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STOCHASTIC MAXIMUM PRINCIPLE, DYNAMIC
PROGRAMMING PRINCIPLE, AND THEIR RELATIONSHIP FOR
FULLY COUPLED FORWARD-BACKWARD STOCHASTIC
CONTROLLED SYSTEMS*

MINGSHANG Hu!, SHAOLIN Ji"** AND XIAOLE XUE?

Abstract. Within the framework of viscosity solution, we study the relationship between the maxi-
mum principle (MP) from M. Hu, S. Ji and X. Xue [SIAM J. Control Optim. 56 (2018) 4309-4335] and
the dynamic programming principle (DPP) from M. Hu, S. Ji and X. Xue [SIAM J. Control Optim.
57 (2019) 3911-3938] for a fully coupled forward-backward stochastic controlled system (FBSCS)
with a nonconvex control domain. For a fully coupled FBSCS, both the corresponding MP and the
corresponding Hamilton—Jacobi-Bellman (HJB) equation combine an algebra equation respectively.
With the help of a new decoupling technique, we obtain the desirable estimates for the fully coupled
forward—backward variational equations and establish the relationship. Furthermore, for the smooth
case, we discover the connection between the derivatives of the solution to the algebra equation and
some terms in the first-order and second-order adjoint equations. Finally, we study the local case under
the monotonicity conditions as from J. Li and Q. Wei [SIAM J. Control Optim. 52 (2014) 1622-1662]
and Z. Wu [Syst. Sci. Math. Sci. 11 (1998) 249-259], and obtain the relationship between the MP from
Z. Wu [Syst. Sci. Math. Sci. 11 (1998) 249-259] and the DPP from J. Li and Q. Wei [SIAM J. Control
Optim. 52 (2014) 1622-1662].

Mathematics Subject Classification. 93E20, 60H10, 35K15.

Received December 3, 2019. Accepted July 22, 2020.

1. INTRODUCTION

It is well-known that Pontryagin’s maximum principle (MP) and Bellman’s dynamic programming principle
(DPP) are two of the most important approaches in solving optimal control problems and there exist close
relationship between them. The relation between the MP and the DPP will help us understand the MP and

*The first author’s research supported by NSF (No. 11671231) and Young Scholars Program of Shandong University (No.
2016WLJH10). The second author’s research supported by the National Key R&D Program of China (No. 2018 YFA0703900) and
NSF (Nos. 11971263 and 11871458). The third author’s research supported by “The Fundamental Research Funds of Shandong
University”, NSF (No. 61907022) and Natural Science Foundation of Shandong Province(ZR2019BF015).

Keywords and phrases: Fully coupled forward—backward stochastic differential equations, global stochastic maximum principle,
dynamic programming principle, viscosity solution, monotonicity condition.

1 Zhongtai Securities Institute for Financial Studies, Shandong University, Jinan, Shandong 250100, P.R. China.
2 School of Management and Zhongtai Securities Institute for Financial Studies, Shandong University, Jinan 250100, P.R.
China.

** Corresponding author: jsl@sdu.edu.cn

Article published by EDP Sciences © EDP Sciences, SMAI 2020


https://doi.org/10.1051/cocv/2020051
https://www.esaim-cocv.org
mailto:jsl@sdu.edu.cn
http://www.edpsciences.org

2 M. HU ET AL.

the DPP in a more profound way and is studied in many literatures (see [16, 26] and the references therein).
For stochastic optimal control problems, the classical results on the relationship between the MP and the DPP
were studied by Bensoussan [2]. Within the framework of viscosity solution, Zhou [27, 28] obtained the relation
between these two approaches.

In this paper, we study the relationship between the MP and the DPP for a stochastic optimal control
problem where the system is governed by the following controlled fully coupled forward—backward stochastic
differential equation (FBSDE):

dX(t) = b(t, X(1),Y(t), Z(t),u(t))dt + o(t, X(£), Y (), Z(t), u(t))dB(t),
dY (t) = —g(t, X(t),Y(t), Z(t),u(t))dt + Z(t)dB(t), (1.1)
X(0)= o, Y(T) = (X(T)), t €[0,T],

and the cost functional is defined by the solution to the backward stochastic differential equation (BSDE) of
(1.1) at time 0, i.e.,

J(u() = Y/(0). (1.2)

When the coefficients of the forward stochastic differential equation (SDE) are independent of the terms Y'(-) and
Z(-), we call the controlled system with the cost functional Y'(0) as a decoupled forward-backward stochastic
controlled system (FBSCS). FBSCSs can be used to describe some important problems in mathematical finance
and stochastic control theory. For example, the portfolios of a large investor, stochastic differential games,
the generalized stochastic recursive utilities of consumers and principal-agent problems may involve in solving
optimal controls for fully coupled FBSCSs [1, 5, 18].

Peng [23] first established a local stochastic maximum principle for the decoupled FBSCS. Then the local
stochastic maximum principles for other various problems were studied in Dokuchaev and Zhou [4], Ji and Zhou
[12], Oksendal and Sulem [17] and Haadem, @Qksendal and Proske [6] and the references therein. When the
control domain is nonconvex, the global stochastic maximum principle for a decoupled FBSCS has not been
obtained for a long time since Peng [24] proposed it as an open problem. For this open problem, Hu [7] studied
this decoupled FBSCS and obtained the first-order and second-order variational equations for BSDE which leads
to a novel global maximum principle. Recently, Hu et al. [8] obtained a global stochastic maximum principle for
the fully coupled FBSCS. In contrast with the progresses in deriving stochastic maximum principles, Peng [22]
deduced the DPP and introduced the generalized Hamilton-Jacobi-Bellman (HJB) equation for a decoupled
FBSCS. Under monotonicity conditions, Li and Wei [13] built the DPP and proved that the value function is a
viscosity solution to the generalized HJB equation for a fully coupled FBSCS. Then, by establishing the DPP
and various properties of the value function, Hue et al. [9] studied the existence and uniqueness of viscosity
solutions to the generalized HJB equation for a fully coupled FBSCS.

As for the relationship between the MP and the DPP for the decoupled FBSCS, Nie et al. [16] studied the
general case with the help of the first-order and second-order adjoint equations which are introduced in Hu [7].
Up to our knowledge, there are few works about the connection between the MP and the DPP for fully coupled
FBSCSs. Especially, there is no research results in the case that the diffusion coefficient of the forward SDE
depends on the term Z.

Inspired by the above works, in this paper, we investigate the connection between the MP and the DPP for
fully coupled FBSCSs with a nonconvex control domain. We obtain that the connection between the adjoint
process (p, P) in the maximum principle in [8] and the first-order and second-order sub- (resp. super-) jets of
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the value function W in [9] in the z-variable is, P-a.s.

{p(s)} x [P(s),00) C DZFW (s, X" (s)),

o (1.3)
D2=W (s, X*7(s)) € {p(s)} x (~o0, P(s)], Vs € [t, ],

and the connection between the function H; and the right sub- (resp. super-) jets of W in the ¢-variable is

[Ha (s, X050 (s), ¥ 159(s), 257 (s)), 00) € DT (s, X175 (s)),

: 0 o o (1.4)
Dtlj:W(s,Xt”"“(s)) C (—o0, Hi(s, XtTU(s), YETU(5), ZHTU(s))], P-a.s..

Comparing with the results in [16], the difficulties of proving the above relations come from the fully coupled
property of our controlled system. Note that due to the fully coupled property, the MP in [8] includes an
algebra equation which leads to the adjoint process (p, P) in [9] becomes much more complex than that in [7],
and the value function W in [9] should satisfy the HJB equation combined with an algebra equation. When we
establish the relation (1.3), we need to perturb the initial state x which leads to the fully coupled variational
equation (3.5). The key step in obtaining (1.3) is to estimate the remainder terms £;(-) (: = 1,2,3) in (3.5).
But the approach in [16] does not work. The reason is that for decoupled case, one can first estimate the
remainder terms of the forward equation, and then estimate the remainder terms of the backward equation
by standard estimates as in [16]. But for the fully coupled case, Z will appear in the remainder terms of the
forward equation which yields that we cannot estimate the remainder terms in the forward equation firstly. To
overcome this difficulty, by utilizing the relationship between (Y(-), Z(-)) and X(-) (see (3.8) and (3.13)), we
propose a new decoupling technique and estimate the remainder terms of the forward and backward equations
simultaneously. Then, we obtain the desirable estimates which make the establishment of the relation (1.3)
possible. The idea to prove the relation (1.4) is similar.

When the value function W is supposed to be smooth, we discover two novel connections:

(i) the relation between the algebra equation for the MP and the algebra equation for the HIB equation, i.e.,
A(+) in (2.16) and V(+) in (2.5), for s € [t, T,

A(s) = V(s, X"7(s), W (s, X154 (s)), Wa(s, X17(s)), u)
—V (s, Xt%50(s), W (s, Xt%5%(5)), W, (s, Xt%5%(s)),u(s)),

(ii) the relation between the derivatives of the solution V' to the algebra equation (2.5) and the terms K;(-),
Ks5(+) in the adjoint equations (2.11) and (2.13), for s € [¢,T],

%(s,x,W(s,x),W$(s,x),ﬂ(s))|mf — = Ki(s),

OV (5,2, W (s, ), Wy (s, ), a(s)

where K (-) (resp. Ka(+)) is defined in (2.12) (resp. (4.11)).

From the point of view of the MP, K; (-) is the coefficient of X; () in the first-order variational equation of
Z (+) in Lemma 3.13 in [8] and it measures the sensitivity of the variable Z(-) to the variable X (-) under the
optimal state. From the viewpoint of the DPP and the HJB equation,

V(s, X555 (s), W (s, X1%%(s)), Wa(s, X0(s)),u(s)) = ZH5%(s).
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Thus, the connection (1.5) is naturally established. In fact, when o is independent of y and z,

Ki(s)=p(s)oz(s)+q(s), se[t,T];
aa—v (s,z, W(s,x), Wy(s,z),u(s)) o
z o=X 1% (s)

=W, (5, X""%(s)) 04 (5) + Wag (5, XD5%(5)) 0 (s),

which can be directly deduced by the connection between the MP and the DPP for decoupled FBSCSs. The
connection between Ky (-) and %1‘2/ (1) can be analyzed similarly. Besides the smooth case, we also study other
special cases. When the diffusion term o of the forward stochastic differential equation in (2.1) is linear in z, we
relax the assumption that ¢(-) is bounded. For the so-called local case in which the control domain is convex
and compact, the relations in Theorem 3.1 are still hold under our Assumptions 2.1, 2.8 and 2.10 since our
control domain is only supposed to be a nonempty and compact set. Then, we study the local case under the
monotonicity conditions as in [13, 25] and obtain the relationship between the MP in [25] and the DPP in [13]
for the fully coupled FBSCS.

