.4) and
(3.7) we get

HUEYL(t) - YA < uE / eH5|Vh(s) — Y2 (s)[2ds
9E / e (A5(V(s) — YE(5)), Y (s) - YE(s))ds
2K / (g (s, Y3 (5). a(s)) — g(z2, Y (s),a(s)), Vi (s) — YZ(s))ds

+2]E/0 et (g(za, Yy (s), als)) — g(a2, YR (s),a(s)), Yy (s) — YR (s))ds

1

+E / T (Y (3), a(s)) — h(VE(s), a(5))Q?)
(R(YR(5), a(s)) — h(YE(s),a(s))Q%)*)ds

t

t
< JE / 4V (s) — Y3 (s)*ds — 2uE / ¥V (s) — Y3 (s)Pds
0 0
t
+ C]E/ e’ |lzy — aal1 1|V (s) — Y (s)|ds
0

t
< C/ e*lry — .Tg‘i_l < Cett|zy — 3:2|i_1.
0

To estimate the trace term we used the fact that if X,Y € Lo(Ky, H) then XY™* € £4(H) and |Tr(XY™)| <
XY™ 2y ey < XN oo, 1Y ] 2250, O

Lemma 6.2. Let Assumptions 3.1 be satisfied. The Hamiltonian F(x,p, X) has the following properties.
— For every x,p € H, X € S(H),

|F(z,p, X)| < sup |F(z,y,p,0,X,0,0)|. (6.2)
yeH
|F(z,p,X) = F(x,q,Y)| <C(lp—q|+ |X - Y|]) VYp,qe H,X,Y € S(H). (6.3)

[F(21,p, X) = F(22,p, X)| S w(|zr — 22]) + Clay — 2| (L+ [p| + [ X)) Vi, 20,p € H, X € S(H). (6.4)
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— There exists a modulus wy such that

F (1’1, 731(‘%1&‘_ x2),X> — F ({EQ, 731(‘%1&‘_ x2),Y>

T1 — Tl —
> —wi (|391932| (1+| ! 52|1’ 1>>

for everye > 0,z1,20 € H X, Y € S(H),X = PLNnXPinN,Y = PLNY PN,

X 0 < § B1P1,N _BIPI,N
0 -Y )~ e\ -BiPin BiPn )’
— There exists a modulus we such that

F(ml, 21 _xQ’X) _F (x%ml_m)y)
13 3
xr1 — I
> o <CU1 | <1+ |1€2|)>

for everye > 0,217,220 € H X, Y € S(H),X = PLnXPinN,Y = PLNYPi N,

(v )=y )

- Forallz,pe H R >0,

sup {F(ﬂs,p, X 4+ kQ1N) — F(z,p, X)| :

|I£| < R,X :PLNXPLN} —0 as N — oc.

19

(6.6)

(6.9)

Proof. Inequality (6.2) is obtained arguing as in the proof of Theorem 5.1, since we have |dws| < M, where M

is defined by (5.4). This gives (6.2) by the definition of F(x,p, X).

Inequality (6.3) is obvious from the definition of F(x,p, X). Estimate (6.4) is a simple consequence of (3.5),
(3.6), (3.7), (3.8) and (6.1). Inequality (6.5) also follows from (3.5), (3.6), (3.7), (3.8) and (6.1). Using the

notation of Lemma 6.1, for every control a(-) we have

Bi(z1 —22) By (z1 — x)
)~ {blaz, Ya(s), als)), ————

| B1(71 — x2))|
13

E <b(x1,Y1(s),a(s)), >

< EL(Jrr — 22| + [Y1(t) — Ya(2)]) < Clzy

Similar argument gives

E|l(x1,Y1(s),a(s)) — (w2, Ya(s),a(s))| < Clzy — x2|1, -1 + w(|z1 — 22|).

\581 *$2|1,—1
— g2
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Moreover, arguing as in [14], pages 235-236, we obtain
Tr(C(x1,Y1(s),a(s))X) — Tr(C(xz, Ya(s),a(s))Y)

< 2T (o1, Va(s), a(9)) — 02, Va(s), als))Q) (01, Vi(s), 0(s)) — 02, Va(s), a())Q3 ) Br)
< Cfer — a1 + [Vi(0) — Ya(D)])>.

This, together with (6.1), gives the required estimate for the trace terms. The three inequalities above give
(6.5). Inequality (6.7) is proved similarly. The convergence in (6.9) is a consequence of (3.9) and the definition

of F. O

7. CONVERGENCE OF VISCOSITY SOLUTIONS

In this section we prove the main result, Theorem 7.2, about convergence of the viscosity solutions wu.
of (1.2) to the viscosity solution of the effective equation (7.1). We need first to prove the existence of a
unique viscosity solution of the limiting effective equation (7.1) and show comparison principle for discontinuous
viscosity solutions of (7.1).

