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Abstract. We solve a class of isoperimetric problems on R with respect to monomial weights. Let
«a and ( be real numbers such that 0 < a < f+ 1, 8 < 2a. We show that, among all smooth sets 2 in
Ri with fixed weighted measure [ fQ y?dady, the weighted perimeter /. 20 ¥~ ds achieves its minimum
for a smooth set which is symmetric w.r.t. to the y-axis, and is explicitly given. Our results also imply
an estimate of a weighted Cheeger constant and a bound for eigenvalues of some nonlinear problems.
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1. INTRODUCTION

The last two decades have seen a growing interest in weighted isoperimetric problems in the Euclidean space.
In many cases, volume and perimeter in those problems carried the same weight. Such a setting corresponds to
manifolds with density, see for instance [5, 7, 8, 12, 15-18, 21, 36, 37, 41-43] and the references therein.

More recently, also problems with different weight functions for perimeter and volume were addressed, see
for example [2—4, 6, 23-26, 33, 38, 39, 45, 46] and the references therein.

The minimizing sets for the isoperimetric problems are radial in all of the above-mentioned articles. There is
only a sparse literature in the Euclidean setting with non-radial isoperimetric sets, see [1, 20, 27].

We wish to mention that isoperimetric problems w.r.t. non-Euclidean metrics, in particular in the framework
of the Grushin space, have received a lot of attention recently, too, see for instance [28-30, 40] and references
therein.

In this paper we deal with an isoperimetric problem in the upper half-plane, where the minimizers are not
half balls, centered at the origin.

More precisely, we study the following problem:

Minimize / y“ds among all smooth sets ) C Ri satisfying / / yP dady =1
oQ Q
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2 A. ALVINO ET AL.

or equivalently

/ y“ds
(P) inf 0% 0< // y? dedy < + 00 p =: pu(a, B).
Q

(a+1)/(B+2) -
[
Q

Our main result, proved in Section 2, is the following:

Theorem 1.1. Assume that
0<a<fB+1 (1.1)
and
B < 2. (1.2)

Then problem (P) has a minimizer which is given by

Q"= {(@,y) : o < fy), 0<y <1},  where (13)
1 tﬂ—a+1
= ——dt, (O<y<1). 1.4
1= [ e O<y<) (1.4)
Moreover, we have
a+1

o
+]
|

(o, ) = 45531 [W}

pey” e

where v := B4+ 1 — « and B denotes the Beta function. In particular,

27 (2a + 1)

2a) = .
pla20) = |20

(1.6)

Remark 1.2. (a) First observe that Q* is the half-circle when o = . Therefore Theorem 1.1 includes the
result obtained by Maderna and Salsa in [37] (see also [11, 15]).
(b) Let Bf := {(z,y) € R?: 22 +y% < 1, y > 0}. It is elementary to verify that,
1.if 8 —a < 0 then Q D B,
2. if B —a > 0 then Q C B,
3.if 8 —a =0 then Q = Bf'; see Figure 1.

Theorem 1.1 also allows to obtain a Faber-Krahn-type inequality for the so-called weighted Cheeger constant,
and in turn a lower bound for the first eigenvalue for a degenerate elliptic operators. For similar results see also
[9, 13, 14, 19, 34, 44, 47].

We emphasize that our main result generalizes the isoperimetric inequality in the Grushin plane proved in
[40] (see also [28-30]) which corresponds to Theorem 1.1 with & = 0 and 8 € (—1,0] (see Rem. 2.15 in Sect. 2).

In a forthcoming paper we will study the N-dimensional case, which has to be treated with a different
approach.

Our paper is organized as follows. We state and prove the isoperimetric inequality, Theorem 1.1., in Section 2.
We will also point out some relations to recent other literature, at the end of the section, see Remark 2.15.
Further, we give two applications of Theorem 1.1., in Section 3. Namely, Theorem 3.1. gives an estimate for
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FIGURE 1. Isoperimetric sets for different values of a and f.

a weighted Cheeger constant while Theorem 3.2. provides a lower bound for the first eigenvalue of a class of
non-linear degenerate weighted eigenvalue problems.

2. ISOPERIMETRIC INEQUALITY IN THE UPPER HALF PLANE
Let R3 := {(z,y) € R*: y > 0}. Throughout this paper, we assume that «, 3 € R and

B+1>0 and a>0.

(2.1)
IfQcC R%r is measurable, we set
Qy) ={reR: (z,y) €Q}, (yeRy), (22
O ={y eRy: Qy) # 0} 2.3
Further, we define the weighted area of {2 by
Ap(Q) = //Q y? dady,
and the weighted relative perimeter of {2 as
P,(9) :=sup {//]R2 div (y*v) dady : v € C§(R1,R?), |v| < 1in Q} (2.4)
ut
It is well-known that, if €2 is an open, rectifiable set, then the following equality holds
P,(9) / y*doq . (2.5)
o0nR2

(4 denotes 1-dimensional Hausdorff-measure.)
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Remark 2.1. The following properties of the perimeter are well-known:
Let © be measurable with 0 < Ag(2) < 400 and P, () < +o0.
Then there exists a sequence of open, rectifiable sets {2, } with lim Ag(QAQ,) =0 and
n— oo

P,(Q) = lim P,(Q,). (2.6)
n—oo
Further, we have
P,(Q) < liminf P,(9,) (2.7)
n—oo

for any sequence of open, rectifiable sets {£2,,} satisfying ILm Apg(QAQ,) =0.
We define the ratio

P ()

Ra,5(82) := - ,
[Ag(Q)]( +1)/(8+2)

(0 < Ap()) < 400).

Remark 2.2. We have R, g(tQ2) = R4 5(Q2) for every ¢t > 0.
We study the following isoperimetric problem:
(P) inf{Rq 5(Q) : 0 < A3(Q) < +o0} =: p(e, B).
Our first aim is to reduce the class of admissible sets in the isoperimetric problem (P).
Throughout our proofs let C' denote a generic constant which may vary from line but does not depend on

the other parameters.
The first two Lemmata give necessary conditions for a minimizer to exist.

