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NULL CONTROLLABILITY OF A COUPLED DEGENERATE
SYSTEM WITH THE FIRST AND ZERO ORDER TERMS
BY A SINGLE CONTROL

BN Wul*, QUN CHEN!, TINGCHUN WANG! AND ZEWEN WANG?

Abstract. This paper concerns the null controllability of a system of m linear degenerate parabolic
equations with coupling terms of first and zero order, and only one control force localized in some
arbitrary nonempty open subset w of Q. The key ingredient for proving the null controllability is to
obtain the observability inequality for the corresponding adjoint system. Due to the degeneracy, we
transfer to study an approximate nondegenerate adjoint system. In order to deal with the coupling first
order terms, we first prove a new Carleman estimate for a degenerate parabolic equation in Sobolev
spaces of negative order. Based on this Carleman estimate, we obtain a uniform Carleman estimate
and then an observation inequality for this approximate adjoint system.
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1. INTRODUCTION

In this paper, we consider the null controllability of the following coupled degenerate parabolic system with
the first and zero order terms:

m m

Opur = (' ur ), + Y britie + Y a1u; + flg, (z,t) € Qr,

i=1 i=1
Opug = (Iazuz,m)x + > bostp + D asu, (z,t) € Qr,

i=1 i=1

(1.1)
Oplyy, = (wa’"um,z),; + Z bmitli z + Z A Ui (z,t) € Qp,
i=1 i=1

u;(0,8) =u;(1,¢) =0, t€(0,T), uj(z,0)=ujo(z), z€Q, 1<j<m,

where Q@ = (0,1), Qp :=Q x (0,T), m > 2,0 < o; <1, a;5,b;; € L>(Qr) and f is the control function, 1,
is the characteristic function of the set w = (x1,x2) with 0 < 27 < 2 < 1. Here B = (bij)1§i7j§m is an upper
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triangular matrix and A = (a;j)1<i j<m i an upper triangular matrix plus a subdiagonal matrix, details see
(A3) below.

The null controllability for nondegenerate coupled parabolic system has been extensively studied by many
authors. For instance, Gonzélez-Burgos and Pérez-Garca [15] proved a controllability result for some coupled
parabolic systems with nonlinearities depending on the gradient of the state by a single control. Further,
Gonzélez-Burgos and Pérez-Garca [17] extended the controllability result to a general cascade system of m
linear parabolic equations, also see Fernandez-Cara, Gonzalez-Burgos and de Teresa [14]. Additionally, Duprez
and Lissy [12] considered a system of m linear parabolic equations with coupling terms of first and zero order,
and m — 1 controls localized in some arbitrary nonempty open subset w of £2. A necessary and sufficient condition
to obtain the null or approximate controllability is obtained, a general result also see Fadili and Maniar [13].

As for the null controllability for degenerate coupled parabolic system, we refer to [1, 5, 7, 16, 17, 25]. In [2],
Ait Benhassi, Ammar Khodja, Hajjaj and Maniar studied the null controllability of the following system of two
degenerate parabolic equations coupling with the zero order terms

{ up — (2 Ug)p 4 biyu + bigv = hly,, (z,t) € Qr, (1.2)

vy — (%5 )z + baru + bagv = 0, (z,t) € Qrp.

To deal with different degenerate powers a; and as, they proved a new Carleman estimate for degenerate
parabolic equation with an equivalence between weight functions e*¥* and e*¥2 and then obtained the null
controllability by means of this Carleman estimate. Du and Xu [11] considered the following coupled degenerate
parabolic system

Ut — (l’aux)x + bluaz + b2vx + criu + c12v = h]-wv (x,t) € QTv (1 3)
vy — (T%z )z + b3Vz + C21U + co2v = 0, (z,t) € Qr. ’
The null controllability for (1.3) with only one control was shown under the condition
|bi(z,t)] < Kz for i=1,2,3 (1.4)

with a positive constant K, which means that the coefficients b; of the coupling first order terms go to zero
at some polynomial rate as © — 0. Thanks to (1.4), the coupling first order terms could be absorbed by the
existing Carleman estimates for the degenerate equation, for example the ones in [4, 7]. Additionally, in (1.3)
there is only one equation coupling with the first order term of another equation, rather than coupling with the
first order terms each other. Letting «; = «, Fadili and Maniar [13] studied the null controllability properties
of the following coupled degenerate system with only zero order terms

n
Opuy = dy (x%uy ), + > atgu; + by fily, (z,t) € Qr,
i=1
Opug = do (x%up,z), + > agsu; + bafoly, (z,t) € Qr,
i=1
Optlr, = dim, (xaum,x)m + Z Amilly + bmfm]-wa (xvt) € Qr, (]-5)