Theorem 7.1. Let F satisfy the properties stated in Lemma 6.2 and f satisfy (3.7). Then there exists a unique
bounded viscosity solution w € UBF((0,T] x H)NUBZ((0,7] x Hy,_1) for 0 <7 < T, in the sense of Definition
4.4 of the equation

{ o — (Ayz, Du) — F (z, Du, D*u) =0 in (0,T) x H, 1)
7.1
u(T,z) = f(x) forze H
satisfying
lim  sup |(u(t,z) — fle”T=D4z))| = 0. (7.2)

t—Tt<T e g

Moreover if u is a bounded discontinuous viscosity subsolution of (7.1) and v is a bounded discontinuous viscosity
supersolution of (7.1) satisfying

Jlim [l o) = fe T a)t + (it @) - fe T =0 (7.3)

uniformly on bounded subsets of H, then u <wv on (0,T] x H.

Proof. The existence of a unique viscosity solution u of (7.1) in the sense of Definition 3.35 of [14] with the
required properties follows from Theorem 3.84 of [14]. Uniqueness can also be deduced from arguments in [14],
however it will follow from an even stronger comparison principle for discontinuous viscosity solutions which
we will prove below. To show that w is also a viscosity solution of (7.1) in the sense of Definition 4.4 we recall
that the solution in Theorem 3.84 of [14] was obtained as the limit as N — oo, uniform on bounded subsets of
(0,7) x H for every 0 < 7 < T, of the viscosity solutions uy, N > 1, of the approximating problems

{ 8tuN — <A17N.13,DUN> — F (Pl,NxaPl,NDuN7P1,ND2UNP1,N) =0 in (O,T) X H, ( )
7.4

un(T,z) = f(P1 nT) for x € H,

where A; v = (Py yATP1 n)*. We have (A1 yx,x) > /\\Pl,Nxﬁ,l.
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Suppose now that u — v has a strict global maximum at (¢, z) for a test function (s, y) = n(s)0(|y|) + (s, y).
Then there is a sequence (ty,zn) — (¢, ) such that uy — 1 has a local maximum at (¢tn,zy). Therefore we
have

9/
0<0(tn,zN) — W(tN)w<A1,N$N, zn) — (A1 van, Do(tn, zN))

— F (P nzn, PLnDY(tn, zn), PLnD*Y(tn, 2n)Pin)

0'(|x

< O(tn,oN) — M?(tN)M
|z

— F (P nen, PLnDY(tn, zn), PLvD*Y(ty, zn) PN ) -

(7.5)
|Pyvanliy — (Puvan, AP v Do(ty, oy))

It follows from Lemma 3.83(i) of [14] that A} Py yDo(tn,zn) — A1Dy(t, z). Therefore, since F is continuous,
n>0,60 >0 and #”(0) >0 (in case z = 0), (7.5) implies

|P1,N$N|i1 < C forall N>1.

Thus P; vy — Z in Hy; for some 2 € Hy ;. But Py yoy — ini—I so we must have x =2 € Hy ;. We can
now pass to the limit as N — oo using the continuity properties of F' and Lemma 3.85 of [14] to get

vt )~ M) el (AT Dilt,2) ~ F (s Du(r.0), DP0(0,2) 2 0

The proof of the supersolution property is similar.

We now prove the comparison statement for bounded discontinuous viscosity subsolutions and supersolutions.
We argue by contradiction and assume that v £ v. Then there is v > 0 such that for every sufficiently small
© >0 and every T1 < T sufficiently close to T,

<m(Ty) := lim lim sup{u”(¢t,z) — v*(s,y) :
y<mT) = fim i sup{u (1) — v (s,0)

[t—s|<a,|lz—yli,-1 <rzyeB(O,R),0<ts<Ti}

= lim limli (t ) — ot :
Lm lim lim sup{u”(t, z) — v"(s,y)

[t —s|<a,|lx—yl1,-1 <rz,y€B0,R),0<ts<T},

where we have set w/(t, z) = u(t,z) — & and v7(s,y) = v(s,y) + £. We define u,)(t, 2) = w*(t, z) — neT=9|z|2,
vy(s,9) = v (s,y) + nefXT=3)|y|2 and K = C, where C is from (6.3). Let

my :zliﬁ)lli%sup{(un)*(t,x) —(vy)e(s,y) s [z —yh,—1 <7t —s|<a,0<ts<Ty}
. [e3%
= limlim sup{u, (t,z) — v, (s,y) : |z —y|li,—1 <7 |t —s| <a,0<t,s <Ti},
rl0 a0

where (u,)* and (v,). are computed using only points in (0,T3] x H,

. 1
my.e = limsup { (un)" (£, 2) = (v9)s(s,9) = 5|7 yii:t—sl<a,0<ts<Ti},
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. 1 (t — 5)?
Myep = sup { (uy)* (t,2) = (vg)u(s,y) — 27€|I7y‘%,—1 TR 0<ts<Ti}.
We have
m(Ty) = limm,, (7.7)
70
my = lslig Myes (7.8)
= 1. .
M€ éirol Mn,e,B5 (7.9)