Lemma 2.3. If a > 41, then

p(e, ) = 0, (2.8)

and (P) has no minimizer.

Proof. Let Q(t) := (0,t) x (0,1), (¢t > 0). Then

t
2

/ yo‘ds:t—l—Q/ Yy dy =t + ——,

oQ(t)NR2 0 a+1

t
B = —
//y dzdy 1

Q(t)

Hence

t+(2/(a+1))
[t/(3 + 1)](@+D/(B+2)

Ra,p(2(t)) = — 0, as t — 400,

and the assertion follows. O
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Lemma 2.4. Assume o < B+ 1. Further, let Q C Rf_ be a nonempty, open and rectifiable set, which is not
simply connected. Then there exists a nonempty, open and rectifiable set U C Ri which is simply connected,
such that

Rap(U) < Ra,p(Q). (2.9)

Proof. (i) First assume that 2 is connected. Let G be the unbounded component of R?\ Q and set U := R?\ G.
Then U is simply connected with Q@ C U C R% and 9U C 09, so that (2.9) follows.

(ii) Next, let Q = U™, Q, with mutually disjoint, nonempty, open, connected and rectifiable sets Q, (k =
1,...,m, m > 2). We set Ry g(2) =: X\. Let us assume that R, g(Q%) > A for every k € {1,...,m}. Then we
have, since (a+1)/(8+2) < 1,

(a+1 /(B+2)

=
E
I
NE
5]
5:
v
Ms

k=1 k=1
m (a+1)/(8+2)
> 0| 2 A = A [Ap(@))
k=1
P, (),
a contradiction. Hence there exists a number ko € {1,...,m} with Ry g(Qk,) < A. Then, repeating the argument
of part (i), with €y, in place of §2, we again arrive at (2.9). O
Lemma 2.5. There holds
w(B+1,8)=p6+1, (2.10)

but (P) has no open rectifiable minimizer.

Proof. With Q(t) as in the proof of Lemma 2.3, we calculate Rg4+1,8(2(¢)) > 5+ 1 and

Jim R0 5(0(1) = 5+ 1. (2.11)

Let Q C Ri be open, rectifiable and simply connected. Then 0f2 is a closed Jordan curve C with counter-clockwise
representation

C={(&(#),n): 0<t<a}, (ac0,+o0),
where £,1 € C[0,a] N C%1(0,a), £(0) = £(a), n(0) = n(a), and (¢)2+ (n')? > 0 on [0, a]. Using Green’s Theorem

we evaluate
/3+1 a B+1
/y - [ngﬂ o

_l’_
/ O VP + WPt = 5 Poa () (2.12)

Equality in (2.12) can hold only if n” = 0 and ¢’ < 0 on 92N R?H that is, if 902N Ri is a single straight segment
which is parallel to the z-axis. But this is impossible. Hence we find that

Pos1(Q) > (B+1)As(Q). (2.13)
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To show the assertion in the general case, we proceed similarly as in the proof of Lemma 2.4:
Assume first that € is connected and define the sets G and U as in the last proof. Using (2.13), with U in
place of €2, we obtain

Pg1() > Pg41(U)
> (B+1)As(U) > (B+1)As(Q). (2.14)

Finally, let £ be open and rectifiable. Then £ = U, with mutually disjoint, connected sets €, (k =
1,...,m). Then (2.14) yields

Psa(Q) = D Poa ()
k=1

m

> (B+1)) As(%) = (B+1)As(Q). (2.15)

k=1

Now the assertion follows from (2.15) and (2.11). O
Lemma 2.6. Let 2a < 3. Then (2.8) holds and (P) has no minimizer.
Proof. Let z(t) := (0,t), (t > 2). Then we have for all t > 2,

/ y*ds < Ct* and
9B1(z(1))

/ y? dady > CtP.
B1(2(t))

This implies
Rap(Bi(2(1)) < Cto=BU+a)/CHE) 5 as t — +oo, (2.16)

and the assertion follows. O

Next we recall the definition of the Steiner symmetrization w.r.t. the z-variable. If 2 is measurable, we set

S(Q) ==A{(z,y) : x € S(Qy)), y € A}
where Q(y), ' are defined in (2.2) and
(=321 Q). +321 () if 0< LN Qy)) < 400

S(Q(y)) =4 0 it Z'(Qy))
R if ZM(Q(y))

Note that S(2)(y) is a symmetric interval with Z1(S(Q)(y)) = £ (Q(y)).
Since the weight functions in the functionals P, and Ag do not depend on x, we have the following well-known
properties, see ([32], Prop. 3).

Lemma 2.7. Let QQ C Ri be measurable. Then

Pa(Q) > Pa(S(Q)  and (2.17)
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A5(9) = Aa(S(Q)). (2.18)
For nonempty open sets Q with Q = S(Q) we set Q= {(x,y) € Q: y >t} and

y* = 1inf{t > 0: As(Q) = 0}, (2.19)
y~ =sup{t >0: Ag(Q\ Q) =0}. (2.20)

Remark 2.8. Assume that Q C R? is a bounded, open and rectifiable set with 0 < Ag(2) < 400 and Q = S(Q).
Then it has the following representation,

Q={(z,y): |z < fly),y~ <y<y'}, where (2:21)
f:(y ,y") = (0,+00) is lower semi-continuous.

Lemma 2.9. Let Q be a nonempty, bounded, open and rectifiable set with Q = S(Q). Then we have

Pa() 2 () =) and (2.22)

a+1
P.() > 2% f(y) Vye(y ,y"), (2.23)

where f is given by (2.21).

Proof. Assume first that Q is represented by (2.21) where
feCy™,y*] and f(y7) = f(y") =0. (2:24)

Then we have for every y € (y~,y™),

P,(Q) :2/? t“\/1+(f’(t))2dt22/y 14 (f/(t))%dt

Yy
> 2y° / PO dE > 2% f(y).

