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NEW REGULARITY RESULTS AND FINITE ELEMENT ERROR
ESTIMATES FOR A CLASS OF PARABOLIC OPTIMAL CONTROL
PROBLEMS WITH POINTWISE STATE CONSTRAINTS*
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Abstract. We study first-order necessary optimality conditions and finite element error estimates
for a class of distributed parabolic optimal control problems with pointwise state constraints. It is
demonstrated that, if the bound in the state constraint and the differential operator in the governing
PDE fulfil a certain compatibility assumption, then locally optimal controls satisfy a stationarity system
that allows to significantly improve known regularity results for adjoint states and Lagrange multipliers
in the parabolic setting. In contrast to classical approaches to first-order necessary optimality conditions
for state-constrained problems, the main arguments of our analysis require neither a Slater point, nor
uniform control constraints, nor differentiability of the objective function, nor a restriction of the
spatial dimension. As an application of the established improved regularity properties, we derive new
finite element error estimates for the dG(0) — c¢G(1)-discretization of a purely state-constrained linear-
quadratic optimal control problem governed by the heat equation. The paper concludes with numerical
experiments that confirm our theoretical findings.
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1. INTRODUCTION
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The aim of this paper is to study state-constrained, parabolic, distributed optimal control problems of the

form

Minimize J(y,u) := /OT (j(-,y) +g(u))dt + o(y(T))

wrt. we L*0,T;L%()), ye L*0,T; H*(Q))n H'(0,T; L*(Q)),
st. O+ Ay=u ae. in Qfora.a. t e (0,7T),
tr(y) =0 a.e. on 0f) for a.a. t € (0,7,
y(0) =yo a.e. in ),
and y > a.e. in Q for a.a. t € (0,7).
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2 C. CHRISTOF AND B. VEXLER

Here, Q C R%, d > 1, is a bounded domain with a sufficiently regular boundary, 7' > 0 is a given final time,
§:[0,T] x L?(Q) — [0,00), g: L*(Q) — (—o0,00] and ¢: L*(2) — [0,00) are (not necessarily differentiable)
maps with suitable properties, A is an elliptic second-order partial differential operator, and ¢ € H?(Q) and
Yo € HL () are given functions satisfying tr(¢) < 0 a.e. on 9Q and yo > 9 a.e. in . For the precise assumptions
on the quantities in (P), see Section 2.

We establish that, if the bound v and the operator A satisfy the compatibility condition Ay < 0 a.e. in §2, then
local minimizers 4 € L2(0,T; L?(2)) of (P) are also solutions of a stationarity system (roughly of weak type, cf.
[34] and [56], Sect. 4.1) which involves an adjoint state p € L*°(0,T; L*(Q)) N L*(0,T; Hy () N BV ([0, T};Y7)
and a multiplier 1 € M([0,T] x cl(Q)) N Wy(0,T)*. Here, Y, and Wy(0,T) are defined by Y, := H}(Q) N
HY(Q), v > d/2, and Wp(0,T) := {z € L*(0,T; H} () N H*(0,T; H1(2)) | 2(0) = 0 a.e. in Q}, respectively,
and M([0,T] x cl(?)) denotes the space of regular Borel measures on [0,7] x cl(€2). We further demonstrate
that the adjoint state p is an element of L>°((0,7") x ) when the spatial dimension d is smaller than four and ¢
is sufficiently smooth, that optimal controls @ of (P) inherit all of the regularity properties of p when g is equal
to || - ]2, (q)> and that a full KKT-system (involving all of the aforementioned regularities) can be recovered
for (P) when the functions j, g and ¢ are differentiable. Note that these findings significantly improve what
was previously known about the L"(0,T; W14(f2))-regularity properties of adjoint states and optimal controls
of problems of the type (P). See below for a more detailed discussion of this topic. For the main results of this
paper on the properties of local solutions @ of (P) and first-order necessary optimality conditions, we refer the
reader to Theorems 3.3 and 3.4 and Corollaries 3.5 and 3.6. As an application of our regularity results for @, p
etc., we derive new finite element error estimates for a standard dG(0)-cG(1)-discretization of a purely state-
constrained linear-quadratic optimal control problem governed by the heat equation. The order of convergence
that we establish in this context - || — @gn || z2(0,7;12(2)) = O(k'/? + h) up to logarithmic factors - is the same
as that proved for optimal control problems with integral constraints on the states y or L*°-constraints on the
controls u in [32, 41, 42]. For further details on this topic and our precise assumptions on the discretization etc.,
see Section 4.

Before we begin with our analysis, let us give some background: Recall that, in the classical theory, the
derivation of a KKT-system for an optimal control problem with an affine linear control-to-state operator and a
convex state constraint of the form y € Y, typically requires the existence of a Slater point, i.e., of an admissible
control u whose state y is contained in the interior of the set Y,4 of all admissible states (defined w.r.t. a suitable
topology). Compare, for instance, with the results in [2, 5, 8, 12, 13, 20, 22, 28, 29, 32, 41, 42, 44, 48, 49] in this
context. For the problem (P) with its parabolic PDE and its pointwise-a.e. constraint y > 1, this causes a lot
of difficulties. The most severe are the following:

— For the set of all functions y with y > 1 a.e. in Q for a.a. t € (0,7) to have a non-empty interior, one
typically has to work at least with the topology of the space L>((0,T) x ), and this, in turn, is usu-
ally only possible if the solution operator S: u +— y of the governing partial differential equation maps
the set of admissible controls into the essentially bounded functions. In the case of the problem (P),
the latter requirement can, in general, only be guaranteed in the one-dimensional setting or in the pres-
ence of suitable control constraints so that the applicability of Slater-type conditions is often severely
limited.

— Since one usually has to work with the space L*°((0,7) x ) (or C([0,T] x cl(£2)), respectively) to be
able to satisfy a Slater condition for an inequality of the form y > ¢ a.e. in Q for a.a. ¢ € (0,T), the
Lagrange multiplier, that is obtained for such a pointwise state constraint by means of the classical the-
ory, is typically only a measure on [0,7] X cl(2). This implies in particular that the adjoint state p in a
KKT-system, that is derived for a problem of the type (P) by exploiting a Slater condition, can, in general,
only be shown to possess the comparatively poor regularity p € L™(0,T; W14(Q)) for all 7, q € [1,2) with
2/r+d/q>d+1, ¢f ([11], Sect. 6) and the results in [8, 20, 22, 32]. Since optimal controls commonly
inherit the regularity properties of the associated adjoint states, the suboptimal regularity results for p
are often problematic, e.g., in the context of a priori finite element error estimates.
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For additional comments on this topic, see also the discussions in the introductions of [31, 37, 49, 50].

The strategy that is most commonly used in the literature to circumvent the above difficulties surrounding
the Slater condition in the analysis of parabolic distributed optimal control problems of the type (P) is to
employ regularization or penalization techniques that either incorporate the constraint y > v into the objective
function or introduce artificial bounds on the controls v which ensure a higher regularity of the attainable states
y. Compare, for instance, with the results in [5, 6, 37, 44, 46, 48-50] in this context where Lavrentiev- and
Moreau-Yosida-type regularizations are studied, and with [20, 22, 41] where the control space is restricted a
priori. For an approach alternative to regularization/restriction techniques, see also [52], where it is proposed to
work simultaneously with two different functional analytic settings - one which allows to establish the existence
of an optimal control and one which allows to satisfy a Slater condition - to derive KKT-type stationarity
systems for problems with states of low regularity.

What (at least to the best of the authors’ knowledge) all strategies currently found in the literature have in
common is that they do not yield any regularity properties for the optimal controls @ or the adjoint states p of a
problem of the type (P) that go beyond u,p € L?(0,T; L?(£2)) or the already mentioned p € L"(0,T; W4(Q))
for all r,q € [1,2) with 2/r +d/q > d+ 1, cf., e.g., the results in [37, 49, 52]. This is very unsatisfactory not
only because additional information about the regularity of  and p is crucial for a proper analysis of numerical
solution procedures for problems of the type (P), but also because, for optimal control problems governed by
elliptic partial differential equations with pointwise state constraints, the adjoint state p can often be shown to
possess far more regularity than one would expect for a function that is characterized by a PDE with a measure
on the right-hand side (i.e., the adjoint equation). Compare, for instance, with ([12], Thm. 3.1) in this regard,
which establishes that the adjoint state is an element of H'(£2) N L°°(2) in the elliptic case and thus drastically
improves the W14(Q)-regularity for all 1 < ¢ < d/(d — 1) that is obtained from the adjoint equation, and also
with the W1°°(Q)-regularity result for optimal controls @ in ([13], Thm. 4.2). (Note that the proofs in [12, 13]
rely heavily on the existence of a Slater point, the classical KKT-theory and the ellipticity of the governing
partial differential equation. It thus does not seem to be possible to extend the arguments used in [12, 13] to
the parabolic setting.)

In the present paper, we demonstrate that it is indeed possible to derive improved regularity results similar
to those in [12, 13] for parabolic optimal control problems of the type (P) when the bound ¢ in the state
constraint and the elliptic part A of the governing PDE satisfy Ay < 0 a.e. in Q (see Thm. 3.3, Thm. 3.4 and
Cor. 3.5). We further show that these results can be established without ever working with a Slater condition so
that our approach also automatically resolves all of the aforementioned difficulties concerning the existence of
Slater points in the parabolic setting. In the situation where the functions j, g and ¢ are differentiable, we are
moreover able to recover a full KKT-system for the problem (P) involving all of the classical complementarity
and slackness conditions (see Corollary 3.6). This shows that our assumption Ay < 0 a.e. in  can be interpreted
as a non-standard constraint qualification that offers an alternative to the classical Slater condition. (Note that,
analogously to the existence of a Slater point, the condition Ay < 0 a.e. in  can be verified a priori and
without any knowledge about the optimal controls of (P), and that the assumption Ay < 0 a.e. in 2 is trivially
satisfied for all constant bounds 1).) The main idea of our analysis is to incorporate the state constraint y > ¢
in (P) into the control-to-state mapping S: u + y. This results in an optimal control problem governed by
an evolution variational inequality which can be analyzed very effectively with regularization techniques. We
remark that, in the elliptic setting, a similar argumentation has already been used in ([18], Cor. 5.5). For more
details on this topic, see also the discussion after the proof of Proposition 3.2. At least to the best of the
authors’ knowledge, the regularity results and first-order necessary optimality conditions established in this
paper are new and have not been explored so far in the literature. The same seems to be the case for the finite
element error estimate (4.15) that we derive as an application of our regularity results in Section 4 for a purely
state-constrained linear-quadratic optimal control problem governed by the heat equation. We remark that, for
problems involving L*°-constraints on the control, estimates analogous to (4.15) have already been obtained in
[32].

We conclude this introduction with a short overview of the structure and the content of the paper.
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After briefly clarifying the notation that we use in our analysis in Section 1.1, we discuss preliminary results
on the existence of solutions to (P) and the properties of parabolic partial differential equations in Section 2.
Here, we also summarize our standing assumptions on the quantities in (P), see Assumption 2.1.

In Section 3, we then show that, under the assumption Ay < 0 a.e. in 2, problems of the type (P) can
indeed be reformulated as optimal control problems governed by evolution variational inequalities, and that this
reformulation indeed allows to derive first-order necessary optimality conditions and improved regularity results
for optimal controls and adjoint states (see Thm. 3.3 and the subsequent corollaries). Section 3 also contains
three tangible, self-contained examples that illustrate what our results mean in practice.

In Section 4, we demonstrate that the regularity results established in Section 3 allow to derive new a priori
finite element error estimates for purely state-constrained parabolic optimal control problems. The approach
that we employ in this section roughly follows the lines of ([12], Sect. 5) - see Theorem 4.8 for the main
result. Section 4 concludes with numerical experiments that confirm our theoretical findings, a corollary on the
H*(0,T; L?(Q))-regularity of optimal controls, and some remarks on possible generalizations of our analysis.

The appendix of this paper collects some auxiliary results on stability properties of parabolic partial dif-
ferential equations and truncation operations in Sobolev—Bochner spaces that are needed for the analysis of
Sections 2—4. The theorems found here may also be of independent interest.

1.1. Remarks on the notation

In what follows, we use the standard symbols L4(Q2), C*7(cl(Q)), H5(Q), H*(Q) and W*4(Q), 1 < g < o0,
kEeN, 0<vy<1,s>0, for the Lebesgue-, Holder- and (fractional) Sobolev spaces on a bounded Lipschitz
domain Q C R?, d > 1, respectively. Given a Banach space Z and a T > 0, we further denote with Z* the
topological dual of Z and with L9(0,T; Z), Wk4(0,T; Z), H*(0,T; Z), BV([0,T); Z) and C([0,T);Z), 1 < q <
00, k € N, s > 0, the Lebesgue-Bochner spaces, the Sobolev-Bochner spaces, the space of functions of bounded
variation, and the space of continuous functions with values in Z, respectively. Recall that, in the special case
Z = L*(Q), we have L?(0,T;L?(Q)) = L?((0,T) x Q). This will be exploited frequently in our analysis. For
later use, we also introduce the notation

Wo(0,T) := {z € L*(0,T; Hy(Q)) N H' (0, T; H () | 2(0) = 0 a.e. in Q} (1.1)

and Y, := HJ(Q) N H7(Q) for all v > 0. As usual, when working with the spaces H}(£2) and C(K) on an open
set 2 C R? and a compact set K C R? we define H~1(f2) to be the dual of H}(Q) with pivot space L?(f)
and identify C(K)* with the space M(K) of signed, regular Borel measures on K wia the Riesz representation
theorem. For details on this topic and the precise definitions of all of the above spaces, see [1, 3, 4, 27, 35, 47].
Norms, scalar products and dual pairings are denoted by || - ||, (-,-) and (-,-) in this paper, equipped with
suitable indices that specify the space we are referring to. For the Euclidean norm, we also use the notation
| - |. The boundary and the topological closure of a set are denoted by 9(-) and cl(-), respectively. If we want
to emphasize that the closure is taken w.r.t. a certain topology, then we again add a suitable subscript. The
arrows — and — indicate weak and strong convergence, and the symbols 9 and J, are used for the convex and
the Clarke subdifferential in the sense of ([24], Def. I-5.1) and ([19], Sect. 2.1). With 0, Op, n=1,...,d, V,
A, tr(+), £9, o(-) and O(+), we denote the weak time derivative in the Sobolev-Bochner sense, the weak spatial
partial derivatives, the weak spatial gradient, the weak spatial Laplace operator, the spatial trace operator
(with varying domains of definition), the d-dimensional Lebesgue measure, and the classical Landau symbols,
respectively. A prime is used for Gateaux and Fréchet derivatives in the functional analytic sense. Given a
function v: (0,7) X  — R and a measurable set D C (0,T) x Q, we further define {v*0}, x € {=, #, <, >, <, >},
to be the set {(t,z) € (0,T) x Q| v(t,x) * 0} and 1p: (0,7) x 2 — {0,1} to be the indicator function of D.
Where appropriate, we consider {v*0} to be defined up to sets of measure zero and identify 1 with an element
of L*((0,T) x Q). Finally, we set at := max(0,a) and a~ := min(0,a) for all a € R. Note that, in addition
to the above definitions and conventions, further symbols etc. are introduced in this paper wherever necessary.
This supplementary notation is defined where it first appears in the text.
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2. PROBLEM STATEMENT AND PRELIMINARY RESULTS

As already mentioned in the introduction, the main goal of this paper is to study state-constrained, parabolic,
distributed optimal control problems of the type

Minimize J(y,u) := /OT (j(.,y)+g(u))dt+¢(y(T))

wrt. uw€ L*(0,T;L*(Q)), ye€ L*0,T; H*(Q)) N H'(0,T; L*()),
st. O+ Ay=wu ae. in Qfora.a. te (0,7), (P)
tr(y) =0 a.e. on 0N for a.a. t € (0,7,
y(0) = yo a.e. in Q,
and y > a.e. in Q for a.a. t € (0,7).

