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NORMAL FORMS FOR THE ENDPOINT MAP NEAR NICE
SINGULAR CURVES FOR RANK-TWO DISTRIBUTIONS*:**

ANDREI A. AGRACHEV!' AND FRANCESCO BOAROTTO?***

Abstract. Given a rank-two sub-Riemannian structure (M, A) and a point zo € M, a singular curve
is a critical point of the endpoint map F : v — (1) defined on the space of horizontal curves starting
at xo. The typical least degenerate singular curves of these structures are called reqular singular curves;
they are nice if their endpoint is not conjugate along . The main goal of this paper is to show that
locally around a nice singular curve v, once we choose a suitable topology on the control space we can
find a normal form for the endpoint map, in which F' writes essentially as a sum of a linear map and a
quadratic form. This is a preparation for a forthcoming generalization of the Morse theory to rank-two
sub-Riemannian structures.
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1. INTRODUCTION

1.1. Horizontal path spaces and singular curves

Let M be a smooth manifold of dimension m > 2 and consider a smooth (i.e. C*°-smooth), totally non-
holonomic distribution A C TM of rank 2. The pair (M, A) is called a sub-Riemannian structure of rank two.
Define I := [0, 1]. Given a point z¢g € M (which we will assume fixed once and for all) the horizontal path space
Q of admissible (also called horizontal) curves starting at x¢ is defined by:

Q= {y:1— M|v(0) =z, v is absolutely continuous, ¥ € A a.e. and is L*-integrable}. (1.1)

The W12-topology endows €2 with a Hilbert manifold structure, locally modeled on L?(I,R?). The endpoint
map F : Q — M is the smooth map assigning to each curve its final point F(y) = v(1). Given y € M we call
Q(y) := F~1(y) the set of all horizontal curves joining o and y. If y is a regular value of F, then Q(y) is a
smooth Hilbert submanifold. In general, however, y is not regular and Q(y) is a submanifold with singularities.
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2 A.A. AGRACHEV AND F. BOAROTTO

A curve v is singular (or abnormal) if d,F' : T, — Tp, M is not surjective. The corank of v is the codi-
mension of Im (d- F) in Tp(,)M. Singular curves are central objects in the theory of nonholonomic distributions,
but their study is a difficult problem and many fundamental questions related to their structure are still open
[3, 16]. Most of the difficulties come from the fact that the Hessian of F is always degenerate, and even in
the simplest case of a singular curve « of corank one, it is difficult to obtain local information on F from the
Hessian: for example it is known [8] that the endpoint map is always locally open in the W2-topology even if
the Hessian has a sign.

Nevertheless, singular curves are interesting for the following reason. Fix on A a Riemannian metric, and
denote by || - [|r2(r,r2) the associated L? norm. Define then the energy functional J : @ — R by the formula
J(v) = %||1||%2(1)R2). The sub-Riemannian minimizing problem between z¢ and y € M consists in finding the
admissible curves realizing min{J(vy) | v € Q(y)}, and Montgomery proved for the first time in [15] that singular
curves may be solutions to the problem (in fact, even independently on the choice of the metric).

1.2. Regular singular curves

Let F:Q — M x R denote the extended endpoint map, that is F is the pair (F,J). Candidate solutions
~ to the sub-Riemannian minimizing problem, called extremals, are constrained extremal points for F and in
particular a singular curve is an extremal. An extremal is called strictly singular (or strictly abnormal) if, for
every nonzero £ € T}‘_—(A{) (M xR) = T;(W)M x R such that {d,F = 0, the projection of { onto its R-factor is
Z€ro.

Let us define A? := [A, A] and A% := [A, A?], where [+, -] are the usual Lie brackets. Borrowing the terminol-
ogy from [14], we say that a singular curve = is regular if the Pontryagin Maximum Principle provides a nowhere
zero curve 7)(t) (sometimes called bieztremal in the literature), dual to v(t), such that n(t) € (Ai(t))J- \ (Af”y(t))J-
for every t € I. Regular singular curves are the least degenerate singular curves for sub-Riemannian structures
of rank 2, and it was proven in [14] that these curves are smooth (see also [7], Thm. 4.4).!

Let us fix a regular singular curve v € Q(y). Our study of the endpoint map F being local around ~, we
assume without loss of generality that « does not have self-intersections, lifting if necessary both A and ~ to
a covering space of a neighborhood Ogupp(y) € M of supp(y) := {y(t) | t € I'}. Then there are smooth vector
fields X; and X5 such that A, = span{X;(z), X2(z)} for every 2 € Ogypp(y), and such that v is an integral
curve of the field X7; in particular, admissible curves contained in O ) are parameterized by the solutions
to the differential system:

supp(y

z(t) = (14 v1()) X1 (x(t)) + va(t) Xo(x(t)), x(0) ==x0, ae tel (1.2)

with v = (v1,v2) € L*(I,R?). Equation (1.2) identifies an admissible curve = with its control v and, with a slight
abuse of notation, it allows to treat F' as a map on the space of controls, in such a way that F(0) = F(7).

1.3. Rank-two nice singular curves and main results

Assume that v is a corank-one regular singular curve in Q(y), and let ¢ — A(¢) be the associated abnormal
extremal, normalized so that A = A(1) € TyM has norm one. Then the Hessian of I at v is given by the
quadratic form AHegF : ker(doF') — R.

Much in the spirit of the classical Morse theory, we would like to exploit the Hessian AHegF' to find a normal
form for F' around ~y. There are two main issues that we need to discuss:

— AHeoF is highly degenerate: in the coordinate system defined by (1.2), AHepF' does not depend on the
vy-coordinate, and all the controls of the form (v1,0) with v; of zero mean belong to its kernel;
— The eigenvalues of AHeoF might accumulate towards zero in the L?(I,R?) topology.

1We recall that a generic (with respect to the C°°-Whitney topology on the set of distributions A) sub-Riemannian structure
of rank bigger than 2 has no regular singular curves by Corollary 2.5 of [9].
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For the first point we limit our considerations to the vector subspace L>(I,R) @ L?(I,R). To deal with the
second, we restrict our study only to a special subclass of abnormal curves, that we define later in Definition 1.2,
and we rely on the strong Legendre condition (see Prop. 4.4): namely, we exploit the fact that, up to change the
sign of A there exists x > 0 such that

(A1), [X2, [X1, X2]](7(t))) > k for every t € I. (1.3)

It is not immediate, however, to see how the Legendre condition appears into AHegF'. In fact, to use (1.3) we
need to perform a Goh transformation on the ve-component of the control and extend locally F' to a new map
F on L*(I,R) ® R ® L3(I,R), which will be precisely introduced later in Definition 5.2. It is for the extended
map F that we can find a normal form, provided y is not conjugate along =y, i.e. if the kernel of )\Heoﬁ’ contains
only the controls (v1,0,0) with v; of zero mean.

Remark 1.1. Condition (1.3) is fundamental. Indeed, once we factor out ker(AHeoF), it allows for a
decomposition of the Hessian as the sum of a coercive operator plus a compact perturbation.

This is not true for AHegF', for which we cannot guarantee that its eigenvalues do not accumulate towards
zero, not even after the factorization of the kernel.

Definition 1.2. An admissible singular curve -~y is a rank-two-nice singular curve if

(i) v is a corank-one regular strictly singular curve.

(ii) y = F(v) is not a conjugate point along ~. The precise meaning of this condition is rather technical, and
it has only been hinted at right before Remark 1.1. It will be presented with all the due details later on
in Definition 4.2, and discussed further in the subsequent Remark.

Notice that L°°(I,R) & R @ L?(I,R) admits the orthogonal direct sum decomposition
L=(I,R) ® R ® L*(I,R) = ker(doF) & E,

where E is a vector subspace of finite codimension isomorphic to Im (doﬁ ) via doF. Accordingly, we will write
coordinates z = (2/, 2") adapted to this splitting.

Theorem 1.3. Let vy € Q(y) be a rank-two-nice singular curve. Then there exist a neighborhood of the origin
W C ker(doF') @ E, an origin-preserving diffeomorphism p: W — W, and a diffeomorphism ¢ : O, — Oy of
neighborhoods O, C M and Oy C R & Im (doF), respectively of y and 0, such that

boFoul, ") = (AHeoﬁ(z'), doﬁ(z”)) (1.4)

for every (2/,2") e W.

We notice at this point that the restriction to the space L>°(I,R) @ L?(I,R) is not by chance, and indeed a
normal form could not exist on the whole L?(I,R?). On the one hand, indeed, for every rank-two-nice curve
the negative eigenspace N of the Hessian AHeg F' is finite dimensional, and possibly empty (see Proposition 4.7).
On the other hand it is known ([8], Prop. 2) that the restriction of F' to any subspace of finite codimension is
an open map. Were a normal form as in Theorem 1.3 possible on L?(I,R?), on the orthogonal complement of
N the projection of F along the “abnormal” direction would have the sign of AHeyF’, providing a contradiction.

The fact of having a normal form allows for a finer analysis of Q(y) locally around ~, as demonstrated by the
following result.

Proposition 1.4. Let v € Q(y) be a rank-two-nice singular curve. There exists a weak neighborhood of the
origin U C L?(1,R?), such that the only singular controls contained in U are of the form v = (vy,0), with vi of
zero mean.

As a consequence, v is isolated among singular curves contained in 2(y) with respect to the Wt2-topology.
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(e — 0} \ {AHeoF — 0}

{\He,T = 0}

FIGURE 1. The relative positions between J := Tyer(d, ) Vo and the quadratic cone { \Heg F' =

0}. In the first case A\HegF and MHeo F have different indexes, in the second the indexes are
the same.

