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STOCHASTIC LINEAR QUADRATIC OPTIMAL CONTROL

PROBLEMS FOR MEAN-FIELD STOCHASTIC EVOLUTION

EQUATIONS∗

Qi Lü∗∗

Abstract. We study a linear quadratic optimal control problem for mean-field stochastic evolution
equation with the assumption that all the coefficients concerned in the problem are deterministic. We
show that the existence of optimal feedback operators is equivalent to that of regular solution to the
system which is coupled by two Riccati equations and an explicit formula of the optimal feedback
control operator is given via the regular solution. We also show that the mentioned Riccati equations
admit a unique strongly regular solution when the cost functional is uniformly convex.
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1. Introduction

1.1. Some literature

Mean field approximation is extremely useful when describing macroscopic phenomena from microscopic
overviews in many areas of science. Typical examples are the study of turbulence, gauge field, plasma physics,
quantum chemistry, tumor growth modeling, etc. (e.g. [21]). Over the last years, due to various applications in
economics, finance and physics, there has been a growing interest in control problems for mean-field stochastic
differential equations (MF-SDEs for short). The interested readers are referred to [5, 7–9] and the rich references
therein.

Similar to MF-SDEs, Mean-field stochastic evolution equations (MF-SEEs for short) have important
applications. Two of them are in order as follows and more examples can be found in [2, 12].

1. The population of species in complex environment can be modeled by stochastic parabolic equations (e.g.
[11]). In real world, there are a great many species living in the same area, each being influenced by the
others. Then a system of a great number of coupled stochastic parabolic equations is used to describe
these populations. In practice, a mean-field stochastic parabolic equations is a good simplification of that
stochastic parabolic system just mentioned.
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2. Stochastic parabolic equations can be used to describe the propagation of the electric potential in a neuron
(e.g. [23]). Usually, there are lots of neurons connected with each other. To describe such phenomena, one
should use a great number of coupled stochastic parabolic equations. To simplify this system, one can
introduce a mean-field stochastic parabolic equation.

Compared with the abundant literature on MF-SDEs, control problems for MF-SEEs received very little
attention. To the best of our knowledge, [2, 12, 22] are the only papers in dealing with optimal control problems
of MF-SEEs, in which the authors formulate sufficient and necessary conditions for optimal control problems of
MF-SEEs and find optimal open-loop controls.

In this paper, we consider the linear quadratic control problem (LQ problem for short) for MF-SEEs. Due
to the elegant mathematical structure and important applications, LQ problems for different kinds of control
systems are investigated extensively in the literature (e.g. [3, 4, 13, 16, 18, 29]). Particularly, we refer the readers
to [1, 14, 25–28] and the rich references therein for some recent interesting works for LQ problems of MF-SDEs.
However, as far as we know, [22] is the only one published paper addressing the LQ problem for MF-SEEs, in
which the auhtors give a characterization of the optimal open-loop controls.

Compared with the LQ problem for stochastic evolution equations (SEEs for short) (e.g. [16]), some new
phenomena appear. For example, one needs to introduce a coupled system of Riccati equations to characterize
optimal feedback controls. This coupled system is much more complex than a single Riccati equation arising
from LQ problems for SEEs. Then one has to find some new technique to study it.

Compared with LQ problems for MF-SDEs (e.g.[1, 14, 19, 26–28]), some new difficulties arise in dealing
with infinite dimensional settings. For example, the operator-valued equations are more complicated than the
matrix-valued equations. Then one cannot simply mimic the method of solving LQ problems for MF-SDEs to
get the expected results.

1.2. Notations

In this subsection, we introduce some notations to be used in the sequel.
Let (Ω,F ,F,P) be a complete filtered probability space on which a standard one-dimensional Brownian

motion W = {W (t)}t≥0 is defined, where F = {Ft}t≥0 is the natural filtration of W , augmented by all the
P-null sets in F .

Let T > 0 be a fixed time constant. For any t ∈ [0, T ) and a Banach space H, let

L2
Ft

(Ω;H) =
{
ξ : Ω→ H

∣∣ ξ is Ft-measurable, E|ξ|2H <∞
}
,

CF([t, T ];L2(Ω;H)) =
{
ϕ : [t, T ]× Ω→ H

∣∣ ϕ(·) is F-adapted, the map

ϕ : [t, T ]→ L2
FT

(Ω;H) is continuous
}
,

LpF(Ω;Lq(t, T ;H)) =
{
ϕ : [t, T ]× Ω→ H

∣∣ ϕ(·) is F-progressively measurable,

E
(∫ T

t

|ϕ(s)|qHds
) p

q

<∞
}
,

where 1 ≤ p, q <∞. We simply use the symbol LpF(t, T ;H) to denote LpF(Ω;Lp(t, T ;H)) if p = q. .
Let H1 and H2 be two Banach spaces. Write L(H1;H2) for the space of all bounded linear operators from H1

to H2. For simplicity, we denote L(H1;H1) by L(H1). If H is a Hilbert space, we write S(H) for the set of all
self-adjoint bounded linear operators on H. Clearly, S(H) ⊂ L(H) is a closed subspace. For M,N ∈ S(H), the
notation M ≥ N (resp. M > N) indicates that M −N is positive semi-definite (resp. positive definite). For any
S(H)-valued measurable function F on [t, T ], we write F ≥ 0(resp. F > 0, F � 0) if F (s) ≥ 0(resp. F (s) > 0,
F (s) ≥ δI for some δ > 0) for a.e. s ∈ [t, T ].
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Denote by CS([t, T ];S(H)) the set of all strongly continuous mappings F : [t, T ] → S(H), that is, F (·)η is
continuous on [t, T ] for each η ∈ H. If F ∈ CS([t, T ];S(H)), then, by the Uniform Boundedness theorem, the
quantity

|F |CS([t,T ];S(H))
4
= sup
s∈[t,T ]

|F (s)|L(H)

is finite, and CS([t, T ]; S(H)) is a Banach space with this norm (see [4], Part IV, Chapter 1 for the detail).

1.3. Formulation of the control problem

Let H and U be two separable Hilbert spaces. Let A : D(A)→ H be the generator of a C0-semigroup {eAt}t≥0

on H. Consider the following controlled MF-SEE:
dx(s) =

[
(A+A1(s))x(s) + Â(s)Ex(s) +B(s)u(s) + B̂(s)Eu(s)

]
ds

+
(
C(s)x(s) + Ĉ(s)Ex(s) +D(s)u(s) + D̂(s)Eu(s)

)
dW (s) in (t, T ],

x(t) = ξ,

(1.1)

where ξ ∈ L2
Ft

(Ω;H) and

A1(·), Â(·) ∈ L1(0, T ;L(H)), B(·), B̂(·) ∈ L2(0, T ;L(U ;H)),

C(·), Ĉ(·) ∈ L2(0, T ;L(H)), D(·), D̂(·) ∈ L∞(0, T ;L(U ;H)).
(1.2)

In (1.1), u(·) is the control and x(·) = x(·; t, ξ, u) is the state. Each u(·) ∈ U [t, T ]
4
= L2

F(t, T ;U) is called an
admissible control (on [t, T ]). In what follows, to simplify notations, the time variable s (or t) is suppressed in
x, A1, B, C, D, etc.

A standard argument via the Banach fixed point theorem shows that for any (t, ξ) ∈ [0, T )× L2
Ft

(Ω;H) and
u(·) ∈ U [t, T ], the control system (1.1) admits a unique mild solution

x(·) ≡ x(· ; t, ξ, u(·)) ∈ CF([t, T ];L2(Ω;H)).

Define the cost functional for (1.1) by

J (t, ξ;u(·)) ∆
= E

[〈
Gx(T ), x(T )

〉
+
〈
ĜEx(T ),Ex(T )

〉
+
∫ T
t

(〈
Qx, x

〉
+
〈
Ru, u

〉)
ds

+
∫ T
t

(〈
Q̂Ex,Ex

〉
+
〈
R̂Eu,Eu

〉)
ds
]
,

(1.3)

where

Q(·), Q̂(·) ∈ L1(0, T ;S(H)), R(·), R̂(·) ∈ L∞(0, T ;S(U)), G, Ĝ ∈ S(H).

Here and in what follows, if there is no danger of confusion, we use
〈
·, ·
〉

to denote the inner product in different
Hilbert spaces.

Consider the following mean-field stochastic linear quadratic optimal control problem:

Problem (MF-SLQ). For any given (t, ξ) ∈ [0, T )× L2
Ft

(Ω;H), find a control ū(·) ∈ U [t, T ] such that

J (t, ξ; ū(·)) = inf
u(·)∈U [t,T ]

J (t, ξ;u(·)). (1.4)
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Every ū(·) ∈ U [t, T ] satisfying (1.4) is called an optimal control of Problem (MF-SLQ) with the initial
state ξ, and x(·) ≡ x(· ; t, ξ, ū(·)) is the corresponding optimal state.

We are to present a necessary and sufficient condition for the optimal control. To this end, we introduce the
following mean-field forward-backward stochastic evolution equation (MF-FBSEE, for short):

dx(s) =
[
(A+A1)x+ÂEx+Bu+B̂Eu

]
ds+

(
Cx+ĈEx+Du+D̂Eu

)
dW (s) in (t, T ],

dy(s) = −
[
(A+A1)∗y + Â∗Ey + C∗Y + Ĉ∗EY +Qx+ Q̂Ex

]
ds+ Y dW (s) in [t, T ),

x(t) = ξ, y(T ) = Gx(T ) + ĜEx(T ).

(1.5)

The well-posedness of the first equation in (1.5) can be obtained by standard fixed point argument. Once x(·)
is obtained, we can employ the same tequenique to solve the second one in (1.5).

Theorem 1.1. Let (t, ξ) ∈ [0, T )×L2
Ft

(Ω;H) be given. Let u(·) ∈ U [t, T ] and (x(·), y(·), z(·)) be the solution to
(1.5). Then u(·) is an optimal control of Problem (MF-SLQ) with the initial state ξ if and only if

J (t, 0;u(·)) ≥ 0, ∀u(·) ∈ U [t, T ], (1.6)

and

B∗y +D∗Y +Ru+ B̂∗Ey + D̂∗EY + R̂Eu = 0, a.e. s ∈ [t, T ], P-a.s. (1.7)

Remark 1.2. In [22], an analogous result to Theorem 1.1 is proved under some other kind of conditions.