Our standing assumptions on the quantities in (P) are as follows:

Assumption 2.1 (Standing assumptions for the study of problem (P)).

e Q CR? d>1,is a bounded domain, which is convex or possesses a C'*'-boundary, and 7' > 0 is a given
final time.
e j:[0,T] x L*(Q2) — [0,00) is a function with the following properties:
(i) j(-, 2) is Lebesgue measurable for all z € L?(1),
(ii) 4(-,0) is essentially bounded,
(iii) for every r > 0 there exists a constant C, > 0 independent of ¢ with

l7(t, 21) — j(t, 22)| < Crllz1 — 22l 22(0)

for all ¢t € [O,T] and all z1, 25 € LQ(Q) with ||2,’1||[12(Q)7 ||22||L2(Q) <r.
e g: L?(Q2) — (—00,0q] is a function with the following properties:
(i) g is convex, proper and lower semicontinuous,
(ii) there exist constants C; > 0, Cy € R with

g(z) > Cl||z||%2(9) +Cy Vz e LA(Q),

(iii) for all z1, 2y € L?(Q) which satisfy z;” = 237 and z; < z; a.e. in €, it holds g(z1) < g(z2). (Recall that
2z~ :=min(0, z) < 0 so that z; < z; a.e. in Q is equivalent to |27 | < |25 | a.e. in Q.)
e ¢: L?(Q2) — [0,00) is a function which is Lipschitz on bounded sets.
e A is a second-order partial differential operator of the form

d
Av = — Z Om, (AmnOnv) + agv (2.1)

m,n=1

with coefficients a,,, € C%1(cl(Q)), ag € L>(£2) such that

d
ap 20,  amp=anm  and > tmnémén > al¢)? (22)
m,n=1
holds a.e. in Q for all m,n =1,...,d and all £ € R? with some o > 0. In what follows, we interpret A as

a mapping A: H}(Q) — H~1(Q) or A: H?>(Q) — L%*(Q) depending on the situation.
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e Y € H%(Q) is a given function with tr(¢)) < 0 a.e. on 9.
e yo € H}() is a given function with yo > 1 a.e. in Q.

We remark that we could also consider other boundary conditions here. We restrict the analysis to homo-
geneous Dirichlet conditions for the sake of simplicity. The assumptions, that we have made above, are quite
natural for the study of optimal control problems of the type (P). Only the third condition on g may appear a
bit unusual at first glance. It will become clear in the proof of Proposition 3.2 why we restrict our analysis to
functions g with this property. To demonstrate that the setting introduced in Assumption 2.1 is quite general,
we note the following:

Example 2.2 (Possible choices for j and g). All of the following functions fit into the framework of
Assumption 2.1 (as one may easily check):

— The L?-tracking term
. ) 1
G0, TV x LX) = [0,00),  j(t:2) = 5ll2 = yp ()72,

with some arbitrary but fixed measurable and bounded function yp: [0,7] — L*(Q).
— The L!-tracking term

Jt [OvT] X LQ(Q) - [0700)7 j(tvz) = HZ - yD(t)”Ll(Q)a

with some arbitrary but fixed measurable and bounded function yp: [0,7] — L*(Q).
— The L2-Tikhonov regularization term with pointwise-a.e. control constraints

5 Z||z||2L2(Q) if ug <z <uypae. inQ
9: L7(Q) = [0,00],  g(2) := 4 2 :

00 else

with some arbitrary but fixed measurable functions u,, up: Q — [—00, 00] with u, <0 < up a.e. in  and
some v > 0. (The choice u, = —00, up = 0o, which corresponds to the case without control constraints, is
allowed here.)

— The L!-Tikhonov regularization term with pointwise-a.e. control constraints

if ug <z <uyp a.e in Q

b

g @) = 0o gz) = {V”Z“wm
00 else

with some arbitrary but fixed uq,u, € L?(Q) satisfying u, < 0 < up a.e. in Q and some v > 0. (The
“bang-bang” case v = 0 is allowed here.)

For some examples of problems satisfying the conditions in Assumption 2.1, see also Section 3. To prove that
(P) is well-posed, we recall:

Proposition 2.3 (Properties of the PDE in (P)). For every u € L*(0,T; L?(f2)), there exists a unique solution
y € L*(0,T; H2(2)) N HY(0,T; L*(Y)) of the PDE

Oy+Ay=u a.e. inQ fora.a. te(0,T),
tr(y) =0 a.e. on 08) for a.a. t € (0,T), (2.3)
y(0) = yo a.e. in €.
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This solution also possesses C([0,T]; HL(Q))-regularity, and there exists a constant C > 0 depending only on A,
Q, and T such that the solution map S: u — y associated with (2.3) satisfies

1S (u1) = S(u2)ll 220,751 )y + 1S (w1) = S(u2)llcqo11:02(0)) <Cllur — u2llLio,1;02(0) (2.4)
Vui,us € L2(0,T; L*()).
Further, the operator S is completely continuous as a function from L*(0,T;L*(Q)) to C([0,T]; L?(Q)) N
L?(0,T; HY(Q)), i.e., the convergence u, — u in L?(0,T;L*(Q)) implies S(u,) — S(u) in L2(0,T; H}(Q))
and C([0,T); L?(£2)).

Proof. The unique solvability of the PDE (2.3), the C([0, T|; H}(Q))-regularity of the solution y and the Lipschitz
estimate (2.4) follow from ([4], Thm. 4.3), ([15], Thm. 2.3) and the regularity results for the operator A in
([33], Thm. 3.2.1.2), ([30], Thm. 9.15). To establish the complete continuity of S, one can use (for example)
the Lipschitz estimate (2.4), the theorem of Aubin-Lions (see [53], Thm. 10.12), and a simple bootstrapping
argument. We leave the details to the reader as the arguments are fairly standard. O

As a direct consequence of the last result, we obtain:

Proposition 2.4 (Solvability of (P)). Suppose that there exists a function u € L?(0,T; L?(2)) satisfying
T
S(u) > ¢ a.e. in Q for a.a. t € (0,T) and / g(u)dt < oo. (2.5)
0

Then the problem (P) admits at least one global solution u € L?(0,T; L*(Q)).

Proof. From the properties of g and ([14], Lem. 2.5.2), we obtain that the map G: L?(0,T;L*(Q)) —
(=00, 0], z — fOT g(z)dt, is well-defined, convex, lower semicontinuous, proper and coercive in the sense that
there exist constants C1 > 0 and Cy € R with G(2) > Cill2l72(g 1,121y + Co for all 2 € L?(0,T; L*(Q)).
Proposition 2.3 and our standing assumptions on the functions j and ¢ further imply that the map
H: L*(0,T; L*(Q)) — [0,00), z + fOTj(~7 S(2))dt + ¢ (S(2)(T)), is well-defined and completely continuous. The
claim now follows straightforwardly from the direct method of calculus of variations. O

Note that (2.5) just expresses that there should be at least one control u € L?(0,T; L*(2)) that is admissible
for (P) and yields a finite value of the reduced objective function J(S(u), ). If such a point does not exist, then
the objective function is identical 400 on the admissible set of (P) and discussing this problem is clearly not
very sensible. In practice, the existence of a control with the property (2.5) is often evident from the start or can
easily be established, e.g., with a maximum principle. Compare, for instance, with Examples 3.9-3.11 in this
context. We would like to point out that, here and in what follows, we only refer to those points as local/global
solutions of (P) that satisfy a local/global optimality condition and yield a finite value of the objective function
J, i.e., we work with the following definition:

Definition 2.5 (Optima of (P)). A point @ € L?(0,T; L*(Q2)) is called a local solution of (P) if it is feasible in
the sense of (2.5) and if there exists an r > 0 such that J(S(@), @) < J(S(u), ) holds for all u € L?(0,T; L*(9))
which satisfy (2.5) and |lu — [ z2(0,7;22(q)) < . If 7 can be chosen as infinity, then we call % a global solution.

3. FIRST-ORDER OPTIMALITY CONDITIONS AND REGULARITY RESULTS

Having discussed the solvability of the problem (P), we now turn our attention to first-order necessary
optimality conditions and questions of regularity. As already explained in the introduction, the approach, that
we use in the following to study the properties of optimal controls @ of (P), is based on the idea to completely
avoid working with a Slater condition and to exploit an alternative constraint qualification instead that does
not suffer from the problems discussed in Section 1. (The term “constraint qualification” is actually a bit of
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a stretch here since the proofs of Proposition 3.2 and Theorem 3.3 below also rely on the assumptions on the
structure of the objective J of (P) made in Section 2. We use this expression for lack of better terminology.)
The condition, that is at the heart of our analysis, reads as follows:

Definition 3.1 (Condition (X)). The problem (P) is said to satisfy (X) if
Ay <0 a.e. in Q.

Note that condition (X) can be checked a priori and that (X) is trivially satisfied for all constant bounds
¥ = ¢ with ¢ € (=00, 0]. In particular, (X) also covers the case ¢y = 0 in which a Slater point cannot exist for
(P) in the continuous functions due to the zero boundary conditions in the governing PDE. The main reason
for the usefulness of condition (X) is the following observation:

Proposition 3.2 (Reformulation of (P) under condition (X)). Suppose that @ € L*(0,T;L*(Q)) is a
local (respectively, global) solution of the problem (P) with state § := S(u) € L*(0,T; Hi(2) N H%(Q)) N
H(0,T; L*(Q)). Then it holds

o+ Ay LT ae in {§ > ¥} (3.1)
4w LM ae in{y=1}’ .
and, if (X) is satisfied, then @ is also a local (respectively, global) solution of the problem
T
Minimize J(y,0) = [ (3(9) +9(w)) de + o(u(1)
0
w.rt. w€ L*(0,T;L*(Q), ye L*0,T; H*(Q)) N H'(0,T; L*(Q)),
s.t. y(t) € K fora.a. t€(0,T), y(0)=yo a.e. inQ, Q)

T
/0 (Ory + Ay — u,v = y) ya(qydt 2 0

Yo e L*(0,T; Hy (), wv(t) € K for a.a. t € (0,T),

where K is the set defined by K = {z € H}(Q) | 2 > 9 a.e. in Q}.

Proof. We proceed in several steps: First, we note that (2.3), Lemma A.1, and the regularity results for the state
y := S(u) in Proposition 2.3 yield that @ = 0,5+ Ay holds £t 1-a.e. in (0, T) x Q and that 9, (7 — ) + A(g— ) =
0 holds L£¥*l-ae. in {y = ¥}. (Here and in what follows, we identify elements of L?(Q2) with elements of
L2(0,T; L*(Q2)) that are constant in time everywhere where it is appropriate.) If we combine the last two
identities, then we immediately arrive at (3.1). This proves the first claim of the proposition.

Next, let us consider the inner variational inequality in (Q), i.e., the problem

y € L*(0,T; H*(Q)) N H'(0,T; L*(Q)),
y(t) € K for a.a. t € (0,T), y(0) =yp a.e. in £,
T (3.2)
/ <8ty+Ay_uaU_y>Hé(Q)dt20
0

Vv € L?(0,T; Hy (), v(t) € K for a.a. t € (0,T).
From ([4], Thm. 4.3, Cor. 4.4) and ([15], Thm 2.3), we obtain that this evolution variational inequality possesses

a well-defined solution map R: L?(0,T; L?(2)) — L2(0,T; H*(Q)) N C([0,T); Hi () N HY(0,T; L*(Q)), u — v,
that is globally Lipschitz as a function from L2(0,7T;L?(2)) to L°(0,T;L?(Q)) N L?(0,T; H}(2)). Suppose
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now that we are given some u € L2?(0,T; L*(Q)) with associated y := R(u), and let @ € L?(0,T; L*(Q)) =
L2((0,T) x Q) be defined by

u  LMlae in {y >y}
= gl . . (3.3)
Ay Llae in {y =1}
We claim that, if condition (X) holds, then this modified control satisfies
T T
R(u) =R(a) =S(u) =y and / g(a)dt < / g(u)dt, (3.4)
0 0

where the identity in (3.4) is to be understood as an equality between elements of the space L%(0,T; H?(2)) N
C([0,T); HY(Q)) N HY(0,T; L*(Q)). Indeed, if (X) is satisfied, then it follows straightforwardly from (3.2), the
regularity of y, Lemma A.1 and the same arguments as in the first part of the proof that @ = d;y + Ay holds
L1 a.e. in (0,T) x Q. This yields R(@) = S(@) = R(u) = y (as one may easily check by plugging this formula
into (3.2)). Further, we obtain from (3.2) and again the same arguments as in the first part of the proof that
@ —u=Ap —u= 0w+ Ay —u > 0 holds L% 1-a.e. in {y = ¢} and, as a consequence, that 0 > A =4 > u
holds £ a.e. in {y = 1}. Here, the inequality At < 0 follows from condition (X). The above implies that
the positive and negative parts of u and % satisfy vt = @+ and v~ < @~ L% -a.e. in (0,T) x Q, and, by our
assumptions on g, that fOT g(w)dt < fOTg(u)dt holds. This establishes (3.4) as desired.