=1

n
Otmy1 = dmy1 (T Umg1,0)y + D Gmyriti,  (2,t) € Qrp,
i=1

n
atun = dn (xaumw)x + Z An41,iUq, (.’I,‘,t) € QT'
=1
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They proved that the Kalman rank condition on the coupling and the control matrices A = (a;;)1<i j<n and
B = diag(by, -+ ,bm,0,---,0) characterizes the controllability properties of system (1.5) in a particular case:
D=(d,--,d),d >0 and A, B are constant in time and space. Additionally, when D = (dy,--- ,dy),d; > 0
and A is cascade, they also obtained the controllability result. A general result also see Ait Benhassi, Fadili and
Maniar [3].

The goal of this paper is to derive the null controllability for the coupled degenerate parabolic system with the
first and zero order terms. We only assume that the coefficients of the coupling first order terms b;; € L™ (),
rather than z—i/ 2b¢j € L*°(Qr), which leads to a different method introduced to deal with the coupling first
order terms. To do this, we have to prove a new Carleman estimate for a degenerate equation in Sobolev
space with negative order on the basis of the method introduced by Imanuvilov and Yamamoto [19]. Meanwhile
we need the term [, s3032 77 |v;|?e?®dadt with v = max{ay, - ,q,,} included in our Carleman estimate to
handle the dual operation in proving the Carleman estimate in L2(0,7; H~1(Q)). For this reason, we only
obtain the null controllability result for a; € (0, 3). Moreover, due to degeneracy of (1.1), we transfer to study
a uniform null controllability in € for a nondegenerate approximate system. To do this, letting 0 < & < 1 and
uf ; € H*(Q) N Hj () such that

V50 = vj0, strongly in L*(Q) for 1 < j < m,

we first consider the null controllability for the following approximate system:

Oui = ((x+e)ug ) + X bius, + 3 anuf + f1y, (2,t) € Qr,

i=1 i=1
Opu§ = ((m + E)MUE,I)QC + 3 bojus , + > agus, (z,t) € Qp,

i=1 i=1

(1.6)
Opus, = ((J: + 6)“’"ufn_m) + D7 bt + Y amts, (z,t) € Qp,
A -

u5(0,t) = u5(1,¢) =0, te(0,7), u5(z,0)=ufy(z), z€Q, 1<j<m.

It is well known that the key ingredient for proving the controllability result is to obtain the Carleman estimate
for the corresponding adjoint system. Carleman estimate is a class of weighted energy estimates connected with
the differential operator, which has various applications such as inverse problems [6, 20, 22-24, 26, 31, 32, 34],
unique continuations [27, 28], the control theory [18, 19, 21, 29] and so on. As for Carleman estimate for
degenerate equation, we refer to [4, 9, 10].

The main result of this paper is the null controllability for the coupled degenerate system (1.1) by only one
control force. We state this result as Theorem 1.1 below in this section.

The following assumptions are for Theorem 1.1.

(A1) a; € (0,3) for all 1 < j < m;

(A2) aij,bij € L°(Qr) for 1 <id,5 <m, (w10, ,umo)? € L2(Q)™;

(A3) A= (aij)i<ij<m and B = (b;j)1<i j<m have the structure

ai; Gz a3 Tt aim by bis by
Qg1 a2 Q23 T a2m 0 boy - me
A= 0 asx ass e asm | B= ] o .m (1.7)
0 0 brm,

0 0 ot Omym—1 OGmm
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and a; ;1 such that

la;i—1(x,t)] > ap >0, (z,t)€wr, 2<i<m. (1.8)

Remark 1.1. Condition (A3) is used to prove the null controllability by only one control. Generally, similar
controllability result with one control does not hold for general complete matrices. Nevertheless, for general
complete matrices A and B our method could still be applied to prove the following null controllability with m
controls

m m
Opur = (% ure), + Y britie + Y aru; + fily, (z,t) € Qr,
i=1 i=1
m m
Ogug = (x%%uz ;) + Dbt + Y agiu; + foly,, (z,t) € Qr,
i=1 i=1 (1.9)

atunL = (xamum,m)x + Z bmiui,w + Z Qi Uy + fm]-o.n (l‘,t) S QTa
=1 =1
u;(0,8) = u;(1,¢£) =0, t€(0,T), uj(z,0)=u;o(z), 2€, 1<j<m.

