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STOCHASTIC LINEAR QUADRATIC OPTIMAL CONTROL
PROBLEMS FOR MEAN-FIELD STOCHASTIC EVOLUTION
EQUATIONS*

Q1 L

Abstract. We study a linear quadratic optimal control problem for mean-field stochastic evolution
equation with the assumption that all the coefficients concerned in the problem are deterministic. We
show that the existence of optimal feedback operators is equivalent to that of regular solution to the
system which is coupled by two Riccati equations and an explicit formula of the optimal feedback
control operator is given via the regular solution. We also show that the mentioned Riccati equations
admit a unique strongly regular solution when the cost functional is uniformly convex.
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1. INTRODUCTION

1.1. Some literature

Mean field approximation is extremely useful when describing macroscopic phenomena from microscopic
overviews in many areas of science. Typical examples are the study of turbulence, gauge field, plasma physics,
quantum chemistry, tumor growth modeling, etc. (e.g. [21]). Over the last years, due to various applications in
economics, finance and physics, there has been a growing interest in control problems for mean-field stochastic
differential equations (MF-SDEs for short). The interested readers are referred to [5, 7-9] and the rich references
therein.

Similar to MF-SDEs, Mean-field stochastic evolution equations (MF-SEEs for short) have important
applications. Two of them are in order as follows and more examples can be found in [2, 12].

1. The population of species in complex environment can be modeled by stochastic parabolic equations (e.g.
[11]). In real world, there are a great many species living in the same area, each being influenced by the
others. Then a system of a great number of coupled stochastic parabolic equations is used to describe
these populations. In practice, a mean-field stochastic parabolic equations is a good simplification of that
stochastic parabolic system just mentioned.
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2. Stochastic parabolic equations can be used to describe the propagation of the electric potential in a neuron
(e.g. [23]). Usually, there are lots of neurons connected with each other. To describe such phenomena, one
should use a great number of coupled stochastic parabolic equations. To simplify this system, one can
introduce a mean-field stochastic parabolic equation.

Compared with the abundant literature on MF-SDEs, control problems for MF-SEEs received very little
attention. To the best of our knowledge, [2, 12, 22] are the only papers in dealing with optimal control problems
of MF-SEEs, in which the authors formulate sufficient and necessary conditions for optimal control problems of
MF-SEEs and find optimal open-loop controls.

In this paper, we consider the linear quadratic control problem (LQ problem for short) for MF-SEEs. Due
to the elegant mathematical structure and important applications, LQ problems for different kinds of control
systems are investigated extensively in the literature (e.g. [3, 4, 13, 16, 18, 29]). Particularly, we refer the readers
to [1, 14, 25-28] and the rich references therein for some recent interesting works for LQ problems of MF-SDEs.
However, as far as we know, [22] is the only one published paper addressing the LQ problem for MF-SEEs, in
which the auhtors give a characterization of the optimal open-loop controls.

Compared with the LQ problem for stochastic evolution equations (SEEs for short) (e.g. [16]), some new
phenomena appear. For example, one needs to introduce a coupled system of Riccati equations to characterize
optimal feedback controls. This coupled system is much more complex than a single Riccati equation arising
from LQ problems for SEEs. Then one has to find some new technique to study it.

Compared with LQ problems for MF-SDEs (e.g.[1, 14, 19, 26-28]), some new difficulties arise in dealing
with infinite dimensional settings. For example, the operator-valued equations are more complicated than the
matrix-valued equations. Then one cannot simply mimic the method of solving LQ problems for MF-SDEs to
get the expected results.

1.2. Notations

In this subsection, we introduce some notations to be used in the sequel.

Let (2, F,F,P) be a complete filtered probability space on which a standard one-dimensional Brownian
motion W = {W(t)},>0 is defined, where F = {F;};>0 is the natural filtration of W, augmented by all the
P-null sets in F.

Let T > 0 be a fixed time constant. For any ¢ € [0,7) and a Banach space H, let

L% (3 H) = {§ : Q — H | ¢ is Fy-measurable, E[¢[f < oo},
Cr([t, T); L*(Q;H)) = {(p :[t,T] x © — H | ¢(-) is F-adapted, the map
¢ [t,T] — L% (Q;H) is continuous },

LE(Q; L(¢, T, H)) = {90 :[t, T] x Q— H | ¢(-) is F-progressively measurable,

P

B( [ letoias) ¥ < oo},

where 1 < p, ¢ < co. We simply use the symbol Li(¢, T H) to denote LE(Q; LP(¢, T H)) if p = q. .

Let H; and Hy be two Banach spaces. Write £(H; Hy) for the space of all bounded linear operators from Hy
to Hy. For simplicity, we denote £(H;;Hy) by £(H;). If H is a Hilbert space, we write S(H) for the set of all
self-adjoint bounded linear operators on H. Clearly, S(H) C £(H) is a closed subspace. For M, N € S(H), the
notation M > N (resp. M > N) indicates that M — N is positive semi-definite (resp. positive definite). For any
S(H)-valued measurable function F' on [t,T], we write F' > O(resp. F > 0, F > 0) if F(s) > O(resp. F(s) > 0,
F(s) > 41 for some 6 > 0) for a.e. s € [t,T].
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Denote by Cs([t,T]; S(H)) the set of all strongly continuous mappings F : [t,T] — S(H), that is, F(-)n is
continuous on [t,T] for each n € H. If F € Cs([t,T];S(H)), then, by the Uniform Boundedness theorem, the
quantity

A
|Flos,rsam) = sup [F(s)]cam)
s€[t,T]

is finite, and Cs([¢,T]; S(H)) is a Banach space with this norm (see [4], Part IV, Chapter 1 for the detail).

1.3. Formulation of the control problem

Let H and U be two separable Hilbert spaces. Let A : D(A) — H be the generator of a Cp-semigroup {e4*};>0
on H. Consider the following controlled MF-SEE:

dz(s) = [(A+ Al(s)):v(sA) + A(s)Eax(s) + B(s)u(sz + B\(S)EU(S)} ds
+(C(s)z(s) + C(s)Ex(s) + D(s)u(s) + D(s)Eu(s))dW (s) in (¢, T7, (1.1)

where £ € L%, (Q; H) and

Ai(), A() € LN0,T; £(H)), B(-),B() € L*0,T; L(U; H)),

C(),C(-) € L*(0,T; L(H)),  D(-),D(-) € L*(0,T; L(U; H)). 2

In (1.1), u(-) is the control and z(-) = x(-;¢,&,u) is the state. Each u(-) € U[t, T 2 La(t,T;U) is called an
admissible control (on [t,T]). In what follows, to simplify notations, the time variable s (or t) is suppressed in
x, Ay, B, C, D, etc.

A standard argument via the Banach fixed point theorem shows that for any (¢,&) € [0,T) x szt (; H) and
u(+) € U[t, T, the control system (1.1) admits a unique mild solution

o() = a(-3t,6 u() € Ca(lt, T); L (s H)).
Define the cost functional for (1.1) by

I(t,&u() 2 E[(Ga(T), (1)) + (GE(T), Ea(T)) + [ ((Qw,w) + (Ru,u))ds

+ J ((QFa,Ba) + (REu, Eu))ds), (1.3)

where
Q(),Q() € L'(0,T;S(H)), R(-),R(-) € L®(0,T;S(U)), G,G € S(H).