Let us assume now that (X) holds, that 4 € L?(0,T; L?()) is a global solution of (P), that u € L?(0,T; L*(Q2))
is arbitrary but fixed and that @ and R are defined as in (3.3) and (3.4). Then the optimality of @ in (P), the
fact that elements of the space H'(0,T; L?(£2)) that are identical necessarily also have the same traces w.r.t. t,
and our previous results yield

T
| (36 R + gw)at + 6 (Reu) (7))
0
2/0 (j(-,R(U))+g(ﬁ))dt+¢(R(U)(T))=/0 (j(-,S(ﬂ))+g(ﬂ)>dt+¢(5(ﬂ)(T))
T ) - - - T . ~ ~ -
> [ (5@ + a@)ar+ 6 (S@D) = [ (56 R@)+o(0))at + 6 (R@D))

where, in the last line, we have used the trivial identity S(u) = R(u), c¢f. (2.3) and (3.2). This proves that, if
(X) holds, then every global solution @ of (P) is also a global solution of (Q).

It remains to prove the claim for local solutions. To this end, we argue by contradiction: Suppose that (X)
holds and that 4 € L?(0,T; L?(Q2)) is locally optimal for (P) with state j = S(u) = R(u) but not a local solution
of (Q). Then there exists a sequence {u,} C L*(0,T; L?(Q)) with u,, — @ in L?*(0,T; L?(f2)) such that

T T
/ @mmw»+m%0a+¢mwmw»</ (36, R@) + g(@))dt + 6 (R@(T)  (3.5)
0 0
holds for all n where R again denotes the solution map of (3.2). Define y,, := R(u,) and (as in (3.3))

. u, LM™lae. in {y, > ¢}
Uy 1= .
Ay LM™lae. in {y, =}
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Then we obtain from (3.4) that these modified controls satisfy S(@,) = R(u,) = R(u,) = y, and

T T
/ (4 R(@n)) + glin) )dt + ¢ (R(@n)(T)) < / (50, Blun)) + g(un) )t + 6 (R(uw)(T)) . (3.6)
0 0
We claim that the sequence {i,} converges to @ in L?(0,T; L*(Q)). To see this, we note that (3.1) implies

U L4 ae. in {7 >}
Ay LMae in {g=y}

In tandem with the definition of @, and the identification L2(0,7T; L?(Q)) = L2((0,T) x Q), the above yields

i — a“Lz(O,T;LZ(Q)) < H]l{yn>¢}(“n - ﬂ>HL2((0,T)xQ) + H]l{yn:w}(Aw - a)HLZ((O,T)XQ) (3.7)

< lup — ﬂHL?((O,T)xQ) + H]l{yn:w@?}(Aw - Q)HLZ((O,T)XQ) :

Since u,, — % in L*(0,T; L*(Q)) and since R is continuous from L2(0,T; L?(2)) to L2(0,T; L?(2)), we know
that y, — 9 holds in L?(0,T; L?*(Q2)) and thus (at least after passing over to a subsequence) that y, — ¥
pointwise a.e. in (0,77) x €. This convergence implies in particular that 1, _,<z — 0 pointwise a.e. and, by
the dominated convergence theorem, that

Yn=

H]l{yn:w<17} (Ay — ﬂ)HL?((O,T)xQ) — 0.

From (3.7), it now follows that i, indeed converges to u in L?(0,T;L?*(Q2)) for n — oo. This convergence, in
combination with (3.5), (3.6) and the assumed local optimality of @ for (P), yields a contradiction. A local
solution @ of (P) is thus always locally optimal for (Q) if (X) is satisfied and the proof is complete. O

We remark that, under additional assumptions on the function g, it is also possible to show that local/global
solutions of (Q) are local/global solutions of (P). For details on this topic, see ([18], Sect. 5) where an analogous
equivalence is established in the elliptic case and subsequently exploited for the derivation of necessary and
sufficient second-order optimality conditions.

The reader might ask at this point why it is useful to make the observation in Proposition 3.2. The control-
to-state map of (Q) is, after all, not affine linear (or even differentiable) anymore so that (Q) seems to be
significantly more complicated than the problem (P) that we started with. However, the problem (Q) has one
fundamental advantage: Since the constraint y > 4 is incorporated into its control-to-state operator, (Q) can
be treated far more effectively with regularization techniques than the original problem (P). To see this, note
that the governing variational inequality in (Q) can also be written as

Oy +Ay+Bly—¢)>u ae. in Qforaa. te(0,T),
tr(y) =0 a.e. on 0N} for a.a. t € (0,7, (3.8)
y(0) =yo a.e. in €,

where 8 denotes the maximal monotone graph in R x R defined by

0 ifr<0
B(r) =4 (—00,0] ifr=0.
0 ifr>0
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Suppose now that we replace 8 by a suitable, monotonously increasing regularization 5.: R — R satisfying
B:(0) = 0 and (in an appropriate sense) S — § for £ \, 0, and consider the approximate problem

Oy+Ay+ By —¢) =u a.e in Qfora.a. te (0,7),
tr(y) =0 a.e. on 0N} for a.a. t € (0,7), (3.9)
y(0) = yo a.e. in .

Then it is straightforward to derive first-order necessary optimality conditions for (Q) by replacing the variational
inequality (3.8) in (Q) with (3.9) and by subsequently passing to the limit with the regularization parameter
€. What is beneficial in the above regularization approach is that, in (3.9), the S.-term constitutes a monotone
part of the governing PDE. Because of this, it is possible to exploit the properties of the differential operators 9
and A to obtain comparatively strong, e-independent bounds for the primal and dual quantities in the necessary
optimality conditions associated with the regularized version of (Q). (We will see below that we obtain precisely
L2(0,T; HY(Q))- and L®°(0,T; L*(Q2))-regularity here.) A similar effect is not present, when we directly mollify
the problem (P), where the inequality y > 1 is a constraint on the upper level and thus, in a sense, separated from
the governing partial differential equation. Compare, e.g., with the regularization approaches in [5, 37, 48-50]
in this context, where at most L2(0,T; L?(£2))-bounds are obtained.
By making the above informal argumentation rigorous, we arrive at:

Theorem 3.3 (First-order necessary optimality condition for (P)). Suppose that (X) holds, let v be an arbitrary
but fized real number with v > d/2, and let Y, and Wy(0,T) be defined as in Section 1.1. Then, for every local
solution u € L2(0,T; L?(2)) of the optimal control problem (P) with associated state § := S(u), there exist an
adjoint state

p € L>®(0,T; L*(Q)) N L*(0, T; Hy () N BV ([0, T]; Y) (3.10)
and multipliers

ne M([O’T] X CI(Q)) n WO(O)T)*’ M Mg € LOO(OaT§ Lz(Q))7 Ny € Lz(Q)a

such that
n;(t) € 0c4(t,y(t)) for a.a. t € (0,T),
Tlg(t) € Og(a(t)) for a.a. t € (0,T), 211
p(t) +14(t) =0 for a.a. t € (0,T), (3.11)
My € 0cp(Y(T)),
and
O+ Ap=1;—p  n(0,T)xQ,
tr(p) =0 on (0,T) x 09, (3.12)

p(T) =1 in

holds. Here, 0.j(t,z), 0.¢(2), and Og(z) denote Clarke’s generalized differential and the convex subdifferential
of the maps L*(Q) > 2z + j(t,z) € R, L?(Q) > 2+ ¢(2) € R and L*() 3 z — g(2) € (—o0, 0], respectively,
and the PDE for p is understood as a formal identity in Wo(0,T)*, i.e., in the sense that, for all z € Wy(0,T),
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we have

T
/0 (<atz + AZ?Z_)>H6(Q) - (ﬁj7 Z)LQ(Q) )dt + <:L_l’7 Z>W0(O,T) - (Z(T)7 ﬁ¢)L2(Q) =0. (313)

Proof. All assertions of the theorem follow straightforwardly from Proposition 3.2 and the necessary optimality
conditions for problems of the type (Q) derived by regularization in ([4], Chap. 5). Compare in particular with
([4], Prop. 5.2, Lem. 5.3, 5.4, Eq. (5.28)) in this context. O

In certain situations, we can obtain even more information about the adjoint state p in (3.10) as the following
result shows:

Theorem 3.4 (Additional information about the adjoint state). Suppose that condition (X) is satisfied and
consider the situation in Theorem 3.5.

(i) If d € {1,2,3} holds and if ¢ is a C*-function such that ¢': L*(Q) — L*(Q2) maps bounded subsets of
L2(Q) into bounded subsets of L>°(SY), then the stationarity system in Theorem 5.3 holds true with the
additional reqularity

B e L®((0,T) x Q). (3.14)

(i) If (in addition to the conditions in Assumption 2.1), we know that the function g is real-valued and Gateauz
differentiable with derivative g': L*(2) — L?(Q) and that the objective J of (P) is Gateaux differentiable
and locally Lipschitz continuous as a map from L9(0,T; L?(Q)) x L?(0,T; L?(Q)) to R for some 1 < q < o0
with partial derivative 0,J(y,u) = ¢'(u) € L?(0,T; L*(Q)) for all u € L*(0,T;L?(Y)), then the adjoint
state p in (3.10) is unique and also satisfies

P € clpzo i) (RT(K-19)),
where § := S(u) denotes the state associated with @ and where
K:={z€L*0,T;Hy(Q)NH"(0,T; H ' (Q)) | 2> ¢ a.e. in (0,T) x Q}.
In particular, in this situation, we have
p(t) >0 Hi-q.e. in {g(t) =¥} for a.a. t € (0,T),

where “q.e.” is short for quasi-everywhere in the sense of ([9], Sect. 6.4.3).

Proof. To obtain the L>°((0,T) x Q)-regularity of p in (3.14), we note that, in the situation of (i), the proof of the
stationarity system in Theorem 3.3 in ([4], Chap. 5) implies that there exist functions 0 < x,, € L>=((0,T) x )
and bounded sequences {n,} C L>=(0,T; L*(Q)), {9,} C L?(Q2) such that the (necessarily unique) weak solutions
pn € L2(0,T; HY(Q)) N HY(0,T; H~1(Q)) of the partial differential equations

- atpn + Apn + XnPn =0n In (07 T) X Q,
tr(pn) =0 on (0,7T) x 09, (3.15)
pn(T) = ¢ (9,) in Q,

converge weakly in L?(0,T; H}(Q)) and weakly-x in L°°(0,T; L?(Q2)) to p for n — oo. Compare in particular

with ([4], Eqgs. (5.28), (5.34), Lem. 5.3, Prop. 5.2) in this context and note that, due to our assumptions on
¢, the analysis of [4] holds without an additional regularization of this function. Applying Lemma A.3 to
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the PDE (3.15) (or the PDE for p,(t) := pn(T — t), to be more precise) yields that there exists a constant
C=C(Q,T,d,a) > 0 with

[Pnll Lo 0,1y x) < 1" (In)llLos (@) + CllnnllLe 0,102 (@)

for all n. The claim in (i) now follows immediately from the fact that the last estimate, the properties of {n,}
and {0,}, and our assumptions on ¢ imply that there exists a constant C > 0 independent of n satisfying
[Pnll Lo ((0,7)x0) < C, the weak convergence of the sequence {p,} in L?(0,T; H}(2)) to p, and the fact that the
set of all elements of the space L2(0,T; H(€Q)) whose L((0,T) x Q)-norm is smaller than C' is convex and
closed and thus weakly closed by the lemma of Mazur.

To establish (ii), it suffices to note that the assumptions on ¢ in (ii) and Theorem 3.3 imply p = —7j, =
—g¢'(@) = —0,J(7,u) and to invoke Proposition 3.2, ([15], Thm. 5.5i) and classical results on tangent cones of
sets with unilateral bounds in H{ (2), see ([45], Lem. 3.2). This completes the proof. O

We remark that the assumptions on ¢ in Theorem 3.4(i) can be relaxed if it is possible to ensure along different
lines (e.g., by exploiting suitable control constraints) that the quantities V¢§(y-(T)) in ([4], Eq. (5.28)) remain
bounded in L>® () as ¢ tends to zero. We omit a detailed discussion of this topic to avoid redoing the analysis of
[4] completely. As usual, the optimal control @ in Theorem 3.3 directly inherits the regularity properties of the
adjoint state p when the function g is sufficiently well-behaved. In particular, for an L2-Tikhonov regularization
term, we have:

Corollary 3.5 (Regularity properties of optimal controls). Suppose that (X) holds and that there exist a v > 0
and measurable functions ug,up:  — [—00,00] with ug, <0 < uy a.e. in Q such that the function g in (P) has
the form

%HZH%Q(Q) if ug <z <y a.e. in Q

g: L*(9) — [0, 00], g(z) = { (3.16)

00 else

Then the following is true:

(i) If ugy = —00 and up = 0o holds, then every local solution @ of (P) satisfies
§ € L%(0,T; I2(Q) 0 L2(0,T; HY(9)) 0 BV(0,T); ¥7)

with Y., v > d/2, defined as in Section 1.1 and Theorem 3.3.
(ii) If uq,up € H(Q) U {00} holds, then every local solution @ of (P) satisfies

u € L=(0,T; L*(Q)) N L*(0,T; Hy ().
(iii) If, in the above cases (i) and (ii), the function ¢ and the spatial dimension d satisfy the assumptions of

Theorem 3.4 (i), then every local solution @ of (P) additionally satisfies w € L>((0,T) x Q).

Proof. The assertions of Corollary 3.5 follow straightforwardly from Theorem 3.3, Theorem 3.4, Stampacchia’s
lemma, see ([3], Thm. 5.8.2), and the fact that the inclusion —p(¢t) € 9g(u(t)) for a.a. t € (0,T) can be rewritten
as

1
a(t) = max (ua,min (ub, p(t))) a.e. in ) for a.a. t € (0,7T)
v

for functions g of the form (3.16). O
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Note that the last three results indeed provide significantly more regularity for the adjoint state p, the
multiplier z and the optimal control @ than approaches that are based on a “direct” regularization of the problem
(P) or a classical Slater condition, cf. [8, 11, 20, 22, 32, 37, 49, 52]. Theorem 3.3 and 3.4 and Corollary 3.5 are
thus similar in nature to the results derived for elliptic problems in ([12], Thm. 3.1) and ([13], Thms. 4.2, 4.3). We
remark that in particular the L>((0,T) x Q)-regularity of p and @ in Theorem 3.4(i) and Corollary 3.5(iii) turns
out to be an important property in practical applications. Compare, e.g., with ([49], Rem. 2.9) in this context,
where it is explained that the condition @ € L*°((0,T) x Q) allows to establish the strong convergence of a certain
regularization scheme, and with the FE-error analysis in Section 4, where the pointwise-a.e. boundedness of p
is a crucial ingredient.