Furthermore, there holds

y+

Pa(Q) :2/? ta\/l—i—(f’(t))?dtZQ/ to dt

2

= LD =)™,

In the general case the assertions follow from these calculations by approximation with sets 2 of the type given
by (2.21), (2.24). O

Lemma 2.10. Assume that

a<fB+1, and (2.25)
B < 2a, (2.26)
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and let Q be a bounded, open and rectifiable set with Ag(2) =1, Q = S(Q) and P, (Q) < (e, B) +1. Then there

exist positive numbers C1 and Cy which depend only on o and B such that

Ci >yt and yT—y > Cs. (2.27)
Proof. By (2.22) and (2.23) we have
S (0, ) + Do+ 1) > () — (7)™ and (225)
MODEL Sy fiy) e (o), (229)
It follows that
y+
1=A45(Q) = 2/ v’ f(y)dy
g
y+
< (o) + 1) [ ypdy = MO e ey, (2:0)
.

Setting z := Y (€ [0,1)), we obtain from (2.28) and (2.30),

<

+)a+1 < (u(a,ﬁ)+1)(a+1) and

2.31
(y = 2(1 7 Za+1) ( )
B+l f+1—a
W2 e m + 0 — ey
which implies that
- (1 _ za+1)(,(3+1—a)/(a+1)
f(z) T 1fzﬂ+1*04 SC7
with a constant C' which depends only on o and . By (2.26) we have that
lim f(z) = +o0.
z—1—
Hence it follows that
-
z = o <1-§ for some § € (0,1). (2.32)
Using (2.31) and (2.32) this leads to (2.27). O

Lemma 2.11. Assume (2.25) and (2.26). Then problem (P) has a minimizer Q* which is symmetric w.r.t. the
Y-axis.

Proof. We proceed in 4 steps.
Step 1: A minimizing sequence:

Let {2, } a minimizing sequence, that is, lim,, o Ra () = p(e, B). In view of the Remarks 2.1 and 2.2 and
the Lemmata 2.4 and 2.9 we may assume that ), is open, simply connected and rectifiable with Q,, = S(€,),
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Ag(n) =1 and Po(Q) < ple, B) + £, (n € N).
Step 2: Parametrization of 0€),,:

Denote Cp, := 9, N{(x,y) : x >0, y > 0}. By a standard approximation procedure we may assume that C, is
a simple smooth curve with

Crn = {(xn(8),yn(s)) : s €10,L,]}, (2.33)
where s denotes the usual arclength parameter, L,, € (0,+0), Z,,y, € C[0, L,] N C%(0, L), z,(s) > 0 and
yn(s) > 0 for every s € (0,L,), (n € N). We orientate C,, in such a way that the mapping s — y,(s) is
nonincreasing and z,(0) = 0. Setting v, (0) =: ;7 and y,(L,) =: y,,, we have by Lemma 2.9,

Ci >yt and yf —y, >Cs, (2.34)

where Cy and C do not depend on n. Note that x,(L,) = 0 in case that y,, > 0. Further, Lemma 2.9, (2.23)
shows that

pwla, B) + % > 2y (8)%n(s), Vs €0,Ly). (2.35)

For our purposes it will be convenient to work with another parametrization of C,: We set

on(s) = ﬁ /OS yo(t)dt, and

Xn(pn(5)) = x,(5), Yn(pn(s)) :=un(s), (s€]0,Ly]).

Then X,,,Y, € C[0,1] N C%1(0,1), and we evaluate

1=A45(Q,) = % /01 YA (o) X! (o) do = —2 /01 Y2 (0)Y! (o)X (o) do, (2.36)
Puls) =2 [ Vo)) 0P (2.37)

L Xalo) = P ()7 ), (239
Dvato) = T @), (0= gato)). (2.39)

Step 3: Limit of the minimizing sequence:

Since (z,(s))? + (y,,(s))? = 1, we obtain from (2.34) and (2.39) that the family {Y,2"!} is equibounded and
uniformly Lipschitz continuous on (0, 1). Hence there is a function Y € C[0, 1] with Y*™! € C%1(0, 1) such that,
up to a subsequence,

Yot — vyt uniformly on [0, 1]. (2.40)

Moreover, setting Y (0) =: y*, Y (1) =: y~, the bounds (2.27) are in place and ¢ + Y (o) is nonincreasing.
Let

oo :=sup{o € (0,1] : Y (o) > 0}.
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Then from (2.35) and (2.38) we obtain that the families {X,,} and {dX,,/do} are equibounded on every closed
subset of [0, o). Hence there exists a function X € C[0, 0¢) which is locally Lipschitz continuous on [0, op), such
that, up to a subsequence,

X, — X uniformly on closed subsets of [0, o9). (2.41)
Moreover, from (2.35) and (2.38) we find that

(0) and (2.42)

X
X'(0), (o€1]0,00)). (2.43)

Let Q be the set in RE with Q = S(Q) such that Q2N {(z,y) : © > 0,y > 0} is represented by the pair of
functions
X(0),Y(0): o €]0,00).

In view of (2.43) we have that

2 [0
Aﬁ(Q):ﬁ/0 YA*HIX' do. (2.44)

Step 4: A minimizing set:
We prove that
Ap(9) =1, Pa(®) = (e, B).. (2.45)
In order to prove the first equality, since Ag(£2,) = 1, we prove that

lim Ag(Q,) = As(9). (2.46)

n—-+oo

Fix some § € (0,00). Then (2.38), (2.39), (2.43), (2.40) and (2.41) yield

0'0—5 0'0—6
/ YAHIX! do — / YA+ X' do (2.47)
0 0

<

0'0—6 0'0—5
/ Yo (X - X')do +/ Y — YO X do
0 0

oo—0 op—0
<Y X, - X ‘OO +(6+1)/ YAV | X, — X|do
0

oo—0
+/ [VA+H —yAH | X do — 0, asn— .
0
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Further, (2.38) and (2.43) give

g0

}iH(l) (V)P X! do = 0, uniformly for all n € N, and (2.48)
- Uo—t
o0
lim YAHIX do = 0. (2.49)
t=0 Joo ¢

Now (2.48), (2.49), (2.47) and (2.44) yield (2.46) and therefore the first of the equalities in (2.45).
Now we prove the second inequality in (2.45). With § as above we also have

fa«u>::2/deV«xmv—razvda
0
>&/%_?Y:—wﬂwvdxzv+—axﬁda+l/%_6yav%XmQ+<x92mr
0 0

1 2
= In76 + In,(g.

