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A MINIMIZING MOVEMENT APPROACH TO A CLASS OF
SCALAR REACTION-DIFFUSION EQUATIONS

FLORENTINE CATHARINA FLEI3NER®

Abstract. The purpose of this paper is to introduce a Minimizing Movement approach to scalar
reaction—diffusion equations of the form

Ou = A-diviu(VF'(u) + VV)] — S (F'(u) + V)u, in (0,+00) x Q,
with parameters A, Y > 0 and no-flux boundary condition
w(VF'(u) +VV)-n = 0, on (0,+00) x 99,

which is built on their gradient-flow-like structure in the space M () of finite nonnegative Radon
measures on ) C Rd, endowed with the recently introduced Hellinger-Kantorovich distance HKa s. It
is proved that, under natural general assumptions on F : [0, +occ) — R and V : Q — R, the Minimizing
Movement scheme

_ 1
p = up "t € M(Q), ul is a minimizer for £(-) + 2—|—KA72(-,//;71)2, n €N,
T

for

£ 1 M(Q) = (=00, +00], £() = {—f’—QOLF(u(m)) +V(z)u(z)]dz ifpu= u??,

else,

yields weak solutions to the above equation as the discrete time step size 7 | 0. Moreover, a superdiffer-
entiability property of the Hellinger-Kantorovich distance HKy 5, which will play an important role in
this context, is established in the general setting of a separable Hilbert space; that result will constitute
a starting point for the study of the differentiability of HKA 5 along absolutely continuous curves which
will be carried out in a subsequent paper.
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2 F.C. FLEISNER

1. INTRODUCTION

At the beginning of the 90’s, Ennio De Giorgi introduced the concept of Minimizing Movement as ‘“nat-
ural meeting point” of many evolution problems from different research fields in mathematics [7]. He got his
inspiration from the paper [1] by Almgren, Taylor and Wang. The concept involves the recursive minimization

u? =g €., w”is a minimizer for ®(r,u""',"), n € N, (1.1)

of a given functional ® : (0,1) x . x .Y = [—00,+00] on a topological space (.#,c). The parameter 7 > 0
plays the role of discrete time step size. If a sequence (ul),en satisfies (1.1), we call the corresponding piecewise
constant interpolation u, : [0,+00) — 7, u,(0) = ug, u,(t) = u? for t € (n — 1)7,n7] (n € N), a discrete
solution. The concept’s purpose is to study the limit curves as 7 ] 0.

Definition 1.1 ((Generalized) Minimizing Movement [7]). A curve u : [0,400) — . is called Minimizing
Movement for ® with initial datum wug (short u € MM(®;ug)) if there exist discrete solutions u, to (1.1)
(for 7 > 0 in a right neighbourhood of 0) such that u® = uy = u(0) and u,(t) > u(t) for all t > 0 as 7} 0.
A curve u : [0,400) = . is called Generalized Minimizing Movement for ® with initial datum wo (short
u € GMM(®; ug)) if there exist a subsequence of time steps (7x)ken, 7k 4 0, and discrete solutions u,, to (1.1)
such that u? = ug = u(0) and u,, (t) > u(t) for all t > 0 as k — oco.

Example 1.2 (Gradient flows in finite dimensional Euclidean space). Let H be a finite dimensional Euclidean
space with norm | - | and € € C1(H) satisfy the quadratic lower bound

JA,B>0: &(x)>—-A—Blz|* forall z € H. (1.2)

We apply the Minimizing Movement scheme (1.1) to ®(7,v,z) := £(x) + 5| — v|%. The necessary condition of
first order leads to a discrete version of the classical gradient flow equation

u'(t) = =VE(u(t)), t=0, (1.3)

and indeed, it is not difficult to see that every u € GMM/(®;up) (which is a nonempty set) is a solution to (1.3)
with initial datum uy € H. The statement also holds good if we replace £ by &, in @, with £, : H — R converging
to £ in the Lipschitz semi-norm as 7 | 0. Conversely, for every solution u € C*([0, +-00); H) to (1.3) there exist
functions &, : H — R (7 > 0) such that Lip[&; — €] — 0 as 7 | 0 and MM(®;u(0)) = {u} = GMM(®P; u(0)) for
®(7,v,z) :=E-(x) + 5|z — v|?, see [12]. This gives a full characterization of solutions to (1.3) as (Generalized)
Minimizing Movements.

De Giorgi’s concept of Minimizing Movements has a wide range of applications in analysis, geometry, physics
and numerical analysis, and we refer to [1, 3, 7, 25, 27, 28] for more examples. In this paper the focus will be
on the Minimizing Movement approach to gradient flows.

The Minimizing Movement scheme from Example 1.2 can be adapted for a general metric and non-smooth
setting: Let a functional £ : . — (—00, +00] on a complete metric space (%, d) be given and apply (1.1) to

O(r,v,z) :=E(x) + %d(:c,fu)? (1.4)

It is proved in [2] that, under natural coercivity assumptions, the set GMM(®; ug) is nonempty for every initial
datum wug € {€ < +o0} and the Generalized Minimizing Movements are locally absolutely continuous curves
satisfying the energy dissipation inequality

E(u(0)) — E(u(t) > %/0 |a*5|(u(r>)2dr+%/0 o |(r)2dr (1.5)
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for all t > 0, with |0~ &| denoting the relaxed slope of £ (which can be viewed as a weak counterpart of the
modulus of the gradient) and |u’| the metric derivative of u (see ([2], Chaps. 1 and 2) for the corresponding
definitions or Section 4.3 in this paper for a brief overview). Under the additional assumption that the relaxed
slope satisfies a kind of metric chain rule, equality can be proved in (1.5), see [2]. The characterization of curves
via such energy dissipation (in)equality corresponds with the notion of gradient flows in metric spaces which
goes back to [8, 9, 24]. Tt is equivalent to (1.3) if £ € C!(H) and H is a finite dimensional Euclidean space. We
refer to [10] for further developments of the theory.

Example 1.2 and the results in metric spaces motivate us to study a Minimizing Movement approach whenever
gradient-flow-like structures are discovered and justify the interpretation of dynamics governed by an evolution
equation as a gradient flow (for an energy functional on a metric space) if the corresponding (Generalized)
Minimizing Movements are solutions to the evolution equation.

The following Minimizing Movement approach to scalar diffusion equations of the form

owu(t,z) = divlu(t,z)(VE (u(t,z)) + VV(z))], t>0, =€ R (1.6)

has its origin in the papers [16, 17] by Jordan, Kinderlehrer and Otto, was examined by Ambrosio, Gigli and
Savaré in [2] and has been taken in many applications (see e.g. ([2], Chapt. 11) and the references therein):
The space P2(R?) of Borel probability measures with finite second order moments (i.e. [pq |z[>dp < +00) is
endowed with the quadratic Wasserstein distance W,

Wa(p1, p2)? == min / lx —y|dy, i € Pa(RY), (1.7)
YEP(p1,12) JRd xR

with P(juy, ) being the set of Borel probability measures on R? x R? whose first and second marginals coincide
with puy and po respectively (see e.g. [30, 31] for a detailed account of the theory of Optimal Transport and
Wasserstein distances). The functional & : Py(RY) — (—o0, +00],

1.8
+o00 else, (18)

() = {fRd [F(u(z)) + V(x)u(x)]dz if p = u?? (£? d-dimensional Lebesgue measure),
is defined on (Py(R%), W) and @ is defined according to (1.4). Under suitable assumptions on F : [0, +00) — R
and V : R? — R, the corresponding Minimizing Movement scheme (often referred to as ‘JKO-scheme’ in the
literature) yields weak solutions to (1.6) (c¢f. the exemplary proof for F(u) = ulogu and nonnegative V €
C*°(R%) in [17] and Chaps. 10.1, 10.4 and 11.1.3 in [2]): Such setting typically includes the assumptions that
F is convex, continuous with F'(0) = 0, differentiable in (0, +00), has superlinear growth and is bounded from
below by s — —C's* for some A > -4, C > 0, as well as local Lipschitz continuity and nonnegativity of V.

da+2°
This paper concerns scalar reaction—diffusion equations of the form

dwu(t,x) = A-div[u(t,z)(VF' (u(t,z)) +VV(x))] — 2 (F'(u(t,z))+V(z)u(t,z), t>0, zcQCR? (1.9)

with fixed parameters A > 0 and ¥ > 0 (with which the diffusion part and the reaction part respectively are
weighted). Moreover, the reaction part is governed by the growth / shrinkage rate &(x,u) := —(F'(u) + V(z))
(with F: [0,4+00) — R, V : @ — R) which also affects the diffusion part since according to (1.9), diffusion
occurs along the gradient V& (z, u(z)) from regions of lower to higher growth rate / from regions of higher to
lower shrinkage rate. Equation (1.9) seems a likely model for describing the evolution in time of the density u
of some biological, ecological, economic, ... quantity in various cases in which there is not only diffusion but
also generation and annihilation of mass and in which the motion of the particles, members of the species, ...
is influenced by their tendency to move towards regions with the most “favourable” conditions (see e.g. ([19],
Sect. 4), [18, 20] and the references therein for applications). Reaction-diffusion equations of the above form
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are closely related to a distance on the space of finite nonnegative Radon measures which has been recently
introduced independently of each other by three different teams [5, 6, 19, 22, 23]. We follow the presentation of
the distance by Liero, Mielke and Savaré [22, 23] who named it Hellinger-Kantorovich distance.

1.1. The Hellinger-Kantorovich distance

Let (X,d) be a Polish space (i.e. a complete separable metric space) and let M(X) be the space of finite
nonnegative Radon measures on it. The class of Hellinger-Kantorovich distances HKa 52 (A, X > 0) can be
characterized by the Logarithmic Entropy-Transport problems

eas(d(wn,a2)) dy sy € M(X X X), 70 < i,

(1.10)

2
. 4

LET A x (1, pio) := mln{ E f/ (oilogo; —o; + 1)dui+/

= 2 Jx XxX

for p; € M(X), with

; -$1 (VS (40 if VA/E
0; = i (i i-th marginal of v), cp x(d) := 5 log(cos(/2/(4A)d)) 1 d <mVA/Z, (1.11)
dp; ’ 400 ifd >y /A/X.

