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NO-GAP SECOND-ORDER OPTIMALITY CONDITIONS FOR
OPTIMAL CONTROL OF A NON-SMOOTH QUASILINEAR
ELLIPTIC EQUATION

CHRISTIAN CLASON!, VU Huu NHU'? AND ARND ROscu'*

Abstract. This paper deals with second-order optimality conditions for a quasilinear elliptic control
problem with a nonlinear coefficient in the principal part that is finitely PC? (continuous and C? apart
from finitely many points). We prove that the control-to-state operator is continuously differentiable
even though the nonlinear coefficient is non-smooth. This enables us to establish “no-gap” second-
order necessary and sufficient optimality conditions in terms of an abstract curvature functional, i.e.,
for which the sufficient condition only differs from the necessary one in the fact that the inequality is
strict. A condition that is equivalent to the second-order sufficient optimality condition and could be
useful for error estimates in, e.g., finite element discretizations is also provided.
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1. INTRODUCTION

This work is concerned with the quasilinear elliptic optimal control problem

v
i J(y,u) =G LT
MELOO(gj)l)IZI}EHé(Q) (y,u) (y) + 5 ||UHL2(Q)

st. —div[(b+a(y)Vy]=u in Q, y=0 on 9N, (P)
alz) <u(z) < B(x) ae z €,

with a C?-functional G : H3(Q) — R for a bounded convex domain Q C RY, N € {2, 3}, a Lipschitz continuous
function b : Q — R, a continuous and piecewise twice differentiable function a : R — R, functions a, 3 € L>°(£2)
satisfying 8(z) — a(x) > ~ for some v > 0 and almost every x € Q, and a positive constant v. For the precise
assumptions on the data of (P), we refer to Section 2.

The state equation in the optimal control problem (P) arises, for instance, in models of heat conduction
with a nonlinear dependence on the temperature y that allows for different behavior in different temperature
regimes with sharp phase transitions. Such situations occur, e.g., in the context of steel production, where the
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thermal conductivity does not change spatially but rather depends on the temperature; cf. [6, 22, 26]. When the
conductivity coefficient is of class C? in the state variable y, second-order necessary and sufficient conditions
for such optimal control problems were already obtained in [12, 14]. However, if the coefficient is non-smooth,
the standard tools for smooth problems are typically inapplicable, making the analytical and numerical treat-
ment challenging. The goal of this paper is therefore to derive second-order necessary and sufficient optimality
conditions for (P). Specifically, we introduce a curvature functional in terms of the jumps of the first-order
derivatives of a in critical points (see Sect. 5.2). Using a second-order Taylor-type expansion and estimates of
the functional in terms of the jumps of @’ in the optimal state, we derive second-order necessary as well as
sufficient conditions that are “no-gap” conditions in the sense that the only difference between necessary and
sufficient conditions are in the fact that the inequality in the latter are strict (see Thms. 5.9 and 5.10). In
addition, we derive an equivalent formulation of the second-order sufficient condition useful for proving error
estimates for finite element discretizations of (P), which will be the focus of a follow-up work.

Let us comment on related work. As far as second-order sufficient optimality conditions (SSC) are concerned,
there is a rich literature on SSC for smooth PDE constrained optimal control problems; see, e.g., the articles
[10, 12, 13, 28, 31, 32|, the seminal book [34], the survey [15], as well as the references therein.

Regarding second-order necessary optimality conditions (SNC) for optimization problems, it is well-known
that the second-order derivative of a Lagrangian function (or of the reduced cost functional) is, in general, not
less than a so-called “sigma-term” (][9], Chap. 3). This term is defined as the value of a support functional of
a second-order tangent set and contributes prominently in the gap between SNC and SSC. If, in addition, the
optimization problem satisfies the polyhedricity condition, then the “sigma-term” and hence the gap vanishes;
see, e.g., ([9], Prop. 3.53). For related works for smooth semilinear PDE-constrained problems, we refer to
[2,3,7,8,27] as well as the references therein for C? coefficients, while [35] treats the case where the nonlinearities
are of class C'!, but not C?, and second-order sequentially directionally differentiable. In particular, [7] is to the
best of our knowledge the first work deriving no-gap second order conditions for optimal control of PDEs with
polyhedric constraint sets. Another approach to deal with SNC for problems governed by smooth quasilinear
elliptic equations was followed in [12, 14]. There, the non-negativity of the second-order derivatives of auxiliary
real functions at minimum points (see [14], pp. 710) was employed to derive SNC that have a minimal gap in
comparison with the corresponding SSC ([14], Rem. 5.3.1). Interestingly, an inspection shows that the problems
considered in [12, 14] fulfill the polyhedricity condition.

However, there are comparatively few contributions on SSC for optimal control problems governed by non-
smooth PDEs, and even less on SNC for such problems. In the literature, a common approach pursued in, e.g.,
[4, 18, 29] is to exploit a strong stationarity condition to obtain a second-order Taylor-type expansion of the
mapping u — J(S(u),u), where S is the control-to-state operator. In these papers, SSC are derived using an
additional sign assumption on the Lagrange multipliers in the vicinity of the contact set that ensures a so-called
"safety distance” ([5], Rem. 4.13). In contrast, here we can use that the gradient term V§ occurring in the
Taylor-type expansion (5.8) vanishes on the “active set” where the coefficient is non-differentiable (due to the
finiteness assumption on the set of non-differentiability points of a). The benefit of following this approach is
that we do not need any sign assumption on the multipliers. A related approach of deriving no-gap second
order-conditions for non-smooth problems in terms of a generalized curvature functional was introduced in
[17, 18].

Finally, we mention that a generalized version of problem (P) was studied in [20] to derive the Clarke, Bouli-
gand, and strong stationarity conditions for the case where the coefficient a is merely directionally differentiable
and locally Lipschitz continuous. In [20], we proved the equivalence of Clarke and strong stationarity conditions
when the function a is countably PC? (continuous and C! apart from countably many points). More interest-
ingly, as we will see later, under the assumption that a is finitely PC" the control-to-state operator is, indeed,
first-order continuously differentiable because of the finiteness assumption and the occurrence of the divergence
term in the linearized equation, c¢f. Theorem 3.5 below.

The paper is organized as follows. Section 2 is devoted to notation and the main assumptions of (P). In
Section 3, we provide some required properties of the state equation, where we present some results on the
existence, uniqueness, and regularity of solutions and prove first-order differentiability of the control-to-state
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operator. Section 4 is concerned with the existence of minimizers as well as first-order necessary optimality
conditions of (P). The main results of the paper, the no-gap second-order necessary and sufficient condititions,
are derived in Section 5. Finally, the paper ends with appendices showing an a priori estimate for (P) on convex
domains and verifying a central assumption on a jump functional for a one-dimensional example.

2. NOTATION AND MAIN ASSUMPTIONS

Notation. For a given point u € X and p > 0, we denote by Bx(u,p) and By (u,p) the open and closed
balls, respectively, of radius p centered at w. For Banach spaces X and Y, the notation X < Y means that X
is continuously embedded in Y, and X € Y means that X is compactly embedded in Y. For a Banach space X
with dual X*, the symbol (-,-)x= x denotes the duality pairing between X and X*. For a function f: Q — R
defined on a domain Q C RY and a subset A C R, we denote by {f € A} the set of all points x € Q for which
f(z) € A. Similarly, for functions f1, fo and subsets Aj, Ay C R, the symbol {f; € Ay, fo € Aa} denotes the
set of all points at which the values of f; and f> belonging to A; and As, respectively. For any set w C €2, the
symbol 1, stands for the indicator function of w, i.e., 1,(x) =1 if z € w and 1,(x) = 0 otherwise. Finally, C
denotes a generic positive constant, which may be different at different places of occurrence. We also write, e.g.,
C¢ for a constant depending only on the parameter .

We recall the following definition from, e.g., ([33], Chap. 4) or ([36], Def. 2.19). For an open subset O in R,
we say that a continuous function f : O — R is a PC*-function, 1 < k < oo, if for each point ¢y € O there exist
a neighborhood O, C O and a finite set of C*-functions f; : Oy, — R, i =1,2,...,m, such that

F@&) e {fi®), f2(t),..., fm(t)} forall te Oy,.

This implies in particular that f is locally Lipschitz continuous; see, e.g., ([33], Cor. 4.1.1). For a PC*-function
f:0 =R, 1<k <00, we can thus define the exceptional set

E; :={t € O] f is not differentiable at ¢},

which by Rademacher’s Theorem has Lebesgue measure zero. We shall say that a PC*-function f is finitely
(countably) PC* if the set E; is finite (countable); see e.g., [20].

Example 2.1. The functions R > ¢~ |t| € R, R 3 t — max{0,¢} € R, and R > ¢ + min{0,¢} € R are finitely
PC*.

Let f be a finitely PC'-function on R such that the set E; is given as
Ef :{tl,tg,...,tK} with —co <t <tg < -+ <tg <oocand K € N.

For convenience, set tg := —o0 and tx 41 := oo. By the decomposition theorem for piecewise smooth functions
([21], Prop. 2D.7), f can then be expressed as

K
FO) = L, () fit) forallt R, (2.1)
=0

where f;, 0 < i < K, are C'*-functions on R such that
fi—l(ti) = fl(tl) for all 1 S 1 S K. (2.2)
Here and in what follows, we use the convention (¢, +o0] := (¢,00). For any i € {1,2,..., K}, we set

i = |fi1(t) = filt:)]- (2.3)
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Minding (2.1), this term measures the jump of the derivative of f in the singular point ¢; and will play an
important part in the second-order optimality conditions for (P).

It is easy to see that if f is a finitely PC'-function defined by (2.1), then it is directionally differentiable and
its directional derivative is given by

K
F&h) = {Latn) OF Oh + Lty (1) [L0,00) (B) Fla (i) B + L—oo0)(B) £ (Ei41)B] }
=0

where we use the convention Loy = Loy = 0.
Throughout the paper, we need the following assumptions.

(1) QC RN, N € {2,3}, is an open, convex, and bounded domain.
(2) The function b: Q — R is Lipschitz continuous with Lipschitz constant L, > 0 and satisfies

b(x) >b>0

for all 2 € Q and for some constant b.

(3) a: R — R is a non-negative finitely PC? and is defined by (2.1) with C? non-negative functions a;
satisfying (2.2) and numbers ¢t; € R, i € {1,2,..., K}, tp := —00, tx41 := +00.

(4) The functional G : H}(Q) — R is of class C2.

For any y € C(Q), we then define
I, := {i € N| 3z € Qsuch that y(z) € (t;, tit1]} . (2.4)

Obviously, we then have

a(y(z)) = Z Lot (w(@))ai(y(x)) for all z € Q.

i€l

Furthermore, since the a; are C? and therefore Lipschitz continuous on bounded sets, a is also Lipschitz
continuous on bounded sets (where by the assumption only finitely many selections a; can be attained).

3. CONTROL-TO-STATE OPERATOR

In this section, we shall derive the required results for the state equation

—div[(b+ a(y))Vy] =u in Q,
y=0 on 0.

3.1. Existence, uniqueness, and regularity of solutions to the state equation

We first address the existence, uniqueness, and regularity of solutions to (3.1).