In view of (2.40) and (2.41) it follows that li_>m Ins=0.
On the other hand, we have

0’075
lirginfffb’(; z/ Y/ (X2 +(Y')2do.
n oo 0

Define

S:={c€(0,1): X(0)>0,Y(c) >0}.

Letting 6 — 0 we obtain

(o) 2 liminf PL(@,) > [ v OO T (VP do

n—oo 0

> [y 1o
S

= P,(Q) > p(a, B).

Hence €2 is a minimizing set.
Note that © must be simply connected in view of Lemma 2.4, which implies that there is a number o1 € [0, 09)

such that

S = (0'1,0'0). (250)
This finishes the proof of Lemma 2.11. O

Next we obtain differential equations for the functions X and Y in the proof in Lemma 2.11.
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Lemma 2.12. Assume (2.25) and (2.26). Then the minimizer Q obtained in Lemma 2.8 is bounded, and its
boundary given parametrically by

NN{(z,y) €ER*: x>0,y >0} (2.51)
={(z(s),y(s)): s€(0,L)}, (s: arclength),

where the functions x,y € C2[0, L] satisfy the following equations:

(™) +ay* Tt = A8+ Dy’ (2.52)
—(y*a") = =AY, (2.53)
together with the boundary conditions
2(0) =0, y(0) =y*, ¥'(0) =0, (2.54)
y(L) =y, and either (2.55)

(i) y~ >0,y (L)=0, or (2.56)
(@) y~ =0, lim y%(s)a(s) =0,

for some numbers A\ > 0 and 0 < y~ < yT. Finally, the curve (2.51) is strictly convez.

Proof. We proceed in 4 steps.

Step 1: FEuler equations:

After a rescaling the parameter o, we see that the functions X (o) and Y (o) in the previous proof annihilate
the first variation of the functional

/1 Yo (X2 + (V)2 do
0

under the constraint

1
/ YP*t1X"do = const. (> 0).
0

Hence X and Y satisfy the Fuler equations

,% <Y°‘Y’> Jroéyozfl (X/)Q + (Y’) — A(ﬂ+1)yﬁX/’ (2'57)

(X/)Q + (Y/)Q

O D o SRS IR JyOvrre
do < (X2 + (Y’)2> - )\da (Y - )7 (2.58)

where X is a Lagrangian multiplier, and
X(o) >0, Y(o) > 0. (2.59)
In addition, the following boundary conditions are satisfied:

X(0) =0, Y(0)=:yt >0, Y'(0) =0, (2.60)
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if Y(1) =0 and lim,_,; X (o) exists, then 1im1 Y*(0)X'(0) =0, (2.61)
(d
if Y(1) =y~ >0, then X(1) =0 and X'(1) = 0. (2.62)

Step 2: Boundedness:
It will be more convenient to rewrite the above conditions in terms of the arclength parameter s: Set

s=ito) = | O T VD) d,
2(s) = X(0(s)). y(s) = Y(4(s)), (s € (0, L)),

where L € (0, +oc]. Then we have (2/(s))? + (3/(s))? = 1 so that (2.57), (2.58) yield the system of equations
(2.52), (2.53).

Now we prove that z,y are smooth functions. Firstly let us prove that z,y € C'(]0, L[). Indeed, by the
previous step z,y are Lipschitz continuous functions, i.e. z,y € I/Vllocoo(]O,L[) By Lemma 8.1, p. 204 of [10],
there exists a constant d such that

y(s) :

yor’ — Pt =d, ae in]0, L[,
or equivalently, since y(o) > 0 in |0, L],
o = T L dy™®, ae in 0, L. (2.63)
Since y* € C(]0, L]), we deduce that 2’ € C(]0, L[), that is
€ CH]0,L]).
Now by (2.53)
— (") = AB+ 1y’ —ay* ' € C(10,L]), (2.64)
and, since y**!, y are locally Lipschitz continuous functions by the previous step, we conclude that
Yy € Wige (10, L]).
By Remark 6, p. 204 of [10], we conclude that
Yy’ € Clo(10, L)
Since y* € C(]0, L]), we deduce y’ € C(]0, L[) or, equivalently
y€C'(]0,L]).
By (2.63) this implies that 2’ € C1(]0, L[), i.e. x € C?(]0, L|).

Moreover by (2.64), —(y®y’)" € C*(]0, L[) since y* € C*(]0, L[), this means that y’ € C'(]0, L]). In a similar
way we deduce that also y € C?(]0, L[). By repeating this argument we conclude that z,y are smooth functions
on |0, L.

Integrating (2.53) we obtain

yz' = NPt 4 d, (2.65)
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for some d € R.

Assume first that z(s) is unbounded. Then L = 400, and in view of (2.42) we have that lim,_, o y(s) = 0.
If a = 0, then this would imply Py(2) = +o0, which is impossible. Hence we may restrict ourselves to the case
a>0.

There is a sequence s, — +oo such that lim 2'(s,) = 1. Using s = s, in (2.65) and passing to the limit
n—o0

n — oo gives d = 0. Plugging this into (2.52), we find
_ (yay/)/ + aya—l _ )‘2(6 + 1)y25+1—o¢. (266)
Multiplying (2.66) with y*y’ and integrating, we obtain

—**(Y)* + oy = X (B+ 1)y*P T2 + D,
or equivalently,

_ (y/)Z +ta= )\2(6+ 1)y2[3+2—2a +Dy—2a, (2.67)
for some D € R. Using s = s, in (2.67) and taking into account that lim, 1. ¢'(s,) =0, 8+ 1 —a > 0 and
a > 0, we arrive again at a contradiction. Hence z(s) is bounded, and we deduce L < +oo.

Finally we can apply ([10], Thm. 8.2, p. 204) and we deduce the existence of continuous representatives on
[0, L] Z and g of = and y respectively such that

z,7€C*([0,L]) and z=2z,y=7% a.e.in[0,L].