It would be nice to know if Theorem 1.3 allows to conclude for the isolation of v even among normal extremals.
At the moment, this is not clear to the authors, for this investigation would require more work in proving that
Theorem 1.3 induces a normal form even on L°°(I,R) @ L?(I,R). Nevertheless Theorem 1.3 makes evident that
the topological information provided by a rank-two-nice curve -~y is contained

— in the pair (ind(AHeoF), ind(AHeoF)), where A = (), 0). By construction, we have
ind(A\HeoF) < ind(AHeoF) < ind(AHeoF) + 1;

— in the relative position of J := Tyer(a,7) Vo With respect to the cone {\HeoF' = 0}, as shown in Figure 1.

We expect that rank-two-nice curves have an influence on the homotopy type of the Lebesgue sets of J, i.e. of
the sets {J < ¢} for ¢ € R, and we plan to study how the “homotopical (in)visibility” (in the W' 2-topology)
of a rank-two-nice curve 7 is affected by the interplay between ind(A\HegF) and ind(AHegF) in a forthcoming
paper, completing the Morse-like results contained in [4] to the case of sub-Riemannian structures of rank two.

We only recall that, if there are no conjugate points along -y between xg and y, it is known by [7] that + is
indeed a local minimizer in the W1 2-topology. This result, however, is proved by showing that the perturbation
provided by AHeg F' along the abnormal direction is not compensated by higher order terms, and does not require
any normal form for F'.

1.4. An explicit computation of conjugate times

Let M = SO(3) x R and m = s0(3) @ R be its Lie algebra. Let

(Ty +To) ®2 Tl

X, = s Xy = 3
' V2 ’ V2

(1.5)

where T7,T», T3 are the standard generators for so(3), that is [T, Tz] = T3, [Ts, T3] = Th, [13,11] = Tb.

We define a distribution A C T'M extending these vectors to smooth vector fields on M by left-translation
and we consider on A the metric that makes X; and X5 orthonormal. The energy of a horizontal curve is the
squared L2-norm of its velocity.

We consider v to be an integral curve of X;. This curve satisfies point (i) in Definition 1.2 by the results in

Section 8 of [21]. We denote by 7, 1=~ 0,5] the restriction of vy to the interval [0, s].
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FIGURE 2. Plot of the functions ar(s) and arz(s).

The set of times s € T for which «(s) is a conjugate point along v for the map F (resp. for the map F, i.e.,
for the map F restricted onto the level sets of .J) is given by the sets {ar = 0} (resp. {ar = 0}), where:

ar(s) = ssin(s) + 2(cos(s) — 1). (1.6)

We will explain later at the end of Section 6.4 how to derive such equations.

The mapping s — (ind(A(s)He,, F), ind(A(s)He,, F)) is piecewise constant on I: the value of ind(A(s)He,, F)
(resp. of ind(A(s)He,,F)) changes when s is a zero of ar (resp. a zero of ar). In particular, there exist time
intervals arbitrarily far from zero on which either A(s)He,, F and A(s)He,, F have the same index, or where these
indexes differ by one. Looking at Figure 2, we see that the initial values of (ind(A(s)He,, F),ind(A(s)He,, F))
are given by:

(0,0),(1,0),(2,1),(2,2),(3,2),(4,3), (4,4),(5,4), (6,5), . .. (1.7)

1.5. Structure of the paper

We give in Section 2 all the technical preliminaries, and we study the endpoint map F at the first and at the
second order. We introduce the space L>(I,R) @ L?(I,R) in Section 3, where we provide the reparametrization
map which is needed to factor out the kernel of the Hessian. The extension to the map F', along with the notion
of conjugate points, is discussed in Section 4. We also establish in this section some useful analytical properties
of /\HeOﬁ' . Section 5 is the core of the paper, where we prove the existence of a local normal form for the
endpoint map F and prove Theorem 1.3 and Proposition 1.4. Finally, in Section 6 we characterize conjugate
points along ~ on the cotangent space T*M in terms of an appropriate Jacobi equation. We study in details
the class of Engel structures, completing the explanation of our previous example.

2. RANK-TWO SUB-RIEMANNIAN STRUCTURES

2.1. Elements of chronological calculus

We will use extensively in the paper the notations and the tools of chronological calculus, introduced in [1].
For the interested reader we refer to [5]; we report here only what we need to keep the article self-contained.

We identify points € M as linear functionals on the algebra C*°(M), that is as evaluations z(a) = a(x), and
we interpret smooth diffeomorphisms P of M as automorphisms of C°°(M) defined by the formula P(a(z)) =
a(P(z)). Finally, we identify a smooth vector field X € Vec(M) with the derivation of the algebra C>°(M) given
by a — Xa.
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A time-dependent vector field is a family (X;);c; contained in Vec(M). We assume throughout the paper

that the mapping t — X, for ¢ € I is locally integrable in time. Then the flow P, of a time-dependent vector
field X, is defined through the following Cauchy problem?:

(2.1)

In particular, the flow of a time-dependent vector field on M is an absolutely continuous curve in the group of
diffeomorphisms of M, t — P, for ¢t € I, with the property that P, is the identity map on M.
The Cauchy Problem (2.1) can be reformulated as the following Cauchy problem of operators on C*°(M):
P=P0oX;,, P =Id, (2.2)
where ® is the composition of operators on C*°(M) acting from right to left, i.e.:

(0 ® P))a = (x0 ® P, ® X;)a = X,a(P,(z0)) (2.3)

for every a € C°>°(M) and every o € M. The characterization (2.2) of P, motivates the following notation:

t
e—xﬁ/ X.dr := P, (2.4)
0

and we call P; the right chronological exponential of X;. Equation (2.4) admits an infinite expansion as a
Volterra series. We will only need the terms of order up to two in this expansion, that is3

t t
eTf)/ X,dr =1d +/ X, dr + // X,, ® X, dradri + ... (2.5)
0 0 0<m <1 <t

We denote by @Q; the inverse of P;. Differentiating the relation P; ® Q; = Id we find Q: = —X; ®Q;. Therefore
we set

= | (X )dr = Q.

and we call Q); the left chronological exponential of —X;.
For a diffeomorphism P of M we adopt the notation AdP to denote the following inner automorphism of the
Lie algebra Vec(M):

AdP: X - PO XoP =P !X,

where this last notation stands for the result of the translation of X via the differential of P~'. These notions
apply in particular to the maps AdP;, allowing for the following “infinitesimal” characterization: for every
Y € Vec(M) there holds

%(AdPt)Y = (AdP)[X,,Y] = (AdP,)ad(X,)Y, (2.6)

2We assume for our purposes that the solutions to the Cauchy problem are always defined for every t € I.

3If X is time-independent this expansion coincides with the well-known formula etX = Id 4+ tX + %XQ +....
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where, by definition, ad(X)Y := [X,Y] denotes the (left) Lie-bracket as an operator on Vec(M). We then see
that AdP; is the unique solution to the Cauchy problem for operators on Vec(M)

A=A, ©adX,, Ay=1d. (2.7)

This motivates the following notation:

t t
e?ﬁ/ adX,dr := Ad <e?p/ XTdT>.
0 0

Equation (2.7) admits as well an expansion as a formal series that, up to the second order, reads
t t
(ﬁ%/ adX,dr =1d +/ adX, dm + // adX,, ©®adX, dredr + ... (2.8)
0 0 0<T<m <t

Chronological calculus provides a non-autonomous version of the classical “variation of the constants’ formula”:

t t t T
e?p/ (XT+YT)dT:e715/ XTdTQ(ﬁ/ (aﬁ/ angdé)) Y, dr
0 0 0 t
t T t
= &xp / (ﬁ / angdG) Y, dr © &xp / X.dr,
0 0 0

(2.9)

which also allows to differentiate with respect to the parameter € a non-autonomous vector field. Specifically,
given X;(e) € Vec(M) we have

i@/olxt(g)dt = exﬁ/ol Xi(e)dt ® /01 <m/j adXT(e)dT) %Xt(a)dt. (2.10)

For a rigorous derivation of (2.10) we refer to Section 2.8 of [5].

2.2. Technical preliminaries
Let Q be defined as in (1.1). For ¢ € I, the map F; is the map that returns the point y(¢) of a horizontal
curve y €
F,:Q—> M, F(y)=~(¢). (2.11)
Then F = F; is the endpoint map. We recall in the following proposition some useful properties of F; (see
[8, 22]).

Proposition 2.1. For everyt € I, the map F; : Q2 — M is smooth with respect to the Hilbert manifold structure
on 2. Moreover, if v, — v weakly, then Fy(v,) — Fi(y) and d+, Fy — d,F} in the operator norm, uniformly
with respect to t.

Definition 2.2. We say that v € 2 is a singular (or abnormal) curve if ~y is a critical point of F', or equivalently
if d\F : T,Q2 — Tp(4) M is not surjective. The corank of + is the codimension of the image Im (d, F) of d,F in
Tr)yM.