The rest of the paper is organized as follows. In Section 2, we give the preliminaries. The connections between
the value function and the adjoint processes within the framework of viscosity solution are given in Section 3.
In the last section, we study some special cases.

2. PRELIMINARIES

Let T > 0 be fixed, and U C R¥ be nonempty and compact. Given ¢ € [0,T), denote by U*[t, T] the set of
all 5-tuples (Q, F,P, B(+); u(+)) satisfying the following:

(i) (9, F,P) is a complete probability space;

(ii) B(r) = (Bi(r), Ba(r),...Ba(r))]s, is a d-dimensional standard Brownian motion defined on (2, F,P) with
B(t) =0 a.s. Set F' := {F!} ., and F = FY, where F! is the P-augmentation of the natural filtration of
o{B(r):t<r<s}k -

(iii) u(): [t,T] x Q — U is an F'-adapted process on (9, F,P).

When there is no confusion, we also use u(-) € U™[t,T]. Denote by R™ the n-dimensional real Euclidean
space and RF*™ the set of k x n real matrices. Let (-,-) (resp. || -||) denote the usual scalar product (resp.
usual norm) of R™ and R**™. The scalar product (resp. norm) of M = (m;;), N = (n;;) € R¥*" is denoted
by (M,N) = tr{MNT} (resp. |M|| = vVMMT), where the superscript T denotes the transpose of vectors or
matrices.

For each given p > 1, we introduce the following spaces. LP(F%; R") : the space of Fi-measurable R™-valued
random vectors 7 such that [[n||, = (E[|n\p])% < 00; L®(FL;R™): the space of Fi-measurable R™-valued
random vectors 7 such that [[n||oc = ess sup,,cq|n(w)| < oo; LE (¢, T;R™): the space of Ff-adapted R™-valued
stochastic processes on [t,T] such that E {ftT |f(r)|pdr} < oo; Lg(t,T;R™): the space of Ft-adapted R"-valued

stochastic processes on [t,T] such that [|f()l|oc = €ss sup(, e rixalf(rw)] < co; Ly’ (t, T;R™): the space
1
7Y 7
of F'-adapted R™-valued stochastic processes on [t,T] such that ||f(-)||p.q = {]E {(ftT \f(r)|pdr> p} } < 00;
LY. (Q; C([t,T],R™)): the space of F'-adapted R"-valued continuous stochastic processes on [t,T] such that
E [ sup |f(r)|p} < 0.

t<r<T
To simplify the presentation, we only consider the case d = 1. The results for d > 1 are similar. For each
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fixed (t,z) € [0,T] x R and u(-) € U"[t, T], consider the following controlled fully coupled FBSDE: for s € [t, T,

dXBT(s) = b(s, XETU(s), YEaiu(s), 26554 (s), u(s))ds

+o(s, XETU(s), VI (5), 20750 (s), u(s
VS5 (s) = —gls, XE5(5), Y4 (5), Z57%(s), us
XU(t) =z, YERU(T) = g(X55(T)),

NAB(s) o)
))ds + 2 (s)dB(s),

where b: [t, T| X RXRXRXU =R, 0: t,T]xRXxRXxRxU =R, g: [t,T|XRXRXxRxU - R, ¢:R—R.
Assumption 2.1. (i) b,0,g,¢ are continuous with respect to s,x,y,z,u, and there exist constants L; > 0,

i =1,2,3 such that

|b(s, 1, Y1, 21,u) — b(s, T2, Y2, 22, u)| < Li|z1 — x| + La(|ly1 — y2| + |21 — 221),
lo(s, 1,1, 21, u) — 0(8,T2,Y2, 22,u)| < Li|xy — 22| + Lalyr — y2| + Ls|z1 — 22],
‘9(57171,%72’1’“) - g(S,Ig,ZJg,Zz,U)‘ S L1(|LE1 7‘T2| + |y1 - y2| + |Z1 - 22|)7

|p(x1) — d(z2)| < Lylar — x4,

for all s € [0,T), 25, v:, 2 €ER, i =1,2, ue U.

(ii) For any 2 < 8 < 8, Ag := Cg28+1(1 + Tﬁ)cf < 1, where ¢; = max{Ly L3}, Cp is defined in Lemma 5.1
in [8] and can be found in Appendix.

Remark 2.2. Since U is compact, from the above assumption (i) we obtain that
(s, 2y, 2, u)| < L(L+ [z] + |y| + |2]),

where L > 0 is a constant and ¢ = b, g, g and ¢.
Remark 2.3. Note that 8 = 2 is sufficient to guarantee the DPP. But, for the MP we need 2 < § < 8.

Given u(-) € U™[t,T], by Theorem 2.2 in [8], the equation (2.1) has a unique solution (X®®(.), V1% (.),
Zbwu() e Lg,, (% C([t, T),R)) x Lﬂét(Q; C([t,T],R)) x L;;ﬁ(t,T; R) for 8 € [2,8]. For the existence and unique-
ness of solutions of FBSDEs, the readers may refer to ([10, 11, 14, 15, 21]). For each given (¢,z) € [0, T] x R,
define the cost functional

J(t,zyu(r)) = YE5U(¢). (2.2)

Remark 2.4. Since the coefficients are deterministic and wu(-) is an Ff-adapted process, J(t,x;u(-)) is
deterministic.
For each given (t,2) € [0,T] X R, define the value function

W(t,xz) = u(‘)elbrllg[uT]J(t,x;u(-)). (2.3)
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We introduce the following generalized HJB equation combined with an algebra equation for W (-, -):

igg{G(t, z, W(t,x), We(t,z), Wae (£, ) ,u)} + Wi(t, ) = 0,

(2.4)
W(T7$) = (b(:L‘),
where
G(tam7v>pal47u>
= pb(t’ 'T) /U7 V (t) x? ,U7p? u) ) u) + %A(U(t7 x? ’U7 V (t7 x7 v7p? u) 7u))2
+g(t,l’,’U,V(t,SC,’U,p,U),U), (25)

V(t7x7v7p7u) :po—(t7x7v7v(t7l.7v7p7u) 7u)7
V(t,z,v,p, A,u) € [0,T] x R x R x R x RxU.

Now, we introduce the following definition of viscosity solution (see [3]).

Definition 2.5. (i) A real-valued continuous function W(-,-) € C ([0,T] x R) is called a viscosity subsolu-
tion (resp. supersolution) of (2.4) if W(T,z) < ¢(x) (resp. W(T,z) > ¢(z)) for all z € R and if for all
fe CE’B ([0,T] x R) such that W(t,z) = f(t,z) and W — f attains a local maximum (resp. minimum) at
(t,z) € [0,T) x R, we have

uilelfU{G(t,a?, f(t’x)a fx(t,.lf), fatx (t,JZ) ) u)} + ft(t’x) >0
(resp. 5relfU{G(t,x,f(t,x),fr(t7x),fm (t,z),w)} + fi(t,z) <0).

(ii) A real-valued continuous function W (-, ) € C ([0, T] x R) is called a viscosity solution to (2.4), if it is
both a viscosity subsolution and viscosity supersolution.

Remark 2.6. The viscosity solution to (2.4) can be equivalently defined by sub-jets and super-jets (see [3]).
Proposition 2.7. (see [9]) Let Assumption 2.1 hold. Then, for each t € [0,T] and xz,2' € R,

(W (t,z) —W(t,z")| < Clz — 2| and |W(t,z)|] < C(1 + |z]),
where C' > 0 depends on Ly, Lo, L3, and T. Moreover, W (-,-) satisfies the DPP. If Lz is small enough, then
W (-,-) is the viscosity solution to (2.4).

_ Let a(-) € U™ [t,T) be optimal, then W (t,x) = J(t,2;a(-)). The corresponding solution (X5#%(.), Y-+ (.),
ZH%U(.)) to equation (2.1) is called optimal trajectory. To derive the MP, we give the following assumptions.

Assumption 2.8. For v =, o0, g, and ¢, we suppose
(i) ¥g, ¥y, ¥ are bounded and continuous in (z,y, z, u); there exists a constant L > 0 such that

lo(t,0,0,2,u) — o(t, 0,0, z,u")| < L(1 + |u| + |[o|).

(ii) Yuzs Vay, Yyy s Vazs Yyz, Vzz are bounded and continuous in (z,y, 2, u).

Remark 2.9. It is clear that L; in Assumption 2.1 is max{||bs||co, ||0z||c0s |9z lcos [|Gylloos [|92]c0s [Pzl }
Ly = max{{[by|oc; |[bzlcc; [|oy|loc } and Lz = [|o ||oc-
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For 5y > 0, set

F(y)=Li+ (La+ L1 + By " L1 L) |y|
+ [Lo+ By H(LaLe + L3)] v* + By ' L3ly[%, y € R

Let s(-) be the maximal solution to the following ordinary differential equation (ODE):
. +/ F(s(r))dr, t € [0,T). (2.6)

Let I(-) be the minimal solution to the following ODE:

T
() = L, — / F(r))dr, t € [0,T). (2.7)

Moreover, set

L ')
o] 1
t:T—/ —dy, t:T—/ ——dy, t* =t Vts. 2.8
! o P L Py Lo 28)

1

Assumption 2.10. There exists a positive constant 5y € (0,1) such that
t* <0, [s(0)V (=1(0))]Ls <1-—pBp. (2.9)

Remark 2.11. When Ly and L3 are small enough, we derive that Assumption 2.10 holds in [8].