Regarding the regularity of the multiplier zz in (3.12), we would like to clarify at this point that the inclusion
g€ M([0,T] x cl(Q)) N Wy(0,T)* in Theorem 3.3 should be understood in the following sense: fi is an element
of the dual space Wy(0,7)* such that there exists a measure A € M([0,T] x cl(Q2)) with

(B 2w 0.1y = (N z}c([o_’T]de)) Yz € Wo(0,T) N C([0,T] x cl()). (3.17)

It is important to realize here that, for a given fi, there are always multiple measures A which satisfy the
condition (3.17) (due to the homogeneous Dirichlet boundary conditions in Wy (0,T)). To overcome this issue,
one can impose, e.g., additional conditions on \, see Corollary 3.6 below.

A major drawback of the stationarity system established in Theorem 3.3 is that it does not contain any
complementarity conditions for the multiplier & and the function § — ¢. If the regularization term g has the
form (3.16), then the easiest way to recover such conditions is to use the information about the regularity of
the optimal controls 4 of (P) in Corollary 3.5 to restrict the control space of (P) and to subsequently apply
the classical Slater-based KKT-theory. (Note that the solution map S: u +— y of the PDE (2.3) maps the space
L*>°(0,T; L)) into the continuous functions for all ¢ > d/2 and all sufficiently regular yo so that it is indeed
possible to satisfy a classical Slater condition in the restricted setting if the spatial dimension is small enough,
see ([23], Thm. 3.1).) If the functions j, g and ¢ are sufficiently smooth, then it is also possible to establish the
complementarity 0 < i L § — ¢ > 0 by a direct computation as the following result shows. This approach has
the advantage that it also works in those cases where, e.g., yo and ¥ are identically zero and where the Dirichlet
boundary conditions in (2.3) make the existence of a Slater point in C'([0,7] x ¢cl(€2)) impossible regardless of
the continuity properties of the states y.

Corollary 3.6 (Uniqueness of dual quantities and complementarity conditions). Suppose that (X) holds, let @ €
L2(0,T; L*(Q)) be a local solution of problem (P), and define § := S(u). Assume (in addition to the conditions
in Assumption 2.1) that g is real-valued and bounded on bounded sets, that the functions j(t,-), g(-) and ¢(-) are
Gateaux differentiable for all t € [0, T] with derivatives j'(t,-), ¢'(-) and ¢'(-), that the derivative ¢’ is coercive
(in the sense of (3.21)), and that 0.j(t,z) = {j'(t,2)} and 0.¢(z) = {¢'(2)} holds for all t € [0,T] and all
z € L*(Q). Then @ is an element of L>(0,T; L*()), the functions p, 7j;, i, and 7 in the necessary optimality
condition of Theorem 3.3 are unique, 7;, 7y and 7y satisfy

0i(t) = 3" (6, g(),  0e(t) = g'(u(t)) for a.a. t € (0,T) and 17y =& (y(T)), (3.18)

the multiplier ji in Theorem 3.5 is unique and non-negative as an element of the dual space Wo(0,T)*, and
there exists a unique, non-negative A € M([0,T] x cl(Q)) with

Ao, r1x09u{0}x0 = 0, (3.19)
w0 = () eoriay 7 € Wol0,T) 1 C(0,T] x cl(2). '

Moreover, in this situation, we have the following:
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(i) If d € {1,2,3} and yo € Hj(Q) N H*(Q) holds, then §j — 4 is an element of C([0,T] x cl(Q)) and the
function § — 1 and the measure A defined by (3.19) are complementary to each other in the sense that

g—1>0in[0,T] x cl(£), A >0 in M([0,T] x cl()),
(A, =0.

<

- ¢>c([o,T]xd(sz))

(ii) If the dimension d is arbitrary and yo = v € HL(Q) N H2(Q) holds, then § — 1) is an element of the space
Wo(0,T) defined in (1.1) and the function § — 1 and the multiplier i are complementary to each other in
the sense that

G—v>0ae in(0,T)xQ, >0 inWy(0,T)",

o (3.20)
(9 — ¢>W0(0,T) =0.
Proof. The identities in (3.18) follow straightforwardly from the assumptions on j, g and ¢ and the results of
Theorem 3.3. In particular, 7;, 7, and 7, are uniquely determined, and we obtain from (3.11) and (3.12) that
the adjoint state p is unique and that the multiplier 7i is unique as an element of Wy (0,7T)*. To prove that @ is
an element of L>°(0,T;L?(f2)), we note that (3.10) and (3.11) imply that there exists a constant C' > 0 with

(g'(u(t)),u(t))r2(o) _ (=p(t), u(t)) L2 ()
a2 a2

<C for a.a. t € (0,7).

The L>=(0,T; L*(Q))-regularity of @ now follows easily by contradiction from the coercivity of ¢/, i.e., the
convergence

(¢'(2), 2)r2) _

Izl L2 (@) =00 2]l 22(0)

(3.21)

Suppose now that an arbitrary but fixed z € C2°((0,T] x ) is given such that § + sz > 1 holds a.e. in Q
for a.a. t € (0,T) for all sufficiently small s > 0. Then it follows from the L>(0,T; L?(2))-regularity of @, the
boundedness of g on bounded subsets of L?(£2), the properties of j and p, Proposition 2.3, the regularity of z,
and the local optimality of 4 that ¢/(u) € L°°(0,T; L?*(Q2)) and

g(ﬂ),g(a + S(atz + AZ))73(7Q + SZ),](,ZJ) € LOO(O’T)

holds for all s > 0 and that

/T (j(-,y +52) = 5(.9) | glut (0= + A2)) - g(u)> 4 + 2@+ s2)(@) —¢wT) - (3.22)
0 s § 5

holds for all sufficiently small s > 0. Note that the convexity of g and the Lipschitz continuity property of j in
Assumption 2.1 imply

g(u+ s(0¢z + Az)) — g(a) _ (g/(ﬂ) Oz + AZ)LQ(Q)

< g+ Oz + Az) — g(u) — (¢'(0), Oz + Az) 12(q) € L>(0,T)

0<
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and

'](7374-32)_](,?7)

’ < Cllzl| oo (0,1322(02)) a.e. in (0,7)

for all s € (0,1] with some constant C' > 0 independent of s. This allows us to use the dominated convergence
theorem to pass to the limit s \, 0 in (3.22) and to obtain

/ (02 ey + (6 (@805 + 42) 2y ) + (@D, HT)) 2y > 0.
Due to (3.12) and the properties of p and z, the last inequality can also be written as
(1> 2) w0,y 2 0- (3.23)
Since z € C°((0,T] x ) was an arbitrary function with g+ sz > 9 for some s > 0, we may now deduce that
</7'7’Z>WO(O,T) >0 V0 <2zeC((0,T] x Q)

holds and, by mollification, that i is a non-negative element of Wy (0,T)*. Consider now two arbitrary but fixed
A1, A2 € M([0,T7] x cl()) that satisfy

</L’Z>WD(0,T) = <)\1’Z>C([O,T]XC1(Q)) = <)‘2’Z>C([O,T]XCI(Q))

for all z € Wy(0,T)NC([0,T] x cl(2)), cf. (3.17). Then it follows straightforwardly from the non-negativity of fi
as an element of Wy(0,T)* and mollification that the restrictions of A; and Ay to the set (0,7] x  are identical,
non-negative Borel measures. By defining A := A1](o,7x0 € M([0,T] x ¢cl(£2)), we now obtain a representation
of i as a measure which has all of the desired properties and is trivially unique. This proves the first part
of the corollary. It remains to establish (i) and (ii). To this end, let us first assume that d € {1,2,3} and
Yo € HE () N H?(Q) holds. Then, it follows from ([23], Thm. 3.1) and the regularity @ € L°(0,7T; L?(2)) that
the function § — ¢ is continuous and that the contact set C := {(¢,z) € [0,T] x cl(R) | (§ — ¥)(t,x) = 0} is
well-defined in the classical sense. The latter allows us to use test functions z € C2°((0,T] x Q) with support
away from C in (3.23) to deduce that the support of the measure A defined by (3.19) is contained in C. The
complementarity in (i) now follows immediately. If, on the other hand, we know that yo = v € H}(Q) N H?(Q)
holds, then § — % is clearly an element of Wy(0,T") and we obtain from the properties of g, u, and 1 that
0 (g — )+ A(J — ) = — Ay € L°°(0,T; L?(Q2)). Using this regularity and exactly the same arguments as for
the functions z € C°((0,T] x Q) in the first part of the proof as well as the trivial estimates § + (¢ — §) > v
and g+ (g — ¥) > 1, it follows that + (a,7 — 1/1>W0(07T) > 0. This proves the third line in (3.20). Since the
inequalities in (3.20) are trivial due to the feasibility of 4 and the non-negativity of i in Wy (0,7)*, this yields
the assertion in (ii) and completes the proof. O

Note that it makes sense that we need additional regularity assumptions on § — v in Corollary 3.6 to obtain
complementarity conditions. Without these assumptions, it is not even clear if a dual pairing between g — 1
and fi can be defined.

As usual, in the presence of convexity, the necessary optimality conditions in Corollary 3.6 are also sufficient.
To be more precise, we have the following:

Corollary 3.7 (Necessary and sufficient condition in low dimensions). Suppose that d € {1,2,3} and yo €
HY(Q) N H?(Q) holds, and that (X) is satisfied. Assume (in addition to the conditions in Assumption 2.1) that
g 1s real-valued and bounded on bounded sets, that the functions j(t,-), g(-) and ¢(-) are Gdteauz differentiable
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for allt € [0,T) with derivatives j'(t,-), ¢'(-) and ¢'(-), that the maps j(t,-) and ¢(-) are convex for allt € [0,T],
and that the derivative g' is coercive. Then a control u with associated state y := S(u) is a local/global solution
of (P) if and only if there exist an adjoint state p and a measure A such that the following holds true:

a € L>=(0,T; L*(Q)), A € M([0,T] x cl(Q)),
7€ C([0,T] x cl(Q)) VL0, T; HY () N H2(Q) N W40, T; L*(Q)) V1 < ¢ < oo,
p e L>(0,T; L*(Q)) N L*(0,T; Hy () N BV([0,T]; Y;),
p(t) + ¢’ (a(t)) =0 for a.a. t € (0,T),
—0p+ Ap=j'(-,9) — X in (0,T) x Q,
tr(p) =0 on (0,T) x 09, p(T) = ¢'(H(T)) in Q,
y— >0 in[0,T] x cl(), A >0 in M([0,T] x cl(Q)),

<5\7 Y- 7/’>c([o,T]xcl(Q)) =0

(3.24)

Here, Y., v > d/2, is again defined as in Section 1.1 and Theorem 3.3.

Proof. Recall that, for locally Lipschitz continuous, Gateaux differentiable and convex functions, the Clarke and
the convex subdifferential are always identical and only contain the Gateaux derivative, see ([19], Prop. 2.2.7)
and ([24], Prop. I-5.3). This shows that the conditions on j, g and ¢ in Corollary 3.6 are satisfied in the
situation of Corollary 3.7. From ([25], Thm. 5.3) and again ([33], Thm. 3.2.1.2), ([30], Thm. 9.15) and
([23], Thm. 3.1), we obtain further that our assumptions d € {1,2,3} and yo,% € H%(Q) imply S(u) €
L0, T; H*(Q)) N WH4(0,T; L*(Q)) and S(u), S(u) — v € C([0,T] x cl(Q)) for all u € L>°(0,T;L*()) and
all 1 < ¢ < co. By invoking Theorem 3.3 and Corollary 3.6, it now follows immediately that every local solution
@ of (P) satisfies (3.24). It remains to prove that every @ which satisfies (3.24) is a global optimum of (P).
To this end, let us assume that we are given a control @ with state § such that (3.24) holds with some p and
X. Then we know that @ is admissible for (P) and it follows from Proposition 2.4 that (P) possesses a global
solution @. According to the first part of the proof, this solution @ has to satisfy @ € L>(0,7; L?(f2)) and
§:=S(w) € C([0,T] x cl(Q)) N L2(0,T; H*(Q)) N H(0,T; L*(R)). By exploiting the convexity of the functions
§(t,-), g(-) and ¢(-) and the properties of §, 7, p and A, we may now deduce that

> ([0,T]xcl(£2))

I/\
A~ o~
>/I >/I
@z

>c([0 T]xcl(Q))

(<005~ 9) — AW~ 1) Py op + G005~ Dy )t + (G = D), & GT))) gy

I
g\\

( (@), @ = @) ) + (7595 = D) (e )2+ (&G, (G = D)D) ey

ﬂﬂ J(y,u

IN

~—

Thus, J(g,a) < J(g,4) and @ is indeed a global solution of (P). This establishes the reverse implication and
completes the proof. O

Corollary 3.8 (Necessary and sufficient condition in arbitrary dimensions). Suppose that ¥ = yo and yo €
HY(Q) N H%(Q) holds, and that (X) is satisfied. Assume that j, g and ¢ satisfy the conditions in corollary 5.7.
Then a control @ with associated state § := S(@) is a local/global solution of (P) if and only if there exist an
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adjoint state p and a multiplier i such that the following holds true:

u € L>™(0,T; L*(Q)), i€ M([0,T] x cl(2)) N Wy (0,T)*,
g€ L90,T; Hy () N H*(Q) nWh(0,T; L*(Q)) V1< q < oo,
p e L>(0,T; L*(Q)) N L*(0,T; Hy () N BV ([0,T]; Y;),
p(t) + ¢’ (a(t)) =0 for a.a. t € (0,T),
—0p+Ap=j'(-y) — p in (0,T) x Q,
tr(p) =0 on (0,T) x 09, P(T) = ¢'(y(T)) in Q,
g—1¥>0ae in(0,T)xQ, §G>0in Wy(0,7)",

(1,9 = V)woo.1) = 0.

(3.25)

Here, Y., v > d/2, and Wy(0,T) are defined as in Section 1.1 and Theorem 3.3.

