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OPTIMAL BOUNDARY CONTROL FOR STEADY MOTIONS OF A
SELF-PROPELLED BODY IN A NAVIER-STOKES LIQUID

ok skkok

TosHIAKI HiSHIDA", ANA LEONOR SILVESTRE>
AND TAKEO TAKAHASHI®

Abstract. Consider a rigid body S C R® immersed in an infinitely extended Navier-Stokes liquid
and the motion of the body-fluid interaction system described from a reference frame attached to S.
We are interested in steady motions of this coupled system, where the region occupied by the fluid
is the exterior domain = R\ S. This paper deals with the problem of using boundary controls v.,
acting on the whole 99 or just on a portion ' of 02, to generate a self-propelled motion of S with
a target velocity V(z) := £ + w X = and to minimize the drag about S. Firstly, an appropriate drag
functional is derived from the energy equation of the fluid and the problem is formulated as an optimal
boundary control problem. Then the minimization problem is solved for localized controls, such that
supp v« C I', and for tangential controls, i.e, v« - njaq = 0, where n is the outward unit normal to 9.
We prove the existence of optimal solutions, justify the Gateaux derivative of the control-to-state map,
establish the well-posedness of the corresponding adjoint equations and, finally, derive the first order
optimality conditions. The results are obtained under smallness restrictions on the objectives || and
|w| and on the boundary controls.
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1. INTRODUCTION

Consider a rigid body & moving by self-propulsion through an infinitely extended incompressible viscous fluid
F. This means that the total net force and torque, external to the system {S,F}, acting on S, are identically
zero. Since the shape of the body is constant, the self-propelled motion of § through F is due to the boundary
values for the velocity of the system at the boundary of S, which are prescribed relative to S. For instance,
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drag reduction.
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the propulsion may be produced by drawing fluid inwards across portions of the boundary and by expelling it
from others, or by the tangential motion of certain portions of the boundary, as by belts. The propulsion of jet
planes and submarines or of minute organisms like ciliates and flagellates can be considered of this nature.

Since we are concerned with the case of a single rigid body S, as in [7-9], it is in fact possible and convenient
to describe the motion of {S,F} from a reference frame attached to S so that the region occupied by the fluid
is the fixed exterior domain 2 = R3\ S. Assume that all data are independent of time in the reference frame
and, in the work at hand, let us concentrate ourselves on steady motions of the resultant coupled system. On
the one hand, the steady motions are of particular interest from several points of view, for instance, they exhibit
more explicit decay structure with wake at spatial infinity than unsteady motions do, on the other hand, better
knowledge about steady flows always plays an important role to understand the large time behavior of unsteady
flows through analysis of stability /attainability of the related steady ones. Thus, the set of equations describing
the motion of {S, F} in the steady state regime that we are going to consider is

—divo(v,p) + (v—=V)-Vo+wxv=0 in{ (1.1)

divv=0 1in Q (1.2)

v=V+4+wv, ondf (1.3)

‘ 1|im v(xz) =0 (1.4)

mfxw+/ [—o(v,p)n+ (ve-n) (v +V +wxz)] dy=0 (1.5)
o9

(Jw) X w —l—/ X [—o(,p)n+ (v -n) (v +V+wxz)] dy=0 (1.6)

o)

where the quantities v = v(z) and p = p(x) represent, respectively, the velocity field and the pressure of the
liquid and

VZ)=¢4+wxz, zeR3 (1.7)

represents the velocity of the solid, as seen by an observer attached to S. We assume that the density of the
fluid is constant and equal to 1. Moreover, we denote by o(v,p) the Cauchy stress tensor defined by

o(v,p) :=2D(v) — pls,

where the viscosity of the fluid is also assumed equal to 1, I3 is the 3 x 3 identity matrix and D(v) is the
symmetric part of the gradient,

D(v) == (Vo + (VU)T) .

N | =

Due to the incompressibility condition (1.2), we can use the relation divo(v,p) = Av — Vp in equation (1.1).

Moreover, in equation (1.1) and in what follows, for sufficiently regular vector fields u and v, u- Vv is the

vector field with components (u - Vv); = Z?:l uj g;’; The set S representing the rigid body is a compact

simply connected set, with non empty interior, so that Q = R3\ S is a three-dimensional exterior domain. In
(1.5)—(1.6) and in what follows, n denotes the outward unit normal to 92, which is well defined provided 92 is
locally Lipschitz continuous. Throughout this paper, nevertheless, 9Q is assumed to be of class C® (which is in
fact needed in Thm. 4.1). We will assume that the center of gravity of the rigid body is located at the origin,
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that is |, s dz =0, and define the mass and inertia matrix by

m::/ dz, I::/(\:z:|2]137x®x) dez, (1.8)
S S

where we are assuming that the density of the rigid body is constant and equal to 1. The boundary values v,
represent the thrust velocity, responsible for the motion of S.

The model (1.1)—(1.6) is inspired by Galdi [7-9], the equations (1.5)—(1.6) correspond to the self-propulsion
of the rigid body and are the balance of forces and torques exerted by the fluid on the rigid body. Let us briefly
explain how one can obtain equation (1.5) (Eq. (1.6) is similar). Since the equation (1.1) of conservation of
linear momentum of the fluid can be written in divergence form as

div [o(v,p) —v®@ (v—=V) — (wx ) ®v] =0, (1.9)

the net force (momentum flux) exerted by the fluid to the rigid body is given by

N = [c(v,p) —v@ (W —=V)—(wxz)@v]ndy
o0

= /89 [c(v,p)n — (v« + V +w x x)(vs - n) — (w x z)(V - n)] dy (1.10)
= /{m[o(v,p)n — (s n) (Ve +V +w x )] dy — m X w,

where we have used (1.3), (1.8) and [ srdz = 0. Hence, the interpretation of the self-propelling condition
(1.5), equivalent to N = 0, is: in the frame attached to S, the net force exerted by the fluid to the rigid body
vanishes. Analogously, equation (1.6) is the requirement that, relative to the frame attached to S, the net torque
exerted by the fluid to the rigid body also vanishes. Note that the expression for N (the left-hand side of (1.5)),
is consistent with (1.1) but condition (1.5) is not a consequence of equation (1.1), otherwise (1.5) would be
redundant. More precisely, by (1.1) in the form (1.9) and the divergence theorem applied in a bounded domain
{z € Q: |z — mo| < p}, with ¢ in the interior of S and p sufficiently large, we have

r — X

-1, = —/lz_wo_p[a(u,p)—v@(v—g—wxx)—(wxm)@v} dy

= / [o(v,p) —v® (v —€§—wx ) — (wxx)®v]ndy=N.
o9

These boundary integrals are well defined provided 02 and v, are sufficiently regular. However, in general, the
decay rate when |z| — oo of a solution of the exterior Navier-Stokes system is not enough to pass to the limit
p — oo in I, and conclude that N = 0. In this sense, it is reasonable to couple the fluid equations (1.1)—(1.4)
with the balance equations (1.5)—(1.6) for the solid.

While moving through the fluid, S will experience a drag, i.e., a net force in the direction of flow, due to the
pressure and shear stress on the surface of S, which tends to slow down its motion. In this paper, our aim is to
use the Dirichlet boundary data v, not only to self-propel S, but also to minimize the work needed to overcome
the drag exerted by the fluid on &

W(v,p) = /89% (a(v,p)n) dy = /ag(v* +V)- (U(U,p)n) d~y (1.11)

when it performs a motion with the objective velocity V.
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In our previous work [12], by the present authors, we have solved the control problem (1.1)—(1.6) for v, in
finite-dimensional control spaces: C, for localized controls and C, for tangential controls (see the definition of
those spaces in (4.5) and (4.4)).

In this paper, our aim is to consider controls v, in infinite-dimensional spaces and to show the existence of an
optimal control which minimizes the drag functional given by (1.11). Similar problems have been solved in [5, 6]
in the unsteady case without spin of the body by taking for the state equations only the classical Navier-Stokes
system. A control problem for the swimming of microscopic organisms was solved in [15]. Here, we also want
to characterize the minima by means of the adjoint system. The optimality systems can serve as the basis for
computing approximations to optimal solutions numerically as in [3]. The previous results of [12] will be used
to construct a corrector of the control v, which ensures that the self-propelling conditions are satisfied (see
Thm. 4.1).

The main difficulties we have to overcome are the usual ones when dealing with exterior domains [7, 10],
namely the need of knowing the asymptotic behavior of solutions as well as the presence of terms associated
with the rotation of the solid. For example, a good knowledge of the rate of decay of the velocity field is crucial
to establish the energy equation for a flow (1.1)—(1.4), which, in turn, permits to write the cost functional (1.11)
in a more convenient form, where, in particular, the pressure is not present. The definition of the Lagrangian
is another delicate issue in the analysis of the control problems, which benefits from the extra regularity at
infinity provided by the self-propelling condition (1.5), as justified in detail in [12]. In particular, we use the
fact that v € L?(f2), which in general does not hold in exterior domains. We develop even L?-estimate of the
velocity v, which seems to be of independent interest, and apply it to justify the Gateaux differentiability of
the control-to-state map with values in W?22(€2) (especially in L?(£2)), which plays a role to deduce the optimal
condition at the final stage. For technical reasons, as in [6], we need to impose some restrictions on the size of
the control v, and on the size of the objective velocity components £ and w.

The plan of the paper is the following. In Section 2, we gather some notation and an auxiliary result. The
new L%-estimates for the linearized problem associated with (1.1)—(1.4), which are consequence of a condition
on the net force exerted by the fluid to the rigid body similar to (1.5), are deduced in Section 3. In Section
4, we precisely state our optimal control problems associated with system (1.1)—(1.6). Existence of minima to
those control problems is shown in Section 5 . Then in order to characterize minima, we study, in Section 6, the
regularity of the control-to-state mapping, more specifically, its Gateaux differentiability. Finally, in Section 7,
we obtain optimality conditions of order 1 for our problems. These conditions require the well-posedness of the
adjoint system.

2. NOTATION AND AUXILIARY RESULTS

Throughout the paper we shall use the same font style to denote scalar, vector and tensor-valued functions
and corresponding function spaces. We use the usual notation to denote Lebesgue and Sobolev spaces on a
domain A, namely, LY(A) and W"9(A), with norms ||.||.4 and |.||m,q,4, respectively. By Wm_%’q(afl) we
indicate the trace space on the (sufficiently) smooth boundary A of A, for functions from W"™4(A), equipped
with the usual norm ||'||m7%,q,8A' The homogeneous Sobolev space of order (k,q) € N x (1,00) is defined by

DR(A) :={u € L},.(A) ; D*u € LI(A) for any multi-index a with |a| = k}

with associated seminorm |ulk,q,.4 = 37, =, [[D%ullq,4. The space Dy(A) is the closure of C§°(A) in D4(A).

In particular, the dual space of D}?(A) defined for a domain A, D~2(A) with norm | - |_; 5,4, will be used in
this work.