Since B; is compact, the function

. 1 1

()" (£ 2) = (09)+(5,9) = | = i1 — %lt —s/?
is weakly sequentially upper semicontinuous on [0, 73] x [0,71] X H x H. Thus it achieves a global maximum at
some point (¢, 8,Z,7) € [0,T1] x [0,T1] x H x H which can be assumed to be strict in the || % |-[ X |-]1,21 X |- |1,-1
norm. By Definition 4.7, Z,3 € Hy ;. Convergences (7.7)—(7.9) yield (see for instance [14], page 208 for such
arguments)

1 -
lim—|t — 52> =0 for every n,e > 0, 7.10
im o [7 — 3 v (7.10)
1
limlimsup —|z —g|? _, =0 for every n > 0. (7.11)
el0 30 2e ’

It follows from the definitions of u, and v, that ¢,5 > 0 and that |z, |y| < R, for some R,) > 0 independent
of €, 3, u and T}. Suppose that we also have ¢, 5 < T;. We will show that this is impossible. We set

- 22 = V|2
ul(t,x) _ (u,,)*(t,a:) _ <BlQ1,NE—:x - y),I> N |Q1,N(:‘C€ .’L’)|17_1 + |Q17N(x25 y)|—1,1’

(BQi1n(T—79),y) " Qun(y—9)F 1 '

U1(87y) = (vn)*(87y) -

€ €
Then
1 2 1 2
w(tz) —vi(s,y) = 5l Pn(@ =yl = 50t =l
has a strict (in the || X |- | x |+]1,—1 X |- [1,—1 norm) global maximum at (¢, 3, Z, 7). We can now use Theorem

3.27 and Corollary 3.29 of [14]. However our maximum is not strict in the standard norm. This will result in
one change in the statement of Corollary 3.29 which follows trivially from the proof of Theorem 3.27 of [14]. (In
fact the proofs of Theorem 3.27 and Corollary 3.29 of [14] are easier in our case since all the functions involved
are weakly sequentially upper semicontinuous and so there is no need to use perturbed optimization). We leave
the details to the readers. We thus obtain that there exist test functions ¢y, 1, satisfying the properties of
Definition 4.3-(ii) such that

ui(t, ) — pr(t, )
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has a global maximum at some point (tg, zx),

Ul(sa y) + ¢k(57y)

has a global minimum at some point (s, yx), and

(tr, zr wt (ts i), Oppr (e, 1), Dow (b, 1), D2 (e, ) )
t

_ _ — 5 BP. T — 1 7.12
— (5,201 (F, ), —, Ly (@ y),XN), (712
8 €
(81, Yo, 01 (S, Yo )» O (S5 Ui ), DUk (816, Yo ) D> (S, i)
§—% BPN(j—T (7.13)
S (5.5 (), ot BONE D)
S8 €
3 B{P N 0 XN 0 3 Bi{P N —B1P N
- - ’ < < - ' ’ 7.14
- ( 0 BPx )5S0 v )S:\ SBPy BiPx ) (7.14)

with the convergences being in R x Hy _1 x R xR x Hj 2 x L(H) and moreover the sequences of points zy, yi, k =
1,2, ... are bounded.
We have from the definition of a viscosity subsolution and supersolution that xj,yr € Hy,1. Moreover

- % + Oty wy) — K e Ty 2

B x—y 2B -
—2Mn|zli; - <$k,AT <D¢k(tk,$k) + Bz =g) | 25iCan (o x)>>

€ €
T — 17 = 7.15)
o B - 2B — (
- F (_{L‘k’zneK(T—tk)xk + Dow(t, xi) + 1Q1,1\;($ ) + 1Q2,1\;(xk a;)’
2B
277€K(T—tk)] + D290k:(tk7$k) + 1(56:22JV> > 0.

1 1 1
We deduce from (7.15) that |B; ?zx|* = |2x|7; < M for some M and all k > 1. Since Bz, — B Z, we have

1

1 1
|z — 7|* = (B (vx — 7),B; *(zx — 7)) = 0 as k — oo.

Using this, (7.12), (7.13) and dropping the 2An|x |7 ; term, we pass to the limit as k — oo in (7.15) to obtain

)

ey 2Ty MG
9

ISy

(7.16)

_ B
- F (.’L‘, QneK(T—f)j 4 1(7

o | 8

),zneK(T—f)I+XN+ > 0.

2B1Q2, N
€



24 A. SWIECH
Using (6.3) we now have

-5 ABi(@ -\ — (. Bi(@—3 28
I BS B <x 1B1(z y)> F (x) 1(z y)7XN N 1Q2,N> S 3K KT
€ € €

)

ad
T
which, upon employing (6.9), yields

—5 AiBi(—9)\ (. Bi(@—7
kLt S—<$,11(;y)>—F<.%‘,MaXN)Z—?’nKeKT_WE(N) (7.17)

where, for ¢ fixed, w.(N) — 0 as N — oo.
Similar arguments produce

%+ tgs 7 <y7 AlBl(:y)> _F <y7 M, yN> < 3K T 4w (N). (7.18)

Subtracting (7.17) from (7.18) we thus obtain

= <:c ATy y)> +F (x By y),XN> i (y Ble=y) —YN>

< 6nKeT=0 4 20, (N).