Here and in what follows, if there is no danger of confusion, we use <-, > to denote the inner product in different
Hilbert spaces.
Consider the following mean-field stochastic linear quadratic optimal control problem:

Problem (MF-SLQ). For any given (t,€) € [0,T) x L% (€; H), find a control a(-) € U[t, T] such that

J(t.&a(r) = inf  J(t, &ul)). (1.4)

u(-)eU[t,T]



4 Q. LU

Every a(-) € U[t,T] satisfying (1.4) is called an optimal control of Problem (MF-SLQ) with the initial
state £, and Z(-) = T(-; ¢, &, u(-)) is the corresponding optimal state.

We are to present a necessary and sufficient condition for the optimal control. To this end, we introduce the
following mean-field forward-backward stochastic evolution equation (MF-FBSEE, for short):

da(s) = [(A+ Al)x—l—gEx—kBu—kgEu} ds—i—(C’x—FéEx—FDu—!—f)Eu)dW(s) in (¢,7],
(s) =

—[(A+ A1)y + A*By + C*Y + C*EY + Qz + QEx]ds + YdW(s) in [t,T), (1.5)
() =€ y(T) = Ga(T) + GEx(T).

dy(s

The well-posedness of the first equation in (1.5) can be obtained by standard fixed point argument. Once z(-)
is obtained, we can employ the same tequenique to solve the second one in (1.5).

Theorem 1.1. Let (t,£) € [0,T) x L% (% H) be given. Let u(-) € U[t, T] and (2(-),y(-), 2(-)) be the solution to
(1.5). Then u(-) is an optimal control of Problem (MF-SLQ) with the initial state & if and only if
and

B*y+ D*Y + Ru+ B*Ey + D*EY + REu =0, ae. s € [t,T], P-as. (1.7)

Remark 1.2. In [22], an analogous result to Theorem 1.1 is proved under some other kind of conditions.

By Theorem 1.1, one only needs to solve (1.5)—(1.7) to find the optimal control. However, the control obtained
in this way is an open-loop one. For optimal control problems, it is important to find a feedback optimal control.
This is particularly important in practical applications since the corresponding control strategy is kept robust
with respect to (small) perturbation/disturbance.

We need the following notion.

For t € [0,T), let

Ft,T) = L*(t,T; L(H; U)) x L*(t,T; L(H; U)).

~

A pair (©(:), 0(-)) € Z[t, T) is called a feedback operator of Problem (MF-SLQ) on [t, T]. For any (0(-),0(-)) €
Ft,T) and € € L%, (Q; H), let x(-) = x(-;t,£,0(-),0(-)) be the solution of the following closed-loop system:

de = {(A+ A, + BO)x + [A+ BO + B(0 + O)]Ex}ds
+{(C+DO)z + [C+ D6 + D(6 + ©)|Ex}dW(s) in (t,T], (1.8)
z(t) =¢€.

Definition 1.3. A feedback operator (@(),6()) € F[t,T] is optimal if

J(t,68()7() + O()EE()) < T(t.&u(), V€€ LE, (4 H), Yu e U[t,T), (1.9)

where Z(-) solves (1.8) with (6(-),0()) replaced by (@(),6()) If an optimal feedback operator (uniquely)
exists on [t,T], Problem (MF-SLQ) is said to be (uniquely) closed-loop solvable on [t, T].

The main problem studied in this paper is as follows:

Does the optimal feedback operator exist and how to characterize it?
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1.4. Main results

Before introducing the Riccati equations, we first recall the definition of the generalized pseudo inverse of an
operator. More details can be found in [6].

Definition 1.4. Let H; be a Hilbert space. For F' € £(H;), a generalized pseudo inverse of F' is defined as a
linear operator F : D(F') — H; satisfying the following four criteria:

FF'F=F FiFFt =F!, (FF* =FF!, (F'F)"=F'F.

When F is injective, F! is a left inverse of F. When F is surjective, F! is a right inverse of F. When F is
self-adjoint, F'' always exists, which may be unbounded (e.g. [6]).

Similar to the study of optimal feedback controls for LQ problems of SEEs, we introduce the following Riccati
equations to characterize the optimal feedback operator:

P+PA+A)+(A+A)'P+C'PC+Q—-L'K'L=0 in[tT), (1.10)
P(T) =G, '
and
I+ T(A + A+ A) + (A+ A + A TT+Q+Q+(C+C)*P(C+C) — L*KTL =0 in [t,T), w1
I(T) =G+ G, '
where

K2R+ D*PD, K
L

R+ R+ (D+D)*P(D + D),
L2 B*P+ D*PC, B

(B+ B)*Il + (D + D)*P(C + C),

1>

and K'(resp. K1) denotes the generalized pseudo inverse of K (resp. K).
Definition 1.5. We call P(-) € Cs([t,T]; S(H)) a regular solution to (1.10) if

K(s) >0 for ae. s [t,T],
R(L(s)) C R(K(s)) for a.e. s e [t,T], (1.12)
K'L e L?(t,T;L(H;U)),

and for any n € H and s € [t,T'), it holds that

T
P(s)y = et ToGet Ty + / A ) (P A+ A;P+CTPC+Q— L K1 L) AT 9ndr.

S

Definition 1.6. We call II(:) € Cs([t, T]; S(H)) a regular solution to (1.11) if

K(s) >0 for ae. s € [t,T],
(E (s)) € R(K(s)) for a.c. s € [t, T, (1.13)
K'L e L*(t,T; L(H; 1)),
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and for any n € H and s € [¢,T), it holds that

I(s)n = eA*(Tfs)(G + a)eA(Tfs)n

T
+/ e T [P(A+ A)+ (A +A) P+ (C+C)* P(C+C)+Q+Q—L* K L] e *)ndr.

Definition 1.7. The Riccati equation (1.10) (resp. (1.11)) is said to be regularly solvable on [¢t,T) if it admits
a regular solution.

Remark 1.8. The notion of reqular solution, which is closely related to the existence of optimal feedback
operators, is first introduced in [20] for LQ problems of SDEs.

The first main result in this paper is as follows.

Theorem 1.9. Problem (MF-SLQ) is closed-loop solvable on [t,T] if and only if the Riccati equations
(1.10) and (1.11) admit a regular solution P(-) and I1(-), respectively. Moreover, the optimal feedback operator

(@(),é()) admits the following representation:

{9( ) = KL + (T = K(OTK())61(-), (1.14)
O() = —KO'L()+ (I = KK ()ba() =B, '
where 01(+),02(-) € L*(t,T; L(H;U)). Furthermore,

inf  J(t & () =E(P(t)(€ — EE), & — EE) + (II(t)EE, EE). (1.15)

u(-)EUt,T]

Remark 1.10. Theorem 1.9 can be regarded as a nontrivial generalization of Theorem 2.1 in [16], where
the author puts two additional assumptions, i.e., A generates a Cy-group on H and the eigenfunctions of A
constitutes an orthonormal basis of H, to prove the result. Hence, the special case of Theorem 1.9 improves the
main result in [16] noticeably.

Remark 1.11. Using Gronwall’s inequality, one can show that (1.10) (resp. (1.11)) has at most one regular
solution.

Definition 1.12. A regular solution P(-) to (1.10) is said to be strongly regular if
K(s) > M and K(s) > M,  ae. sel[tT) (1.16)

for some A > 0. If the Riccati equation (1.10) admits a strongly regular solution, it is said to be strongly regularly
solvable.

Remark 1.13. It is clearly that if (1.10) is strongly regularly solvable, then (1.11) is regularly solvable.