An optimal plan v (which exists by [23], Thm. 3.3) describes an optimal way of converting p; into ug (possibly
having different total mass) by means of transport and creation / annihilation of mass, in view of the trans-
portation cost function cy 5 (d) and the entropy cost functions & (o;logo; — o; + 1). The bigger the parameter
A > 0is (for the same ¥ > 0), the more the system favours transport. The bigger ¥ > 0 is (for the same A > 0),
the more the system favours creation and annihilation of mass.

Proposition 1.3 (cf. [23], Cor. 7.14, Thms. 7.15, 7.17, 7.20, Lem. 7.8 and [22], Sect. 3). For all A, ¥ > 0:

(1) KKpax : M(X) x M(X) = [0, +00), HKa s(11,p2) := /LETA 5 (p1, pi2), is a distance on M(X).
(2) HKax metrizes the weak topology on M(X) in duality with continuous and bounded functions ¢ : X — R

(short ¢ € CY(X)), i.e.
lim HKa x(tn, #) =0 if and only if  lim / odun, = / édp for all ¢ € CY(X). (1.12)

(3) M(X),HKp,x) is a complete metric space.
(4) Let ny denote the null measure. For all p € M(X):

Ha,s (1 10)% = %M(X)- (1.13)

If X =R?or X is a compact, convex subset of R? and d is induced by the usual norm, then a representation
formula & la Benamou-Brenier can be proved for KK » (see ([23], Thms. 8.18, 8.20; [22], Thm. 3.6(v))):

1
W so o) = int{ [ ] AVe@nR +SlenR) dn)ar s % (1.14)

where g () o means that p: [0,1] = M(X) is a continuous curve connecting p(0) = p; and p(1) = p2 and
satisfying the continuity equation with reaction Oyuy = —Adiv(u: V&) + L, governed by € : (0,1) x X — R
with £(t,-) Lipschitz continuous and bounded for all ¢ € (0,1), in duality with C*°-functions with compact
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support in (0.1) x X, i.e.

/Ol/X(w(t,xHAw(t,x)-vg(t,a:)+z¢(t,x)g(t,x))dut(x) dt = 0 forall ¢ € C((0,1) x X). (1.15)

Hence, on the set {u € M(X) : p = u??} of absolutely continuous Radon measures with respect to the
Lebesgue measure, HK s can be identified with the dissipation distance Dg, i,

2 ._ ' . _ (u,€)
Dy o (1, u9)? 1= mf{ / < €(t), Kas(u)é(t) > dt © dpue = Kas(u)€(t), uy uz}, (1.16)
0

generated by the Onsager operator Kj n(u)¢ := —Adiv(uVE) + Xug, which suggests a gradient-flow-like
structure of (1.9) associated with the energy functional £ : M(Q2) — (—o0, +o0],

Eu) = {fQ [F(u(z)) + V(x)u(z)]dr if p = u??, (117)

400 else,

on (M(Q),HKy ») (for details we refer to Sect. 2 in [22], [26], Sect. 3.2 in [19], and Otto’s Riemannian formalism
for (PQ(Rd),WQ) in [29])

To handle such equation (in a weak form), Gallouét and Monsaigeon proposed a ‘JKO splitting scheme’ in
[14], in which one step u” ~ pu”*! consists of two substeps
n+1/2 s a minimizer for £() + 5= Wa(-, u2)?,

p™ 1 is a minimizer for £(-) + 5He(:, u?+1/2)2

I

(for A =% = 1), and which is justified by the interpretation of the Hellinger-Kantorovich distance as infimal
convolution of the Kantorovich-Wasserstein distance W, and the Hellinger-Kakutani/Fisher-Rao distance He
(cf. (1.14) and (1.16)). In this paper, we will work directly with the Hellinger-Kantorovich distance HK s and
take the ‘natural’ Minimizing Movement approach to (1.9), associated with

B, o) 1= E0) + - Hn (v, (1.18)

Before presenting our results, we would like to mention [4] in which such approach has been taken for a particular
equation of Hele-Shaw type, which serves as a model for tumour growth. The considerations therein are based
on the special structure of the corresponding energy functional

—cu(Q)  ifp=uf?and u <1,
£(n) = { u(2) i p <
400 else

(for ¢ > 0) and do not overlap with our analysis.

1.2. Our Minimizing Movement approach

Let Q be an open, bounded, convex subset of R with C'-boundary 92, and for A, > 0, let the space M ()
of finite nonnegative Radon measures on its closure be endowed with the Hellinger-Kantorovich distance Hy x,
i.e. set X := Q and d(z1,2) := |71 — 22| (induced by the usual norm | - | on R?) in (1.10) and Proposition 1.3.
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We apply the Minimizing Movement scheme (1.1) to

B, ) = E) + 5 Hs (1), (1.19)
u(x xr i = .
M) = (—ootod], E=F 4V, Flu) = {_{ﬂof( e BE=UEE ) = [ v

(1.20)
where p = u® means that u : Q@ — [0,400) is Borel measurable and [; ¢(z)dp = [, ¢(z)u(z)dz for all
¢ € C)(Q). We prove that, under natural general assumptions on F : [0,+0c) — R and V : @ — R (compa-
rable to the typical assumptions in the case of diffusion equations (1.6), see above), the corresponding sets of
Generalized Minimizing Movements GMM(®; uo) (for initial data g € {€ < 4+00}) are nonempty and for every
p € GMM(®; o) there is u : [0, +00) x  — [0, +00) such that u(t) = u(t).L* for all t > 0 and u solves the
scalar reaction—diffusion equation

Ou(t,r) = A-divlu(t,)(VF'(u(t,z)) + VV(x))] — X (F'(u(t,z)) + V(2))u(t,z), t>0, z€Q, (1.21)
with no-flux boundary condition
u(t,z)(VF' (u(t,x)) + VV(z)) -n(z) = 0, t>0, z€dQ, (1.22)

in a weak form, see Theorem 4.4. Here, n denotes the outward pointing unit normal vector field along 9€2. We
discuss our assumptions on F and V in Section 4.1; they are satisfied for example if V' is Lipschitz continuous
and F(u) = cyulogu (¢ > 0) or F(u) = —ciu? + couP (¢4 >0, coa >0, p>1, ¢ € (0,1)), see Example 4.8.
The key to proving our result is that we are able to establish a subdifferentiability property of the opposite
Hellinger-Kantorovich distance —HK, x along certain directions. We can identify, for u, vy € M(£) and curves
h— vy, € M(Q) of the form

vp = (I + hv) (1 + hR)*vg (1.23)

(where v : Q@ — RY R : Q — R are bounded and the support of v lies in ), elements of the Fréchet
subdifferentials of the mappings

1
h+— _§|'KA,E(Vh, ,u)2 (1.24)

at h = 0 and, setting v := %Vqﬁ, R :=2¢ in (1.23), we can link them to the difference

/ﬁq&duf/ﬁqbduo, (1.25)

for any C2?-function ¢ : 2 — R with compact support in 2, see Section 3. Thereby, the possibility of establishing
a discrete weak version of (1.21) for discrete solutions to (1.1) opens up. Further crucial points in our proof will
be compactness issues, the passage to the limit 7 | 0 in the discrete weak version of (1.21) and the Neumann
boundary condition (1.22).

The analysis of the Fréchet subdifferentials of the mappings (1.24) in Section 3 seems of independent interest
and will be carried out for general separable Hilbert spaces.

The plan for the paper is as follows. In Section 2, an equivalent characterization of the Hellinger-Kantorovich
distance HK, s; will be given, which will be useful for our study of subdifferentiability properties of —H) »
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carried out in Section 3. In Section 4, our Minimizing Movement approach to reaction—diffusion equations with
no-flux boundary condition will be established. Our assumptions on F' and V' will be discussed in Section 4.1
and the proof of our main result will be given in Section 4.2. In Section 4.3, we will make some comments and
go into future developments, including the case of an unbounded domain, see Example 4.12.

2. HELLINGER-KANTOROVICH DISTANCE AND OPTIMAL TRANSPORTATION
ON THE CONE

Let (X, d) be a Polish space and define the geometric cone € on X as the quotient space
¢C:=X x[0,400)/ ~ (2.1)
with
(x1,71) ~ (x2,72) < 11 =r9g=00rr =79, T1 = T2 (2.2)
for ; € X, r; € [0,+00). The vertex o (for » = 0) and [z,7] (for € X and r > 0) denote the corresponding
equivalence classes, i.e. € = {[z,r] | z € X, r >0} U {o}.