In what follows, we can assume that € is the exterior domain R®\ S. By D(f) we denote the space of
Cg°(2)3-functions which are divergence free. For a vector or second-order tensor field G, o > 0 and a positive
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function w defined on €2, we use the notation

[Gla.w.0 = sup[w(z)*|G(z)[], (2.1)

e

and denote by L3°_(Q)* and L (2)**? the spaces of those G € L>(2)? or G € L>(Q)*** such that the norm
[Ga,w,0 is finite. To alleviate the notation, we will write only L3°_ () instead of L3 (Q)* and L3 (Q)3*3.
For R > 0, we denote by Bg the open ball B := {z € R3;|z| < R} and by Ag, g, (R2 > R;) the spherical-
annulus domain Ag, g, := {z € R} Ry < |z| < Ro}. f R3\ Q C B, for some o > 0, we set Qp := QN Br and
QOFf .= Q\ Bg for R > o.
Now we collect a number of useful results concerning the generalized Oseen system

—divo(u,q) =V -Vut+wxu=f inQ
divu=0 1in Q

U =1u, on Jfd

/\A,\A
TUos W o
S N N N

lim wu(z) =0
|z|—o00

where V' is given by (1.7). For the case of external force f = div F' with F' satisfying some anisotropic pointwise
estimate, see ([12], Prop. 2.1). The following proposition provides a solution with several properties when less
assumptions are imposed on f.

Proposition 2.1. If Q is of class C?, f € L*(Q) N D~%2(Q) and u, € W3/22(0Q), then there is a unique
solution (u,q) to (2.2)—(2.5) such that

luli2,0 + [ul2.2.0 + [ullso.o + lgll120 < CB, Q) (I fll20 + [fl-1.2.0 + luxll3/2,2,00)

where B > 0 is such that |€], |w| < B.

Proof. For the sake of the readers, we give the main steps of the proof although the results are more or less known.
First, existence of a weak solution u € D%?(Q) of (2.2)—(2.5) is obtained by applying ([10], Thm. VIII.1.2, p. 501).
Note that for this step, it is sufficient that  is a locally Lipschitz domain, f € D~12(Q) and u, € W/22(99Q).

The pressure q € L%OC(Q) is recovered by [10], Lem. VIII.1.1, page 500. This weak solution satisfies the following
estimates:

[ullz,0r + [V

2.0+ lulleo < C(R, Q)[|fl-12,0 + (1 + €] + [w])[usll1/2,2.00] (2.6)

lg = rl20n < CR,Q)[|fl-120 + 1+ &+ W) Vul20], (2.7)

for R sufficiently large, where gp := ﬁ fQR q.

Uniqueness of the weak solution (up to constants for the pressure, however, we will actually single out it
later) is given by ([10], Lem. VIII.2.3, p. 512) (see also Thm. VIIL.2.1).
Then, we apply ([10], Lem. VIIL.2.1, p. 505) to obtain

| D?ull2,0- < C(r, p, B) (|| fll2,00 + [ Vul|2,0) (2.8)

with r > p provided f € L?(€2) for some p > 0. Moreover, ([10], Lem. VIIL6.1, p. 554) yields estimates for the
second derivatives of u and first derivatives of ¢ in a bounded domain Q,., provided f € L?(Qg) for some R > 7,
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U, € W3/22(0Q) and Q is of class C%:
lull22.0, + [IVallze, < O, R,Q,B)(Ifll2.0x + w2200 + lull20n + g — Trll20)- (2.9)
From the equation (2.2) together with (2.6) and (2.8) it follows that

V()|
1+ |z

< |Au(z)| + |f(z)] + C(€,w) (|Vu(x)| + 1|“+(””|;|> ae. Q,

and since the right-hand side of this inequality is square-summable near infinity (Hardy inequality is used for
the last term), we have

Vq
1+ ||

€ L*(Q") (2.10)

for every sufficiently large r > 0.

Given r > 0 large enough such that R3\ Q C B, /2, we fix a cut-off function ¢ € C§°(B,;[0,1]) satisfying
Y(x) =1 for x € B, /5. Given a pressure g, let us consider the pair (u,q) = ((1 —¥)u, (1 —9)(q —q,.)), that
obeys

—divo(d,q) -V -Vi+wxu=f, divi=g inR3
with
Fr=(=9)f+2V¢ - Vu+ (A +V-V)u— (V)¢ —7,), g:=—u- V.
Then

Ag=div(f +Vg+gV) inR3 (2.11)

and from (2.10) we deduce Vq € S'(R3) and thereby, ¢ € S'(R?). Every solution to (2.11) within S’'(R3) is
represented as

i=Q+P, Q=-F"' (’iif) (2.12)

where P is a harmonic polynomial, 7~! denotes the Fourier inverse transform and
h:=f+Vg+gV e L*(R%).

Since VQ € L?(R?), which follows from h € L?*(R3), one needs (VP)/(1 + |z|) € L?(2") to accomplish (2.10)
and this, in turn, is possible only if P is a constant. We thus obtain

Vg=VQ (2.13)
together with the estimate

IVallzor < IVallags < If + Vg +gVzrs < O, B) ([ fllz0 + lulli 20, + la = Tll20.)- (2.14)
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To deduce this estimate, we have used Plancherel Theorem. Combining (2.14) with (2.9) leads to Vq € L*(Q)
and, therefore, there is a constant a € R such that ¢ — alls,0 < C||Vql|2,0. We now single out the pressure ¢
with @ = 0, that is, ¢ € L5(£2). Then we have

6.0, < CO(r)[Ve

lallz.c, < C(r)lgl |2,0- (2.15)

With this pressure at hand, let us go back to the cut-off procedure above and (2.11).
Considering the pairing (h, p)gs with ¢ € C§°(R?) and noting ||¢||2,0, < C||V¢l|l2rs by the same reasoning

as above, we find that h € D~12(R?) by duality. By ([13], Lem. 2.2) (see also ([10], Thm. I1.8.2, p. 112)), there
is a tensor field H € L?(R3) such that (h, ¢)gs is given by

<h, §0>]R3 = s H: V(pdx = —<diV H, @>(C’§°(R3))/XC(‘)’°(R3)7 V(p S CSO(RB),

and the following estimate holds:
1Hl2,zs = [h]-1 288 = |f + Vg +gV|-128 < C(r,B)(|fl-120 + lull2g, + llg = T ll20.)- (2.16)

From (2.12) and Plancherel Theorem, we get

.
Q=—F (“ﬁﬁ) Qs < |H

2,R3- (2.17)

By (2.13) there is a constant b € R such that ¢+ b = Q € L?(R3) and, therefore, ¢ — g, + b € L*(Q"), where
r > 0 is fixed at the outset of the cut-off procedure. However, it follows from ¢ € L5(f2) that b = G,. As a
consequence, we obtain ¢ € L?(Q") and, furthermore, by (2.16)—(2.17)

lallz.r < 1+, ll2pe = 1Qll2pe < C(r. B)(If|-12.0 + llull2g, + la = T l2.0,) (2.18)
which together with (2.15) implies that ¢ € L?(£2). We collect (2.6)—(2.9), (2.14), (2.15) and (2.18) to conclude

the desired estimates except the L°°-norm.
Finally, using ([2], Lem. 4.1) and Sobolev inequalities, we conclude that u, Vu € L5(2), u € L°°(Q2) and

u]|oo,0 < C(S2, B) (||f||29 +|fl-12,0+ ||“*||3/2,2,6Q) .

3. L?>-ESTIMATE OF THE SOLUTION TO A LINEARIZED PROBLEM

Given a rigid motion V as in (1.7), in this section, we consider better asymptotic behavior at infinity of the
solution to the generalized Oseen system

—divo(u,q) =V -Vut+wxu=div F, divu=0 (3.1)
in an exterior domain ) without explicitly specifying any boundary condition at 92 when

N =0, if w=0,
w-N =0, if w e R3\ {0},
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where N stands for the net force exerted by the fluid to the rigid body, that is,
N:Nuvq:/ [o(u,q) +u®V — (wxz)@u+ F]ndy, (3.3)
o0

which is well-defined as long as (u, ¢) and F are of class (3.4)—(3.5) below (yielding
[O.(uv(I) +u® V- (w X l‘) ®U+F]’I’L c W*l/Q,Q(aQ)

as the normal trace). Note that the solution (v, p) of (1.1)—(1.2) is a solution of (3.1) with F = —v ® v. Recall
that, in this case, using the boundary condition (1.3) and relation (1.8), we deduce

Now= [ lotopin—o((w = V) m) = @ x2)(o- )] dy
o
:/ [c(v,p)n — (Vs + V +w x x)(vs - n)] dy — m& X w
o

and that (1.5) is equivalent to IV, , = 0. Under the condition (3.2), we know from asymptotic structure of the
flow at infinity that u € L?(£2), see [4, 14] especially for the case w € R?\ {0}, however, to our knowledge useful
estimates are not available so far in the literature. For later use, we are aiming at deduction of the following
L?-estimate.

Proposition 3.1. Suppose

[+ (1 + |z|)F(2)] € L*(Q). (3.4)
Let (u,q) be a solution to (3.1) of class
Vu,q € L*(Q), u € L%(Q). (3.5)
Let us set
P = / n-udy.
o0

1. Letw=0. If N = 0, then we have u € L?(Q2) subject to
[ullz,0 < C[(1+ [E]) (IVullz,o + [@]) +lallzo + [ Fllz.0] +C'll|2]Fll20 (3.6)

with some constants C, C' > 0 which are independent of u,q, F, & and ®.
2. Let w € R3\ {0}. Ifw- N =0, then we have u € L?(Q2) subject to

||’LL| 2,Q < CK(’LL,q, F. & w, Q)) + C/H"T‘FHZQ (37)

with some constants C, C' > 0 which are independent of u,q, F, &, w, where

_ w2 qwx €
K(uaquangv(I)) = (1+|w| 1/4+| |w|| + | ‘w|2 |

< [(L+ 1] + w) (IVullz0 +[@]) + llallze + [|F]l20]-
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For the latter case w € R3\ {0}, it is also possible to deduce a bit different estimate from (3.7):

B w g 1/2
fulle < € (/44 262 ) (81 + ) + el Pl
(3.9)
o x ¢
+C {1+ WE (1 + €]+ [w)) (IVullz,e + |®]) + lall2,0 + [|Fll2,0]-

As usual, by a cut-off procedure, the problem in exterior domains will be reduced to the one in the whole space.
When w € R3\ {0}, we then use the Moggi-Chasles transform, see [10, 11], to modify the resulting problem in

the following way
Y R x & ,
wl?

s(y)=s (MTy + w><2§> for a scalar field,

jwl

ot (3.10)

2

o(y) = Mv <MTy + ) for a vector field,

jwl

w X

|2£> for a tensor field,

KKy)::(AlTﬂlT) (AJTy+|w

where M € R3*3 being an orthogonal matrix that fulfills M for = e1, to obtain the generalized Oseen system in

which the direction of the translation is parallel to the axis of rotation that becomes the e;-direction. Thus, let
us consider the system

—Av+Vp—Row—|wl[(ex xy) - Vv—eg xv]=f, dive=0 inRz (3.11)

within the class of tempered distributions, where

R:fﬁ%. (3.12)
For the external force f of a suitable class, we know that:
1. when w = 0, to the classical Oseen system
—Av+Vp—£¢-Vo=f, dive=0inR3
we see that
50 = g (1= o) 7O (3.19)

is a solution on the Fourier side.
2. when w € R?\ {0}

5(¢) = /OOO e~ (SP=iR¢L ) ()T (H?, B (Ow(t)C)|g®2(Ow(t)C)) FlOL()0) dt (3.14)
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is a solution for (3.11) on the Fourier side, where

1 0 0
O, (t) = O(Jwlt), O(t) = [ 0 cost —sint ] .