Theorem 3.1 (¢f. [14], Thms. 2.4 and 2.5). Let p,q > N be arbitrary. Let Assumptions (1)-(3) hold. Then,
for any u € W=LP(Q), there exists a unique solution vy, € Wol’p(Q) to (3.1). Moreover, for any bounded set
UeW=tP(Q), a constant Cy; exists such that

||y’U4||WC}’P(Q) <Cy foralluel. (3.2)
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Moreover, if U is a bounded set in L9(QQ), then, for any u € U, there holds that v, € H*(Q) N W1>(Q) and

Yyl 52(0) + [[Yullwre @) < Cu. (3.3)

Proof. Let p > N, U be a bounded set in W~"?(2), and u € U be arbitrary. By ([14], Thm. 2.2), (3.1) has a
unique solution y,, € H}(Q) N C(Q), and there exists a constant C; iy such that

yull ) + Yullc@ < Cro forallueU. (3.4)

We now use the Kirchhoff transformation (see [37], Chap. V)

K(x,t) == b(z)t + /0 a(s) ds. (3.5)

By setting 0, (z) := K(z,y,(z)) for x € Q, (3.1) can be rewritten as follows

(3.6)

—Af, =u —div(Vby,) in Q,
0.,=0 on 0f).

Applying the maximal elliptic regularity for Poisson’s equation on the convex domain (see, e.g., [23], Cor. 1) to
(3.6) yields that

[0ull e ) < Capnllu—div(Voyu)lw-1r(0).-
This, together with (3.4) and the global Lipschitz continuity of b, gives
||9u||W(}wp(Q) <Chpy forallueU (3.7)

and for some constant Cy ;. Moreover, for any fixed = € 2, K(z,-) is monotonically increasing due to Assump-
tions (2) to (3). It then has an inverse denoted by T'(z,-). By a simple computation, we have for all 1 <i¢ < N

that
From this, (3.7), and (3.4), we derive (3.2).

It remains to prove (3.3). To this end, let U be a bounded set in L(Q2) with ¢ > N and take u € U arbitrary
but fixed. Since ¢ > N, we have the continuous embedding L4(Q) — W~129(Q2). This gives vy, € W129(Q). We
thus have the H2- and W1 >-regularity of y, as well as (3.3) according to (3.4) and Lemma A.1. O

a0,
al’i

Oy,
al‘i

oT N ai 00,
Ox; 0s Ox;

<1 ﬁl |_;’_

From now on, for each u € W~1P(Q), p > N, we denote by ¥, the unique solution to (3.1). The control-to-
state operator W~=1P(Q) > u sy, € Wol’p(Q) is denoted by S, which is uniformly bounded by Theorem 3.1.

3.2. Differentiability of the control-to-state operator

We now prove the first-order differentiability of the control-to-state operator even for the non-differentiable
coefficient a. To this end, we will employ the differentiability of the implicit mapping ([38], Thm. 2.1), which is a
generalized version of the classical implicit function theorem ([40], Chap. 4) and applies to a class of quasilinear
PDEs.

We first derive the locally Lipschitz continuity of the control-to-state mapping S.
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Lemma 3.2. Let p > N and u € W~YP(Q) be arbitrary. Let Assumptions (1)-(3) hold. Then the operator S

is locally Lipschitz continuous at u as a function from W~=1P(Q) to Wol’p(Q). Moreover, for any bounded set U
in W=LP(Q), there exists a constant Ly such that

1S (u1) — S(ug)HW&,p(Q) < Lylluy —ua|lw-10(q)  for all uy,up € U. (3.8)

Proof. 1t is enough to prove (3.8). Let u,us € U be arbitrary and set y; := S(u;) and 6;(z) := K(x,y;(x)),
i =1,2, with K defined in (3.5). Similar to (3.6), we have

—A(Gl — 92) = U1 — Uy — le[Vb(yl — yg)] in Q, (3 9)
91 - 92 =0 on 0f). '
Applying ([23], Cor. 1) to (3.9) and using the fact that ||Vb[|pq) < Ly yields
161 = O2llyy2e 0y < Capn [lur — uallw-10@) + Lollyr — y2llo@)] - (3.10)
By the definition of 6;, i = 1,2, it follows for all 2 € Q that
y1 ()
0@ = 0:(0) = W)~ el + [ Cate)ds
y2(z
From this and a straightforward computation, we derive for all 1 < m < N that
0 1 0 ob 8y2
Ty —yp) = | = (0 — O2) — ——(y1 — y2) — - =2 3.11
= 18) = e | o~ 02) — (= ) — o) — i) (.11

For almost every € Q, since K (z, -) is monotonically increasing, so is its inverse T'(x, -). This implies for almost
every = € Q) that 61 (z) > 02(x) if and only if y;(x) > y2(x). Consequently, we obtain

y1(x)
/ a(s)ds
y2(z)

From this, the continuous embedding W, ?(Q) < C(£2), and (3.10), there holds

101(z) = O2(2)| = b(x)|y1(x) = ya ()| + > blyi (z) — 2 ().

ly1 = v2llee (@) < Cap.nryp lur — uallw-10) + 1 — v2llLr@)] - (3.12)

Furthermore, as a result of Theorem 3.1 and the continuous embedding W, *(2) < C(Q), there exists a constant
Cy > 0 such that

1¥illc@): HyiHWOl"’(Q) <Cy fori=1,2 (3.13)
The combination of (3.11) with (3.10), (3.12), (3.13), and Assumptions (2) and (3) implies that

llyr — y2||W01’P(Q) < Coy [||U1 —uz|lw-1r@) + ly1 — yQHLP(Q)] .
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Combining this with Young’s inequality and the continuous embedding VVO1 P(Q) — L*(Q), there holds for all
€ > 0 that

—1 1
o = w2 lwpoay < Cow [l = wallw-rogey + g = vl T P s = wall g |
Cs,

IN

U [|u1 — s|lw-ro@) + P g1 — ol (o) + EipHyl - y2||L1(Q)]
< Cop [|u1 N I y2||W01«P(Q) + eipHyl - y2|L1(Q):| .
By choosing € = ¢(p, C2,y) > 0 small enough, we arrive at
lyr = w2l i) < Cu [llua — uzllw-100) +lly1 — g2llr )] - (3.14)
We now show that there is a constant Ly satisfying

||y1 - y2||L2p/(p—2)(Q) < LU”ul — u2||W71,p(Q) for all Uy, Ug € U, (315)

which, together with (3.14), gives the desired conclusion. Assume to the contrary that (3.15) does not hold.
Then we can find ugn), uén) € U such that

]- n n
8™ = 55 2w o2 () = Fo0

n

with 7, = Hu(ln) - Uén)”W—l,p(Q) and ygn) = S(ugn)), i = 1,2. Obviously, 1, = 0 as n — co. We now define a

scalar function a, on € and a vector-valued function b,, on € by

an(@) == bw) +a(yi" (@), bale) = Vo @)1, 00_ 0, (@) =

As a result of (3.2), a constant Cy exists such that
19 iy Iball Loy < Cor - forall e Ni=1,2. (3.16)

Setting w,, := ygn) - yén) yields

{ —div]a, Vw, + byw,] = ugn) — uén) in Q,

wy, =0 on Of).
Setting
Pn = (n) (n) ’ En 1= —wn, by == — [ug - ué )} )
Iy =y ||L2P/(P*2)(Q) Tin Mn.

we see that p, — 0 and that &, solves

{ —div[a, V&, +bpé] = hy i Q, (3.17)

& =0 on 09.
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Testing the above equation by &, and employing the Holder inequality yield

bIVEllEa () < Ml -1 @ ll€nll iz (o) + Pallzo@llgnll L2p/-2 | VEnl L2,

which, together with (3.16) and the fact that [|&,|[ g1 ) < Cl|Vénllr2(o). gives

bIVénllrz) < hnllz-1(0) + Cliballze@)I€nllL2r/@—2
< Cllhnllw-1.0Q) + Cu
=Cp, +Cy
<C+0Cy (3.18)

for n large enough. From this and the compact embedding H}(Q) € L*/(P=2)(Q), we can assume that &, — &
in H(Q) and &, — € in L2/P=2(Q) for some & € HE(Q). Moreover, there exist subsequences of {y{™} and

{b,}, denoted in the same way, such that ygn) — ys in C(Q) and b,y = b in LP(Q)N for some y, € C(Q) and
b € LP(Q)N. Therefore, we have a,, — a. in C(Q) with a,(z) := b(z) + a(y.(z)). Passing to the limit in (3.17),
we deduce from the fact that h,, — 0 in H~1(2) that ¢ fulfills

—div[a.VE+DbE =0 in Q,
&E=0 on0N.

The uniqueness of solutions, see, e.g., ([11], Thm. 2.6), implies that £ = 0, which contradicts the fact that
HfHszMp—z)(Q) = lim,, 0 ||§n||L2p/(p72)(Q) -1 i

For any y,9 € C(Q) and any 71,72 € R we define the set

QT = (g € ti+ 7t + ol (3.19)

["’1,7'2)

where ¢;,i € {0,1,..., K + 1}, are given in Assumption (3). Similar sets such as Q ;";*" are defined in the same

way. We also define the function T}, 4 : @ — R via
Ty = Lggr.y laly) —a(@) —a' () (y — 9)]- (3.20)
From now on, let us fix a number § € R such that
tig1 — Ui .
O<5§T forall 1 <i< K —1.

We need the following lemmas.

Lemma 3.3. Let Assumption (3) be satisfied. Then, for any y,9 € C(Q) with ||y — :‘)”C(ﬁ) < 4, there holds

_ i,1 0,2 i,3
Ly = Z (Ty@ + Ty,z? + Ty,@) (3.21)
icly

with Iy defined via (2.4) and

TEL = 1o [aily) — ai(®) — ai(@)(y — )],

v, 9
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T3 = Tgea [ai1(y) — ai() — af(@)y — 9)].
Ti% = 1ois [air (y) — as(9) — ab(@)(y — 9)].
Y,y
where

i1 l6—d] 0,6) ~ ((0,20) (~5,0) (~26,0)
Q5 = Qi Y (Qyu ne, 3 ) Y (Qy,i+1,i+1 n Qy>i+1,i+1) ;

652 — (Oaé) (_570] 53 P (_6a0) [Oaé)
Dy = Dy Ny Q= Q0000 Ny i
Moreover, if y, — § in Wol’p(Q) with p > N, then

1

Ty, V| Lr () — 0. 3.22
||yn_y||W01vP(Q) || Yn,Y ||L () ( )

Proof. We have

-

Ty =3 100 laly) ~ aili) ~ a4(0)y — )
=0
= [1Q<o,a> + 160 +1gcs0 } [a(y) — ai(9) — as(9)(y — 9)], (3.23)
icl 1,1 G,1,i4+1 §,i+1,i+1

g

using the fact that 10,0 =0 forall i ¢ I;. Since ||y — §l[o g, < 0, we have

g,t,1+1

58] _ o=t (0.0)

G,i,i+1 PRRES y,i,i4+10
0,6) _ (0,6) (=4,0] (0,29)
Qpii = O (Qyai V)
(=6,0)  _ (=60 (=25,0) [0,6)
Qg ivtir1 = L ivtirr N Ry 101 Yy i1 i1 ) -

Together with (3.23), these yield the claimed expression.
It remains to prove the limit (3.22). Let y,, — ¢ in W, ?(Q) and set &, := |yn — Illc@)- Then e, — 0 since

W,y P() < C(9). We therefore can assume that €, < § and |y, (z)| < M for some M > 0 and all z € Q for
n € N sufficiently large. Using (3.21), we obtain

R il o 02 o i3
1Ty, VillLoe) < D (llTyn,gVyHme) + 117,75 VillLe o) + 1T,

n
i€ly

Vil - (3.24)

From the definition of T;;l Y the dominated convergence theorem yields

1

;HTZ;l VillLry — 0 forall i€ I (3.25)

0
PR
For iHTZn’QVyHLP(Q), we have

lai—1(yn) — ai(9) — ai(§)(yn — 9)| = lai—1(yn) — ai—1(t:) + ai(ts) — ai(9) — a;(9)(Yn — 9)|
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for almost every x € Q;f g and for some constant L; depending on M. Moreover, 1,:> — 0 almost everywhere

Yn,9

in Q2. Combining this with the dominated convergence theorem yields

| . .