In now follows from (3.3) and (6.5) that

2
?,u < 6nKelT 4+ 2w (N)

Z — gl ¢ 2 1 2 (7.19)
v (o g1 (14 =) ) 4 S gt e
€ € €
If wi(s) < &+ Mys,s > 0, an elementary computation shows that for some constant C,
o |Z — gl1,-1 s Cun,_ _ 1,
w1 <$y| (1+E S ?+C#5+?“|xfy|i_1+g|xfy|2. (720)
Plugging (7.20) into (7.19) now gives us
K KT Cup o
T <6nKe™" +2w.(N)+ Cpue + 5 1T —9l1 1 (7.21)

It remains to take lim, o lim. o limsupg_,olimy ;o in (7.21) and use (7.11) to obtain a contradiction.
Therefore we must have that either ¢ = T} or 5 = Ty. It follows from (7.6)—(7.9) that for every 77 sufficiently
close to T and sufficiently small u,n,¢, 3,

(uﬂ)*(ﬂ ‘f) - (Uﬁ)*(ga Zj) > > 0.

Thus, by the definition of (u,)* and (v,). and (7.10), (7.11), there exist points (¢, 35,2, 7) € (0,
H x H, depending on j,7,¢, 3, such that Ty —§ < C/B, Ty —t < C\/B, | — gl1,-1 < Cve, |2, 19| < R, for
some R, > 0 independent of ;1,7, ¢, 3,11, and such that

(0 TI} X (O,T]] X
|

u(t,z) — v(§,9) > 7.
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Denote 7 = T — T;. Without loss of generality we will suppose that § > ¢. Then, by (7.3),
( —(T-D)A; ~ ))++ (f(e (T—0)A, ~ 7+ fle (T— t)Aly))
+ (He TGy 4 femTING)) 4 (v(5,5) - flemTINg)) (7.22)

<wy (1+0VB) +w (lem @043 = §)]) +w (lem T4 (DG —g)))

where w, are some moduli coming from (7.3) and w is the modulus from (3.7). By Lemma 3.19

o (IO @ = gl) <o (S - i) < (2F)

and

- S5 ~ ~ C —(s= O
3 (|6—(T78)A1(6*(5*t)141y—y)|> <w (\/;Ie (=D — gy, —1> = w( f)

Plugging these into (7.22) and taking lim._,olimg_,o we thus obtain

v < wy (1)
which is again a contradiction for sufficiently small 7. Therefore we must have u < v. O

We can now prove the main result of the paper. The overall idea of the proof of Theorem 7.2 is similar to
that of the proof of Theorem 14 of [1] in the finite dimensional case.

Theorem 7.2. Let Assumption 3.1 be satisfied. Then, for every 0 < Ty < T, R > 0 and every compact set
K C H, the family {u.} converges uniformly on [T1,T] x K x B(0, R), ase€ — 0, to the unique bounded viscosity
solution u of (7.1) satisfying (7.2).

Proof. Tt follows from comparison that if

M, = sup |f(£L’)‘7 My = sup \F(x,y,0,070,0,0)|
xeH z,ycH

then for every € > 0,
|U5| S M1 + MQ(T — t)
Define

Fl(xvan) = sup F(xvy7p107X1070)7 F2(£E7an) = inf F(amy,p,O,X,0,0).
yeH yeH

The functions Fy, F, satisfy the same assumptions as F so (by Thm. 7.1), for i = 1,2, the equations

Oyw; — (A1, DW;) — (x DW,;, D wl) =0 in (0,7) x H,
(7.23)

w;(T,x) = f(x) forz € H
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have unique bounded viscosity solutions w; € UBF((0,T] x H) NUBZ((0,7] x Hy,—1) for 0 < 7 < T, satisfying

: ) _ —(T—t)A1 —
Hl%gldjgg\(wz(t,f) f(e z))[ = 0. (7.24)

Tt is easy to see that w; is a viscosity supersolution of (1.2) and ws is a viscosity subsolution of (1.2). Therefore,
by comparison, we get ws < u. < wy on (0,7] x H x H for every € > 0.
We define similarly as in [15]

u(t, z) = inf lim iélf {ue(te, e, ye) : te = t,xe = x,y. is bounded}
E—r

u(t,x) = suplimsup {uc (te, T, ye) : te = t,2e — 2,y is bounded} .
e—0

Since wy < ue < wj on (0,7] x H x H, we have we < u <% < wy on (0,T] x H, so in particular u(T,z) =
u(T,x) = f(x) and the functions u, @ satisfy (7.24). We claim that u is a discontinuous viscosity supersolution
of (7.1) and @ is a discontinuous viscosity subsolution of (7.1). We will only prove the subsolution statement as
the supersolution claim is proved similarly.

Denote F = F(z, Dy(t,%), D%y (t,Z)). Let v. be the viscosity solution of

eve + (Aay, Dyve) + F (Z,y, DY(t, 2), Dyve, D*Y(, ), Djve,0) = F =0 in H.