Definition 1.14. The map u(-) — J(¢,0;u(-)) is said to be uniformly convex if there exists a constant A > 0
such that

T (t,0;u(-) > AIE)/t lu(s)|Fds, Yu(-) € U[t, T). (1.17)

We continue to present the second main result of this paper, which gives a relationship between the strongly
regular solvability of the Riccati equation (1.10) and the uniform convexity of the cost functional.
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Theorem 1.15. The map u(-) — J(t,0;u(-)) is uniformly convez if and only if the Riccati equation (1.10) is
strongly regularly solvable. In such case, the unique optimal control a(-) of Problem (MF-SLQ) is

a(-) = 8(-)z() + O()Ez(-), (1.18)
where
8()=—K()'L(), O()=—K()'L() + K()L(), (1.19)
and () solves (1.8) with (O(-),0(-)) replaced by (8(-),0(-)) given in (1.19). Moreover,

inf 7t & u() = E(P(t)(§ — ), € — E&) + (IL(1)EE, Ee). (1.20)

u(-)EUt,T]

The rest of the paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we provide
a proof of Theorem 1.1 for the sake of completeness. Sections 4 and 5 are devoted to the proofs of Theorems
1.9 and 1.15, respectively.

Since the operator-valued function A; does not lead to any difficulty for proofs of the main results, we assume
that it equals zero for the simplicity of notations.

2. SOME PRELIMINARY RESULTS

In this section, we present some results to be used in the proofs of Theorems 1.9 and 1.15.

2.1. Some estimates for the control and the state

Lemma 2.1. For any u(-) € U[t,T), let x(-;t,0,u) be the solution to (1.1) with the control u(-) and initial
datum & = 0. Then for any (6(:),0(-)) € Ft,T], there exists a constant v > 0 such that

]E/t lu(s) — ©[x(s;t,0,u) — Ex(s; t,0,u)] |?]ds > 'yIE/t lu(s)|Fds, Vu(-) € U[t,T), (2.1)

and that
r ~ 2 r 2
/ |Eu(s) — (6 4 ©)Ex(s; t, O,U)‘Uds > 7/ |IEu(s)|Uds7 Vu() € Uft, T). (2.2)
¢ ¢

Proof. We only prove (2.1). The proof for (2.2) is analogous and simpler. Let O(-) € L2(¢,T; L(H;U)). Define
an operator A : U[t,T] — U[t, T] by

(Au)(-) = u(-) = O[z(t,0,u) — Ez(+t,0,u)].

Following the well-posedness of (1.1), A is linear and bounded.
Consider the following equation:

d = [(A+ BO)Z + (A — BO)EZ + Bv + BEv]ds
+[(C + DO)Z + (C — DO)EZ + Dv + DEv]dW (s) in (¢, T, (2.3)
Z(t) = 0.
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Define an operator B : U[t, T] — U[t, T] as follows:

(Bu)(:) =v(-) + @[i(-;t, 0,v) — Ez(t, 0,1})].
By the well-posedness of (2.3), B is a bounded linear operator.
Taking v = Au, then the equation (2.3) becomes
dz ={(A+ BO)z + (A — BO)EZ + Blu — Ofxz(s;t,0,u) — Ex(s;t,0,u)]] + Eu}ds

+{(C+D@)§+(é—ﬁ@)E5+D[u—@ [2(s;t,0,u)—Eax(s;t,0,u)] —i—ﬁu}dW(s) in (¢, 7],

(2.4)
F#(t) = 0.

Clearly, z(-;t,0,u) solves the equation (2.4). By the uniqueness of the solution to (2.4), we know that
z(+t,0, Au) = x(-;t,0,u). Therefore,

(BAu)(-) = u(-) — @[x('; t,0,u) — ]Ez(~;t,0,u)] + @[z(~;t,0,u) - E:z:(~;t,0,u)] = u(-).

Similarly, we can prove that ABu = u. Thus, A is bijective and B is the inverse. Consequently,

T T T
E / fu(s)[Zds = E / (A~ ) (3) s < A7 s E / (Au)(s)[3ds
t t t

T
= |-A_1‘E(Z/{[t,T])E/t |u(s)—@(s) [#(s;t,0,u) —Ex(s;t,0,u)] ’2Uds, Yu(-) e U[t, T).

This implies the inequality (2.1) with v = [A™ 201,

O
2.2. An auxillary stochastic LQ problem
In this subsection, we introduce a stochastic LQ problem, which is crucial in the proof of Theorem 1.15:
dz = (A% 4+ Bii)ds + (CZ + Du)dW (s) in (¢, 77,
- - (2.5)
L(t) = ¢,

where £ € L%, (% H) and @ € U[t,T). In (2.5), a(-) is the control and Z(-) = &(-;t,&, u) is the state.

By the classical well-posedness result for stochastic evolution equations (e.g. [10], Chap. 6), for any (t,£) €
[0,T) x L%, (Q; H) and any admissible control a(-) € U[t, T], the system (2.5) admits a unique mild solution
() =2(-;t, & a(+)) € Cr([t, T); L2(2; H)). Hence, the following cost functional is well-defined:

_ T
F(t.gsu() 2B[(Ga(D).a(1) + [ (Q5.7) -+ (Ria)ds].

Letting © € L?(0,T; L(H;U)), consider the following equation:

(2.6)

Po+Po(A+BO) + (A+BO)*Po+ (C+DO)*Po(C+DO) + O*RO+Q =0 in [0,T), 2
Po(T) = G. '
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Recall that P € Cs([0,T];S(H)) is a mild solution to (2.7) if for any s € [0, T7,

T
Po(s)n = T4 GeT=)4y 4 / "4 [Po(Ay + BO) + (Ay + BO)*Po
+(C + DO)*Po(C + DO) + O*RO + Qle"94ndr,  Vne H.

Let

4

Ko(-)=R(:)+D(:)"Po(-)D(-), Le(:)=B()"Po(:)+ D(-)"Pe()C("). (2.9)

The following lemma gives a relation between the cost functional and the equation (2.7).

Lemma 2.2. [16, Lemma 3.5] Let Po(-) € Cs([0,T];S(H)) be the mild solution of (2.7). Then for any (¢,§) €
[0,T) x H and a(-) € U[t, T, we have

T
jufxxoﬂo+a«»:<axwa®44g/ 2((Le + Ke©)#, @) + (Ko, @)]ds.
t
From Lemma 2.2 and the well-posedness of (2.5), there exists a € R, independent of ¢ and ©, such that

(Po(t)E,€) = T (t,£0) > alél. (2.10)

Next, we present a result for the positivity of Kg.

Lemma 2.3. If the map u— J(t,0;u(-)) is uniformly convex, then there exists A > 0 such that

Ko(s) > A, forae. sel[tT].

Proof. Define
Uplt, T) 2 {v() € Ult, T] | Eu(-) = 0}.

Let € = 0 and 4(-) € Up[t, T]. Then the corresponding solution Z(-) satisfies that Ei(-) = 0. By the uniqueness
of the solution to (1.1), Z(-) also solves (1.1) with the control u = @. From (1.3) and (2.6) and noting that

Ea(-) = 0 and Ez(-) = 0, we have J(t,0;4(-)) = J(¢,0;a(-)). Consequently, there exists A > 0 such that
~ T
J(t,0;a(-)) > A]E/ lu(s)|Zds,  Va(-) € Uplt, T). (2.11)
t

This, together with Lemma 2.2, implies that

T T
E/t [2(Le&, )+ (Kot,@)|ds > )\]E/t [u(s)|Fds, Va(-) € Uplt, T). (2.12)

Let {u;}32, be dense in U. Denote by 7; the Lebesgue points of <K@uj, uj> in [t, T]. Then the Lebesgue measure
of T2 ﬂ;il Tjis T —t. Let s € [t,T)N'T and take 1;(-) = W (t)u;X[s,s41)(-) With s +h < T. Then

2(- 58, & 05()|ceeT22(0:1)) < Clag()lpzo.mvy < CV'th|u;ly. (2.13)
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From (2.12), we have

s+h s+h
E/ [2(Lei(-;t,&, u;(+)), ;) + (Ket, u)|ds > /\]Ei/ i (s)|fds, Va(-) € Uplt, T). (2.14)

Dividing both sides of (2.14) by h and letting h — 0, noting (2.13), we obtain
<(K@(S)—)\I)Uj,Uj> >0, VjeN.
By the density of {u;}72,;, we know that

Ko(s) > M\, forae. se|t,T].