We identify x and y with their continuous representative Z, g.
Therefore we deduce that x,y € C?[0, L] and the boundary conditions (2.54)-(2.56).

Step 3: ) is positive:
Multiplying (2.52) with y and integrating from s = 0 to s = L gives

L L L
—/ﬂ@%th+a/zﬂm:Aw+D/‘f“ﬁ@.
0 0 0
Using integration by parts this yields

a1

L L L t
vty | [ @ a) as= s 0] a2 [yt yeas

The first two boundary terms in this identity vanish due to the boundary conditions (2.54)—(2.56) and the two
integrals are positive since ¢y’ < 0 and 3’ # 0. It follows that

A>0. (2.68)
Now, considering equation (2.65) at s = L and taking into account the boundary conditions (2.56), we find
0> Ay )" +d,
which implies that

d<0. (2.69)
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Step 4: Strict convexity:
From (2.52) and (2.53) we obtain

7’ = )\(ﬁ i 1)yﬁ—ay/ _ gx/y/7

y// — _)\(B+ l)yﬁ_ax' + %(.%‘/)2.

Hence, using (2.65), we find for the curvature x(s) of the curve (x(s),y(s)), (s € (0, L)),

—a'y" +y'z" 1o 1o
BN (Cg e D E R

- _g”’ FAB A+ = AT B 41— ) —adyTI T

(2.70)

The last expression is positive by (2.68) and (2.69), which means that Q is strictly convex. The Lemma is
proved. O

Lemma 2.13. Assume (2.25) and (2.26), and let 02 be given by (2.51)-(2.56). Then y~— = 0.

Proof. Supposing that y~ > 0, we will argue by contradiction. We proceed in 3 steps.

Step 1: Another parametrization of 0Q:
Let

xo :=sup{z : (z,y) € 00}

Since € is strictly convex, there are functions uy,us € C?[0,29) N C[0, z¢] such that

NN{(z,y): >0,y >0} ={(z,y) : v1(x) <y <uz(z), 0 <z <z}, (2.71)
u1(0) =y~ u2(0) =y, (2.72)
u1(z0) = u2(T0) =: Yo, (2.73)
4} (0) = u5(0) = 0. (2.74)
Furthermore, the Euler equations (2.52), (2.53) lead to
oui L ufuy B+ uf (2.75)
T+ @)? (L4 (uy)?)?? b '
a—1 o,
aus ugul 5
- =B+ 1)us. 2.76
1 ¥ ('U/2)2 (1 T (u/2)2)3/2 (ﬂ ) 2 ( )
Using (2.73) and the fact that
lim u}(z) =+o0o and (2.77)
r—xo
lim w)(x) = —o0, (2.78)

r—rTo
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lead to
ug B+1 _ B+l
=Myg ~ —uy ), (2.79)
1+ (uy)?
ugy B+1 B+1
— = A(u — . 2.80
e R CCA (2.80)
Finally, the boundary conditions (2.72)—(2.74) lead to the following formulas:
s _ W) )+ ) )" 581
yo - N\« +\a ) ( 8 )
=)+ (")
-\ +\a

(yT)s+t — (y=)p+t

Step 2: Curvature:
In the following, we will refer to points (z, u1(z)) as points of the ‘lower curve’ and to points (z, uz(x)) as points
of the ‘upper curve’, (x € (0,z9)).

The signed curvature k (see (2.70)) can be expressed in terms of the functions u; and uy. More precisely, we
have

1"
u

Ewawavivy ) on the lower curve
= (I . (2.83)

—(H(;,W on the upper curve
2
Accordingly, we will write
uf
K1 ($) = Wy
Ko () 1= — (x € (0,z0)).

Finally, let so € (0, L) be taken such that y(sg) = yo and z(sg) = 2. Then formula (2.65) taken at s = s leads
to

d= -5t (2.84)
Plugging this into (2.70) we find
K(s) = A <(B +1—a)y >+ ay_l_ang) . (se€l0,L)). (2.85)
Differentiating (2.85) we evaluate
#(s) = =~y (ala+ Dyg ™ = (B+1- )8 - a)y’). (2.86)

Since y'(s) < 0 for s € (0, L), this in particular implies

k'(s) >0 Vselo,L], if 8 < a. (2.87)
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Step 4:
We claim that

k1(x) > ka(x) YV € (0,xz). (2.88)
First observe that (2.88) immediately follows from (2.87) if & > . Thus it remains to consider the case
0<a<p<2a. (2.89)

From (2.86) and the fact that y(s) < yo for s € [so, L] we find that

R(s) 2 =My 2 e e +1) = (B 41— a)(8 - o)

=My 2y T (20— B)(B+ 1)
>0 Vsé€]lsg,L). (2.90)

This means that
ki(x) > ko(x) Vo € (g — €, x0), (2.91)

for some (small) e > 0. Now assume that (2.88) does not hold. By (2.91) there exists a number x; € (0, zg) such
that

k1(x) > ko(x) Vo € (z1,20), and (2.92)
/Ql(Il) = Hg(xl). (293)

We claim that (2.92) implies that
uy(z1) < —ub(z1). (2.94)

To prove (2.94), observe first that

. ! _ . ! —
Jim vy (z) = lim (—up(z)) = +oo.

Then, integrating (2.92) over (x1,x¢) leads to

o wi(m) “( %@>>M
T+ (@ (@))? o \VI1+ W (@)?

. e e
>, = e

_ /wo ( —ué(:ﬂ) ) de — 1+ U/Q(Sﬂl) ’
o 1+ (up(2))? 1+ (up(21))?
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which implies (2.94). Now, from (2.94) we deduce

1 1
>

L+ (uy(21))? L+ (up(21))*

Together with (2.79) and (2.80) we obtain from this

o = (ua(21)P  (ua(a1))P ! — !