By Theorem 1.1, one only needs to solve (1.5)–(1.7) to find the optimal control. However, the control obtained
in this way is an open-loop one. For optimal control problems, it is important to find a feedback optimal control.
This is particularly important in practical applications since the corresponding control strategy is kept robust
with respect to (small) perturbation/disturbance.

We need the following notion.
For t ∈ [0, T ), let

F [t, T ] = L2(t, T ;L(H;U))× L2(t, T ;L(H;U)).

A pair (Θ(·), Θ̂(·))∈F [t, T ] is called a feedback operator of Problem (MF-SLQ) on [t, T ]. For any (Θ(·), Θ̂(·))∈
F [t, T ] and ξ ∈ L2

Ft
(Ω;H), let x(·) ≡ x(· ; t, ξ,Θ(·), Θ̂(·)) be the solution of the following closed-loop system:
dx =

{(
A+A1 +BΘ

)
x+

[
Â+BΘ̂ + B̂

(
Θ + Θ̂

)]
Ex
}

ds

+
{(
C +DΘ

)
x+

[
Ĉ +DΘ̂ + D̂

(
Θ + Θ̂

)]
Ex
}

dW (s) in (t, T ],

x(t) = ξ.

(1.8)

Definition 1.3. A feedback operator (Θ(·), Θ̂(·)) ∈ F [t, T ] is optimal if

J (t, ξ; Θ(·)x(·) + Θ̂(·)E[x(·)]) ≤ J (t, ξ;u(·)), ∀ξ ∈ L2
Ft

(Ω;H), ∀u ∈ U [t, T ], (1.9)

where x(·) solves (1.8) with (Θ(·), Θ̂(·)) replaced by (Θ(·), Θ̂(·)). If an optimal feedback operator (uniquely)
exists on [t, T ], Problem (MF-SLQ) is said to be (uniquely) closed-loop solvable on [t, T ].

The main problem studied in this paper is as follows:

Does the optimal feedback operator exist and how to characterize it?
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1.4. Main results

Before introducing the Riccati equations, we first recall the definition of the generalized pseudo inverse of an
operator. More details can be found in [6].

Definition 1.4. Let H1 be a Hilbert space. For F ∈ L(H1), a generalized pseudo inverse of F is defined as a
linear operator F † : D(F †)→ H1 satisfying the following four criteria:

FF †F = F, F †FF † = F †, (FF †)∗ = FF †, (F †F )∗ = F †F.

When F is injective, F † is a left inverse of F . When F is surjective, F † is a right inverse of F . When F is
self-adjoint, F † always exists, which may be unbounded (e.g. [6]).

Similar to the study of optimal feedback controls for LQ problems of SEEs, we introduce the following Riccati
equations to characterize the optimal feedback operator:{

Ṗ + P (A+A1) + (A+A1)∗P + C∗PC +Q− L∗K†L = 0 in [t, T ),

P (T ) = G,
(1.10)

and {
Π̇ + Π(A+A1+Â)+(A+A1+Â)∗Π+Q+Q̂+(C+Ĉ)∗P (C+Ĉ)− L̂∗K̂†L̂ = 0 in [t, T ),

Π(T ) = G+ Ĝ,
(1.11)

where

K
4
= R+D∗PD, K̂

4
= R+ R̂+ (D + D̂)∗P (D + D̂),

L
4
= B∗P +D∗PC, L̂

4
= (B + B̂)∗Π + (D + D̂)∗P (C + Ĉ),

and K†(resp. K̂†) denotes the generalized pseudo inverse of K(resp. K̂).

Definition 1.5. We call P (·) ∈ CS([t, T ];S(H)) a regular solution to (1.10) if
K(s) ≥ 0 for a.e. s ∈ [t, T ],

R
(
L(s)

)
⊆ R(K(s)) for a.e. s ∈ [t, T ],

K†L ∈ L2(t, T ;L(H;U)),

(1.12)

and for any η ∈ H and s ∈ [t, T ), it holds that

P (s)η = eA
∗(T−s)GeA(T−s)η +

∫ T

s

eA
∗(τ−s)(PA1+A∗1P+C∗PC+Q−L∗K†L

)
eA(τ−s)ηdτ.

Definition 1.6. We call Π(·) ∈ CS([t, T ];S(H)) a regular solution to (1.11) if
K̂(s) ≥ 0 for a.e. s ∈ [t, T ],

R
(
L̂(s)

)
⊆ R(K̂(s)) for a.e. s ∈ [t, T ],

K̂†L̂ ∈ L2(t, T ;L(H;U)),

(1.13)
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and for any η ∈ H and s ∈ [t, T ), it holds that

Π(s)η = eA
∗(T−s)(G+ Ĝ)eA(T−s)η

+

∫ T

s

eA
∗(τ−s)[P (A1+Â)+(A1+Â)∗P+(C+Ĉ)∗P (C+Ĉ)+Q+Q̂−L̂∗K̂†L̂

]
eA(τ−s)ηdτ.

Definition 1.7. The Riccati equation (1.10) (resp. (1.11)) is said to be regularly solvable on [t, T ] if it admits
a regular solution.

Remark 1.8. The notion of regular solution, which is closely related to the existence of optimal feedback
operators, is first introduced in [20] for LQ problems of SDEs.

The first main result in this paper is as follows.

Theorem 1.9. Problem (MF-SLQ) is closed-loop solvable on [t, T ] if and only if the Riccati equations
(1.10) and (1.11) admit a regular solution P (·) and Π(·), respectively. Moreover, the optimal feedback operator

(Θ(·), Θ̂(·)) admits the following representation:{
Θ(·) = −K(·)†L(·) + (I −K(·)†K(·))θ1(·),

Θ̂(·) = −K̂(·)†L̂(·) + (I − K̂(·)†K̂(·))θ2(·)−Θ(·),
(1.14)

where θ1(·), θ2(·) ∈ L2(t, T ;L(H;U)). Furthermore,

inf
u(·)∈U [t,T ]

J (t, ξ;u(·)) = E
〈
P (t)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(t)Eξ,Eξ

〉
. (1.15)

Remark 1.10. Theorem 1.9 can be regarded as a nontrivial generalization of Theorem 2.1 in [16], where
the author puts two additional assumptions, i.e., A generates a C0-group on H and the eigenfunctions of A
constitutes an orthonormal basis of H, to prove the result. Hence, the special case of Theorem 1.9 improves the
main result in [16] noticeably.

Remark 1.11. Using Gronwall’s inequality, one can show that (1.10) (resp. (1.11)) has at most one regular
solution.

Definition 1.12. A regular solution P (·) to (1.10) is said to be strongly regular if

K(s) ≥ λI and K̂(s) ≥ λI, a.e. s ∈ [t, T ], (1.16)

for some λ > 0. If the Riccati equation (1.10) admits a strongly regular solution, it is said to be strongly regularly
solvable.

Remark 1.13. It is clearly that if (1.10) is strongly regularly solvable, then (1.11) is regularly solvable.

Definition 1.14. The map u(·) 7→ J (t, 0;u(·)) is said to be uniformly convex if there exists a constant λ > 0
such that

J (t, 0;u(·)) ≥ λE
∫ T

t

|u(s)|2Uds, ∀u(·) ∈ U [t, T ]. (1.17)

We continue to present the second main result of this paper, which gives a relationship between the strongly
regular solvability of the Riccati equation (1.10) and the uniform convexity of the cost functional.
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Theorem 1.15. The map u(·) 7→ J (t, 0;u(·)) is uniformly convex if and only if the Riccati equation (1.10) is
strongly regularly solvable. In such case, the unique optimal control ū(·) of Problem (MF-SLQ) is

ū(·) = Θ(·)x(·) + Θ̂(·)Ex(·), (1.18)

where

Θ(·) = −K(·)−1L(·), Θ̂(·) = −K̂(·)−1L̂(·) +K(·)−1L(·), (1.19)

and x(·) solves (1.8) with (Θ(·), Θ̂(·)) replaced by (Θ(·), Θ̂(·)) given in (1.19). Moreover,

inf
u(·)∈U [t,T ]

J (t, ξ;u(·)) = E 〈P (t)(ξ − Eξ), ξ − Eξ〉+
〈
Π(t)Eξ,Eξ

〉
. (1.20)

The rest of the paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, we provide
a proof of Theorem 1.1 for the sake of completeness. Sections 4 and 5 are devoted to the proofs of Theorems
1.9 and 1.15, respectively.

Since the operator-valued function A1 does not lead to any difficulty for proofs of the main results, we assume
that it equals zero for the simplicity of notations.

2. Some preliminary results

In this section, we present some results to be used in the proofs of Theorems 1.9 and 1.15.

2.1. Some estimates for the control and the state

Lemma 2.1. For any u(·) ∈ U [t, T ], let x(·; t, 0, u) be the solution to (1.1) with the control u(·) and initial

datum ξ = 0. Then for any (Θ(·), Θ̂(·)) ∈ F [t, T ], there exists a constant γ > 0 such that

E
∫ T

t

∣∣u(s)−Θ
[
x(s; t, 0, u)− Ex(s; t, 0, u)

]∣∣2
U

ds ≥ γ E
∫ T

t

|u(s)|2Uds, ∀u(·) ∈ U [t, T ], (2.1)

and that ∫ T

t

∣∣Eu(s)− (Θ + Θ̂)Ex(s; t, 0, u)
∣∣2
U

ds ≥ γ
∫ T

t

∣∣Eu(s)
∣∣2
U

ds, ∀u(·) ∈ U [t, T ]. (2.2)

Proof. We only prove (2.1). The proof for (2.2) is analogous and simpler. Let Θ(·) ∈ L2(t, T ;L(H;U)). Define
an operator A : U [t, T ]→ U [t, T ] by

(Au)(·) = u(·)−Θ
[
x(·; t, 0, u)− Ex(·; t, 0, u)

]
.