By (2.10) and Lemma 2.3, following the proof of Theorem 2.2 in [16] step by step, we can prove

Lemma 2.4. If the map u(-) — J(t,0;u(-)) is uniformly convez, then the equation (1.10) has a unique regular
solution P(-) such that

K(s)=R(s)+ D(s)"P(s)D(s) > X,  forae. s € [t,T], (2.15)
where the X is the one in Lemma 2.5.

2.3. An auxillary deterministic LQ problem

In this subsection, as a preparation for the proof of Theorem 1.15, we introduce a deterministic LQ problem.
Consider

% = (A+A)z+ (B+B)v in (,T],
E(t) =,

(2.16)

where n € H, v € L%(t,T;U) is the control and #(-) = #(-;¢,n,v) is the state. Assume that the Riccati equation
(1.10) has a regular solution P such that (2.15) holds. The cost functional is

T(tmv() 2 (G+G)&(T),z(T)) + /t ((Tz,2) + 2 (Lz,v) + (Kv,v))ds, (2.17)
where
Y=Q+Q+(C+0O)P(C+C), T=(D+D)PC+0C).

Consider the following deterministic LQ problem.
Problem (DLQ). For any given (t,7) € [0,T) x H, find a ¥(-) € L%(t,T;U), such that

j(tvnaﬁ()) = inf j(tvnav()) (218)

v(-)EL2(¢,T;U)

By the classical theory for LQ problems of deterministic evolution equations (e.g. [4], Part IV, Chap. 1,
Sect. 2), we know that the Riccati equation associated with Problem (DLQ) is the equation (1.11).
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Lemma 2.5. If the map v — J(t,0;v(-)) is uniformly convez, i.e., there exists X > 0 such that
3 T
F(#,0:0()) > /\/ w(s)2ds,  Vo(-) € L2(t, T;U), (2.19)
t

then the regular solution P(-) to (1.10) satisfies

~

K(s)> X, forae seltT| (2.20)

and (1.11) admits a unique regular solution II(-).

Proof. Once (2.20) holds, the well-posedness of (1.11) follows from the standard result for operator-valued
equations (e.g. [4], Part IV, Chap. 1, Sect. 2). Hence, we only need to prove (2.20).

Assume the contrary. Then there exist § > 0 and a measurable set ¥ C [t, T such that its Lebesgue measure
m(%) > 0 and

K(s)<(A=81I for sc%. (2.21)

Let N > 0 such that & < m(%). Let {T,,}52, be a sequence of measurable subsets of T such that m(%,,) = ﬁ

Let h € U and v, = nxz, h for n =1,2,--- Denote by &, the solution to (2.16) with n = 0 and v = v,,. Then
we have

|Zn] o,y < C,

where C is a constant independent of n. Thus, by (2.17), we find that

T~ (L, 0 va(-)

= B (@4 G2 ) + [ ((Ta05) +2(Ca00) + (R v) s (2.22)
_ Tm n/ (Rh,h)ds < (A= 8)[h[3
n—oo ‘3:71

On the other hand, from (2.19), we see that

1. 1
lim (. 000() 2 i = [ foafhds = A,

n—oo N n—oo N

n

This contradicts (2.22). Consequently, (2.20) holds. O

The next result concerns when the map v(-) — J(t,0;v(+)) is uniformly convex.
Lemma 2.6. If the map u(-) — J(t,0;u(-)) is uniformly convex, so does v(-) — J(t,0;v(-)).

Proof. Since the map u(-) — J(t,0;u(-)) is uniformly convex, by Lemma 2.4, the equation (1.10) has a unique
regular solution P(-) such that K(s) > A, a.e. s € [t,T] for some A > 0. Put

©=-K'L=—(R+D*PD)"YB*P+ D*PC) € L*(t,T; L(H;U)). (2.23)
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Then we have
0=P+P(A+BO)+ (A+ BO)*P+ (C+ DO)P(C+ DO)+O*RO + Q. (2.24)
Let v(-) € L2(t,T;U). Let x(-) (resp. Z(-)) be the solution to (1.1) (resp. (2.16)) where u(-) (resp. v(-)) is

replaced by Oz(-) +v(-) (resp. ©%(-) +v(-)) and € = 0, i.e., z(-) and Z(-) are solutions to the following equations,
respectively,

dz = [Az + AEx + B(©x + v) + BE(Oz + v)]ds

+[CX + CEx + D(Oz + v) + DE(Oz +v)|dW (s) in (¢, T, (2.25)
x(t) =0,
and
{ d(s): (A+ A)z+ (B+B) (0% +v) in (4T, o0
i(t) = 0.

Since v(-) is deterministic, from (2.25), we have that Exz(-) solves (2.26). By the uniqueness of the solution
to (2.26), we obtain that

Let z(-) = () — Ez(-). Then z(+) solves

{ dz = (A+BO)zdz + [(C+DO)z + (C+C)Ex + (D+D)(OEz+0v)|dW (s) in (¢,T), 2.27)

z(t) = 0.

Denote by p(A) the resolvent set of A. Let [ € p(A) and R; = [(I — A)~ . It is well known that for any n € H,
Rin € D(A) and

lim Rm=n in H. (2.28)
l—o00

Let z 2 R;z. Then it holds that (see [17], Lem. 2.7 for example)

lim 2z, =z in Cp([t, T); L*(Q; H)) (2.29)

l—o0

and z; solves

{dzl = (Az+RyBO2)ds+R; [(C+DO)z+(C+C)Ex+(D+D)(OEz+v)]dW (s) in (¢,T],
Zl(t) =0.



STOCHASTIC LINEAR QUADRATIC OPTIMAL CONTROL PROBLEMS

Applying It6’s formula to (P(+)z(-), 2(+)) and using (2.24), we have

E<GZ[ (T), ZI(T)>

T T
—|—]E/ <P(Azl + RlB@z),zl>ds + IE/ <le, (Azl + RlB®z)>ds
t t

+E /T PR [(C+ DO)z+ (C + C)Ez + (D + D)(OEz + v)],
xR [(C + DO)z + (C + C)Ex + (D + D)(6Ex + v)] )ds

T
—-E [ ([PBO+©*B*P+ (C+ DO)*P(C + DO) + ©*RO + Q|z, z)ds

T T
—HE/ PR[B@Z z ds+IE/ <le,RlB@z>ds
t t

T
+E [ (PR;[(C+ DO)z + (C + C)Ez + (D + D)(OEz + v)],

xRy [(C+D@ 2+ (C+ C)Ez + (D + D)(OEz + v)] )ds.
Letting | — oo, by (2.29) and (2.30), we get that
E(Gz(T),2(T))
T
= —E/ ([PBO +©*B*P + (C + DO)*P(C + DO) + ©*RO + Q] 2, 2)ds
t
T T
—HE/ <PB@z,z>ds+]E/ <PZ,B®z>ds
¢ t