(u1(w1))® (uz(w1))™ ’

or, equivalently
(1 (1)) P77 4 (ua (1)) < g™ ((wa(@0)) ™ + (ua(21)) ™) - (2.95)

Furthermore, multiplying (2.75) by (u;)~%, respectively (2.76) by (u2)~ %, adding both equations and taking
into account (2.93) leads to

(0% «

/T3 @ /LT ()

Using once more (2.79) and (2.80) then gives

=AB+1) ((ug)ﬁ_“ - (ul)ﬁ_o‘) at © = 1.

oyl = (w)*)  al(w)t — )
(ul)a—i-l (u2)o¢+1

= (B+1) ((u2)”* = (u)"*),
or equivalently,

ayg ™ ()0 = (u2) ™) = (B4 1 a) (u2)®~* — (u)?®)  at x = a1,

From this and (2.95) we then obtain

(B4+1—a) ((u2)’~* = (u1)"~*) (2.96)
—a—1 _ —a—1 (u2)5+17a + (ul)ﬁJrlia _
> a ((u1) (uz2) ) (1) + (9) at © = x7.
Setting
_ ui(z)
z = wa(z1) € (0,1),
this leads to
B+1-a)(z— PPHlze g gkl Z’8+1) >a(l—2"T+ ZPriza zB+2) . (2.97)

But this contradicts Lemma A (Appendix). This finishes the proof of (2.88).
Step 5: Since lim,_, 4, v} (z) = — limg_,, u5(x) = +00, (2.88) implies that

4 (0) < —u5(0) =0,
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which contradicts the boundary conditions (2.74). Hence we must have that y= = 0. O

Now we are in a position to give a

Proof of Theorem 1.1: We split into two cases.
Case (i): Assume that

8 < 2a. (2.98)
By Lemma 2.13 we have y~ = 0. Now, since 2'(L) = 0, equation (2.53) at s = L yields
d=0, (2.99)
so that
= \yftime, (2.100)

In view of Remark 2.2 we may rescale Q in such a way that y™ = 1. Then (2.100) at s = 0 gives A = 1. Since
y'(s) < 0 for s € (0,L), we have s = g(y) with a decreasing function g € C*(0,1). Writing

we obtain
_ f') = yfti-e (2.101)
1+ (f'(y))?
and integrating this leads to (1.3) and (1.4).
Case (ii) Now assume that
B =2a. (2.102)

Since the case a = 0 is trivial, we may assume « > 0. Let us fix such a.
First observe that for every smooth domain U C Ri, the mapping

Br— Rap(U), (-1<p<2a), (2.103)
is continuous. Furthermore, from Case (i) we see that the mapping

Br— p(a,B), (—1<p<2a),

is continuous, and the limit

Z:= lim p(a,p)

B—2a—

exists.
Now let Q* be the domain that is given by formulas (1.3), (1.4), with 8 = 2«. Then we also have

Z = Ra,Za(Q*)a
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which implies that Z > u(a, 2a).
Assume that

Z > pa, 2a).
Then there is a smooth set Q' C Ri such that also

Z > Ra2a().
But by (2.103) this implies that

Ras(Q) < pla, B),
when § < 2« and |8 — 2a/ is small, which is impossible. Hence we have that
Z = p(a, 20) = Ry 20 (29).

This finishes the proof of the Theorem.

Finally we evaluate pu(a, 8). Put v := f+ 1 — a(> 0). With the Beta function B and the function f given by
(1.4) we have

P(Q*Q/Oy\/HidyZ/m

1L a1 plotll
2’y’27

v Vi—z v

and

1 1
Ag(Qr) = 2/0 Yo fly)dy = 7%/0 YT (y) dy

1 1 atl
_ 2 / dy = 1 / 2 dz
B+1Jo /11—y YB+1) Jo VI-=2

1 11
:B<1+0‘+ )
(B +1) 2y "2

Using the identity

Bla+1,b) = B(a,b) - aib, (Re(a) > 0, Re(b) > 0),
we obtain
o (27
(0, 5) = Rap(@) = — L2
[Ap(Q*)] 7+
_1 atl 1) {1 at+l 1N o+
oy (27 ’2> (B) B<1+ 2y 2”
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which is (1.5). In case of 8 = 2« this leads to

Nl

1
1 1 1\]2 21 (2a+ 1)
2a) = 1)72 - [2(2 D]z2-|B|=,= =4/ —". O
pla20) = @+ ) ea ) |5 (5.5)] = 2R
Remark 2.14. It is also well-known that the isoperimetric inequality is equivalent to the following functional
inequality, (see [1], Lemma 3.5).

a+1
B+2
// [Vuly® dedy > p(a, 5) (// |u|§7ﬁy5 dxdy) , Yu € C5°(R?). (2.104)
R2 R2

Remark 2.15. In [40] (see also [28-30]) the authors obtain a sharp isoperimetric inequality in the Grushin
plane, and they also compute the corresponding isoperimetric sets. Their proof consists of three steps. First,
performing a certain transformation in one of the coordinates, the problem becomes equivalent to the task of
minimizing the (unweighted) Euclidean perimeter of sets U C R? having fixed weighted measure I] U ly|? dz dy,
where 8 € (—1,0]. Then, using two consecutive Steiner symmetrizations in the a- and the y-variable, the
perimeter of an admissible set U decreases while the weighted measure increases. This means that the problem
can be further reduced to sets which are Steiner symmetric in both variables. In turn, the boundary of the
minimizer must be a polar graph which is then found in the last step of the proof.

In view of the symmetry of the minimizer w.r.t. the z-axis, this isoperimetric result can also be read off from
Theorem 1.1 when @ = 0 and 3 € (—1,0]. Note however, that in the study of our problem (P) extra difficulties
appeared because rearrangement arguments in the y-variable failed in the general case.

3. APPLICATIONS

In this section we firstly show that our isoperimetric inequality implies a sharp estimate of the so-called
weighted Cheeger constant.

Then we deduce an estimate of the first eigenvalue to a degenerate elliptic Dirichlet boundary values problem.
We begin by introducing some function spaces that will be used in the sequel.

Let © be an open subset of Ri and p € [1,+00).

By LP(Q;y”) we denote the weighted Hélder space of measurable functions u :  — R such that

1/p
il sy = ( Il |u|pyﬂdmdy) < too.