We introduce the following notations: for ¢ = b,0,¢9 and k = z,v, z,

U(s) = w(s, XOTU(s), YE5(s), Z8750(s), u(s)),
Ue(s) = (s, XH70(s )7Yj’m;“58)7Zf’””;“is)yﬂ(S))v (2.10)
), Yt (s), ZH70(s), u(s)

Dy(s) = Dip(s, X155 (s
D2y(s) = D2p(s, Xt0(s

where D1 is the gradient of 1 with respect to x,y, z, and D?1 is the Hessian matrix of ¢ with respect to z, y, 2.
The first-order adjoint equation is

dp(s) = —{92(s) + g4 (s)p(s) + g=() K1(s) + ba(s)p(s)
+by (s)p?(s) + bz () K1(s)p(s) + 04 (s)a(s)
+oy(s)p(s)q(s) + 0=(s)K1(s)q(s)} ds + q(s)dB(s),
p(T) = ¢.(X(T)),

(2.11)

where

Ki(s) = (1 —p(s)o.(s)" [ox(s)p(s) + O’y(S)pZ(S) + q(s)] ) (2.12)
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The second-order adjoint equation is

—dP(s) = {P(s) [(Do(s)T (1, p(s), K1(5))T)* +2Db(s)T (1,p(s), K1(s))T + Hy(s)]

)T)?
+2Q(8)D0(8)T( p(s), K (s))" + (1, p(s), K (s)) D2 H(s) (1, p(s), Ku(s))"

(2.13)
H.(s)Ka(s)} ds — Q(s)dB(s),
P(T) = %x(X(T)),
where
H(S,x,y,Z,%p, Q) = g(s,x,y,z,u) +pb(8,$,y,2§,u> + qa(s,x,y7z,U)7
Ka(s) = (1= p(s)a=(5)) " {p(s)oy(s) +2[0u(s) + 0y (s)p(s) + 02(5) K1(s)]} P(s) (2.14)

+(1 = p(s)a=(s)) " {Q(s) +p(s) (1, p(s), Ki(s)) D*a(s) (1,p(s), K1(s)) "},
H(s), DH(s) and D?H(s) are defined similarly in (2.10). It should be pointed out that under Assumptions

2.1, 2.8 and 2.10, there is a solution (p(-),q(-)) € L(0, T;R) x Lo (0, T;R) (resp.(P(-),Q(-)) € L2 (0, T;R) x
L2?(0,T;R) ) to equation (2.11) (resp. (2.13))(see [8]). Define

H(s,z,y, z,u,p,q, P) = pb(s,z,y,z+ A(s),u) + qo(s,z,y,z + A(s), u)

(2.15)
+g(s, 2,9, 2+ A(s),u) + 5 P(o(s, 2,9, 2 + As), u) — o(s))?
where A(+) is the solution to the following algebra equation
A(s) = pls) [os, X00(5), T15(5), Z0757(5) + A(s), u) 016

(s, Xtin(s), Viin(s), 2400 (s), a(s))] , 5 € [t, T

Then, we have the following maximum principle.

Theorem 2.12. (See [8], Thm. 3.18) Suppose that Assumptions 2.1, 2.8 and 2.10 hold, and q(-) in (2.11) is
bounded. Then the following stochastic maximum principle holds:

_ (2.17)
> H(s, X10(s), V=32(s), Z555%(s), a(s), p(s), 4(s), P(s)), Yu € U aue., as.

Remark 2.13. In the above theorem, if o(t,z,y,z,u) = A(t)z + o1(t,z,y,u), then we do not need the
assumption that ¢(-) is bounded.

3. MAIN RESULTS

In the following, the constant C' > 0 will change from line to line for simplicity. All the obtained results can
be extended to the multidimensional case for X (-) and Z(-).
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3.1. Differentials in spatial variable

In this section, we investigate the relationship between the MP and the DPP. We first recall the notions of
second-order super- and sub-jets in the spatial variable x see [3]). For w € C(]0,T] x R) and (¢, %) € [0,T] x R,
define

D2 w(t, &) == {(p, P) € R x R : w(t,x) < w(t,2) + (p,a — &)
iz — )Pz —2)+o (\x - :3|2) ,asx — &),

D2~ w(t,2) :=={(p,P) e Rx R:w(t,z) > w(t, &) + (p,x — &)
+3(@ = )P =) +o(jo - "), as @ > ).

Theorem 3.1. Suppose Assumptions 2.1, 2.8 and 2.10 hold. Let u(-) be optimal for problem (2.3), and let
(p(-),q(-)) € L (0, T;R) x L*(0, T;R) and (P(), Q(-)) € Lg*(0,T;R) x Le* (0, T; R) be the solution to equation
(2.11) and (2.13) respectively. Furthermore, suppose that q(-) is bounded. Then for any s € [t,T],

{p(s)} x [P(s),00) C D2HW (s, Xt:=i%(s)), 3.1)
D%=W (s, Xt%%(s)) C {p(s)} x (o0, P(s)], P-as..

Proof. The proof is divided into five steps.

Step 1: Variational equations.
For each fixed s € [t,T] and 2’ € R, denote by (X %(.), Y% :%(.), Z5*%(.)) the solution to the following
FBSDE:

dxs=5u(r) = b(r, X550 (p

,u(s))dB(r),

N - / - ), u(s)) N (3.2)
dY @5t (r) = —g(r, X5* ; (), a(s))dr + Z57 5% (r)dB(r),
X570 (s) = af, YOUIT) = g(X*(T)), 1€ [s,T).
Set O(r) := (Xb=%(r), 1=t (r), 26 (r)),
X(r) = X$TU(r) — Xb%%(pr) Y (r) := YS:I Up) = YEEU(p), (3:3)

2(r) = Zo0(r) = 200(r), 0(r) == (K1), V1), 2(r)).

By Theorem 2.2 in [8], for each § € [2, 8], we have P-a.s.

B
2

T
E| sup (|X(r)|ﬁ+|f/(r)ﬁ)+</ |Z(r)|2dr> Fil < Cla’ - Xt (s)|”. (3.4)

re(s,T]
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It is easy to check that (X(), Y (), Z()) satisfies the following FBSDE:

aX(r) = [6()Db(r) +&1(r)] dr + [6(r) Do(r) + ea(r)] dB(r),
X(s)= o = X"(s),

A (r) = = |O()Dy(r) +25(r)| dr + Z(r)aB(r),

Y(I) = ¢u(XT)X(T) +ea(T), € [5,T),

where

for ¢ =b,0,9,¢ and k = x,y, 2.

Step 2: Estimates of the remainder terms of FBSDE.
By Assumption 2.8, we derive that, for i = 1,2, 3,

e < O (IK@)P + Y0P +|20)P)
and
lea(T)| < CIX(T)[>.
Then, by (3.4), we obtain that for each § € [2, 4]

B | (7 o)

E[|ea(T)P| Ft] < Cla’ — Xtoin(s)]*.

R <ol - xtme, 2,

Step 3: Relationship between X (-) and (Y (-), Z(-)).
By Theorem A.3 in [8], we get

(3.5)
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where p(+) is the solution to first-order adjoint equation (2.11), and (p(-),»(+)) is the solution to the following
linear BSDE:

de(r) = —[A(r)e(r) + C(r)v(r) + p(r)ei(r) + q(r)ez(r)
beslr) + Hor)(1 = p(r)ox (1)~ p(r)ea(r)] dr )
+v(r)dB(r),
o(T) = ea(T),
A(r) = p(r)by(r) + q(r)oy(r) + gy(r) + (1 = p(r)o=(r)) " oy (r)p(r) Hx(r),
C(r)= (1=p(r)o=(r)) ' Ha(r),
H(r) = p(r)b=(r) +q(r)o=(r) + g:(r)-
Thus, we can write O(r) as
O(r) = (1,p(r), K1(r)) X (r) + L(r), (3.10)
where L(r) := (0,(r), (1 = p(r)o= (r)) 7 [p(r)oy (r)e(r) + p(r)ea(r) + v(r)])-
It follows from Theorem 3.6 in [8] that
[p(r)] < s(0) v (=1(0)) for r € [s,T]. (3.11)

By relations (3.6) and (3.8), we get

(1) = (62(1) = 0u(r) X(r) + (65,(r) = 0, () - ()X () + 0 ()
5.(r) = 0.(n) - [Ka( X (1) + (1= p(r) o)~ (3.12)
(D) oy () () +p () e2 () +v ()]

Thus, we have

e2(r) = 12EEG{[Ga) — ) () + 6y (1) — 0, () (p)X () + 0 (1)) ]

’ (3.13)
+ () = =) - [Ka (X () + (1= p()o= () (0 (1) 7y (1) 9 (1) + v ()] }

-1
< Byt

By Assumption 2.10 and (3.11), one has ‘}:ZE:;Z;E:;

Step 4: Variation of ¢.
By (3.7) and the estimate of BSDE for (3.9), we obtain that, for each § € [2,4],

}‘t

B| sup lor)l? + (17 oir)Par)

r€ls,T)
< B[ a@)l? + (J7(ea(r)] + ea(r)] + ea(r) )

<Cla' - )_(t””;ﬂ(s)|26, P-a.s..