We fix a Riemannian metric g on A, and we introduce the energy functional J : Q — R by the formula

1
I =1 / g(3(8).A(6)dt. (2.12)
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Definition 2.3. We define the extended endpoint map F : 2 — M x R by

F(y)=(F®),J())- (2.13)

Given a point y € M different from xg, we consider the problem of finding the admissible curves v connecting
o and y that minimize the energy J. This problem can be reformulated as a constrained minimum problem on
F: a curve v is a candidate minimizer if there exists a nonzero covector £ = (A, \g) € T;(W)M x R, defined up
to scalar multiples, such that

£dyF = Ay F + AodoJ = 0. (2.14)

Candidate minimizing curves are called extremals, and the Pontryagin Maximum Principle [18] (PMP, in
short) characterizes extremals in terms of nowhere zero, absolutely continuous curves 1 : I — T*M x R, called
biextremals or extremal lifts: an admissible curve v is an extremal only if it is the projection on M of a
biextremal.*

Notice that the initial datum A € T I’;(W)M of every biextremal curve 7 is the first component of a Lagrange
multiplier £ = (A, Ag) in (2.14). If £ is such that Ay = —1, we say that 7 is a normal biextremal and ~ is a
normal extremal curve. In this case small pieces of v are geodesics in the classical sense, i.e. sufficiently short
pieces of v are minimizing curves between their endpoints. If instead Ay = 0, v is a singular curve and it is the
projection of an abnormal biextremal starting at A, as we will now explain.

The cotangent bundle 7% M is canonically endowed with a symplectic form w, that is a closed non-degenerate
smooth section of A2(T*M), and a bundle projection 7 : T*M — M. Consider the subspace

At = {AeT*M | (\v) =0, for every v € A} C T*M, (2.15)
where the notation (-,-) stands for the duality product between vectors and covectors. The restriction @ of w

to A+ no longer needs to be non-degenerate and may admit characteristic lines [16].

Definition 2.4. A nowhere zero, absolutely continuous curve 7 : I — A~ is an abnormal biextremal if, for a.e.
t € I, 1(t) belongs to ker(w,,)), that is if for a.e. t € I,

W (t) (n(t),v) =0 (2.16)

for every v € Tn(t)AJ-.

Proposition 2.5 ([13], Thm. 10). An admissible curve v € Q s singular if and only if v is the projection of
an abnormal biextremal n: I — A+. As a matter of terminology, we say that 1 is an abnormal lift of ~.

An admissible curve v may be at the same time both normal and singular, and we say that an admissible
curve 7 is strictly singular (or strictly abnormal) if, for every & = (A, A\g) € T;(,Y)M x R such that (2.14) holds,
Ao = 0. For a further discussion on these points, we refer e.g. to [5, 18, 19].

Let now A be a distribution of rank 2, and v € Q be a singular curve. Then it is well-known ([2], Sect. 12.4)
that for every abnormal lift 7 : I — AL of v the Goh condition,

(n(t), [X, Y](v())) =0, (2.17)

holds for every ¢ € I and every pair X,Y of local smooth sections of A, that is n(t) € (A2,,,)* for every t € I.

v(t)

4The classical PMP is stated in terms of W1:*-curves. There are, however, no complications for W12-curves since every
admissible curve might be parameterized by the length of arc ([2], Sect. 3.6).
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Definition 2.6. We say that v € Q is a reqular singular curve if 4 has an abnormal lift i : I — AL satisfying

n(t) € (A5) "\ (A5 )" (2.18)

for every t € I.

Regular singular curves are smooth, see e.g. [14] or Theorem 4.4 of [7]. Moreover, for every regular singular
curve v, there exists 0 < s < 1 such that 4 := 7’[0_31 is a strict local minimizer for the W'2-topology on the

space of admissible curves joining xo and 7(s). This property depends just on the sub-Riemannian structure
(M, A), and not on the metric chosen on it.

2.2.1. Adapted coordinates

We briefly explain how to put coordinates on €2, locally around a regular singular curve y. We assume as in
(1.2) that there exist a neighborhood Ogypp(4) € M of v and X1, Xy € Vec(M) such that:

— v is an integral curve of X associated with the control (1,0), satisfying 4(t) = X1(y(t)) for every t € I.
— A, = span{X;(z), Xa(z)}, for every x € Ogupp(q)-

Horizontal curves 7' contained in Ogypp(4) are described a.e. on I by the solutions of the differential system

V() = ur () X1 (v (1) + u2 () X2(7' (), ' (0) = o, (2.19)
where u € U; C L*(I,R?) and the open set U; C L?(I,R?) is a neighborhood of (1,0) that consists of all the
pairs (u1,uz2) such that the solution to (2.19) exists for every t € I.

Additionally, for every & € Ogypp(y) We endow A, with the Riemannian metric g, that makes X;(z) and
Xo(x) orthonormal. Then we see from (2.12) that

1
16 =5 [ la®F + (0Pt (220)

Definition 2.7. A local chart on U; is the choice of a neighborhood V; C L?(I,R?) of zero and a system of
coordinates

(u1,u2) = (1401, 02) (2.21)

on U, and centered at (1,0).

With the choice of a local chart, admissible curves are in one-to-one correspondence with integral curves of
z(t) = (14 v1(t)) X1 (x(t)) + va(t) Xo(x(t)), =(0) = xo, (2.22)

for a.e. t € I and v = (v1,v2) € V1.

Let A : V) — Q be the map that associates to the pair (vi,v2) € V; the only solution, up to zero-measure
sets, to (2.22). Then A : V; — A(V) is a smooth diffeomorphism, i.e., a local chart of Q and, slightly abusing
of the notation, we define on V;
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where F(v) and J(v) are given by:

1
F(’Uhvg) :.T()@GYYD/ (1+U1(t)>X1 +U2(t)X2dt7 and
0

Lo (2.23)
J(v1,v9) = 5/ (1 +v1(2))? + vo(t)?dt.
0
Definition 2.8. We say that a control v € V) is singular if
dvF = dA(U)F o} dvA (224)

is not surjective. The corank of v is the codimension of Im (d, F') in Tp(,) M.

2.3. The endpoint map near regular strictly singular curves

Let v € Q(y) be a reference regular strictly singular curve, and let us choose local coordinates centered at
(1,0), so that v becomes an integral curve of X; starting at x.
Locally around ~, by (2.9), the endpoint map F'(vy,v3) can be seen as a perturbation of y = F(0). Setting

go=e N x, tel, (2.25)

we write:

Fon,v9) = 20 © a&/l(l o1 (8)) X1 + va(£) Xodt
0 (2.26)

1
:erTﬁ/ v1(t) X1 + va(t)gedt.
0

2.8.1. First-order conditions
We see from (2.26) that the differential doF : ToVy ~ L?(1,R?) — Tr(o)M is given by (see [5], Sect. 4):

doF'(v) =y ©® (/01 vy (t)dt Xy +/0

for every v € L?(I,R?). Here 9; denotes the integral mean of v; on I.
We orthogonally split the space of controls L?(I, R?) as the sum ker(doF) & E, where E is a finite-dimensional
complement of ker(doF'), isomorphic to Im (doF') via the differential doF'.

1

vg(t)gtdt> =y@ (v1X1 + /01 vg(t)gtdt) (2.27)

Lemma 2.9. Let v be a regular strictly singular curve. Then there exists v§ € L?(I,R) such that ker(doF')
admits the following L*(I,R?)-orthogonal decomposition:

ker(doF) = Z1 @R - (1, —v3) © Zo. (2.28)
In particular every element (v1,va) € ker(doF) can be uniquely decomposed as

(’Ul, ’UQ) = (U1 - 1_11, 0) +’l_)1 (1, 71)3) + (0, Vg + 171’[)(2)),

Z R-(1,—v9) Z>
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and all the controls contained in Zy have zero mean. Similarly, for the extended endpoint map F we have the
L2(1,R?)-orthogonal decomposition:

ker(doF) = ker(doF') Nker(doJ) = Z1 & Zs. (2.29)

Proof. Recall that there exists A € Ty M such that A\doF" = doJ if and only if ker(doF") C ker(do /). Since 7 is
strictly singular by assumption, then d0J|ker(doF) # 0. If we combine this fact with the equalities

doJ (v1,v2) = 71,

) 1 (2.30)
dOF(’Ul, 1)2) =y© <U1X1 + / UQ(t)gtdt) ’
0

we conclude that there must be in ker(dpF') an element of the form (1, —v9), i.e., that there exists vJ € L?(I,R)
such that doF(0,v)) = X1(y). Since (1, —v8) ¢ ker(doJ), (2.28) and (2.29) readily follow. O
2.8.2. Second-order conditions

We introduce in this section the Hessian map

HeoF' : ker(doF') — coker(doF') = T, M /Im (doF),

, (2.31)
U= 7TCoker(doF) (dOF(Ua U))v

where we denoted by Teoker(d,r) the projection of T, M onto coker(doF). Every A € Im (doF' )+ well-defines a
real-valued quadratic form on ker(dpF'), which is given by (see e.g. [2], Sect. 12.3.1):

AHeoF : ker(doF) —

R
v /01 <)\, Uot 01(7) X1 + va(7)grdr, v1 (1) X1 + vz(t)gt} (y)> " (2.32)

Since A € Im (doF)*, then (\, X1(y)) = 0 and (), g:(y)) = 0 for every t € I, implying by differentiation that
also (X, [X1,¢:](y)) =0 on I. Therefore AHegF' reduces to

AHeoF(v) = /01 <)\, [/Ot v (7)g-dr, vg(t)gt} (y)> dt, v € ker(doF). (2.33)

The Hessian leads to a second L?(I,R?)-orthogonal decomposition of ker(doF) (compare with (2.28)), that
is:

ker(doF) = P(\) & N(\) & Z(\), (2.34)

where P()) and N(\) are the positive and the negative eigenspace of AHeg F', and Z(\) is its kernel. By Theorem
7.1 of [11], this decomposition can be taken orthogonal also with respect to AHegF'.