Following the well-posedness of (1.1), A is linear and bounded.
Consider the following equation:

dx̃ =
[
(A+BΘ)x̃+ (Â−BΘ)Ex̃+Bv + B̂Ev

]
ds

+
[
(C +DΘ)x̃+ (Ĉ − D̂Θ)Ex̃+Dv + D̂Ev

]
dW (s) in (t, T ],

x̃(t) = 0.

(2.3)
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Define an operator B : U [t, T ]→ U [t, T ] as follows:

(Bv)(·) = v(·) + Θ
[
x̃(·; t, 0, v)− Ex̃(·; t, 0, v)

]
.

By the well-posedness of (2.3), B is a bounded linear operator.
Taking v = Au, then the equation (2.3) becomes


dx̃ =

{
(A+BΘ)x̃+ (Â−BΘ)Ex̃+B[u−Θ

[
x(s; t, 0, u)− Ex(s; t, 0, u)

]
] + B̂u

}
ds

+
{

(C+DΘ)x̃+(Ĉ−D̂Θ)Ex̃+D[u−Θ
[
x(s; t, 0, u)−Ex(s; t, 0, u)

]
+D̂u

}
dW (s) in (t, T ],

x̃(t) = 0.

(2.4)

Clearly, x(·; t, 0, u) solves the equation (2.4). By the uniqueness of the solution to (2.4), we know that
x̃(·; t, 0,Au) = x(·; t, 0, u). Therefore,

(BAu)(·) = u(·)−Θ
[
x(·; t, 0, u)− Ex(·; t, 0, u)

]
+ Θ

[
x(·; t, 0, u)− Ex(·; t, 0, u)

]
= u(·).

Similarly, we can prove that ABu = u. Thus, A is bijective and B is the inverse. Consequently,

E
∫ T

t

|u(s)|2Uds = E
∫ T

t

|(A−1Au)(s)|2Uds ≤ |A−1|L(U [t,T ])E
∫ T

t

|(Au)(s)|2Uds

= |A−1|L(U [t,T ])E
∫ T

t

∣∣u(s)−Θ(s)
[
x(s; t, 0, u)−Ex(s; t, 0, u)

]∣∣2
U

ds, ∀u(·)∈ U [t, T ].

This implies the inequality (2.1) with γ = |A−1|−1
L(U [t,T ]).

2.2. An auxillary stochastic LQ problem

In this subsection, we introduce a stochastic LQ problem, which is crucial in the proof of Theorem 1.15:{
dx̃ =

(
Ax̃+Bũ

)
ds+

(
Cx̃+Dũ

)
dW (s) in (t, T ],

x̃(t) = ξ̃,
(2.5)

where ξ̃ ∈ L2
Ft

(Ω;H) and ũ ∈ U [t, T ]. In (2.5), ũ(·) is the control and x̃(·) = x̃(·; t, ξ, u) is the state.

By the classical well-posedness result for stochastic evolution equations (e.g. [10], Chap. 6), for any (t, ξ̃) ∈
[0, T ) × L2

Ft
(Ω;H) and any admissible control ũ(·) ∈ U [t, T ], the system (2.5) admits a unique mild solution

x̃(·) ≡ x̃(· ; t, ξ, ũ(·)) ∈ CF([t, T ];L2(Ω;H)). Hence, the following cost functional is well-defined:

J̃ (t, ξ;u(·)) ∆
=E

[〈
Gx̃(T ), x̃(T )

〉
+

∫ T

t

(〈
Qx̃, x̃

〉
+
〈
Rũ, ũ

〉)
ds
]
. (2.6)

Letting Θ ∈ L2(0, T ;L(H;U)), consider the following equation:

{
ṖΘ+PΘ(A+BΘ) + (A+BΘ)∗PΘ+ (C+DΘ)∗PΘ(C+DΘ) + Θ∗RΘ+Q = 0 in [0, T ),

PΘ(T ) = G.
(2.7)
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Recall that PΘ ∈ CS([0, T ];S(H)) is a mild solution to (2.7) if for any s ∈ [0, T ],

PΘ(s)η = e(T−s)A∗Ge(T−s)Aη +

∫ T

s

e(τ−s)A∗ [PΘ(A1 +BΘ) + (A1 +BΘ)∗PΘ

+(C +DΘ)∗PΘ(C +DΘ) + Θ∗RΘ +Q]e(τ−s)Aηdτ, ∀ η ∈ H.
(2.8)

Let

KΘ(·) 4= R(·) +D(·)∗PΘ(·)D(·), LΘ(·) = B(·)∗PΘ(·) +D(·)∗PΘ(·)C(·). (2.9)

The following lemma gives a relation between the cost functional and the equation (2.7).

Lemma 2.2. [16, Lemma 3.5] Let PΘ(·) ∈ CS([0, T ];S(H)) be the mild solution of (2.7). Then for any (t, ξ̃) ∈
[0, T )×H and ũ(·) ∈ U [t, T ], we have

J̃ (t, ξ̃; Θ(·)x̃(·) + ũ(·)) = 〈PΘ(t)ξ̃, ξ̃〉+ E
∫ T

t

[
2
〈(
LΘ +KΘΘ

)
x̃, ũ

〉
+
〈
KΘũ, ũ

〉]
ds.

From Lemma 2.2 and the well-posedness of (2.5), there exists α ∈ R, independent of t and Θ, such that

〈PΘ(t)ξ̃, ξ̃〉 = J̃ (t, ξ̃; 0) ≥ α|ξ̃|2H . (2.10)

Next, we present a result for the positivity of KΘ.

Lemma 2.3. If the map u 7→ J (t, 0;u(·)) is uniformly convex, then there exists λ > 0 such that

KΘ(s) ≥ λI, for a.e. s ∈ [t, T ].

Proof. Define

U0[t, T ]
4
=
{
v(·) ∈ U [t, T ]

∣∣Ev(·) = 0
}
.

Let ξ̃ = 0 and ũ(·) ∈ U0[t, T ]. Then the corresponding solution x̃(·) satisfies that Ex̃(·) = 0. By the uniqueness
of the solution to (1.1), x̃(·) also solves (1.1) with the control u = ũ. From (1.3) and (2.6) and noting that

Eũ(·) = 0 and Ex̃(·) = 0, we have J (t, 0; ũ(·)) = J̃ (t, 0; ũ(·)). Consequently, there exists λ > 0 such that

J̃ (t, 0; ũ(·)) ≥ λE
∫ T

t

|ũ(s)|2Uds, ∀ũ(·) ∈ U0[t, T ]. (2.11)

This, together with Lemma 2.2, implies that

E
∫ T

t

[
2
〈
LΘx̃, ũ

〉
+
〈
KΘũ, ũ

〉]
ds ≥ λE

∫ T

t

|ũ(s)|2Uds, ∀ũ(·) ∈ U0[t, T ]. (2.12)

Let {uj}∞j=1 be dense in U . Denote by Tj the Lebesgue points of
〈
KΘuj , uj

〉
in [t, T ]. Then the Lebesgue measure

of T 4=
⋂∞
j=1 Tj is T − t. Let s ∈ [t, T ) ∩ T and take ũj(·) = W (t)ujχ[s,s+h](·) with s+ h ≤ T . Then

|x̃(· ; t, ξ, ũj(·))|CF([t,T ];L2(Ω;H)) ≤ C|ũj(·)|L2
F(0,T ;U) ≤ C

√
th|uj |U . (2.13)
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From (2.12), we have

E
∫ s+h

s

[
2
〈
LΘx̃(· ; t, ξ, ũj(·)), ũj

〉
+
〈
KΘũ, ũ

〉]
ds ≥ λE

∫ s+h

s

|ũj(s)|2Uds, ∀ũ(·) ∈ U0[t, T ]. (2.14)

Dividing both sides of (2.14) by h and letting h→ 0, noting (2.13), we obtain〈(
KΘ(s)− λI

)
uj , uj

〉
≥ 0, ∀j ∈ N.

By the density of {uj}∞j=1, we know that

KΘ(s) ≥ λI, for a.e. s ∈ [t, T ].

By (2.10) and Lemma 2.3, following the proof of Theorem 2.2 in [16] step by step, we can prove

Lemma 2.4. If the map u(·) 7→ J (t, 0;u(·)) is uniformly convex, then the equation (1.10) has a unique regular
solution P (·) such that

K(s) = R(s) +D(s)∗P (s)D(s) ≥ λI, for a.e. s ∈ [t, T ], (2.15)

where the λ is the one in Lemma 2.3.

2.3. An auxillary deterministic LQ problem

In this subsection, as a preparation for the proof of Theorem 1.15, we introduce a deterministic LQ problem.
Consider 

dx̌

ds
=
(
A+ Â

)
x̌+

(
B + B̂

)
v in (t, T ],

x̌(t) = η,
(2.16)

where η ∈ H, v ∈ L2(t, T ;U) is the control and x̌(·) ≡ x̌(·; t, η, v) is the state. Assume that the Riccati equation
(1.10) has a regular solution P such that (2.15) holds. The cost functional is

J̌ (t, η; v(·)) ∆
=
〈
(G+ Ĝ)x̌(T ), x̌(T )

〉
+

∫ T

t

(
〈Υx̌, x̌〉+ 2 〈Γx̌, v〉+

〈
K̂v, v

〉)
ds, (2.17)

where

Υ = Q+ Q̂+ (C + Ĉ)∗P (C + Ĉ), Γ = (D + D̂)∗P (C + Ĉ).

Consider the following deterministic LQ problem.