7325 Vill o 0 foralli € Iy, (3.26)
Similarly,

I i3 o ‘

aHTmeVyHLp(Q) — 0 foralliely. (3.27)

From (3.24)—(3.27) and the fact that e, < C|ly, — y||W01,p(Q) and that I; is finite, we obtain the limit (3.22). O

Lemma 3.4. Let y, — y in WyP(Q) with p > N. Under Assumption (3), there holds
L1y, ¢80 (Yn)Vyn — Lygr,ya' (y)Vy — 0 in LP(Q).

Proof. Since y,, — y in Wy (Q), we have y,, — y in C(Q). Also, we can assume that [y, — Ylem) < 6 for all
n € N large enough. Setting A,, := 1y, ¢p.30 (Yn)Vyn — L{yer. 10’ (y) Vy, we have

K
A=Y AD with A =1 00  aj(yn)Vyn — Looo aj(y)Vy.
=0

Yn,t,it1 Y, 4,141
It is sufficient to prove that Agf) — 01in LP(Q) for all 0 < i < K. To this end, we write AS) as

AS) = [19(0,0) — 19(0,0) ] a;(y)Vy + 19(0,0) [a;(yn) - a;(y)} Vy + 1Q(0>0) a;(yn) [Vyn - Vy] :

Yn,t,i+1 y,t,i+1 Yn,t,i+1 Yn,i,i+1

The last two terms in the right-hand side tend to 0 in LP(€2). For the first term in the right-hand side, we have

|:1Q(0’0) - 19(070) :| a;(y)vy = 1Q(U=U) m[{y:ti}u{y:tiH}]a;(y)Vy

Yn,t,i+1 y,t,i+1 Yn,t,i+1

+ 19(0,5_) iﬁQ;ﬁfio)a; (y)Vy + 19,(75’0) Q) a; (y)Vy

Yn,t, Yn,i+1,i+1 y,i+1,i+1

- 19(75’0]“95?2‘?3 a;(y)Vy — 1%0,@ nat-s0 @i (y)Vy.

Yn i, nai+l,i4+1 yyit1,i41

In the above expression, the first term in the right-hand side vanishes almost everywhere since Vy(x) = 0 for
almost every « € {y =t;} U{y = tiy1} (see, e.g., [16], Rem. 2.6 and [1], Prop. 5.8.2), and the other terms tend
to zero in LP(§2) according to the dominated convergence theorem. Thus,

[1Q<o,o> —1.00 [a(y)Vy—0  in LP(Q)

Yn,t,i+1 y,t,i+1

and hence A% — 0 in Lr(Q). O

As seen in the proof of Lemma 3.4, the fact that for y € W1P(Q), p > 1, the gradient Vy vanishes almost
everywhere on {y € E,}, plays an important role. Furthermore, this fact also guarantees that

la(y + 2) — a(y) — a'(y; 2)]Vy = Ty4-,Vy
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fory,z € I/VO1 P(Q), which will be crucial for proving continuous differentiability of the control-to-state mapping
S. We will also use this to show a key limit in Lemma 5.8 (iii) below. We point out that do not need to assume
that the set {y € E,} has small or even zero Lebesgue measure.

Theorem 3.5. Under Assumptions (1)-(3), the control-to-state operator S : W=12(Q) — W, P(Q), p > N, is
Fréchet differentiable. Moreover, for any u,v € W~1P(Q), 2, := S’ (u)v satisfies

(3.28)

—div[(b + a(yu))Vzy + 1{yu¢Ea}a/(yu)Zva/u] =v inQ,
zy, =0 on 09,

with y, := S(u). Furthermore, the mapping W—"P(Q) 3 u — 8'(u) € Wy () is continuous.

Proof. Step 1: existence of S’. We shall apply the differentiability of the implicit mapping ([38], Thm. 2.1).
Consider the mapping F : Wy () x W~12(Q) — W~1P(Q) defined by

F(y,u) := —div[(b+ a(y))Vy] — u.

We first show that F' has a partial derivative in y given by

oF

a—y(y, u)z = —div [(b +a(y)Vz+ 1{y¢Ea}a'(y)sz]

for all y,z € VVO1 P(Q) and u € W=1P(Q). To this end, let z, be an arbitrary sequence converging to zero in

WyP(€) and let ¢ be arbitrary in Wy* (Q), p' := p/(p — 1), with H<p||W1,p/(Q) < 1. Setting y,, 1=y + 2z, we
0

then have

<F(yn7u> - F(y,u) - %(%U)ZMSD

’

>W1vp<n>,W&*" (®)

_ / b+ () Vaim — (b + a(9)Vy —(b -+ a(y))Van — ' (y; 2) V3] - Voo da

- /Q (@) — a(y))V2n + (a(yn) — aly) — ' (y; 20)) Vo] - Vo dz

< [(a(yn) — a(y))Vzn + (alyn) — aly) — a’(y; 2n)) VyllLr(o)
< la(yn) — a)l L@ IVznllLe) + | (alyn) — aly) — a' (y; 2n)) VYl Lo (o)
= [la(yn) — a(¥) L) IVznllLe) + 1Ty, o VYllLr)-

Setting &, = Hzn||W01,p(Q), we obtain

1 oF 1

1 (s ) = Py, w) = o wznllw =19y < llalyn) = al@)lle o) + =Ty Villie)-

||Zn||w(}»P(Q) En

Obviously, ||a(yn) — a(y)| =) — 0. Combining this with (3.22) yields the partial differentiability of F" in y.
We now prove that %—g(yu, u), Yy := S(u), is an isomorphism as a mapping from Wol"p(Q) to W=LP(Q). From

this, the Lipschitz continuity of S (see Lem. 3.2), and ([38], Thm. 2.1), we then deduce the existence of Fréchet

derivative at u of S as well as (3.28). It is enough to prove for any v € W~1P(Q) that there exists a unique
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z, € Wy’ () such that

oF
aiy(yuvu)zv =v (3.29)
and
leullwa @ < Calllw—r(0y. (3.30)

Setting a,(z) := b(x) + a(yu(x)) and cy(z) := 1{y, ¢r.}(x)a' (yu(2))Vyu(z) for almost every x € €, we have
that a, is continuous and there hold

b<au(r) <Cu lleullrr) £ Cy forae zeQ. (3.31)

The equation (3.29) can thus be written as

—div[a,Vz, + cuzy] =v  in Q,
(3.32)

zy =0 on 0N.

Due to ([11], Thm. 2.6), (3.32) (and thus (3.29)) has a unique solution z, € H}(Q) — L?*/®P=2)(Q). Similar to
(3.15) and (3.18), there hold that

20l L20/0-2 () < Crullvllw-10(0) (3.33)
and
blIVzyllr2ie) < Cru [llvllw-1p@) + 20l L2r/ -2 ()]
for some constant C ,, independent of v. It then follows that
[Vzullzz@) < Coullvllw-10(0)- (3.34)

Moreover, by using the chain rule and the product formula ([24], Chap. 7) as well as Assumption (3), we can
rewrite (3.32) as

—A%, =v—div[z,Vb] in Q,
(3.35)
zy, =0 on 01,
with 2, := (b + a(yu))2». We now show that
120l (@) < Capllvlw-1r@)- (3.36)

To this end, we first consider the case p > 6. We then have v € W=1P(Q) — W~16(Q). Besides, we
have z, € H}(Q) — L%(Q) and thus z,Vb € LS(Q)N. It follows that the right-hand side of (3.35) belongs
to W~15(Q). Applying the Stampacchia Theorem ([16], Thm. 12.4) and using the continuous embedding
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W=LP(Q) — W~16(Q), we can conclude that

1Zoll Lo @) < Ca [[[o]lw-16() + 20V s ()]
< Cap [[0lw-1o00) + Vbl oy 2]l 13 o0 |
< Capllvllw-1r (),
where we have used (3.34) to obtain the last estimate. For the case N < p < 6, we see that the right-hand
side of (3.35) belongs to W—17(2). Using the Stampacchia Theorem again and exploiting the embedding
HY(Q) — L5(Q) — LP(Q) and (3.34) yield

120l (@) < Cap [HUHW—LP(Q) + ||Zvvb||Lp(Q)}
< Cayp [[[vllw-10(0) + 1120 V0| Lo ()]

< Capllvllw-1r0)-

‘We now consider two cases:

Case 1: N = 2. Since the embedding H{(2) < LP(Q2) is continuous, we have v — div[z,Vb] € W~1P(Q).
Applying ([23], Cor. 1) to (3.35) and exploiting (3.34) yields that 2, € W, ?(Q) and that

1Zollwi» (@) < CapNullllw-1r@)-

From this, the definition of 2,, and (3.36), we derive z, € W, *(Q2) and (3.30).

Case 2: N = 3. In this case, we have HJ(Q) < L%(Q). If p < 6, we then have the desired conclusion using a
similar argument as in the first case. If p > 6, then v — div[z,Vb] € W~16(Q). Similar to the first case,
z, € Wy%(Q) and ||ZUHW01,6(Q) < Cullv|lw-1.p(q)- Finally, by using the continuous embedding W, %(Q) —
LP(Q) and a bootstrapping argument, we arrive at the desired conclusion.

Step 2. continuity of S’. Taking any v, u,,ug € W~1P(Q) such that [[v||y-1s0) < 1 as well as s, := |lu, —
ug|lw-1.0() — 0 as n — oo and setting 2y, := S (un)v, 2, := S'(up)v, we see that z,, and z, satisfy

—div[(b+ a(y0))V(Zun — 20) + Liyo¢E. 10" (¥0) VYo (2on — 20)] = div gen  in Q,
Zon — 2o =0 on 012,

with yo := S(uo), yn := S(uy), and
gon = [Vzun(a(yn) — a(y0)) + (Liy.¢E.19 Un)Vn — Liyegr.1a (10) Vo) Zon] -
Similar to (3.30), a constant Cy := C1,, exists such that
1Zon = 2ol 2 () < CillgonllLr@)- (3.37)

Furthermore, the local Lipschitz continuity of S (Lem. 3.2) implies that there is a constant Cy = Ca(ug) such
that

sznHW&,p(Q), sz||WO1,p(Q) < Col|vllw-1p() < Co forallm € N.
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This implies that

lgonllze(e) < Calla(yn) — ayo)llL= (o) + lzvnl Lo @) [ AnllLr (o)
< Cy (llalyn) — a(yo)ll =) + CllAnllLr()) (3.38)

where we have used the continuous embedding WO1 P(Q) — L>() to obtain the last inequality with a constant
C independent of v and n. Here

An = 1{yn¢Eu}a’(yn)Vyn — 1{yO¢Eu}a'(y0)Vy0

does not depend on v. Combining (3.37) with (3.38) yields
15" (un) — SI(UO)||L(W—1,p(9)7wol‘l’(g)) <Cs [H@(?Jn) —a(yo)llL=() + HAnHLP(Q)} .
Obviously, the first term in the right-hand side converges to zero since y,, — 3o in C(Q2). In addition, as a result
of Lemma 3.4, the second term tends to zero. O
We end this section with a direct consequence of the differentiability of S.
Corollary 3.6. Let u and h be arbitrary in L*(Q) and let {s,} C (0,00) and {h,} C L*(Q2) be such that
sp — 0% and h,, — h in L?(Q). Then, for any p € (N, 6), there holds

S(u+ sphp) — S(u)

Sn

— S'(w)h in Wy (Q) < C(Q).
Proof. We write

"+ 8" (u)(hy — h).