Remark 2.10. Observe that AHegF does not depend on v;. Then, for every A € Im (doF)* the subspace
Z1 C ker(doF"), consisting of the controls with zero mean, is contained in Z(\).

Remark 2.11. Since v is strictly singular, we have that Im (doF)= = {A = (X,0) | A € Im (doF)*}. This
implies that, given A\ € Im (doF)*, (2.33) holds also for AHeoF : ker(doF) — R, the only difference being the
domain ker(doF) strictly smaller than ker(doF).
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3. MODDING OUT THE KERNEL OF THE HESSIAN MAP

The kernel Z(A) of AHegF' contains all the controls of the form (v1,0) with v; with zero mean. These
elements are troublesome for the construction of a normal form, since the Hessian does not depend at all on
them. We introduce a change of coordinates (indeed, a reparametrization of the time) that allows to forget
about them in the sequel. This map, however, is only a homeomorphism: the space is too degenerate to allow
for a diffeomorphism. Moreover, our construction does not work in L?(I,R?).

The point is that in every L?(I,R?)-neighborhood of (1,0) there are controls (1 + v1,0) where 1+ v; does
not have a constant sign, which means that the time-reparametrization would not be monotone. To preserve
the monotonicity of the time, we must restrict our arguments only to the vector subspace L>(I,R) @ L%(I,R).

3.1. The reparametrization map
Given v € L*°(I,R) we denote by v its integral mean, as in the previous section. Every element in v €

L% (I, R) decomposes as ¥ + (v — ¥), and the two summands are orthogonal with respect to the L?(I, R)-product.
Given a > 0, we consider the open set

Vo={veL>®,R)&L*I,R)|1+v, -0 >cae onl}. (3.1)
For v € V5 we define the time-reparametrization map ¢, : I — I by the position:
t
oy (t) == / 14+ v1(7) — trdr. (3.2)
0
Definition 3.1. We define the reparametrization map p : Vo — L*°(I,R) @ L2(I,R) by the formula
plv1,v2) = (01 + (14 01)(01 = 01), (20 60)) (3.3)

It is not difficult to compute the inverse map p=!: p(Va) — Va:

- -1
vl — V1 Va0, >
b)

v1,v2) — | 01 + —,
(v1,2) (1 L+01 " g, 01hy !

where this time, for v € p(V2), the time-reparametrization v, : I — I is given by

Yo(t) = /0 g Lﬂf Bar.

U1

Remark 3.2. Since ¥,,(0) = 0, ¢, (1) = 1, and ¢, > a > 0 a.e. on I, the map 1, is a strictly monotone bijection
of I onto itself. In particular, ;! is absolutely continuous on I. Analogous conclusions are valid as well for the

map ¢, .

Remark 3.3. If V, is also contained in the local chart V; of Definition 2.7, by the change of variables ¢ := ¢, (s)
we find that:

(Fop)(v,ve) =200 e?f)/ (1 +v1(s) — 01)(1 4+ 01) X1 + ¢y (8)v2(dy(5)) Xads
0 (3.5)

1
:y@eﬁ/ 61X1+’U2(t)gtdt,
0
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i.e., F'o p does not depend explicitly on the zero-mean part of v; anymore. The passage from the first to the
second line holds by the change of variables ¢t = ¢,(s), and noticing that ¢,(s) = 1+ v1(s) — 7.

3.2. Regularity properties of p

We prove in this section that p is an homeomorphism onto its image.
Lemma 3.4. Let v € p(Va), and (vp)nen be a sequence converging to v in L (I,R) @& L*(I,R). Then:

(i) by, — 1y uniformly on I;
(i) w;,} — 1 pointwise on 1.

Proof. The proof of (i) is trivial and left as an exercise. We pass to (ii). Let s € I and let us define ¢ := 1 1(s),

ty = wv’nl (s). Let lim,,_yo0 ty, := t. Assume, by contradiction, that ¢ > ¢. By the triangular inequality, for every
€ > 0 there exists n. € N such that for every n > n. one has

s = Yy(t) < y(t) < Py, (tn) + 36 = s + 3¢, (3.6)

where the first strict inequality holds since 1, is strictly monotone. By the arbitrariness of €, we conclude that
s < s, obtaining a contradiction. The case t < t is similar: indeed for every € > 0 there exists in this case n. € N,
such that for every n > n. we have

5 = Py(t) > Pu(l) = Py, (tn) — 3 = s — 3¢, (3.7)

We deduce that s > s, obtaining once again an absurd. O

Proposition 3.5. The map p: Vo — p(V2) is an homeomorphism.

Proof. We only prove the continuity of p~!, since the continuity of p follows by similar arguments.

Let v € p(V2) and let (v,,)nen be a sequence converging to v in L>(I,R) @ L?(I,R). We need to show that

% -1 _ % -1
lim (17” L+ (vn,l 7”n,1)’ U.n’? O"l}vnl) _ <51 + (v1 iUl), 1?2 o1y 1) in L>(I,R) @LQ(I, R).
n—00 ' 1+ Un,1 %n o d)v_n I+o Py 0 Py

The convergence of the first factor is clear as v, 1 tends to vy in L*°(I,R). Moreover, it is also clear that

lim v, =1, in L*(I,R);

n—oo

in particular, ¢vn > « a.e. on [ for n sufficiently large. Then it suffices to prove that

2

T LG KON C R LON [P (3.8)

o | (o owil) ) (doowi)
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We bound (3.8) in two steps. We begin with:

2

ds

(3.9)

/1 (vn2oty!) () (v2oty
0 (w ovil)(s)  (yous!
(209, ) (5)  (vaog!

1
<), (Fonovil) () (dous,!

After the change of variables t := 1, ( ), by the Holder inequality we find that for n large enough the first
term admits the upper bound

)| 4y [ 200 (mevr) ()
as+2 |

(s

) 2
)

) (doovil) (e (doowi’)(s)

4 4 . . .
E”U"’Q - UQH%Z(I,R) + gn%n - 77[}UH%°°(I,]R)”UQH%?(I,]R)v (3.10)

therefore it converges to zero as n — co.
Expanding the square and applying the obvious changes of variables, we see that the second term in (3.9) is
equal to

Yug(t)? L ug(t)? Lug(t) (va 00y 04y, ) () by, (1)
2 v 2 - dt — 4 - dt.
/0 l/}v (t) v n( ) " /0 y (t) : /0 (1&1) © %_1 © 1/%) (t) o (t) t

By the Holder inequality we have

1 2 2 vo|? : :
i [ 20 - 2 g < PR e =0
n—oo Jo [, (t)? Py (t) @ =
Next, we claim that
Lt Jlowy,) 1)y " o(t)”
e [t (v 00 own)()wun(t)dt:/ v (t)” 4, (3.11)
0 ¢v(t)

medo s (Guoyitow, ) (@) @)

The proof of this last limit is made in three steps. First, since 1/'}7% converges to 1), in L™ (I,R), it is sufficient
to show that

lim

n—oo

7

/1 va(t) (v2 0 ¥y 101/)%
0 (1/)1,01/)1, owv wv

given £ > 0 we can always assume to work with n bigger than some n. > N so that

o (1)
Bolt)

-1 <e

almost everywhere on I.
Next, given ¢ > 0, we choose g € C*(I,R) such that ||g — va||2(;r) < € and n. € N such that [[g—gov ' o
Yo, || (1,r) < € for every n > n.. This is possible because 1, converges uniformly to , on I, and go ;!
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uniformly continuous on the interval. By the Cauchy-Schwartz inequality and the triangular inequality we find
that

1 —1 2
va(t) (v2 0y 0y, ) (t) — va(t) vzl 21,k
I e dt < FELER (g — a1,
0 (1/)1; oty o zbvn) (t) (3.12)
_ _ _ 3ellvall L2 v
+llg—govy oy, ll2ar) + lgoty oty —vaoty oty 2 r)) < — L
It remains to show that
1 2 2
t t
lim va(t) w2t gy _ o, (3.13)

N R

=fn (t)

However, we have that f, — 0 pointwise on I by Lemma 3.4; moreover for n large enough there holds the
2U2(t)2

estimate f,,(t) < , and therefore (3.13) follows by the dominated convergence theorem. We deduce (3.11)
a
combining (3.12) and (3.13). O

4. CONJUGATE POINTS ALONG CORANK-ONE REGULAR STRICTLY SINGULAR
CURVES

We start in this section a closer study of the map F o p on the open set Vo C L>(I,R) @ L?(I,R). As we
previously shown, F' o p depends only on v; := fol v1(t)dt € R and vy. We focus on the restricted maps

F:=Fo p‘R@LZ(I,JR) and J:=Jo p’R@LQ(I,R); (4.1)

the first-order analysis for F and J, and the second-order expansion of F are formally the same as those for F’
and J. In particular, Im (doF) has codimension one in T, M, and coincides with Im (doF") by (2.27).

4.1. Conjugate points

Fix a corank-one regular strictly singular curve v and assume that
Im (do(F, 3))" =R - (\,0), A€ Im(doF)*.