+E /T (P[(C + DO)z + (C + C)Ex + (D + D)(OEz + v)],

x[(C + DO)z + (C + C)Ex + (D + D)(OEx + v)] )ds
T

= —E/T<(@*R6+Q)z, z>ds+2E/ (P(C+DO)z, [(C+C)Ex + (D+D)(6Ez+v)] )ds

t

+E / T(P [(C+C)Ex + (D+D)(6Ez +v)], [(C + C)Ez + (D + D)(OEx + v)] )ds.
This implies that
JI(t,0;0()z() +v(-)
= E{(Gw(T),x(T)> + <éEx(T)7E:E(T)> + /t [(Quz,z) + <@E;U,Ex>

+(R(©x +v), 0z +v) + <§E(@x +v),E(Oz + v)>]ds}

T
~E[(G(0).2(1) + [ ((@2.2)+ (RO=.02))as] + (G -+ Epy(r).o(7)

T
f]E/ ([P(A+ BO) + (A+ BO)*P + (C + DO)*P(C + DO) + ©*RO + Q| 2, % )ds
t

13

(2.30)
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+ /T [<(Q + @)]Ea:,Em> + ((R+ R)(©Ez + v), OFz + v>} ds (2.31)
= /T (P[(C + C)Ex + (D + D)(OEz + v)], (C + C)Ex + (D + D)(OEx + v))ds
+<(G+@)Ex(T),Ex(T)>+/T{<(Q+@)Ex,Ex>—|—<(R+FA{)(@IEx+v),@IEJ:—FU)} ds

T
= (G + G)Ex(T),Ex(T)) + /t {{[@+Q+(C+0)P(C +O)Ex,Ex)

+2([(D + D)*P(C + C)|Ez, OEx + v)
+QR+§+¢D+BYP@I+ﬁﬂmmx+mxmx+@}m
= J(t,0;0()Ez(-) +v(-)).

Due to the uniform convexity of u — J(t,0;u(-)) and Jensen’s inequality, we get from (2.31) that

J(t,0; OEz(-) + v(-))
= J(t,0;0z(-) +v("))

T T
zaE/ \®x+v\?]d526/
t t

T
|E[®x + ’UHZUdS = (5/ |OEz + v|fds, Yo € L*(t,T;U).
t
This concludes the uniform convexity of v(-) = J(t,0;v(-)). O

Remark 2.7. Since z(-) may not be D(A)-valued, in the proof of Lemma 2.6, we introduce a family {z(-) }1e,(a)
of semimartingales to apply It6’s formula to (P(:)z(-), z1(:)) ;- The cost of doing this is that the equality we
obtain is for z,(+) rather than the one for z(-), say (2.30) for example. Fortunately, this can be handled by the
following fact:

e The operator A does not appear in the first and the last four lines of (2.30). Thus, by (2.29), and letting
I — oo, we obtain an equality concerning z(-) rather than z(-).

In the rest of this paper, for saving space, we simply apply It6’s formula to the processes like <P()z(), z()>
and some computations may be formal. But the result for such computations can be proved rigorously by the
above procedures.

2.4. A necessary condition for the optimal feedback operator

In this subsection, we give necessary conditions for the optimal feedback operator of Problem (MF-SLQ).

Let (O, 6) € Z[t,T] be an optimal feedback operator of Problem (MF-SLQ). Consider the following
Lyapunov equations:

{ P+P(A+BO)+ (A+BO)'P + (C+DO)*P(C+DO)+Q+O RO=0 in[t,T), 232)

P(T) = G,
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and
I+ T[A+A+(B+B)@+0)+[A+A+(B+B)@+0)'T+Q+Q
+[C+C+(D+D)(@+0)*P[C+C+(D+D)(0+6)]+(0+0)* (R+R)(©+0) =0 in [t,T),  (2:33)
I(T)=G+G@

Put

R+ R+ (D+ D)*P(D+ D),
(B + B)*I + (D + D)*P(C + O).

K2 R+ D'PD,
L2 B*P + D*PC, i

> ||>

Lemma 2.8. Let P(-) (resp. TI(-)) be the mild solution to (2.32) (resp. (2.33)). Then for a.e. s € [t,T],
K(s) >0, K(s)O(s)+L(s) =0, (2.34)
and
K(s)>0, K(s)O(s) + L(s) = 0. (2.35)

Before proving Lemma 2.8, we introduce a family of auxiliary optimal control problems. Let r € [¢,T) and
£ € L% (Q; H). Consider the following control system:

{ dz = (Az + AEz + Bu + gEu)ds + (Cz + CEz + Du + lA)IEu)dW(s) in (r,TY, (2.36)
x(r) =¢&. .
The cost functional for (2.36) is
A T
J(r,&ul(+)) :ERGx(T),x(T» + / (<Qx, J;> + <Ru,u>)ds}
- (2.37)

+(GEx(T),Ex(T)) + /T ((QEx, Ex) + (REu, Eu))ds

Consider the following optimal control problem:

Problem (MF-SLQ-r). For any given (r,{) € [t,T) x L% (Q; H), find a control a(-) € U[r, T] such that

J(r.&a() = inf - J(r&ul)). (2.38)

u(-)EU[r,T)

For any (6()),0(-)) € Z[t,T] and ¢ € L% (9 H), let x(-) = z(-:7,€,0(:),0())) be the solution of the
following closed-loop system:

de = {(A+ BO)z + [A+ BO + B(© + ©)]Exz}ds
+{(C+ DO)z + [C+ DB + D(© +©)|Ex}dW(s) in (r,T], (2.39)
x(r) =&
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Definition 2.9. A feedback operator (@(),6()) € E[t,T) is optimal on [r,T] if

J(r,&0()Z() + OC)EE()]) < T(r &ul), VE € L% (% H), Yu € Ulr, T), (2.40)

where Z(-) is the solution to (2.39) with (97@)) replaced by (@(),6()) If an optimal feedback operator
(uniquely) exists on [r, T], Problem (MF-SLQ-r) is said to be (uniquely) closed-loop solvable on [r,T).

Clearly, if (@(),6()) € €[t,T] is an optimal feedback operator for Problem (MF-SLQ) on [t,T], then it
is also optimal for Problem (MF-SLQ-r) on [r,T].

Proof of Lemma 2.8. We borrow some ideas from the proof of ([24], Thm. 3.1) and divide the proof into three
steps.