S(u+ snhy) = S(u) S (u)h = S(u+ sphy) — S(u) — 5,5 (u)h

Sn Sn

From this, Theorem 3.5, and the compact embedding L?*(2) € W~"?(Q) and the continuous embedding
WP (€2) < C(Q), we derive the desired conclusion. O

Remark 3.7. All results in this and the following sections can be extended to the case where an additional
semilinear term f(z,y(x)) is present if f is a Carathéodory function and for almost every = € Q, the mapping
2 +— f(z,2) is monotone and of class C? as in, e.g., [14]. However, in order to avoid additional technicalities, we
have restricted the discussion to the case (3.1). Similarly, in assumption (1), the convexity of Q@ was only used
to establish the H?- and W1 *-regularity of solutions of elliptic equations. The results therefore remain valid
for other domains guaranteeing that regularity, e.g., if Q is of class C1:!.

4. EXISTENCE AND FIRST-ORDER OPTIMALITY CONDITIONS

The optimal control problem (P) can be rewritten in the form

L v

Jmin i) = J(S(u),w) = G(S() + 5l o
st u € Uy,

where the admissible set is defined by

Upg :={u € L™®(Q) |a(z) < u(z) < f(x) for a.e. x € Q}. (4.1)
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The existence of a minimizer @ € U,q of (P) follows as in ([14], Thm. 3.1).
To derive first-order necessary optimality conditions, we first address the existence, uniqueness, and regularity
of solutions to the adjoint state equation

(4.2)

—div[(b+ a(yu)) Vo] + 11y ¢p.10 (Yu) Vi - Vo =v  in Q,
=0 on 09,

forue W=LP(Q), p> N, ve H-YQ), and y, := S(u).
Lemma 4.1. Let Assumptions (1)-(3) hold and p > N. Then, for any u € W=1P(Q) and v € H=1(Q), there

exists a unique @ € HZ () solving (4.2). If, in addition, U is a bounded subset in LP(S2), then for any u € U
and v € L9(Q) with ¢ > N, there exists a constant Cyy such that ¢ € H*(Q) N WH(Q) satisfies

el m2 ) + lellwie ) < Cullv|lLaq)- (4.3)

Proof. For any u € W~1?(Q), we define a function a,, and a vector-valued function ¢, given by
ay :=b+ alyy), Cu = 1y, ¢p.1 0 (Yu) Viju.
By Theorem 3.1, we have y,, € W, *(Q) and thus a,, € W'?(Q) and ,, € L?(Q)". Consider the operator
T,:H}(Q) — H Q) o= Ty = —div[a, Vo] + ¢, - Vo
Then T, is an isomorphism (cf. [11], Thm. 2.6). Therefore, for any v € H~1(£2), there exists a unique solution
© € H} () to (4.2) such that T, = v.
It remains to show the W1 >-regularity of ¢ and the estimate (4.3). Let U be a bounded subset in LP(Q)

and u € U, v € L9(f2) be arbitrary. Then y, € W1°°(Q) by Theorem 3.1. It follows that c,, € L>(Q)" and a,
is uniformly Lipschitz continuous. In addition, ¢ € H} () satisfies

—divja,Vy] =v —c, - Vo € L*(Q),

which together with the H?-regularity of solutions (see, e.g., [25], Thm. 3.2.1.2) gives ¢ € H?(2). Therefore,
© € H} () N H?(Q) is the strong solution to

1
—Ap=—1[v—c.-Vo+Va, Vy| in Q.

Ay

By virtue of the chain rule (see, e.g., [24], Thm. 7.8), one has Va, = Vb + c,. We then have that ¢ € HJ(2) N
H?(Q) satisfies

1
—Ago:f::a—[v—&—Vb-Vgo] in (4.4)
u
and there holds
1
18¢l2) < 7 [lellz2@) + Lollll o) -
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On the other hand, using a similar argument as in (3.34) and employing the continuous embedding L9(2) <
W=14(Q), we can show that

el ) < Crullvlw-1a@) < CoullvllLaq).

We thus have

lellaz@) < CaullvllLae)- (4.5)

Setting G := min{g, 6} > N and using the continuous embedding H?(Q2) < W1¢(Q) — W14(Q) thus gives

1flla) < Caullvlneq)-

From this, Assumption (1), and the global boundedness of the gradient of solutions to Poisson’s equation (see,
e.g. [19], Thm. 3.1, Rem. 3, [30, 39]), we can conclude that ¢ € W°°(Q) and that

VoL@ < Csullfllizi) < Cs,uCaullvlpaq),
which, along with (4.5), gives (4.3). O

From the chain rule, Lemma 4.1, and an elementary calculus, we derive the following result.

Theorem 4.2. Let Assumptions (1)-(4) hold. Then the reduced cost functional j : L?(Q) — R is of class C'.
Moreover, for any u,h € L*(R), there holds

j'(u)h = /Q (pu + vu) hdz,

where @, € H(Q) solves (4.2) corresponding to the right-hand side term v = G'(y,) and y, solves (3.1).

We now arrive at first-order necessary optimality condition for the problem (P). Since the reduced functional
is Fréchet differentiable by Theorem 4.2, the proof of the following result, based on the variational inequality
(@) (uw—a@) >0 for all u € Uy,gq, is standard and therefore omitted.

Theorem 4.3. Let Assumptions (1)-(4) hold. If @ is a local minimizer of (P), then there exists an adjoint
state p € HY(Q) such that

{ = div[(b+a(9)) Vel + Liggr, ) (9)V5- Vo = G'(5) in (460)

p=0 on 09,

/ (p+va)(u—1u)dz >0 for all u € Uy (4.6Db)
Q

with g := S(u).

Remark 4.4. If the discrepancy term G is an integral functional of the form

Gly) = /Q oz, y(x)) dx
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where g : 2 x R — R is a Carathéodory function of class C! with respect to the second variable such that
Assumption (4) holds, then we obtain from Theorem 4.3 and ([34], Lem. 2.26) the Pontryagin maximum principle

g(z,y(2)) + 4u(z)? + ¢(x)u(z) = min {9(z,y(x)) + Ls* + p(2)s | s € [a(z),B(x)]} forae zeQ

due to the convexity of the mapping v — J(y,w); ¢f. ([14], Thm. 4.1).

5. SECOND-ORDER OPTIMALITY CONDITIONS

Our goal is now to derive second-order necessary and sufficient conditions in terms of a non-smooth curvature
functional characterizing the (generalized) curvature of the reduced functional j in critical directions. A similar
approach was followed in [17, 18]. We will introduce the necessary technical notation in Section 5.1, prove
preliminary estimates in Section 5.2, and finally derive the desired second-order conditions in Section 5.3.

5.1. Non-smooth curvature functional

Intuitively, differentiating (P) (formally) and applying the sum and product rules, we see that the total
curvature of j can be separated into three contributions: a smooth part involving only a and its derivatives in
smooth points; a first-order non-smooth part involving only first (directional) derivatives of a; and a second-order
non-smooth part relating to second generalized derivatives of a.

Correspondingly, we define the following three partial curvature functionals at a point (u,y,¢) € L?(Q) x
H(Q) x WHe°(Q). First, the smooth part of the curvature in directions (hy,hy) € L?(£2)? is given by

1
Qu(u 3. i, ha) =3 G () (S WIS (wha) + 5 [ huhada
Q

1
=3 [ L (S @) (S ()ha)Vy - Vioda, (5.1)
which is a bilinear form in (hq, ho).

The first-order non-smooth part of the curvature is given by

Q1(u, y, ;5 hi, hy) = —%/Q[a’(y;S’(U)h1)V(S’(U)h2) +a'(y; S"(w)ha) V(S (u)h1)] - Vo da.

Although Q1 (u,y,;-,-) is not bilinear, it is positively homogeneous in each variable due to the positive
homogeneity of the function a’(y(z);-) for all z € Q, i.e.,

Q1(u,y, @3 T1h1, Tohe) = T172Q1(u, y, 03 ha, he)  for all hy, ho € L*(Q), 71,72 > 0.

If a is a C? function, Qs + Q1 corresponds to the second derivative j”(u)(h1, ha) of the reduced functional; in
this case our second-order conditions reduce to the results obtained in [14].

The critical part for our analysis is of course the second-order non-smooth part, which requires some additional
notation. For any 0 <i < K, s € R, and h € L%(2), we define

Gi(w, y; s, h) = [ai_y (t;) — aj(t:)] 12 (ti = S(u+ sh)) +lai 1 (tir1) — ag(ti1)]1ges (tivr — S(u+sh)),

S(utsh),y S(utsh),y

with ¢; as defined in Assumption (3) and the sets QZQ, QZS as defined in Lemma 3.3. Here we use the convention
a_1 =ag+1 =0, ap(te) = ap(—o0) =0, and ay (tx+1) = @’ (00) = 0. We then define for positive null sequences
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{sn} € cf == {{sn} C(0,00) | 8, = 0}, h € L*(Q), and {h,} C L*(Q),

K

Ay {sn}, {hn}) ==Y Gi(t, 55 50, ) (5:2)
1=0
as well as
~ !
Q(u,y, @3 {sn}, h) := lim inf =z /Q An(u,y; {sn}, {R})Vy - Vpdz, (5.3)

where {h} denotes the constant sequence h,, = h. (These terms will all be of independent use in the following.)
The second-order non-smooth part of the curvature in direction h € L?(Q) is then given by

Q2(u,y, p; h) = inf {Q(u, Yspi{snt h) | {sn} € CF{} : (5.4)

Crucially, Q)5 is positively homogeneous of degree 2 in h.

Lemma 5.1. Let u,h € L*(Q), y € H'(Q), and ¢ € Wh>(Q). If Qa2(u,y, p; h) < o0, then

Q2(u, y, p;th) = t2Qa(u,y, p3h)  for all t > 0.