Moreover, our interest is limited to obtain a controllability result for the degenerate parabolic system under
condition (A2) on the coefficients of the first order coupling terms, which has wider application range than the
condition x~%/2b;; € L>(Qr) in [11]. So here we only give a sufficient condition (A3) on the matrices A and
B to guarantee our null controllability, which is introduced by Gonzalez-Burgos and de Teresa to prove the null
controllability for a nongenerate parabolic system with only one control force [17]. It would be very interesting
to try to generalize (A3) to a sufficient and necessary condition for the null controllability results, such as the
so-called Kalman rank condition for nongenerate parabolic system in [14], also for degenerate parabolic system
in [13].

Theorem 1.1. Let (A1)-(A3) be held. Then for any (uio, - ,umo) € L*(Q)™, there exists a control f €
L?(wr) such that the corresponding solution (w1, --- ,um )" of system (1.1) satisfies

uj(z, T)=0, z€Q, 1<j<m. (1.10)

Moreover, f satisfies the following estimate

122y < O lujollzz o, (1.11)

j=1

where C' is depending on m,w,Q, T, aj,a;j5,bsj.

The remainder of the paper is organized as follows. In next section, we prove the well-posedness of degenerate
parabolic system with the couplings of the first and zero order. In Section 3, we show a Carleman estimate for
the adjoint system of (1.1) with only one local integral. Next, we prove, in Section 4, an observability inequality
and then the null controllability for the degenerate system (1.1), i.e. Theorem 1.1.
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2. WELL-POSEDNESS

In this section, we use an approximate argument to prove the well-posedness of the following coupled
degenerate system

m m

Opuy = (2% uyz), + > britie + Y atu; + f1, (x,t) € Qr,

i=1 i=1
Opug = (x%%ug ;) + D bagi e + Y aziu; + fo, (x,t) € Qr,

i=1 i=1

2.1)
atum = (xamum,z)w + Z bmiui,z + Z Ami s + fm7 (.’L’,t) S QTv
i=1 i1

u;(0,t) = u;(1,t) =0, te€(0,T), u;(z,0)=ujolx), z€Q, 1<j<m.

Since system (2.1) is degenerate at = 0, we have to prove the well-posedness in the following weighted spaces
HL(Q) = {z € L*(Q) | %2, € L*(Q) and z|pq = 0}
endowed with the norm
Izl m ) = ll2llz2(0) + ||$%Zm||L2(Q)~

Throughout this paper, the solution of system (2.1) is in the following sense.
Definition. (ui,- -+ ,um,)? is called the weak solution of (2.1) if u; € L?(0,T; Héj ()N L>(0,T; L*(2)), Opu; €
L2(0,T; H~1(Q)) for 1 < j <m and u;|i—o = ujo and there hold

T
/(atuja@H*l(Q),Hl(Q)‘f'/ % & drdt
0 Qr

:Z/ bjiui,zfdxdt—i—Z/ ajiuifdxdt—l—/ fifdadt, 1<j<m
i=1 /O i=179r Qr

for all ¢ € L2(0,T; H'(2)), where H~1(2) denotes the dual space of H*((2).
We have the following well-posedness for system (2.1) for a; € (0,1).

Theorem 2.1. Let (A2) be held, a; € (0,1), f; € L*(Qr) for all 1 < j < m. Then there ezists a unique weak

solution (u1,- - ,um)? of the problem (2.1) that verifies moreover
> (||uj||L°°(07T;L2(Q)) + e o,mms, (Q))) <0 (lwsollze@ + 1fill2 @) » (2.2)
j=1 j=1

where C' is depending on m,Q, T, o , aj,bsj.
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Proof. We first consider the following nondegenerate approximate system

m m

s = ((x+e)™ui,), + 2 bius, + X anus + fi, (z,t) € Qr,
=1 =1
m m

Opus = ((x +e)*us )+ . bogu§ , + 3 agiuf + fa, (z,t) € Qr,
=1 =1

(2.3)

opus, = ((gc—i—e)amufm ) Z il + Z Uit + frm,  (z,1) € Qp,
us(0,8) = u5(1,t) =0, (6 T), (x 0)_%0() reQ, 1<j<m,

where 0 < € < 1 and (uiO’ g, o) € (H2(Q) N HL(Q))™ satisfies
uj o — ujo strongly in L*(Q) for 1 < j < m.