In ([22], Sect. 3) and ([23], Sect. 7), the Logarithmic Entropy-Transport problem (1.10) for A,X > 0 is
translated into a problem of optimal transportation on the cone governed by de o s : € X € — [0, +00),

deas([x1, 7] [22, rQ])Q = %(r% + r% — 21179 COS ((\/2/4/\ d(xl,x2)> A ﬂ)) (2.3)

(where o is identified with [Z, 0] for some Z € X) which is a distance on €. The space Mz (€) of finite nonnegative
Radon measures on the cone with finite second order moments, i.e. [, deax([z,7],0)? da([z,r]) < 400, is
endowed with an extended quadratic Kantorovich-Wasserstein distance We A 5,

min { Jexe dea sz, ], w2, m2])?dB | B € M(alaO@)} if a1(€) = ax(€),

+o0 else,

Weax(on, ag)? = { (2.4)

with M (a1, as) being the set of finite nonnegative Radon measures on € x € whose first and second marginals
coincide with ay and ag. Every measure a € My (€) on the cone is assigned a measure hoo € M(X) on X,

ha :=xgu(rPa), (x,r):€— X x[0,+00), (x,r)([z,7]) := (x,7) for [z,7] € &, r >0, (x,r)(0) := (%,0), (2.5)

i.e. [y ¢(x)d(ha) = [, r?¢(x)da for all ¢ € C)(X). Note that the mapping b : My (€) — M(X) is not injective.
It is proved in [23] (see Probl. 7.4, Thm. 7.6, Lem. 7.9, Thm. 7.20 therein) that

HKax (g1, p2)? = min {WQ‘,A,Z(alon)Q ‘ a; € M3(€), boy = p;, i = 1,2} (2.6)

2
= min {VVQA,E(OQ,OQ)2 + % Z (,ui - [’)Oél)(X) ’ a; € MQ(Q:), [’)Oli < W, 1= 1,2}, (27)

=1

and that every optimal plan v € M(X x X) for the Logarithmic Entropy-Transport problem (1.10) gives rise
to a solution to (2.7) and wvice versa. Moreover, if § € M(€ x €) is a solution to the transport problem (2.6),
(2.4) (which exists by [23], Thm. 7.6) or it is a solution to (2.7), (2.4), then

5({([x1,r1], [£2,75]) €€ X €2 11,79 >0, d(w1,22) > w\/ATE}) -0, (2.8)
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(see [23], Lem. 7.19).

This equivalent characterization of the Hellinger-Kantorovich distance HKx s has proved extremely useful in
[23] for the examination of structural properties; for example, the proofs therein of Proposition 1.3 (1), (2),
(3) are based on it. The fact that all the information on transport of mass and creation / annihilation of
mass according to (1.10) lies in a pure transportation problem is also a good starting point for our analysis of
subdifferentiability properties of —HK 7 in Section 3. In this context, geodesics in (€, d¢ A x) will play a certain
role, i.e. curves 7 : [0, 1] — € satistying de A »(n(t),n(s)) = |t — s|de.a,»(1(0),n(1)) for all s,t € [0,1].

We construct a geodesic which connects [x1,71] and [xg, 2], supposing that d(z1,z2) < my/A/XE, r1,79 > 0,

and that there exists a geodesic X' in (X,d) between z; and 2, 1 # z2 (cf. [23], Sect. 8.1): Let us try to
find functions R : [0,1] — [0,400) and 6 : [0,1] — [0, 1] such that 7 : [0,1] — &, n(t) := [X(8(¢)), R(t)], is such
geodesic. We note that

4
dens(®).n()? = 5 (RO +R(s)? = 2R(sYR() cos (VE/AR [0(2) = 0(s)]d(w1,22)) ) = [2(t) = =(5)

(2.9)
where z : [0,1] — C is the curve in the complex plane C defined as

2(t) :== TR exp( ()\/S/4A d(x1, 2o ) (2.10)

and | - |c denotes the absolute value for complex numbers. If z is a geodesic in the complex plane between
z1 = %rl and zg := %7’2 exp (i\/E/ZlA d(x1,$2)>, then, according to (2.9), the corresponding curve 7 in the
cone space, n(t) := [X(0(t)), R(t)], is a geodesic between [z1,r1] and [z2,r2]. Hence, the condition

2(t) =21 +t(za — z1) forall t € [0,1], (2.11)

which means

R(t COS( W E/4A d(xq, 2o ) =1 th(rgcos (m d(xl,:ng)) 77’1) for all t € [0,1], (2.12)
sm( WE/4AA d(xy, 2o ) = trosin (\/m d(xl,xg)) for all ¢ € [0, 1], (2.13)

yields an appropriate choice for R : [0, 1] — [0,400) and 6 : [0, 1] — [0, 1]. It is not difficult to see that, by (2.12)
and (2.13), R and 6 are smooth functions, their first derivatives satisfy

%(R’(t))Q—i—%R(t)2(9’(t))2d(a:1,x2)2 = dens(z1,m]s [r2,72])2 forall ¢ € (0,1), (2.14)

and they are right differentiable at t = 0 with right derivatives

6’ (0) = :Slnf/i%/:gf;:)z)) and R/ (0) =y cos (\/2/4 d(z1,z2 ) — 7. (2.15)

Finally, we note that the curves 7 : [0,1] — €,

0 ifry +t(re —r1) =0,
t) .= 2.16
() {[x, r1+t(ra —r)]  else, ( )
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are geodesics in (€, de o %), connecting [z,71] (for 71 > 0) or the vertex o (for 1 = 0) with [z, ro] (for 2 > 0)
and with o (for ro = 0). They take the above form n(t) = [X(0(t)), R(t)] if we set X = z (and identify the vertex
with [z, 0] if necessary),

0=0 and R(t):=r1 +t(ra—r1), (2.17)
also satisfying (2.14) and the second part of (2.15).

3. SUPERDIFFERENTIABILITY PROPERTIES OF THE
HELLINGER-KANTOROVICH DISTANCE

Whenever a new distance is introduced, the question of differentiability properties arises. For the class of
Hellinger-Kantorovich distances HKy 5, A, %X > 0, there has not been a corresponding analysis in the literature
yet. In this section, we restrict ourselves to studying the superdifferentiability of HKs 5, (i.e. subdifferentiability
of —HK, ») along basic directions (1.23) while we postpone studying the differentiability along general absolutely
continuous curves to the subsequent paper [11].

Let H be a separable Hilbert space with scalar product (-,-) and norm || - || :== 1/(:,-) and let X C H be
closed and convex. The couple (X,d) with d(x1,z2) := ||x; — x2|| forms a Polish space. For A,3 > 0, let the
space M(X) of finite nonnegative Radon measures on X be endowed with the distance H, 5.

We fix bounded Borel measurable functions v : X — H and R : X — R, supposing that, for A in a neigh-
bourhood N around 0, the function I + hv : X — H maps X into X, where I denotes the identity mapping
I'H—H, I(x) :=z,and 1+ hR(z) > 0 for all z € X (which is satisfied whenever |h| is small enough since R
is bounded). We define, for a given vy € M(X), the curve N' 3 h — v, € M(X) as

vp = (I + hv)g (1 + hR)?vp, (3.1)

i.e. [y o(x)dvy = [ ¢(x + ho(z))(1+ hR(x))* diy for all ¢ € CJ(X). Our goal is to identify elements of the
Fréchet subdifferential of

b M) (1€ M(X) (3:2)

at h = 0. A good strategy for this is to examine the subdifferentiability issue on the level of the optimal
transportation problem on the associated cone € first. We refer to Section 2 for notation and details about the
optimal transport problem on €.

Definition 3.1 (Fréchet subdifferential). We say that ¢ € R belongs to the Fréchet subdifferential of a mapping
N 3 hw— f(h) €R at h =0 if and only if

h) — —ch
gt SR > o &

Throughout this section, let v and R be given as above.

Lemma 3.2. For a given ag € M2 (€), we define the curve N3 h — ay, € My(€) as
ap = ([& + hv(z),r(1 + hR(z))])z 0, (3.4)

i.e. [oo(lz,r])dan = [y o([z+ hv(z),r(1+ hR(x))])dag for all ¢ € CY(€). Let o, € My(€) be given with
. (€) = ap(€) and let By € M (g, o) be optimal in the definition of We a,x (o, ax)? according to (2.4). We
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suppose that Bo . satisfies (2.8). Then the Fréchet subdifferential of the mapping
1 2
h— —§W¢’A72(C¥h, a*) (35)

at h = 0 is nonempty and

4 [ — 12R(21) + riraR(21) cos(v/E/4A |21 — za]]) + r1ra/S/AN (S s (1, 72), v(x1)>} Aoy (3.6)

Y cx¢

belongs to it, where

sin(y/3/4A||z1—x2]]) .
Sas(z1,22) = { Toeall @2 =@1) a7, (3.7)
0 if 11 = xo.

Proof. First of all, we note that a(€) = ap(€) and we define
Brx = ([z1 + hv(z1),71(1 + hR(21))], [22,72]) 80 5,

ie. [op e[z, m1],[2,72]) ABrw = [so e ©([21 + hv(21), 11 (1 4+ hR(21))], [22,72]) dBo,« for all ¢ € CJ(€ x €).
Since B € M(ay, o), we have

We s (an, ay)? < / deas([@1,71], [72,72])* dBh x
cx¢

- /¢ des(lon + (). ra(1+ RO, 2.2 dfo.

leading to
%(WC,A,Z(CW )? — We as(an, a*)z)
2 %/me [d¢,A,z([x1,r1], [9,72])? = de A n([w1 + ho(z1), 71 (1 4 hR(21))], [xg,rg])ﬂ dBo «
= % e [ — rihR(1) — %th(azl)Qrf + rirahR(z1) cos((v/S/4A |1 + ho(x1) — a2]]) A n)} dBo.x
+ % e [ﬁrz cos((v/S/4A||e1 + ho(w1) — w2[) Am) — rirs cos(v/S/4A |y lel)} dBo,«

By dominated convergence theorem, it follows that

IWe as(00, ) — $We A s (o, o)?