S

B ft} (3.14)
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In the following, we want to prove

o(s) — %P(T)(X(T))Q = 0(|x’ — )_(t’”’;a(s)lz), P-a.s.. (3.15)
Define

Blr) = 5 P (X (1)) (3.16)

(r) = P(r)X (r)(©(r)Do(r) + £2(r)) + %Q(T)X(T)Q- (3.17)

Applying Itd’s formula to %P(T)X(r)z7 by (3.10), we obtain that (¢(r), 7(r)) satisfies the following BSDE:

P(r) [(L )+ e (r ) (r) + 2(L(r)Do(r) + ea(r))?
+(1,p(r), K <)> (X (r)(L(r)Da(r) + ea(r)) —LH, (r) X (r)?
%[(1,p<> L(r))D2H (s)(1,p(r), K1(r))T +H.(s)Ka(s)] X (r)? (3.18)

Q(r)(L(r)Do(r) + e2(r)) X (r )}dr+77(7“) ( );
BT = Sou(Xtn(T) (X(1))

Set

Replace €1 (r) by 20(r) D2b(r)O(r)T +€5(7"g,52(r) by ;@( ) a(r)O(r)T+e6(r), e3(r) by 10(r)D2g(r)O(r)T +

e7(r) and e4(T) by 3¢ (XH5%(T)) ( +es(T , where
e5(r) = O(r) Jy Jy A [D2b(r, 00+ (r) + 02O (r) 2b(r)| dAdOO(r
eo(r) = O(r) fy Jy A [D2o(r O+ (r +9)\@(r) ()) (7’)} dAd&@()
ex(r) = O(r) fi [ A [D2 r, 0L (1) + 9AO(r), @ ]dAdG@
5(T) = Ji Jo M [6ra(X055(r) 4 OAK(T)) — 6 (KE257(T ))} axdo (X(r >)2-

By (2.14), one can verify that (4(-),0(+)) satisfies the following linear BSDE

{ dp(r) = —[A(r)(r) + C(r)i(r) + I(r)] dr + (r)dB (r), (3.19)

o(T) = es(T),
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where

1(r) = COVP()L()Do(r) + ex(r) X () + p(r)es (1) + ex(r)
+p(r)(1,p(r), K1 (1) D2b(r) L(r)TX (1) + 3p(r) L(r) D2b(r) L(r)T
+ [a(r) + Ha(r)(1 = p(r)o=(r)"p(r)]

LD ()L ()T + 26(r) +(1, P Kale )D2o(r)L (r)T X ()]

+(1,p(r), Ka (r) D2g(r) L) TX (1) + S E(r) D2g(r) L(r)T + P(r)
[ (L@Dbr) + 1) X (1) + 3(E(r VDo) + ()
+(1L,p(r), K1 (1) Do (r) (L(r)Do(r) + e2(r) ) X(r)]
+Q(r) (L(r)Do(r) +22(r)) X(r).

(3.20)

Note that A(-) and C(-) are bounded. Then by the standard estimate of BSDE, we obtain that

T 2
es(T)? + < / |I<r>|dr)

Since ¢(-) is bounded, one can verify that P(-) is bounded. By (3.6), (3.10) and (3.13), it is easy to check that

|p(s)” < CE Fil. (3.21)

IL(r)| < C[(HQ(T)I)( ’X ‘JF’X )‘ (3.22)
)

+ | X)) + 1o OF + v (1]

where C' is a constant and

p(r) = X201 Jy Jo M| D20i(r,6(r) + 026(r), () — D2ui(r)| dAd

s _ R (3.23)
+ 350y [Puitr 06) +06(), a(r) — Dyi(r)| do

for 1 =b, Y2 =0, 93 =g.
Next, we estimate term by term.

E[les(T)*| 7]

< {e[ o]

AR S5 Maa(X5() + OAX(T)) = (X0755(T)))
= o (o'~ Xt )

»

—

——
N
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E [(ff 1+ 1RO o) |X<r>|2dr)2

SC’E[ sup ’X
s<r<T

:()Ox/_thzu )

7

Ta+1Qm)2dr - [Ip(r dr’]{f}

e[ (17 + R K )] ar)| 7

<ce| sw [X0)f [T @+ QeI dr - [T ar]| 7

C{H;qu X ’“ﬂﬂf} }é ' {]E {(LT IV(T)QdT)4’f§] }i (3.24)

?E{ 1+1]Q () 2dr>4‘}'§}}}1

4
—0 ’x/_lxtlu |

T 2
E [(/ |¢(T)|2+IV(T)I2dT'> ] = o(|2" — X" (s)[).

IA

b

The estimate for

E[(/ST(lJrIQ ‘X )’dr>2}'§

is similar to (3.24). Thus, we obtain

[@(s)| = 0(|x’ — Xt’z‘ﬁ(s)|2), P-a.s..

Step 5: Completion of the proof.

Since the set of all rationals ' € R is countable, we can find a subset Qy C Q with P(Qg) = 1 such that for
any wy € (o,

W (s, XH%%(s,w0) = YE%%(s,wp), (3.4), (3.7), (3.8),
(3.14), (3.15) are satisfied for any rational x’,

(Q, F,P(|F5) (wo) , B(-) = B(s);u("))lis,m € UM, T,

and sup [|p(r,wo)| + |P(r,wo)|] < 0.
s<r<T

The first relation of the above is obtained by the DPP (see [9]). Let wo € Qo be fixed, and then for any rational
number z’,

|¢(s,wo)| = o]z’ — Xt’z”j(s,wo)r), for all s € [t, T. (3.25)
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By the definition of ¢(s), we get for each s € [t, T,

Ys,w';ﬁ(s’wo) _ Y't;v;ﬁ(&wo)

= p(s,w0) X (5, wo) + 2P (s,w0) X (s,w0)? + of |z’ — )_(t’”?ﬂ(s,wo)f)

= p(s,w0) (2! — XE=(s,wg)) + L P(s,wp) (¢ — X5 (s,w))”
+o(|a! — Xt (s, )| ).

Thus, for each s € [t, T7,

W(s,2') — W (s, X1%%(s,wp))

<Y (s, wo) — YETE(s, W)

= p(s,wp)(x’ — XH%%(s,wp)) + %P(s,wo) (m’ — )7(’5*:””3(5&10))2
+o(|a — X (s, 0w0)| ).

(3.26)

Note that the term o(|z’ — X (s, wo)yz) in the above depends only on the size of |2/ — X"%%(s,wg)| and it is
independent of z’. Therefore, by the continuity of W (s, -), we can easily obtain that (3.26) holds for all 2’ € R.
By the definition of super-jets, we have

{p(s)} x [P(s),00) C DIHW (s, X"%(s)).
Now we prove that
D™ W (s, X"%%(s)) C {p(s)} x (—o0, P(s)]-
Fix an w € Q such that (3.26) holds for all 2’ € R. For any
(b, P) € D3V (s, X""%(s)),
by definition of sub-jets, we deduce
W(s,2)~W (s, X057 (s))—p(a/ —X"%7(s))  LP(a/ ~X"*%(s))”

0 Sm/_l:)r_?tlflf(s){ [/ — X v (5)]2 T =Xt ()2 }
< liminf {(p(S)—ﬁ)(x’—Xt'“”’“(s)) +;<P<s>—15)(x’—Xf*”'="<s))2}.

Ko (s) [~ Xt ()2 X ()2

Then it is necessary that
p=np(s), P < P(s), Vs € [t,T], P-a.s..

This completes the proof. O
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Example 3.2. Consider the following controlled FBSDE (n = 1) for s € [t, T7:

dXtmU(s) = [XETU(s) + cZbTu(s)] ds
+ [eZb®u(s) + XB%U(s)u(s)] dB(s)
dYHriu(s) = — [Xb®u(s)u(s) — ZHU(s)] ds
+Z0%%(s)dB(s)
Xttu(s) =, YOU(T) = XUm(T),

where c is a positive number such that Assumption 2.1 holds. The control domain is U = [0, 1]U [2, 4] and the
cost functional is defined by Y%#%(¢). The corresponding generalized HJB equation becomes

Wi(t,x) + inf,cp {Wx(t,x) (x + %) + zu
_— W ttron ? (3.27)
»(t,x)xu cWe(t,x)zu _
T I—cWL(tx) + %sz(t’x) (xu + 175W1(t,ﬂ7)> } =0.
Set W (t, z) = a(t)x where a(t) satisfies
. ) ca(t)xu a(t)zu
t f t —_— - =0;
a )$+52U {a( ) (x—i— 1—ca(t)> o 1 — caf(t) 0
that is

a(t) + a(t)a + inf {(1 - a(t)) u} = 0.

If (1 —a(t))z > 0, then (t) = 0 which leads to a(t) = eT~t; if (1 —a(t))z < 0, then u(t) = 3 which leads to
a(t) +a(t)+3(1—a(t)) =0and a(t) = 3 — 327 Thus,

ety if z <0,
W(t,z) = (3.28)
[3—1e2t-D] g, ifz >0,

which satisfies the Lipschitz and linear growth condition. Noting that

D2TW (t,0) = <2 - ;ez(tT),eTt> x RU {2 - ;eQ(tT),eTt} x [0, 00),

it is easy to verify that W (¢, x) is the viscosity solution to (3.27). Applying the approach (polished functions)
in Theorem 4.4 and Theorem 4.12 in [9], we can prove YU (¢t) > W (t,z) for any admissible control u(-). By
Theorem 4.4 in [9], we know that W (¢, z) is the value function. Moreover, it is obviously that @ = 0 (resp. @ = 3)
is an optimal control when z < 0 (resp. > 0), and any admissible control is optimal when z = 0.

The first-order and the second-order adjoint equations become

dp(s) = —{als) + “PEHE (ep(s) + cqls) ~ 1)
+p(s) + (s)a(s) | ds + a(s)dB(s),
p(T)= 1,
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dP(s)= — {P(s) [( (s) + 671(9);‘%())) +24 20,71(5);4(&?}
+2Q(s) [a(s) + H2D ]+ (ep(s) + cals) — 1)
i(8) Lo BEPE)+a() Y prg s
s ml )]}ds+Q(s)dB(s),
P(T)= 0,

If # <0, then XH%%(:) < 0, W(s, X""%(s)) = e 5 X"%%(s) and DZTW (s, X4*%(s)) = {eT7*} x [0,00).
The solutions of the first-order and second-order adjoint equations for the optimal control @(-) = 0 are
(p(s),q(s)) = (e175,0), (P(s),Q(s)) = (0,0). Thus, the relation (3.1) holds.

If x > 0, then XH%%(.) > 0,

o 1 o
Yt,m,u(s) _ |:3 _ 262(ST):| Xt,z,u(s)’

and

-1
R R TP

Then W (s, X% (s)) = [3 — $e2(==T)] X257 (s) and D2 W (s, X17(s)) = {2 — 2e2(*=T)} x [0, 00). The solu-
tions of the first-order and second-order adjoint equations for the optlmal Control a(-) = 3 are (p(s)7 q(s)) =
([3 = 3€2=D],0), (P(s),Q(s)) = (0,0). Thus, the relation (3.1) holds.