We know by Theorem 5.1 and the definition of F', that e(v. — e 1F) converges uniformly on bounded sets of H
to —F. This implies that ev. converges uniformly on bounded sets of H to 0. It also follows from comparison
that |ev.| < K for some K and all €.

Suppose that (@ —n()0(] - |))* — ¢ has a strict in |- | X | - |1,—1 norm maximum over (0,7] x H at some
point (¢,Z) € (0,T) x H. We can assume that (uw —n(-)0(] - |))*(¢,z) — ¢(t,z) = 0. By modifying the functions
6 and ¢ if necessary we can assume that (@ — n(-)0(|-1]))*(¢t,z) — p(t,z) = —oo as |z| — oo, uniformly for
t € (0,77, for every e, u.(t,x,y) — n(t)0(|z|) — v(t,x) = —oo as || — oo, uniformly for (¢,y) € (0,T] x H, and
there exist R > |Z|,7 > 0, such that if u.(¢,z,y) — n(t)0(|z|) — p(t,z) > —(K + 1), then (t,z) € (t —r,t+71) X
(Bu_,(z,r) N B(0, R)).

It now follows that there must exist a sequence (%, #,) such that t,, — £, |&, — Z|1,_1 — 0,|%,| < C and

W, ) 0O Fal) — @l ) >~

Therefore, for every § > 0, there exist €, — 0 and (8, Zp, §n) such that

L N N N N o 2
Ueg,, (5n7 zn7yn) — Enle¢, (yn) - 65n|yn|2 - U(Sn)9(|zn|) - (P(Sru Zn) > _E-

Let (tn,Zn,yn) be a global maximum over (0, 7] x H x H of the function U(¢,x,y) = uc, (¢, z,y) — enve, (y) —
denly)? — n(t)0(|x]) — o(t, ) which we can assume to be strict. We must have (t,,z,) € (t —r,t+ 1) X
(Bu_,(z,7) N B(0,R)). We want to produce appropriate test functions for the functions u., and v.,. Recall
that the test functions must have a nontrivial radial component. Thus we will introduce an extra variable z and
a parameter o > 0, split the function de,|y|? into two parts for the variables y and z, and then penalize the

2
‘Z*yb,—l

doubling by subtracting the term —
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We thus fix n and, for a > 0, let (¢4, Zq, Za, Ya) be a global maximum over (0,7] x H x H x H of

o ) z—
% _ % |2_|L

2
\I/a(tvxa Zay) = Ug,, (t’ sz) - 2 20&27_1

—n®)0(|z]) = ¢ (t, ) — enve, (v)

which we can also consider to be strict. We know that z, € H; ;. It is easy to see that we must have
|xo¢|a |Zoz‘, |yo¢| <C,

lim \I/a(ta, Lo, Zay ya) = \Il(tm T, yn)
a—0
and

. za— ya@,—l
lim ———

lim o = 0. (7.25)

Since ue, ,ve,,p are weakly sequentially continuous, the norm is weakly sequentially lower semicontinuous,
and ¥ has a strict maximum at (¢, %n,yn), passing to a subsequence we can assume that t, — t,, x4 —
ZTnyZa — YnsYa — Yn but then we must also have |z, = |Tnl, |20l = |Ynls|Yal = |yn| so we conclude that
(tas Tas 2asYa) = (bny TosYn, Yn) as a — 0. In particular, we can assume that (t,,zs) € (£ — 7t +71) X
(Bu_,(z,7) N B(0, R)).

We now have

lz—yl3 1 = Pon(z—y)5 1 +1Qan(z —y)5 4
and

[Qa,n (2 = )13, 1 < 2(BaQa,n (20 — Ya)s 2 — y) + 2|Qa.n (2 — 2a)[3,
+2|Q2,n(y — ya)'%,fl —|Q2,n (20 — ya)@,fl

with equality at z,, Y. Thus, defining

Un(t,2,2) = e, (1,2,2) =m0 — o(t,2) — 222l

_ (B2Q2,N(2a —¥a) 2) Q2.3 (2 — 2a)[3,_1 n 1Q2,n (20 — Ya) |51
o o 2

and

0En 2 <B2Q2,N(Za - ya)7 y> |Q27N(y - ya)@,_l
PR o - a

Vi(y) = enve, (y) +
we see that

1Pz - 93
2

Un(t,z,2) — Vo (y)

has a strict global maximum at (ta, Za, Za; Ya)-
It now follows from the proof of Theorem 3.27 on [14] (see also Cor. 3.28 there) that there exist functions
Pk, Yx € C?(H) such that ¢p(2) = 0k (Po,n2), Yi(y) = Yu(Po,nY)s i, Dpr, D>k, i, Dy, Dy are bounded
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and uniformly continuous, and such that

U,(t,z,2) — pr(z) has a global maximum at some point (g, 1, 2x),

Vi(y) — ¥r(y) has a global minimum at some point (g ),
and, as k — oo,

(tiy @1, 21, Un (B, B, 210), Do (21), D201 (21))