Problem (DLQ). For any given (t, η) ∈ [0, T )×H, find a v̄(·) ∈ L2(t, T ;U), such that

J̌ (t, η; v̄(·)) = inf
v(·)∈L2(t,T ;U)

J̌ (t, η; v(·)). (2.18)

By the classical theory for LQ problems of deterministic evolution equations (e.g. [4], Part IV, Chap. 1,
Sect. 2), we know that the Riccati equation associated with Problem (DLQ) is the equation (1.11).
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Lemma 2.5. If the map v 7→ J̌ (t, 0; v(·)) is uniformly convex, i.e., there exists λ > 0 such that

J̌ (t, 0; v(·)) ≥ λ
∫ T

t

|v(s)|2ds, ∀v(·) ∈ L2(t, T ;U), (2.19)

then the regular solution P (·) to (1.10) satisfies

K̂(s) ≥ λI, for a.e. s ∈ [t, T ] (2.20)

and (1.11) admits a unique regular solution Π(·).

Proof. Once (2.20) holds, the well-posedness of (1.11) follows from the standard result for operator-valued
equations (e.g. [4], Part IV, Chap. 1, Sect. 2). Hence, we only need to prove (2.20).

Assume the contrary. Then there exist δ > 0 and a measurable set T ⊂ [t, T ] such that its Lebesgue measure
m(T) > 0 and

K̂(s) < (λ− δ)I for s ∈ T. (2.21)

Let N > 0 such that 1
N ≤m(T). Let {Tn}∞n=1 be a sequence of measurable subsets of T such that m(Tn) = 1

N+n .
Let h ∈ U and vn = nχTn

h for n = 1, 2, · · · Denote by x̌n the solution to (2.16) with η = 0 and v = vn. Then
we have

|x̌n|C([t,T ];H) ≤ C,

where C is a constant independent of n. Thus, by (2.17), we find that

lim
n→∞

1

n
J̌ (t, 0; vn(·))

= lim
n→∞

1

n

[〈
(G+ Ĝ)x̌n(T ), x̌n(T )

〉
+

∫ T

t

(
〈Υx̌n, x̌n〉+ 2 〈Γx̌n, vn〉+

〈
K̂vn, vn

〉)
ds
]

= lim
n→∞

n

∫
Tn

〈
K̂h, h

〉
ds ≤ (λ− δ)|h|2U .

(2.22)

On the other hand, from (2.19), we see that

lim
n→∞

1

n
J̌ (t, 0; vn(·)) ≥ lim

n→∞

1

n

∫
Tn

|vn|2Uds ≥ λ|h|2U .

This contradicts (2.22). Consequently, (2.20) holds.

The next result concerns when the map v(·) 7→ J̌ (t, 0; v(·)) is uniformly convex.

Lemma 2.6. If the map u(·) 7→ J (t, 0;u(·)) is uniformly convex, so does v(·) 7→ J̌ (t, 0; v(·)).

Proof. Since the map u(·) 7→ J (t, 0;u(·)) is uniformly convex, by Lemma 2.4, the equation (1.10) has a unique
regular solution P (·) such that K(s) ≥ λI, a.e. s ∈ [t, T ] for some λ > 0. Put

Θ = −K−1L = −(R+D∗PD)−1(B∗P +D∗PC) ∈ L2(t, T ;L(H;U)). (2.23)
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Then we have

0 = Ṗ + P (A+BΘ) + (A+BΘ)∗P + (C +DΘ)∗P (C +DΘ) + Θ∗RΘ +Q. (2.24)

Let v(·) ∈ L2(t, T ;U). Let x(·) (resp. x̌(·)) be the solution to (1.1) (resp. (2.16)) where u(·) (resp. v(·)) is
replaced by Θx(·) + v(·) (resp. Θx̌(·) + v(·)) and ξ = 0, i.e., x(·) and x̌(·) are solutions to the following equations,
respectively,


dx =

[
Ax+ ÂEx+B(Θx+ v) + B̂E(Θx+ v)

]
ds

+
[
CX + ĈEx+D(Θx+ v) + D̂E(Θx+ v)

]
dW (s) in (t, T ],

x(t) = 0,

(2.25)

and

{
ds

=
(
A+ Â

)
x̌+

(
B + B̂

)(
Θx̌+ v

)
in (t, T ],

x̌(t) = 0.
(2.26)

Since v(·) is deterministic, from (2.25), we have that Ex(·) solves (2.26). By the uniqueness of the solution
to (2.26), we obtain that

Ex(s) = x̌(s), s ∈ [t, T ].

Let z(·) = x(·)− Ex(·). Then z(·) solves

{
dz = (A+BΘ)zdz +

[
(C+DΘ)z + (C+Ĉ)Ex+ (D+D̂)(ΘEx+v)

]
dW (s) in (t, T ],

z(t) = 0.
(2.27)

Denote by ρ(A) the resolvent set of A. Let l ∈ ρ(A) and Rl = l(l−A)−1. It is well known that for any η ∈ H,
Rlη ∈ D(A) and

lim
l→∞

Rlη = η in H. (2.28)

Let zl
4
= Rlz. Then it holds that (see [17], Lem. 2.7 for example)

lim
l→∞

zl = z in CF([t, T ];L2(Ω;H)) (2.29)

and zl solves

{
dzl=

(
Azl+RlBΘz

)
ds+Rl

[
(C+DΘ)z+(C+Ĉ)Ex+(D+D̂)(ΘEx+v)

]
dW (s) in (t, T ],

zl(t) = 0.
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Applying Itô’s formula to
〈
P (·)zl(·), zl(·)

〉
and using (2.24), we have

E
〈
Gzl(T ), zl(T )

〉
= −E

∫ T

t

〈[
P (A+BΘ) + (A+BΘ)∗P + (C +DΘ)∗P (C +DΘ) + Θ∗RΘ +Q

]
zl, zl

〉
ds

+E
∫ T

t

〈
P
(
Azl + RlBΘz

)
, zl
〉
ds+ E

∫ T

t

〈
Pzl,

(
Azl + RlBΘz

)〉
ds

+E
∫ T

t

〈
PRl

[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]
, (2.30)

×Rl

[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]〉
ds

= −E
∫ T

t

〈[
PBΘ + Θ∗B∗P + (C +DΘ)∗P (C +DΘ) + Θ∗RΘ +Q

]
zl, zl

〉
ds

+E
∫ T

t

〈
PRlBΘz, zl

〉
ds+ E

∫ T

t

〈
Pzl,RlBΘz

〉
ds

+E
∫ T

t

〈
PRl

[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]
,

×Rl

[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]〉
ds.

Letting l→∞, by (2.29) and (2.30), we get that

E
〈
Gz(T ), z(T )

〉
= −E

∫ T

t

〈[
PBΘ + Θ∗B∗P + (C +DΘ)∗P (C +DΘ) + Θ∗RΘ +Q

]
z, z
〉
ds

+E
∫ T

t

〈
PBΘz, z

〉
ds+ E

∫ T

t

〈
Pz,BΘz

〉
ds

+E
∫ T

t

〈
P
[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]
,

×
[
(C +DΘ)z + (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]〉
ds

=−E
∫ T

t

〈(
Θ∗RΘ+Q

)
z, z
〉
ds+2E

∫ T

t

〈
P (C+DΘ)z,

[
(C+Ĉ)Ex+ (D+D̂)(ΘEx+v)

]〉
ds

+E
∫ T

t

〈
P
[
(C+Ĉ)Ex+ (D+D̂)(ΘEx+ v)

]
,
[
(C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]〉
ds.

This implies that

J (t, 0; Θ(·)x(·) + v(·))

= E
{〈
Gx(T ), x(T )

〉
+
〈
ĜEx(T ),Ex(T )

〉
+

∫ T

t

[
〈Qx, x〉+

〈
Q̂Ex,Ex

〉
+ 〈R(Θx+ v),Θx+ v〉+

〈
R̂E(Θx+ v),E(Θx+ v)

〉]
ds

}
= E

[〈
Gz(T ), z(T )

〉
+

∫ T

t

(〈
Qz, z

〉
+
〈
RΘz,Θz

〉)
ds
]

+
〈
(G+ Ĝ)y(T ), y(T )

〉
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+

∫ T

t

[〈
(Q+ Q̂)Ex,Ex

〉
+
〈
(R+ R̂)(ΘEx+ v),ΘEx+ v

〉]
ds (2.31)

=

∫ T

t

〈
P
[
(C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

]
, (C + Ĉ)Ex+ (D + D̂)(ΘEx+ v)

〉
ds

+
〈
(G+Ĝ)Ex(T ),Ex(T )

〉
+

∫ T

t

[〈
(Q+Q̂)Ex,Ex

〉
+
〈
(R+R̂)(ΘEx+v),ΘEx+v

〉]
ds

=
〈
(G+ Ĝ)Ex(T ),Ex(T )

〉
+

∫ T

t

{〈[
Q+ Q̂+ (C + Ĉ)∗P (C + Ĉ)

]
Ex,Ex

〉
+2
〈[

(D + D̂)∗P (C + Ĉ)
]
Ex,ΘEx+ v

〉
+
〈[
R+ R̂+ (D + D̂)∗P (D + D̂)

]
(ΘEx+ v),ΘEx+ v

〉}
ds

= J̌ (t, 0; Θ(·)Ex(·) + v(·)).

Due to the uniform convexity of u 7→ J (t, 0;u(·)) and Jensen’s inequality, we get from (2.31) that

J̌ (t, 0; ΘEx(·) + v(·))
= J (t, 0; Θx(·) + v(·))

≥ δ E
∫ T

t

|Θx+ v|2Uds ≥ δ
∫ T

t

∣∣E[Θx+ v]
∣∣2
U

ds = δ

∫ T

t

|ΘEx+ v|2Uds, ∀v ∈ L2(t, T ;U).

This concludes the uniform convexity of v(·) 7→ J̌ (t, 0; v(·)).

Remark 2.7. Since z(·) may not be D(A)-valued, in the proof of Lemma 2.6, we introduce a family {zl(·)}l∈ρ(A)

of semimartingales to apply Itô’s formula to
〈
P (·)zl(·), zl(·)

〉
H

. The cost of doing this is that the equality we
obtain is for zλ(·) rather than the one for z(·), say (2.30) for example. Fortunately, this can be handled by the
following fact:

• The operator A does not appear in the first and the last four lines of (2.30). Thus, by (2.29), and letting
l→∞, we obtain an equality concerning z(·) rather than zl(·).