A 5
hr}rLlilOnf N
4
> 5 [ - T‘%R(Il) + rireR(z1) cos(v/E/4A||z1 — z2]) + rire/ E/AA (Sh s(x1, z2), v(21)) | dBo
x¢
> limsup IWe a 500, ) — 2We a s (o, o )? 7
h10 h

which completes the proof. O
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Proposition 3.3. For a given vy € M(X), we define the curve N 3 h v+ vy, € M(X) asin (3.1). Let p € M(X)
be given and let By € M(€ x €) be optimal in the definition of Ha s (v, 1)? according to (2.7), (2.4), with first
marginal ag € Mo(€), bag < vy, and second marginal o, € Mo(€), ba, < p. Then the Fréchet subdifferential
of the mapping

1
h— _§|'KA,E(Vha p)? (3.8)
at h = 0 is nonempty and
4
So,x,0,R — E/ R(x)d(ro — bao) (3.9)
X
belongs to it, where §o ,v,r s defined as
4
= [ = r3R(@1) + riraR(21) cos(V/S/AN oy = 2al) + r172/S/A (Shs(@1,@2),0(21)) | Ao, (3.10)

x¢e

with Sa s as in (3.7).
Proof. We define the curve N' 3 h — ay, € M2 (€) as in (3.4). It holds that

/ o(x) d(hay) = / 2(x) day, = / (1 + hR(x))2(x + hv(x)) dag = / (1+ hR(x))*p(x + hv(z)) d(hao)
X ¢ [ X
g/X(1+hR(3:))2¢(a:+hv(x))duo - /qu(a:)duh

for all nonnegative bounded Borel functions ¢ : X — R, see (2.5), from which we infer that

bap < v, and (v —bap)(X) = /X (1+hR(x))*d(vo — hay).
Hence, we have

1
3 (I'KA,E(VOHU)Q - l'KA,E(thllf)2> >

+ 5 /x (=2hR(x) — h?R(z)?) d(rp — bay),

(WC,A,Z(Oém )? — We as(an, Oé*)z)

o N =

and we conclude by applying Lemma 3.2. O

This result can also be expressed in terms of the Logarithmic Entropy-Transport characterization (1.10)
of the Hellinger-Kantorovich distance HK, s;. By Theorem 7.20 in [23], every optimal plan v € M(X x X)
for the Logarithmic Entropy-Transport problem (1.10) gives rise to a solution 8 € M(€ x €) to the optimal
transportation problem ((2.7), (2.4)) on the cone. Therefore, we obtain

Corollary 3.4. Let p, vy, vy, € M(X) be given as in Proposition 3.3 and let v € M(X x X) be optimal in the
definition of HKa x(vo, u)? according to (1.10), with first marginal vo < vo and second marginal v, < p. We
suppose that

vo=povo+rg  and = peye +opt (3.11)
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for Borelfunctions 00, p* : X — [0, +00) and nonnegative finite Radon measures vy, u~ € M(X), vi- Lo, ut L7,
i.e. fX z)dvy = [ po()p(x) dvyo + [ ¢(x) dvg for all ¢ € C)(X) and there exists a Borel set By C X such
that vy (BO) =0=(X \ Bo); similarly for (14s Pscs Yas ). Then

$0,%,0,R — */ x) dug-

belongs to the Fréchet subdifferential of (3.8) at h =0, with Fo .+ r defined as

4
5 [ po(xz1)R(x1) + /po(z1)ps(x2)R(x1) cos(v/E/4A||x1 — x2||) ] y

XxX
4

* b /X><X VEJAN po(x1)pa(w2) (Sa (@1, 2), v(x1)) dy.

Proof. We define
Box = ([21, vV po(@1)]; [22, v/ pu (w2)]) 3y € M(€ < ©),

ie. [o. oz, m], [22,m2]) dBos = [y, x (21, v/ po(21)], [2, v/ pu(2)]) dy for all ¢ € CJ(€ x €). According to
Theorem 7.20 (iii) in [23], By « is a solution to ((2.7), (2.4)). By Proposition 3.3, the claim is proved. O

We remark that, according to Theorem 1.115 in [13] or Lemma 2.3 in [23], such ‘Lebesgue decomposition’
(3.11) always exists.

Our analysis of the Fréchet subdifferentials of the mappings (3.8) at h = 0 will form the basis for the general
study of differentiability properties of the Hellinger-Kantorovich distance HKy s in [11]. For the purposes of
our Minimizing Movement approach to (1.21), (1.22), the results from Proposition 3.3 and Corollary 3.4 will
be sufficient. We conclude this section with a link between the Fréchet subdifferential of (3.8) at h = 0 for

= %V¢, R := 2¢, and the difference
[ o= [ otw)an.
X X

Proposition 3.5. Let ¢ : H — R be a twice continuously differentiable function whose differentials of first and
second order at x € H are represented by the gradient Ve (x) € H and the Hessian V2¢(x) : H — H respectively.
We suppose that

Co = §2§(|¢($)\ +IVo(@)l +[[[V2(x)l]) < +oo, (3.12)

with
11V2¢(@)[] := sup{||V*p(x)(v)]] : v e H, ||| <1}
For vy, € M(X), let By € M(€ x €) be optimal in the definition of Ha x(vo, t)? according to (2.7), (2.4),

with first marginal ag € Mo(€), hay < vy, and second marginal o, € M3(€), ha, < p. Then the following
holds good:

5[ o= [ ole)dn) = (Soms 5 [ oa)an—ban)| < Cul6 + 16/ s, (313)
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where §o,x,¢ @5 defined as

4 [— 226 (11) + 2r1726(21 ) cos(v/S/AA 21 — x2||) + 1172 /AA/T (Sax (21, 22), v¢>(x1)>} dBo. (3.14)

by cx¢

(with Sa,s as in (3.7)).

Proof. First of all, we note that

J o au= [ ot = [ (o —otrt] s, + [ serdu—ba) ~ [ 61t~ bao)

and
‘%/X ¢(z) d(p — bay) — %/X ¢(z) d(vo — hao) + %/X ¢(z)d(vo — hao)‘ < CyHKa s (v0, 1)*

Hence, all that remains is to find a suitable estimate of ’% f@x@ |:¢(I2)T§ — (b(asl)rf] dBo,+ — Tox,0|- We fix

([x1,71]s [T2,72]) € € X €\ {(0,0)} with ||z; — z2]] < my/A/Z. Let 1 : [0,1] = &, n(t) := [z1 + 0(t)(x2 —
x1), R(t)], be the geodesic between [z1,71] and [x2,r2] in (€, de A x), defined according to (2.9)—(2.17). Then
the mapping t — x(¢) := ¢(x1 + 0(t) (w2 — 21))R(¢)? is twice continuously differentiable with

X (8) = 2RR (d(@1 + (1) (22 — 1)) + R0 (£) (V{1 + 0(t) (w2 — 71)), 22 — 1)
() = ( dit (1)) é(wr + 0(8) (@3 — m1) + 2(%R<t>2)e’<t><w<x1 +0(t) (w2 — 1)), w2 — 1)

R(t)%0" (t)(V(z1 + 0(t) (w2 — 21)), 22 — 21)
+R( )2 (0 (1)) (w2 — @1, V(a1 + 0(t) (w2 — 21)) (w2 — 71))

for t € (0,1) and it is right differentiable at ¢ = 0 with right derivative
X4 (0) = 11ng (t) = 2nR (0)(x1) + ri0 (0)(VP(a1), x2 — 1)
= —2r2¢(x1) + 2r1ra¢(x1) cos(v/S/4A ||z — x2]|) + riro/4N/D (Sax(x1,22), Vo (x1)).

Approximating y by the first Taylor polynomial at t = 0 yields

|p(x2)r5 — d(x1)ri — X4 (0)] = |x(1) = x(0) = x4 (0)] < sup |x"()].

te(0,1)

So let us fix ¢t € (0,1) and estimate |x”(t)|. For this, we need to play with the first and second derivatives of R
and 6. We recall (2.14), which says

SR+ TREE O o1 — 2l = deas(lon, il o2, r2])

It is not difficult to see that (2.12) and (2.13) imply

SROP + 2ROR'(W) = 2 TR = deas(lon,rl, a2, m])” (3.15)
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We infer from (2.14) and (3.15) that

]‘ / "
TROE @)?[lz1 = z2|* = FR"()

(since R(t) # 0) and, by taking the derivative in (3.15), that
IR'()R"(t) + R(t)R"(t) = 0.

It follows that

%R(t)R’(t)(e’(t))anl —zo* = %R’(t)R”(t) - —%R(t)R’”(t)
= _iR(t)R/(t)(el(t)mel — 2a|* — 3%7%(1&)29’(09”(15)||x1 — 2|2
Supposing that z1 # 2 and that 6'(¢) # 0, we obtain
0" (OR(? a1 — 2ol < 2ARORO(O)ller —wsll| < (R0 +ROXO'(0)?]lar — 22l (3.16)

We note that (3.16) also holds good if 1 = x2 or if §'(¢) = 0, since, taking the first and second derivative in
(2.14), we see that 6'(t) = 0 implies 6”(¢t) = 0 or x; = z5. Indeed, if 6’(t) = 0, we have

Rll(t) — 0 — R/N(t)
by the above considerations, and thus,

d 2
0 = @dc,A,z([xhﬁ]’[932,7“2])2 = XR(t)2(9”(t))2|\$1—$2\|2-

Finally, we obtain

0] < (5RO + 2| (SR — all]| HRE?Dllas — aol]| + ROO @)l — 2]

<2(R/())2+2R(1)2(0 (1))?||lz1 —x2||?
< Cy(5/4 S+ 4N)de a s ([w1, 1], [22,72])%,
by applying (2.14), (3.15) and (3.16), and the fact that SR(t)? = 2R/ (t)R(2).
Note that (o . satisfies (2.8). All in all, it follows that

\% / [6(2)78 — 6(w1)r3]| dBo.s — o] < Cul5+16A/3) / dens (21, m1], [2272])% dBos
(o x¢

< Cy(5+ 16A/Z)HKp x (vo, 1)

The proof of Proposition 3.5 is complete. O

Remark 3.6. Let ¢ : H — R satisfy the assumptions of Proposition 3.5. In addition, we suppose that ¢ has
compact support within the interior of X so that, setting v := %ng) and R := 2¢, we can define the curve
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N 3 h— v, € M(X) according to (3.1). Then

8
o 55 [ 9le) i~ o), (3.17)
X
defined as in Proposition 3.5, belongs to the Fréchet subdifferential of
1 2
h— _§H<A,E(Vha 1) (3.18)
at h = 0, see Proposition 3.3.