Then let W1P(Q; 5%, 4°) be the weighted Sobolev space of all functions u € LP(£2;4°) possessing weak first
partial derivatives which belong to LP(2;47). A norm in WhP(Q;y®, y?) is given by

lullwreiyeye) = VUl | Loy + 1wl r(0sy8)-

For any function u € L'(Q;y”) we write
| Du|(Q;y®) := sup {// udiv (vy®) dazdy : v € C5°(Q,R?), |v| < 1}.
Q

Then let BV (£;4%,y”) be the weighted BV-space of all functions u € L'(£2;4?) such that |Du|(Q;y®) < +oo.
A norm on BV (Q;y%,y”) is given by

HUHBV(Q;yQ,yﬁ) = ‘Du|(Q,ya) + Hu”Ll(Q;yﬁ)'
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Let us explicitly remark that for an open bounded set 2 C Rf_ the following equality holds
P.(Q) = |Dxal(RY:y%).
Finally let X be the set of all the functions w € C*(Q) that vanish in a neighborhood of 92 NR2 . Then

VP(Q; 9, y?) will denote the closure of X in the norm of WP(Q;y%,y?).
Finally we denote by Q* the set tQ*, for ¢ > 0, such that Ag(Q2) = Az(Q*).

3.1. Weighted Cheeger sets
We define the weighted Cheeger constant of an open bounded set © C R? as

Pu(E)
Ap(E)

ha”g(Q):inf{ s ECQ, O<A,3(E) <+OO}. (31)

(see also [34, 47])
We firstly prove that the existence of an ammissible set which realizes the minimum in (3.1) (see also [47]).

Lemma 3.1. Assume 0 < a < S+ 1 and 8 < 2a. For any open bounded set Q CC Ri, there exists at least one
set M C Q, the so-called weighted Cheeger set, such that

ha,p(2) =

(3.2)

Proof. Since ) is open, hq g(£2) is finite: Indeed, it is easy to verify that for any ball B with B CC €, the ratio
Pu(B)
Ap(B)

Let {Ex} be a minimizing sequence for (3.1). Since €2 is bounded, we have

is finite.

Ag(Ey) = //yﬁ dedy < A5(9Q) = //yﬁ dzdy < +00.
Ej Q

Now fix € > 0. There exists an index & such that

Py (Ey)
ha,ﬁ( )_AB(EZ)

<e, vk > k.

Since € is bounded, for all k > k, we get
PalER) < (= + hap(@) As(Ex) < (= + ha () A5(Q) = C
This implies
IDxp, (R2,y%)| = Pa(Ey) <C Yk >F.

Hence {E}} is an equibounded family in weighted BV (Q;y®, y”)—norm. Thus by Lemma B (Appendix), up to
subsequences, {x(F}y)} converges in the weighted L'(€;y”)—norm and pointwise a.e. to a function u. Moreover
there exists a subset M C ) such that u = x;.
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Since {Ej} is a minimizing sequence, by lower semicontinuity of perimeter P, and Lebesgue dominated
convergence theorem, we get

. Pa(Ek) POé (M)
ha ()= 1 > . .
ﬁ( ) k%HJIrloo Aﬁ(Ek) - Alg(M) (3 3)
It remains to prove that M is an admissible set, that is we need to prove that
Ag(M) > 0. (3.4)

Assume by contradiction that Ag(M) = 0. This implies that i lirf Ag(Ey) = 0.
—+oo
Now for a fixed i > 0 consider the set

Epn={(z,y) € Bx : y>n}.
Now the following inequality holds true
Ag(Br) < 8°Ao(Brn) s Pa(Er) <1 Po(Epy)
where 6 =7, if § < 0 and § = R for a suitable R > 0 such that a ball By, of radius R contains €, if 5 > 0. Denote

by B, n a ball of radius r; having the same Lebesgue measure Ag(Ey,,) of Ej . By the classical isoperimetric
inequality, we get

Po(Eg,p) n° Po(Ek,y) n° Po(Br, ) 20
> = s = — 400, as k goes to 4+00.
A5(Bry) = 07 A0(Bry) ~ 0% A0(Bri) 007 ’
This yields a contradiction. Therefore (3.4) holds true and the conclusion follows. O

We recall that Q* is the set tQ*, for ¢t > 0, such that Ag(Q) = Ag(Q*).
Once we have proved the existence of a weighted Cheeger set, we can obtain the following result.

Theorem 3.2. Assume 0 < a < B+ 1 and B <2a and o < B+ 1, and let Q be a bounded open subset Rf_.
Then the following estimate holds true

_ Pa(2%)

ha,() = ha,p(00%) A5(0%)

(3.5)

Proof. Let E be a nonempty subset of Q with P, (E) < +00. By our isoperimetric inequality Theorem 1.1 and
since E* C Q* with Ag(E) = Ag(E*), we have that

Aﬁ(E*; > he,s(Q%). (3.6)

PulF*) _ 1o PaltF?)

Ap(F) — Ap(F*) Ap(tF™)

(3.7)
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for all t > 0. Since F* C Q*, there exists ¢t > 1 such that tF* = Q*. Therefore

11—« PO/(Q*)
Ap(F) = Ap(Q%)

which proves the equality in (3.5). O

Remark 3.3. Theorem 3.1 could be stated as an estimate of the first eigenvalue of the weighted 1-laplacian.

3.2. A nonlinear eigenvalue problem

Let 2 C Rﬁ_ be a bounded domain and let p € (1,400). We consider the following weighted eigenvalue
problem

P2

—div (yml |VulP? Vu) = Ayt [uPu  in Q
(3.8)
u=20 on 00N Ri,

where

-1 -1
’71:04—Lﬂ and ’Y2:LB-
p p
By a solution to problem (3.8) we mean a function u € VP (Q; yPm, y%> such that

/ [VulP 2 VuVipyP  dady = A // lufP~? why vt dzdy
Q Q
for all function ¢ € C*(2) such that ¢ = 0 on O NRZ.