Step 1. In this step, we derive an integral type necessary condition for K and L. - R

For any £ € L% (Q; H) and v(-) € Lg(r, T; U), the system (2.36) with the control u(-) = O(-)z(-) + O(-)Exz(-) +
v(-) becomes

=~

de = {(A + BO)x + Bu + [ﬁ—i— BO + (B + E)@]Ew + EEv}ds
+{(C+DO)z + Dv + [6 + DO+ (D + B)g]Ex + ﬁEv}dW(s) in (r,TY, (2.41)
z(r) =&,

and Ez(-) satisfies

{ dEx = [A+ A+ (B + B)(© + 0)]Exds + (B + B)uds  in (r,T], (2.42)
Efz(r)] = EE.
Set
M, = {g € L} (%R)|lglz m = 1, Bg =0},
T, £ {g€ L% (U H)|g=g192 01 € My, g2 € H}
and
O, S{f € LA T;U)| f = fifo, f1 € My, fo € L3(r, T;U) ).
Choose ¢ € T, and v € O,.. Then the solution z(-) to (2.41) fulfills Ez = 0 and (2.41) becomes
{ dz ): [(;4 + BO)z + Bu]ds + [(C + DO)x + Dv|dW(s) in (r,T], (2.43)
x(r) =¢.
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By Ito’s formula, we have

E(Gz(T),=(T)) — E(P(r)§,§)

_E / ' [~ (P, (A+ BO)r)~(P(4 + BO)z,z) — (P(C + DO)x, (C + DO)r) (2.44)
—(ROz,0z)—(Qu,x) + (P[(A+BO)x + Bv],z) + ({[(A+BO)z + Bv|, Px)
+(P[(C + D®)x + Dv], (C + D)z + Dv>}ds

—E / [ (H62,60) - (Qu,a) + 2(PBu.x) + 2(P(C + DB)a, Dv) + (PDv, Dv)] ds.
It follows from (2.37) and (2.44) that
27 (1, & 8()() + O()Ea(") + v(-))
= ]E{<Gm(T), z(T)) + /TT [(Qz,z) + (R(Oz +v),0z + v)] ds} (2.45)
= E(P(r)§,£>+IE/TT[<Rv, v)+2(ROz,v)+2(PBv,z)+2(P(C+DO)x, Dv)+(D*PDv,v)]ds

— E(P(r).€) + E / " (Ko, o) + (KB + L)z, o] ds.

Since (O, 6) is an optimal feedback operator, we have

T(r,&0()x(-) + O()Ex(-) + () > T(r,&B()a(-) + O()Ea(-)) = E(P(r)¢, &),

This, together with (2.45), implies that
T J—
]E/ [(Kv,v) + ((KO® + L)z,v)]ds >0, V(€ T, YveO,. (2.46)

Step 2. In this step, we derive an integral type necessary condition for K and L. By It0’s formula, we have

E[(Ga(T).2(T)) - (P(r)¢.)]

~

—(R6z,02)—(Qu,x)+(P{(A+BO)z+[A+ BO + (B + B)O|Ex + (B + B)v},z)
+(Pz,(A+ BO)x + [A+ BO + (B + B)O]Ez + (B + B)v
+(P{(C + D®)z + [C + DO + (D + D)®|Ex + (D + D)o

(C + D®)z + [C + DO + (D + D)®|Eax + (D + ﬁ)v>}ds (2.47)
B

+(Px,[A+ BO + (B + B)O]Ex + (B + B)v)
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+(P{[C + D® + (D + D)O]Ex + (D + D)v}, (C + DO)x)
+(P(C + D®)x, [C + DO + (D + D)O|Ex + (D + D)v)

~

+(P{[C+DO+(D+D)B]Ex+(D+D)v}, [C+D8+(D+D)O|Ea+(D+D)v) bds
By Newton-Leibniz formula, we get that
(GEx(T), Ex(T)) — (P(r)Ex(r), Ea(r))
_ /T{_ (P(A + BO)Ex, Ex)—((A + BO)*PEx, Ex)—((C+DO)*P(C+DO)Ex, Ex)
—T<QE95 Ez)— (8 ROEz,Ex)+(P[A+A + (B+B)(6+6)|Ex+P(B+B)v, Ex)
+(E2,P[A+ A+ (B+ B)(® + 8)|Ex + P(B + B)v) }ds (2.48)
_ /T{ —((C+D8)*P(C+DO)Ex, Ex) — (QEx, Ex) — (8" ROz, Ex)
+T<P [A+ A+ BO + (B + B)O]Ex + P(B + B)v,Ex)

+(Ez,P[A+ A+ B6+ (B+ E)g}Ex +P(B+ E)v>}ds

and that

C+(D+ D)(® +6)"P[C + C + (D + D)(® + 6)]Ex, Ex)
54 _

©)* (R + R)(® + 8)Ex, Ex)
+ (I(B + B)w, ]E:E> (2.49)
+ B + B HIEx

:E/T{_<[C+a+(D+A)(@—&-(:))]*P[C C + (D + D)(® + ©)]Ex, Ex)

—{(Q@+ @)Em,Ex> + <6*§@ Ex,Ez) + (II(B + E)’U,E:U> +{((B+ B)v, HEx>}ds.

= E(P(r)(§ — EE), & — EE) + (II(r)EE, EE) (2.50)
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-HE/T {<Rv, v) + <fiv, v) + 2(R(Oz + 61@1‘), v) + 2<Z§(@Ex + 61@3;), v)
+2(P(D + D)v, (C + C)Exz) + 2(P(D + D)Ox, (D + D)v)
+2{v, ( (D+D)*P(D )6E:c> + <(D+D)*P(D+D)v,v> + 2(II(B + E)U,Ez>}ds

= E(P(r)(£—E€), £ —E€) + (II(r)EE, E¢) +E/ {(Ku,v)+([K(©+6) + L]z, v) }ds.

Since (O, (:)) is an optimal feedback operator, we have

I (r.&®()() +O()Ea() + v()) 2.5)
> J(r,&0(-)z() + O()Ex(-) = E(P(r)(¢ — EE), € — E€) + (TI(r)EE, EC).
This, together with (2.50), implies that
E/T {(Kuv,v) + ([K(@+0) + L]a,0)}ds > 0, V& e L%k (Q H), Vo € L3(r, T;U). (2.52)

Step 3. In this step, we prove (2.34) and (2.35).
We first show that K(s) > 0 for a.e. s € [t, T] by contradiction. Otherwise, there exist 6 > 0 and a measurable
set T C [t,T] with Lebesgue measure m(%) > 0 such that

K(s) < =61 forae se&F. (2.53)

Let N > 0 such that 1 < m(%). Let {T,,}52; be a sequence of measurable subsets of T such that m(%,,) = Nin.

Let h € M,., f € U and v, = nxz, hf forn =1,2,--- Denote by z,, the solution of (2.43) with £ = 0 and v = v,,.
Then we have

|Znl e (2,17 L2 (1)) < C,

where C is a constant independent of n. This, together with (2.53), implies that

T
lim %/t [(Kvn, v, ) + (KO + L)y, v,)]ds < =8| f[7. (2.54)

n—oo N

On the other hand, by (2.46), we see that

T
lim 1/ (Ko vn) + (KB + L), 0,)]ds > 0,
t

n—oo T

which contradicts (2.54). As a result, we obtain that K(s) > 0 for a.e. s € [¢,T].