4. MINIMIZING MOVEMENT APPROACH

4.1. Theorem and Assumptions

Let us return to the setting described in Section 1.2 with X := Q C R?, d(xy,z2) := |z1 — 23|, and let us
define ®(7,p1,v) := E(v) + 5=HKa (v, p)?, €:=F +V, as in (1.19) and (1.20). Our goal is to prove that the
associated Minimizing Movement scheme yields weak solutions to the scalar reaction—diffusion equation (1.21)
with no-flux boundary condition (1.22). In order to find appropriate assumptions on F' : [0,400) — R and
V : Q — R, it is worth taking a look at the natural coercivity assumptions which typically arise in connection
with the Minimizing Movement approach to gradient flows (c¢f. the fundamental book [2] by Ambrosio, Gigli

and Savaré). Note that, by Proposition 1.3, (M(£2), H, x) is a complete metric space.

Proposition 4.1 (Minimizing Movement approach to gradient flows [2]). Let (#,d) be a complete metric
space and apply the Minimizing Movement scheme (1.1) to ®(7,v,z) := E(x) + %d(m,v)? We suppose that the
functional € : & — (—o00, +00] satisfies the following assumptions:

(A1) There exist A,B >0, z, € . such that

E() > —A - Bd(x) (1)
(A2) &£ is lower semicontinuous, i.e.
d(xp,z) -0 = liminf &(zy,) > E(x). (4.2)
n—oo

(A3) Every d-bounded set contained in a sublevel of £ is relatively compact, i.e.

sup{€(xy),d(zp,xm)} < +o0 = Ing T 400,z €. : d(zp,,z) — 0. (4.3)

n,m

Then, for every ug € {€ < 400}, the set of Generalized Minimizing Movements GMM(®;ug) is nonempty.
Moreover, every u € GMM(®;ug) is continuous (locally absolutely continuous even) and satisfies the energy
dissipation inequality (1.5).

Proof. See Chapters 1-3 in [2]. The definitions asscociated with the energy dissipation inequality (1.5) can be
found therein, too. A brief outline of (1.5) is given in Section 4.3 in this paper. O

So let us break down the Assumptions (A1), (A2) and (A3) of Proposition 4.1 on £ into assumptions on F'
and V. Let us put the focus on F first, supposing that V = 0. We start with Ass. (A1l). We notice that for a
Borel measurable function F : [0, +00) — R, we have

/min{F(u(x)),O}dx > —00
Q
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for all u : Q — [0, +00), u € L}(Q), if and only if F is linearly bounded from below, i.e. condition (4.4) below
is a necessary and sufficient condition for the well-posedness of F (¢f. Theorem 5.1 and Ex. 5.5 in [13]).

Lemma 4.2. We suppose that F : [0,+00) — R is Borel measurable and there exists Cr > 0 such that
F(s) > —Cps—Cr forall s € ]0,+00). (4.4)
Let F be defined as in (1.20) and let g denote the null measure. Then there exist A, B > 0 such that
F() > —A—BH,ys(-m0)> (4.5)

Proof. Obviously, (4 4) implies (4.5) with A := Cp.2%(Q2) and B := ZCp; the only thing to note is that we
have fI-KA s (1, m0)? = [qu(x)dz if p = u.Z? by Proposition 1.3 and .,?d(Q) < 400 since €2 is bounded. O

As HKj s metrizes the weak topology on M(Q) in duality with continuous and bounded functions, according
to Proposition 1.3, compactness issues such as (4.3) are closely linked to an application of Prokhorov’s Theorem.
Thus the compactness of (2, -|) yields the relative compactness of every HKx s-bounded set in (M (), HKx x)
(¢f. [23], Thm. 2.2, Cor. 7.16), i.e. (4.3) holds good in any case. However, this does not suffice in view of
Assumption (A2) of Proposition 4.1 and the fact that we aim to obtain (weak) solutions w : [0, +00) x Q —
[0,4+00) to (1.21), (1.22). We need a condition on F which guarantees

sup{F (pn), HKa 5 (1tn,m0)} < 00 = Ing T +oo, u: Q= [0,+00) : I-KA,g(unk,u.,%d) — 0. (4.6)

Lemma 4.3. We suppose that F is Borel measurable and linearly bounded from below (4.4). Let F be defined
as in (1.20). Then (4.6) holds good if and only if F has superlinear growth, i.e.

lim F(s)

s—00 8

= +o0, (4.7
and it is equivalent to
1
sup{F (pin), a5 (1tn,m0) } < +00, pin = U, L% = g T 400, u: Q= [0,4+00): Uy, Lo (4.8)

Furthermore, F is lower semicontinuous, i.e.

Ha s(pn, p) = 0 = liminf F(u,) > F(u), (4.9)

n—oo

if and only if F is convex, lower semicontinuous and has superlinear growth (4.7).

Proof. We suppose that F' has superlinear growth, sup,, F(iu,) < +00, tn = u,.Z¢ and sup,, fQ up(z)de =
2 sup,, KK = (1n, m0)? < +o0. By (4.7), for every M € N there exists sp; > 0 such that F(s) > Ms for all
s > sy Let a Borel set E C Q be given. We fix n € N and define Epy := EN{z € Q: uy(z) > sy}, (M €N).

We have
/ o(x)de < sy LNE / (un(x
E Enm

< s 2YE) + M(f(un)+CF /Q W) dr + Cp 2 (@),
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which shows the equiintegrability of (u, ). Therefore, by Dunford-Pettis-Theorem, there exist a subsequence
1 1
ng T 400 and u : Q@ — [0,+00) such that u,, L u, where L\ denotes weak convergence in L!(Q2). Clearly,

1
Un, L) implies I-KA,E(,unk,u.,iﬂd) — 0.
Now, let us suppose that F' does not have superlinear growth (4.7). Then there exists s, — oo such that

1/d
sup,, %ﬁ‘) < +o00. We fix T € Q. Let B,, be the open ball around z with radius (Si) , and let p, =

un L un(x) i= s, if € QN By, u,(x) := 0 else. Then sup,, {F (ttn), a2 (ttn,70)} < +00 and p,, converges
to the Dirac measure Volyd; (where Vol denotes the volume of the unit ball in RY) in (M(Q), HKa ). Hence,
(4.6) does not hold.

So we have proved that (4.6) holds good if and only if F' has superlinear growth and it is equivalent to (4.8).

The second part of the lemma follows from the first part, (4.4) and the fact that, for a Borel measurable
function G : R — [0, +00), the functional G : L' (Q) — [0,400], G(u) := [, G(u(x)) dz, is lower semicontinuous
w.r.t. weak Ll-convergence if and only if G is convex and lower semicontinuous (cf. Thms. 5.9 and 5.14 in
[13]). O

Note that, if F'is convex, then it is automatically linearly bounded from below, i.e. there exists C'r > 0 such
that (4.4) holds good. We have seen so far that F satisfies the assumptions of Proposition 4.1 if and only if F' is
convex, lower semicontinuous and has superlinear growth (4.7). In addition, the proof of (a weak form of) the
reaction—diffusion equation (1.21) with no-flux boundary condition (1.22) will require a sort of differentiability
property of F, see Assumption 4.7 below. This condition will arise quite naturally.

Now, our theorem reads as follows.

Theorem 4.4. Let a continuous strictly conver function F : [0, +00) — R with superlinear growth (4.7) and a
Lipschitz continuous function V : Q@ — R be given and define £ :== F +V : M(Q) — (—o0, +oc] and @ according
to (1.20) and (1.19). Let F be differentiable in (0,400) and define Lp, LF : [0,+00) — R as

sF'(s) if s € (0,400),

Li(s) = {sF’(s) —F(s) ifse€(0,4+00), i ’ ey (4.10)

| -F0) ifs=0 p(s) == Lp(s) + F(s) = {

We suppose that F satisfies Assumption 4.7 (see below).
Then the following holds good: For every pg € {€ < 400}, the set GMM(®; o) is nonempty. Furthermore,
if 1 € GMM(®; o), then there exists a curve u : [0,+00) — LY(Q), u > 0, such that
u(t) = u() 2, (4.11)
ultn) B oult)  ift, —t, (4.12)

for allt > 0, and u is a solution to a weak version of the reaction—diffusion equation (1.21) with no-fluz boundary
condition (1.22), i.e.

Lp(u) € Lipe([0,+00); L1 (), Lr(u) € Li ([0, +00); WH(9)) (4.13)

and
Irvyu = / / u(t, z)Opp(t, x) de dt +/ u(0,2)Y (0, z) dz (4.14)
0 Ja Q
for all ¢ € CE(R x RY), where I vy is defined as

/0 h /Q [A<VLF(u(t, )+ ult,z)VV (), Vaib(t, x)> + z(iF(u(t, 2)) + V(@)ult, x))¢(t, x)} dedt.  (4.15)
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Remark 4.5. C?(R x R?) denotes the set of all twice continuously differentiable functions ¢ : R x R? — R
with compact support in R x R?. In order to obtain a weak form of the scalar reaction-diffusion equation (1.21),
it would suffice to prove (4.14), (4.15) for all twice continuously differentiable functions ¢ : R x  — R with
compact support in R x Q (short ¢ € C2(R x )). Establishing (4.14), (4.15) for all ¢ € C2(R x RY) instead
means to include the no-flux boundary condition (1.22) in a weak form, and will be an extra challenge in the
proof of Theorem 4.4.

Moreover, VL (u(t,-)) € L'(Q; R?) denotes the weak gradient of Lr(u(t)) € WH1(Q2), and V.4 denotes the
gradient of ¢ with respect to the xz-variable.