In the rest of this paper, for saving space, we simply apply Itô’s formula to the processes like
〈
P (·)z(·), z(·)

〉
and some computations may be formal. But the result for such computations can be proved rigorously by the
above procedures.

2.4. A necessary condition for the optimal feedback operator

In this subsection, we give necessary conditions for the optimal feedback operator of Problem (MF-SLQ).

Let (Θ, Θ̂) ∈ F [t, T ] be an optimal feedback operator of Problem (MF-SLQ). Consider the following
Lyapunov equations:

{
Ṗ + P(A+BΘ) + (A+BΘ)∗P + (C +DΘ)∗P(C +DΘ) +Q+ Θ

∗
RΘ = 0 in [t, T ),

P(T ) = G,
(2.32)
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and 
Π̇ + Π[A+ Â+ (B + B̂)(Θ + Θ̂)] + [A+ Â+ (B + B̂)(Θ + Θ̂)]∗Π +Q+ Q̂

+[C+Ĉ+(D+D̂)(Θ+Θ̂)]∗P[C+Ĉ+(D+D̂)(Θ+Θ̂)]+(Θ+Θ̂)∗(R+R̂)(Θ+Θ̂) = 0 in [t, T ),

Π(T ) = G+ Ĝ.

(2.33)

Put

K
4
= R+D∗PD, K̂

4
= R+ R̂+ (D + D̂)∗P(D + D̂),

L
4
= B∗P +D∗PC, L̂

4
= (B + B̂)∗Π + (D + D̂)∗P(C + Ĉ).

Lemma 2.8. Let P(·) (resp. Π(·)) be the mild solution to (2.32) (resp. (2.33)). Then for a.e. s ∈ [t, T ],

K(s) ≥ 0, K(s)Θ(s) + L(s) = 0, (2.34)

and

K̂(s) ≥ 0, K̂(s)Θ̂(s) + L̂(s) = 0. (2.35)

Before proving Lemma 2.8, we introduce a family of auxiliary optimal control problems. Let r ∈ [t, T ) and
ξ ∈ L2

Fr
(Ω;H). Consider the following control system:

{
dx =

(
Ax+ ÂEx+Bu+ B̂Eu

)
ds+

(
Cx+ ĈEx+Du+ D̂Eu

)
dW (s) in (r, T ],

x(r) = ξ.
(2.36)

The cost functional for (2.36) is

J (r, ξ;u(·)) ∆
=E

[〈
Gx(T ), x(T )

〉
+

∫ T

r

(〈
Qx, x

〉
+
〈
Ru, u

〉)
ds
]

+
〈
ĜEx(T ),Ex(T )

〉
+

∫ T

r

(〈
Q̂Ex,Ex

〉
+
〈
R̂Eu,Eu

〉)
ds.

(2.37)

Consider the following optimal control problem:

Problem (MF-SLQ-r). For any given (r, ξ) ∈ [t, T )× L2
Fr

(Ω;H), find a control ū(·) ∈ U [r, T ] such that

J (r, ξ; ū(·)) = inf
u(·)∈U [r,T ]

J (r, ξ;u(·)). (2.38)

For any (Θ(·), Θ̂(·)) ∈ F [t, T ] and ξ ∈ L2
Fr

(Ω;H), let x(·) ≡ x(· ; r, ξ,Θ(·), Θ̂(·)) be the solution of the
following closed-loop system:

dx =
{(
A+BΘ

)
x+

[
Â+BΘ̂ + B̂

(
Θ + Θ̂

)]
Ex
}

ds

+
{(
C +DΘ

)
x+

[
Ĉ +DΘ̂ + D̂

(
Θ + Θ̂

)]
Ex
}

dW (s) in (r, T ],

x(r) = ξ.

(2.39)
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Definition 2.9. A feedback operator (Θ(·), Θ̂(·)) ∈ C [t, T ] is optimal on [r, T ] if

J (r, ξ; Θ(·)x(·) + Θ̂(·)E[x(·)]) ≤ J (r, ξ;u(·)), ∀ξ ∈ L2
Fr

(Ω;H), ∀u ∈ U [r, T ], (2.40)

where x(·) is the solution to (2.39) with (Θ, Θ̂) replaced by (Θ(·), Θ̂(·)). If an optimal feedback operator
(uniquely) exists on [r, T ], Problem (MF-SLQ-r) is said to be (uniquely) closed-loop solvable on [r, T ].

Clearly, if (Θ(·), Θ̂(·)) ∈ C [t, T ] is an optimal feedback operator for Problem (MF-SLQ) on [t, T ], then it
is also optimal for Problem (MF-SLQ-r) on [r, T ].

Proof of Lemma 2.8. We borrow some ideas from the proof of ([24], Thm. 3.1) and divide the proof into three
steps.

Step 1. In this step, we derive an integral type necessary condition for K and L.
For any ξ ∈ L2

Fr
(Ω;H) and v(·) ∈ L2

F(r, T ;U), the system (2.36) with the control u(·) = Θ(·)x(·)+Θ̂(·)Ex(·)+
v(·) becomes


dx =

{
(A+BΘ)x+Bv +

[
Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ B̂Ev

}
ds

+
{

(C +DΘ)x+Dv +
[
Ĉ + D̂Θ + (D + D̂)Θ̂

]
Ex+ D̂Ev

}
dW (s) in (r, T ],

x(r) = ξ,

(2.41)

and Ex(·) satisfies

{
dEx =

[
A+ Â+ (B + B̂)(Θ + Θ̂)

]
Exds+ (B + B̂)vds in (r, T ],

E[x(r)] = Eξ.
(2.42)

Set

Mr
4
=
{
g ∈ L2

Fr
(Ω;R)| |g|L2

Fr
(Ω;R) = 1, Eg = 0

}
,

Tr
4
=
{
g ∈ L2

Fr
(Ω;H)| g = g1g2, g1 ∈Mr, g2 ∈ H

}
and

Or
4
=
{
f ∈ L2

F(r, T ;U)| f = f1f2, f1 ∈Mr, f2 ∈ L2(r, T ;U)
}
.

Choose ξ ∈ Tr and v ∈ Or. Then the solution x(·) to (2.41) fulfills Ex = 0 and (2.41) becomes

{
dx =

[
(A+BΘ)x+Bv

]
ds+

[
(C +DΘ)x+Dv

]
dW (s) in (r, T ],

x(r) = ξ.
(2.43)
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By Itô’s formula, we have

E
〈
Gx(T ), x(T )

〉
− E

〈
P(r)ξ, ξ

〉
= E

∫ T

r

{
−
〈
Px, (A+BΘ)x

〉
−
〈
P(A+BΘ)x, x

〉
−
〈
P(C +DΘ)x, (C +DΘ)x

〉
(2.44)

−
〈
RΘx,Θx

〉
−
〈
Qx, x

〉
+
〈
P
[
(A+BΘ)x+Bv

]
, x
〉

+
〈[

(A+BΘ)x+Bv
]
, Px

〉
+
〈
P
[
(C +DΘ)x+Dv

]
, (C +DΘ)x+Dv

〉}
ds

= E
∫ T

r

[
−
〈
RΘx,Θx

〉
−
〈
Qx, x

〉
+ 2
〈
PBv, x

〉
+ 2
〈
P(C +DΘ)x,Dv

〉
+
〈
PDv,Dv

〉]
ds.

It follows from (2.37) and (2.44) that

2J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·) + v(·))

= E
{〈
Gx(T ), x(T )

〉
+

∫ T

r

[〈
Qx, x

〉
+
〈
R(Θx+ v),Θx+ v

〉]
ds
}

(2.45)

= E
〈
P(r)ξ, ξ

〉
+E
∫ T

r

[〈
Rv, v

〉
+2
〈
RΘx, v

〉
+2
〈
PBv, x

〉
+2
〈
P(C+DΘ)x,Dv

〉
+
〈
D∗PDv, v

〉]
ds

= E
〈
P(r)ξ, ξ

〉
+ E

∫ T

r

[〈
Kv, v

〉
+
〈(

KΘ + L
)
x, v
〉]

ds.

Since (Θ, Θ̂) is an optimal feedback operator, we have

J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·) + v(·)) ≥ J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·)) = E
〈
P(r)ξ, ξ

〉
.

This, together with (2.45), implies that

E
∫ T

r

[〈
Kv, v

〉
+
〈(

KΘ + L
)
x, v
〉]

ds ≥ 0, ∀ξ ∈ Tr, ∀v ∈ Or. (2.46)

Step 2. In this step, we derive an integral type necessary condition for K̂ and L̂. By Itô’s formula, we have

E
[〈
Gx(T ), x(T )

〉
−
〈
P(r)ξ, ξ

〉]
= E

∫ T

r

{
−
〈
Px, (A+BΘ)x

〉
−
〈
P(A+BΘ)x, x

〉
−
〈
P(C +DΘ)x, (C +DΘ)x

〉
−
〈
RΘx,Θx

〉
−
〈
Qx, x

〉
+
〈
P
{

(A+BΘ)x+
[
Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ (B + B̂)v

}
, x
〉

+
〈
Px, (A+BΘ)x+

[
Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ (B + B̂)v

〉
+
〈
P
{

(C +DΘ)x+
[
Ĉ + D̂Θ + (D + D̂)Θ̂

]
Ex+ (D + D̂)v

}
,

(C +DΘ)x+
[
Ĉ + D̂Θ + (D + D̂)Θ̂

]
Ex+ (D + D̂)v

〉}
ds (2.47)

= E
∫ T

r

{
−
〈
RΘx,Θx

〉
−
〈
Qx, x

〉
+
〈
P
{[
Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ (B + B̂)v

}
, x
〉

+
〈
Px,

[
Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ (B + B̂)v

〉
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+
〈
P
{[
Ĉ + D̂Θ + (D + D̂)Θ̂

]
Ex+ (D + D̂)v

}
, (C +DΘ)x

〉
+
〈
P(C +DΘ)x,

[
Ĉ + D̂Θ + (D + D̂)Θ̂

]
Ex+ (D + D̂)v

〉
+
〈
P
{[
Ĉ+D̂Θ+(D+D̂)Θ̂

]
Ex+(D+D̂)v

}
,
[
Ĉ+D̂Θ+(D+D̂)Θ̂

]
Ex+(D+D̂)v

〉}
ds.