If =0, then X"*%(-) = 0. From (3. 28) then D2~ W (s, Xt%%(s)) = () and D2HW (s, Xt@U(s)) = (3 —
1e20-T) eT=t) x RU {2 — 2e2(t-T) Tt} x ). It can be verified that X1%%(s) = Y42l (s) = Zb%U(s) =0
is the optimal trajectory for any u( ) e U™t T] Set pi(s) = 3 — 2e2=T) py(s) = eT=*. Then

dp1(s) = —[3—2pi(s)]ds,
dpa(s) =  —pa(s)ds,

By the comparison Theorem, we have the solutions of the first-order and second-order adjoint equations
satisfy p1(s) < p(s) < pa(s), P(s) = 0. Thus, the relation (3.1) holds.
3.2. Differential in time variable

Let us recall the notions of right super-and sub-jets in the time variable ¢. For w € C([0,T] x R) and
(t,2) €[0,T) x R, define

Dtlfw(f,it) = {qeR:w(t,aﬁ)Sw(f,ft)—i—q(t—f)—i—o(’t—ﬂ) ast | t},
w(t, &) +q(t—1t)+o([t—1) ast |}

Theorem 3.3. Suppose the same assumptions as in Theorem 3.1 hold. Then, for each s € [t, T,

v i, x;U s vV t,xu s 7t, ;U s 00 1, s t,x
(5, X177(5), 470(6), 2057(5)) ) € DI (5, X177(5)), 529)

D,‘}J’F_W(S,Xt’x?ﬂ(s)) C (=00, Hi(s, Xt@it(s), Yol (s), Zb%%(5))], P-a.s.,
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where

Hl(S’Xt,z;ﬁ(s),Y/t,x;u 5)’ Zt,a:;ﬂ(s))
= —H(s, X170 (s), VI (s), 270 (s), a(s), p(s), a(s), P()) + 3 P(s)7 (5)

Proof.
Step 1: Variations and estimations for FBSDE.
For each s € (¢,T), take 7 € (s,T]. Denote by

the solution to the following FBSDE on [7,T] :

XTXEE () = X0 (s) + [T b(e, O7X T8 (), () da
+ [] o(a, 0m X" OT (), a(a))dB(a),

yrXU () = g(x X)) + [T g(a, 07O (a), i(a) ) da
— [T Z2n X6 () dB(a).

For r € [, T], set

Then, by Theorem 2.2 in [8], we have that for each 8 € [2, §]

2

~ T ~ — _ — _ B
E sup](sr<r>|ﬁ+|m<r>|ﬂ)+(/ |<T<r>|2dr> Fi| cofxtnr) - Xtmis) Pas.

re[r,T

Note that
XEmE(r) — X (g) = /T b(r)dr + /T o(r)dB(r).

Taking conditional expectation E[-|Ff] on both sides of (3.30), we obtain for a.e. s € [t,T],

B

2

T 5
E sup](|ér<r>|ﬁ+|m<r>|ﬁ)+(/ |éT<r>2dr> F| <07 - 5|%), Pas,

re(r,T

(3.30)

(3.31)
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as 7 | 5. We rewrite &,(-), 7i-(-) and (- (-) as

d;(r) = [6:-(r)Db(r) + 5Tl(r)] dr + [@T(r)pg(r)ﬂﬁ(r) dB(r),
&)= =[] b(r)dr — []o(r)d (3.32)
dire(r) = = [6:(r)Dg(r) + e5s(r >] drm( )JdB(r),
i (T) = ¢u(XHT))Er(T) + e7a(T), 7 € [1,T),
where
ern(r) = (Belr) = 0a(M) &)+ (By(r) = by () i () + (B:() = b)) o),
era(r) = (6u(r) —0u(r) &(r) + (& () oy(r) i (r) + (:(r )foz( ) & (r),
era(r) = (32(r) = g2 (1) & () + (Gy(r) = 9y (r) 0 (1) + (3:(r) = g:(r)) & (),
era(T) = [fa(XP70(T)) — ¢ (XB=(T))]EA (T),
Vlr) = [y u(r, 0575 (r) + AO(r), a(r))dA
for ¢y =b,0,9,¢ and Kk = x,y, z.
Similar to the proof in Theorem 3.1, we obtain
YR () - YOS () = p(r) (7) + 3 PG (1) + ollr (7)), Pas,
which implies for a.e. s € [t,T],
E [y X0 (r) - Yion(r)| Bl = B [p(r)ér () + P (7)1F + o (17— ).
P-a.s. as 7 | s.
Step 2: Completion of the proof.
By Proposition 3.4 in [9], we get
W(r, Xt%(5)) < E [YT XU )i )uﬂ , P-as.. (3.33)

Similar to Theorem 3.1, we can find a subset Q¢ C Q with P(Qy) = 1 such that for any wg € Q,

W (s, Xt¥%(s,wp)) = YH%%(s,wyp), (3.31), (3.33) are
satisfied for any rational 7 > s,

(Q, F, P(-|77) (wo) , B(-) = B(s); u(:-))lis,r € U[s, T,
and sup_[|p (r,wo)| + [P(r,wo)|] < occ.

s<r<
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The first relation of the above is a directly application of the DPP (see [9], Thm. 3.5). Let wy € Qo be fixed.
Then, for any rational number 7 > s and for a.e. s € [t,T)

< E |:YT,Xt 5 (5):@ ) — Yt,w,ﬂ(sﬂ}‘t} (WO)
YEEI(r) 4 YU (r) - P (s)| FE] (wo)
= B [p(r)ér(r) + 1P (72— I glrrl L] o) + off7 — s,

(3.34)

as 7 | s. Next we estimate the terms on the right-hand side of (3.34).

&=

[P (717 (wo)
E [p(s)é:(7) + (p(r) —p (s»é ()] (o) (3.35)
E [=p(s) J7 b(r)dr — 7 q(r)o(r)drl F] (wo) + of|r = ).

where the last equality is due to the Ito’s formula for (p(r) — p (s))&-(7). Similarly,

E | 5P 17| (o) =& | 3P0 [ oPariF] e + oflr = (3.36)

Thus, by (3.34)-(3.36) and the continuity of W, we obtain

W (T, X5 (s)) — W (s, X"%%(s))
<E[-p(s) []b(r)dr — [ q(r)o(r)dr — [] g(r)dr +5P(s) [ o(r)?dr|FL] + o(|7 — s|)
(7 = ) (5, X9(5), V() 20750(5)) 4o |7 — 1),

which implies
[H(s, X550 (s), Y4 (s), Z77(5)), 00) © Dyt W (s, X (s))

by the definition of super-jets. For any ¢ € Dtl’;W(s, Xt75%(5)), by definition of sub-jets, we have

Thus, for any s € [t,T),

This completes the proof. O

Example 3.4. (Continued) Consider the problem in Example 3.2 again. For z < 0,

DI (s, X0 (s) = [T = X150 (s), o0)
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and
Dtl—’:W(sv Xt@;ﬁ(s)) = (—OO, _eT_SXt7I;a(S)]'
Since the optimal control @ = 0, p(s) = e =%, ¢q(s) = P(s) = Q(s) = 0,

= —H(s, X“““( ), YE5(s), 264 (s), a(s), p(s), q(s), P(s))
— [ ( )(thu( ) tzu(s)) _|_Zt,.r;u(s)]
76T75Xt,93;u( )

Thus, the relation (3.29) holds.
For z > 0,

Dy W (s, X170 (s))

I
L—|
™

[\~
S
w
=
1
S
8
5
=
Vo)
o
8
N—

and

HI(S’X’t,x;ﬂ(S) Yt,x;u(s)’ Zt,a:;u(s))

= —H(s, X1*%(s), Y155 (s), 214 (s), uls), p(s), q(s), P(s))
= [p(s) (Xt’w“:‘(s) + Zt"”;“(s)) + X% (s)u(s) — Zt"'”;ﬁ(s)}

Thus, the relation (3.29) holds.
For z =0,

and

DETW (s, X7 (s)) = (~oc, 0.

For any 4(-) we have X%%%(.) = Y1#iU(g) = ZH%%(5) = 0 = 0 and which implies

Hi(s, XH50(s), YE55(s), ZH%%(s)) = 0.

Thus, the relation (3.29) holds.
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4. SPECIAL CASES

In this section, we study three special cases. In the first case, the value function W is supposed to be smooth.
In the second case, the diffusion term o of the forward stochastic differential equation in (2.1) is linear in z.
Finally, we study the case in which the control domain is convex and compact.

4.1. The smooth case

In this section, we assume that the value function W is smooth and obtain the relationship between the
derivatives of W and the adjoint processes. Note that the HJB equation includes an algebra equation (2.4). It is
worth pointing out that we discover two novel connections: (i) the relation between the derivatives of V(-) and
the terms K7(+), K»(-) in the adjoint equations; (ii) the relation between the algebra equation A(-) for the MP
and the algebra equation V (-) for the HJB equation. We first give the following stochastic verification theorem.

Theorem 4.1. Suppose Assumption 2.1 holds. Let w(-,-) belong to C;’Q([O,T] x R) and be a solution to the
HIJIB equation (2.4). If ||o]lce < 00 and ||wz||eol|oz|leo < 1, then

w(t7x) < J(t,x,u()), vu() S uw[taT]a (t,l‘) S [OaT] x R.
Furthermore, if u(-) € U™[t,T] such that
G (s, X" (s), w(s, X" (s)), we (5, X5 (s), Wag (5, XU (s)), u(s)) + w4 (s, XV (s)) = 0,

where (XH%U(.), YH@U(.) Z6%8(.)) s the solution to FBSDE (2.1) corresponding to u(-), then u(-) is an optimal
control.

Proof. The proof is same to Theorem 4.11 in [9], thus we omit it. O

Now we study the relationship between the derivatives of the value function W and the adjoint processes.

Theorem 4.2. Let Assumptions 2.1, 2.8, and 2.10 hold. Suppose that u(-) € U*[t,T] is an optimal control,
and (XH%U(.), YE@u () Z6%4(.)) 4s the corresponding optimal state. Let (p(-),q(+)) be the solution to (2.11). If
the value function W (-,-) € C12([t,T] x R), then for each s € [t,T)

Yt,w;ﬂ(s) — W(S,Xt’w;ﬁ<8)),

and



RELATIONSHIP BETWEEN SMP AND DPP 23

Moreover, if W(-,-) € CY3([t,T] x R) and Wy (-,-), Wiza(-,-) are continuous, then, for s € [t,T],

p(s) = Wa(s, X""%(s)),
q(s) = Wag(s, Xt%U(s)) - o(s, X1T0(s), YETiU(s), Z6%0(s), u(s)).