BaPy n (20 — Ye 7.26
= (ta,xa,za,Un(tmxa,za), 2Po N (20 —y ),XN) in R x H x HxRx Hyy x L(H) (7.26)
[0
(> Voo (9, DYi (1), D> (G))
BaPy n (20 — Ve 7.27
- (ya,vn(yax : Q’N(j . ),YN) in H xR x Hyz x L(H), 20

where Xy = B NXNPo N, YN = PonYNPo N,

X 0 3 By P —ByP §
< — ’ ’ . 7.28
( 0 Yy ) <% ( “ByPon BaPan (7.28)

(To be in the setup of Theorem 3.27 on [14] we can extend the number of variables of V,, by setting, say,

Vou(s,w,y) = Vi (y) — 5% — |Jw|? so that we now have a strict maximum at (¢4, Ta, 20, 0, 0, Y4 ), carry out the proof

and then restrict the conclusions to the statements about the functions restricted to the original variables.)
Using the definition of viscosity subsolution we now have z; € H;; and

. (2] . . * A
Ot n) = () {6 — i — (o, AT D, 1)

_ i <73k714§ (DWk(é’k) + B2Q2,N£f’a - ya) + QBQQQ,N(ZA’I« - Za)>>

€n a

R (7.29)
. 1 B Za — Yo 2B 2Lk — Za
—F(@k,zk,Dw(tk,ﬁ:k),ééwsDsok<z~k>+ s Ca—ve) | 2Q2’jf(a’“ ),

X 1 2B
D2 (Ey, i1,), —D2r(3%) + 61 + ZQQ’N70) >0.
En Enx

Since (7.29) implies that, up to a subsequence, & — x4 in Hj 1, passing to the limit as ¥ — oo in (7.29) and
using (3.12) and (7.26), we obtain

0'(|zal)

|$ | ‘xaﬁ,l _6/1“|201|2
a

atw(tou xa) - )\n(ta)

* 1 *
- <$Cx,A1D§0(tcx"TOé)> - 7& <ZaaA2B2(Za - ya)>

n

n

1 1
-F ($a7za>D¢(tavxa)7(Sza + 670532(2@ - ya>7D2w(ta7xa)7 :XN + (5], 0) Z Pl(N),
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where limpy o p1(N) = 0. It now follows

3t¢(tm xa) - )‘n(ta)

' (|za « 1 *
el) 23— 0, 43Dl 20) — = (2 A3B(a — )

|Zal €n

1 1
- F <xaa Zos Dw(tom l'a)a TB2(204 - ya)v D2'¢)(tav xa)7 :XNa 0> (730)
na n
> p1(N) = 6(C(1 + |2al) — pl2al®)
for some absolute constant C' > 0.
Using the definition of viscosity supersolution for the function v, , we obtain
. .19 1 R N R 1 R R 2 R
Enve, (Ur) + Op|Jr|” + - Ur, A5 | DY (k) + aBQQZN(Zk — k) — EBQQQ,N(yk ~ Ya)
N -1 R R 1 R . 2 R
+F <$7yk7 Dy(t, z), = <—5€nyk + Dy (x) + EBzQzN(Zk — k) — EB2Q2,N(yk - ya)> ; (7.31)
n

D25(1.2), = (02T + D0n(in) - 2BaQan ) 0) = F 20

n

Since the function v,,, is Lipschitz continuous on H we have

< Cey

. . 1 . N 2 .
’—5€nyk + D (Jx) + EB2Q2,N(ZI€ — k) — EB2Q2,N(ZUI€ — Ya)

for some C' independent of k, & and N. Therefore, by Assumption 3.1 (this is the only place that requires h to
be independent of ),

N -1 . R 1 R . 2 .
’F (f,ykv Dy (t, z), = <—5€nyk + D (i) + EB2Q2,N(Zk — Jk) — EBZQZ,N(yk - ya)) ,

n

D2(f, 7), - <6sn1 + D) — 232Q2,N> ,0)

En

n

R 1 R . 1 R . 2 .
- F (xm Ut DY (Lo, Ta)s = <—5€nyk + Doy (i) + EBQQQ,N(ZIC — k) — EBQQQ,N(yk — ya)> ,

1 . 2 - _
DZ’(/}(taaxa)a : (_65nl+ DQ"/’k(yk) - aBQQ2,N> 70) ‘ < P2(|t - toc‘ + |:E - wa')

n

for some modulus po. Passing to the limit as kK — oo in (7.31) and using (3.12) and (7.27), we obtain

1 N 1
Enle, (Ya) + 5N|ya|2 =+ ca (Yo, A5 B2(2a — ya)) + F (xouyaa Dip(ta, ), —0ya + 5732(2@ —Ya),

n

1 — _
D2(ta,20), =0T + Y,0) = F 2 pi () = pallf = tal + I~ 2a]
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and thus

1 N 1
Enve, (Ya) + o (Yo A5B2(20 — Ya)) + F <xa>yaa Di(ta,rq), EBQ(ZOL —Ya)s
n n 7.32
2 ‘ B 7 7 2 (732)
D*Y(ta,za), YN, 0) - F 2 p1(N) = p2(|t = tal + |7 — zal) = 6(C(1 + |yal) — plyal”)-