0 sint cost
Relation (3.14) is classical but we recall here the idea to obtain it: first we notice that the Fourier transform of
(v, p) satisfies

~

(IC1? = iRCB() — |wl [(ex x €) - VeB(C) — ex x D(Q)] — iChC) = F(C),
i (()=0, (eR

Eliminating the pressure, we find

(161 = iRC)T(C) — |wl [(ex x ¢) - V¢B(C) — ex x T(¢)] = <Hs - C|§E|>2C) FQ), ¢er.

Then we define
V(t,¢) = 0u(1)5(0u (1) T¢) = Ou (1)3(Ou(—1)¢) (3.15)
and some standard computation yields that V(t, () is time-periodic and satisfies

0

GEVIE0)+ (6P = iRQV(E.0) = 0u(0) (1a -

(0,7 ® (0T 5 o1
2 )f(Ow(t) ).

By Duhamel’s principle, we deduce

t T T .
V(t,C) :/_ e(s_t)(‘<‘2_i72<1)0w(s) (HS _ (Ow(s) C)|§2(Ow(s) C)) f(Ow(S)TC) ds

and using (3.15), we recover (3.14).
Let (vo,po) € S'(R3) be a solution to (3.11) with f = 0, then we see that supp vy C {0}. In fact, since

[€1%00 + i¢Po — iRCiTo — [w] [(e1 X () - VTo — e1 x To] =0, i¢-To =0,
we have |(|*py = 0, which implies that supp pp C {0} and that
¢ [I¢1T0 — iR¢1To — |w] [(e1 X €) - V¢Ty — e1 x To]] = 0.

Given arbitrary vector field ¢ € Cg°(R?\ {0}), we set

rQ) = [ e IR0, (1) (0u(0)7C) dt € GBS\ (0D,
0
which solves the adjoint system

ICIPT + iRGT + |w| [(e1 x €) - Ver—er X 7] =o.
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We thus obtain
(D0, 0) = (0o, [C1*T +iRGT + |wl [(e1 X ¢) - Ve — €1 x 7])

= It €[50 — RGrTo — ol (e2 > €) - Vo —ex x &}, 173) = 0.

yielding supp vg C {0}. Therefore, v = F 1% with (3.14) is the only solution to (3.11) up to (specific) poly-
nomials within &’(R?). It is actually the only solution when the polynomials are excluded on account of the
asymptotic behavior at infinity. The same thing for the case w = 0 is shown even more straightforward. Thus
the following L2-estimate for (3.13)—(3.14) plays an important role.

Lemma 3.2. Suppose that f is of the form f = g+ div G with
[y = L+ )Gy € L*R?),  geL'(R%), [y~ lylg(y)] € L*(R?) (3.16)

for some s € [1,6/5).

1. Let w=0, and let v be as in (3.13). If
[ stway=o. (317)
R3

then we have v = F 10 € L*(R3) subject to

lollszs < C (lglligs + G llzzs) + C'|191G]|, 55 + C”|llslgl], no (3.18)

with some constants C, C', C"" > 0 which are independent of g,G and &.
2. Let w € R®\ {0}, and let v be as in (3.14). If

er- /RS 9(y)dy =0, (3.19)

then we have v = F 0 € L*(R3) subject to

Jolas < € | (144 Rl 2) | [ )|+ lallss + [Glze

+ 191G,z + C" Y19l 2o

(3.20)

with some constants C, C',C" > 0 which are independent of g,G,w and R.

Proof. Let us discuss the case w € R\ {0} and consider

[ Eorac= [ porac [P
R3 I<I>1

I<I<1

Using the Schwarz inequality in the integral with respect to ¢t and then the Fubini theorem followed by the

o~

change of variable ¢ + O,,(t) "¢ together with the decomposition f(¢) = g(¢) +iC - é(( ), we see that the high
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frequency part of (3.14) is estimated as

[ wericse [ ([Teeriio.no) W)’
C// e 0 <><>|2dt|<|i
=0 f) fo RO G (3.21)

B FOP
- C/<>1 T

d¢
< ClI 2o / TG+ ClIG I

C (Ilgllf gs + HG”2,R3) :

Our main task is thus to study the low frequency part, which will be based on the decomposition

F(Ou(#)¢) =§(0)+/0 (0u(1)0) - (V) (00, (1)) do + i(0u(£)) - G(Ou ()C)-

Note that the function g is uniformly continuous by g € L'(R?®) and thus §(0) makes sense. The above
decomposition of f(O,(t)¢) splits (3.14) into three parts:

GRS
I<l<1

= /| )/OO e_(lclz—i'R<1)tOw(t)T (Hg (0. ® (Ow(t)g)> at 5(0)
¢l<1'Jo

IC|?
¥ o eP-irerg, (T (1. - Qe @ Ou®)Q) [ e .
- 0.1 <H3 RE ) | 0.0 (300,00 dout
0 |¢?

< (L + I+ 13)%

For the last two integrals I and I3, one may ignore the oscillation. In fact, we see from the Hardy inequality
that

<C FGeo 2dtd¢ =C 2 &
/<|<1/e GO.mOParac=C [ GO g

G(¢ N
<cf ! lélﬁ' 4 < CIVG R g = CI0IG ]}

(3.22)
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and that

fe%s) 1
B<c /<<1 | e [ ivaeo.mopar
, d¢ do
=C )|?d = —
/<<1/ (Va)eo)l ”\<|2 / /<<g "1

3.23
2(1—1/s) (3:23)

C/ (/ )(C)S/(Sl)d<> 0_76(171/3) do

K|<o
2
C||V9||s/(s 1),R3 X C|||y|g||S7R3
where (3.16) with s € [1,6/5) is employed. We thus obtain

<Ol T < CIIG] e 21

For the crucial part I; we do need the assumption (3.19), that is, e; - g(0) = 0, as well as the oscillation
caused by the rotation. By the relations

9(0) = (e1-g(0))er + (e1 x g(0)) x e1 = (e1 x (0)) x e1

and

we may write

with
w(C) — /OO 6_(‘C|2—i72€1)t (HB o C ® C) Ow(t)'l'dt [(el % Z]\(O)) % 61]
0 I¢1?
= <H3 - C?')QC) »(¢),
where

$(C) = /OOO e ISP=IREO,, (1) Tdt [(e1 x §(0)) x eul.

An elementary computation yields

1 0
Q) =5 | a-Jitasl

iOé_J+ — ’Z:Oé_;,_J_



14 T. HISHIDA ET AL.

with

ax = g2(0) £ig3(0),  Ji(() := I — i(écl + |w|)’

We then find

d¢ 1 |R|
2d¢ < <C —
AQM@|KAWWHM¢WV<<MM+M>

for all |w| > 0 and R € R, see (3.12). In fact, we immediately see that

/ ¢ _ 1/ ¢
re ISl ] Jrs [C1F+1

for the case R = 0, while the integral above for the other case R # 0 is rewritten as

iy e} 2
27 sin@/ p_dp do.
Viw| Jo 0y (

2
R
cos 6 & 1)
a ?

For the latter case, it is reasonable to split the integral with respect to p into two parts:

o0 VIwl/2IR]) o0
[0
0 0 VIwl/2IR])

Then we have

/\/W/(QIRI) p2dp _ /oo 02 iy
2 = 44 1
0 pt+ (7%4 pcosf £ 1) U

as well as

> p*dp o dp _ 2[R|
7 S =S =
VISl/@IR) p4 4 (chosg + 1) Visl/@r)y P70 /|l
Vil
We thus obtain (3.25), which leads us to

1 |R| 1/2
n<o{—=+ B o

We collect (3.21), (3.24) and (3.26) to conclude (3.20).

(3.25)

(3.26)

For the other case w = 0, the high frequency part is the same as in (3.21), and the low frequency part can

be treated as in (3.22)—(3.23) by use of g(0) = 0, so that we obtain (3.18). The proof is complete.

O

Proof of Proposition 3.1. We first discuss the flow with vanishing flux condition. Let us fix R > 0 such that
R3\ Q C Bg, and take a cut-off function ¢ € C§°(Bsg;[0,1]) such that ¢(x) = 1 for € Bag. Given (u,q)
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which is of class (3.5) together with [, n - udy = 0 and satisfies (3.1), we set
u=(1-vY)u+Bu- V], 7= (1—-1)q,

where B denotes the Bogovskii operator in the domain Ag sg, see [1] and ([10], Thm. II1.3.3, p.179). Note that
u- Vi) € Wy*(Arsr) with

/ u-Vz/Jdcc:/ u-jdvz/ w-ndy =0
AR3R OBRr R o0

so that Bu - V)] € W3 (Agr.sr) is well-defined with the relation divB[u - V4] = u - Vi) and

[Blu-Villlz2,455 < Cllu-Vi

12,4000 S Cllulli2,4p 50 < Clulls,Arsn +1VUll2,455r) < CllVUll2,0. (3.27)
Then the pair (@, q) obeys

—AU+VG—V -Vit+wxtu=h+div[(1-9)F], divi=0 inR? (3.28)
where

h =2V Vu+ (A + V- Vip)u — AB[u - Vo] — V - VBu - Vo]
+w x Blu- V] — (Vib)g + F(V)

which satisfies
/ h(z)dx = N, (3.29)
R3
and N denotes the net force (3.3). In fact,
h(z) dz = —/ div [o(@,) + TV — ( x 2) ® 7 + (1 — ) F] dz
R3 AR 3R

z—/ [U(u,q)+u®V—(wxx)@u—&—F]id’y
|z|=3R 3R

yielding (3.29) by use of (3.1).
By the transformations (3.10), we consider

v(y) = Mu (MTy—F (T:|2§> ,

ply) = 'J(MTy + w@f) ,

g(y) = Mh (MTy + w|wx|f> :

G = (101 - )P (MTy+ 25 )
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and it can be shown that (v, p) obeys (3.11) with f = g 4+ div G which satisfies (3.16)—(3.19) subject to

gl rs + [|[ylg]]; g
wXx &
=|h + ’x —
1]l1 s w2 g (3.30)
w X
<0 (1+ =) [0 16+ DI Vullan + lalea + 1Fleal,
as well as
|w x &l
1Gll2rs + [[[YlGll2rs < 1+ e [Fll2.0 + l[|2]Fll2.0- (3.31)
The condition (3.19) is in fact verified as
w
el / g(y)dy = — / h(z)de =0 (3.32)
RS |wl Jrs

by use of (3.29) and the assumption w - N = 0.