Furthermore, if W(-,-) € CY4([t, T] x R) and Wy (-, ) is continuous, then
P(s) > Wae(s, X"%%(s)), s € [t,T],

where (P(+), Q(+)) satisfies (2.13).

Proof. By the DPP (see [9], Thm. 3.5), we get Y#%(s) = W (s, X"""(s)) s € [t,T]. Applying It6’s formula to
W (s, X"%%(s)), we can get

5) = W(s, Xt%%(5s)),

s) = V (s, X0(s), W (s, X05%(s)), Wa (s, X4750(s)), u(s)), (4.1)
G(s, Xb¥0(s), W (s, XH%%(s)), W, (s, X1%U(s)), Waa (s, XE¥%(s)), u(s)) + Wy(s, X0¥%(s)) = 0.

Since W satisfies the HJB equation (2.4), we obtain that, for each u € U,
G (s, XE50(s) W (s, X55%(s)), W(s, X15%(s)), Wm(s,)_(t’m;ﬁ(s)),u) + W(s, XH%%(s)) > 0.

Thus, we deduce

G (s, Xt%0(s), W (s, X1%50(s)), Wy (s, X1%50(s)), W (s, X% (s)), u(s))

= melgG (s,)_(t’x?ﬂ(s), W (s, Xt®%(5)), W, (s, XH¥%(s)), Wm(s,)_(t’m?“(s)),u) .

If W(-,-) € C*3([t,T] x R) and W, (-,-) is continuous, then, by applying Ité’s formula to W, (s, X*%i%(s)),
we get

AW, (s, X050 (s)) =  { W (s, XETU(8)) + Wia(s, X555 (5))b(s) +2 Waga(s, X1%(s)) (0 (s))?} ds

o (4.3)
+ W (s, XH%U(s))o(s)dB(s).
Note that W satisfies the HIB equation (2.4). Then we obtain
Ws(s,x) + G(s,z, W(s,x), Wa(s,x), War(s,x),u(s)) > 0. (4.4)
Combining (4.1) and (4.4), we conclude that the function
Ws(s,+) + G(s, -, W(s,-), Wy(s, ), Was(s, ), u(s))
achieves its minimum at x = X%%(s). Thus
0= C'%{WS(S’ x) +G(s, 2, W(s,x), Wa(s, ), Waa (s, @), 0(8)) H,— e (s - (4.5)
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By the implicit function theorem, we deduce

%‘; (s,z, W(s,x), Wz(&$)7ﬂ(5))’$:5<t,x;ﬂ,(s)
= (1= Wals, X""%(s))0.(s))  [Waa(s, X"5(s))o(s) (4.6)

+HWa(s, X5 (s))oa(s) + oy () (Wa(s, X45(s)))?].

Thus, we can easily get

LW, (s,x) + G(s,2, W(s,z), Wa(s, x), Wau(s, ), (s))}, —Xtwsa(s)

{w,

= W5, K0(5)) 4 Wo (5, KOS (5))b(s) + $Wor 3, K5 (3))0(5)2 + W5, K055(s)

(b (8) + by () Wa (5, X557 (5)) + b2 () Var(8)] + Waa (s, X555 (s)) o (s)

o2 (s) + oy (s)Wa(s, X05(s)) 4 0.(5)Va(8)] + gu(s) + gy (s)Wa(s, X55%(s)) + g.(s)Va(s),

where

Va(s) = (5,2, W (s, 2), Was, ), a(s)) .
O r=X1t7u(s)

Combining (4.3), (4.5) and (4.7), it is easy to check that
(Wx(s,Xt’z;ﬁ(s)), Wxx(s,Xt’r;ﬁ(s))a(s))
satisfies the adjoint equation (2.11), which implies
p(s) = Wa(s, X57(5)), q(s) = Waa(s, X" (s))o(s).

If W(-,-) € C¥([t, T] x R) and Wi,,(-,-) is continuous, then, applying It6’s formula to W, (s, X*%%(s)), we
obtain

AW (s, Xt’z;ﬁ(s)) = {Wsm(S,Xt’z;ﬁ(s)) + Wzrr(SaXt’x;ﬂ(S))b(s) +%szz(5aXt’x;ﬂ(s))(a(s)y} ds
+Wara (s, XE¥%(s5))o(s)dB(s).

(4.8)
Since the function
Ws(s,-) + G(s,-, W (s,-), Wy(s,"), Was(s,-),u(s))
achieves its minimum at x = X*%%(s), we have
52
52 Ws(s,2) + Gls,2, W (s, 2), Wa(s, 2), Waa(s, ), U(s)) Hymgemas) 2 0. (4.9)

For s € [t, T, set

P(5) = Wya(s, X55%(s))
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and

Q(s) = me(&)‘(t,m;a(s))a(s).

In order to prove P(s) > P(s), by comparison theorem of BSDE for equations (2.13) and (4.8), we only need
to check

P(s) [(Do(s)T(1,p(s), K1(5)))* +2Db(s)T(1,p(s), K1(s))T + Hy(s)]

+2Q(5)Do(s)T(1,p(s), K1(s))T + (1,p(s), K1(s)) D H(s)(1,p(s), K1(s))T (4.10)
+H. (5)Ks(s) + Wiga (5, X7 (5)) 4+ W (s, X557 (s)
+ 5 Wazaa (s, X45%(s)) (a(s))? > 0,

where
Ka(s) = (1= p(s)0x(5) " {p(s)oy(s) +2[0u(s) +0y(s)p(s) +02(s ) ( )1} P(s) (4.11)
+(1 = p(s)=()) " {QUs) +p(s)(1, p(s), K1 () D2 () (1, p(s), Ko ()7}
By (4.9), one can verify that the inequality (4.10) holds. O

From the proof in the above theorem, we can obtain the following corollary.
Corollary 4.3. Under the same assumptions as in Theorem 4.2, we have the following relations:
()
A(s) = V(s, Xt®U(s), W (s, X®U(s)), W(s, X%(s)), u)
_V(Sa Xt@;ﬁ(‘g% W(87 )_(t,ilt;ﬁ(s))7 WI (37 Xt,r;ﬁ(s))’ ﬂ(S)),

where A(+) in (2.16) and V(-) in (2.5);
(ii)

where Ky(s) is defined in (4.11).

Remark 4.4. It is worth to pointing out that Ks(-) and Ky(-) are closely related. If we replace P(-) (resp.
Q(+)) by Wap (-, X5%8(4)) (resp. Wags (-, X2%(-))a(+)) in Ka(-), then we have Ka(-).

If the value function is smooth enough, we can use the DPP to derive the MP in the following theorem.

Theorem 4.5. Let Assumptions 2.1, 2.8 and 2.10 hold. Suppose that a(-) € UY[t, T] is an optimal control, and
(Xbmu(), yheu (), Z6TU(.) is the corresponding optimal state. Let (p(+),q(+)) and (P(-),Q(-)) be the solutions
to (2.11) and (2.13) respectively. If W(-,-) € CY4([t,T] x R) and Wz (+,-), Weza(+,-) are continuous, then

H(s, X04(s), YU (s), 287 (s),u, p(s), q(s), P(s))

(4.12)

> H(s, X150 (s), Y1150 (5), Z05%(s), (s), p(s), q(s), P(s)), Yu € U ae., as.
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Proof. By (4.2) in Theorem 4.2, we have Yu € U a.e., a.s.

G(s, Xt50(s), W (s, X150(s)), Wy(s, XE50(s)), Was (s, XE%%(s)), u(s))

o - 7 7 (4.13)
< G(s, XU%U(s), W (s, Xb5U(s)), Wy (s, Xb5U(5)), Wae (s, XEZU(s)), u).

Since

we can obtain
V(s, X450(s), W (s, X4™%(s)), Wa (s, X""%(s)), u) = Z"%%(s) + A(s) (4.14)

by the definition of A(s) in equation (2.16). Combining (4.13) and (4.14), we deduce that

H(s, X150(s), YE=U(s), Z8%%(s), u, p(s), q(s), P(s))
—H(s, X1@U(s), Yol (s), Zb%%(s), u(s), p(s), q(s), P(s))
> 1 (P(s) = Waa(s, X0(s)) - (o (s, X050 (s), VE%(5), 26555 (s), 1) — o(s))”

Noting that P(s) > W, (s, X©%%(s)), then we obtain (4.12). O

4.2. The case that o is linear in z

In this section, we consider the case that o(¢,z,y, z,u) = A(t)z + o1(t, z,y,u). Under this case, we do not
need the assumption that ¢(-) is bounded.

Assumption 4.6. o(t,z,y,x,u) = A(t)z + oy (t,z,y,u), ||14~1()||oo is small enough.

Theorem 4.7. Suppose Assumptions 2.1, 2.8, 2.10 and 4.6 hold. Let u(-) be optimal for our problem (2.3), and
let (p(+),q())) € Lg°(0,T;R) x Ly*(0, T3 R) and (P(-),Q(-)) € LA C([0, T],R)) x Lg?(0, T;R) be the solution
to equation (2.11) and (2.13) respectively. Then

{p(s)} x [P(s),00) C DZFW (s, X" (s)),
D3~ W (s, X"%%(s)) C {p(s)} x (—o0, P(s)].

Proof. In this case

e2 (r) = (5(r) — 04 (r)) X (r)

. (4.15)
+(6y(r) = 0y () (p() X (1) + v(r))
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It is easy to verify that

A(r) | <CA+1g(r)),

R (4.16)
)l <C (1+ 1A e la ™))
where C' is a positive constant. By Theorem A.2 in [8], there exists a d > 0 such that for each \; < §,
T 2
<
E[exp (M [l la ()P ar)| 7] < c. )

E [sup,<q<rexp (M [; q(r)dB(r))| Fi] < C.