Thus v admits (up to real multiples) a unique extremal lift n, which is necessarily abnormal. We return to
1

the expression of F(v), this time interpreting it as a perturbation of the autonomous flow eo v2(OdX> Dofine

wa(t) == fg vo(7)d7. By (2.9) we obtain:

1
F(U) =20 © Gﬁ/ (1 + ﬂl)e;w2(t)X2X1dt ® ew2(1) Xz
! (4.2)
=y0 @/ (1 + 1_)1)6*_“)2(75)9”)(1 - Xidto ew2(1)X2’
0

therefore F can be thought as a map depending on (27, wa (1), wo(t)) € R? & L%(I,R). Let us detail a bit more
this construction.
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The smooth immersion

¢: L*(I,R) - R@ L*(I,R)

va v (w(1), wa() (43)

allows to identify L2(I,R) with a vector subspace of R @ L?(I,R) (endowed with its standard norm)?;
furthermore F can be extended naturally to a smooth map F on R? & L?(I,R) by the formula

Fod =F, (4.4)

where ® = (Id, ¢) is an immersion of R @ L?(I,R) into R?> @ L?(I,R), and F is given by
) 1
F(v,c,w) ==y ® exp / (14 v)es "D X, — X1dt © eX2, (4.5)
0

Expanding (4.5), it is not difficult to see that

doF (v, ¢, w) = vX1(y) + cXa(y) —/0 w(t) gy (y)dt; (4.6)

then we can find a constant C' > 0 such that
lv| < Cllwllzzarys el < Cllwllzza gy, (4.7)

for every (v, ¢, w) € ker(doF). Recalling the symmetrisation identity for non-autonomous vector fields on M (see
e.g. [2], Lem. 8.30):

1 t 1 1 t 1 1 1
/ / XT ® Xthdt = */ |:/ )(.,-dT7 X{l dt + = (/ Xtdt> ® (/ Xtdt> y
0 JO 2 0 0 2 0 0

and the equality:

1 1
y o <’UX1 +cXy — / w(t)g'tdt) ® <UX1 4+ cXy — / w(t)gtdt> =0,
0 0

for every (v, c,w) € ker(doF), with a bit more work we find that:

ek (v.c.0) = | Ol )0t + / 1 (Moo [ t Wi drwa] ) ar @8)

for every A € Im (doF)~* .

Remark 4.1. The operation leading (4.8) is also called a Goh transformation in the literature. We will show
in the next section that the first summand is coercive, while the linear operator associated with the second is
compact.

In the original R @ L?(I,R) space of controls, the Legendre condition (4.10) is not apparent, and the Hessian
cannot be decomposed in this way. This is the essential reason for introducing ¥, and working in the completion
space.

50bserve that while the inequality l¢(v2)llrg L2 (r,r) < 2llv2llL2(r Ry is trivial, the two norms are not equivalent.
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As it was done in (2.34), we decompose
ker(dgF) = Z@® P ® N,

respectively kernel, positive and negative eigenspace of AHeoF. As before, this decomposition will be assumed
both R? @ L?(I,R) and AHegF-orthogonal.

Definition 4.2 (Conjugate pomts) Let v be a corank-one regular strictly singular curve. We say that y = ~(1)
is a conjugate point along ~ if Z =+ {0}. We say that y has multiplicity k¥ € N if Z has dimension k.

Remark 4.3. We can define conjugate points without introducing the reparametrization map, and working
directly with the smooth extension F' of the endpoint map F on L°°(I,R) @R @ L2(I,R). In this case, Z contains
unavoidably the subspace

Zy = {(v,o,o) | ve L®(I,R), /01 v(t)dt = 0} : (4.9)

and we say that y = (1) is not conjugate along ~ if and only if Z =14, i.e., if and only if Zisin some sense
“minimal”. The multiplicity of a conjugate point coincides in this setting W1th the codimension of Z; in Z.

4.2. The Hessian map of a rank-two-nice singular curve

Assume y to be not conjugate along =, i.e., that + is rank-two-nice according to Definition 1.2. Then
Z ={0}.
Proposition 4.4 (Legendre’s condition). Up to changing the sign of A\, there exists a constant k > 0 such that

(A9, 9el(y) =2 & (4.10)

holds for everyt € I.

Proof. Assume by contradiction that (4.10) is zero for some tq € I. Consider the abnormal lift A : I — A+ of
v, and recall that for every ¢t € I we have

At) = (DX N € A, C Ty M. (4.11)
If (A, [920, 911 (y)) = 0, then
O [T, X0, T XG) (y)) = (A(to), [[X7, Xa], Xa](4(t0))) = 0. (4.12)
On the other hand, A\ L Im (doF) gives (\, [ X1, g:](y)) = 0 for every t € I, yielding as well the identity

A [X15 810 (1)) = (Alto), [ X1, [X1, Xal(7(t0))) = 0. (4.13)

L
Were both (4.12) and (4.13) true, we would argue that A(t) € <Ai(t0)) , contradicting the fact that v is

regular. It then suffices to set
= min(A, [ge, geJ(y)) > 0

to conclude. O
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By (4.8) it is convenient to split AHegF as the sum of two quadratic forms, namely:
R : ker(doF) — R,

(v, ¢,w) / N [de 1) (9) o ()2l
T: kel‘(doF —)R

(v, ¢, w) +—>/ < , |:CX2 +/Otw(T)QTdT,w(t)gt] (y)>dt.

For every two non-autonomous vector fields X, Y; there holds the equality

/< [/XdT Yt] >dt /1<A’ {Xt»/tIYTdT} (y)>dt; (4.15)

then we compute the linear operator associated with R and T' by the formula:

(4.14)

(v, ¢, w) — e (dof) (RL(U, c,w)) ,

(v, ¢, w) — e (dof) (TL(U, c7w)) ,

where T, (o8 1S the orthogonal projection of R? & L*(I,R) onto ker(doF), and R* : ker(doF) — R? & L*(I,R)
and T* : ker(doF) — R? @ L?(I,R) are given, respectively, by:

0
RE . (v, c,w) — 0 )
0 (4.16)
Tt ! (v, e, w) — b fo s [X2, 9] (y)) wit)dt

%<>\,C[X2,gt ) + [fo 7)g-dr, gt} (y) — [ft 7)g-dr, gt} (y)>
Finally, we define the linear operators E, EL, and T% on R? & L2 (I,R) = ker(doF) @ E by the positions:
R* = (R*,0), T*=(T*,0), and L = R* +T"*. (4.17)

Proposition 4.5. TL is compact and self-adjoint. In particular, L is self-adjoint.

Proof. The self-adjointness of TL follows directly from the same property for T'7:

(TL(’Ulvclvwl)v (027 627w2))
1

=5 ([ exegm @l ac+ [ 0ot s )t

= 1 (] Cwn(r)gedr, un(0)] @) - 5 [ 1 () (7)o, dn(0)] ()

= ((v1, e1,01), T" (va, €2, w2))

(4.18)

for every (v1,c1,w1) and (v, ¢z, wy) € ker(doF), where in the last line we used (4.15) to reverse the role of w;
and w2a.
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Similarly, the compactness of TL is a consequence of the compactness of TX. Defining

K(t7 T) = <>‘7 [gTa gt](y»X[O,t} (7-) - <)‘7 [gTa gt}(y»X[t,l] (T)7 K(ta 7—) € L2(127R)’ (419)

it suffices to show that

(v, e, w) = (A, [Xa, g (y / K(t, 1)

is compact In fact, (v,c,w) — c¢(\, [X2,d:](y)) is a rank-one operator, while the compactness of (v,c, w) —
/ K (t, 7)w(r)dr is classical, and proved e.g. in Chapter 6 of [12]. The result follows.

To see that L is self-adjoint it suffices instead to show that RL is symmetric, which is trivial since

/ (A (96, gl (9))w (1)) - wa(t)dt = / w1 (t) - (A, [9e, 9] (y))w2(t)) dt
0 0

for every wy,wy € L?(I,R)

4.3. On the coercivity of the Hessian map

The map R in (4.14) endows ker(doF) with a norm which is equivalent to the product norm induced from
R? @ L?(I,R). In fact, if we define £ := maxes (A, [g¢, 9¢](y)) > 0, then by Proposition 4.4 and formula (4.7) for
every (v,c,w) € ker(doF) we have

K
mll(v,c,w)uz’ < R(v,c,w) < 4| (v, e, w)][*. (4.20)

Proposition 4.6. There exists a constant K > 0 such that,
AHegF (v, ¢, w) > K| (v, ¢, w)]|? (4.21)
for every (v, ¢, w) € P.

Proof. Let us define

o :=inf {/\Heof(v,c,w) | (v,c,w) € P, R(v,c,w) = 1}
o (4.22)
=1+ inf {T(v,c,w) | (v,e,w) € P, R(v,c,w) = 1}.

It suffices to show that o > 0 to conclude. Indeed, were this true, we would have

AHBO].'O_"(U, C, ’I,U) > ag(T‘%_’_l) H (’U, c, w) ||2
for every (v,c,w) € P, and the proposition would follow with K := T eEnE

Assume by contradiction that o = 0. Since the set {(v,¢,w) € P | R(v,¢,w) = 1} is norm-bounded in R2 @
L2(I,R), by Proposition 4.5 the inf in the second line of (4.22) is actually attained, i.e, there exists (v, c,w) € P
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such that R(v,c,w) = 1 for which
AHeoF (v, ¢,w) = 0, (4.23)
and we conclude by Lemma 6.2 of [11] that®
MHeoF ((v, ¢, w), (v, ¢, w') =0 (4.24)
for every (v',c',w’) € P. Since P and N are also orthogonal with respect to AHeoF, we argue that (v,c,w) €

Z = {0}, contradicting the fact that R(v,c,w) = 1. O

The next statement contains some useful information about the subspaces Pand N , and collects essentially
the results of Theorem 1 of [20]. We define, for a given s € I, v, := 7’[0 N and

o (1—5) X7 \* *
n(s) := (e YA E T M.

as in (4.11). The control associated with s is us := (1,0) - xjo,5)(t); therefore the first and second order analysis
carried up to now hold for vs as well, with the obvious restriction of the controls to the time-interval [0, s].
Observe that, for every s € I, the Hessian map n(s)He, F induces the orthogonal splitting

ker(d, F) = Z,® P, ® Ny;
there are obvious inclusions of these subspaces as s increases, extending by zero their elements on [s, s 4 4] for
every 0 > 0.