Since u € L°(Q) implies that v € L°(R3) C §'(R?), v coincides with (3.14) on the Fourier side by the reasoning
mentioned just before Lemma 3.2. By taking (3.30)—(3.32) into account, we obtain from Lemma 3.2 that there
are constants C, C' > 0 satisfying

[ullz03r < [[@ll2re = [v]l2ps < CK(u,q, F, & w,0) + C'|[|2]F|20,

where K(u,q, F,& w,0) is given by (3.8) with ® = 0. Here, }fRS g(y)dy‘ has been just replaced by ||g|/1 rs in
(3.20). On the other hand, we have

[ullz.05r < Cllulls.o < CVul20-

Combining the estimates above implies (3.7) when ® = 0. If we prefer to keep

/ﬂ@ﬁ}g(y)dy‘:‘/th(w)dx

in (3.20) as it is, we obtain (3.9) with ® = 0 as well.
For general case without any condition at the boundary 02, let us reduce the problem to the case discussed
above by lifting the flux ® = [,, n-udy. We fix zo € int (R*\ Q) and take the flux carrier

=[N

1

—ovV-—
Wiz) V471'|:E — Zo]

Note that one cannot always choose x¢ = 0 (center of mass of the rigid body). Then the pair
U=u—-W, Q=q—(E+wxumzy) - W
obeys

—AU+VQ -V -VU+wxU=div F, divU =0
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in 2 subject to fag n - Udy = 0. Concerning the net force (3.3), we observe
Ny,g = Ny,q + O(w x z0)
as verified in ([12], Sect. 6) (in which the nonlinear momentum flux is discussed, however, all the computations
for the linear part are included there), so that the condition w - N, 4 = 0 implies w - Ny g = 0. Hence, we already

know that

[Ul20 < CK(U,Q, F, & w,0) + C'|[[z]F|2,0.

Since
VU209 < [[Vulzo +Cl12|, Q20 < llgllza + C(E] + |w])|@]
as well as
[Wll2,0 < Cl@],
one concludes (3.7). The other case w = 0 is also discussed in the same way as above. O

4. THE STATE SYSTEM AND THE COST FUNCTIONAL

As explained in the introduction, our aim is to find a control v, for which

inf W (v,p) = inf/ v-o(v,p)ndy, (4.1)
o0

is attained (see (1.11)). In (4.1) the infimum is taken over the set of all possible states (v, p) satisfying (1.1)—(1.6)
for v, either in

V, = {v* € W3/2’2(8§2) ; vx-n=0on GQ} (4.2)
or in
Vp = {U* € W3/22(90) ; v, =0 on 90\ r}, (4.3)

where I is a nonempty open subset of 0f.
We recall that in [12] we studied the case of subspaces of V, and of Vp of finite dimension:

C; := span {(g(i) xn)xn,(GYD xn)xn;i= 1,2,3} ) (4.4)
and

Cy = span {Xg(i),xG(i) ;i=1,2, 3} , (4.5)

where x # 0 is a non-negative smooth function such that supp(x) C T’ and where ¢, G are defined as follows.
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First, we introduce a set of generalized Oseen systems associated with the basic rigid motions: for each
i€{1,2,3}, (0@, ¢®) and (V®, QW) are the solutions of

—divo(®, ¢+ (E+wxz) - Vo) —wxov® =0 inQ
divo® =0 in Q

v@ =¢; on 6N (4.6)

lim v® =0
|z|—o00

and
—dive(VD, Q)+ (€ +wxz) - VWV —wux VD =0 inQ
divV® =0 inQ
VO =¢, xz on
lim V® =0

|z|—o00
where (eq, ez, e3) is the canonical basis of R?. Then the fields ¢g(* and G(*) are given by

g =, ¢n  on a9, (4.8)

G = o(VWD QW)n  on 09, (4.9)

being in W3/2:2(9Q) provided 9Q € C3, see ([12], Lem. 3.2). If |¢| and |w| are small enough, then C, and C,, are
of dimension 6 (see [12], Thm. 1.1). We proved in [12] that, for || and |w| small enough, there exists only one
vy € C; (resp. v, € Cy) such that there exists a solution (v,p) of (1.1)—(1.6).

Here, we want to consider controls v, in V, or Vr and characterize the optimal controls that minimize (1.11).
However, before starting the analysis of the minimization problem, we must notice that for an arbitrary v, € V;
or v, € Vr, system (1.1)—(1.6) has no solution in general since the unique solution (v, p) of (1.1)-(1.4) may not
verify the self-propelled conditions (1.5), (1.6). In order to handle this difficulty, the solution to our problem
consists of a boundary velocity v, which can be decomposed into two parts, one part which effectively acts as
the infinite dimensional control (to alleviate the presentation, we keep denoting it by v,) and another part,
say v¢, that “corrects” the control in order to enforce the self-propelled conditions and belongs to the finite
dimensional spaces C; and C,.

Then, assuming that the rigid body velocity V is given and having in mind the boundary control problems
for v, € V; or v, € Vr, we write the state system (1.1)—(1.6) in the form

—divo(v,p) + (v—=V)-Vo+wxv=0 in§ (4.10)
divv=0 in (4.11)
v=V4uv,+2¢ ondQ (4.12)
lim wv(z)=0 (4.13)
|z|—o0
méE X w —|—/ [—o(v,p)n+ ((vs + v6) n) (ve + v +V 4w x z)] dy=0 (4.14)
X9)
(Jw) X w +/ z x [—o(v,p)n+ ((v + v%) n) (v, + vV +wx z)] dy=0 (4.15)
GI9)
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wWCece, o Wec,. (4.16)

Note that in the case of a tangential control, that is, v. € V, and v¢ € C,, conditions (4.14) and (4.15)
simplify into

mfxw—/ o(v,p)n dy =0, (Iw)xwf/ x x o(v,p)n dy=0.
oN o

In what follows, we use the notation

_wx¢ jw - ¢ )
w(z) = (H SE ) <1+2 |w] ()] w0 (4.17)
(1 +[]) (1 + 2|2 + € - @), w =0,
where
s(x) == |z bTwXPg 51gn|E:J 3 ) w # 0.

Extending the results of ([12], Thms. 1.1 and 1.2), we obtain the following for our state system.

Theorem 4.1. Let Q be of class C3. There exist constants cy, C1,Co > 0, which depend on Q, such that if
& weR3 and v, €V, (resp. v. € Vr) satisfy

€] < co, lw| < co, V4 l3/2,2,00 < co, (4.18)

then the following assertions hold.

1. A solution (v,p,vS) of the problem (4.10)—~(4.16) can be found within the class
wv € L®(Q), (v,p) € W22(Q) x WH2(Q), ¢ eC, (resp. v¢ €Cy) (4.19)
along with estimates

[W1ma + [[VVll2,0 + [0S 13 /22,00 < C1(|(6,w)| + [[vill3/2,2,00), (4.20)

||D2v

2.0 + lIpll1,2,0 < Co(|(& w)| + [vills/2,2,00), (4.21)

and the energy equation

1
/ (o(v,p)n) -vdy = 2/ |D(v)|* da + f/ (vx +06) 0|V + v, + 082 dy. (4.22)
00 Q 2 Joa

2. The solution of the problem (4.10)—(4.16) is unique (up to constants for the pressure) within the class
of functions satisfying (4.20) as well as v¢ € C, (resp. v§ € Cy). The pressure is singled out under the
additional condition p € L*(£2).

Let us emphasize that an important property of the solutions obtained in the above theorem is that they
have a finite kinetic energy, that is v € L?(Q), see (4.19). This is a consequence of the self-propelling condition
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(4.14), and helps us to justify the energy relation (4.22). As in [12], our notion of solution to (4.10)—(4.16) is
the standard weak solution Vv € L?(2), such that

2/QD(U) : D(p)dx + /Q(v —V)-Vu-pdx + /Q(w xv)-@pdr =0, Ve D), (4.23)

which, due to the extra regularity obtained in Theorem 4.1, will satisfy the equations (1.5)—(1.6) in the strong
form. We will only sketch the proof of Theorem 4.1 in the case of localized controls C, since it is completely
similar to the proof of ([12], Thm. 1.1).

Proof of Theorem 4.1. Let
X = {(v,a,ﬂ) € D1’2(Q) x R3 x R? ; [v]1ma < oo}
endowed with the norm

(v, @, B)[|x := [vl120 + [v]1w.0 + (e, B)]-
Assume (v,@, ) € X, and let
3

=) (Eixg(i) + BiXG(i)),

i=1

f@):=-v-Vv=divF(v), F(@):=-7®T,

&r(T°) = — /m“”* +70) )0 4T+ V 4w x 2)dy — mE x w - /mw WV 4o +T)dy,  (4.24)

wy (7°) ::-/ xx(v*+§f+V—|—wxx)((v*—&-vf)-n)d'y—(lw)xw—/ 2x (V4 v0s +79)(V -n)dry. (4.25)
o0 o0

Following ([12], Lem. 4.1), we introduce the following auxiliary linear systems

—divo(u?,p?) =V . Vu) +w x w9 =0
divu) =0
j j ) 4.2
u = xg9 or (¢ x n) x n  on IQ (4.26)

lim uY) =0,
|z|—o00

—dive(UD, PW) — V. VU 4w x UW) =0
divU) =0
U9 = xGY or (G xn)xn ondQ
lim UY) = 0.