Proof. From the assumption ¢ = yo € HE () N H%(Q) and Proposition 2.3, it follows that S(u) — 1 € Wy(0,T')
holds for all v € L?(0,T; L?(2)). By invoking Theorem 3.3, Corollary 3.6 and again ([25], Thm. 5.3), we now
obtain that every local solution @ of (P) satisfies (3.25). To prove the reverse implication, we can use exactly
the same arguments as in the proof of Corollary 3.7. Indeed, due to the convexity of the involved functions, we
may compute that, for every @ which satisfies (3.25) with § := S(a) and some p, i, we have

0<(my— 1/J>WO(0,T) =,y — 37>W0(0,T)
T
— [ (@@= @iy + G0 = 80y )+ (T 0= DT
< J(y,u) = J(g,u)
for all admissible u € L2(0,T; L*(Q)) with state y := S(u). This proves the claim. O

We conclude this section with three tangible, self-contained examples that illustrate what the previous results
mean in practice. We begin with a simple tracking-type optimal control problem governed by the heat equation
in dimension d € {1,2,3}:

Example 3.9 (Heat equation without control constraints in low dimensions). Suppose that a bounded, convex
(or C11-) domain Q@ C R?, d € {1,2,3}, av >0, a T > 0, a subharmonic ¢y € H?(Q) with tr(¢)) <0 on 99, a
Yo € H} () N H%(Q) with yo > ¢ a.e. in Q and a yp € L>(0,T; L?(2)) are given, and consider the problem

. e 2 v [T 2
Minimize 3 lly — yDHL2(Q)dt + 5 ||u||L2(Q)dt
0 0

wrt. we L*0,T;L*(Q), ye L*0,T; H*(Q))n H(0,T; L*(Q)),
st. Oy —Ay=uwu ae. in Q fora.a. te (0,7), (3.26)
tr(y) =0 a.e. on 0N} for a.a. t € (0,7,
y(0) = yo a.e. in €Q,
and y > a.e. in § for a.a. t € (0,T).

Then the stationary control u = —Ayyg is admissible for (3.26), and it follows from the strict convexity of (3.26),
Proposition 2.4, Theorem 3.4 and Corollaries 3.7 and 3.5 that (3.26) admits one and only one solution @ with
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state ¢ := S(u) which is uniquely characterized by the KKT-system

u,p € L>((0,T) x Q)N L*(0,T; Hy () N BV ([0,T];Y;),
g € C([0,T] x cl(Q)) N LY0,T; Hy (Q) N H*(Q)) nWhH4(0,T; L*(2)) V1 < ¢ < o0,
A€ M([0,T] x cl(2)),
p(t) +va(t) = 0 for a.a. t € (0,71,
—0p—Ap=y—yp—Ain (0,T) x Q, (3.27)
tr(p) =0 on (0,7T) x 99, p(T) =0 in £,
p(t) >0 Hi-qe. in {g(t) =} for a.a. t € (0,T),

g—1>0in[0,7] x cl(), A >0 in M([0,7T] x cl(Q)),

<5\a Y- w>C([0,T]><C1(Q)) =0

Here, Y,, v > d/2, is again defined as in Section 1.1 and Theorem 3.3, and “qg.e.” is short for quasi-everywhere,
see ([9], Sect. 6.4.3).

Note that Example 3.9 also covers, e.g., the degenerate case yg = 1) = 0, where Slater points cannot exist in
C([0,T] x cl(€2)) due to the Dirichlet boundary conditions in (3.26). For arbitrary d > 1, we obtain:

Example 3.10 (Heat equation without control constraints in all dimensions). Suppose that a bounded, convex
(or C*1-) domain Q C RY, d > 1, a T > 0, a subharmonic v € H}(Q) N H?(Q), a yr € L*(Q), av > 0, and a
yp € L>(0,T; L?(Q)) are given, and consider the problem

T

o e v 1
Minimize 5 [y~ yplaedt + 5 [ st + 318T) = el
0 0

wrt. we€ L*0,T;L*(Q)), y<€ L*0,T; H*(Q)) N HY(0,T; L*()),
st. Oy —Ay=u a.e. inQ fora.a.te (0,7), (3.28)
tr(y) =0 a.e. on 0N) for a.a. t € (0,7),
y(0) = a.e. in £,
and y > a.e. in {2 for a.a. t € (0,7).

Then the stationary control u = —A4 is admissible for (3.28), and it follows from the strict convexity of (3.28),
Proposition 2.4, Corollary 3.5 and Corollary 3.8 that (3.28) admits one and only one solution @ with state
g := S(a) which is uniquely characterized by the KKT-system

u,p € L>(0,T; L*(Q)) N L*(0,T; Hy (22)) N BV ([0, T}); Y.),
g€ LU0, T; HY () N H2(Q)nWh(0,T; L*(Q)) V1 < g < oo,
i€ M([0,T] x cl()) N W(0,T)*,

p(t) +va(t) =0 for a.a. t € (0,7T),

-0 —Ap=y—yp —pin(0,T) x Q,
tr(p) =0 on (0,7) x 09, p(T) =g(T) — yr in Q,
g—1 >0ae in (0,7)xQ, & >0in Wy(0,T)",

<ﬂv y— w>Wo(O,T) =0.

Here, Y,, v > d/2, and W, (0,T') are defined as in Section 1.1 and Theorem 3.3.
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As a final example, we consider an optimal control problem that not only contains a pointwise state constraint
but also a non-smooth term and a control constraint:

Example 3.11 (An L!-tracking-type optimal control problem with a lower control constraint). Suppose that
a bounded, convex (or C11-) domain Q C R?, d € {1,2,3}, a T' > 0, a subharmonic ¢ € H2(Q) with tr(¢)) <0
on 99, a u, € H(Q) with u, <0 a.e.in Q,av >0, ayr € L}(Q), and a yp € L=(0,T; L*()) are given, and
consider the optimal control problem

T T
. v
Minimize / ||y—yD||L1(Q)dt+§/ Hu||2L2(Q)dt—|—/ V1+ (y(T) —yr)?da
0 0 Q

wrt. we L*0,T;L*(Q)), ye€ L*0,T; H*(Q)) N H(0,T; L*(Q)),
st. Oy —Ay=u a.e. in(Q fora.a. te (0,T),

3.29
tr(y) =0 a.e. on 9N for a.a. t € (0,7), (3:29)

y(0)=0 a.e. in £,
and y > a.e. in Q for a.a. t € (0,7,
and  u > u, a.e. in Q for a.a. t € (0,7).

Then the control v = 0 is admissible for (3.29) (since the maximum principle for subharmonic functions implies
¥ <0 ae. in Q), and it follows from the strict convexity of (3.29), Proposition 2.4, Theorems 3.3 and 3.4,
Corollary 3.5, ([19], Prop. 2.2.7), ([23], Thm. 3.1), ([25], Thm. 5.3), ([33], Thm. 3.2.1.2), and ([30], Thm. 9.15)
that (3.29) is uniquely solvable, that the unique solution @ of (3.29) and its state § := S(u) satisty

u € L>((0,T) x Q)N L*0,T; Hy(Q)),
g€ C([0,T] x cl(Q)) N LI0,T; HY () N H?(Q)) N W40, T; L*(Q)) V1 < ¢ < oo,

and that there exist

pEL®((0,T) x Q)N L*0,T; Hy(2)) N BV ([0,T);Y7),
i€ M([0,T] x cl(Q)) N Wy (0,T)*, 7€ L=(0,T; L*()),

such that @, g, p, i and 7 satisfy the system

4(t) = max (ua, —ip(t)) a.e. in Q for a.a. t € (0,7,
n(t) € O - [l (§(t) — yp(t)) for a.a. t € (0,T),
—0p—Ap=1—pin (0,T) x Q,
_ y(T) —yr
V1+@@(T) - yr)?

in Q

tr(p) =0 on (0,7) x 99, 2(T)

Here, Y., v > d/2, and W(0,T') are defined as in Section 1.1 and Theorem 3.3.

4. APPLICATION TO FINITE ELEMENT ERROR ESTIMATES

In what follows, we demonstrate that the regularity results established in Section 3 allow to derive new a
priori error estimates for the finite element approximation of parabolic, distributed optimal control problems
with pointwise state constraints. To avoid obscuring the basic ideas of our analysis with technicalities, we do
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not aim for the highest possible generality in this section but focus on the model problem in Example 3.9, i.e.,
the L?-tracking-type optimal control problem for the heat equation

Minimi 1 r 2 d v T 2 d
inimize 5 ; Hy*yDHy(Q) t+§ 0 HUHLZ(Q) L

wrt. w€ L*(0,T;L%(), y<€ L*0,T; H*(Q)) N H*(0,T; L*(Q)),
st. Owy—Ay=u ae. inQ fora.a. te (0,7T), (4.1)
tr(y) =0 a.e. on 0N} for a.a. t € (0,7,
y(0) = 5o a.e. in €,
and y > a.e. in Q for a.a. t € (0,T).

For comments on possible generalizations of the subsequent results, see Remark 4.10. Our standing assumptions
on the quantities in (4.1) are as follows:

Assumption 4.1 (Standing assumptions for the study of problem (4.1)).

e QO CRY de {23}, is a bounded, convex, polygonal/polyhedral domain.

e v>0,T>0,yp € L>®(0,T;L*(Q)) and yo € HL(Q) N W2>(Q) are given.

e ) € W2>(Q) is a subharmonic function and the continuous representatives of ¢ and y, satisfy ¢ < 0 and
1 < yo everywhere in cl(2).

Note that a classical Slater condition in L*°((0,7") x ) cannot be satisfied in the above situation since the
solution map S: u + y of the governing PDE only maps into the space L?(0,T; H%(2)) N H(0,T; L?(Q))
L>((0,T) x ), cf. the discussion in [49, 50]. To calculate an approximation of the (necessarily unique) solution
@ of (4.1), we use a standard dG(0)-cG(1)-scheme analogous to that in [7, 22, 32, 41, 42] (i.e., FE-functions
that are piecewise constant in time and piecewise affine and continuous in space). We collect our standing
assumptions on the involved meshes etc. in:

Assumption 4.2 (Assumptions and notation for the discretization of (4.1)).

e We are given a family of partitions 0 =: tg < t; < --- < tpy := T of the interval (0,7] into cells I, :=
(tm—1,tm] of length kp, := €y —tim—1, m = 1,..., M, with maximum width & := max,, k,, < min(1/2,7/4)
such that there exist constants ¢y, co,c3 > 0 with

K,
cl_lgk <cp Ym=1,.... M -1 and km > ck® Ym=1,..., M.
m—+1

e We are given a quasi-uniform family of triangulations Tj, of the domain Q with mesh size h < 1/2. (See,
e.g., [7, 10] for the precise definitions of these terms.)
e The temporal and spatial widths k£ and h satisfy a compatibility condition of the form k < Ch? with some

constants C, o > 0.
e 1/}, is the finite element space defined by

Vi := {v € C(cl()) | v|- is affine for all cells T € T, and v|gg =0} .
e Vi is the space-time finite element space defined by
Vin := {v € LQ(O,T;Vh)‘vm := |y, = const € V}, for all m = 1,...,M}.

e x;,l=1,...,dim(V},), are the interior nodes of the triangulation 7y,.
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e B: Vi X Vi, — R is the bilinear form defined by

M M
B(vkh, win) Z Vkh — Ukh w/::nh)L2(Q) + Z ki (VUi ngﬁ)m(ﬂ)d + (Uéhvwllch)Lz(Q) .
m=2 m=1

Note that we do not require additional J;-terms in B here since we consider this bilinear form only on the
space Vip, cf. [43]. As a discrete counterpart of the PDE

Oy — Ay =wu a.e. in Q for a.a. t € (0,7),
tr(y) =0 a.e. on 0N for a.a. t € (0,7), (4.2)
y(0) = yo a.e. in

n (4.1), we consider the following variational problem:
yen € Vins  Blykn, vkn) = (0, ven) L2 0.m5220) + (40, Vkn) 12y Y0k € Vien. (4.3)

We summarize the (for us relevant) approximation properties of the discretization scheme (4.3) in:

Lemma 4.3 (FE-error estimates for the discretization of the heat equation (4.2)). The problem (4.3) admits a
unique solution Skn(u) := yrn € Vin for every u € L*(0,T; L*(Q)) and all k and h. Further, the solution maps
S:uwy and Sgp: u — Yrp of the heat equation (4.2) and its discretization (4.3) satisfy the following error
estimates:

(i) There exists a constant C' > 0 independent of k, h, yo and u with

15 (w) = Skn(w)|| 22075220 < C (k+h?) (llullp20,7:220)) + 1Yol m1 @)
Yu € L*(0,T; L*(Q)).

(i) There exist constants C,p > 0 independent of k, h, yo and u with

1S (1) — Sk (u)l| Lo (0,7yx2) < C (k)| [In(R)| (K + 1) (1wl L= 0,1y %) + [vollw2q))
Vu e L2((0,T) x Q).

(iii) For every open set D C R? that is compactly contained in Q, there exists a constant C > 0 independent
of k, h, yo and u with

1S (u) — Skn(u)|| Lo (0,7yxD) < C |1n(k)\2 |111(h)|5 (k + hz) (||U||L°o((o,T)xQ) =+ ||Z/0||W2voo(9))
Vu € L*((0,T) x Q).

Proof. The well-definedness of the solution operator Skp: u — ygp follows from classical results for elliptic
problems after rewriting (4.3) as a time stepping scheme, c¢f. the proof of ([43], Thm. 3.2), and the error
estimates in (i) and (iii) can be found, e.g., in ([7], Lems. 5.33, A.36). Compare also with the regularity results
for S in ([23], Thm. 2.9b)) in this context and with the FE-analysis in [26]. It remains to prove (ii). To this end,
we note that ([23], Thm. 3.1) and ([39], Thm. 1) yield that there exist constants C, p > 0 independent of k, h,
yo and u such that the solutions of (4.2) and (4.3) with right-hand side v € L>((0,T) x Q) satisfy

1S (w) |l cor o, 71xe12)) < C (l1ull e 0,0y x2) + lwollw20 ()
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and

1S (u) — Skh(u)||L°°((0,T)><Q) < Clln(k)[[In(h)| inf [[S(u)— UthLoc((o,T)xQ)-

Vh €Vih

By plugging in a suitable interpolant of the function S(u) on the right-hand side of the last inequality and by
exploiting the C%?-regularity of S(u) on (0,T) x £, we arrive at the estimate in (ii) as desired. This completes
the proof. O]

Using (4.3), we can discretize (4.1) as follows:

Minimize 1/T gk = ypl|72()dt + 5 /T ]l 72 (gt
2 Jo 2 Jo
wrt. uw€ L*0,T5L*(),  ykn € Vins (4.4)
s.t. B(Ykh, vkn) = (uavkh)L2(0,T;L2(Q)) + (yowih)Lz(Q) Yogn € Vin,
and  yin(x) > Y(x) Ym=1,...,M Vi=1,...,dim(V).