Let us denote by T the range of values of a and g for which the isoperimetric inequality holds true. We have
that

(,8) eT={a>0}n{f>a—-1}n{F <2a} (3.9)

if and only if

(’Yl,’}/z) eU .= {’)/1 + 72 > 0}ﬂ {pp721 > 91+ Y2 — 1} N {ﬁ < 2(’)’1 +’72)}. (3.10)

Furthermore the smallest eigenvalue of problem (3.8), A1%;7*(Q2), has the following variational characterization

// [Vu|? yP"r dzdy
Q
// upy%dxdy
Q

PY2

with v € VP (Q;yp'“,yﬁ) \ {0}

A2 () = min
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Indeed, see e.g. Theorem 8.9 in [31], for any (y1,72) € U, the following compact embedding holds true

2 pPy2

%4 (Q;y’”%yﬁj) e LP (Q;y”j) :

By adapting the arguments used in [22, 35], we obtain the following result
Theorem 3.4. Let (v1,72) € U, then the following estimate holds true

1 p

O =

[has (%)) = . [PQ(Q*)

Ei

Ag (V)

Remark 3.5. If a = § > 0 and p = 2, a Faber-Krahn type inequality for A*7*(Q) holds true (see [37]). Indeed
in this case, we have a = 2y, = 2y, = 3.
Proof of Theorem 3.4 We claim that

[has (V"

@)z el

, (3.11)

where h, g () is defined in (3.1). Let u be an eigenfunction corresponding to A}';7*(Q2). Hélder’s inequality

gives
//|Vu\up*1yad$dy = //|Vu|up*1y71y72dxdy
Q

Q
p—1

< // [Vul? y?7 dzdy // upy;%dxdy ,
Q Q

and therefore

p p

//|Vu|up_1yadxdy //|V(up)|yadxdy
_ \o

Q
/ |Vul? y?7 dz > e T

¢ // uPyPdady pP // uPyPdedy
Q Q

Let f := uP, the previous inequality gives

J[1varyrasay | [[19s10asay
Q > Q
p ﬁd d -
//“ yrdedy //fyﬂdxdy
Q
Q

p

D

On the othe hand Coarea formula yields
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p
( é IV /] y”‘dxdy) ) 1
, ( i fyﬂdxdy> ’ ( I fygdxdy)

1 maxf po({f(z) > t})dt
> ( /0

P Ag ({f(ac) > t})
P Bdx
P (é/ fyPd dy)

1

()

[ha,s ()]
pP fyﬁdxdy)
[/

The claim is hence proved. It immediately implies Theorem 3.4, thanks to (3.5).

max f p
7 /O P, ({f(z) > t})dt)

Ag ({f(2) > t}) dt)

>

max f p
Z /O ha,p ({f(2) > t}) Ag ({f(2) > t})dt>

P

max f
; / Aﬁ({f(af)>t})dt> _

[Pap (D]
pr

Y%

APPENDIX A.

We prove two technical results.
Lemma A: Let o, € R with 0 < a < 8 < 2a. Then
a(l — Lot 4 htl-a _ Zﬁ+2) +(B+1—a)(—z+ SPHl—a _ jatl Zﬁ+1)
>0 Vze(0,1).
Proof. We fix a > 0 and define
g(2,8) = a1l — 20Tt 4 2P B2 L (B 41 —a)(—z + 2P — ot B,
and

h(z) = g(z,2a) = a(l — 229%2) 1 (@ + 1)(—z + 22H1),
(z €[0,1], B € [a,2a]).
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Then
g(z,a) = a(l — 2™ (14 2) > 0, (A.2)
h(0) = «a, h(0) =0, (A.3)
B'(2) = —2a(a+1)2°*T 4+ (a + 1)[-1 + (2a +1)2%*]  and
h'(z) = 2a(a +1)(2a + 1)22*T(1 - 2) > 0. (A.4)

Hence h'(1) = 0 which together with (A.3) and (A.4) implies that
h(z) =g(z,a) >0 Vze(0,1). (A.5)

Furthermore we have

2—2(275) = Ptl-a [a(l — AT LBl —a)(1+ z‘)‘)} Inz

(1 - P (et )
<0 ifze(0,1) and B € [, 25].

Together with (A.2) and (A.4) this implies
g(z,a) >0 if 2 € (0,1) and 8 € [a, 20/,

which is (A.1). O

Lemma B: Let {u,} C BV(Q;y®,y?) be a bounded sequence. Then there exists a subsequence that converges
in LY(Q;y?) and a.e. in Q to some function u.

Proof. Put v = g—ﬁ(> 1) and let Q. = QN {(x,y) : y > e} for any € > 0.
Let k € N. By a classical compactness result in the unweighted case, there exists a function u* € L'(Qy-x;9?)
and an increasing sequence of integers {a(k, m)}.,>1 such that

Uq(k,m) — uF in L'(Qy-+;9?) and a.e. in Q. (A.6)

By choosing {a(k + 1,m)} to be a subsequence of {a(k,m}, (k € N), we can achieve that u* = «**! in Qy «,
ke N.
Now put

u(z) ul(z) ifz €Oy
N uk(x) ifl‘EQQ—k\ﬁg—k+1,k=2,3,....

In view of our isoperimetric inequality, the sequence u, is equibounded in L7(£2;y? ). We have the following
estimate:

k
lull i (o, we) = Z/ |u|y® dzdy
j=0"9

2-i \Qy—j+1

k % 17%
< </ B |u| 7y d:z:dy) </ B yP dxdy)
i—0 \/ - \Q—j+1 Qe \ Ty

J
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2—.7+1 17%

k o0
<> o |yt <0 3 2HNEI0-D) o,
7=0 2—i =0

with constants that do not depend on k. This implies that u € L*(Q;3°).
Let € > 0. Choose k large enough such that

/ B yPdady < e
O\,

and then m large enough such that

/ |u — ua(k,m)|y5dxdy <e.
Qi

Then we obtain

/ |u — ua(k,m)|y5dxdy <e+ / |u — ua(k7m)|y’8dxdy
Q N, x

1
: -3
<e+ (/ |u — ua(k’m)|y5dmdy> / - yPdzdy
Q O\,
<e4 Ce(1=3)(B+1) 7
where C' does not depend on k. From this the assertion follows. O
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