(4.27)
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—divo(uy,pr) =V - Vuy +w x up = f(v)

diVUf =0
ur =V +v. on (4.28)
lim uy=0.
|| =00

Using systems (4.26)—(4.28) and ([12], Prop. 4.5), we can solve the following problem: for any v, € Vr, and for
¢ and w satisfying (4.18) with some constant ¢y small enough, there exists a unique (v, v<, p) such that

—divo(v,p) =V -Vo+wxv=f(T) inQ (4.29)
dive=0 inQ (4.30)
v=V4uv,+2¢ ondQ (4.31)
lim wv(z)=0 (4.32)
|z|—o00
~ [ foto.pint (v - mjuldy = €09) (4.3)
[ o x o+ (Vo] dy = (o) (4.34)
a0
3 . .
w=> (Oéz'Xg(l) + BiXG(Z)) € Cy. (4.35)
i=1
Moreover, we have
Sug[?ﬂ(ﬂf)\v(fv)\] +[IVolliz.0 + llpllze + [(a; B)]
e
<O @), wr @D+ If @20 + [F@)2,m,0 + (€ w)] + [[vall32.2.00 + (€ w) (1€, w)] + [[ve]l3/2,2,00)] -
(4.36)
This allows us to define the mapping
Z:X>@ap) — (v,a,8) € X,
where (v, ) is the solution of (4.29)—(4.35).
Following the proof of ([12], Thm. 1.1), based on ([12], Prop. 4.5), we obtain
IZ@, @, B)x < C(I& W)+ l[vslls2,2,00 + 1€ w1 +[[vill3/2,0,00) + Cll@ @, B)|%-
Taking ¢¢ € (0, 1) small enough in (4.18), we see that a ball
Xy = {(0,0,8) € X i (0,0 Dllx < o}, Ro=Cr(I(€w)| + llvelayn00) (4.37)

is invariant by Z. In a similar way, we also obtain that Z is a strict contraction on X, for ¢y small enough.
This gives us the existence of a solution to problem (4.10)—(4.16). The corresponding estimates (4.20)—(4.21)
follow from (4.36).

To prove that v € L2(€), we apply ([12], Thm. 1.2) where we only have to replace v, by v, + v$ (see the
definition (1.13) of N in [12]).
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In order to obtain the energy equation, for R > 0 large enough such that R3\ Q C Bg, we use a radially

symmetric cut-off function ¢g(x) = ¢(|z|/R) with ¢ € CL((=2,2);[0,1]) which fulfills 1) = 1 on [~1,1]. Then
we have

IVYr)lgr: = CRTT (3 < ¢ < o0) (4.38)
as well as (w x z) - Viog = 0. From those properties it follows that
”V ’ V¢R||OO,R3 = Hf ’ VQ/’RHOO,]RS‘ = C/R

Taking the inner product of both sides of the equation (4.10) with ¢ pv and integrating by parts over  yield

— /89 (U(U,p)n) -Ud'y—i—/ga(v,p) :(v® Vyr) do + 2/Q |D()|*¢r dz

[v]? o]
+ —@w=V)ndy— | —(@w-=V) -Vygdz=0.
o0 2 o 2

Since v € WH2(Q) and p € L?(f), we have

’/wa(” — V) Vir dH/ﬂo(v,p) L (v® Vipg) d

C
<5 [ (o + 1P +1DWP + 5P) da.
Q

Using the dominated convergence theorem and (4.19), we can pass to the limit R — oo and we deduce the
result. O

Using the energy equation (4.22), we can rewrite the drag functional (1.11) in the following way:

Corollary 4.2. Let (v,p,v$) be the solution of (4.10)~(4.16) obtained in Theorem 4.1. Then

1
W(w.p) = 2AD0)Ea+5 [ (0.+0)nlV 0.+,

From now on, we assume

€l <co,  |w|<eo (4.39)

and, given k € (0, ¢o], we define
V,’: = {'U* eV, } ||'U*||W3/2,2(3Q) < Ii}, (440)
VF = {U* € V[‘ N ||1}*||W3/2,2(8Q) S Ii}, (441)

where V, and Vr are defined by (4.2) and (4.3), while ¢ is the constant in Theorem 4.1.
Using Corollary 4.2, we deduce that the problem (4.1) reduces here to minimize

J(vy) :=2||D(v)

1
Batg [ e+ o) alV 4o, +ofP dr, (4.42)
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where (v, p,v¢) is the solution of (4.10)-(4.16) associated with either v, € V* or v, € V§. This functional J is
well-defined since Theorem 4.1 allows us to define the control-to-state mapping v, + (v, p,v¢). In the following
sections, we study this mapping and consider the optimal control problems:

ng\f;ﬁ J(vx) (4.43)
or
v*lglf/{: J(vy). (4.44)

Under the condition (4.39), in the next section, it turns out that (4.43) and (4.44) respectively admit solutions
for every k € (0, cg], however, the radius & of the admissible closed balls (4.40)—(4.41) as well as (£, w) should
be taken still smaller (see Thms. 6.1 and 7.4) in order to characterize the optimal solution in Theorem 7.5.

5. EXISTENCE OF OPTIMAL CONTROLS
Here we show that problems (4.43) and (4.44) have a solution, so that the infima are actually minima.

Theorem 5.1. Assume that £, w € R? satisfy (4.39). Let k € (0,co]. Then each of the optimal control problems
(4.43) and (4.44) admits a solution.

Proof. We only consider problem (4.44), the case of tangential controls can be treated with exactly the same
arguments. By the embedding W3/2:2(99) C L3(9Q) and (4.41), we have

[villLso0) < Ck
and from (4.20) it follows that
10| 1300y < C(k + co).

Therefore, the functional J is bounded from below on V[ since
J(v.) = —C/ (\v* + 05 + o +vf|) dy.
a0

Thus, there exists a sequence

{vsr}ren C VP such that J(v.) — inf J(ve) (kb — 00).

vy EV[
We will denote by {(vk, Pk, vS,) }ken the corresponding sequence of states, that is, (vk, px, vS,) is the solution of
problem (4.10)—(4.16) for v.g. Since the admissible set V[t is weakly sequentially compact, there exist v, € V[
and a subsequence of {v. }ren, still denoted by {vik }ren, such that

vy — 0, weakly in W3/22(9Q). (5.1)

In what follows we take suitable subsequences in order although they are always denoted by the same symbol
{vi.} etc. From (4.20)-(4.21), we also deduce the existence of (v, p,7¢) such that

(Vog,pr) = (V0,p) weakly in Wh3(€Q), (5.2)
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v6, — o€ strongly in W3/22(5). (5.3)

Concerning (5.3), what we see at once is that C, (resp. Cr) > v<, tends to v weakly in W?3/22(9Q) along a
subsequence as k — 0o, which yields 7¢ € C, (resp. Cr) since the subspace is weakly closed; then, we eventually
obtain the strong convergence above because it is a finite dimensional space. Since vg(x) tends to zero as
|x] — oo, from a classical embedding inequality we also deduce (see, for instance, [10], Thm. I1.6.1)

[vklls.0 < C
and thus
v, — 0 weakly in L°(Q). (5.4)
We also have
wu,, — wv weakly * in L*°(Q).

Indeed, there exists ¥ € L*(2) such that
/Q o (@)or (2)u(z)dz — /Q I(@)u()de, Vue L(Q).
and, in particular,
/Qw(z)vk(ac)cp(x)dx — Lﬂ(m)cp(az)dx, Vo € C°(Q). (5.5)

On the other hand, due to (5.4),

/ w(z)vg(z)p(z)de — / w(z)v(z)p(r)dr, Ve € CF(Q). (5.6)
Q Q
From (5.5) and (5.6) it follows that

d(x)p(z)dz = [ w(x)v(z)p(z)dz, Ve e C(Q)
Q Q

and therefore ¥ = wv a.e. in €.
Finally, using classical compactness results, we also deduce from (4.20) that

(Vog,pr) = (V0,D) strongly in LZQDC(QL

vr — U strongly in L7 (Q),
and

Ve, — Dy strongly in L3(0Q). (5.7)
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Using the above convergences, we can pass to the limit in (4.23) where v is replaced by v,. We also know that
U satisfies (4.11) and (4.13). We have

~ ~n1/2 ~111/2
lve = Bll2.00 < Cllok — Blly/a, 1ok — Blli 50, — 0 (k= o),

and using (5.3) and (5.1), we deduce (4.12).
Similarly,

~

llo(vk, pr)n — o(v, p)nl2,00

~111/2 ~111/2 1/2 ~11/2
< C|Vor — Vol Vo, = Vil s, + Cllor — Bl ok — Bl aa, — 0 (k= o),

so that, using (5.7) and (5.3), we deduce (4.14) and (4.15).

The pair (9,2¢) is in the class satisfying (4.20) and thus, by the assumption (4.39) and the uniqueness result

in Theorem 4.1, (v, p,v¢) is the state associated with ¥,. Now using (5.2), (5.7) and (5.3) we deduce

J(0,) < liminf J(v.)

k—o0

and therefore v, is actually a minimizer:

J@) = inf J(v).

v EVE
O
6. REGULARITY OF THE CONTROL-TO-STATE MAPPING
Let
W= {(v,vf) ;v e DM(Q)N LY, (Q), V-v=0inQ, v e W3/2’2(8Q)}
endowed with the norm
(v, o) lw = [v]12.0 + [V]1,m.0 + [v€]l3/2.2.00 = |Vl2.0 + [V]1,m,0 + [0S ]13/2,2,.00:
and consider the subset
Wry = {(0,05) € W5 [|(v,00)[w < Ro}, (6.1)

where Ry is the same as in (4.37), that is the right-hand side of (4.20). Suppose (4.39). Given & € (0, col,
Theorem 4.1 allows us to define the following control-to-state mappings (recall (4.40) and (4.41))

Ar :VE = Wg, 0 [(D*2(Q)NLAHQ)) x Cr],  vi = (v,05) (6.2)

Ayt VE = Wry N [(D*2(Q) N LA Q) x Cy],  vi = (v,09) (6.3)

where (v,v¢) together with the pressure p € W12(€) is the solution of problem (4.10)-(4.16) associated with
v, given in the admissible set V7 or Vp.
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Our aim is to show that the maps A, and A, are Gateaux differentiable. We analyze this problem in detail

for A-, the idea being similar for the mapping A,,.