From standard subdifferential calculus rules, we obtain (analogously to [32]):

Proposition 4.4 (Solvability and optimality conditions for (4.4)). The problem (4.4) admits a unique solution
g € L2(0,T; L%(Q)) for all k and all h. This solution is an element of Viy, and there ewist multipliers \™,
m=1,...,M,1=1,...,dim(V}), and an adjoint state pyy such that Gy and its state Grp := Skr(Urn) satisfy

Ukhs Drns Ukh € Vin,  A™ €R, Py + vy =0,
T M dim(Vy)
B(vkn, Drn) = / (Jkn — YDs VER) 2y At — Z Z Nt (21) - Yokn € Vin, (4.5)
0

Gin =) (@) 20, A" >0, )\ml(ykh ) (@) =0 Vm,l.
Proof. Since the reduced objective function of (4.4) is strictly convex and coercive, the existence and uniqueness

of a solution @y, € L?(0,T; L?(Q)) are obvious. It remains to show that @, € Vi, and (4.5) hold. To this end,
we note that the control

1 .
e —% Yo a.e.in 5L
0 else

trivially satisfies Sgp(u) = 0 > 9 everywhere in cl(€2). The discrete problem (4.4) thus admits a Slater point,

and we may use the sum and the chain rule for the convex subdifferential, see ([24], Props. 15.6, I5.7), to deduce
that there exists an element fig, € V), of the negative normal cone of the set

{vin € Vien | v () > () forallm =1,..., M and all I = 1,...,dim(V})} (4.6)

at Yrp = Skn(tkr) such that

T
/o (Gkn = yps SR (2) 12 ) At + ¥ (ks 2) 20,7502 () — (s Skn(2))y,, =0 (4.7)

holds for all z € L?(0,T; L*()), where S, : L2(0,T; L*(2)) — Vi, denotes the solution map of the discretized
PDE (4.3) with initial value zero. If we express this multiplier fi;, in the basis of V}}; spanned by the Dirac



24 C. CHRISTOF AND B. VEXLER

functionals 6™ (vyp,) := v (v;), m = 1,..., M, I =1,...,dim(V}), and take into account the properties of the
set in (4.6), then it follows straightforwardly that fign, = Y, A™6™ has to hold with coefficients A™ that
satisfy the conditions in the last line of (4.5). Suppose now that Py, is the unique element of Vi, that satisfies
the variational identity in the second line of (4.5) for these A™!. Then, the definitions of S2, and \™ and (4.7)
yield

0= B(Sgh(z)aﬁkh) + (Viugn, Z)L2(07T;L2(Q)) = (2, pkn + Vakh)L2(07T;L2(Q))

for all z € L%(0,T; L*()). This shows that pgj + vk, = 0 has to hold, that iy, is indeed an element of Vip,
and that @gn, Yrn, Pen and A™ satisfy (4.5) as claimed. O

Note that the control is discretized variationally in the above, ¢f. [22, 32, 36], and that the structure of (4.5) is
completely analogous to that of the KKT-system (3.27) satisfied by @, see Example 3.9. To relate the solutions
@ and @y, of the problems (4.1) and (4.4) to each other, we need two auxiliary results. The first one collects
some properties of the multipliers in (3.27) and (4.5):

Lemma 4.5. The measure A € M([0,T] x cl(Q)) and the multipliers \™ € R in the optimality systems (3.27)
and (4.5) satisfied by the solutions @ and gy of (4.1) and (4.4), respectively, are unique. Further, there exist
an open set D C R, which is compactly contained in 2, and constants C,e > 0 such that the support of X is a
subset of [e,T] x D and such that, for all sufficiently small k and h, it holds

ltknllzz0,1522()) + |knllL20,m502 () + Z A< (4.8)

m,l

Proof. The uniqueness of the multipliers \™ follows immediately from (4.5), and the uniqueness of the measure
A is a straightforward consequence of our assumptions 1 < 0 and 1) < yo, the continuity and zero boundary
conditions of the state 5 = S(%), the conditions on X in (3.27), and Corollary 3.6. In the proof of Corollary 3.6,
we have further already established that the support of A is contained in the contact set {(¢,z) € [0, 7] x cl(2) |
(7 — ¥)(t,z) = 0}, and this set is trivially contained in a cylinder of the form [, T] x D with some open set
D that is compactly contained in €2 and some € > 0 due to the continuity and zero boundary conditions of §
and again the properties ¥ < 0 and yo > 1. It remains to prove (4.8) for all sufficiently small k£ and h. This
boundedness property, however, follows immediately from the fact that the control u := —Ayg € L>=((0,T) x Q)
satisfies C'([0,T] x cl(Q)) 3 S(u) =yp > ¥+ ¢ in Q for a.a. t € (0,T) with some £ > 0, the L>-error estimate
in Lemma 4.3(ii), and exactly the same calculation as in the proof of ([32], Lem. 2). O

Our second auxiliary result is concerned with the regularity and approximability properties of the function

that we obtain when we solve the adjoint equation in (3.27) with right-hand side —A. Before we state it, we
introduce some notation:

Definition 4.6 (Ritz projection, discrete Laplacian and nodal interpolation). Henceforth, we denote with:

(i) Ap:V, — V4 the discrete Laplacian defined by
(7Ahvh,zh)L2(Q) = (V’Uh,vzh)Lg(Q)d Vzp € Vi, Yo, € Vi

(ii) Rp: H(2) — Vj, the Ritz projection onto Vj, defined by

Ry (v) € W, / V(v—Rp()) -Vzpdz =0 Vz, €V, Yve H(}(Q)
Q
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(iii) Zgn: Vien — C([0,T] x cl(£2)) the interpolation operator defined by

t—t
Ikh(vkh)(t) = Tlovlih Vt eIy,
t—tm— tin —t
Tin(vrn) (1) = — Lop 4 - ot viel, VYm=2,...,M.

(iv) Lp: C(cl(2)) — V4, the Lagrange interpolation operator associated with V.
We can now prove:

Lemma 4.7. Let \ denote the measure in the optimality system (3.27), and let Typ : Vi, — C([0,T] x cl(Q)) be
defined as in Definition 4.6(iii). Then there exists a unique, weak solution ¢ € L*((0,T) x Q) N L2(0,T; HX(Q))
of the PDE

—0 ¢ —AC=—-Xin (0,T) x Q,

4.9
tr(¢) =0 on (0,7) x 09, ¢(T)=01inQ, (4.9)
and there is a constant C' > 0 independent of k and h such that ¢ and the function Cxp € Vin defined by
B(vkn, Gkn) = (= Zen(Vkn)) ¢ o rpwery)  70kh € Vin (4.10)
satisfy
1€ = Gl 20,7200y < C (k) [In(R)|® (k + 7). (4.11)

Proof. From classical results on the existence, uniqueness, and regularity of solutions of parabolic PDEs, see
Proposition 2.3 and ([43], Prop. 2.6), and from the L*>(0,T; L*(Q))-regularity of the function § — yp, we obtain
that there exists a unique ¢ € L?(0,T; H*(Q)) N H(0,T; L*(Q)) N L*>((0,T) x Q) satisfying

-0y — A9 =g —yp ae. in Q for a.a. t € (0,T),
tr(¥) = 0 a.e. on 99 for a.a. t € (0,T), IT) =0 a.e. in Q.

Since the adjoint state p in (3.27) is an element of the space L>((0,T) x Q)N L?(0,T; H}(£2)) and a solution
of the adjoint equation in (3.27), from the linearity of the involved PDEs, it now follows immediately that
the function ¢ := p — o is an element of L°°((0,T) x Q) N L3(0,T; H}(Q)) that satisfies (4.9) (in the weak
sense analogous to (3.13)). Since the PDE (4.9) can have at most one solution (as one may easily check by
contradiction), this proves the first assertion of Lemma 4.7. To obtain the unique solvability of the discrete
problem (4.10), it suffices to note that this variational equality can be rewritten as a time-stepping scheme
that proceeds backwards in time and to invoke classical results on the existence and uniqueness of solutions of
elliptic problems, cf. the proof of ([43], Thm. 3.2). It remains to establish the estimate (4.11). To this end, we
first prove that there exists a constant C' > 0 independent of k& and h such that the functions (j;, defined by
(4.10) satisty

[Cknllzo=((0,1yx0) < C'|In(k)[ [In(h)]. (4.12)

So let us consider an arbitrary but fixed zo € Q and some m € {1,..., M}, and letﬁwo be a mollification of
the Dirac measure &,, at zg as constructed in ([51], Appendix A5), i.e., a function &, € L'(Q) supported in
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one cell of the mesh 7}, satisfying v, (zg) = (5%, vh)LQ(Q) for all vy, € V}, and ||(§zo L1y < C for some constant
C > 0 independent of k and h. Then there exists a unique solution g, € Vi of the problem

1 -
B(Qkh,vkh) = / / T 59307}2% dxdt = Uﬂl(mo) Yo € Vin,
1, Ja km

and we obtain from ([40], Thm. 11) that we can find a constant C' > 0 independent of k and h with

M M
D kmllAneinllLie) + leknllie + D llefh — e Mz < C (k)] (4.13)
m=1 m=2

where Ap: V), — V), is the discrete Laplacian from Definition 4.6(i). By exploiting the properties of (,
Cen and gpp, (4.13), the definition of the operator Zys, the stability estimate ||Zgn(vin)|lz1o,m501)) <
Cllvknllzr 0,501 () for all vk, € Vip (which is easy to check), and the fact that the Ritz projection Ry, satisfies

[Rr(0)]|oe) < Cln(R)| ollLe@) Vv € Hy(Q)NLX(Q)
for some C' > 0 independent of k and h, see ([39], Lem. 5), we may now compute
Cin(w0) = B(0kn, Ckn) = <*5\7Ikh(@kh)>c([07T]Xd(Q))
T
= / ((atIkh(Qk:h)vC)LZ(Q) + (VZin(okn), VO 12(q)a )dt
0

T
= /0 ((@Ikh(gkh% Or2) T (VZrn(okn), VRR(C)) p2(0)a )dt

< C(h)| (10:Zen (0er) 1 0,712 () + |1 AR Zkn (o) | 21 0,701 (92)))

M
= C[In(h)| <||Q11ch||L1(Q) + 3 |ler — oy T + Ikh(Athh)|L1(OTL1(Q))>

m=2

< Cn(k)[ [n(R)],

where the constant C' may change from step to step but is always independent of k and h. This establishes (4.12)
as desired. To prove the estimate (4.11), we can now use a standard duality argument: Let w € L?(0,T; H?(£2)) N
HY(0,T; L*(Q)) be the (necessarily unique) solution of the PDE

Ow — Aw = sgn(¢ — Cxp) a.e. in Q for a.a. t € (0,7),
tr(w) = 0 a.e. on IN for a.a. t € (0,7, w(0) =0 a.e. in 2,

and let wyy, be the discrete approximation of w defined by
Wi € Vin,  Blwgn, vkn) = (s8n(C = Cen)s Vikn) 120, m502(0))  VVkh € Vin-

Then the L>((0,T) x Q)-regularity of the right-hand side sgn(¢ — x) implies that the function w is also an
element of C'([0,T] x cl(£2)), see ([43], Prop. 2.7), and we may use the definition of Zy;, and the properties of w,
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¢, wip, and Cgp to obtain

1€ = CrnllLr(o,myx0) = (s8n(C = Ckn), € — Cen) 220,712 (02))
T
= /O ((atwa OL?(Q) + (Vwa V()Lz(g)d )dt - B(wkha Ckh)

= <i\7Ikh(wkh) - w>c([o,T]xc1(Q)) (4.14)
< Mo, ryxerey) (lwen = wllpos (e, ryx 0y + 1 Zan (wen) = win | Lo (6,7 x 0) )

< Mo,y <t lwrn — wll oo e,y x )

m m—1
3 lwis |l L@ Hwkh — Wgp, ||Loc Q
+kH>\HM([O,T]><Cl(Q)) (Mlkl()—k max A ) .

m=2,...,M

Here, ¢ > 0 and D C Q are chosen as in Lemma 4.5, i.e., such that supp(\) C [¢,T] X D and cl(D) C . Since
Lemma 4.3(iii) implies that ||wrn — wl|pe((e,myxp) < C IIn(k)|* [In(h)|® (k + h?) holds and since the results in
([40], Cor. 2, Thm. 11) allow to bound the second term on the right-hand side of (4.14) by C |In(k)| k, the
last estimate yields that there exists a constant C' > 0 independent of k and h with [|C — Crnllz1(0,7)x0) <

C |n(k)[* |In(h)|? (k + h?). Since ¢ is an element of L>((0,T) x Q) and since the sequence {(z} satisfies (4.12),
we may now conclude that the L2-error between ¢ and (y;, satisfies

1S = Crnll32 0220 < 1€ = Cenllzee 0.1y x @) 1€ = Cenllz 0.1y x2) < C (k) [* In(h)[® (k + h2) .
This completes the proof. O

We are now in the position to prove the main result of this section:

Theorem 4.8 (FE-error estimate for (4.1)). Let @ and ugp be the solutions of the problems (4.1) and (4.4),
respectively. Then there exists a constant C > 0 which is independent of k and h (but may depend on the problem
data Q, ¥, etc.) such that

i = el 20,7229y < € M)/ () (K12 4 1) (4.15)

holds for all sufficiently small k and h.