By Newton-Leibniz formula, we get that〈
GEx(T ),Ex(T )

〉
−
〈
P(r)Ex(r),Ex(r)

〉
=

∫ T

r

{
−
〈
P(A+BΘ)Ex,Ex

〉
−
〈
(A+BΘ)∗PEx,Ex

〉
−
〈
(C+DΘ)∗P(C+DΘ)Ex,Ex

〉
−
〈
QEx,Ex

〉
−
〈
Θ
∗
RΘEx,Ex

〉
+
〈
P
[
A+Â+ (B+B̂)(Θ+Θ̂)

]
Ex+P(B+B̂)v,Ex

〉
+
〈
Ex,P

[
A+ Â+ (B + B̂)(Θ + Θ̂)

]
Ex+ P(B + B̂)v

〉}
ds (2.48)

=

∫ T

r

{
−
〈
(C+DΘ)∗P(C+DΘ)Ex,Ex

〉
−
〈
QEx,Ex

〉
−
〈
Θ
∗
RΘEx,Ex

〉
+
〈
P
[
A+ Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ P(B + B̂)v,Ex

〉
+
〈
Ex,P

[
A+ Â+ B̂Θ + (B + B̂)Θ̂

]
Ex+ P(B + B̂)v

〉}
ds

and that 〈(
G+ Ĝ

)
E[x(T )],E[x(T )]

〉
−
〈
Π(r)E[x(r)],E[x(r)]

〉
= E

∫ T

r

{
−
〈
Π[A+ Â+ (B + B̂)(Θ + Θ̂)]Ex,Ex

〉
−
〈
[A+ Â+ (B + B̂)(Θ + Θ̂)]∗ΠEx,Ex

〉
−
〈
[C + Ĉ + (D + D̂)(Θ + Θ̂)]∗P[C + Ĉ + (D + D̂)(Θ + Θ̂)]Ex,Ex

〉
−
〈(
Q+ Q̂

)
Ex,Ex

〉
−
〈
(Θ + Θ̂)∗(R+ R̂)(Θ + Θ̂)Ex,Ex

〉
+
〈
Π
[
A+ Â+ (B + B̂)(Θ + Θ̂)

]
Ex,Ex

〉
+
〈
Π(B + B̂)v,Ex

〉
(2.49)

+
〈
ΠEx,

[
A+ Â+ (B + B̂)(Θ + Θ̂)

]
Ex
〉

+
〈
(B + B̂)v,ΠEx

〉}
ds

= E
∫ T

r

{
−
〈[
C + Ĉ + (D + D̂)(Θ + Θ̂)

]∗
P
[
C + Ĉ + (D + D̂)(Θ + Θ̂)

]
Ex,Ex

〉
−
〈(
Q+ Q̂

)
Ex,Ex

〉
+
〈
Θ̂
∗
R̂Θ̂Ex,Ex

〉
+
〈
Π(B + B̂)v,Ex

〉
+
〈
(B + B̂)v,ΠEx

〉}
ds.

By (2.37), (2.47), (2.48) and (2.49), we have that

J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·) + v(·))

= E
{〈
Gx(T ), x(T )

〉
+
〈
ĜEx(T ),Ex(T )

〉
+

∫ T

r

[〈
Qx, x

〉
+
〈
R(Θx+ Θ̂Ex+ v),Θx+ Θ̂Ex+ v

〉]
ds

+

∫ T

r

[〈
Q̂Ex,Ex

〉
+
〈
R̂E(Θx+ Θ̂Ex+ v),E(Θx+ Θ̂Ex+ v)

〉]
ds
}

= E
〈
P(r)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(r)Eξ,Eξ

〉
(2.50)
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+E
∫ T

r

{〈
Rv, v

〉
+
〈
R̂v, v

〉
+ 2
〈
R(Θx+ Θ̂Ex), v

〉
+ 2
〈
R̂(ΘEx+ Θ̂Ex), v

〉
+2
〈
P(D + D̂)v,

(
C + Ĉ)Ex

〉
+ 2
〈
P(D + D̂)Θx, (D + D̂)v

〉
+2
〈
v, (D+D̂)∗P(D+D̂)Θ̂Ex

〉
+
〈
(D+D̂)∗P(D+D̂)v, v

〉
+ 2
〈
Π(B + B̂)v,Ex

〉}
ds

= E
〈
P(r)(ξ−Eξ), ξ−Eξ

〉
+
〈
Π(r)Eξ,Eξ

〉
+E

∫ T

r

{〈
K̂v, v

〉
+
〈[

K̂(Θ+Θ̂) + L̂
]
x, v
〉}

ds.

Since (Θ, Θ̂) is an optimal feedback operator, we have

J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·) + v(·))

≥ J (r, ξ; Θ(·)x(·) + Θ̂(·)Ex(·)) = E
〈
P(r)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(r)Eξ,Eξ

〉
.

(2.51)

This, together with (2.50), implies that

E
∫ T

r

{〈
K̂v, v

〉
+
〈[

K̂(Θ + Θ̂) + L̂
]
x, v
〉}

ds ≥ 0, ∀ξ ∈ L2
Fr

(Ω;H), ∀v ∈ L2
F(r, T ;U). (2.52)

Step 3. In this step, we prove (2.34) and (2.35).
We first show that K(s) ≥ 0 for a.e. s ∈ [t, T ] by contradiction. Otherwise, there exist δ > 0 and a measurable

set T ⊂ [t, T ] with Lebesgue measure m(T) > 0 such that

K(s) < −δI for a.e. s ∈ T. (2.53)

Let N > 0 such that 1
N ≤m(T). Let {Tn}∞n=1 be a sequence of measurable subsets of T such that m(Tn) = 1

N+n .
Let h ∈Mr, f ∈ U and vn = nχTnhf for n = 1, 2, · · · Denote by xn the solution of (2.43) with ξ = 0 and v = vn.
Then we have

|xn|CF([t,T ];L2(Ω;H)) ≤ C,

where C is a constant independent of n. This, together with (2.53), implies that

lim
n→∞

1

n2

∫ T

t

[〈
Kvn, vn

〉
+
〈(

KΘ + L
)
xn, vn

〉]
ds ≤ −δ|f |2U . (2.54)

On the other hand, by (2.46), we see that

lim
n→∞

1

n

∫ T

t

[〈
Kvn, vn

〉
+
〈(

KΘ + L
)
xn, vn

〉]
ds ≥ 0,

which contradicts (2.54). As a result, we obtain that K(s) ≥ 0 for a.e. s ∈ [t, T ].

From (1.2) and noting that Θ ∈ L2(t, T ;L(U ;H)), there exist M ∈ N and {t`}M`=0 with r = t0 < t1 < · · · <
tM = T , such that for any ` ∈ {0, · · · ,M − 1},

4 sup
s∈[t`,t`+1]

[( ∫ s

t`

∣∣eA(s−α)BΘ
∣∣
L(H)

dα
)2

+

∫ s

r

∣∣eA(s−α)(C+DΘ)
∣∣2
L(H)

dα
]
≤ 1

2
. (2.55)
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Let h ∈ Mr, ξ = hξ̃ with ξ̃ ∈ H and vk = 1
khṽ with k ∈ N and ṽ ∈ L2(t, T ;U). Denote by xk the solution to

(2.43) with v = vk. Denote by x0 the solution to (2.43) with v = 0. By (2.55), we have

sup
s∈[r,t1]

E
∣∣xk(s)− x0(s)

∣∣2
H

= sup
s∈[r,t1]

E
∣∣∣ ∫ s

r

eA(s−α)BΘ(xk − x0)dα+

∫ s

r

eA(s−α)Bvkdα

+

∫ s

r

eA(s−α)(C +DΘ)(xk − x0)dW (α) +

∫ s

r

eA(s−α)DvkdW (α)
∣∣∣2
H

≤ 4 sup
s∈[r,t1]

[( ∫ s

r

∣∣eA(s−α)BΘ
∣∣
L(H)
|xk − x0|Hdα

)2

(2.56)

+

∫ s

t

∣∣eA(s−α)(C+DΘ)
∣∣2
L(H)
|xk − x0|2Hdα

]
+ C

∫ t1

r

|vk|2Udα

≤ 4 sup
s∈[r,t1]

E
∣∣xk(s)− x0(s)

∣∣2 sup
s∈[r,t1]

[( ∫ s

r

∣∣eA(s−α)BΘ
∣∣
L(H)

dα
)2

+

∫ s

r

∣∣eA(s−α)(C+DΘ)
∣∣2
L(H)

dα
]

+C
∫ t1

r

|vk|2Udα

≤ 1

2
sup

s∈[r,t1]

E
∣∣xk(s)− x0(s)

∣∣2 + C
∫ t1

r

|vk|2Udα.

This implies that

sup
s∈[r,t1]

E
∣∣xk(s)− x0(s)

∣∣2
H
≤ C

∫ t1

r

|vk|2Udα.

Analogously, we can obtain that

sup
s∈[r,T ]

E
∣∣xk(s)− x0(s)

∣∣2
H
≤ C

∫ T

r

|vk|2Udα,

where the constant C is independent of k. Consequently,

lim
k→∞

sup
s∈[r,T ]

E
∣∣xk(s)− x0(s)

∣∣2
H

= 0. (2.57)

It follows from (2.46) that

lim
k→∞

kE
∫ T

r

[〈
Kvk, vk

〉
+
〈(

KΘ + L
)
xk, vk

〉]
ds ≥ 0.