Remark 4.6. By basic convex analysis, Ly and Ly are continuous in [0,+00) and Lp is nondecreasing,
i.e. Lp(s1) < Lp(s2) whenever sy < so. Furthermore, Lp(s,) — 400 if s,, — +00 because F has superlinear
growth. Our assumption that F' is not only convex but strictly convex seems none too restrictive and makes
things considerably easier since in this case, L is strictly increasing, i.e. Lr(s1) < Lp(s2) whenever s1 < so.
Thus, we have

Lp(sp) > LeR = ds € [0,400) : L=LF(s), 8, — s. (4.16)
The fact that, according to (4.16), £%-a.e.-convergence of Lg(u,) for u, : Q@ — [0, +00), u, € L}(Q) (n € N),
translates into .#%-a.e. convergence of u,, will be a useful ingredient in our proof, cf. Section 4.2.

Now, let us be precise about the differentiability condition imposed on F.

Assumption 4.7. We suppose that Lr(ug) € L'(Q) and

lim w _ /Q [~ Li(uo(a)) tr Do(a) + 2L p(un ) R()] da (4.17)

whenever v : Q — R? is continuously differentiable and has compact support in Q, R:Q — R is bounded and
Borel measurable, vy = ug.Z¢ € {F < +oo} and the curve N' 3 h + v}, € M(Q) is defined according to (3.1),
i.e.

vp = (I + hv) (1 + hR)*vg (4.18)

(where Lp, Lp are defined as in (4.10), Dv denotes the differential of v and tr Dv its trace).

A similar condition has already been treated in the study of diffusion equations (1.6) (cf. Sect. 10.4.3 in [2]).
The differentiability of h — F(vp,) at h = 0, for such curves h — vy, together with our analysis from Section 3,
will form the very basis for proving (4.14), (4.15). We note that, if vy = uoZ? and v, is defined as above, then,

v = up LY, det (T4 hDv(z))up(z + ho(x)) = (14 hR(x))*uo(z), =€ Q, (4.19)

for h in a neighbourhood around 0 (where I denotes the identity matrix). This follows from the change of
variables formula and the fact that, for |h| small enough, I + hv is a diffeomorphism mapping  onto 2
with det (D(I + hv)) = det (I + hDv) > 0. Moreover, for every = € €, the mapping h +— det (I + hDv(z)) is
differentiable at h = 0 with derivative equal to tr Dv(z). By (4.19) and the change of variables formula, we have

vi) — Fu 2))2ug(x
w _ /Q %[F(%; (}]ﬁ( h)])jv(x())))det (I + hDo(z)) — F(uo(x))] de (4.20)

if || is small and vy, € {F < 4o0}. It is not difficult to see that the integrands of (4.20) converge pointwise to
the integrand of the right-hand side of (4.17) as h — 0. So if the corresponding integrals also converge (e.g. by
dominated convergence theorem or monotone convergence theorem), then (4.17) holds good.
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Example 4.8. We give two examples of functions F' : [0, 400) — R satisfying the assumptions of Theorem 4.4.
The first example is

1 if
F(s) = {015 ogs if s € (0,+00), (1> 0).

~]o if s =0,
for which Theorem 4.4 yields (4.14), (4.15) with

. 1 if 0
Le(s) = crs. LF(S)Z{SIS+CIS R e

In this case, Assumption 4.7 is established by simplifying the right-hand side of (4.20) to

5 log(1+ hR(z))? — logdet (I + hDv(z))
h

dx

)2 —
/Q [Fun(a) U th(l D721 4 (@) (1 + hR(2))

(using arithmetical rules of the logarithm) and by applying the dominated convergence theorem (note that
Jo [F(uo(2))| dz < 400 if vy = ugL? € {F < +o0}).
The second basic example to which Theorem 4.4 is applicable is
F(s):=—c187+cas? (120, c2>0, p>1, ¢€(0,1))
with
Lp(s)=c1(1 —¢q)s? + ca(p—1)s?, ﬁp(s) = —c1qs? + cops®.

In this case, the right-hand side of (4.20) reads as

(14 hR(x))?!(det (I + hDv(z)))' P —1
h

+ coup(x)?

(det (I+ hDv(z)))'=9(1 + hR(z))* — 1
/Q [ — crup(x)? dz,

h
and again, Assumption 4.7 can be established by using the dominated convergence theorem (note that
Jq uo(2)?dz < LUQ) + [, uo(z) dx).

Finally, we remark that the Lipschitz continuity of V' appears to be a convenient condition for our purposes
since in this case, V € CY(2) and thus V (defined as in (1.20)) obviously satisfies Assumptions (A1), (A2),
(A3) of Proposition 4.1, and in addition, V' is a.e. differentiable with bounded gradient VV', and, by dominated
convergence theorem,

hm V(l/h) — V(l/o)

tig XL [ 9 0),0(0)) + 2V (@) Ri)uole) (12

for every curve N' 3 b vy, := (I +hv)x(1+hR)% vy € M(Q), vy = ugL?, defined according to Assumption 4.7.

4.2. Proof
We prove Theorem 4.4.

Proof. If the assumptions of Theorem 4.4 hold, then Lemma 4.2, Lemma 4.3 and the discussion in Section 4.1
show that Proposition 4.1 is applicable to ® and &£ := F +V : M(Q2) — (—00, +00] defined as in (1.19) and
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(1.20). Hence, for every ug = ug-L? € {€ < +o00}, the set GMM(®; 119) is nonempty. So let u € GMM(®; ).
There exist a subsequence (7x)ken, 7k 4 0, and discrete solutions p, to the associated Minimizing Movement
scheme (1.1) converging pointwise to u, i.e. -, (0) = o and

klim HA s (pr, (), p(t)) = 0 for all ¢ > 0.
—00

Every discrete solution p, is assigned a curve u,, : [0, +00) — L1(Q2) such that u,, (0) = ug, ur, (t,-) > 0 and
i, (1) = up, ()27 for all ¢ > 0.
We note that, by (1.1), t — E(ur, (t)) is decreasing. Since V € CY(Q) and sup, HKa s(pr, (t),10) < 400, it

follows from E(pr, (t)) < E(uo) that supy, F(pr, (1)) < +oo. Thus, according to Lemma 4.3, there exists a curve
w: [0, +00) = LY(Q) such that u(0) = ug, u(t,-) >0 and

wn (1) B ou(t),  plt) = u®) L forallt >0

(this convergence holds good for the whole sequence 71 | 0 as we already know that HKa s (s, (¢), p(t)) — 0).
By Proposition 4.1, p is continuous, i.e. HKx si(u(tn), u(t)) — 0 whenever ¢, — ¢. Since E(u(t)) < E(uo) for all
t > 0, the same arguments as before show that
1
u(ty) LN u(t) whenever ¢, — ¢, t > 0.

Now, let v : Q — R? be a continuously differentiable function with compact support in Q and let R : Q — R
be a bounded Borel measurable function. We define, for £ € N, n € N, the curve

N 3 hs vy o= I+ h)g(1+hR) ., (n71,) € M(Q)
according to (3.1). We recall that

1
tr, (n7%) is @ minimizer for ®(1x, pr, ((n — 1)711),-) = E() + oy Ha, s por (0 — 1)Tk))2,
Tk

and we establish a necessary condition of first order involving the Fréchet subdifferential of

1
h —§|‘KA,2(Vh7Mm((ﬂ = 1)7))?

at h = 0 and the directional derivatives (4.17) and (4.21) of F and V. We set u} := jir, (n7%), ul, = ur, (n73).
Let 7 € M(€ x €) be optimal in the definition of HKy s (u? , u2~1)? according to (2.6), (2.4), with first
marginal o2, € M3(€), ha = p” . and second marginal o2, hal~! = u”~'. Since p? is a minimizer for
D (7, ,u’;‘k_l, -), we have

E) —E(u)  mmKas(un mi ) = s Has(vn, up 1)
h - h ’

heN, h>0,

and passing to the limit & | 0, we obtain

/Q [ = L, (@) tr Do(@) + 2Lp (uf, (@) R(x) + ((VV (@), v(@)) + 2V (@) R(x) )ul (2)] do > % Fremonts
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with

4
Srom0,R = 5 [ —r2R(x1) + riraR(x1) cos(\/S/4A |21 — z3]) + riro/S/4A (Sa,z (w1, 22),v(21)) | dBT,,
[upg
sin(4/2/4A |1 —x2|) .
Sax(z1,72) = { [21—2] (22 —21)  if a1 # 29,

0 if 1 = T2,

by Proposition 3.3, Assumption 4.7 and (4.21). As we can switch between v, R and —v, —R, the following
necessary condition of first order holds good

R 1
/ [f Lp(u ) tr Do+ 2Lg(u, )R + (<vv, o) + QVR) ufk] Az = = Frmonr (4.22)
Q k

for all continuously differentiable functions v : @ — R? with compact support in € and all bounded Borel
measurable functions R : 2 — R.

Let ¢ : © — R be a twice continuously differentiable function with compact support in €2. Setting v := %ng),
R :=2¢ and applying our necessary condition of first order (4.22) and Proposition 3.5, we obtain

‘/Q [—ALF(uﬁk)A¢+EﬁF(U¢k)¢+ (A<vv, Vo) +zv¢)u¢k} da — %(/Qdmu’;,;l _ /glqbduﬁk,)\
< %C’cb,A,zI'KA,E(N:-Lka?;l)Qv

with Cy Az > 0 only depending on ¢, A, ¥ (cf. (3.12), (3.13)). Hence, for every ¢ € CZ(R x Q) there exist
Cypas >0, Ny, €Nsuch that ¢(¢,-) =0 for t > Ny », Tk, supy Ny -, 7k < +0o0 and

Caama— [ [ et men D) gy g [ Enl0) ZunG2) o dpar
‘/ (t)dt / / (t— 7k 2 Ur, (£, ) (t.2) / k/ tr, (0, 2) — ur, (¢, ) (t,2)
0 Tk Q 0 Q

Tk

N"l’ka
< Cyax Y Was(up, w2,

n=1

where J;, (t) is defined as

/Q [ — ALp(ur, (t,2)) Agto(t, @) + SLp(ur, (t, )0 (t, ) + (A(VV(x), Vaib(t, ) + SV (@)(t, x))u (t, x)] da.