Proposition 4.7. Let v be a corank-one reqular strictly singular curve.

(i) There exists sy € I such that ker(d, F) = P, for every s < sq.
(ii) Conjugate points along v are isolated, and every conjugate point has a finite multiplicity.
(iii) The negative index of NHeoF equals the sum of the multiplicities of all the conjugate points along ~y. In
particular, N isa finite-dimensional subspace.

Remark 4.8. In [20] the conclusions of Proposition 4.7 were drawn for a control system of the form:

o(t) = f(x(t),u(t) tel,
and were granted by the existence of a positive constant C' such that

o Fa(e),u(t) v > Cl (4.25)

for every t € I. In our setting aa—;f(x(t),u(t)) = 0; nonetheless the assumption that v is regular permits to
bring the Hessian in form (4.8), and repeat the same analysis.

Proposition 4.9. Let v € Q(y) be a rank-two-nice curve, and let L be the linear operator associated with AHeoF.
Then L is invertible.

Proof. Observe that L coincides with the restriction onto ker(doF) of the self-adjoint linear operator L defined
in (4.17). In particular L can be split as the sum of a self-adjoint linear operator Ly on P and a self-adjoint

linear operator Ly on N.

6By a slight abuse of the notation, we identify AHegF and its associated bilinear map.
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e
Vo doF + d3F + R

B J on

W : -
doF + SdgF

FIGURE 3. P; and Q) are chosen so that the diagram commutes.

By Proposition 4.6, Ly is lower-bounded away from zero on ]5, hence invertible. Also, by (iii) of Proposi-
tion 4.7, we see that Ly has trivial kernel on a finite-dimensional space, and is therefore invertible as well. We
conclude that L itself is invertible. O

5. NORMAL FORMS AROUND RANK-TWO-NICE SINGULAR CURVES

Let v € Q(y) be a rank-two-nice curve. In this section we derive a normal form for F around . We fix
coordinates z := (v,c,w) € R? ® L?(I,R), a system of local coordinates centered at y in R™ = R @ Im (doF),
and we write

F(z) = doF(2) + %d%F(z) +R(2),

where R denotes a remainder term whose first and second derivatives at zero vanish.

Proposition 5.1. There exist neighborhoods of the origin WcCR2a L*(I,R) and Oy C R & Im (doF), and
origin-preserving diffeomorphisms o : W — W and v : Og — Oq, such that for every z € W there holds the
identity:

(voFoo) () = (AHeo(F)(2'), doF(z")) , (5.1)

where z = (2/,2") is a coordinate system subordinated to the splitting ker(doF) & E.

Proof. We prove in fact a slightly stronger statement: there exist neighborhoods of the origin W CR2a L2 (I,R)
and Oy C R & Im (doF), such that for every ¢ € I there exist origin-preserving diffeomorphisms P, : W — W
and @ : Oy — Oy, for which the diagram in Figure 3 commutes.

It is then sufficient to set o := P, and v = Q1 to prove the proposition.

We construct P; and @; as the flows of suitable time-dependent vector fields X, on W and Y, on O, i.c.
we assume that the families (X, ),c; and (Y;)r¢s are locally integrable in time and that X, and Y, are smooth
vector fields for every 7 € I. As in the classical Moser’s trick [17] we set

t t
P, ::@/ X.dr and Q ::&p/ Y,dr.
0 0

We recall that, in local coordinates, this is equivalent to say that the flows P, and Q; solve, respectively,

Pi(2) = Xi(Py(2)) and

_ (5.2)
Qi(2) = JQi(2)Yi(2),
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where by JQ:(z) we denoted the Jacobian of Q; evaluated at z. The commutativity condition expressed by the
diagram reads

.1 4. . 1 5.
Qo (doF + 5dgF + tR) o Pi(z) = doF(2) + 5d%F(z). (5.3)
For t = 0 the identity holds, and upon differentiating with respect to ¢ we obtain:

JQUPANY (0 (P(2) + ZaHPE). P2 + (P ) + TQFP)IRCPA)

+ JQ(F(Pi(2))) (doF (Xe(Pe(2))) + diF(Pe(2), Xe(Pi(2))) + tdp, (- R(Xe(Pr(2)))) = 0.

(5.4)

We look for a vector field Y; such that 7y, 42 (Y:) = 0, i.e., of the form Y; = (Y,},0). Taking into account
the fact that P; and Q; are diffeomorphisms, the solutions to (5.4) are given as solutions to the following system:

AoFX(2) + T, () (HR(X(2)) + BE(2, X1 (2))) = ~ T (a0 RL2),

Y (doi’?(z) + %dgm, z) + tR(z)> + (N, dgF (2, X4 (2))) + t (N, d:RX,(2)) = — (A, R(2)). (5:5)

Let us fix coordinates (2,2”) on R? @ L?(I,R), subordinated to the splitting ker(doF) & E. Given z €
R? @ L?(I,R) and t € I, we define the operator K;(z) : E — Im (doF) by the formula

Ki(2)[2"] = doF(2") + Ty gy (td=R(2") + diF(2,2")) .
Since K;(0) = doF for every t € I, we argue that there exists a neighborhood Wi CR2 & L?(I,R) of the origin

where, for every z € Wi, Ky(2) is invertible for every ¢ € 1.
Then for z € Wy we write X;(z) = X¢(2)' + X¢(2)”, and we solve for X¢(z)” the first equation in (5.5), i.e.

Xo(2)" = K, (2)"! [nlm o) (R(X(2)') + d2F (2, X, (2)') + R(z))]
= —Ki(2) 7' [Gi(2) (Xe(2))],

(5.6)

where the definition of the map Gy(z) : R? @ L?(I,R) — Im (doF) is specified inline between the first and the
second line. Observe that G¢(0) is the zero map for every ¢ € I.

Next, we substitute X;(z)" in the second equation of (5.5), to find X;(z)" and Y*(z) using the second (scalar)
equation:

(Aile], Xo(2) Vg2 sy + Y5 (dol:"(z) + %d?)l:“(z, z) + tR(Z)> = —(A\R(2))- (5.7)

Here, for every t € I, the map A, : Wy — R2 @ L2(I,R) is defined by duality requiring that
(Aele], 2)pegre(rr) = (A, d2F (2,2 — Ki(2) M Ge(2)(2)]) + tdoR (z — Ki(2) M Ge(2)(2)])) (5.8)

for every x € R? @ L?(I,R).
In particular, the linear map doA; : R? @ L?(I,R) — R? @ L?(I,R) is defined by the formula

(doAi(2), T)peg 21 r) = M\d2F(z,x) for every z,x € R® @ L*(I,R),
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i.e., we argue that for every z € ker(doF) we have
(doAi(2), 2)gegr2(1 k) = AHeoF(2)-
Stated differently, the linear mapping

Tker(doF) ° doAt ’ker(dolg')

coincides with the linear operator L : ker(doF) — ker(doF) associated with the Hessian map AHegF, and therefore
it is invertible by Proposition 4.9.

We denote by (doli“|]§)* :ToM — E the linear operator adjoint to the restriction of doF onto EO, and we
consider for ¢t € I the map

U, : W, — R?* @ L2(1,R),
o * o ]_ 22, (5'9)
2 Theor(dok) © A(z) + (d0F|En) doF(2) + idoF(z, z) +tR(z) | .

Notice that W, is origin-preserving. Since do¥; is easily seen to be a linear isomorphism of R* ® L*(I,R) =
ker(doF) @ £ onto itself, we conclude that there exists a neighborhood W C Wi such that ¥, defines a new
system of coordinates on W,

(0l 02" = (B © 402 (@8] ) (d0F() + 58E(=.) +8(2)) )

for every t € I. )
Eventually, for every ¢ € I we find by the Hadamard Lemma a smooth function x; : W — R? @ L?(I,R) such
that

(A R(2))

I
—~
>
—
j=v]
o
i
1

—-
SN—

(we(2)', we(2)"))
=\ (Ro W) (0,we(2)")) + ((we(2)', 0), xe(2)pear2(r v

and therefore by comparing this expression with (5.7) we conclude setting
Xi(2) == — (Wker(doﬁ) o Xt) (z) and YN (z2) == — </\, (Ro T to (doﬁ‘é)*) (z)> (5.10)
for every z € W. O
Definition 5.2. With F as in (4.5), we define the map F : L>(I,R) & R & L(I,R) — M by the position
F(v—10,0,¢,w) = F(t,¢,w) (5.11)

Notice that E is indeed an extension of F o p with respect to the L?-factor, and that there is essentially no
difference with the extension F of F, except for the fact that we “forget” the trivial dependence of F o p on the
zero mean part of the L°°-component.