This, together with (2.57) and the choice of vk, implies that

E
∫ T

r

〈(
KΘ + L

)
x0, hṽ

〉
ds ≥ 0, ∀h ∈Mr, ∀ξ̃ ∈ H, ∀ṽ ∈ L2(r, T ;U).
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By the arbitrariness of ṽ, we see that

E
∫ T

r

〈(
KΘ + L

)
x0, hṽ

〉
ds = 0, ∀h ∈Mr, ∀ξ̃ ∈ H, ∀ṽ ∈ L2(r, T ;U). (2.58)

Noting that the Brownian W (·)−W (r) on [r, T ] is independent of Fr, we have that

E(x0(s)|Fr) = E
(
eA(s−r)hξ̃ +

∫ s

r

eA(s−α)BΘx0dα+

∫ s

r

eA(s−α)(C+DΘ)x0dW (α)
∣∣∣Fr)

= eA(s−r)hξ̃ +

∫ s

r

eA(s−α)BΘE(x0|Fr)dα.

Thus, E(x0(s)|Fr) = hx̃r(s), where x̃r(·) solves{
dx̃r = (A+BΘ)x̃rds in (r, T ],

x̃r(r) = ξ̃.
(2.59)

Therefore, from (2.58), we obtain that for any ξ̃ ∈ H and ṽ ∈ L2(r, T ;U),

E
∫ T

r

〈(
KΘ + L

)
x0, hṽ

〉
ds = E(h2)

∫ T

r

〈(
KΘ + L

)
x̃r, ṽ

〉
ds = 0. (2.60)

Consequently, ∫ T

r

〈(
KΘ + L

)
x̃r, ṽ

〉
ds = 0, ∀r ∈ [t, T ], ∀ξ̃ ∈ H, ∀ṽ ∈ L2(r, T ;U). (2.61)

Since H and U are separable, there are {ξj}∞j=1 ⊂ D(A) and {ρj}∞j=1 ⊂ U , both dense in H and U respectively.
By Lebesgue’s differential theorem, for each j, k ∈ N, there exists a subset Tjk ⊂ [t, T ] with Lebesgue measure
m(Tjk) = T − t such that

lim
ε→0

1

ε

∫ τ+ε

τ

〈(
KΘ + L

)
ξj , ρk

〉
ds =

〈(
K(τ)Θ(τ) + L(τ)

)
ξj , ρk

〉
, ∀τ ∈ Tjk (2.62)

and

lim
ε→0

1

ε

∫ τ+ε

τ

BΘξjds = B(τ)Θ(τ)ξj , ∀τ ∈ Tjk (2.63)

Let τ ∈ Tj
4
=
⋂∞
k=1 Tjk and x̃τj be the solution to{

dx̃τj = (A+BΘ)x̃τj ds in (τ, T ],

x̃τj (τ) = ξj .
(2.64)

Then

lim
ε→0

x̃τj (τ + ε)− ξj
ε

= (A+B(τ)Θ(τ))ξj in H.
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This implies that

lim
ε→0

1

ε

∣∣∣ ∫ τ+ε

τ

〈(
KΘ + L

)(
x̃τj (s)− ξj

)
, ρk
〉
ds
∣∣∣

≤ lim
ε→0

(∫ τ+ε

τ

∣∣(KΘ + L
)∣∣2
L(H)

∣∣(x̃τj (s)− ξj
)∣∣2
H

ε
ds
) 1

2 |ρk|U = 0.

(2.65)

Let ṽ = χ[τ,τ+ε]ρk. From (2.61), we have that∫ τ+ε

τ

〈(
KΘ + L

)
x̃τj (s), ρk

〉
ds = 0. (2.66)

This, together with (2.63) and (2.65), implies that for any τ ∈ Tjk,

0 = lim
ε→0

1

ε

∫ τ+ε

τ

〈(
KΘ + L

)
x̃τj (s), ρk

〉
ds

= lim
ε→0

1

ε

∫ τ+ε

τ

〈(
KΘ + L

)
ξj , ρk

〉
ds

=
〈(

K(τ)Θ(τ) + L(τ)
)
ξj , ρk

〉
.

(2.67)

Consequently, we find that for every τ ∈
⋂∞
j,k=1 Tjk,〈(

K(τ)Θ(τ) + L(τ)
)
ξj , ρk

〉
= 0, ∀j, k ∈ N. (2.68)

Since {ξj}∞j=1 and {ρj}∞j=1 are dense in H and U , respectively, we get that

K(τ)Θ(τ) + L(τ) = 0, ∀τ ∈
∞⋂

j,k=1

Tjk.

Since the Lebesgue measure of all Tjk is T − t, we have that

K(τ)Θ(τ) + L(τ) = 0, for a.e. τ ∈ [t, T ]. (2.69)

This concludes (2.34). Similarly, we can prove (2.35).

3. Proof of Theorem 1.1

Proof of Theorem 1.1. The “if” part. Let ξ∈L2
Ft

(Ω;H), δ∈R and u(·), v(·)∈U [t, T ]. Let x1 = x(· ; t, ξ, u(·) +
δv(·)) and x0(·) = x(· ; t, 0, v(·)). It follows from the linearity of the control system (1.1) that x1(·) = x(·)+δx0(·).
Hence,

J (t, ξ;u(·) + δv(·))− J (t, ξ;u(·))

= δE
{〈
G
(
2x(T )+δx0(T )

)
, x0(T )

〉
+

∫ T

t

[〈
Q(2x+δx0), 2x+δx0

〉
+
〈
R(2u+δv), 2u+δv

〉]
ds
}

+δ
{〈
Ĝ
(
2Ex(T ) + δE[x0(T )]

)
,E[x0(T )]

〉
+

∫ T

t

[〈
Q̂(2Ex+ δE[x0]),E[x0]

〉
+
〈
R̂(2Eu+ δEv),Ev

〉]
ds
}
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= 2δE
[〈
Gx(T ), x0(T )

〉
+

∫ T

t

(〈
Qx, x0

〉
+
〈
Ru, v

〉)
ds
]

(3.1)

+δ2E
[〈
Gx0(T ), x0(T )

〉
+

∫ T

t

(〈
Qx0, x0

〉
+
〈
Rv, v

〉)
ds
]

+2δ
[〈
ĜEx(T ),E[x0(T )]

〉
+

∫ T

t

(〈
Q̂Ex,E[x0]

〉
+
〈
R̂Eu,Ev

〉)
ds
]

+δ2
[〈
ĜE[x0(T )],E[x0(T )]

〉
+

∫ T

t

(〈
Q̂E[x0],E[x0]

〉
+
〈
R̂Ev,Ev

〉)
ds
]

= 2δE
[〈
Gx(T ) + ĜEx(T ), x0(T )

〉
+

∫ T

t

(〈
Qx+ Q̂Ex, x0

〉
+
〈
Ru+R̂Eu, v

〉)
ds
]

+δ2J (t, 0; v(·)).

Applying Itô’s formula to
〈
y(·), x0(·)

〉
, we have

E
〈
Gx(T ) + ĜEx(T ), x0(T )

〉
= E

∫ T

t

(
−
〈
A∗y + Â∗Ey + C∗Y + Ĉ∗EY +Qx+ Q̂Ex, x0

〉
(3.2)

+
〈
Ax0 + ÂE[x0] +Bv + B̂Ev, y

〉
+
〈
Cx0 + ĈE[x0] +Dv + D̂Ev, Y

〉)
ds

= E
∫ T

t

(〈
B∗y + B̂∗Ey +D∗Y + D̂∗EY, v

〉
−
〈
Qx+ Q̂Ex, x0

〉)
ds.

If follows from (3.1) and (3.2) that for any v(·) ∈ U [t, T ],

J (t, ξ;u(·) + δv(·))− J (t, ξ;u(·))

= δ2J (t, 0; v(·)) + 2δE
∫ T

t

〈
B∗y + B̂∗Ey +D∗Y + D̂∗EY +Ru+ R̂Eu, v

〉
ds.

(3.3)

If (1.6) and (1.7) hold, then we get from (3.3) that

J (t, ξ;u(·) + δv(·))− J (t, ξ;u(·)) ≥ 0, ∀ v(·) ∈ U [t, T ]. (3.4)

Thus, u is an optimal control.

The “only if” part. If u is an optimal control, then we have (3.4). Dividing both sides of (3.3) by δ2 and
letting δ tend to ∞, we find that (1.6) holds. Dividing both sides of (3.3) by δ and letting δ tend to zero, we
get (1.7).

4. Proof of Theorem 1.9

Proof of Theorem 1.9. The “only if” part. Suppose that (Θ(·), Θ̂(·)) is an optimal feedback operator of
Problem (MF-SLQ). Let P(·) (resp. Π(·)) be the mild solution to (2.32) (resp. (2.33)). From (2.34), we find
that

K(s) ≥ 0 for a.e. s ∈ [t, T ],
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and

R
(
L(s)

)
⊆ R(K(s)) for a.e. s ∈ [t, T ].

Further, it holds that

K(s)†L(s) = −K(s)†K(s)Θ(s) for a.e. s ∈ [t, T ].

Noting that K(s)†K(s) is an orthogonal projection operator, we see that K†L ∈ L2(t, T ;L(H;U)) and

Θ = −K†L +
(
I −K†K

)
θ1

for some θ1(·) ∈ L2(t, T ;L(H;U)). Consequently,

L∗Θ = Θ
∗
KK†L = −LK†L.

This, together with (2.32), implies that for any η ∈ H and s ∈ [t, T ),

P(s)η = eA
∗(T−s)GeA(T−s)η +

∫ T

s

eA
∗(τ−s)(C∗PC +Q− L∗K†L

)
eA(τ−s)ηdτ. (4.1)

Consequently, P is a regular solution to (1.10). Similarly, we can prove that Π is a regular solution to (1.11)
and

Θ̂ = −K̂†L̂ + (I − K̂†K̂)θ2 −Θ,

where θ2(·) ∈ L2(t, T ;L(H;U)). Moreover, by (2.51), we get

inf
u(·)∈U [t,T ]

J (t, ξ;u(·)) = E
〈
P(t)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(t)Eξ,Eξ

〉
. (4.2)

The “if” part. Let (Θ(·), Θ̂(·)) be defined by (1.14). Then we have{
L = −KΘ,

L̂ = −K̂(Θ + Θ̂).
(4.3)

For any ξ ∈ L2
Ft

(Ω;H) and u(·) ∈ U [t, T ], let x(·) ≡ x(· ; t, ξ, u(·)) be the corresponding solution to (1.1).