By the standard theory of parabolic equation, we know that the problem (2.3) has a unique solution u® :=
(uf,+ ug,)" € (L0, T3 H?(Q) N Hg(Q)) N L>(0,T; L2(Q)))™

) m
In order to prove that the limit of u® is a weak solution of problem (2.1), we need the following uniform

estimate

m

SuPtE(OT)Z/ us|? xtdx+Z/ (z + €)% |uS ,|*dadt
m
<O (lusolldz@ + il an ) (2.4)
j=1

where C' is depending on m, Q2,7 o, a;5, b;j, but independent of ¢.
To do this, we multiply the equation of u$ by u§ and integrate over {2; to obtain

1
5/ |u§|2(x,t)dx+/ (x+€)aj|u§’x|2dxdt
Q Qy
1 ) m m
_§/Q|u§70\ dx+;/ﬂt bjl-ufyzujdxdtJr;/Qt ajl-ufuidxdtJr/Qt fiu5dxdt. (2.5)

We use the method proposed by Wang and Du in [30] to estimate the second term on the right-hand side of
(2.5). Let v = max{ai,aqa, -, }. By Young’s inequality, we have

Z/ bjiu; xujdxdt
o
_QmZ/ x—i—e %
1—e
<— x+e)™ umedxdt—i—C/ / x +¢) 77 |[uf)?dadt
mE_j/( ) Ju o AR
t 1 (a:—l—s)_o""
1-e

(z +e)
meZ/ (x+e)u

U I\dedt +C (:r + 5)_7|u§|2dxdt, (2.6)

uf ,|*dzdt + C (x—l—e)_o"‘

u$|*dadt
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where we have used (z+¢)7"% <27 % forx € (1 —¢,1), due to 0 < € < 1. On the other hand, for a sufficiently
small parameter x > 0 which will be specified below, we have

/ (x+ 5)_7|u5| dzdt

// z+e) 7 |uSPdadt + k™ 'Y/ uS[*dedt
// r+e)”

j,m(Cv t)

1 Q=7 aj —~ cp2
1_%// x+¢) (/ (C+e)¥uj, (C,t)d()dxdt—l—m /Qt|u]|dxdt

dazdt + 5_7/ \u§|2dxdt
Q

<Cy.e / (z + &) |u5 [P dedt + £ [ |u5[*dzdt (2.7)
Q ’ Q
. _ (n+5)2_aj_’y—52_aj_’y . 1
with Cy . = e For any ¢ € (0,1), we can choose £ > 0 independent of € such that Cy . < 75

Then by (2.6) and (2.7), we obtain

Z/Q bjiu; yujdzdt
_2m Z/( T +€ Ou

Summing (2.5) over j from 1 to m and substituting (2.8) into the resulting inequality, and absorbing the first
and second terms on the right-hand side of (2.8) by the terms on the left-hand side of (2.5), we obtain

Z/ |u§|2(a:,t)dx+2/ (2 + &) S, [2dadt

j=1"9 j=1"k

ch(/ |uj,0|2dx+/ |fj|2dxdt+/ u§|2dxdt>, te0,T]. (2.9)
j=1 Q Q Qq

1
uf | *dadt + 1 / (z + ) |uf , |*dadt + C’/ [uS|*dadt. (2.8)
Q¢ Q

From Gronwall inequality, we deduce (2.4) and then obtain a weak solution (u1,- -+ ,u,,) of problem (2.1) by a
standard limit process as ¢ — 0 [33]. Moreover, for any solution (uy,--- ,u,)?, by an argument similar to (2.4)
(substituting u$ by u;), we obtain (2.2). The uniqueness of the solution of problem (2.1) is a direct consequence
from (2.2). This completes the proof of Theorem 2.1. O

Remark 2.1. By Lemma 5.1 in Appendix and (2.4), we easily obtain

Z/g [+ &) e + (2 4 €)% S 2] dardt

j=174r

4 " 2— e |2 ajl, e (2
Sw—l)?;/% [(z + ) 7 [u5 o + (2 + &) [u5 ] dadt
j:

<O (Iusollda@ + 1illZz@n ) (2.10)
j=1
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where v = max{ai, a2, -,y } such that 2 —~ > «; for all 1 < j < m and C is independent of . This uniform
estimate ensures that

Z/ (x+¢) 7|u5|2 250 dgdt
Qr

included in our Carleman estimate is well-defined. Here the weight function ¢ is specified in the next section.

3. CARLEMAN ESTIMATES

In this section we present and prove a Carleman estimate for the following adjoint system

m m
—0pvf = ((m +5)alviz)z — > (bi1vg), + > anvs, (z,t) € Qr,

i=1 i=1
_6t1}§ = ((.’L‘ + 5)‘121)5@)9; — Z (bzgvf)x + Z aigvf7 (.”L',t) S QT,

i=1 i=1

(3.1)
—0ps, = ((m +g)¥movs, £) Z (bimv5), + > amvi, (,t) € Qp,
=1 =1

v5(0,t) = v5(1,t) =0, €(0,7), wvi(z,T)= G reN, 1<j5<m,

where vj € H2(Q) N HY(Q) satisfies
v5p — vjr, strongly in L*(Q) for 1 < j < m.