In order to compute the Gateaux derivative of A, at v, € V¥ in the direction 7, € V;, that is denoted by

DA (va)ts = (2,20),

we suppose that v, + hvy is also in V¥ for 0 < h < hg with sufficiently small hg; in fact, this is accomplished as

long as (vs, Ui )yys/22(90) < 0 even if [[u.[3/2,2, 90 = k-
We consider

(om0 p) € (Way 0 [(D*2(@) N L2(@) x C:] ) x WH(Q)
which is the solution to (4.10)—(4.16) associated with v, + hoy, that is, (v, v%,) := A, (vs + hT5). Then

(Uhﬁvg*’ph) - (’U,’Uf,p)
h
(AT(U* + hm)vph) — (AT(U*)ap)

_ h c (w N [(D>2(Q) N L2(Q)) x cT]) « W12(Q)

(zh,zg*,rh) =

satisfies the following system
—divo(zp,rn) +v-Vzp+ 2, - Vo, =V - Vz, +wx 2z, =0 in
divz, =0 in Q
2 = Z}CL* + 7, on 0N

lim zp(z) =0
|z]— 00

/ o(zp,rn)n dy =0
00

/ x X o(zp,rp)n dy =0,
o0

25, e,

(6.9)

(6.10)

Our aim is to show that, when h — 0, (z,25,,7,) converges to (z,2z%,7), which solves the linearized state

equations

—dive(z,r)+v-Vz+2-Vo—-V - Vz4+wxz=0 inQ
dive=0 inQ
z=254+7;, on 09

lim z(x) =0
|z| =00

/ o(z,r)ndy=0

o0

/ zxo(z,r)ndy=0
o9

L ec,.
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In the case of localized controls, instead of the equations (6.8)—(6.10), we have

/[—o(zh,rh)+(v*+vf)-n(w+z5*)+(m+zﬁ*>-n(v*+hm+v2*+V+wxx)]dvzo (6.18)
o0

/ 2 X [0 (zn,mh) + (vx +05) - n(T + 2f,) + (T + 25,) - n(ve + hO + 05, +V +wxa)]dy =0 (6.19)
o

25, €C, (6.20)

and in the corresponding linearized state equations conditions (6.15)—(6.17) are replaced by

/ [—o(z,r)n+ (v + 08) - n(Ty + 25) + (T + 25) - n(ve + 08 +V +w x z)] dy=0 (6.21)
19)
/ zx [—o(z,r)n+ (v. + v8) (T, 4 25) + (U5 + 25) - n(ve + 05 +V +w x z)] dy=0 (6.22)
o0

£ ec,. (6.23)

More specifically, we have
Theorem 6.1. There exists a constant k1 € (0,co] depending on Q such that if £,w € R® and v, € V, (resp.
vx € Vr) satisfy

€] < k1, |w| < K1, [vsll3/2,2,00 < K1, (6.24)

then the following assertion holds, where cq is the constant in Theorem 4.1:

Let (v,v¢,p) be the solution to the state equations (4.10)—(4.16) associated with v. € VE! (resp. v. € V')
obtained in Theorem 4.1. Then the mapping A, (resp. A, ) defined by (6.2) (resp. (6.3)) with k = k1 is Gdteaux
differentiable with values in [W2() x L, (Q)] x W3/22(8Q) at v, € VE (resp. v, € Vi) in the direction; €
Vr (resp. U € Vr), where U, must be taken such that (v.,V)yws2200) < 0 if [|vill3/2,2,00 = K1, whereas it can
be arbitrary if [|v.l|s/2,2,00 < k1, and its derivative is given by DA (v.)05 = (2, 29), (resp. DA, (v,)0x = (2,25))
with (z,25,7) being the solution to the problem (6.11)~(6.17) (resp. (6.11)-(6.14), (6.21)~(6.23)). Namely, we
have

2h = 2ll2,2,0 + [2n — 2]1,m0 + |25 — Zf||3/2,2,asz — 0,

where zj, satisfies (6.4)—(6.10) (resp. (6.4)—(6.7), (6.18)—(6.20) ).

Proof. We write a detailed proof for A; but point out the main differences for the mapping A, . Equation (6.4)
can be written in the form

—divo(zp,rn) =V -V +w Xz, = fn
with

fhi=—W -Vzp+2zn-Vop) = —=div(zp, @ v+ v, ® zp,) = div Fp,

F,:=—(zr Qv+ v, ® zp).
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If v, v, € Wg,, then the following estimates hold for f;, and Fj:

I follz.0 < C([v]1,m0llVanll2,e + 201,20 Vorllze) < CRo(2nl1,2,.0 + [20]1,2,9),

[Frlo,ma = [2n @0+ v, ® 212,00 < CRo[21]1,0.0,

where Ry is given by (4.37), see (6.1). In order to apply ([12], Prop. 4.5), which is still valid even though V" is
replaced by Ty, we rewrite the conditions (6.8) and (6.9) as

/ [o(zh,ra)n+ (V -n)zp] dy = / (V-n)z, dy (6.25)

19} I9)

/ x X [o(zn,rn)n+ (V -n)zp] dy = / xx [(V-n)z] dy, (6.26)
a0 G19)

to find

2nl1.2.0 + [28l2.2.0 + [20]1,m.0 + [Palln2.0 + |126.)l5/2.2,00
<C [RO(|Zh|1,2,Q + [2n]1,w.9) + 1Uxl3/2,2,00 + (€] + |w]) ([Tx]]3/2,2,00 + ||Zg*||3/2,2,aﬂ)] .

For Ry and (&, w) small enough, we deduce that (zp, 74,25, ) is uniformly bounded in
[DY2(Q) N D*2(Q) N LT, ()] x WH2(Q) x W¥22(9Q).

Now using (3.6) or (3.9), depending on w = 0 or w # 0, we get

Iznllz.0 < CLA+1ED(IVzRll2,0 + 1®n]) + Irnll2.0 + [ Frll2.0] + Cll|zlFall2,0
or
_ |w - €[1/2
lznll2,0 < C<w| 1/4+T (INk] + |w||®n]) + C'[[|z|Fnll2,0
o1 X8y g \Y ) A
+C 1+ ) [+ 1+ D (IVarlla0 + 1)) + Irallze + [ F4llz 0]
where

Ny, = / [o(zh,rn) + 2@V — (W X ) ® 21, + Fp| ndy
o0
= / [e(zh,rn)n+ 2p(V —v) -n— (v, + w X )2y - n]dy (6.27)
0
- / [o(zn, i) = (Ve +05) - (T2 + 25,) = (0n + 24,) - n(ve + Wy + 0, +V +w x 2)]dy =0
Elo)

on account of the conditions (6.8) for tangential controls (then it is (v. +v¢) - n = (5 + 25,) - n = 0) or (6.18)
if we are considering localized controls; in fact, since v and vy, satisfy (1.5), we should have N, = 0 for z;, no
matter which kind of controls we would adopt. Moreover,

@h::/ n-zhdfy:/ n- (25, +75)dy
o0 o
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which is zero if zg* € C;, U, € V;. For localized controls, we use the estimate

|Pn| =

/ n- (2, +05) dy| < C(||25, ll3/2.2,00 + [T5]l3/2.2,00)-
o0

Now we can use the estimate

(1 + [2]) Fnl

2.0 = [(L+[z)(zh @ v+v®2n + hzn @ 220 < Clen]iwa(lvlzo + hllznll2.0)
together with the uniform boundedness of z, r, and zf, in D2(Q) N D*2(Q) N L, (Q), W3(Q) and

W3/2:2(9Q), respectively, to conclude that zj, is uniformly bounded in L?(2) when h is close to zero.
Therefore, there exists

(z,7,25) € WH2(Q) N LY, (Q)] x WH(Q) x C;

such that
wzp, — wz  weakly * in L>(Q), (6.28)
(zn,mn) = (2,7)  weakly in W»?(Q) x W"?(Q), (6.29)
28, — 28 strongly in W3/%2(9Q), (6.30)

along a subsequence as h — 0, where the strong convergence (6.30) follows from the same reasoning as in (5.3).
By classical compactness results, we also have

2z, — 2z strongly in W,22(9),
and since vy, = v + hzp,
v, — v strongly in VVlloc2 Q).

Proceeding as in the proof in Theorem 5.1, we can pass to the limit A — 0 in (6.4)—(6.10) and show that (2,7, 2¢)
satisfies (6.11)—(6.17).
Now we prove the convergence of z;, — z in the norm || - ||2,2,0 + [-]1,=,0. Consider the problem

—divo(zy — 2z, — 1) =V -V(zp, — 2) + w X (2, — 2)
=—[(v-Vzp+2p Vo) = (v-Vz4+2z-Vv)] =g, inQ
div(zp, —2) =0 inQ
h—z2=25, —25 ondQ
lim (zp(x) —2(z)) =0
|| —o0
/ o(zp —z,rp —r)ndy =0
o0
/ xXo(zp—z,rp—7)ndy=0,
Ele)

C C
Rhx — Rx € CTa
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and notice that, since v, — v = hzj,, we can write

—gn = (v-Vzp+zp-Vop)—(v-Vz+2z-Vo)
= v-V(zn—2)+(zn—2) - Vop+2-V(vp, —0)
= v-V(zn—2)+(zn—2) - Vo+hz, - Vz,

and
—gn=div((zp — 2) QU4+ v® (2, — 2) + hzp @ z1,) =: —div Gy,.
We use the fact that z, is uniformly bounded in W22(€2) N L%, (2) to get the following estimates

2.0 = ||U . V(Zh — Z) + (Zh — Z) -Vv+ hzp - thHQ,Q

llgn|
< CRo(Jzn — zl2,0 + [20 — 2]1,0,0) + Al 2n]1,=.0/20l1,2,0] ,

[Ghl2,wa =[(zn —2) @+ 0@ (2n — 2) + hz2i @ zp]2,w,0 < C (Ro[2n — 21w + A2t o q)
with Ry as specified above. Then using ([12], Prop. 4.5), we first deduce that

l2n — zl12.0 + |20 — 2220 + (20 — 2l1wa + Irn — Tlli20 + 125, — 2 ]ls/2,2,00

< C[Ro([zn = 2l1m0 + 20 — 2l1,2,0) + (€] + [w)ll2h, — 2C[ls/2.2.00 + Plz2a]1w0lz012.0 + B[2]3 o] -
This estimate yields a first convergence result for z, — z:

12,0 + 125 = 2l3/2,200 = 0 (b — 0) (6.31)

lzn — 2zl 2,0 + |20 — 2l2,20 + [20 — 2]1,0,0 + ||rh — 7]

under suitable smallness assumptions on Ry as well as (§,w) and the uniform boundedness of zj, already

established.
Let

N := [o(z,7)+ 20V — (wx 2) ® 2+ Flndy, (6.32)
[5}9]

where F' = —(2 ® v 4+ v ® z). Then we have

[NL = NI < C[[(V(zn = 2)smn = 7)|, 00 + CL+ [0ll2,00) 125, — 2 ll2,00 + Chllzi, + T3 00

which goes to zero as h — 0 by (6.31), yielding N = 0 because of N, = 0, see (6.27).
By (3.9), in the case w # 0 (the case w = 0 is even simpler), we have

- w . E1/2
20 < (Jol /04 ) (] 0al) + el

Iz — 2

0 (14 B2 [t 1+ D196 = 2l + 1900) + n = rllas + [Galaa]
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where

My ::/ [o(zp —2z,rn—7)+(2p, —2)QV —(wx ) ® (2, — 2) + Gplndy= N, — N =0 (6.33)
o0

on account of N = N =0, see (6.27) and (6.32), no matter which kind of controls we would adopt, while we
have

Uy, :z/ n-(zp —z)dy =0
19)

as h — 0 since || < C||25, — 26||2,00. Hence, the estimate

I(1 + [2)Gn

2.0 < C([[vllzalzn = 2l1m.0 + hlzn]iz.0llzll2)
and the previous convergence results (6.31) yield ||z, — 2z|l2,0 — 0 when h — 0. We have completed the proof

provided that Ry given by (4.37) is small enough as we have mentioned twice, which is accomplished through
(6.24) with some x1 € (0, co). O

7. NECESSARY FIRST ORDER CONDITIONS FOR AN OPTIMAL CONTROL

In this section, we introduce the Lagrangian associated with problems (4.43) and (4.44), analyze the adjoint
system and obtain a characterization of the optimal controls.