We now add (7.30) and (7.32), and use (3.3), (3.5), (3.6), (3.7), (3.8) (see [14], pages 234-236 for such
arguments) to get

0 (|xo .
Ot 2a) — (1) |(' |') (TalZ s — (s A1 Dp(tas 22))

1 C . = 7.33
o170~ Yol + ~— 20 — yalf s + (170 — yal) - F (733

> p1(N) = p2(lf = tal +1T — zal) = 6(C2 + yal + 2al) = (lyal® + 2al*))

+ enve, (Ya) —

for some modulus @. By (7.25), the above implies that there exists a constant C7, independent of n, such that
for large o, |ya| < C1, [ya| < C1, |2a|? 1 < C1, and hence, since (to, Ta, 2a, Ya) = (tns Tns Yn, Yn ), We must have
lyn| < Ci, xy, € H11 and zq — x,, in H1,1, as a — 0. It thus follows by letting N — oo and then o — 0 in the
above inequality and using

hmsup< (r) — ! 7’2>0
!

a—=0r>0

that

O (lzn), o
8 tna Tn) — /\ tn T — (Tn, A*D tna LTn
bt ) = X(tn) = = s = (s AT Dty ) )

+ enve, (Yn) -F> —p2([t = to] + |7 — zn]) = 0C,

for some constant Cy independent of n and 4. Inequality (7.34) implies that |z,[1,1 < C for some constant C
and hence, up to a subsequence, t,, — t z, — 2 in H;; for some {and 7 € H; ;. Since Bj is compact, this
implies x,, — &. Therefore

a(t, &) = limsup ue,, (tn; 2n, yn)

n— 00

and so

0> @—n()o(- D) 2) —¢(,7) 2 u(t, &) — n(H)0(|7]) — ¢!
(Un |

> limsup(ue, (tn, 2, Yn) — EnVn(Yn) — 0n|ynl® — n(tn)0(|2y

n—oo

Thus (f,%) = (f,Z) and letting n — co and then § — 0 in (7.34) gives

o @.7) — wm® U 22z A1De(r.2) ~ T >0,

which concludes the proof that @ is a viscosity subsolution of (7.1).
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Therefore, by comparison principle for (7.1), we now have & < u < u on (0, 7] x H and hence & = u = u. Let
now 0 <73 <T,R >0 and K C H be compact. If u. does not converge uniformly on [T7,T] x K x B(0, R),
as € — 0 to u then there are sequences ¢,, and (t,,, T, yn) € [T1,T] X K x B(0, R) such that ¢, — t,z,, — x for
some t,x such that, say,

Ue,, (tnwfnyyn) > u(tn7xn) +v
for some v > 0. But then

u(t,x) > Umsup u,, (tn, Tn,Yn) > u(t,z) +v

n—oo

which is impossible and thus the proof is complete. O

Remark 7.3. We point out that if the diffusion coefficient functions ¢ and h are both independent of x and v,
assumption (3.6) is void and assumption (3.7) can be replaced by

|g(x1,y1,a) - g($2ay27a)| + |l(x1,y1,a) - l(xlayZ,a)‘ < L(|£L'1 - $2| + |y1 - y2|) (735)

for all x1,29,y1,y2 € H,a € A. Then Theorems 4.8 and 5.1 hold without any changes, Lemma 6.1 is true if
|1 — 22|f _, in (6.1) is replaced by |z1 — x2|?, Lemma 6.2 and consequently Theorem 7.1 are true without any
changes, and finally Theorem 7.2 holds. Thus, as far as the continuity of the coefficients, we cover the case
considered by [16], however we have different assumptions on the operators A;, A and our diffusion coefficients
must be Hilbert-Schmidt while [16] dealt with cylindrical Wiener processes and bounded constant diffusion
coeflicient operators.

Remark 7.4. It is easy to see by simple modifications of the proofs that all results of this paper except Theorem
7.2 are still true if the diffusion coefficient function A also depends on x and satisfies

h(z1,y1,a) = h(22, Y2, 0)|| 25 (Ko, 1) < L(|1 — 22|11 + [y1 — ¥2l2,—1) Va1, 22,y1,92 € H,a € A.

We finish the paper with some examples of problems where our theorems can be applied.

Example 7.5. We consider the singular perturbation and control problem for a system of stochastic parabolic
partial differential equations. Let O be a bounded, smooth domain in R® and H = A := L?(0O). Let Ay, A3 be
the operators defined in (3.13) which satisfy (3.14) and the regularity conditions on the coefficients introduced
there. As it was discussed after Remark 3.2, if the zero order coefficients e of both operators are positive and
large enough, then both A, A; are maximal monotone and, if By = By = Ao(—A)~? for sufficiently large Mo,
they satisfy (3.2) and (3.3) for some A, ¢ > 0. Thus the norms || - ||;,1,] - |li,—1,% = 1,2 are just the standard
Sobolev and negative Sobolev norms. Obviously By, By are compact. We also recall that, by Poincaré inequality,
inequality (3.2) for Az implies (3.10) for some p = p;. We now consider two cases.