Proof. We first observe that

Gi(u, ys snsth) = Gi(u, ystsn, h)  and  Ap(u,y; {sn}, {th}) = An(u,y; {ts,},{h})

hold for all 0 < i < K, n > 1 and for all u,h € L?(Q), y € H (), {s,} € ¢f, and t > 0. By the definition of Q,
we have

Q(u,y, ¢; {sn},th) = 2Q(u,y, ¢; {tsn}, h)

for all u,h € L%(Q), y € HY(Q), p € WL2(Q), {s,} € ¢, and t > 0. It follows that

QQ(U7 Y, ¥ th) = inf {Q(ua Y, ¥ {Sn}’ th’) ‘ {Sn} € C(-)i_}
= inf {£2Q(u,y, s {tsn}, 1) | {0} € c }
= t?inf {Q(u,y, oi{rn}, h) | {rn} € car} (by setting 7y, := ts,)

= t2Q2(uay7¢; h) O

Note also that ;(u,y;s,h) = 0 and therefore Qa(u,y,p;h) = 0 if the functions a; have the property that
al_,(t;) = di(t;) for all 1 <i < K, i.e., if the derivative o’ is finitely PC'. We also remark that Q9 is related
to the term o(h) used to bound the second derivative of the Lagrangian in Chapter 3 of [9] and which there
characterized the gap between necessary and sufficient second-order conditions.

Finally, to account for the control constraints, we recall the following basic notation standard in the study
of second-order conditions; see, e.g., [2, 9]. Let K be a closed subset in L?*(2) and let z € K be arbitrary. The

radial, contingent tangent, and normal cones to K at z are defined, respectively, as

R(K;z):={ve L*(Q) ]35> 0s.t. 24 sv € K forall s € [0,5]},
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T(K;z):= {11 IS LQ(Q) | 3s,, = 0", v, = v in LQ(Q) s.t. 2+ spv, € K for all n € N},

N(K;z) = {w € L*(Q) ’ /Qw(x) (v(z) — z(x)) dz <0 for all v € T(K;z)} .

It is well-known that when K is convex, we have
T(K;z) = cla [R(K; 2)]

where cly(U) stands for the closure of a set U in L?(2). For any w € L?(2), we denote the annihilator of w by

/Qw(a:)h(x) dz = 0} .

Furthermore, we say that the set K is polyhedric at z € K if for any w € N(K; z), there holds

wt = {h € L*(Q)

cly [R(K;2) N (wj‘)} = T(K;2) N (wh).
We say that K is polyhedric if it is polyhedric at each point z € K.
In the following, we will consider the admissible set U,q, defined in (4.1), as a subset in L?(Q) rather than a

subset in L (). In this case, Uyq is polyhedric, see ([2], Lem. 4.13).
Furthermore, for a given triple (@, g, @) with @ € U,q satisfying the system (4.6), set

d:= @+ vi. (5.5)
Obviously, —d € N (Uyq, ) by (4.6b). The critical cone of the problem (P) at @ is then defined via
CUaa; @) = {h € L*(Q) | h € T(Uaa; @) N (d4)} . (5.6)

By ([2], Lem. 4.11), the tangent cone T (U,q;@) and the critical cone C(U,q;u) can, respectively, be
characterized pointwise as

T Uyg; 1) = {U € L*(Q)

and
CUga;u) ;=< h e L*(Q) |h(z){ <0 if a(z) = B(z) ae. x €Qp. (5.7)

5.2. Preliminary estimates

Throughout this section, let (u, 7, ) be a point that satisfies the system (4.6) and d be given by (5.5). We
start this section with a second-order Taylor-type expansion.
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Lemma 5.2. For any u € L?(Q2) and y,, := S(u), there holds

) =30 = [ (=96 G+ sl = D)~ 9P ds+ Gl + [ dlu—7)da
- [ fa() = @) V- (V9 = V) do = [ [alon) = al5) = Liger, 10/ (5) 0 — )] V- Vird.
(5.8)

Proof. Since j is Fréchet differentiable by Theorem 4.2 and G is C? by Assumption (4), we can use a Taylor
expansion to write

§w) = (@) = Glya) = G@) + 5 ([ullFaa) — Il

=@ D)+ [ w-Dadet [ (1= 06 G+ s~ D)o~ D s+ Ju =l

Q

- / (b4 a(@)Ve - (Vyu — V) + Liggnd @)V - V(yu — 7) da — / p(u— ) dz
Q Q

1
— _ _ _ _ 1% _
+ / d(u — u)dz + / (1= 8)G" (5 + 5(yu — 7)) (yu — §)* ds + Sllu = 720y,
Q 0
B (5.9)
where we have employed (4.6a) and the definition of d to obtain the last equality. Testing the state equations
corresponding to y,, and § by ¢ and then subtracting yields

/ plu— ) dz = / (6 + () (Vi — V) + (a(y) — a(5)) V3] - Vi da.
Q Q

Inserting this equality into (5.9), we arrive at the desired conclusion. O

A crucial step of our analysis will be to bound Q2 (@, 7, ¢; h) purely in terms of the jumps of the derivatives
of a in the optimal state 3. To do this, we define the jump functional ¥ : WH1(Q) — [0, oo] via

N K
) 1
Y(y) := limsup - Z Z%‘/ﬂ [1{0<|y—ti\gr} \@cmy” dz

r=0t =1
1 N
= limsup — Z O'i/ [1{\y7ti|§r} |8wmy|] dz, (5.10)
r—ot T = T Q
i€l

where the (non-negative) {o;}1<;<k are as defined in (2.3) and
If={ie{l,...,K} | min, g y(z) < t; < max, gy(z)}.

(Note that in contrast to I, defined in (2.4), we exclude the largest value of i for which #; < min_ g y(z) but
include the largest value of 4 for which ¢; = max g y(x).)

Clearly, if @’ is finitely PC?, then ¥(y) = 0. On the other hand, if a’ has points of discontinuity, then,
intuitively, X(y) measures the oscillation of y € W11(Q2) around these discontinuities (which maybe unbounded
even if there are only finitely many such points). This is illustrated by the following one-dimensional example,
whose derivation by straight-forward calculation is given in Appendix B.
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Example 5.3. Let Q := (ag, ) C R be bounded and let y :  — R be a Lipschitz continuous function that is
piecewise monotone (increasing or decreasing). Assume that a satisfies Assumption (3) such that ming<;<x oy >
0 and that

vy (Ba) == {x € [ao, Bo] | y(2) € Ea} = |, 7]
jeJ

for some z;,T; C [, Bol, j € J, with [z, %;] N [z, Zx] = 0 for all j,k € J, j # k. Then, the following assertions
hold:

(i) if card(J) < oo, then (card(J) — 1) minj<;<x 0; < X(y) < 2card(J) maxi<i<x 0;
(ii) if card(J) = oo, then X(y) = oo;

where card(J) stands for the cardinality of set J. In particular, ¥(y) is finite if and only if the index set J is
finite.

Note that if z; < 7, then [z;,7;] C {y € E,}, which therefore has positive Lebesgue measure. This demon-
strates that the assumption X(y) < oo, which will be crucial throughout the following, does not imply that
{y € E,} has measure zero.

We now prove some technical results on ¥ and )2 that will be needed in the following Section 5.3. To
keep the notation concise, from now on we will simply write (;(s,h) := (@, 7;s,h) and A,({sn}, {hn}) :=

An(ﬂa g; {Sn}’ {hn})

Lemma 5.4. Let {s,} € c¢{ be arbitrary and let {h,},{v,} C L*(Q) be such that h, — h and v, — h in L*()
for some h € L*(Q). If () < 0o and ¢ € WH>°(Q), then

lim + / An({5n} {n}) — An({50), (20))] VG - Vg = 0.

Proof. Setting y,, :== S(u + sphy), w, := S(4 + s,v,) and exploiting the definition (5.2) yields

An({sn}:{hn}) = An({sn}. {vn}) = S {lai1(t:) — ai(t)] My + [aiy1 (tig1) — a(tivr)] Lo} (5.11)
=0
with
Mpii=1giz (ti—yn) = Lgiz (ti—wn), Lni:=1gis (tix1 —yn) = Lois (fig1 —wp).
Setting 1y, := [|yn — WL~ (o) and Ky = max{|lyn — Jllz=(0), |wn — Fllr=(@)} gives
kn < Csy, and Z—n —0 (5.12)

for some positive constant C' due to the differentiability of S and Corollary 3.6, respectively. We can thus assume
that 0 < Ky, r, < d for all n € N large enough. Writing

Mn,i = —lQi,2 ,(yn - wn) - (1QL2 - lQi,Q ) (wn - ti)

Yn,Y Yn, Y wn Y
and using the fact that

Q02 =G € (tisti +0),yn € (8 — 0,8,]} C{O< G —ti < Kn},
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we derive

)(wn —t;)].

‘Mn,i‘ < 1{0<:’?7ti§/{n}rn + ‘(197,2 - 1Qi,2

Yn, Y wn Y

On the other hand, by a simple calculation, it holds that

) (wy, —t;)

‘(19 — 1o = Lgetiro) [Hune-suy = Lwae@w—suy| lwn = til

Yn Y wn, Y
= Ligetti40)} | Lyneti—stidionetititral} — Lwne(ti—stdymetertitral}| [0n — til
< lio<g—ti<rn}Tn-

Here we have exploited the facts that
{7 € (titi +96),yn € (t; — 6, ]} ULy € (tiyti +0),wn € (t; —6,8]} C{O<y—t; < Kn}
and |w, — t;| < |w, — yn| < r, almost everywhere on {w,, € (t; — 6,t;], yn € (ti,t; + o]} We therefore have
| My il <270 Li0cg—ti<nn} (5.13)
Similarly, there holds that
| Lyl < 2rndioct,y—g<nn}- (5.14)

Inserting (5.13) and (5.14) into (5.11) and exploiting the obtained result as well as (2.3) yields

= [ 1A} ) = A} )] V5 V]
n JQ

K
2r _ _
< /Q Y [0iltocg—ti<na) + Tit1lioct—g<na}] IV - V| da
n =0
_ 2rpkp

K
1 — —
s /Q > oiliocig-tii<nay VG- V| da.
" i=1

2
Sn

Here we have used the fact that liocy_t<n,} = Lfo<tgii—g<r,} = 0. Letting n — oo and using the
definition (5.10), we arrive at

.1 o _ i 2Tpkn
tin, = [ [An(sn} {hn}) = Au(fsn}. 101 V- Tl do < 9]0 5(0) Jin 227,
n—oo 87 Jo n—o0 sz
which, together with (5.12), completes the proof. O

Combining this with (5.3) and (5.4), we obtain the following estimate.
Corollary 5.5. If () < oo and ¢ € WH>(Q), then for any {s,} € c§ and any h,, — h in L*(Q),

n—oo 8§

We can use this result to show weak lower semi-continuity of Qs.
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Proposition 5.6. If () < co and ¢ € W1>(Q), then for any h,, — h in L*(2),

n—oo

Proof. Let {h,} C L?(2) be arbitrary such that h,, — h in L?*(). Fixing n € N and using the definition (5.4)
shows that there exists a sequence {5§(hn)}j7keN € cf such that

s8(h,) = 0" as j 00 forall k€N (5.15)

J

and
Qa2(w, 4, ¢ hn) = lim Q(a, 7, ;{55 (hn)}jen, hn).

There thus exists a k,, > n satisfying

o ~ 1
QZ(ua Y, hn) - Q(U, Y, P, {sfn (hn)}jEN7 hn) > _E' (516)
The limit in (5.15) leads to the existence of a j, € N such that
bn(hy) < = forall j > j
0 <s;"(hn) < — forallj > . (5.17)

Furthermore, from (5.3) and (5.2), a subsequence {sf:’(hn)}qu of {s?"(hn)}jeN exists satisfying

Q(, 7, &; {5 (hn) }jere, hn) = hm /Z@ sk (hn), hn) VG - Vg daz.