Set, for r € [s,T],

Iy(r) =exp (f] A(a)da),
Da(r) = exp (1 7 C(@)da + [T C(a)dB(a))

When [|A(-)||oo is small enough, by (4.16) and (4.17), we can find a large enough constant A > 0 such that

El sup |y (r)Ta(r)|M FH < C. (4.18)

re(t,T)

Set

o' (r) = o(r)T1(r)Ta(r),
vi(r) = v (r)To(r)la(r) + C (r) To(r)Ta(r)e (1),

—

where (¢(+),v(+)) is the solution to BSDE (3.9). We obtain that (¢! (-), ! (-)) satisfies the following BSDE by
applying It6’s formula to ¢(-)I'1 (-)T2(+),

{ Aot (r) = ~IL(r)dr + v (1) dB (1), (4.19)

e (T) = ea(T)T1(T)To(T),
where

I(r) = Ti(r)Ta(r)[p(r)es (r) +

~ o (4.20)
+H. () (1-pMAW) p) ).

For each § € [2, 3], by the estimate of BSDE, we have

E [|e4(T)T1(T)Co(T)|P| FL]
<{E [l | 7]} {E [ @rsm) 5| 7]} T (421)

<C ‘.T/ . Xt,x;ﬁ(s)Fﬁ’
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[ (1 )| 7]

23
T 7 28
< C{E[(JT (el + (1 +lamDlea(r)] +ea(r)an)?| 7t} w22)
TR
{E [| sup,.cqe, ) |T'1(r)2(r)| 728 J-"S]}
< Cla — Xt (s)[7,
then
T 5
E| sup o)+ (1] 1)) fﬁ]
re(s,T)
B
< CE {Iszl(T)Fl(T)FQ(T)ﬁ + ( 1T |H(r)\dr) ‘]—";] (4.23)
< |a’ — Xtn(s)|
Combining (4.18) (4.19) and (4.23), we obtain that, for each 3 € [2, g],
T B
’ { S PO </ |V(T)|2dr> Fi| < Cfaf = Xbmn(s)7. (4.24)
rels,T) s
Similar to the above analysis, there exists a large enough A > 0 such that for
N
T 2
E [ sup |P(r)|* + (/ IQ(T)QdT> Fil <c. (4.25)
rels, T s

Applying It6’s formula to ¢(r)I'1(r)T'2(r), where (¢(+),2(+)) is the equation (3.19) in Step 4 in the proof of
Theorem 3.1, we get

P(s) =E | T (T)Ty(T)es(T) —|—/ Ty (r)Te(r)I(r)dr

]-"4 . (4.26)

By (4.18) and (4.26), we deduce that

©loo

9
8

T
|58<T>|3+</ |I<r>|dr) 7!

[B(s)l < C {IE

} . (4.27)
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The estimate for eg(T") is the same as Theorem 3.1. Since we relax the assumption of ¢(-) being bounded, the
corresponding I(r) in (3.20) has the following upper bound

1)

<O+ 0+ D IP O] +1Q()] +1a (0]
(e @I+ @)+ ) [£ 0)]) |X @)
+C(L+1g(r)P)p) X () +C L+ P () v ()
+C (L+1g ()] + P () ¢* (1),

where p(r) is the same as (3.23). We estimate the following terms:

B l(ff ()| P () p(r)

<E| s [X0|" sw (POF (ST la0Par) " ([T o ar)’

re(t,T] re[t,T]
S{E[ sup ‘X ’ fst‘|}32 {E sup |P(r )|% (fT‘Q(THQdT)ég
reftT] vy re(t,T]
' (fT Ip(T)I2dr)% ]-'4}32
= o(|x—)_(tvr;ﬁ (3)’%>;
= (7 erp ool | 7]
Elé’gpﬂ @ff s 100 (17 P ) (Fw ko) ft]
< { TEEPT X (r) gTSE%]P( )9 (ng |q(r)2dr)ﬁ‘f4 }20
A= (v 2ar) 7=}
= (’ _Xt,x;u( )’ :
o[ (1 o oo |t )’ fﬁl
< sup | X (r) 7 fST g (P p () d?") ’}_t]
re(t,T]

w‘m
Dl

o) el =)

IN
S = &
=
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E[ STl () e ()2 dr)g ]
S{E T?[?T]Iw( )l fﬁ]}lo'{EUIT' () dr) SHO
:0(|x Xt’m:ﬂ(”% ;

and the others are similar. The proof is completed. O

Theorem 4.8. Suppose the same assumptions as in Theorem 4.7 hold. Then, for each s € [t, T,

[H1(s, Xt (s), YE#T(s), Z8%0(s)), 00) C Dyt W(s, X157(s)),
Dy W (s, X1 (s)) C (—o00, Ha (s, X1 (s), Y1(s), 2547 (s))],

where
Ha(s, X050(s), YH7(s), 247 (s))
= —H(s, X170 (s), VI8 (s), Z8(s), u(s), p(s), 4(s), P(s)) + 5 P(s)o (s)”.
Proof. The proof is the same as in Theorem 3.3 by using the estimates in the proof of Theorem 4.7. O

4.3. The local case

In this case, the control domain is assumed to be a convex and compact set. Note that in the above
theorems, our control domain is only supposed to be a nonempty and compact set. Then, for the local case we
can still obtain the relations in Theorem 3.1 under our Assumptions 2.1, 2.8 and 2.10. In this section, we study
the MP by convex variational method and its relationship with the DPP. For the convex variational method,
we suppose that b, 0 and g are continuously differentiable with respect to u, and we only need to consider the
first-order variational equation. So, every assumptions that guarantee the existence and uniqueness of FBSDE
(2.1) can be used in this case. Here we use the following monotonicity conditions as in [13, 25].

Define

H(S7$7y7z7u) = (_g7ba U)T (37$>y72,u)~
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Assumption 4.9. There exist three nonnegative constants 1, B2, 83 such that 51 + 82 > 0, 82 + B3 > 0 and
Vs € [0,T), Ve, ', y, v, 2, 2 € R, Vu € U,

<H(S7 €, Y, %, ’LL) - H(Sa .’El, 9/7 Zla u)a (!L‘ - xlv Y- y/a e zl)T>
< =Bile =22 = Bally — ¢/ + 2 = 2?),

(6(z) — p(a)) (& — 2') > Bs |z — 2’|

The adjoint equation in this case is the following linear FBSDE:

dh(s) = [gy(s)h(s) +by(s)m(s) + oy(s)n(s)] ds
+1gz(s)h(s) + b=(s)m(s) + 0.(s)n(s)] dB(s),

(4.28)
+ b (s)m(s) + oz (s)n(s)] ds

m(T) = ¢.(2(T))M(T).
Define the following Hamiltonian function:
H'(s,z,y,z,u,h,m,n) = mb(s,z,y, z,u) + no(s,z,y, z,u) + hg(s, z,y, z,u).

Suppose Assumptions 2.1 (i) and 4.9 hold. Let u(-) € U"[t,T] be optimal for problem (2.3) and (h(-), m(:),n(-))
be the solution to FBSDE (4.28). Then Wu [25] obtained the following MP:

(H! (s, Xt®U(s), Yot (s), Z6%%(s), u(s), h(s),m(s),n(s)),u — u(s)) > 0,

“ (4.29)
Vu e U aes € [t,T], P-as.

Theorem 4.10. Suppose Assumptions 2.1 (i) and 4.9 hold. Let u(-) be optimal for our problem (2.3) and
(h(-),m(-),n()) be the solution to FBSDE (4.28). If L3 is small enough, then
DLW (s, X""%(s)) C {m(s)h™"(s)} C Dot W (s, X"*%(s)), Vs € [t,T], P- as..

Proof. We use notations (3.3), (3.6) and equations (3.2), (3.5) in Step 1 in the proof of Theorem 3.1. By the
estimate of FBSDE (see [13]), we obtain

rels,T)

E[sw (P +R) + [ 120k

.7:4 <Cla' - Xt’”“a(s)|2 ,P-a.s..

Applying Itd’s formula to h(s)Y (s) — m(s) X (s), we get

h(s)Y (s) — m(s)X(s)
=B [W(T)ea(T) + [ (m(r)er(r) + n(r)ea(r) + h(r)es(r dr]ft}
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Then, we want to prove h(s)Y (s) — m(s)X(s) = o (|o" — Xt=st(s)
as follows

), and estimate the terms in the right hand

E [|h(T)es (1) F1]
<{e[Ixme| 7))} (= [@6.) - o.mnp| ]}
o (Ja' - X))

f;]

T 1/2 1/2
(o] [ weroaor-caonpal )" o] ool =]

=o (o' — X""%(s)]) .
The estimates for the other terms are similar. Similar to Step 5 in the proof of Theorem 3.1, we can find a
subset Qp C Q with P(g) = 1 such that for any wg € Qq,

/2

T
E / () (6(r) — 0+ () Z(r)ldr

/ " 20 Par

h(s,wo)Y (s,wo) — m(s,wo) X (s,wo) = 0 (|]2" = X5%*(s,wo)|) for all s € [¢,T].

By the DPP in [9, 13], we obtain

=

(5, x,) - W(Sﬂ Xt@;ﬁ(s))

Yy sz ,ﬂ(s) _ Yt,m;ﬁ(s)
Y (s).

IN

When Lz small enough, by Theorem A.4 in [8], we can obtain h(s) > 0 and p(s) = m(s)h(s)~!. Thus
V(s) = mls)h(s) ™t (Xo50(s) = X020(5) ) + ofja’ — K=2(s)]).
Since x’ is arbitrary, from the definition of super-jet, we get
m(s)h(s)™t € DETW (s, XB*(5s)).
Now we prove
Dy~ Wi(s, X"%%(s)) C {m(s)h(s)""}.

If D~ W (s, Xt%%(s)) is not empty, then taking any ¢ € DL~V (s, X©%%(s)), by definition of sub-jets, we have

0 < liminf
/= Xt®it(s)

< i [lrnergCorto)]

l./_))’(t,z;ﬁ(s) ‘QJI*Xt’m;a(SN

W (s,a") =W (s, X" (s)) —¢ (2’ X """ (5))
|z =X te (s)]
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Thus, we conclude that
¢ =m(s)h(s)"t, Vs € [t,T], P-as..