From (1.2) and noting that © € L2(t,T; L(U; H)), there exist M € N and {t,}}1, with r =to <t; <--- <
tyr = T, such that for any ¢ € {0,--- ,M — 1},

(2.55)

N | =

4 sup [( |6A(S O‘)B@|£(H) —|—/T }eA(S*O‘)(C—i-D@)‘i(H)da} <

SE[tr,tet1] to
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Let h € M,, £ = h€ with £ € H and v;, = %hf) with k¥ € N and © € L?(¢,T;U). Denote by x} the solution to
(2.43) with v = vi. Denote by xg the solution to (2.43) with v = 0. By (2.55), we have

2
sup E|xk(s) — xo(s)|H
s€(r,t1]

= sup E‘/ eA(S_a)B@(xk—xo)da—l—/ A=Y By da
s€[r,t1]) r r

s o s 2
+ [ A+ DB) ok — so)aW (@) + [ A Duaw ()]

T

<4 sup ][(/S’eA(s_a)B@’c(H)|xk — xolHda>2 (2.56)

s€[r,t1
s - t1

+ [ C+ DBy hon — aoffda] + [ unffda
t ks

<t s Ben(o) sl s [( [ e88],00) 1 [ (C s DO, o]

s€[r,t1] s€[r,t1]
ty
+C/ g |7 dax

t1
sup Elaas) —ao(s) +¢ [ fuufpde.

sE€[r,t1]

| 2

<

DN | =

This implies that

t1
sup E|$k(8) - l’o(s)ﬁl < C/ |vk|?JdO"

s€[r,t1]

Analogously, we can obtain that

T
2
s ]E|wk(5) —0(s)] < C/ ok [frdey,
se[r, T T

where the constant C is independent of k. Consequently,

lim sup El|zy(s)— wo(s)ﬁq =0. (2.57)
k—o0 s€[r,T]

It follows from (2.46) that

T
lim k:IE/ (Ko, o) + ( (KB + L)y, 0p)] ds > 0.

k—o0

This, together with (2.57) and the choice of vy, implies that

T
]E/ ((K® + L)xo, hit)ds >0, VYheM,, Vé€H, VoeL*rT;U).
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By the arbitrariness of v, we see that
T - -
]E/ ((K© + L)z, ht)ds =0, YheM,, VéE€H, YoeL*(r,T;U). (2.58)
Noting that the Brownian W(-) — W(r) on [r, T] is independent of F,., we have that

E(xo(s)|Fr) = E(eA(Sfr)hg—F/ e~ BOzda +/ A=) (C+ DO)wodW (av)

T s

)

= MR [ A BOE | 7)o

Thus, E(zo(s)|F,) = h"(s), where Z"(-) solves

di" = (A+ BO)i"ds in (r,T],
{~ (4+56) (] .
z"(r) =¢.
Therefore, from (2.58), we obtain that for any e Hand e L2 (r,T;U),
T - T -
IE/ ((K© + L)xg, hv)ds = ]E(h2)/ ((KO+L)z",v)ds = 0. (2.60)
Consequently,
T o -
/ (K8 +L)&",)ds =0, Vre [t,T], VE € H, ¥ € L*(r, T;U). (2.61)

Since H and U are separable, there are {§;}32; C D(A) and {p;}32; C U, both dense in H and U respectively.
By Lebesgue’s differential theorem, for each 7,k € N, there exists a subset T;; C [t,T] with Lebesgue measure
m(7j;) =T —t such that

1 T+e o .
lim -~ (KO +L)&, pryds = ((K(1)O(r) + L(7))&j, px), V7 € Ti (2.62)
and
S _
lig%) - BO¢;ds = B(1)0(1)¢;, VT € Tk (2.63)

A - .
Let 7 € T; = re; Tjx and z7 be the solution to

{dg; = (A+ BO)zjds in (1,T], (2.64)

i (1) = §;.
Then

lim 5?;(7’ + E) — gj

e—0 e

= (A+ B(1)0(1))§; in H.
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This implies that

im ~ (/ (KO +1L)( ()—5j),pk>ds(

e—0 ¢

o @) -5 NE
ghm(/ |(K@+L)|£(H)fds) loklu = 0.

e—0

(2.65)

Let © = X[r,r4¢)pk- From (2.61), we have that

/T+E (KO +L)#}(s), p)ds = 0. (2.66)

This, together with (2.63) and (2.65), implies that for any 7 € T,
T+e

0 = lim 1 ((KO +L)Z}(s), pi)ds

e—=0 €

1 e (2.67)
=lim - [ (KB +L)gpe)ds

= ((K(1)®(7) + L(7))&;, p)-

Consequently, we find that for every 7 € ﬂ;’ok:l Tk,

<(K(7’)@(7) + L(T))fj,pk> =0, Vj, k € N. (2.68)
Since {¢; 524 and {p; 521 are dense in H and U, respectively, we get that
K(m)O(r) + L(1) = 0, Vr e ﬁ Tik-
k=1
Since the Lebesgue measure of all 7j is T' — ¢, we have that
K(7)O(7) + L(1) = 0, for a.e. 7 € [t,T). (2.69)
This concludes (2.34). Similarly, we can prove (2.35). O

3. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. The “if” part. Let £€ L% (9 H), 6€R and u(-),v(-) €U[t, T]. Let 2 = x(-
dv(+)) and zo(-) = x(-;¢,0,v(-)). It follows from the linearity of the control system (1.1) that z1(-) = x
Hence,

7t7£a U() +
() + 0o ().

T(t,& u() +0v(-)) — T, &)
T
= 6E{<G(2x(T)+6x0(T)),xo(T)>+/t [<Q(2x+6wo),2x—|—5m0>—|—<R(2u—|—5v),2u+5v>]d8}
+3{(G (2B (T) + 8Elao(T)]), Elzo(T)))

T oy ~
+/ [(Q(2Ex + 6E[x0]), E[zo]) + (R(2Eu + 6Ev), Ev>]ds}
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_ 26E[<Gx(T),xO(T)> + /t " (@orao) + (Ru,v))ds] (3.1)
+6°E[(Gao(T), /t ((Qwo, o) + (Rv,v))ds]
+25|(GEx(T),E +/T ((QEx, Elwo])+( REu, Ev))ds]
+82 [(GE[azO( ),E ) + /t " (@Bl Efzo]) + (REv, Ev))ds]

((QE[
= 20E [(G (T)+ GEx > / (<Qx + QEJ; x0> <Ru+l§Eu,v>)ds}
+627(t,0;0(+)).

Applying It6’s formula to (y(-),zo(-)), we have
E{Gx(T) + GEx(T), zo(T))
T
:]E/ (—(A*'y+ A*'Ey + C*Y + C*EY + Qz + QEx, zo) (3.2)
¢
+(Amo + AE|[z¢] + Bv + BEv, y)+ (Cxo + CE[x] + Dv + DEv, Y))ds

T
= ]E/ (<B*y + E*Ey + D*Y + ﬁ*EY, v> — <Qx + @Ex, x0>)ds.
t

If follows from (3.1) and (3.2) that for any v(-) € U[t, T,

T (& ul) +0v()) = T (t, & ul-))

T ~ ~ ~ 3.3
=527(t,0;0(-)) + 2(5E/ (B*y+ B*Ey + D*Y + D*EY + Ru + REu,v)ds. (3:3)
¢
If (1.6) and (1.7) hold, then we get from (3.3) that
T (& u(-) +0v() =T, &ul) 20, Vo) eUlt, T]. (3-4)

Thus, u is an optimal control.

The “only if” part. If u is an optimal control, then we have (3.4). Dividing both sides of (3.3) by §2 and
letting ¢ tend to oo, we find that (1.6) holds. Dividing both sides of (3.3) by ¢ and letting J tend to zero, we
get (1.7). O

4. PROOF OF THEOREM 1.9

Proof of Theorem 1.9. The “only if’ part. Suppose that (O(-), ()) is an optimal feedback operator of
Problem (MF-SLQ). Let P(-) (resp. IL(+)) be the mild solution to (2.32) (resp. (2.33)). From (2.34), we find
that

K(s) >0 for a.e. se[t,T],
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and
R(L(s)) C R(K(s)) for a.e. s€ [t,T].
Further, it holds that
K(s)'L(s) = —K(5)'K(s)O(s) for a.e. s € [t,T].

Noting that K(s)'K(s) is an orthogonal projection operator, we see that KL € L2(t,T; L(H;U)) and

6 =-K'L+ (I -K'K)6,
for some 6, (-) € L%(t,T; L(H;U)). Consequently,

L'0 =0 KK'L = -LK'L.