Proof. To establish (4.15), we proceed along roughly the same lines as in the proof of ([12], Thm. 5.5). Let us
first introduce some notation: Henceforth, with ¢ and (g, we again denote the functions in (4.9) and (4.10),
respectively, and with A € M([0, 7] x c1(€2)) and A™ € R the multipliers in the systems (3.27) and (4.5). Further,
we define ¢, x, 6, Ok and &xp, to be the (necessarily unique) solutions of the auxiliary problems

-9 — AY =y —yp a.e. in Q for a.a. t € (0,T),
tr(¢¥) = 0 a.e. on 0N for a.a. t € (0,7, HT) =0 a.e. in Q,
—0ix — Ax = S(ukp) — yp a.e. in Q for a.a. t € (0,7),
tr(x) = 0 a.e. on 99 for a.a. t € (0,T), X(T) =0 a.e. in £,
-0 — A0 = Gpp, — yp ae. in Q for a.a. t € (0,7),
tr(f) =0 a.e. on 9N for a.a. t € (0,7), 0(T)=0a.e.in Q,

Oxn € Vin, B(vkn, Okn) = (Yrn — Y0skn) 20 7:12(0))  VVkh € Vin,
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and

M dim(
Ekn € Vin,  B(vwn, &kn) = Z Z ven(@1)  Vokn € Vi

Here, S again denotes the solution operator of the PDE (4.2). Note that the properties of the functions
9, ¢, Ogn and & and the adjoint states p and pgp in (3.27) and (4.5) imply that —va = p = ¢ 4+ ¢ and
—VUgp = Prh = Okn + &kn holds, and that Proposition 2.3 and a simple reparametrization argument yield
9,x,0 € L?(0,T; H?(Q)) N HY(0,T; L*(2)). From the PDEs for ¥ and ¥, we further obtain

(9 =X, U — kn) 20,7220 = (0 — X, 0e(S(@) — S(tgn)) — A(S(@) — S(@kn))) 20,7, 12())
= (=0(¥ —x) — AW = x), S(@) = S(Ukn)) 2 (0.1 12())
= 1S(@) = S(arn) 172 0.1:2(c2)) = 0

The above estimate allows us to compute

v|a— ﬂthiz(o,T;Lzm)) < (v + 9 = vign — Ok + Oen — X, U — Ukn) 1200, 7,12())
< (=C+ &khs & — Ukn) p2(0,1;12(02))
+ X = Oknll 20,712 (0)) 18 = Urnll 20 71202
< (&kn — Crhy & — Ukn) 12(0 1 12(02))
+ 1ICken = Cllp2(0,7;22(0) 18 = Uknll 20,7220y
0 = Oknll 20,7522 (0)) 18 = Trnll L2 0,7;22(0))
+ X = Ol 20,712 (0)) 18 = Wl 2071202 -

which, in combination with Young’s inequality, implies that there exist constants C7,Cy > 0 depending only on
the Tikhonov parameter v with

1@ = @nnll72 0,720 < C1 (Ebh = Chns @ = Thn) 20, 1:12(52))

) 9 9 (4.16)
+ O <||Ckh = 220, 0200)) + 10 = Oknllz2 0,722 (0)) + I — 9||L2(0,T;L2(52))) :
Note that, from Lemma 4.7, we immediately obtain that
3 6
1€ = Grnll 220,702y < C (k)" In(R)[° (k + 1?) (4.17)
and that Lemma 4.3(i), a simple reparametrization in time and Lemma 4.5 yield
16 = Oknll 20,7020y < Ck+ W)\ Gkn = ypllz 0.1z ()) < Clk + h?) (4.18)

for all sufficiently small k and h, where C' is again a generic constant independent of k and h. From the Lipschitz
continuity properties of the map S in Proposition 2.3, again a reparametrization, Lemma 4.5 and Lemma 4.3(i),
we may further deduce that

X = Ol 20,712 (0)) < CIS(@rn) = Skn(tien)|| L2(0,7;02(0)
< C (k+1?) (lawnll2o.riz200)) + lvoll o) < C (k+0%).
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It remains to estimate the first term on the right-hand side of (4.16). To this end, we note that the properties
of Ekns Ckns Ykns U5 A and A™ yield

(gkh - Ckha U — ﬂkh)Lz(O,T;LQ(Q))
= B(Skn(@) — Yrn, Ekn — Crn)
= <5\71kh (Skh(a) - gkh)>c([0’T]XCl(Q)) + Z S‘ml(ylﬁ - Skh(a)m)(xl)
m,l

= (X, Tin (Skn (@) — 2h(¢))>c([o,T]xc1(Q)) + (A Zen (Ln(¥) — gkh»c([o,T]xcl(Q))
+ Z A () — Sen (@)™) (21) (4.19)

m,l

< <5\7Ikh (Skh(ﬂ) - Sh(¢))>c([07ﬂxd(9)) + Z S‘ml max (0, (¢ - Skh(ﬁ)m)(xl))
m,l

s

= <5‘7I’fh (Skn(w)) — y>C([O,T]><Cl(Q)) + <5\’¢ = Zin (Eh(w)»C([O,T]xcl(Q))
+ Z A max (0, (¢ — Sn(@)™)(21)) ,
m,l

where Sk, denotes the solution map of (4.3), where Zy, and £, are the interpolation operators defined in
Definition 4.6, and where £5,(¢) is identified with an element of Vij,. For the first term on the right-hand side
of (4.19), we obtain, analogously to the estimate for the quantity <)\,Ikh(wkh) — w> in the proof of

Lemma 4.7, from Lemma 4.5, Lemma 4.3(iii) and the results in [40] that

C([0.T]xcl(%2))

(N Tin (Sn () — 17>C([0,T]XC1(Q)) < C|In(k)[* In(h)|® (k + h2) .
Further, for the second term on the right-hand side of (4.19), it holds
(At = Zpn (’gh(w)»c([o,T]xcl(Q)) < Ch?

for all sufficiently small k& and h due to the definition of Zy, the properties of the support of X in Lemma 4.5
and the W?2>-regularity of . To finally control the third term on the right-hand side of (4.19), we note that
Lemma 4.3(ii), our assumption ¢ < 0 on 9, and the continuity and zero boundary conditions of § imply that
there exist a constant € > 0 and an open set D C R%, which is compactly contained in €2, such that, for all
sufficiently small k& and h, we have Sg, (@) > ¥ 4 € a.e. in (0,T) x Q\ D and, as a consequence,

max (0, (v — Sgp(a)™)(x;)) = 0 for all z; with x; € Q\ D and all m.

Using the above, Lemma 4.3(iii) and again Lemma 4.5, we obtain

> A max (0, (¢ — Sga(@)™)(@1)) < Ol max (0,4 — Sga(@)) || o= 0,1y x )

m,l
< Clmax (0, — Skn(@)) [ L= ((0,7)x D)
< O |n(k)[* m(h)[* (k + h?)

for all sufficiently small k& and h, where C' is again a generic constant. The desired estimate (4.15) now follows
immediately from (4.16), (4.17) and (4.18). O
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Quite surprisingly, the error estimate (4.15), that we have established in the last theorem by exploiting the
improved regularity results from Section 3, can itself be used to derive further information about the regularity
properties of @. Indeed, by proceeding along the lines of ([42], Sect. 7.1), we obtain:

Corollary 4.9 (H*(0,T; L*(Q))-regularity of optimal controls). The optimal control @ of (4.1) is also an
element of H*(0,T; L*(Q)) for all 0 < s < 1/2.

Proof. Suppose that s € (0,1/2) is arbitrary but fixed, consider the family of equidistant partitions of the
time interval (0,7) associated with the widths k; :=27!T, | € N, and choose a quasi-uniform sequence of

triangulations of €2 such that there exists a constant ¢ > 0 with c_lkzl/2 < h < ck:ll/2 for all [ € N. Then it
follows from (4.15) that we can find constants C' > 0 and € € (0,1/2 — s) independent of [ such that the solutions
@ and U = ik, p, of (4.1) and (4.4) satisfy ||t — | 12(0,;12(0)) < Ck;** for all sufficiently large | € N. Using this
inequality and the same inverse estimate as in the proof of ([ 2], T hm 7.1), we obtain that, for all l; > 1; > L,
L € N sufficiently large, we have

la—1 la—1

|y, — iy || s 0,1502 () < Z 1ty — g1 s 0,m50200)) < C Z k2l — @i || 20,722 (9))
1=l 1=l
lo—1

<O kS (la = all 2o ) + 18 = Gl 2o,miz2 @)
1=l
lo—1

<CY ki (B4 < 2toTe Z 27 = o
=l

where the symbol o(1) refers to the limit L — oco. This shows that {,} is a Cauchy sequence in H*(0,T; L*(9))
and, since we already know that ; converges to @ in L?(0,T; L?(f2)), that u € H*(0,T; L?>(Q)) as claimed. [

In summary (see (3.27) and Cor. 4.9), we have now proved that the optimal control @ of (4.1) satisfies
i€ L®((0,T) x Q)N L*(0,T; Hy () N BV([0,T];Y) N H*(0,T; L*(Q2)) (4.20)

for all s € (0,1/2) and all v > d/2. Note that this inclusion recovers in particular all of the regularity properties
that have been established in [42] for solutions of parabolic problems with L>-bounds on the control and state
constraints of integral type.

4.1. Numerical experiments

To validate the error estimate (4.15), we consider a simple numerical example with a known analytic solution:
Define

sin(n/4) + m cos(mw/4) (s — 1/4) if s €(0,1/4)
p(s) = ¢ sin(ws) if s € [1/4,3/4]
sin(3w/4) + m cos(3m/4) (s — 3/4) if s € (3/4,1)

and

12853 — 4852 if s €(0,1/4)
o(s) =4 —1 if s €[1/4,3/4],
128(1 — 5)® — 48(1 — s)?  if s € (3/4,1)
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TaBLE 1. EOCs in L?(0,T; L?()) for sequences of meshes that resolve the boundary of the
active set (1/4,3/4)3 perfectly in space and time. In (A), the spatial and the temporal widths
are coupled, and in (B) and (C) one of the widths is fixed.

(A) k; = 0.5h7 (B) k; = 1/1024 (c) hy =1/64
h (EOCM),  (EOCF), Iy (EOCM), ko (EOC),
1 - - 1 _ L1 -

1 4 16
i 05541 0.2770 3 0.3876 & 09101
L 1.8847 0.9423 5 1.8794 % 09384

1 1 1
ie 1.9656 0.9828 5 1.9559 i 0.9520
1 1 1
36 1.9884 0.9942 56 1.9688 is 0.9596

and set Q := (0,1)%, T :=1, yo := 0, v := 107> and
V(w1 22) == —p(x1)p(22),

g(t, z1,z2) := () sin(mz) sin(rxs),

a(t, w1, x2) := @ () sin(mwy) sin(mas) + 272 p(t) sin(rx1 ) sin(mas), (4.21)
yp(t, 1, x2) := p(t) sin(mxy) sin(rzs) — ve” (t) sin(mrxy) sin(rzs)

+ dntvo(t) sin(rzy) sin(rwa) — L1 /4,374 (21, 22)

for a.a. t € (0,1) and (z1,x2) € Q, where ¢” is understood in the weak sense. Then it is easy to check that €,
T, v, yp, yo and ¥ satisfy the conditions in Assumption 4.1 and that @ and g solve the KKT-system (3.27) with
the adjoint state p := —vu and the multiplier \ := 1(1/4,3/4)3- This shows that the function @ is the (necessarily
unique) global minimizer of the problem (4.1) when ) etc. are chosen as in (4.21).

The experimental orders of convergence

(EOC™), = 8 @ = @l 22 0,7:22(0)) =108 (|8 = Tre sy [|22(0, 7322 (02))
b log h; — log hy_1 ’ (4.22)
(EOCH), = log ||t — @g,n, || 220,7;22(0)) — 10g [|@ — Uk, 1y |lL2(0,7;22(02)) '

log k; — log k;—1

that are obtained in the above situation when @ is approximated by means of the discretization scheme (4.4)
on meshes with temporal and spatial widths k;, h;, [ € N, can be seen in Tables 1 and 2. Here, we have
considered standard Friedrichs-Keller triangulations of the spatial domain 2 = (0,1)? and equidistant partitions
of the time interval (0,1). The discrete problems (4.4) have been solved by reformulating the necessary and
sufficient optimality condition (4.5) as a system of equations by means of the complementarity function ®(a, b) :=
min(a, b), and by subsequently applying a semismooth Newton method with tolerance 1071%. For an alternative
to this solution approach, we refer to [31], where an ADMM-scheme for state-constrained parabolic optimal
control problems is developed. We would like to point out that the calculation of the yp-integral in (4.5) was
carried out with a subdivided three-point Gauss-rule in space and time in our numerical experiments (4.e., overall
twelve nodes per triangle and 6 nodes per time interval). This choice was made to ensure that the discontinuous
desired state yp is integrated properly for all spatial/temporal meshes with h=1 = 21, k=1 = 2m, [, m € N, even
in those cases where these meshes do not resolve the boundary of the active set (1/4,3/4)3 accurately. The same
integration procedure has been used for the calculation of the L?((0,T) x Q)-errors in (4.22).
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TaBLE 2. EOCs in L%(0,T; L?(f2)) for sequences of meshes that do not resolve the boundary
of the active set (1/4,3/4)% in space and time. In (A), the spatial and the temporal widths are
coupled, and in (B) and (C) one of the widths is fixed.

(A) k; = 0.5h7 (B) k; = 1/1026 (c) hy =1/66
h (EOCM),  (EOCF), Iy (EOCM), ko (EOC),
1 _ _ 1 - 1 -
6 6 10
1 1

L 11231 0.5615 15 1.0960 X 0.8993
1 1

& 1.2088 0.6044 5 1.1961 3% 0.8865

1 1 1
L 10842 0.5421 1.0745 > 0.8645
& 1.0316 0.5158 & 1.0244 = 0.8308

As the results in Tables 1 and 2 show, the orders of convergence observed in our numerical experiments
depend strongly on how well the employed temporal and spatial meshes fit to the active set (1/4,3/4)% of the
exact solution in (4.21). If we choose sequences of meshes that resolve the boundary 9(1/4,3/4)® precisely,
then it holds ||@ — @x,n, || £2(0,1;22(0)) & O(ki + h7) and the error in the optimal control decays twice as fast as
predicted by (4.15); see Table 1. If, however, we consider sequences with hfl =2+ 4m; and kfl = 2 + 4n; for
some my,n; € N and, by doing so, ensure that the boundary d(1/4,3/4)% always cuts through the middle of the
mesh cells, then the rate of convergence is significantly reduced and we end up with a behavior which is roughly
of the form ||t — ti,n, || 22(0,1;12(0)) & O(k{"® + hy); see Table 2. Note that the order of convergence observed
in h here is precisely that derived in Theorem 4.8 while the rate in & is slightly higher than in our a priori error
estimate. The reason for this faster convergence w.r.t. k is most likely that the optimal control and the adjoint
state in our test case enjoy far more temporal regularity than predicted by (4.20). (It seems to be difficult to
construct a situation where the conditions in Assumption 4.1 are satisfied and the control u possesses, e.g.,
only BV- or H'/?-regularity in time.) Similar observations have also been made, for instance, in the numerical
experiments conducted in ([32], Sect. 5) and ([42], Sect. 8). We would like to point out that the dependence
of the convergence behavior on the resolution of the active set in Tables 1 and 2 offers a possible explanation
for the observation that the order of the error ||@ — @gn||r2(0,7;12(0)) often exceeds O(k'/2 + h) in numerical
experiments for which the analytical solution is not known. If a problem of the type (4.1) with random data is
considered, then it has to be expected that the used meshes resolve the boundary of the (in this case unknown)
active set relatively well in some parts of the domain and not at all in others and that, overall, a mixture of the
two behaviors in Tables 1 and 2 is present. Compare again with the experiments in ([32], Sect. 5) in this context
and also with Table 3 which shows the orders of convergence that are obtained when the solution of a problem of
the type (4.1) with Q := (0,1)%, T :=1, yo := 0, v := 107, ¢ := —0.5, and yp(t, x1, x2) := — sin(mx1) sin(rza)t
is approximated with the same discretization as in our first example and the solution on a fine mesh is used as
a substitute for the optimal control @ in (4.22). We remark that the effects that we observe here also closely
resemble those documented in [16].