Standard tools from the theory of the Minimizing Movement approach to gradient flows yield

sup{I-KAz(ufk,no)2 : 1< n< N, kEN} < 400, (4.23)
N
S Has (il uli ) < 2 (e(uo) + A+ BI—KA,E(MJT\ik,nO)Q) S0 ask oo,  (4.24)
n=1

whenever sup,, N7, < +oc0 (and where A, B > 0 s.t. £(-) > —A — BHK) 5 (,1m0)?), see e.g. the first part of the
proof in [10], Section 3.2. Furthermore, we have

©f ug (t— TR, x) — up () Tk ur, (0,2) — ur, (¢, 2)
/Tk /Q . Y(t, x) dadt + /0 /Q p Y(t,x)dedt
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- [ [ AR Z D nyasars = [ 000t dedd
0 Q Tk Tk Jo Q

— /0 /Qu(t,x)atz/}(t,x) da:dt—&-/ﬂu(o,m)z/)(o,x) dz as 7, 4 0

1
since 0y1 is uniformly continuous and bounded, w,, (¢ L u(t), sup Uy (t,x)dr : t < Ny, 76, k€N =
K Q %1i Y, TE

sup {%I—K/\,g(,uﬂc (t),m0)%: t < Ny rThs k € N} < +00). So in order to establish (4.14) for ¢ € C2(R x ), all

that remains is to prove that Lz (u(t)) € WH1(Q) for a.e. t > 0 and fooo Jrew(t)dt = Zp v as 7 I 0. Again,
the necessary condition of first order will smooth the way. We set R =0 in (4.22) and obtain

’/ —Lp(u ) tr Do(z )dx’

1 1/2 ) b \1/2
<sup|VV \/ [v(x)|ul (x dac—i—m(/€ €2A7"2|SAZ(301,962)| dsr ) (/@ €7"1\1)(961)| dﬁTk)
X X
1

1/2 II(AE /”'7-7/’['7' / 1/2
< (sup|VV d + — ko Tk z)d
< (xlelgl (ac)l(/Q . (7) x) 7x poy lv(z x)
V2 1 Has(d, wrt) / 1/2
< \VA74 " d + — ’ ARSI n d
< (supl <x>|(/9um<x> )t - )( [ v x) sup v(2)|

by applying Hoélder’s inequality and (2.14) and (2.15) which yield

4

[ stisastenenfasy < [ deas(onnlloara)?ds, = M)
exe exe

(note that (2.14) holds good for t = 0, too, as #, (0) = limy o ¢’ (t) and R’_(0) = lim, o R'(t)). Firstly, the above
estimations (which hold for every continuously differentiable function v : 2 — R? with compact support in )
show that Lp(u? ) is a function of bounded variation in Q (recall that Lg(uZ, ) € L*(€2) by Assumption 4.7),
and in a second step, they show, according to Hahn-Banach Theorem and the fact that the dual space of

L2(Q;u?, 2%) can be identified with L?(Q; u? £?) itself, the existence of a function w?, : Q@ — R such that

2 1 KKy s (g pl ')y 2
dz < n d — 2 T T Th
[t @R @ ae < (sup 9V ( [ i @yar) ¢ oSl )

/Q —Lp(u} (x))tr Dv(z)dz = /Q (Wl (z),v(x))u? (v)dx

for every continuously differentiable function v : Q — R¢ with compact support in €. This means that L rul ) €
Wh1(Q) with weak gradient VLp(u ) = wl u? and

Tk Tk

/Q‘VLF u? ( ‘dx < (:ggWV(x)(/Quﬂk(x)dx>1/2+\}Xl‘KA,z(/ch’M?,:l))(/Qu:fk(x)dx)l/z.

Now, let us give an upper bound for Ly (u?, ) in L*(£2) so that in the end, we have an upper bound for Lp(u., )
in VV1 '1(Q). We note that

Jizetlar < [ (1ol + P dr < [ (Le@i)lde+ F) +2 [ 1P0) = F)]+ (Ol )ds,
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and setting v = 0 in (4.22), we obtain

’/Iip(ufk dx‘ < (sup|V |/ d:v sup\R( )|
Q

9 5 o \1/2 . 1/2
+ Tkz(/engA’E(thl’xz’rz) dﬂm) (/QuTk(:L’) dx) 21618|R(x)|

for all bounded Borel functions R : Q — R, with Qa »([z1,71], [x2,72]) := —r1 + 12 cos(\/E/4A|z1 — x2|) and

QA,E([I'l,T‘l],[iEQ,T’QD dBTk = =

by _
1 deas([z1, 1], [22,m2))? dBY, = Z"KA,E(M:kaHZk h?
x¢ xe¢

by (2.14) (which also holds good at ¢t = 0) and (2.15). Hence,

R 1 I_K TL7 n—1 1/2
/|LF(u¢k(a:))|da: < sup |[V(z I/ dx+— A (W 1, )</ufk(x)dx) .
Q VE Q

zeQ Tk

Similarly, we obtain

. 1 WKy s(pn,unt . 1/2
[ lkstu @l < sw Vi) [ V) ([ ) 00)

e E Tk

for every Borel set £ C €. Define [y, | : (0,+00) — [0, +00) as

W (o 1571
T

s, (1) = fort € (n — )71, n7] (n €N).

We have found out so far that Lg(u,, (t)) € WH1(Q) for all ¢ > 0 and k € N and that, if sup, |u'Tkl |(t) < +o0
for some subsequence (7, )ien, Tk, 4 0, and ¢ > 0, then (L (ur, (t)))ien is bounded in W'!(Q). Tn this case, by
Rellich-Kondrachov Theorem, there exists a subsequence of (L (ur,, (t)))ien which converges strongly in LY(9).

If (Lp(ufklj (t)))jeN converges to some £ € L1(2), then it will, in turn, contain a subsequence which converges

to £ pointwise .Z%-a.e., and by (4.16), the corresponding subsequence of (uml (t))jen will converge to some
i

1
u:Q — [0, +00) pointwise #%-a.e. and £ = Ly(u). Using Egorov Theorem and the facts that u., (t) L u(t) and
u € L1(Q) by Fatou’s lemma, we obtain u = u(¢) and thus £ = Lz (u(t)). This shows that the whole sequence
(Lr(ur, (t))ien converges to Lr(u(t)) strongly in L'(Q) whenever sup, |/Lf,_k_l |(t) < 4+o00. Furthermore, in this
case, the corresponding sequence (VLp(ur, (t)))ien of weak gradients is bounded in LY(Q; R?) and equiintegrable
because (ur,, (t))ien is equiintegrable and

L |vEetun, @ap|ar < (sup 9V @I( [ un, (trde) ™+ it 10)( [ v ()"

for every Borel set E C €, by the preceding estimations of [, |w! (z)|*u?, (z)dz, VLp(u? ) = w} u? and
Holder’s inequality. Dunford-Pettis Theorem and the above considerations show that Lp(u(t)) € WH1(Q) for
every ¢ > 0 for which there exists a bounded subsequence of (|7, |(¢))ken and (VL (ur, (t)))ien converges to

VLp(u(t)) weakly in L'(Q;R?) whenever sup, |;L’Tkl |(t) < +o0. By Fatou’s lemma, this is true for a.e. ¢t > 0



24 F.C. FLEIBNER

because (4.23), (4.24) yield

T
Ap — Sup/ i, |(H2dt < 4o forall T> 0, (4.25)
keN JO

Now, let ¢t > 0 and 7%, | 0 such that sup; |u’7kl |(t) < 400. Using Dunford-Pettis-Theorem, the above estima-
tion of [, |IA/F(u2,c (z))|dz and the equiintegrability of (ur, (t))ien, we see that there exists a subsequence of
(L F(ur,, (t)))ien which converges weakly in L1(Q). The preceding considerations show that every subsequence
of (ur, )ien contains a subsubsequence which converges to u(t) pointwise Z%-a.e.. We may use Egorov The-
orem and the continuity of Lr in order to conclude that the whole sequence (LF(uTkl (t)))ien converges to

Lp(u(t)) weakly in L'(Q). It is apparent from (4.25) and the preceding convergence results and estimations
that Lp(u) € LE ([0, +00); WE1(Q)) and Lp(u) € LE ([0, +00); L1 ().
All in all, we obtain

. / 2

> /Q [A<VLF(u(t, 2)) +ul(t, 2)VV(z), Vai (t, z)> + z(ﬁF(u(t, ) + V(@)u(t, x))w, x)} dz
for every ¥ € C2(R x ), € > 0 and almost every t > 0, where J,, ,(t) is defined as above, i.e. as
/Q [ — ALp(ur, (t,2)) Agto(t, @) + SLp(uy, (t, )0 (t, ) + (A(VV(x), Vaib(t, ) + SV (@)(t, x))u (t, x)] da.

Note that, by the above estimations of [, |Lp (u? (z))|dz and ‘ Jo —Lr(u? (2)) tr Dv(z) dx‘ (here we set v(x)
equal to V,¢(t,x)) and by Cauchy’s inequality with e > 0, we have
T () + elur, |(2)?
> —A(C vy Ly |(t))cl/20 S >'e; (c Cry + —— |1t
= 1% Ty, \/K p"rk Ty P [ viTy \/i /L,-k
1/2 2
> =2(A + )0y Cr, Cy = VA, (O Cy = VElun, [ (O Cos + el |(1)?

()CH?) = (A + £)Cv CyCr, + el |(8)?