This, together with (2.32), implies that for any n € H and s € [t,T),

T
P(s)y = et T=9GeAT=o)y ¢ / AT (O PC 4 Q L*KTL)eA(T_S)ndT. (4.1)

S

Consequently, P is a regular solution to (1.10). Similarly, we can prove that II is a regular solution to (1.11)
and

=~

© = —K'L+ (1 - K'K)6, — O,
where 05(-) € L2(t,T; L(H;U)). Moreover, by (2.51), we get

it J(t&ul) = E(P(£)(€ — EE), € — BE) + (TI(t)Eg, Ee). (42)

w(-)EU[t,T]

The “if” part. Let (@()76()) be defined by (1.14). Then we have

~

L=—K®8,
U (4.3)
{L = _-K(©+0).

For any £ € L% (€ H) and u(-) € U[t, T, let 2(-) = z(-;t,&,u(-)) be the corresponding solution to (1.1).
Applying It6’s formula to (P(-)z(-), z(-)), we have

E(Gz(T),z(T)) — E(P(t)¢,€) + E /tT ((Qz,z) + (Ru,u))ds
- E/T [~ (PAz.2) — (Pa, Ax) — (C"PC+Q — LK L)z, )

—|—<P(Ax + AEx + Bu + EEu) > + <Px, Az + AEz + Bu + EEU>
<P(Ca: + CEx + Du + DIEu) Cz + CEx + Du + ﬁEuﬂ ds

»ﬂ

+E ((Qz,z) + (Ru,u))ds (4.4)



STOCHASTIC LINEAR QUADRATIC OPTIMAL CONTROL PROBLEMS 25

T
E/ [(L*KTLJ;,x>+2<Pm,EEm+§Eu>+2<(PB+C*PD)u,x>+<(R+D*PD)u,u>
t
+2(P(CEx + DEu), Ca + Du) + (P(CEz + DEu), CEx + DEu)|ds
T
_E / (6 K6z, x) — 2(6" Ku,z) + (Ku,u) +2(Pr, ABx + BEu)
t

+2(P(CE + DEu), Cx + Du) + (P(CEx + DEu), CEx + DEu)|ds.

Applying the integration by parts formula to <P()Ex(), Ex()>, we have

E(GEx(T),Exz(T)) — E(P(t)E,,E€) + E /tT ((QEz,Ex) + (REu, Eu))ds
- E/tT { — (PARx,Ex) — (PEx, ARz) — ((C*PC + Q — L*K'L)Ex, Ex)

+(P[AEz + AEz + (B + B)Eu],Ex) + (PE, AEx + AEa + (B + B)Eu)|ds (4.5)
+E /t ' ((QEz,Ex) + (REu, Eu))ds

T
—E / [_<c* PCEz,Ex)+(0" Ké}Em,Ex>+2<PEx,EEm+(B+§)1Eu>+<REu,Eu>]ds.
t
Applying the integration by parts formula to <H()EI()’ Ex()>, we obtain

T
(G + G)Ea(T), Ex(T)) — (II(t)EE, BE) + /t ({(Q + Q)Ex,Ex) + ((R + R)Eu, Eu))ds

G
- { — (I(A+ A)Ex, Bz) — (B, (A + A)Ez) — ([Q + Q + (C + C)* P(C+C)]Ex, Ex)
+(L*K'LEx,Ex) + (I1[(A+A)Ex + (B+B)Eu], Ez)+ (IIEz, (A+ A)Ex + (B+J§)Eu>}ds

+ ' <(Q+C§)IE3:,IE33>+<(R+}A%)Eu,IEu> ds (4.6)

Combining (4.4), (4.5) and (4.6), we get that
= E/T [<K@aj,@x> — 2<K@x,u> + <Ku,u> — <K@Ex,@Ew> + 2<K@Ex,Eu> (4.7)
—(KEx,Ex) + <IA((@ + g)Ex, e+ 6)]Ea:> — 2<IA((@ + 6)1@3:, Eu) + <IA(IEu, Eu>} ds

T
= E/t [(K@(z —Ex),0(z — Exz)) — 2(KO(z — Ez),u — Eu) + (K (u — Eu),u — Eu)
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+<IA((@ + 6)IE$, 6+ 6)Ex> - 2<I?(@ + 6)E’I, Eu) + <IA{]Eu, Eu>} ds

=E (K[u—Eu—0(z — Ez)],u — Eu— O(z — Ez))

X
=)

Eu— (8 + ©)Ex],Eu — (6 + 6)Ex>]ds.

Since K, K > 0, (4.7) implies that

(& u()) 2 B(P()(€ — EE),€ — EE) + (I(HEE, E¢)
= J(t.&80)F() + OCEEC)), V(& u()) € L, ( H) x Ut T1.

Therefore, (@(),6()) is an optimal feedback operator of Problem (MF-SLQ) on [t, 7] and (1.15) holds. The
proof is completed. O

5. PROOF OF THEOREM 1.15

Proof of Theorem 1.15. The “only if” part. By Lemmas 2.4, 2.6 and 2.5, the solution P to (1.10) is strongly
regular and (1.11) has a unique regular solution.

The “if” part. The proof is very similar to that of the “if” part of Theorem 1.9. For any £ € L%Et(Q; H)
and u(-) € U[t, T, let z(-) = z(-;t,&, u(-)) be the corresponding solution to (1.1).
Similar to the proof of (4.7), we can obtain that

T
:]E/t [<K[U—Eu—é(9:—E:c)],u—Eu—@(x—Ex» (5.1)
+<IA( [Eu — (© + 6)Em] JEu— (6 + 6)Eaj>} ds.
Since K, K > AI for some A > 0, (5.1) implies that
T(t,&ul(-) = E(P(t)(€ — EE), & — EE) + (TI(1)EE, ES). (5.2)
The equality holds if and only if
u—Eu=0(z — Ex), Eu:(@+6)Ex.
This is equivalent to

u= Oz —|—6]Ea:.
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Take £ = 0. From (5.1), noting that K K > Al for some A > 0 and using Lemma 2.1, we have

J(t70;u('))
T — J— =
> )\E/ [|[u — Eu— O(z — Ex)|{; 4+ [Eu — (© + ©)Ez|{]ds
¢
T _ ) _ ) (5.3)
> )\]E/ [lu—O(z — Ez)|f; — 2(u — O(z — Ex),Bu) + (1 + 7)[Euf ] ds
¢
> — Ay E/T |u — O(x — Ex)|3ds > WIE/T lu(s)|?ds Yu(-) e U[t, T)
IR e A N v T
for some v > 0. The uniform convexity of u(-) — J (¢, 0;u(-)) follows immediately. O
Remark 5.1. Clearly, if there exists a constant A > 0 such that
G>0, G+G>0, M, R(s)+ R(s) > M,
- o= ~ B(s) 2 (s) (s) a.e. s€|t,T], (5.4)
Q(s) 20, Q(s)+Q(s) =0

then the map u(-) — J(¢,0;u(-)) is uniformly convex. This is a generalization of the standard LQ problem to the
mean-field case. Similarly to the argument in ([16], Sect. 6), one can show that another case which guarantees
the uniform convexity of the map u(-) — J(¢,0;u(-)) is as follows:

G>MN, G+G>A, R(s), R(s)+ R(s) > g), Q(s) = 0, ac. selt, T, (5.5)

Q(s)+Q(s) >0, C(s)=C(s), D(s)=D(s) is surjective,

However, until now, there is no good characterization for the uniform convexity of that map. This will be
investigated in our future work.
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