We can now complete the proof of our main result, Theorem 1.3.
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Proof of Theorem 1.5. Let Tregr2(1,r) denote the projection of L*(I,R) @R @ L?(I,R) onto R? @ L%(I,R).
We define W := wﬂgzl@ L2(1R) (W) and the map p: W — W by the formula

where o : W — W is defined as in Proposition 5.1.

We conclude the proof by declaring 1 to be the composition of the origin-preserving map v of Proposition 5.1
with the local system of coordinates centered at y, and defined at the beginning of this section. Indeed, let y € W
and let 2 := TRogr2(1,r)(Y) € W. Tt follows by (5.11) that

YoFopuly)=voFoo(z
— (AHeo (E)(), doF (") (512)
= (AHeo(ﬁ)(y’), doF(y")) :

where y =y + y" € kerdoF’ & E, and ' and y” are chosen so that

TRegr2(rr)(Y) =2, Tregrer)(2”) =y

Notice that the first and the last equality of this chain are true since F does not depend on the zero-mean
component of the L>°-factor of y, and also z’ € ker(doF) implies that y' € ker(doF') for every y' € W1§21@L2(1 Ry (2')-

Proof of Proposition 1.4. Let (v,)nen C Q(y) be a sequence of singular controls weakly converging to zero in
L?(I,R?). By Proposition 2.1,

Fi(v,) — F;(0) and d,, Fy — doF; uniformly for t € I;

then we may suppose that Im (d,, F') is of codimension one in T),M for every n € N.
Given v € L?(I,R?) and t € I, we consider the diffeomorphism

Py M — M

T T @e@/o (14 v1(7) Xy + vo(7) Xodr

and we write P> for (Pg’v)_l. Let us fix a norm || - || on R™, and let us take norm-one covectors A, €
Im (d,, F)* for every n € N and \, € Im (d,F)*, i.e. | Ay, || = [|Ao]| = 1.
We define
AD = (P A AD = (ByY)* Ay (5.13)

,U

Since \,, converges to A, and (Py’"")* converges to (Py'")*, by construction A} — X). Similarly, we argue that
Ay, (t) := (Pto’v")*/\gn — (PY)*A% =: X\, (t), uniformly on I as n — +oco. Hence it is not restrictive to assume
that for every n € N and ¢t € I,

A, (t) € (A»Qy,vn (t))L \ (A»Syun (t))J_
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Since the controls v,, can be recovered by the formula” (see, e.g., [21])

t)))

) )’

we argue that the convergence of v, to 0 holds in L>°(I,R) @ L?(I,R) as well. Recalling the smooth immersion
¢ defined in (4.3), we finally conclude that

('Un,l(t)> _ 1 (_h212()\vn(
o2 (iAo, (6)2 + hora(, (1)) \ a2, (0

lim (Un,h ¢(Un72)) = O

n—oo

in L>=(I,R) @ R @ L?(I, R), whence we can assume without loss of generality to work within a neighborhood
W where Theorem 1.3 applies.

We complete the proof by showing that all the singular controls (v1,ve) € Q(y) such that (v1,¢(ve)) is
contained in W are of the form (v,0) with fol vy (t)dt = 0. More precisely, we will show that every singular
control z = (v, c,w) € W is such that ¢ = w = 0.

Let z = (v, ¢, w) be such a control. By Theorem 1.3 we readily deduce that z € ker(doF), and that AHeoF(z) =
0.

It is also not difficult to compute that for every z € ker(doF) and x = (2/,z") € ker(doF) @& E we have

d.F(z) = (QAHeoﬁ(z, x'), doﬁ(x")) . (5.14)

Thus for every z € ker(doF) we deduce that d, F'(z) = (2/\Heoﬁ'(z, x'), 0). Let 0 # € € Im (d. F")L; by continuity

it is not restrictive to assume that the R-component of £ is different from zero, i.e., & # 0.

o

By (5.14) we then argue that for every x € ker(doF') we have:
0 = &d.F(z) = 26, Heo F (2, ),

ie, z € ker(/\HeO}D?). We conclude that z = (v,0,0), with v a zero-mean control, since ~ is rank-two-nice by
assumption. O

6. JACOBI FIELDS AND COMPUTATIONS OF CONJUGATE POINTS

We explain in this last chapter how to characterize conjugate points along a rank-two-nice singular curve ~.
We suppose for simplicity that A, = span{Xj(z), X2(x)} in the domain under consideration and we consider,
as in Definition 2.7, a local chart V; € L?(I,R?) centered at zero.

For every s € I we define

V] = {v “Xo,s) | v € Vl} - LQ([O,S],RQ).

Similarly, if v is an admissible curve, 7y := 7‘[075] denotes the restriction of v to [0, s]. The endpoint map, the
energy and the extended endpoint map have natural restrictions to V7, which we denote by Fy,J; and Fg,
respectively. In particular Fs(v) = F(vs), Js(7) = J(7s) and Fs(y) = F(7s)-

Fix a rank-two-nice curve 7. To detect conjugate times it is convenient to work on the cotangent space T* M.
We normalize the extremal lift ¢ — A(t) of 7y so that A\g := A(0) € T;; M has norm one. Then for every t € [0, s]

"For every i,j,k € {1,2}, n € T*M, and for 7 : T* M — M denoting the bundle projection, the notation hijk(n) stands for the
product <77a [X27 [Xka]](W(’?)»
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we have:
A(t) = (e71)" Ao = (el7DX1) A (s).
For future purposes we also define the vector field
g; = e,(ksft)Xng.

Notice that g} is the vector field g; introduced in the previous sections.
To characterize the set of conjugate times along ~ for the map F' (resp. for the extended endpoint map F,
i.e., for F restricted onto the level sets of .J), we consider the sets K, K§ C L>([0,s],R) ® R @& L3([0, 5], R):

Kt = {vco) | [ uii )= [ o0axi o) +exat(s) b = kerlaor), o

K3 = {(v,c,w) € K; | /Osv(t)dt—()},

and we study on either one of these sets the quadratic form

t

[ oo aaiaenuora [ (oo [ umsineog] oen)a 62

6.1. The symplectic framework

Let 0 € AY(T*M) be the standard Liouville one-form and let w := do € A?>(T*M) denote the canonical
symplectic form on T* M. We introduce the following notations:

— For every € T*M and z € T,,(T* M), we denote by
4 = {y € T,(T*M) | w,(x,y) = 0}

the skew-orthogonal complement to  in T,(T%M);
— For every subspace N C TT*M, we denote by

N4 :={y e TT*M | w(zx,y) = 0, for every x € N}

the skew-orthogonal complement to N;
— For every Hamiltonian function a € C*®°(T*M), we denote by @ € Vec(T*M) its Hamiltonian lift, given
by the formula

wu(-, @) =dya(-), for every e T*M. (6.3)

Fix s € I, and let 7w : T*M — M be the canonical bundle projection. For every ¢ € [0, s], we introduce the
fiberwise linear Hamiltonians
& :T"M — R, n, T*"M — R,

s (s X (1) 1 (s g () (64)

Accordingly, we define the Hamiltonian lifts 51 and 777, and we observe that 77 = 52, where &5 is the Hamiltonian
function associated with X5 as in (6.4).
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We identify T*( )M with Ty (T2 ) M): in terms of local bases we identify v = Y " vdz; and v =
it 10y, Then A(s) is associated with the value at A(s) of the Euler vector field e € Vec(T*M):

e(A(5) = A1 (8)Dr, + -+ + Am(5)Dr,,- (6.5)

Finally, we define:

— X to be the skew-orthogonal complement of A(s) in the symplectic space Ty (7" M), modded out by
span{A(s)}. In formula:

Y = {V S T)\(S)(T*M) | (U)\(S)()\(S),U) = 0}//\(5)

Notice that Y is a symplectic subspace of T'\s) (7™M ), of dimension 2(m — 1).
- 1L=T7, )M /A(s). Then II is a Lagrangian (i.e. of dimension m — 1) subspace of X, that can be identified

with Ty (T2, M)/e(A(s))-

For every u € Tv(s)M we have:

W(s) (,U/7 gl) = </1’7 Xl (’Y(S)» ) w)\(s)(ua ﬁ;ﬁs) = <M7 gf (’7(8)» (66)

—

where (-,-) denotes the dual product. In particular wy(s)(A(s),&1) = wa(s) (A(8), ;) = 0 for every ¢ € [0, s, and
thus both & and 777 can be identified with elements of 3.

By the cquality wx(s)(E, ) = (A(s), [X1,6](1(5))), we deduce that wage(&,7) = 0 for every t € [0,],
whence

wk(s)(é’l, i) =0, forevery t €0, s]. (6.7)

Let If , := w/\(s)(ﬁf,ﬁf) = (A\(s),[47, g7](v(s))). The quadratic form (6.2) becomes

/ 19 )2dt + /S WA(s) <c§2 —I—/ (T)T_]j_dT,w(t)ﬁ;) dt, (6.8)

while the symplectic counterparts of the domain conditions (6.1) read

K = {<c, w) €R® L(0.5). B) | G0 + [ Cw(t)i (Ms))dt € B E(A(s)) + H} ,
0 (6.9)

K5 ={(cw) € Ro (0. B) | €6 + [ wiE a1},

Let mr2(j0,5)r) : R D L2([0, s],R) — L?([0,s],R) denote the standard projection. Then w € TL2([0,5],R) (Kf’u)
if and only if

s [ i) =0 (6.10)
0
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- - Z -
for every® v € I1 N span {51()\(8)),52(/\(5))} + R - &1 (A(s)). Likewise, w € mr2((o,5],r) (K35*) if and only if

a1, / w()dt) = 0 (6.11)
0

for every v € ILN & (A(s))%.
In particular, this argument shows that the subspace {w | w e 7TL2([O7S]7R)(K‘IS7ﬁ)} is the L2([0,s],R)-
orthogonal complement of the subspace

{rouit) 1v e span {E0G).E0GN ]+ RGO} (6.12)

similarly, we deduce that the subspace {w | w € T2 (0,8),R) (K5 tt)} is the L?([0, s], R)-orthogonal complement

of the subspace

{wxw @) v e LN EME)4 - (6.13)

6.2. Jacobi equations

Let s e 1.