Applying Itô’s formula to
〈
P (·)x(·), x(·)

〉
, we have

E
〈
Gx(T ), x(T )

〉
− E

〈
P (t)ξ, ξ

〉
+ E

∫ T

t

(〈
Qx, x

〉
+
〈
Ru, u

〉)
ds

= E
∫ T

t

[
−
〈
PAx, x

〉
−
〈
Px,Ax

〉
−
〈(
C∗PC +Q− L∗K†L

)
x, x

〉
+
〈
P
(
Ax+ ÂEx+Bu+ B̂Eu

)
, x
〉

+
〈
Px,Ax+ ÂEx+Bu+ B̂Eu

〉
+
〈
P
(
Cx+ ĈEx+Du+ D̂Eu

)
, Cx+ ĈEx+Du+ D̂Eu

〉]
ds

+E
∫ T

t

(〈
Qx, x

〉
+
〈
Ru, u

〉)
ds (4.4)
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= E
∫ T

t

[〈
L∗K†Lx, x

〉
+2
〈
Px, ÂEx+B̂Eu

〉
+2
〈(
PB+C∗PD

)
u, x

〉
+
〈
(R+D∗PD)u, u

〉
+2
〈
P
(
ĈEx+ D̂Eu

)
, Cx+Du

〉
+
〈
P
(
ĈEx+ D̂Eu

)
, ĈEx+ D̂Eu

〉]
ds

= E
∫ T

t

[〈
Θ
∗
KΘx, x

〉
− 2
〈
Θ
∗
Ku, x

〉
+
〈
Ku, u

〉
+ 2
〈
Px, ÂEx+ B̂Eu

〉
+2
〈
P
(
ĈEx+ D̂Eu

)
, Cx+Du

〉
+
〈
P
(
ĈEx+ D̂Eu

)
, ĈEx+ D̂Eu

〉]
ds.

Applying the integration by parts formula to
〈
P (·)Ex(·),Ex(·)

〉
, we have

E
〈
GEx(T ),Ex(T )

〉
− E

〈
P (t)Eξ,Eξ

〉
+ E

∫ T

t

(〈
QEx,Ex

〉
+
〈
REu,Eu

〉)
ds

= E
∫ T

t

[
−
〈
PAEx,Ex

〉
−
〈
PEx,AEx

〉
−
〈(
C∗PC +Q− L∗K†L

)
Ex,Ex

〉
+
〈
P
[
AEx+ ÂEx+ (B + B̂)Eu

]
,Ex

〉
+
〈
PEx,AEx+ ÂEx+ (B + B̂)Eu

〉]
ds

+E
∫ T

t

(〈
QEx,Ex

〉
+
〈
REu,Eu

〉)
ds

= E
∫ T

t

[
−
〈
C∗PCEx,Ex

〉
+
〈
Θ
∗
KΘEx,Ex

〉
+2
〈
PEx, ÂEx+(B+B̂)Eu

〉
+
〈
REu,Eu

〉]
ds.

(4.5)

Applying the integration by parts formula to
〈
Π(·)Ex(·),Ex(·)

〉
, we obtain

〈
(G+ Ĝ)Ex(T ),Ex(T )

〉
−
〈
Π(t)Eξ,Eξ

〉
+

∫ T

t

(〈
(Q+ Q̂)Ex,Ex

〉
+
〈
(R+ R̂)Eu,Eu

〉)
ds

=

∫ T

t

{
−
〈
Π(A+Â)Ex,Ex

〉
−
〈
ΠEx, (A+Â)Ex

〉
−
〈[
Q+ Q̂+ (C + Ĉ)∗P (C+Ĉ)

]
Ex,Ex

〉
+
〈
L̂∗K̂†L̂Ex,Ex

〉
+
〈
Π
[
(A+Â)Ex+ (B+B̂)Eu

]
,Ex

〉
+
〈
ΠEx, (A+Â)Ex+ (B+B̂)Eu

〉}
ds

+

∫ T

t

[〈
(Q+Q̂)Ex,Ex

〉
+
〈
(R+R̂)Eu,Eu

〉]
ds (4.6)

=

∫ T

t

{〈[
− (C + Ĉ)∗P (C + Ĉ) + (Θ + Θ̂)∗K̂(Θ + Θ̂)

]
Ex,Ex

〉
+ 2
〈[

Π(B + B̂)
]
Eu,Ex

〉
+
〈
(R+ R̂)Eu,Eu

〉}
ds.

Combining (4.4), (4.5) and (4.6), we get that

J (t, ξ;u(·))− E
〈
P (t)(ξ − Eξ), ξ − Eξ

〉
−
〈
Π(t)Eξ,Eξ

〉
= E

∫ T

t

[〈
KΘx,Θx

〉
− 2
〈
KΘx, u

〉
+
〈
Ku, u

〉
−
〈
KΘEx,ΘEx

〉
+ 2
〈
KΘEx,Eu

〉
(4.7)

−
〈
KEx,Ex

〉
+
〈
K̂(Θ + Θ̂)Ex, (Θ + Θ̂)Ex

〉
− 2
〈
K̂(Θ + Θ̂)Ex,Eu

〉
+
〈
K̂Eu,Eu

〉]
ds

= E
∫ T

t

[〈
KΘ(x− Ex),Θ(x− Ex)

〉
− 2
〈
KΘ(x− Ex), u− Eu

〉
+
〈
K(u− Eu), u− Eu

〉
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+
〈
K̂(Θ + Θ̂)Ex, (Θ + Θ̂)Ex

〉
− 2
〈
K̂(Θ + Θ̂)Ex,Eu

〉
+
〈
K̂Eu,Eu

〉]
ds

= E
∫ T

t

[〈
K
[
u− Eu−Θ(x− Ex)

]
, u− Eu−Θ(x− Ex)

〉
+
〈
K̂
[
Eu− (Θ + Θ̂)Ex

]
,Eu− (Θ + Θ̂)Ex

〉]
ds.

Since K, K̂ ≥ 0, (4.7) implies that

J (t, ξ;u(·)) ≥ E
〈
P (t)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(t)Eξ,Eξ

〉
= J (t, ξ; Θ(·)x(·) + Θ̂(·)E[x(·)]), ∀(ξ, u(·)) ∈ L2

Ft
(Ω;H)× U [t, T ].

Therefore, (Θ(·), Θ̂(·)) is an optimal feedback operator of Problem (MF-SLQ) on [t, T ] and (1.15) holds. The
proof is completed.

5. Proof of Theorem 1.15

Proof of Theorem 1.15. The “only if” part. By Lemmas 2.4, 2.6 and 2.5, the solution P to (1.10) is strongly
regular and (1.11) has a unique regular solution.

The “if ” part. The proof is very similar to that of the “if” part of Theorem 1.9. For any ξ ∈ L2
Ft

(Ω;H)
and u(·) ∈ U [t, T ], let x(·) ≡ x(· ; t, ξ, u(·)) be the corresponding solution to (1.1).

Similar to the proof of (4.7), we can obtain that

J (t, ξ;u(·))− E
〈
P (t)(ξ − Eξ), ξ − Eξ

〉
−
〈
Π(t)Eξ,Eξ

〉
= E

∫ T

t

[〈
K
[
u− Eu−Θ(x− Ex)

]
, u− Eu−Θ(x− Ex)

〉
(5.1)

+
〈
K̂
[
Eu− (Θ + Θ̂)Ex

]
,Eu− (Θ + Θ̂)Ex

〉]
ds.

Since K, K̂ ≥ λI for some λ > 0, (5.1) implies that

J (t, ξ;u(·)) ≥ E
〈
P (t)(ξ − Eξ), ξ − Eξ

〉
+
〈
Π(t)Eξ,Eξ

〉
. (5.2)

The equality holds if and only if

u− Eu = Θ
(
x− Ex

)
, Eu = (Θ + Θ̂)Ex.

This is equivalent to

u = Θx+ Θ̂Ex.
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Take ξ = 0. From (5.1), noting that K, K̂ ≥ λI for some λ > 0 and using Lemma 2.1, we have

J (t, 0;u(·))

≥ λE
∫ T

t

[
|u− Eu−Θ(x− Ex)|2U + |Eu− (Θ + Θ̂)Ex|2U

]
ds

≥ λE
∫ T

t

[
|u−Θ(x− Ex)|2U − 2

〈
u−Θ(x− Ex),Eu

〉
+ (1 + γ)|Eu|2U

]
ds

≥ λγ

1 + γ
E
∫ T

t

|u−Θ(x− Ex)|2Uds ≥ λγ2

1 + γ
E
∫ T

t

|u(s)|2Uds, ∀u(·) ∈ U [t, T ],

(5.3)

for some γ > 0. The uniform convexity of u(·) 7→ J (t, 0;u(·)) follows immediately.

Remark 5.1. Clearly, if there exists a constant λ > 0 such that{
G ≥ 0, G+ Ĝ ≥ 0, R(s) ≥ λI, R(s) + R̂(s) ≥ λI,
Q(s) ≥ 0, Q(s) + Q̂(s) ≥ 0,

a.e. s ∈ [t, T ], (5.4)

then the map u(·) 7→ J (t, 0;u(·)) is uniformly convex. This is a generalization of the standard LQ problem to the
mean-field case. Similarly to the argument in ([16], Sect. 6), one can show that another case which guarantees
the uniform convexity of the map u(·) 7→ J (t, 0;u(·)) is as follows:{

G ≥ λI, G+ Ĝ ≥ λI, R(s), R(s) + R̂(s) ≥ 0, Q(s) ≥ 0,

Q(s) + Q̂(s) ≥ 0, C(s) = Ĉ(s), D(s) = D̂(s) is surjective,
a.e. s ∈ [t, T ], (5.5)

However, until now, there is no good characterization for the uniform convexity of that map. This will be
investigated in our future work.
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