1 €
> —(A+%)(20vCr, Cy + =Cr, C3) + St |(1)?

with Cy = sup, e (|V (2)| + |[VV(2)]), Cy := sup( yerxa([¥(t )| + Vot (t, 2)]), Ty > 0 such that ¢(,-) = 0

for allt > Ty, and Cr,, := sup { Jour (t,z)dz: keN, te (0, T,/,)} (which is finite by (4.23)), so that the limit

inferior of (jfk,w(t) + €|l |(t)2>]c . is indeed either +-o0 (if there is no bounded subsequence of (|u’ |(t))ren)
€

or the limit of some subsequence for which the corresponding subsequence of (|}, [(f))ren is bounded. We may

apply Fatou’s lemma in order to obtain

[eS] Ty 2 Ty 2
lim inf /0 3o (t) At + €A, > lim inf /0 {me(t)—i—em’Tth) }dt > /0 lim inf [JTM,(t) +elpl |(1) }dt

k—o0

> [ ] MR, + a0V @), Tabtt0)) + 5L ) + V@t )0, )] dr i = T
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with Zp v, defined as in (4.15) and Ar, according to (4.25). This shows that

oo

lim T p(t)dt = Ipyy. for every ¢ € C2(R x Q)

k—oo Jq

because we may let € | 0 and switch between ¢ and —. The proof of (4.14) for ¢ € C%(R x ) is complete.

Now, we include the no-flux boundary condition (1.22) in a weak form and prove (4.14) for all t» € C2(R x R?).
The reason why we cannot just repeat the previous proof for ¢ € C2(R x ) is that the derivation of (4.22)
from Proposition 3.3, Assumption 4.7 and (4.21) will fail for general continuously differentiable functions v with
compact support in R? (but not in Q), ¢f. Example 4.9 below. However, using the preceding results, a necessary
condition of first order can still be obtained in this case. For k € N, n € N, let 47 € M(Q x Q) be optimal
in the definition of HKy s (p2, , u'')? according to (1.10), with first marginal 47, | < 2, and second marginal
A2 o < =1, and Lebesgue decompositions

o= e (i)t and Tt =l oyn o+ ()
cf. (3.11). By Corollary 3.4, Assumption 4.7, (4.21), the same arguments showing (4.22) and as Lr(u},) €
WH1(Q), we obtain the following necessary condition of first order

(Ve )0+ 2Ee )Rt (V) + 2V R)a Jdo = = (Sown = 5 [ R@)aG)) (@426)

for all C*®-functions v : © — R? with compact support in € and all bounded Borel measurable functions
R:Q — R, where §,, no,r is defined as

S [ [ eha@)R@) + \fon, @00l () R(er) cos(v/STAR 1 — asl])] o,

Y Jaxa

4 n
5 [ VAN et ) (Shs(ena). o) do

According to (1.10), Theorem 4.5 in [15] and Theorem 6.6 in [23], there exist a Borel function o7 ; : © — [0, 4-00)
and a Borel optimal transport mapping 7 : Q — Q such that

Vil = OF 1l Vo= Ixtl )t = (Ixtd )u(of yul, £7). (4.27)
Setting R =0 in (4.26) and applying (4.27), we obtain
/| <VLF<u¢k (@) + 2, (2)VV (@) v(a)) d

= =5 | VSN @0 a8, @) (S sl (@) o)) ) (o)

for all C*-functions v : Q — R? with compact support in Q. This shows that

ur (x ur (x x) = x)) o (x)ul x, 7 da.e. in Q.
VLp(uz, (x)) + uf (£)VV(2) ka\/”““ )7, 2 (t7 () of s (@)ur, (2)Sa s(x, 87, () & Q
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Consequently, (4.26) holds good for all bounded Borel measurable functions v : @ — R% and R : Q — R.
Applying the proof of Corollary 3.4, Proposition 3.5 and the preceding arguments for ¢» € CZ(R x ), we obtain
(4.14) for all ¢ € C2(R x R%). The proof of Theorem 4.4 is complete. O

The following example shows that Assumption 4.7 does not imply such formula (4.17) for every continuously
differentiable function v : R — R? with compact support in R,

Example 4.9. We can identify vy = ug-£? € {F < +oco} with a nonnegative finite Radon measure vy € M(R?)
by setting ug = 0 outside Q and define the curve h — v, € M(R?) as in Assumption 4.7, for a continuously
differentiable function v : R — R¢ with compact support in R? and a bounded Borel measurable function
R:R% — R9. Again, we obtain (4 19) Which holds good on R? for now. The measures v, can be restricted to
measures v, € M(Q) and F(vy) := [, F( )) da.

Now, let Q = (0,1), F(s) :=s% and v : R —> ]R be a continuously differentiable function satisfying

=0 if |z| > 2,

o(2) e[-1,0) if —2<z<1,
=-1 if0<z<g,
>0 if x > 1.

_ Flu h ! ug(x x))?
Ao 22— b Puayae [ (# “fﬁ;jg;”lx1+mmm>—Fwamﬂdx

— [q wo(x)2(4R(x)—v’(x)) dx as hlO

and we note that the first term on the right-hand side cannot be controlled; if we take ug(x) := 2~/4

then vy = 1oL € {F < +oo} and

, ¢ €(0,1),

h
f%/ F(uo(x))dx = —¥ — —oo as hlO.
0

4.3. Comments and outlook

The discussion in Section 4.1 and Proposition 4.1 show that, under the assumptions of Theorem 4.4, every
Generalized Minimizing Movement p € GMM(®; uo), po € {€ < 400}, associated with ® and £ as in (1.19)
and (1.20), is locally absolutely continuous and satisfies the energy dissipation inequality (1.5), i.e.

E(io) — E(u(t)) > f/ws| Y+ L /MI

for allt > 0.

Definition 4.10 (Absolutely continuous curves, relaxed slope). Let (<, d) be a complete metric space. We say
that a curve u : [0, +00) — . is locally absolutely continuous if there exists m € L}, (0, 400) such that

d(u(s),u(t)) < / m(r)dr forall 0 <s <t < +o0.
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In this case, the limit

d t
WS ORT0)
s—t |s — t|
exists for Z1-a.e. t, the function ¢ — |u/|(t) belongs to L. (0, +oc) and is called the metric derivative of u. The
metric derivative is #!-a.e. the smallest admissible function m in the definition above.
Let £ : ¥ — (—o0, +00] be given. We define the local slope at z € {€ < +o0} as

. (
O0&|(z) := limsu

and the relaxed slope [0~ €| : ¥ — [0, +00] of £ as

|0~ &|(x) := inf {lirr_1>inf |0|(xy) @ d(xp,z) — 0, sup&(z,) < +oo} :

n

We refer to ([2], Chaps. 1 and 2) for a detailed account of these and further definitions which are important
in connection with the characterization of gradient flows in metric spaces by such energy dissipation (in)equality
(¢f. introductory part).

In this paper, we have focused on the fact that our Minimizing Movement scheme yields weak solutions to
a class of reaction—diffusion equations. It will be worth studying the corresponding energy dissipation inequal-
ities in more detail in a subsequent paper as they will provide additional information. The following example
illustrates this.

Example 4.11. Let d € {1,2}. For F': [0,+00) = R, F(s) := —/s+ s (p > 1) and V =0, we define £ and
® as in (1.20) and (1.19). In this case, the functional £ is geodesically convex on (M(£2),Hy 5) according to
[21] and

400 else

0-E1() = {I55(u) if 1 € {€ < +oo},

by Cor. 2.4.10 in [2]. Obviously, u = 0 is a solution to (4.14), (4.15). However, Theorem 4.4 (which is applicable
in this example, c¢f. Ex. 4.8) will not yield this trivial solution, i.e.

no & GMM(®; )

(where 19 denotes the null measure). Indeed, setting 7y := uny.2%, uy = % we can easily compute that

107E| (o) = 0€] (o) > lim ——2 ) o WVE-UNDZUQ)  SZI)

1 = lim =
T Nooo Ky s(nv,m0)  N—oo 2/3/3/1/N Z4(Q) 2

which shows that the constant curve 7(t) = 1o does not satisfy the corresponding energy dissipation inequality.

Our next comments concern different aspects of Theorem 4.4 which we have not considered so far for the
sake of clear presentation. We may replace the initial datum pg = uoL? € {€ < +oo} in the Minimizing
Movement scheme (1.1) associated with (1.19), (1.20) by a sequence (u2), of measures u? = u0.#4 satisfying

T

1
u? L ug, sup, F(ul) < 400, and still obtain the same results as in Theorem 4.4. Besides, we have left aside the
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possibility of adding an interaction energy functional to &; it is not difficult to find appropriate assumptions in
order to do so. We expect that our arguments will form the basis for a Minimizing Movement approach to scalar
reaction—diffusion equations in other settings, too, e.g. if X = R% or X is a subset of a general separable Hilbert
space or the energy functional is modified. We do not want to expound on how to adapt our assumptions and
our proof for such cases, just give an example of suitable assumptions if X = R?.

Example 4.12. We suppose that F': [0,4+0c0) — R is continuous, strictly convex, differentiable in (0, +00),
has superlinear growth (4.7) and satisfies F(0) = 0, F(s) > —Cps (for some Cr > 0). Let V : R — R be
locally Lipschitz continuous and let us suppose that V' > 0 and V(z) — +oo if || = +o00. We define £ :=
F+V:MRY) — (—o00,+0c] and @ as in (1.20) and (1.19) with Q replaced by R¢, and we suppose that F
satisfies a differentiability assumption which is like Assumption 4.7 (but with € and L!(£2) replaced by R? and

Llloc(]Rd) respectively, and for continuously differentiable functions v : R — R?% and bounded Borel functions

R:R? - R, v and R both with compact support in R?). Then similar arguments as in Section 4.2 will show
that the associated Minimizing Movement approach yields weak solutions to the corresponding scalar reaction—
diffusion equation on R%; the results are similar to those of Theorem 4.4. Note that the growth condition on V'
makes an application of Dunford-Pettis-Theorem on R? possible.
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