Case 1. (Additive noise) Let b1, 91,1 : RXR xR — R and f; : R — R be bounded and continuous. We define
b,g,l, f to be the Nemytskii operators. For x,y,a € L*(O), we set

b(x,yﬂ)(f) = bl(x(g)ﬂy(§)7a(§))7 g(m,y,a)(é) = gl(x(€)7y(€)7a(§))

Iz, y,a)(§) = (), y(£),a(€)),  f(x)(&) = fr(z(£))-

It is easy to see that if by, g; are Lipschitz continuous in the first two variables, [; is Lipschitz continuous in the
first variable and uniformly continuous in the second variable, and f; is uniformly continuous, then assumptions
(3.5), (3.8) hold and (3.7) is replaced by (7.35). Suppose that o,h : A — Lo(Ky, H) are bounded and continuous.
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Then assumption (3.6) is trivially satisfied. Moreover, if ¢ : A — L(K, H) is bounded and @ is trace class in
K, then assumption (3.9) holds. For instance we could take K = H and o,h : A — L(H) be the multiplication
operators defined by

for some continuous and bounded functions o1, hy : R — R. Regarding assumption (3.4), it will be satisfied with
W= p1 — po if there exists po < py such that for every s,t1,to,7 € R

(g1(s,t1,7) — g1 (s, b2, 7)) (t1 — t2) < pa(ts —t2)*.

Therefore, in light of Remark 7.3, Theorem 7.2 holds in this case. We point out that in particular we can take
o,h =0 in which case Theorem 7.2 holds for a deterministic singular perturbation and control problem.

Case 2. (Multiplicative finite dimensional noise) In the multiplicative noise case we face two issues. Nemytskii
operators in general do not preserve Lipschitz continuity with respect to the operator and Hilbert-Schmidt
norms and we have to deal with continuity with respect to weaker norms. To take care of the first issue we will
assume that K = Ko =R™,Q =1 € S(R™) so W is a standard Wiener process in R™. Regarding the second
issue we recall that a bounded operator P € L(H) satisfies |Px| < Cp|B2z| for some Cp and every z € H, if
and only if P*(H) C Bz (H), see e.g. [12], page 429, Proposition B.1.

Let Py, P> be such operators. For instance they can be orthogonal projections onto the spaces spanned by
finite numbers of eigenvectors of B. Let b1, g1,11, f1 be asin Case 1 and let o1, h; : RX R xR — R™ be bounded
and continuous. We take b, f,l as in Case 1 and define versions of Nemytskii operators o, h,l by setting, for
x,y,a € L*(0),z € R™,

[0(z,y,a)2](€) = or([Prz](€), [P2y](£), a(€)) - 2, [h(y, a)l(§) = h([P2y](£), a(E)) - 2,

9(x,y,a)(€) = g1([Pre](§), y(£), a(§)),

where - above is the dot product in R™. If by, g1, 11, f1 satisfy the same assumptions as those in Case 1, then
assumptions (3.5), (3.7), (3.8) and (3.9) (see Rem. 3.2) are satisfied. Regarding (3.6), in this case, by the
definition of the Hilbert-Schmidt norm, we have

18 (y1, @) = h(y2, )12, @m iy = /O [h1 ([Payn](€), al€)) — ha([Pay2)(§), a(€))Pdg

< L, |Pa(yr — 92)I? < L, Crylyr — w2131,

where Ly, is the Lipschitz constant of h; with respect to the first variable. Similar computation is also done for
o and thus (3.6) is satisfied.
Regarding assumption (3.4), we recall that if g; is as in Case 1, then we have for x,a € H,y1,y2 € D(A3),

—(A5(y1 — y2),y1 — y2) + (g2, y1,0) — g(2,y2,a), y1 — y2) < — (1 — p2)|yr — Y|

Thus, since by the properties of trace and the definition of the Hilbert-Schmidt norm,

T ((h(y1, @) — iz, @)@ (A, @) = hly2,0)Q%)") = I(yr, @) = k(g2 )2, (.10
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assumption (3.4) will be satisfied with p = p1 — pg — 3L, || Pe|| if g1 — p2 > £ Ly, || P2|. Thus the combined
linear and the nonlinear drift terms must be strongly monotone enough to compensate for the diffusion part,
however this is required only if h depends on y.

Finally we mention that we could also take o, h, g to be cylindrical functions. More precisely, if ey, ..., e, are

some clements of D(B2), we take oy : R2+1 5 R™ py : RFFL 5 R™ gy : RF2 5 R and define

U(xaya a)(f) = 0—1(<$7 €1>a 3% <:L'> 6k>7 <yael>7 e <yvek>v a(f))v

h(y,a)(f) = h1(<y7 61>a ey <y7 6k>7 a(f)), g(x,y, a)(&) = gl(<x7 €1>, sy <l’, €k>v y(€)7 a(g))

Similar arguments to those used before show that if o1, hy, g1 are bounded, continuous and Lipschitz continuous
in the variables involving x and y, then Assumption 3.1 is satisfied, provided p; — uo is large enough.
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