Then there is a ¢, € N satisfying j,, > jn and

K
~ 1 1
51 a1 (A kn - =
Q(u7y7§0a {Sj (hn)}jEthn) - @L/Q;Q(T"’hn)vvadx > *% (518)
with r,, = ( .). By (5.17), we have 7, — 0% as n — 0o and so {ry }nen € ¢ . On the other hand, adding

(5.16) and ( 8) yields that

K
_ 1 o 2
QZ(U7y, @5 hn) - E /Q ; Ci(TTM hn)vy : th dz > —ﬁ.
Taking the limit inferior then shows that
lim inf Q2 (@, g, @; hy) > hmmf—/ ZQ Ty hn) VG - Vo dz
n—roo n—o00 7“

—hmmf—/A {rn}, {hn}) VG- Voda,

n—soo 12
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where we have used the definition (5.2) to obtain the last identity. Together with Corollary 5.5, this yields the
claim. O

Lemma 5.7. Assume that () < oo and ¢ € Wh>(Q), then for any h € L*(),
|Q2(a, 5,85 1) < SVl o= (@IS (@h]|7 o).
Proof. Tt suffices to show for any {s,} € ¢j that
Q(@,,¢: {sn}, )| < @)V o= () 18" (@D (). (5.19)

To this end, we first set y,, := S(# + s,h) and take p € (IN,6) arbitrary. By the fact that s, — 0% and L?(Q2) €
W=bP(Q), we have @+ s,h — @ in W~1?(Q) and thus y, — 7 in Wy (Q). From this and the embedding
WP () < C(Q), it holds that

K o= [y — g”C(ﬁ) — 0.

We can thus assume that x,, < ¢ for all n € N large enough. Moreover, from (5.2), there holds

K
An({sn}a {h}) = Z Sna Z Cz Sny h (520)
1=0 icly

We see from (2.3) and the definition of (;(s,,h), Q%2 . and Ql - 5 that

Yn Y

Z |Ci(s"’ h)| < Z [1{ge(tiati+6)1yne(ti_57ti]}0i + 1{Q€(ti+1—57ti+1)7yn€[ti+17ti+1+5)}0i+1] |y" - 37|
7:61@ ieIg

<> [1{o<yftisnynfync@}ai + 1{o<tmfysuymyuc@}Um] Y = Fllc
icly
K
= Z 1{0<\g—ti|§nn}‘7i||yn - ﬂ”c(ﬁy
i=1
Consequently, it holds that
Hyn - y”c Q) NoK 1
*/ S [Gi(sn, W)VE - Vil de < [Vl o) — 52 Zai;/ L{o<ig—ti<nn} [0, 7] da.

i€ly m=1 i=1 Q

Passing to the limit, employing Corollary 3.6, and using (5.10) then yields that

i sup / S G (50s )VE - V3l do < [ V@] e o) 1S (@] ey EE)-

icly

The combination of this with (5.20) gives (5.19) and thus the claim. O

The following is the main result of this subsection.
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Proposition 5.8. Let Assumptions (1)-(4) hold. Assume further that G'(y) € LP(Q) for some p > N. Let
p € (N,6) be arbitrary and let {s,} € cg and {h,} C L*(Q) be arbitrary such that h, — h in L*(Q) for some
h € L%(2). Then the following limits hold:

(i) = e fo G" y—|— $(Yn — 7)) — §)* ds = 3G" () (S (@)h)? with yn := S(@ + spha);
(i) 3 o lalun) — a(@)] Y+ (Voo — Vi) dz = fo ' (5: S/ (@)h) V- V(S (@)h) da;
(i41) zf, in addztwn Z( ) < 00, then

Hoi= [ olon) - ald) - Ly d @)on - 9IVP- Vs, neN,
satisfy

1 1 ~
limsup -5 Hn = 5 /Q Lpgrad (@S (@h)*Ve - Vide — Q(a, g, ¢ {sn}, h).

n—oo

Proof. (i): By Corollary 3.6, we have

=Y L g@h i W) (5.21)

Sn

This and the dominated convergence theorem give assertion (i).
(ii): According to Lemma 4.1 and the fact that G'(y) € LP(Q2) and u € L*°(Q), the adjoint state @ belongs
to Wh°°(Q). Moreover, from (5.21) we have that

iV(yn — ) = VS (a)h in LP(Q)N and i(yn —7) = S (a)h in C(Q).

Sn Sn

Finally, for all z € €, it holds that X [a(y,(z)) — a(¥(z))] — & (§(z); (S'(@)h)(z)); see, e.g., ([20], Lem. 3.5).
Therefore, we obtain (ii) from the dominated convergence theorem.

(iii): According to Lemma 3.2 and the continuous embedding W, **(€2) < C(Q), we obtain y,, — 7 in C(Q),
and we can thus assume that ||y, — l|o(g) < 0 for all n € N large enough. Since Vj vanishes almost everywhere
on {g € E,} ([16], Rem. 2.6) and there exists a constant M > 0 such that max{|y,(x)|,|7(z)|} < M for all
z € Q, we can write

1, = [ Ligerlolw,) — @) ~ @ () ~ 7]V Vida

/ Vo Vyde = Z/ 2T | Ve Vida, (5.22)

icly

where T, ; and T/ . j = 1,2,3, are defined in (3.20) and Lemma 3.3.

Yn, Yo
We now estimate Tw for i € Iy and j = 1,2, 3. Let us fix ¢ € I and consider TZ 1 . We have

Tyls =gt + 9% + i (5.23)
with

gil’l = 1Q[a,—6] [az(yn) - al(g) - a;(g)(yn - y)} )

PREES
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93{ = 1Q<o 19) 10 (0:26) [ai(yn) — ai(7) — a;(@)(yn -9,

Y,i,1 Ym 1ty

g3 = locs0 o200 [ai(yn) — ai() — a;(7)(yn — 7)] -

goit 11! Boy i1 i

A standard argument shows that

/ IVQD Vyde - - / Qls.—al i’(y)(S’(ﬁ)h)Qng -Vydz. (5.24)
Y,i,i+1
Since [[yn = Yl o) < 6 and [|yn — ¥llom) — 0 as n — oo, there holds
195‘0151)052212:52 - 1950151) = _19150@62“95,710101 -0 asn— o0
almost everywhere in {2, which together with the dominated convergence theorem yields
/ 2V<p Vyde - - / (o 5)&2’(@)(Sl(ﬂ)h)2V@ -Vydz. (5.25)
Similarly, it holds that
1 : 1
= | 9°Ve-Vydz = 3 / acen @ @) (@h)*Ve - Vydr. (5.26)
From (5.23)-(5.26) and the fact that Q?[fz @11 U Q;Oli) U Q; Zig)lﬂ Qg;?+1 =:{y € (t;,ti+1)}, we deduce that
1 i _ S
5 [ 190 95t = § [ AgeuanaG)(S @)?*Te - Vyds,
which, together with the fact that Iy is finite, implies that
= Z / T Ve Vide — / Lgenya”(§)(S' (@)h)*Ve - Vida. (5.27)
5n i€ly
We now estimate 7, ;ﬁg. To this end, we write
T2 = Lose a1 (yn) — ai(7) — @) (yn — 7))
= {1932 Naica(yn) = aic1(ti) = @iy (t) (yn — t:)] + Lgi2 a(ts) — ai(F) — ai(§)(t: — 7)]
Yn,Y Yn,Y
+lgiz ai(ti) — a;(@)] (yn — ti)} +1gie [aj 1 (t:) — aj(t:)] (yn — 1)
7,2
= Tylg = Lgiz [ai_y(t:) — aj(t)] (t: = yn) (5.28)
with Q;fy = Qé 9 Q( v =y € (ti,ti +0),yn € (t; — 6,¢;]}. For almost every x € Qy 5> We have
0 < (@) — tists — ya(@) < lyn(@) — 5@)] < I — Flo < o (5.29)
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Combined with the fact that |y, (z)| < M for all x € Q and that a;_ is of class C?, we obtain

1
2
S n

1 _ 1
gi2 (2) [ai1(yn(2)) — ai1(ti) — aj_1 () (yn(2) — ti)]‘ < Ec%ﬁj(@ﬂyn—yﬂé@ < 50Lgi2 (2) =0

Yn Y

for almost every x € (2 and for some constant C. Here we employed the Lipschitz continuity of S (see Lem. 3.2)
and the embedding W, *(Q2) — C(Q) to deduce the last inequality. It therefore holds that

=) / )1%3 e (yn) —aica () — aiy () (yn — 1)) V- V@‘ dz — 0. (5.30)
Similarly, we obtain
2 / ‘19;3 Nai(ti) — ai(y) —a;(@)(t — 9] Ve - Vg’ dz =0 (5.31)
and
[ gz, 0 = @]~ )V V| dz 0, (53

Combining (5.30)—(5.32) thus gives

1

= | |T2ve: Vi do 0. (5.33)
By the same argument as for (5.28) and (5.33), T,"; can be written in the form
T2 =Tyl — Lois [a} 41 (1) = ai(tisn)] (tivr — yn) (5.34)

with Q;f g {g € (ti-i-l -9, ti+1)7yn € [ti+1,ti+1 + 5)}, and T;ﬁg satisfying
1 ~i,3 _ _
= 752,96 Vy| dz = 0. (5.35)

By combining (5.22) with the limits (5.27), (5.28), (5.33), (5.34), (5.35) and the definition (5.2), we can conclude
that

1 1
imsup 5, = 5 [ Lge, )" (G)(S @1)*Ve - Vydo it & [ A, ({5, (1)) V5 Vi,

n—00 3

Together with Corollary 5.5, this gives (iii). O

5.3. Second-order conditions

We now have everything at hand to prove the following two theorems that are the main results of the paper,
providing no-gap second-order necessary and sufficient conditions in terms of the curvature functionals Qg, @1,
and ()5 defined in Section 5.1.
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Theorem 5.9 (second-order necessary optimality condition). Let Assumptions (1)-(4) hold. Assume that @ is
a local optimal solution of (P) such that G'(y) € LP(Q) and X(y) < oo for some p > N and § := S(u). Then
there exists an adjoint state ¢ € H(Q) N W1>°(Q) that together with .,y satisfies (4.6) as well as

Qs(aag7@7h7h) +Q1(aaga ¢7h7 h) +Q2(ﬂ7ga¢7h) Z 0 fO’l” all h € C(uadaﬂ) (536)

Proof. The existence of a ¢ € H}(Q2) satisfying (4.6) follows from Theorem 4.3, while the claimed regularity of
¢ follows from Lemma 4.1. It remains to prove (5.36). To this end, let h € C(Uaq; @) and {s,} € ¢ be arbitrary
but fixed. We only need to show that

Qs(@, 7, @3 by h) + Q1 (a0, §, @ hy h) + Q(a, 7, @; {sn}, h) > 0. (5.37)

In order to verify (5.37), we first see from the definition of Q(a, 7, @; {sn}, h) that there exists a subsequence
{sn, } satisfying

Q9.5 {sn}.h) = lim — /Q A ({50}, 1))V - Vi da, (5.38)

k—oco S,mC

Since U, is polyhedric, there are sequences {h,,} C L*(Q), {gm} C Uaa, and {\,,} C (0, 00) such that

hm — h in L(Q), hmzqu—“, and h,, € dt for all m € N.
m

Since s,, — 07 as k — oo, a subsequence, denoted by {r,}, of {s,,} exists such that 0 < r,, <\, for all
m € N. This and the convexity of U, yield that

U+ Ty, = (1—;’”>u+;’”qmeuad for all m € N.