We conclude this paper with some remarks on the results of the last sections and possible extensions of our
analysis:

Remark 4.10. — It is important to realize that - although we know that the optimal control @ is in
L>((0,T) x Q) in the situation of (4.1) — we do not have any a priori bound for the L*>((0,T") x )-
norm of the discrete controls uyy,. If such a bound was available, one could introduce artificial control
constraints and proceed along the lines of [32] to derive an estimate analogous to (4.15) with improved
logarithmic factors. However, at least to the best of the authors’ knowledge, there is currently no way to
exclude that the L*°((0,T) x Q)-norm of @y, blows up, e.g., logarithmically in k and h.



NEW REGULARITY RESULTS FOR PARABOLIC OPTIMAL CONTROL PROBLEMS 33

TaBLE 3. EOCs in L?(0,T; L?(2)) obtained for the problem (4.1) with Q := (0,1)2, T := 1,
Yo := 0, v :=107°, 4 := —0.5, and yp(t, 71, T2) := — sin(7x1) sin(7z)t. The discretization was
the same as in our first numerical experiment and a solution on a fine mesh was used as a
substitute for the analytical solution @ in (4.22). In (A), the spatial and the temporal widths
are coupled, and in (B) and (C) one of the widths is fixed.

(A) ky = 9hF (A) ki=1/64  (A) hy=1/48
h  (EOCh), (EOCF), h, (EOCM), k  (EOCF),
1 — _ 1 — 1 —

3 3 4

108038 04019 0.7280 3 0.9165
L 13331 06665 5  1.2880 1 0.9795
& 15396  0.7698 o 15152 & 1.0819

— Note that introducing the interpolant Zyj in Lemma 4.7 is essential for the proof of (4.15) as this operator
ensures that the discrete auxiliary problem (4.10) with right-hand side X is sensible. Without Zyj, we
would end up with a dual pairing between elements of Vi, and M ([0, T] x cl(€2)) at this point which is not
well-defined due to the discontinuity in time of the functions in V. A similar effect cannot be observed
in the elliptic case, see ([12], Sect. 3).

— Using the same techniques as in the proof of Theorem 4.8, it is also possible to derive finite element error
estimates for problems involving additional box constraints on the control and/or general second-order
partial differential operators of the type (2.1). (Note that, in the presence of control constraints, some care
has to be taken to ensure that the adjoint state p is still an element of L>°((0,7T) x €2) and that additional
assumptions may be necessary to ensure that an operator A of the form (2.1) satisfies a discrete maximal
parabolic regularity estimate analogous to that in ([40], Thm. 11).) We omit a detailed discussion of this
topic to keep this paper concise.

— We expect that the regularity results established in Section 3 can also be extended to optimal control
problems governed by semilinear parabolic partial differential equations as studied, e.g., in [48]. However,
such a generalization requires carefully redoing the analysis in [4] which, in its current form, does not
allow for additional non-linearities. We leave this topic for future research.

APPENDIX A. TRUNCATION OPERATIONS IN SOBOLEV—-BOCHNER SPACES

In what follows, we collect and prove several auxiliary results on pointwise properties of Sobolev-Bochner
functions that are needed for our analysis. For convenience, we state the lemmas in this section in a general
format, i.e., we do not tacitly assume here that the quantities ) etc. satisfy the conditions in Assumption 2.1.

Lemma A.1 (Stampacchia’s lemma for Sobolev-Bochner functions). Suppose that a T > 0, a domain Q C R?,
d>1, and a v € L*(0,T; H(Q)) are given. Define v+ := max(0,v), where max(0,-) acts pointwise a.e. in
(0,T) x Q. Then the function v* is an element of L*>(0,T; H*(R)), the gradient V(vt) € L?(0,T; L*(Q,R%)) =
L2((0,T) x Q;R?) of vt satisfies

Vv L¥*l.ae in {v>0}
V(") = Al
@) {0 LM qg.e. in {v <0}’ (A1)

and we have

V=0 L% q.e in{v=0}. (A.2)
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If, further, the function v additionally possesses H'(0,T; L*(Q))-regularity, then vt is also an element of
HY(0,T; L*(Q)) and it holds

O LM .q.e. in {v >0}
O(vh) = A3
(") {O L qg.e. in {v <0}’ (A-3)

as well as
ow=0 LM ge in{v=0}, (A.4)

and if v is even in L2(0,T; H*(Q)), then the Hessian Vv € L?(0,T; L*(Q,R¥*4)) =2 L2((0,T) x Q;R?*4) of v
satisfies

V=0 L% q.e in{v=0}. (A.5)
Proof. The L?(0,T; H'(Q2))-regularity of v+ follows straightforwardly from the results in ([3], Sect. 5.8) and

([35], Sect. 3), the formula (A.1) can be established completely analogously to ([3], Thm. 5.8.2), and to obtain
(A.2), it suffices to note that (A.1) and the linearity of the operator V yield

Vv L%™lae. in {v=0}

0=Vo—V(' +v7)=Vo-V@")-V()= {0 L¥F 1 ae. in {v # 0}’

where v~ is again short for min(0,v) = — max(0, —v). This proves the first part of the lemma. Let us assume
now that v is also an element of H1(0,T; L*(Q2)). Then the H'(0,T; L?(Q))-regularity of v and the formula
(A.3) follow from ([55], Cor. 2.3, Eq. (2)), and the derivation of (A.4) is completely along the lines of that of
(A.2). It remains to establish (A.5). To this end, we first note that, for every v € L2(0,T; H?(Q2)), we have (due
to (A.2) and since 9,v € L?(0,T; H*(£2)) holds for all spatial partial derivatives ,v, n = 1,...,d)
(0nv)L(ymoy =0 € L*((0,T) x Q)  VYn=1,...,d

and

(OmOnv)Lip,v—0y =0 € L*((0,T) x Q)  Vm,n=1,...,d.
The above implies in particular that

Tip=0} = 1{5,0=0}L{v=0} € LQ((O,T) x ) Yn=1,...,d
and, as a consequence, that

(amanv)]l{vzo} = (8m8nv)]l{3nv:0}]l{vzo} =0e€ L2<(0, T) X Q) Vm, n = 1, ce ,d.

This establishes (A.5) and completes the proof. O

We are now in the position to state a criterion for pointwise-a.e. boundedness in the space-time cylinder
(0,T) x £ that extends the results of ([38], Chap. II, Appendix B) to the parabolic setting:
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Lemma A.2 (Pointwise bounds via growth estimates). Suppose that a T > 0, a bounded Lipschitz domain
QCRY, d>1, and av € L*(0,T; HY(Q)) N L>(0,T; L3(Q)) are given such that the truncations

v—=1 ae inf{v>1}
vy = min(0,v 4+ 1) + max(0,v — 1) = ¢ 0 a.e. in {|v] <1}, >0, (A.6)

v+l ae in{v< -1}

satisfy

T
lotl2 01260 + 01120 o111y < / /Q flluldedt Vi L (A7)

for some f € L>=(0,T;L%4R)), ¢ > max(d/2,1), and L > 0. Then there exists a constant C' > 0 depending only
on Q, T, q and d such that

lvllzoe 0,myx2) < L+ Cll fllze(0,1:09(02))- (A.8)

Proof. To establish (A.8), we proceed along the lines of ([38], Lem. IL.B2) (¢f. also ([21], Lem. 3.6)). Let us first
assume that d > 2 and define

A (0,T) > R, N(t) = LYWz € Q1 vt )| > 1}), 1>0.

Then the function ); is well-defined for each representative of v € L?(0,T; L?(2)) and all [ > 0, and the upper
semicontinuity of the map

LX) 32z LYz eQ: |2(x)| >1}) €R

for all [ > 0 and the Pettis measurability theorem, see ([35], Cor. 3.1.2), imply that \; is measurable for all I > 0
and can be identified with an element of L>(0,T). From the Sobolev embedding H'(Q) — L?>%(4=2)(Q), the
definition (A.6) and Lemma A.1, we now obtain that there exists a constant C' > 0 depending only on Q and d
such that, for all 0 <1 < m, we have

HUZ||2L<><>(0,T;L2(Q)) + ”Ul”%?(O,T;Hl(Q))

T
> esssup/ (lu(t, 2)| —l)zdx+0/ </ (Jo(t, z)| z)f‘%dz> dt
te(0.7) J{lu(t,) |21} 0o \Jle(t,)120

T
> (m - l)2 <||/\m||L°°(O,T) +C/ )‘m(t)ddt> .
0

On the other hand, the L (0,T; L%(f2))-regularity of the function f, the condition ¢ > max (d/2,1), again the
embedding H'(Q) < L?¥/(?=2)(Q), the inequalities of Holder and Young, and the elementary estimates

qg(d+2) d+2 4 2
>1 d =14+-—->1
2d > 12 an s +d q>
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allow us to compute that

d+2

2d
d+2

T T
/ / flluldedt < € / (/ f(t,x>|ff2dx> lon (8)]] 11yt
0o JQ 0 {lv(t,) =1}
2d

2d
T q(d+2)
< C/ (/ |f(t7l‘)|qu> Az(t)17Q(diz’ o1 (8) || o (g dt
0 {lv(t,")|>1}

T
d+2 1
<c / £ () oy M) 5 () 1yt

d+2

T d+2 _ 2 1
SCHfH%oo(o,T;Lq(Q))/O Ai(t) T Tadt + §||”l||%2(0,T;H1(n))

4 5 1/8 T s 1/5 S 1
a2 is )
< C 20,7090 (IAszm(o,TO </o Ai(t) dt) + §||UIHL2(0,T;H1(Q))

holds for all [ > 0, where C' > 0 is a generic constant which depends only on d, ¢ and €2 and which may change
from step to step. Applying Young’s inequality once again on the right-hand side of the last estimate yields

T ) 4_2 1/(s—1) T d—2 ° 1 2
[ [ floddasde < O Bgranan | (INEhn) — + [ 2@ ae) + S1ularam
2 r d—2 | 1 2
= Clf o 0,7529(0)) H)\l||L°°(0,T)‘*‘/0 M) T dt )+ Sllollzeomm @)

From (A.7), we may now deduce that there exists a constant C' = C(q,d, ) > 0 and an exponent s > 1 such
that the (trivially non-negative and non-increasing) function

T
A:[0,00) 20,00, AQ) = e + [ )Tt
0

satisfies
A(m) < C(m = D)2 fl 70,7510y A0 VL <I<m.

The above implies, in combination with ([38], Lem. IIB.l), that there exists a (different) constant C' =
C(q,d,Q,T) > 0 with A(L + C|| ||z (0,1;29(2))) = 0. The estimate (A.8) now follows immediately from the
definitions of A and A;. This proves the claim in the case d > 2. For d € {1, 2}, the proof of (A.8) is completely
along the same lines and only requires minor modifications due to the degenerate Sobolev conjugate. We leave
the details to the reader. O

As an immediate consequence of Lemma A.2, we obtain the following result that allows to establish the
L -regularity of the adjoint state p in Theorem 3.4.

Lemma A.3 (Pointwise estimates for parabolic PDEs). Suppose that @ C R?, d > 1, is a bounded Lipschitz
domain and that a T > 0 is given. Assume further that amn,ag € L>®(Q), m,n =1,...,d, are functions which
satisfy the conditions in (2.2) a.e. in Q for all m,n =1,...,d and all ¢ € R? with some o > 0, that x is a
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non-negative element of L>=((0,T) x Q), and that A: H}(Q) — H~Y(Q) is defined as in (2.1). Then the PDE

ow+Av+xv=f in(0,T)xQ,
tr(v) =0 on (0,T) x 09, (A.9)
v(0)=g in Q,

admits a unique (weak) solution v = v(f,g) € L?(0,T; HX(Q)) N H(0,T; H=1(2)) for all f € L*(0,T; H-(Q))
and all g € L*(Q), and, for every q > max(d/2,1), there exists a constant C > 0, which depends only on Q, T,
d, q and «, such that

lv(f, 9) L0, r)x) < gllze) + Cllfllze(0,7;L0(02)) (A.10)

holds for all f € L>=(0,T; LY(2)) and all g € L>(Q).

Proof. The existence of a unique solution v € L?(0,T; H}(Q)) N HY(0,T; H~1(Q)) of the problem (A.9) for
all f € L%0,T; H1(2)) and all g € L*(Q) follows straightforwardly from ([4], Thm. 1.14). It remains to
prove (A.10). To this end, let us suppose that arbitrary but fixed f € L>°(0,T; L%(Q)) and g € L*>°(Q2) with
q > max(d/2,1) are given, denote with v = v(f, g) the solution of (A.9) associated with f and g, and define vy,
[ >0, as in (A.6). Then the embedding L?(0,T; Hi(Q)) N H(0,T; H=1(Q)) — C([0,T]; L*(2)) and Lemma A.1
yield that v; € L2(0,T; H}(Q)) N L>=(0,T; L*()) holds for all I > 0, and we may use (A.9), the formula (A.1),
and exactly the same regularization argument as in the proof of ([55], Lem. 3.3) to compute that

S S d
/ / fudzdt = / ((@v,vl)Hé(m + / Z W (Om ) (On01) + (a0 + x)vu dx> dt
0o Ja 0 Q

m,n=1

s d
2/ ((@v,vl)Hé(Q)—i—/ Z amn(amvl)(anvl)dx> dt
0 Q

m,n=1

1 1 s
> §||Ul(S)H%2(Q) - §||Ul(0)||2L2(Q) +a/0 /Q|Vvl|2d$dt Vs € (0,T).

The above implies, in tandem with Friedrichs’ inequality, the fact that v;(0) = min(0, g + 1) + max(0,g — 1) =0
holds for all [ > ||g|| . (q) and trivial estimates, that there exists a constant C' = C(, ) > 0 with

T
ol o0 0,722 (62y) + 0ell720,7:82 2y §/0 /Qc|f||7fl|dl'dt VI > |9l Lo ()
The claim now follows immediately from Lemma A.2. This completes the proof. O

Note that the crucial point of Lemma A.3 is that the constant C' in (A.10) is independent of x. This is what
makes it possible to obtain the inclusion (3.14) in Theorem 3.4 by passing to the limit in (3.15).

We remark that results similar to that in Lemma A.3 can also be found, e.g., in ([54], Chap. 5), albeit under
different regularity assumptions on the right-hand side and for different boundary conditions. Further, we would
like to point out that, completely analogously to the proof of Lemma A.3, one can also establish L°°-estimates
for other types of parabolic PDEs and even certain evolution variational inequalities. Compare, e.g., with the
results for elliptic problems in ([17], Sect. 2), ([21], Lem. 3.6) and ([38], Sect. IIB) in this context. We do not
state these generalizations here since they are not needed for the analysis of the problem (P).
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