The proof is completed. O

Theorem 4.11. Suppose Assumptions 2.1 (i) and 4.9 hold. Let u(-) be optimal for problem (2.3) and
(h(:),m(-),n()) be the solution to FBSDE (4.28). If L3 is small enough and the value function W(-,-) €
CY2([t,T] x R), then, for s € [t, T],

Y (s) = W (s, X'%(s)),

o o o o (4.30)
ZHwu(s) = V (s, Xb%U(s), W (s, XBTU(s)), W, (s, X1%U(s)),u(s)),
and for any s € [t,T),
—W(s, Xb%8(s))
= G(s, Xt5%(s), W (s, Xt¥%(5)), W,(s, XH%(s)),
Wae(s, X050 (s)), u(s)) (4.31)
= min G (s, X059(5), W (s, X05(5)) W, 3, X05()),

Wae(s, X0%58(s)), u) .
Moreover, if W(-,-) € C3([t, T] x R) and Wy (-,-) is continuous, then, for s € [t,T],
m(s) = Wa(s, X"%(s))h(s),
n(s) = g.(s)Wa(s, X)) + Wp(s, X0 o (s)h(s) (4.32)
(1= Wals, X75(5)) (5)) 7 bels) - (Wa(s, X75%(5))?,
and Yu € U a.e. s € [t,T], P-a.s.
(H! (s, X1%U(s), YE"U(s), Z"%(s), u(s), h(s),m(s),n(s)),u — u(s)) > 0. (4.33)
Proof. The proof for (4.30) and (4.31) is the same as in Theorem 4.2. Applying It6’s formula to

W, (s, Xt%%(s))h(s), one can check that (h(-),m(-),n(:)) with (m(-),n(-)) given in (4.32) solve FBSDE (4.28).
By (4.31), we have

G(s, Xt50(s), W (s, X150(s)), Wy(s, XE50(s)), Waa (s, XE%%(s)), u(s))
< G (5, X070 (s), W (s, X050(s)), We(s, X050(s)), Waa(s, XH5(s)),u)

Vu € U a.e., a.s..

Thus, we obtain

<%G (S,Xt’m?ﬁ(s),W(S,Xt’m;ﬁ(s)),Wx(s,Xt’m?ﬂ(s)), Wxx(s,Xt’m?ﬂ(s)),u)| _

Yu e U a.e., as.,
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which implies

({Wa(s, X755(5)) b (5) Va(5) + bu(s)] + Waa (s, X57%(s))a(s) [0 (5) Vu(s) + 0u(s)]

(4.34)
+9: (s) Vu(8)},u —u(s)) > 0,YVu e U aee., as.,
where
Vu(s) = (s, XtmT(s), W (s, X1(s)), Wx(s,)_(t’””;ﬂ(s)),u)’u:ﬂ(s) :

By implicit function theorem, we deduce that

8%(3’ Xt,:x:;ﬂ(s% W (s, Xt’m;ﬂ(s))a W (s, Xt’z;ﬁ(s))a u)|u:ﬂ(s) (4.35)

= (1= Wi, XE55(5))r (5)) ™ Wa(s, XE5(5))oru (s).
Combing (4.32), (4.34) and (4.35), we obtain the desired result (4.33). O

Remark 4.12. From Theorems 4.2 and 4.11, we can obtain the following relationship between (p(-), ¢ (-)) and
(h(-),m(),n()):

m(s) = p(s)h(s);
n(s) = (1= p(s)o=(s)) " [b:(s)p(s)” + p(5)g-(5) + a()]h(s).

APPENDIX

The following Lemma is a combination of Theorem 3.17 and Theorem 5.17 in [20].
For each fixed p > 1 and adapted stochastic process (y(-), z(+)), consider the following system

dX(t) = bt X (t),y(t), 2(t))dt + o (t, X (1), y(1), 2(1))dB(?),
dY () = —g(t, X(t),Y (), Z(t))dt + Z(t)dB(t), (A1)
X(0) = @0, Y(t) = o(X(T)),

where b, o, g, ¢ are the same in equation (2.1). If the coefficients satisfy
(i) b(t,0,y(-), 2(+)), o(t,0,y(-), 2(+)), g(¢,0,0,0) are adapted processes and

. {W(O)'ﬁ + (3 1002,0,500), (0] + lg(1,0,0,0)] )
+ (fOT \0(t,0,y(t),z(t))|2dt> } < 0,

[Nliey

[U(t, x1,y,2) =Yt 22,9, 2)| < Lilzy — a9, for o =0, 0;
lg(t,z1,91,21) — g(t, 22,92, 22)] < La(|z1 — 22| + [y1 — ye| + |21 — 22),
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then equation (A.1) has a unique solution (X(:),Y(:),Z(-)) € LBF(Q;C([O,T],R)) X L[;_-(Q;C’([O,T],R)) X
L?,_lﬁ([O, T);R) and there exists a constant Cz which only depends on L;, 8, T such that

B
2

ES swp [IX@OF +Y(0))°] + (f |12(6)Pdt)

te[0,T

[Niie)

< s { (17 (0t,0.900) 20| + lat,0.0.00D ] "+ (17 lo(6.0.00), ()t
+6(0)” + ol

Acknowledgements. The authors would like to thank the anonymous referees for helpful comments and suggestions.

(1]

2]
(3]

(4]

(5]
[6]

[7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]
(21]
(22]

(23]

REFERENCES

T.T.K. An and B. @ksendal, A maximum principle for stochastic differential games with g-expectations and partial information.
Stochastics 84 (2012) 137-155.

A. Bensoussan, Lectures on stochastic control, in Vol. 972. Lecture Notes in Mathematics. Springer-Verlag, Berlin (1982).
M.G. Crandall, H. Ishii and P.L. Lions, User’s guide to viscosity solutions of second order partial differential equations. Bull.
Am. Math. Soc. 27 (1992) 1-67.

M. Dokuchaev and X.Y. Zhou, Stochastic controls with terminal contingent conditions. J. Math. Anal. Appl. 238 (1999)
143-165.

N. El Karoui, S. Peng and M.C. Quenez, Backward stochastic differential equation in finance. Math. Finance 7 (1997) 1-71.
S. Haadem, B. Oksendal and F. Proske, Maximum principles for jump diffusion processes with infinite horizon. Automatica
49 (2013) 2267-2275.

M.S. Hu, Stochastic global maximum principle for optimization with recursive utilities. Prob. Uncertain. Quant. Risk 2 (2017)
1-20.

M. Hu, S. Ji and X. Xue, A global stochastic maximum principle for fully coupled forward—backward stochastic systems. STAM
J. Control Optim. 56 (2018) 4309-4335.

M. Hu, S. Ji and X. Xue, The existence and uniqueness of viscosity solution to a kind of Hamilton—Jacobi—Bellman equation.
SIAM J. Control Optim. 57 (2019) 3911-3938.

Y. Hu, On the solution of forward—backward SDEs with monotone and continuous coefficients. Nonlinear Anal.: Theor.
Methods Appl. 42 (2000) 1-12.

Y. Hu and S. Peng, Solution of forward-backward stochastic differential equations. Prob. Theory Related Fields 103 (1995)
273-283.

S. Ji and X.Y. Zhou, A maximum principle for stochastic optimal control with terminal state constrains and its applications.
Comm. Inf. Syst. 6 (2006) 321-337.

J. Li and Q. Wei, Optimal control problems of fully coupled FBSDEs and viscosity solutions of Hamilton—Jacobi-Bellman
equations. STAM J. Control Optim. 52 (2014) 1622-1662.

J. Ma, Z. Wu, D. Zhang and J. Zhang, On well-posedness of forward—-backward SDEs — a unified approach. Ann. Appl. Prob.
25 (2015) 2168-2214.

J. Ma and J. Yong, Forward-Backward Stochastic Differential Equations and Their Applications, Springer Science & Business
Media (1999).

T. Nie, J. Shi and Z. Wu, Connection between MP and DPP for stochastic recursive optimal control problems: viscosity
solution framework in the general case. SIAM J. Control Optim. 55 (2017) 3258-3294.

B. @ksendal and A. Sulem, Maximum principles for optimal control of forward—backward stochastic differential equations with
jumps. SIAM J. Control Optim. 48 (2009) 2945-2976.

B. @ksendal and A. Sulem, Forward—backward stochastic differential games and stochastic control under model uncertainty.
J. Optim. Theor. Appl. 161 (2014) 22-55.

B. Oksendal, A. Sulem and T. Zhang, A stochastic HJB equation for optimal control of forward—backward SDEs, in The
Fascination of Probability, Statistics and their Applications. Springer, Cham (2016) 435-446.

E. Pardoux and A. Rascanu, Stochastic differential equations, in Backward SDEs, Partial Differential Equations. Springer
(2016).

E. Pardoux and S. Tang, Forward-backward stochastic differential equations and quasilinear parabolic PDEs. Prob. Theor.
Rel. Fields 114 (1999) 123-150.

S. Peng, A generalized dynamic programming principle and Hamilton—Jacobi-Bellman equation. Stoch. Stoch. Rep. 38 (1992)
119-134.

S. Peng, Backward stochastic differential equations and applications to the optimal control. Appl. Math. Optim. 27 (1993)
1251-144.



36 M. HU ET AL.

[24] S. Peng, Open problems on backward stochastic differential equations, in Control of Distributed Parameter and Stochastic
Systems, edited by S. Chen et al. Springer-Verlag, New York (1998) 265-273.

[25] Z. Wu, Maximum principle for optimal control problem of fully coupled forward-backward stochastic systems. Syst. Sci. Math.
Sci. 11 (1998) 249-259.

[26] J. Yong and X.Y. Zhou, Stochastic Controls: Hamiltonian Systems and HJB Equations. Springer-Verlag, New York (1999).

[27] X.Y. Zhou, The connection between the maximum principle and dynamic programming in stochastic control. Stoch. Stoch.
Rep. 31 (1990) 1-13.

[28] X.Y. Zhou, A unified treatment of maximum principle and dynamic programming in stochastic controls. Stoch. Stoch. Rep.
36 (1991) 137-161.



	Stochastic maximum principle, dynamic programming principle, and their relationship for fully coupled forward-backward stochastic controlled systems
	1 Introduction
	2  Preliminaries
	3 Main results
	3.1 Differentials in spatial variable
	3.2 Differential in time variable

	4 Special cases
	4.1 The smooth case
	4.2 The case that  is linear in z
	4.3 The local case


	References