Since @ is a local minimizer of (P), it holds that

r . o
S (i ) — () > 0
for all m € N large enough. Taking the limit inferior and employing the fact that h,, € d*+ and h,, — h in
L?(€2), we obtain from Lemma 5.2 and Proposition 5.8 that

Qs(ﬂ, g7 557 ha h) + Ql(ﬂa ga 95, h’a h) + Q(ﬂa g7 @7 {rm}ﬂ h) Z O

Moreover, we have Q(4,7, ; {rm},h) = Q(a, 7, @: {sn},h) as a result of (5.38) and the fact that {r,,} is a
subsequence of {s,, }. This finally gives (5.37). O

Theorem 5.10 (second-order sufficient optimality conditions). Let Assumptions (1)-(4) hold. Assume that
@ 1s a feasible point of (P) such that G'(y) € LP(Q) and X(y) < oo for some p > N and y := S(u). Assume
further that there exists an adjoint state ¢ € H}(Q) N W1L2°(Q) that together with i,y satisfies the first-order
optimality conditions (4.6) as well as

Qs(ﬂ7 gv @7 h7 h’) =+ Ql(aa g7 @7 h7 h) + QQ(ﬂ’a g7 (157 h) >0 fO?" all h € C(Z/{ad; ’EL) \ {O} (539)
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Then there exist constants ¢, p > 0 such that
Jj(a) + cl|u — ﬂ||%z(m < j(u) for all u € Uya N Bra(a) (4, p). (5.40)

In particular, @ is a strict local minimizer of (P).

Proof. We argue by contradiction. Assume that there exists a sequence {u, } C Uyq such that

1 L 1 _ )
lien = all oy < = and (@) + =~ lun = 3oy > (un), nEN. (5.41)

Setting sy, := ||un, — ul|z2(q) and h, = “’;:ﬁ yields that ||hy|/z2(q) = 1. Then there exists a subsequence of
{h,}, also denoted in the same way, such that h,, — h in L?(Q2) for some h € L*().

We first verify that h € C(Uyq; @). First, we have that hy, € R(Uyq; @) and thus hy(z) > 0 if a(x) = a(z) and
hn(z) <0 if a(z) = B(x) for almost every x € . From this and h, — h, we deduce that h(x) > 0 if a(z) = a(z)
and h(z) < 0 if a(x) = B(z) for almost every = € Q. Consequently, it holds that h € T (U,q; ). Since j is
continuously differentiable as a function from L?(£2) to R according to Theorem 4.2, a Taylor expansion thus

gives

J(un) = (@) + 5" (@) (un — ) + o([[un — | L2(e))-
This, together with the last inequality in (5.41), implies, for n large enough, that

e _ i 1
5 (@) (un = @) + o|un = @l| 2(0)) < —s7.

Dividing the above inequality by s, and then passing to the limit, we have j'(@)h < 0. Furthermore, it follows
from (4.6b) that j'(@)v > 0 for all v € Uyq — @ and thus for all v € T (Uyq; ). In particular, we have j'(u)h > 0
and thus j/(#)h = 0. Hence, it holds that h € d* and so h € C(Uya; 1).

We now obtain a contradiction and thus complete the proof. Indeed, from the last inequality in (5.41), we
obtain

L) — (@) <

Combining this with (4.6b), (5.2), and Lemma 5.2 yields that
1 S 1
n’- s2

- [ fatwn) - @) V- (V- V) s -
Q

Q

{096+ st = )0, - 07 s+ sl
[at) ~ a(5) = Lipe, 0 () om — 7] Vi Vo

with 4, := S(u,). Taking the limit inferior, employing Lemma 5.8, and using that h,, — h in L?(£2), we arrive
at

14

Consequently,

14

0 Z Qs(a7ga@7hah) + Ql(aagagagha h) + Q2<a7g7 77h) + 2

(L= [1PlZ20)- (5.42)
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Since the norm in L?(Q2) is weakly lower semicontinuous, there holds ||h[|12(q) < 1 by definition of h,. From
this, (5.42), and (5.39), we have h = 0. Inserting h = 0 into (5.42) and exploiting the fact that Q2(@, 7, #;0) =0
yields that 0 > 5 > 0, which is impossible. O

We finish this section by providing another version of the sufficient second-order optimality conditions that
are equivalent to (5.39) and could be useful for estimating discretization errors in finite element approximations.
The proof of the next result is partly based on ([13], Thm. 4.4) with some modifications.

Proposition 5.11. Let Assumptions (1)-(4) hold. Assume that @ is a feasible point of (P) such that G'(g) €
LP(Q2) and X(y) < oo for some p > N and i := S(u). Assume further that there erists an adjoint state ¢ €
H(Q) N Whee(Q) that together with 4,y satisfies (4.6). Then, (5.39) holds if and only if there exist constants
co, T > 0 such that

Qs (ﬂv yv 95; hv h) + Ql(av gv Saa h7 h) + QQ (ﬂa 377 957 h) > COHh"%?(Q) fO?” allh e C” (uad; ﬁ) (543)

for
C"(Uyq; 1) := { h € L*(Q) | h(x) ; 0 ifu(x)=p3(z) ae )

Proof. Since the inclusion C(Uyq; %) C CT (Unq; T@) holds, the inequality (5.39) is a direct consequence of (5.43).
We thus only need to prove the implication “(5.39) = (5.43)”. To this end, assume that (5.43) is not fulfilled.
Then, for any n € N, there exists v, € C'/"(Uyq; @) such that

o o o 1
Qs(U, Y, §;Vn; vn) + Q1(W, Y, P Vn, Un) + Qa(@, Y, @3 vp) < Ellvnlliz(m-

Dividing this inequality by ”U"”%%Q)’ using the positive homogeneity of (Qs + Q1)(4, ¥, @;-,:) as well as

Lemma 5.1, and setting h,, , we have that h,, € C'/™(Uy,q; 1), |hnllz2() = 1 and

— Un
llvn HL2(Q)

o o o 1
Qs(W, 7, @; hns hn) + Q1(1, G, @3 hiny b)) + Q2(10, 7, @5 hy) < o (5.44)

Since {h,} is bounded in L?(f2), there exists a subsequence, denoted in the same way, such that h, — h in
L?(Q) for some h € L?(2). Obviously, it holds that h € C(Uyq; ). The compact embedding L?(2) € W—1P(€)
for any p € (N,6) implies that h, — h in W~1P(Q). Thus, we have S'(@)h, — S'(@)h in W, (Q) and so in
H}(Q)NC(Q). From this, the weak lower semicontinuity of the norm in L2(£2), the estimate (5.44), the definition
of Qs and @7 and the weak lower semicontinuity of Q2(, 7, ¢;-) from Proposition 5.6 we deduce that

(Qs + Qu)(W, 7, @ h, h) + Q2(, 7, §; h) < lgzrg{gf(Qs+Q1)(ﬂ U, @; hn,hn)+1;rg{>gf622(ﬂa@»@; fin)
< liminf [(Qs + Q1)(@, 7, &3 hn, hn) + Qa(t, 7, 55 hn)]
<0. (5.45)
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From this and (5.39), it holds that A = 0. Again, we see from the definition of Qs and @, and the fact that
thHLZ(Q) =1 that

(Qu Q) Pl Fn) = 5@ @)+ = [ (55 @ha) V(S @) - Vi

1
=5 [ Logena @S @h, Ve - Vida.

Combining this with the fact that V(S'(@)h,) — 0 in LP(Q)Y and S'(@)h, — 0 in C(Q) N H}(Q), we can
conclude from the dominated convergence theorem and Assumption (4) that

v . o . o
5 = nll)ngc(Qs + Ql)(uv Y, p; hnv hn) < lim sup [_QZ(U, Y, ®; hn)]

n— oo

< S(@) IVl oy Jim 18 @3 o) = O,

where we have used the limit (5.45) and Proposition 5.7 to obtain the last two estimates. This gives the desired
contradiction and completes the proof. O

6. CONCLUSIONS

We have derived second-order optimality conditions for an optimal control problem governed by a quasilinear
elliptic differential equation with a finitely PC? coefficient. Showing that the control-to-state operator is in fact
Fréchet differentiable (but in general not twice differentiable) allows using a second-order Taylor-type expansion
to formulate necessary and sufficient conditions in terms of a new curvature functional related to the jump of
the first derivatives of the non-smooth coeffficients in critical points. These are no-gap conditions in the sense
that the only difference between necessary and sufficient conditions lies in the fact that the inequality in the
latter is strict. Furthermore, an equivalent formulation of the second-order sufficient optimality condition that
could be used for discretization error estimates is also derived. Such estimates will be studied in a follow-up
work.

APPENDIX A. REGULARITY OF A QUASILINEAR EQUATION ON CONVEX
DOMAINS

Lemma A.1. Let Assumptions (1)-(3) hold and ¢ > N. If y, € Wy >%(Q) is the unique solution to

—div[(b+ a(yu)) Vyu] =u in Q, (A1)
Yu =0 on 99,
with u € L) and satisfies ||yullc@) < M for some M >0, then y, € H2(Q) N W1 (Q) and
lyullrz) + Yullwie@) < C (q,M, [ulls(0), Hyu||wol’2qm)) : (A2)

Proof. Define the function

al(t) if [t| < 2M,
AR -R,  dM(t):={a2M) ift>2M,
a(—2M) ift < —2M.
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Obviously, a is a PC!-function and Va? € L>*(R)¥. By the chain rule (see, e.g., [24], Thm. 7.8), it holds
that

dayu)  0a™(yu) Oy
oz, = o = 1{yu¢Ea}a (yu)T%

Moreover, by employing Assumption (3), we deduce that |1{yu¢ B0 (yu){ < C)y for almost every z € Q and
for some constant C'y; > 0. Consider now the equation

—A

<
I

Dt alu) : 1 / 21 0
b+ a(y.) [U+Vb Vyu, + {Yu @B} 0 (yu)‘Vyu‘] in Q,

0 on Of2.