Definition 6.1. We say v(s) is a conjugate point along v if the Hessian map in (6.8), defined on the domain
determined by either one of the two conditions in (6.9), has a kernel that strictly contains the subspace Z;
of zero-mean controls. The multiplicity of «v(s) as a conjugate point is the codimension of Z1 in this kernel
(compare with Def. 4.2).

Given (¢, w) € K5*¥ (resp. (c,w) € K5*), we define

-

Yie () = cBa(M(s)) + / w(r)FE(M(s))dr.

Upon integrating by part we see that the bilinear form associated with (6.8) is given by (see also [6], Chap.
4):

/ lt Sswo(t)w(t)dt +/ Wx(s) (Y(meo)(t),Y(C’w)(t)) dt.

It follows from (6.9) that ~(s) is a conjugate point along ~ if and only if there exists (co,wo) € K3 (resp. in

K3*) such that
S t A .
[ (w0 +rco (e + [ wlryizanin) )i =0 (6.14)
0

for every w € 7TL2([0,S]7R)(Kf’ﬁ) (resp. w € WLz([O,S],R)(KS’ﬁ)).

8Here v can be defined modulo €] (A(s)) because of (6.7).
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We conclude that there exists v € IINspan {51()\(3)), 52()\(3))}4 +R-&(A(s)) (resp. v € IINE(A(s))4) such
that

t
l?,st(t) + W)\(s) <C0§2 +/ wO(T)ﬁf-dTaﬁf> = *w)\(s)(l/a ﬁf)a a.e. t € [Oa S]' (615)
0

By multiplying both its sides by 7(A(s)), we rewrite (6.15) as the Jacobi equation on ¥:

19 k() = wx (o) (77, KT (A(9)), (6.16)

t
where k(t) := cofa(A(s)) + / wo(T)772(A(s))dT + v and the boundary conditions are given by
0

k(0) € TTNspan{€1 (A(s)), &(A(5))}* + span{&1(A(s)), &(A())},
@ "
(s)ell
. . (6.17)
) k(0) € ILNspan{&z(A(s))}* + span{&(A(s))},
k(s) e I

Proposition 6.2. Let s € I. The point v(s) is a conjugate point along v for the map Fy (resp. for Fs) if and
only if there exists a solution k(-) to (6.16) that satisfies the boundary conditions (6.17).

Remark 6.3. Observe that in both cases k(0) belongs to a Lagrangian subspace of ¥, of the form ITNT4 4T
with T" isotropic.

6.3. Regular distributions

We specify the Jacobi equations for a particular class of rank-two sub-Riemannian structures, the so-called
regular structures, that have been investigated e.g. in [14, 21]. Assume M is an (m + 2)-dimensional manifold,
and that A = span{X;, X5} in the domain under consideration. Moreover, we assume that:

— X1, Xo,...,(adX1)™ 1 X, are linearly independent.
— There exist smooth functions 3, {a%,i =0,...,m — 1} on M, such that

(ad X)Xy = /3X1+Z (ad X )’ Xy, (6.18)

~ [[X1, X3, X5] is linearly independent from V = span{Xj, Xa,..., (adX;)™ ' X5}.

Under these hypotheses it turns out ([21], Sect. 8) that integral curves of the vector field X; are indeed corank-
one abnormal geodesics for A. Moreover, these curves are also strictly abnormal as soon as 5 # 0 along the
trajectory.

With ¢f as in (6.4) and i € N, we define

:( ) 8t( )gs _ (_l)i&(ks—t))ﬁ (aXm)ng,

(1) ol 1 (6.19)
ZE,(Z = (A(s), Lo, 00 (n(9)) = wrey (375 ).
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Calling 3; := B(y(t)) and ai := ai(y(t)), it is immediate to deduce from (6.18) its symplectic version along
v, that is

i ™ (A(s)) = €L (A +Zaﬁ*“ (6.20)

Let Z := {&(A(s)), 7 (A(s)),t € [0,s]}, and notice that we have the decomposition ¥ = IT & Z. For every
T € [0, 5], (6.20), yields:

Z = span {ELAE), T (NS, 7D (Ns) (6:21)

Notice that Z is not a Lagrangian subspace, nonetheless the symplectic form wy ) defines a non-degenerate
splitting between II and Z.
Let us write k(t) = z; + 04, with z; € Z and 0, € II. Then (6.16) splits as the differential system of equations:

l?,s%t = wA(S) (77:7(1)7 zt + et)ﬁts,(l) (A(S))a (622)
Ht = 07
whose boundary conditions are given respectively by (compare with (6.17)):
(a) 2s=0, 2z €span{€i1(A(s)),&(A\(s)}, was) (&, 00) = was)(€1,00) = 0, (6.23)

(b) 25 =0, z € span{é(A(s))}, Was)(§2,00) = 0.

If we write z; = 2 &1 (A\(s)) + > ! zgﬁf’( )()\( )) and we define (; := wy () (77, 0o) and lﬁ@ as in (6.19), we
see that (6.22) is equivalent to the following system of equations:

=By, A =o,
4 = —a?ZZ” g 2 =0,
0.0 +ad ) = 3 10+ 2 =0,
=~ (6.24)
zt+ozfzfm - zgfl, for every j =2,...,m—1, 2/ =0,
m—1
™ = B (€1, 60) + Y aict?, ¢ =0,

i=0
and 7(s) is a conjugate point along v for F (resp. for Fy) if and only if (6.24) admits a nontrivial solution that
further satisfies the boundary conditions (6.23)

(a) 2 =0foralli=1,...,m—1,
(b) 2 =0foralli=1,..., flandalson:O

6.4. The Engel case

We study conjugate points along rank-two-nice singular curves on Engel structures, that is regular rank-two
sub-Riemannian structures (M, A) with M of dimension 4. In this case, the vector field X; satisfies all the
conditions on the Lie brackets required in the previous part by the results in [10].
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We begin with the endpoint map Fs. Taking into account that wyy) (51, 6o) = 0, the relevant equations to
solve (6.24) are:

lo Zy oy z , 2zl =0,
{ (& +apz) =G o (6.25)

{o=0aC+aiG, (=0

We see from (6.20) that

70 d s =8 s = 170

lt,s = aw)\(s) (nt ; nt) = WA(s) (nt ’ nt) = Oy lt,s? (626)
yielding that l?’s = lg’sefot o‘idT, and therefore
d

oy (e J 0097 = 6.27
0,s dt Ct ( )

Because v is rank-two-nice, 18,5 # 0 and then the further requirement z} = 0 is met if and only if (y =
wW(s) (75, 00) = 0. So far, we have thus established the relations

W(s) (ﬁja 00) = Wx(s) (ﬁ(sh 60) = wA(s)(év 00) =0. (628)

On the other hand 6y € II belongs to a three dimensional space, and then the linear map wjy,)(+, o) cannot
have a three dimensional kernel, for otherwise 6y would be zero. This implies that v(s) € I is a conjugate point
along ~ if and only if

X1(v(s)) A Xa(v(s)) A gg(v(s)) = 0. (6.29)

Similar computations hold for the extended endpoint map F;. Here, the relevant equations are

i =P, 2 =0
R +atzl) =G, zl =0, (6.30)
G = G+ af G + Biwrs)(€1,00), ¢ =0

In addition to the equations found before, we require z{; = 0. Since z} = (p, we obtain from (6.27) that
2} = lg Ge~ Jo @r97 which readily yields s BeGre™ Jo ardrgs — g,

In terms of vector fields we conclude that v(s) is a conjugate time along ~ if and only if

Xa(v(5)) A g3 (4 / Bre I8 197 go ((5))dt = 0. (6.31)

We are ready to complete the discussion of the example of Section 1.4. From the structural equations we see
that

[Xla[X17X2]] - — Xo, (6.32)

whence o = —1, af = 0 and f; = 1/2. Moreover it is not restrictive to assume by (6.26) that I ; =1, and we

suppose as well éo =1.
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In the case of the endpoint map F; it is immediate to solve for ¢, and we find {; = sin(t). A time s € I yields
a conjugate point ~(s) along « if and only if {; = 0, whence the computation of ar readily follows.

We pass to Fs, and we denote for simplicity £ := wy(s)(£1,60) # 0. Solving for ¢; and zf (imposing z(’; =0)
yields:

G = % (¢ — Lcos(t) + 2sin(t)),
2 = /t lc dr = = (24 £t — 2 cos(t) — ¢sin(t)) (039
t 0 2 T - 4 .

We look for solutions to s = 2 = 0. Clearing out ¢, we see that v(s) is a conjugate point if and only if s solves

2cos(s) — 2 + ssin(s)
2cos(s) — 2

—0. (6.34)

Now, notice that if cos(s) = 1, 2/ = 0 if and only if s = 0 or £ = 0, which is not possible by assumption. Then
we may forget about the denominator and arrive to the claimed expression for ar.
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