7.1. Introduction of the Lagrangian

Let us define

Yi={veW>*(Q)NLF,(Q); V-v=0inQ}, (7.1)

U:={ue L’ (Q)nD"?Q)ND>*?*Q); V-Vu—wxueL*(Q), V-u=0inQ,
oy, ky €ER® u=0l, +k, x2 ondQ}, (7.2)

Z = L*(09Q). (7.3)
Using these spaces, we can obtain a weak formulation for our problems (4.10)—(4.16).
Proposition 7.1. Assume
(v,p,v€) € Y x WH2(Q) x Cy (7.4)

is a solution of (4.10)—(4.16) associated with v, € Vr. Then

2/Dv:Dudw—/(v-Vu)~vdx+/(V-Vu—wxu)-vda:
Q Q Q

—m(fxw)-ﬂu—((lw)xw)-ku—/39((v*—|—vf)-n)(wxaz)-(fu—l—kuxx) dy=0, Vuel, (7.5)
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W=V —v, =1, 0oa =0, Y(eZ. (7.6)

If (v,p,0S) € Y x WH2(Q) x C, is a solution of (4.10)~(4.16) associated with v. € V; then, a similar result
holds true, but instead of (7.5), we have

2/Dv:Dudx—/(v~Vu)-vdx+/(V-Vu—wxu)-vdx
o Q Q

—m(€ xw) Ly — ((Iw) Xw) -k, =0, Yu€el. (7.7)
Conversely, if (v,0¢) € Y x Cy (resp. Y x C; ) satisfies (7.5) (resp. (7.7)) together with (7.6), then there exists
p € WH2(Q) such that (4.10)—(4.16) hold.

Proof. We use the same cut-off function ©¥g as in the final stage of the proof of Theorem 4.1. Recalling that
(wx ) Vg =0 and (4.38), we obtain

|V - VYrlsrs = I€ - VYrlzrs = C[¢]

with a constant C' > 0 independent of R. Assume u € U, multiply (4.10) by ¥ gu and integrate by parts:

((v=V)-Vv)- (Yru) dz + / (wxv) - (Yru) dz

Q

0 = —/Qdiva(up)-(i/JRu) dx—i—/

Q

- —/890(vap)n~ud7+2/ﬂ1/)RD(v):D(u) dx—/Qz/;R((v_V).VU),vdx

(7.8)
+/(?Q(U—V)~n(v~u) d:z:f/QdJR(wxu)wdz
+ / (2D(v) — pll3) : (u® Vig) do — / Vg - (v—=V)(u-v) dz.
Q Q
On the other hand, using (4.14) and (4.15), we have
m(€ X w) Ly + (({w) xw)~ku—|—/ [—o(v,p)n + ((m—!—vf) n) (v + 08 +V +w x z)] -udy=0.
o0
Combining the above relation with (7.8) yields
0:2/S)wRD(v):D(u) dx—/ﬂwaVumdx—i—/ﬂwR(V~VU—wxu)~vdx
+ / (2D(v) — plls) : (u® Vipr) dox — / Vip-(v—V)(u-v) de
Q Q
—m(§ xw) b, — ((Jw) xw) - ky —/ ((vs + %) n) (wxx)- udy. (7.9)
o9

Recalling (4.38) together with the summability properties given in (7.1) and (7.2), we get

<[ VYr|

3.4r2r (1D@)ll2.0 + [IPll2.0) [ulls,Arzn =0 as R — oo (7.10)

/Q (2D(v) — pll3) : (u® Viog) da
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and

s ananllvllzg |u||6,AR,2R) . (7.11)

1
[ Von: 0= dal <0 (Fllalulnn + Von

Hence, letting R — oo in (7.9), yields (7.5).

Conversely, by taking u € D() in (7.5), we find that there exists p € L% _(Q) such that (4.10) holds. Then
applying ([12], Prop. 2.1) with v ® v € L3°, () and f = —div(v ® v) € L*(2), we deduce that p € W'2(1Q).
Finally, multiplying (4.10) by ¥ ru € U as above, taking R — oo and comparing with (7.5), we obtain (4.14)

and (4.15). O

Remark 7.2. The summability properties assumed for v and u imply that the weak formulation (7.5) is
meaningful. In particular, v € L*(Q) N L>=(Q) and Vu € L?(Q) guarantee that the integral [,(v- Vu) v da is
finite. Moreover, the integral [,[(w x @) - Vu —w x u] - v dz is finite because (w X x) - Vu —w x u € L*(Q).

Proposition 7.1 and the above remarks lead to the following definition of the Lagrangians:

Lr(v,vS,v,,u,() = /|D(v)|2 dx+3/ (ve +05) - nfV + v, + 057 dy
Q 4 Jon
—2/D(v):D(u) dx+/(v~Vu)-vd:c
¢ ¢ (7.12)
—/(V~Vu—wxu)~vdx+m(§><w)-€u+((lw) X W) - ky
Q
—l—/ (v +0) - n) (W x ) (by +ky x ) dy — (v =V — v, — 05, C)an
o0
for (v,v¢,vs,u,() €Y x Cy X Vr x U x Z, and
Lr(0,06,v,,u,) = /|D(v)|2 dm—2/D(v):D(u) dx+/(v~Vu)~vdx
Q Q Q
(7.13)

—/(V-Vu—w><u)~vdx—|—m(§><w)-€u—l—((lw)xw)~k:u
Q
—(v =V —v. =5, ¢)an

for (v, v, vs,u, ) €Y X Cr x Vyr XU X Z.
Let v, be a solution of the problem (4.44) and denote by

(0,75,p) € ¥ x Cyy x WH2(Q)

the corresponding solution of (4.10)—(4.16) given by Theorem 4.1. We now obtain the adjoint system by
considering the equations

DoLr(,7,70,,0,)v=0 Yve, (7.14)

Dye L1 (3,76,0,,1, O)0¢ =0 W€ € Cy (7.15)

*
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for the unknowns , Z . In the case of tangential controls, equations (7.14) and (7.15) are replaced by

DL, (0,7¢,7,,1, C)v =0 Wwe), (7.16)
Dye £.(5,7€,7,,3,O)vé =0 Vol € C.. (7.17)

By computing the Gateaux derivatives of L or L., we can rewrite the above equations. Such a calculation
is standard but for sake of completeness, we give it in the case of (7.16): we have to pass to the limit h — 0 in

~

["r(i)\—’_ hv?%vi}\*aaa C) — ET(aﬂﬁviJ\*?iL C)

h

where

Lo(5+ ho, 7€, 5,,5,0) = /Q\D(6+hv)|2 dx—Z/QD(E—Hw):D(a) dx+/ﬂ((ﬁ+hv)-va)-(6+hv) dz
—/Q(V~V17—w><ﬂ)~(ﬁ+hv) i+ m(€ x w) - fa + (Iw) x w) - ks
G-V —5, — 9%, O)an

and

£.(©,7,7,,1,0) /|D )|? da —2 /D dx+/(6~vﬁ)~6dx
Q
—/ (V- Vil —wx @) -5 dz+m(€ x w) - fa + (Iw) X w) - kn
Q
—(5 -V =5, — ¢, )on
Simplifying the above expressions and letting A — 0 in

L, (7 + hv,7¢, 3., 1, 2) — £,(3,7¢,7.,,7,C)

= /D : D dx+h/|D

+/(U Vu) vdﬂc—l—/ﬂ(v Vu) vda:—i—h/ Vu) v dx

~

—2/D dx_/ﬁ[(V-V)ﬂ—wxﬁ]mdw—(u()ag

yields that (7.16) is equivalent to

2/D(ﬁ—ﬂ): dm—i—/ v- V) Ud$+/(U-Vﬂ)~ﬁdx
Q Q Q

Vi—wxd)-vde—(v,0)an=0, Yvel. (7.18)

5\
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By similar calculations, we see that the relation (7.14) is also equivalent to (7.18), whereas (7.15) and (7.17)
can be respectively written as follows:

1 1
f/1f%W+@+%F®+f/(@+ﬁymv+m+ﬁyﬁdy
4 Joa 2 Jog
+/ (v$ - n) (wx ) -Tdy+ @S, o =0, Vo€ € Cy, (7.19)
o0
and
(0€, Oan =0, Vo€ eC,. (7.20)

~

Once we have a solution (u,() € U x Z to (7.18), see (7.2)-(7.3), we deduce that there exists a pressure
g € L2 (Q) which together with U obeys

loc

—dive(@—0,§—p)—0-Va— (Vi) 0+V -Vi—wxa=0 inQ (
divi=0 inQ (7.22

u=4Vl; +ks xx ondQ (

lim u(z) =0. (

|z|—o00

Since v+ Vi + (V@) "0 — Av + Vp € L?(2) N D~12(Q), see Lemma 7.3 below, we employ Proposition 2.1 to see
that the pressure ¢ € W12(Q) can be singled out.

Taking the scalar product of (7.21) with ¥gv, where v € Y is arbitrary and g is the same cut-off function
as in the final stage of the proof of Theorem 4.1, integrating by parts and letting R — oo (where g € L2(9) is
used), we deduce from (7.18) that

C=o(@—0,p—n. (7.25)

Recalling that Z = L?(9€2) and replacing (7.25) in (7.19), yields

1
[ e =ap—im) o e [ nlv e nr iRy
20 4 Jaq

(v n)(wxa)-ady=0, Vel (7.26)

1
+7/(@+ﬁymv+@+ﬁyﬁm+/
o o0

2

In the case of tangential controls, (7.20) takes the form
/ (0@—a,p—@n) € dy=0, WCecC,. (7.27)
aQ

7.2. Well-posedness of the adjoint system

Now we show that the adjoint system (7.21)—(7.24) subject to (7.26)/(7.27) is well-posed. With ¥ € Y given,
we can define the following mapping

§=F0:DVAQ) » AQND ), urd-Vut (Vo) o, (7.28)
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Lemma 7.3. Assume that v € Y. Then the mapping § is well-defined and continuous:
IS (w) |l L2(@)np-12(0) < Cl0]1,w,0luli 2.0
Proof. Both terms in the formula of §F5(u) can be handled in the same way. First, it is immediate to obtain
[0 Vu+ (Va) "0ll2.0 < 2(0] 0,0l Vullz0 < 2[0]1,m,0lul 2.0

Now we notice that, for arbitrary ¢ € Dé’Z(Q), by the Hardy inequality,

(ﬁ Vu+ (VU)T%\, ('0>D*1~2(Q),Dé’2(9) < Cmﬂl,w,QHVUHQ,Q ‘ < Cﬁﬂl,w,ﬁHVUHZ,QHVSOHQ,SL

w 2,9
Where ’(D(l‘) iS giVen by (41 l) a,nd therefore

0 Vu+ (Vu) "0 120 < C0]1,=0lu

1,2,Q-

Theorem 7.4. There exists a constant ka € (0,co] depending on Q such that if £, w € R® and v. € Vr (resp.

v € Vr) satisfy

€] < Ko, lw| < Ko, V4 |l3/2,2,00 < K2, (7.29)

then the adjoint system (7.21)—(7.24) subject to (7.26) (resp. (7.27)) admits a unique solution (u,q, ¥z, kg) €

Ux WH2(Q) x R x R3.