(A.3)

y
Since the right-hand side of (A.3) belongs to L4(Q) for ¢ > N > 2, it holds that § € H?(f2) according to ([25],

Thm. 3.2.1.2). Furthermore, we have from the fact that b(x) > b > 0 for all € Q and the non-negativity of a
that

A7l Loy < 7 [lullzoc) + 11V0 - Vyullza@) + 11y, ge.0 60 VYl llLa)]

<

IS = Io¥]

[lellza(e) + ZollVgall o) + Conr IVl F20ay) -

From this, Assumption (1), and the global boundedness of the gradient of solutions to Poisson’s equation (see,
e.g. [19], Thm. 3.1, Rem. 3, [30, 39]), it follows that § € W1°°(Q) and

VIl L) < CllAG||La)-

It is therefore sufficient to prove that § = y,,. To this end, taking any ¢ € H}(Q) yields that (b+a(y.))¢ € HE(Q).
Testing (A.3) by (b + a(y.))e, a straightforward computation shows that

/ (V5 — Vi) - V (b + a(ya)) 6 + (b + a(y)) Vo - Vi = / uide.
Q Q

Now testing (A.1) by ¢ and then subtracting the obtained identity from the above equality, we obtain

| (9= V0.)- [0+ a(w))a] de = 0.
Choosing ¢ := m(gj —yu) € H} () then yields § = y,,. O

APPENDIX B. ESTIMATE OF JUMP FUNCTIONAL

In this appendix, we verify the estimates for X(y) in Example 5.3.
We can assume without loss of generality that E, = {t}, i.e., K = 1 and ¢; = t. We first consider the right
end point T; of [z;,7;]. If T; = By, then the set {0 < |y —t| <7} N (T;,00) is empty for any r > 0, and thus

r—0t T

.1 Jy
lim */Ql{o<|y—t\<r}n(@,oo) ‘ax‘ dz = 0.

If Z; < Bo, then there exists an &; > 0 such that y is monotone on (Z;,Z; + &;) C ©Q due the monotonicity
assumption on y. Since T; is the right end point of [z;,T;], the sets [x;, T, k € J, are mutually disjoint, and
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y is continuous, we have y(T; + &;) # y(T;) = t. Setting 7, := |y(T; + &;) — y(T;)| > 0, we derive from the
monotonicity of y on (Z;,Z; + &;) that for all r € (0,7,),

0<ly—t|<r}n (@7 +2) = (zj,y~*(t+r)) if y is monotone increasing on (T;,T; + &;),
nere (zj,y~*(t—r)) if y is monotone decreasing on (T;,Z; + &;).

This implies that

83/‘ dz = 1.

1
fm, = | Yo<ly—ti<nin@;zi+en |5,

r—0t 1

Similarly, we have for the left end point x; that there exists an g; > 0 such that

9y
or

0 ifz; = a,

1
1' — 1 — T Xr.—E.,T. d =
7__1>f(1)1+ 7“/9 {o0<ly—t|<rin(z; —¢;.z;) ‘ t 1 if z; > op.

Furthermore, if z; > ao, then y is monotone on (gj — gj,gj) C Q and

—1 . . . .
t—r),z;) if y is monotone increasing on (z. —¢&.,x.),
{0<|y_t‘<r}ﬂ(£j_§j,£j)— (y ( )73) . y. _g (*J <5 ,])
) if y is monotone decreasing on (gj — §j,gj),
for all r € (0,r;) with r; := |y(z; — ;) — y(z;)| > 0. Let us set &; := min{g;,&;} and r; := min{r;,7;}. If y
is monotone increasing on (Z;,T; +&;) and on (z; —;,;), then

{0<]y—tl<r}in @j —€5,Tj —|—e’:‘j) = (Ej,yfl(t—kr)) U (yil(t—r),gj)

for all » € (0, r;). Similar expressions hold for the other cases of monotonicity on each interval. We hence obtain
if gﬁfj € {0407 50}3

de =41 ifz; € {ao,Bo},T; & {ao, o} or vice versa,
lfgjajj ¢ {040,50}.

9y
ox

r—0t T

.1
lim f/Q1{0<|y—t|<r}m(£j_Ej@_ﬂj)

A standard argument then yields the desired conclusions.

Acknowledgements. This work was supported by the DFG under the grants CL 487/2-1 and RO 2462/6-1, both within
the priority programme SPP 1962 “Non-smooth and Complementarity-based Distributed Parameter Systems: Simulation
and Hierarchical Optimization”.

REFERENCES

[1] H. Attouch, G. Buttazzo and G. Michaille, Variational Analysis in Sobolev and BV Spaces. MOS-SIAM Series on Optimization.
STAM (2006).

[2] T. Bayen, J.F. Bonnans and F.J. Silva, Characterization of local quadratic growth for strong minima in the optimal control
of semi-linear elliptic equations. Trans. Amer. Math. Soc. 366 (2014) 2063—2087.

[3] T. Bayen and F.J. Silva, Second order analysis for strong solutions in the optimal control of parabolic equations. STAM J.
Control Optim. 54 (2016) 819-844.

[4] L.M. Betz, Second-order sufficient optimality conditions for optimal control of nonsmooth, semilinear parabolic equations.
SIAM J. Control Optim. 57 (2019) 4033-4062.

[5] T.Betz and C. Meyer, Second-order sufficient optimality conditions for optimal control of static elastoplasticity with hardening.
ESAIM: COCYV 21 (2015) 271-300.



34

[6]
[7]

(8]

(9]
(10]

(11]
(12]
(13]
(14]
(15]

[16]
(17]

(18]
(19]
(20]
21]
(22]

(23]
(24]

25]
(26]

27]

28]

(29]
(30]
31]
(32]
(33]
(34]
(35]
(36]

(37]
(38]

C. CLASON ET AL.

A. Binder, On an inverse problem arising in continuous casting of steel billets. Appl. Anal. 57 (1995) 341-366.

J.F. Bonnans, Second-order analysis for control constrained optimal control problems of semilinear elliptic systems. Appl.
Math. Optim. 38 (1998) 305-325.

J.F. Bonnans and H. Zidani, Optimal control problems with partially polyhedric constraints. SIAM J. Control Optim. 37
(1999) 1726-1741.

J.F. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Problems. Springer-Verlag, Berlin, Heidelberg (2000).
E. Casas, Necessary and sufficient optimality conditions for elliptic control problems with finitely many pointwise state
constraints. ESAIM: COCV 14 (2008) 575-589.

E. Casas and V. Dhamo, Error estimates for the numerical approximation of a quasilinear Neumann problem under minimal
regularity of the data. Numer. Math. 117 (2011) 115-145.

E. Casas and V. Dhamo, Optimality conditions for a class of optimal boundary control problems with quasilinear elliptic
equations. Control Cybernet. 40 (2011) 457-490.

E. Casas and M. Mateos, Second order optimality conditions for semilinear elliptic control problems with finitely many state
constraints. STAM J. Control Optim. 40 (2002) 1431-1454.

E. Casas and F. Troltzsch, First- and second-order optimality conditions for a class of optimal control problems with quasilinear
elliptic equations. SIAM J. Control Optim. 48 (2009) 688-718.

E. Casas and F. Troltzsch, Second order optimality conditions and their role in PDE control. Jahresber. Dtsch. Math.- Ver.
117 (2015) 3-44.

M. Chipot, Elliptic Equations: An Introductory Course. Birkhiauser Verlag, Basel (2009).

C. Christof and G. Wachsmuth, No-gap second-order conditions via a directional curvature functional. STAM J. Optim. 28
(2018) 2097-2130.

C. Christof and G. Wachsmuth, On second-order optimality conditions for optimal control problems governed by the obstacle
problems. Optimization (2020) 1-41.

A. Cianchi and V. Maz’ya, Global gradient estimates in elliptic problems under minimal data and domain regularity. Commun.
Pure Appl. Anal. 14 (2015) 285-311.

C. Clason, V.H. Nhu, and A. Roésch, Optimal control of a non-smooth quasilinear elliptic equation. Math. Control Related
Fields (2020).

A.L. Dontchev and R.T. Rockafellar, Implicit Functions and Solution Mappings. Springer Monographs in Mathematics.
Springer (2014).

H.W. Engl and T. Langthaler, Control of the solidification front by secondary cooling in continuous casting of steel. In Case
studies in industrial mathematics, Volume 2 of Furopean Consort. Math. Indust.. Teubner, Stuttgart (1988) 51-77.

S.J. Fromm, Potential space estimates for Green potentials in convex domains. Proc. Am. Math. Soc. 119 (1993) 225-233.
D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order. Springer-Verlag, Berlin, Heidelberg
(2001).

P. Grisvard, Elliptic Problems in Nonsmooth Domains. Pitman Advanced Pub. Program (1985).

P. Kiigler, Identification of a temperature dependent heat conductivity from single boundary measurements. SIAM J. Numer.
Anal. 41 (2003) 1543-1563.

B.T. Kien, V.H. Nhu and N.H. Son, Second-order optimality conditions for a semilinear elliptic optimal control problem with
mixed pointwise constraints. Set-Valued Var. Anal 25 (2017) 177-210.

K. Krumbiegel, I. Neitzel and A. Rosch, Sufficient optimality conditions for the Moreau-Yosida-type regularization concept
applied to semilinear elliptic optimal control problems with pointwise state constraints. Ann. Acad. Rom. Sci. Ser. Math.
Appl. 2 (2010) 222-246.

K. Kunisch and D. Wachsmuth, Sufficient optimality conditions and semi-smooth Newton methods for optimal control of
stationary variational inequalities. ESAIM: COCV 18 (2012) 520-547.

V. Maz’ya, Boundedness of the gradient of a solution to the Neumann—Laplace problem in a convex domain. C. R. Math.
Acad. Sci. Paris 347 (2009) 517-520.

A. Rosch and F. Troltzsch, Sufficient second-order optimality conditions for a parabolic optimal control problem with pointwise
control-state constraints. STAM J. Control Optim. 42 (2003) 138-154.

A. Rosch and F. Troltzsch, Sufficient second-order optimality conditions for an elliptic optimal control problem with pointwise
control-state constraints. STAM J. Optim. 17 (2006) 776-794.

S. Scholtes, Introduction to Piecewise Differentiable Equations. Springer Science & Business Media (2012).

F. Troltzsch, Optimal Control of Partial Differential Equations, volume 112 of Graduate Studies in Mathematics. Theory,
methods and applications, Translated from the 2005 German original by Jiirgen Sprekels. American Mathematical Society,
Providence, RI (2010).

N.D. Tuan, Sequence-based necessary second-order optimality conditions for semilinear elliptic optimal control problems with
nonsmooth data. Positivity 23 (2019) 195-217.

M. Ulbrich, Semismooth Newton Methods for Variational Inequalities and Constrained Optimization Problems in Function
Spaces. MOS-SIAM Series on Optimization. SIAM (2011).

A. Visintin, Models of Phase Transitions. Birkhduser, Boston (1996).

G. Wachsmuth, Differentiability of implicit functions: Beyond the implicit function theorem. J. Math. Anal. Appl. 414 (2014)
259-272.



NO-GAP SECOND-ORDER OPTIMALITY CONDITIONS 35

[39] S. Yang, D.-C. Chang, D. Yang and Z. Fu, Gradient estimates via rearrangements for solutions of some Schrédinger equations.
Anal. Appl. 16 (2018) 339-361.
[40] E. Zeidler, Nonlinear Functional Analysis and its Applications. I: Fixed-Point Theorems. Springer-Verlag, New York (1986).



	No-gap second-order optimality conditions for optimal control of a non-smooth quasilinear elliptic equation
	1 Introduction
	2 Notation and main assumptions
	3 Control-to-state operator
	3.1 Existence, uniqueness, and regularity of solutions to the state equation
	3.2 Differentiability of the control-to-state operator

	4 Existence and first-order optimality conditions
	5 Second-order optimality conditions
	5.1 Non-smooth curvature functional
	5.2 Preliminary estimates
	5.3 Second-order conditions

	6 Conclusions
	Appendix A Regularity of a quasilinear equation on convex domains
	Appendix B Estimate of jump functional

	References