Proof. We show only the case of localized boundary values since the tangential case is similar. Consider the

Space
B:={ueL*(Q)nD"*(Q)ND**Q); V-u=0inQ},

with the norm ||u||g := |ul1,2,0 + |u|2,2,0-
Assume w € B and consider the unique solution of the linear problem

—divo(u,q)+V -Vu—w xu=5F@@) —dive(v,p) in Q (
divu=0 in Q (
u=a+bxxz ondQ (7.32
lim wu(z) =0, (
|z|— 00
/ (o(u, q)n) - o€ dy = / (B(@) +9H) - ¢ dy, V€ €y, (7.34)
o0 ro)
where
6 (1) = [(w x z) - uln,

1 1 ~
$ = 0(@p)n+ [V 40 + 0P+ S (0. +00) -V + B +09).
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and §(u) is given by (7.28).
More precisely, the above linear system is solved by decomposing u and g as follows

3 3 3 3
u= Z a;v® + Z bV fuy, = Z aiqg™ + Z b:QY + q; (7.35)
i=1 i=1 i=1 i=1

where (v, ") and (V) Q™) are given by (4.6) and (4.7), whereas (uy,qy) is the solution of

—divo(us,qp) +V - Vuy —w x uy = F(@) —dive(v,p) in Q
divuy =0 in Q

ur =0 on 00
lim wuy(x) =0,
|z]|— o0

obtained in Proposition 2.1. Then (u,p) automatically satisfies (7.30)—(7.33). It only remains to choose (a,b)
such that (7.34) holds. Using the basis (4.5) of C,, we reduce (7.34) to

/ (o(u, q)n) - xg"” d7=/ (B@) +9) xg dy (i=1,2,3), (7.36)
o oQ
/ (o(u, q)n) - xGW dy = / (B(@) +9) - xGW dy (i=1,2,3), (7.37)
o0 o

which, in view of (7.35) together with (4.8)—(4.9), can be written as

a C
A=) s
where
A;; :=/ xg@ g dy (i,5 <3), Ay :=/ xgW-GUTH dy (i <3,5 = 4), (7.39)
o0 o0
A; ;:/ XGO3¢ dy (i >4,5<3), Aij ::/ xGU=3.GU=3 dy (3,5 > 4), (7.40)
o o0
ciim [ @@+~ aluann) xg¥ dy (1=1.2,3) (7.41)
o0
i ::/ (@) +9H —o(up,qr)n) - xGP dy (i =1,2,3). (7.42)
o0

By ([12], Lem. 4.3) we know that, for £ and w satisfying (4.39), the matrix A is invertible; in fact, this is
needed and even crucial in Theorem 4.1 although it is hidden in ([12], Prop. 4.5). Thus, we obtain the existence
and uniqueness of (a,b) satisfying (7.38)—(7.42) and deduce that for any u € B there exists a unique solution
(u,q,a,b) € Bx WH2(Q) x R3 x R? of (7.30)—(7.34). By the equation (7.30) we have V - Vu — w x u € L*(Q)
as well, so that v € U.
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To obtain the existence of a solution of the adjoint system (7.21)—(7.24) and (7.26), we only need to show
that the mapping

Z2:B—=>B, u—u

is contractive as long as (¢, w) and v, are small enough. Using the linearity of the adjoint system, it is sufficient
to consider the system

—divo(u,q) +V -Vu—wxu=5@@) inQ
divu=0 in
u=a-+bxxz ondf)

lim wu(z) =0,
|z|—o00
with
a . _1]¢C
=g "
where
¢ ::/ (@) — o(up,qp)n) - xg™ dy (i =1,2,3), (7.44)
o0
d; = / (6(@) — o(us,ap)n) - XG dy (i =1,2,3) (7.45)
o0
and

—divo(uf,qr) + (V- V)uy —w xur =F@) in Q
divuy =0 in Q

ur =0 on 00
lim wuy(x)=0.
|z]|— o0

Using the trace theorem and Proposition 2.1, we have
(a,b)| < C (8@ || L2()np-120) + |w|[E]1,2,0)
and thus, using again Proposition 2.1 and Lemma 7.3 we deduce
IE@)lIs = llulls < C (I8@)llz2(@)np-120) +1(a,0)]) < C([T]1,m0 + [w]) [@h 20 < C(Ro + |wl) [l 5,

where Ry is given by (4.37). This yields the existence and uniqueness of a solution of the adjoint system
(7.21)—(7.24) subject to (7.26) under the condition (7.29) with k2 € (0, cg] small enough. O

7.3. Optimality condition

Recall the mappings A, : v, + (v,0¢) and A, : v, — (v,0¢) defined by (6.2) and (6.3), respectively. For both
cases, we abbreviate them to A and, similarly, we write £ instead of £, or Lr. Because of Proposition 7.1, the
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functional (4.42) can be written as
J(02) = 2 L(A(02), v, ), (7.46)

no matter which (u,{) € U x Z may be. Assume (7.29) and let us take, in particular, the solution @ € U to
the adjoint system (7.21)—(7.24) subject to (7.26)/(7.27) obtained in Theorem 7.4 together with ¢ € Z given by
(7.25) so that (7.14)—(7.15) or (7.16)—(7.17) are satisfied.

We are now in a position to provide the optimality conditions for problems (4.43) and (4.44):

Theorem 7.5. Let Q be of class C3. Set kg := min{k1, K2}, where k1 and Ko are the constants in Theorem 6.1
and Theorem 7.4, respectively. Suppose that &, w € R® and v, € Vr (resp. V; ) satisfy

€] < ko, |w| < Ko, v« ll3/2,2,00 < Ko-
Let U, be a solution of the optimal control problem (4.44) (resp. (4.43)) with k = kg, (0,0$,D) the corresponding

state obtained in Theorem 4.1 and (u,q) the solution of the adjoint system (7.21)—(7.24) subject to (7.26) (resp.
(7.27)) obtained in Theorem 7.4. Then we have

1
/ (0@, ) - (v — B) d7+7/ (vs — B2) - n|V + 5, + € dy
o o0

4
+ %/(m(if* +708) - n(V + 0, +7°) - (v, —@)d’y4—/BQ((11,k —U) n)(wxz)-udy=0, VY, eV, (7.47)
in the case of localized controls, while
/3 (=T ) (0. =) 7 20, Vo € VI, (7.48)
in the case of tangential controls.
Proof. We begin by showing that
S Du T@.)0. = Dy £(AE), 00,8, 0D, AB e + Do LA@), B, v (7.49)

where the direction v, € Vr must be taken such that (U, vs)yws/2290) < 0 if [[U4][3/2,2,00 = Ko, whereas it can
be arbitrary if ||v||3/2,2,00 < Ko-
In order to compute

J(@, + hv) — J(3,)

D, J (V. )ve = ,llim

—0 h
we write
1J@ + ) = J@) LAG +h,), 0 + e, @, ) — LIA(D.), ., 7, 0)
2 h N h
_ LA@. + h), By + h, @, C) — L(A(DL), Ts + hos, T, C)
B h

~ ~

‘C(A(i]\*%i}\* + h’U*,a, C) — ;C(A(i)\*),i}\*, a) C)

* h
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and, by the definition of Gateaux derivative, it is clear that

: ﬁ(A(ﬁ*%i}\* +h’U*,iI/\7<) _C(A(i}\*)aﬁ*aaa A) s
lim =
h—0 h

The relation
AUy + hvy) = AU,) + hDy,, AU )vs + o(h) = A(Dx) + h(Zh, Eg*),
with (2, 25,) := Dy, A(Vs)vs + o(h)/h, yields

LAG, + hvy), By + ho,, 4, C) — LIA®GY), By + hoy, G, )

h
o LA@) + h(Er 25, T + h, @, Q) — LIAD), B + hos, T, )
n h
PR PN h
= D(U,US)L(A(U*)?U* + hv*)”v C)(Z}Hzg*) + #
Therefore
AA* *7/\* *,Ay/\_ AA*’A* *7/\7 . ~ ~ ~ A o~
i SO £ h02), e+ b 8,8) = LA@.), 0. + v, ,0) — 1im Dy ve) LA, B + s, 8, 0) (B 25,)-

h—0 h h—0 T

Note that, by Theorem 6.1, the convergence

A(@, + hv,) — A@3)

(2, 26.) = n = Do A@ v = (Z2)  (h—=0)
means that
12— 2ll220 + [2 — Z1m + 135, — ZClla/20.00 — 0. (7.50)

In the case of localized controls, we have

DyLr(AG.), B, + s, @, O = 2 / D( @) : D(Ey)dz + /
Q

Q

(5-va) -2 dx—l—/ (31-Va) -9 da
Q

—/[(V-V)ﬁ—wxﬂ]~2h dx—/ /Z’\h-ZdS (Ehey), (7,51)
Q

o0

1
De Lr(A(Vs), Vs + hos, 1, C Zhe = 1/ 28 - n|V 40, + hv, + 052 dy
1 ~
5 (U*+hv*+v) n(V + 0, + hv. +95) - 25, dy

/ Eom)(wxa)-Gdy+ (K Doa (5 €Cy),  (752)
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and analogously for £, so that by taking the limit » — 0 in (7.51) and (7.52), and using (7.50), we get

o~ o~

LIN@, + hv.), B, + ho., 8,0) = L(A®.), 5. + ho., @)
h

lim

lim = Dy,0e) L(A(V), Vs, Uy 2) Doy, A0 ) 0.

Having shown (7.49) and using the definition of the adjoint system, specifically (7.14)—(7.15) or (7.16)—(7.17)
we get

~

1
5 D0, J(@)v. = Dy LA@L), s T, O (7.53)

Now, using that V/° and V{° are convex sets, we deduce from J (v, + h(v. — vy) = J(¥) for every v, € Vo
or Vi° and h € (0,1) that

%DU*J(@)(W* “8.) = Dy Lo (Ar(8.), 50,8, 0)(0s —B2) 20, Vo, € VRO, (7.54)

and that
%DU*J(@)(U* —8) = Dy Lr(Ay(5.), 50,8, O)(vs —52) 20, Vo, € VI, (7.55)
Using (7.12), (7.13) and (7.25), we deduce (7.47) and (7.48). O

Note that in Theorem 7.5, if in particular ||v||3/2,2,90 < ko, then conditions (7.47) and (7.48) become
respectively

SO 1 ~ 1, . ~ ~
o(v—u,p—q)n+1|V—|—v*+ﬁ|2n+5((U*+5f)-n)(V+v*+ﬁf)+((wxx)-u)n LV (7.56)

and
c(—u,p—qn LV, (7.57)
in L2(09).
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