In the proof of Carleman estimate for (3.1), the main difficulty is how to absorb the first order couplings.
Since we only assume b;; € L>(27) rather than b;; € L>(0,T; W>(Q2)) and x_%bij € L>®(Qr) as [11], we
could not use the existing Carleman estimate for degenerate parabolic equation to absorb the coupling first
order terms. For example, applying the Carleman estimate in [4] to each equation of (3.1) and adding up the
resulting inequality, we obtain

Z/ $303 (x +¢)*~ a’|v8|2 2s“’dxdt—i—Z/ st(z + )7 |5, L2e*Pdadt
Qr

<C Z / (bi;v5), |* + |ai;vi|?) e**Pdadt + CZ/ 3393|v§7\2628“°dmdt, (3.2)
j=17er

1,j=1

in which the terms including (b;;v{), on the right-hand side of (3.2) could not be absorbed by the terms on
the left-hand side of (3.2) directly. Based on this reason, we have to prove first a new Carleman estimate for
degenerate parabolic equation in Sobolev spaces of negative order. Moreover, we also need that there is the
term fQT $303(z + ) =i |v;|?e?*?dzdt on the left-hand side of Carleman estimate to control the remainders after
making a dual operation (— (b;;v), ,W>H71(Q)’H1(Q) = ((x + 5)’%bijvf, (x + 5)%Wx>Lz(Q)7L2(Q), where W is
the solution of an adjoint null controllability problem (3.12) below.

3.1. Carleman estimate for a degenerate equation in Sobolev Spaces of negative order

In this subsection, we show a new Carleman estimate for the following degenerate parabolic equation with
the terms on right-hand side in L2(0,7; H=1(2)):

—w; — (v +&)*w;), = Bo+ (B1)z, (2,t) € Qr, (3.3)
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where w satisfies

w(0,t) =w(1,t) =0, te(0,T).

(3.4)

To do this, we introduce some weight functions. For w = (1, x2), we choose w® = (xﬁi), xg))(z =1,2,3) such
that w® € w® € w® € w. Let x € C%(Q) be a cut-off function such that 0 < x(z) < 1 for x € Q, x(z) = 1

for z € (O,args)) and x(z) =0 for z € (1753), 1). Let
m(z) = (z+¢)'*7
with 3 € (0,2 — 2*) and 7, € C?(Q) satisfy
na(z) >0, z€Q, nlaga=0 and |n(x)] >0, =x€ Q\ w®
and
m(z) =mn(z), =ew®.

Let us define

1

wz(z) - eAni(m) - QeMlm”C(ﬁ), ¢1(£E) = e)\ni(z), 1= ]-7 23

with a positive parameter A\. Now let us define the weight function

oz, t) = x(x)p1(x,t) + (1 — x(2))p2(2, 1),

where

Obviously, for the weight function ¢, we have

o1(2,1), (z,t) € (0,21%) x (0,T),
pla,t) = @i(a.t) = pa(,1), (2.t) € (21”,28) x (0,7),
ooz, t), (x,t) € (sr:§3), 1) x (0,7)

and
— 2970 < p < feC)‘H, loe| < eC)‘GQ, lpse| < eC)‘Hg, lpz] < C’)\eC)‘F),

where C' is depending on w, 2, T, x1, x2, , B, but independent of «.

Remark 3.1. The choice of S is used to guarantee —y > 2a+ 338 — 1 for any v € [a, %), which is neces-

sary to overcome the difficulty from the dual operation (— (bs;v5), , W>H71(Q)’H1(Q) = {(x + 6)7%bijvf, (x +

e)%WgE> 12(Q),12(q) in proving the Carleman estimate in Sobolev Spaces of negative order. In order to control
the term of (z +&)~*b;;v; with b; € L>(Qr), we have to append [, (z+¢)~7[vf[*¢**?dzdt in our Carleman

estimate. Moreover, —y > 2a+ 38 —1 and 8 > 0 only hold for « € (0, %) Therefore, the constraint of « € (0,

is essentially caused by b;; € L>®(Qr) .

)
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Our main result in this subsection is as follows.

Theorem 3.1. Let a € (0,%), By € L*(Qr), (B1), € L*(0,T; H1(Q)) and d € N such that d > 3. Then for
any € € (0,1) and any v € [ ) there exist positive constants A1 = A (w,Q, T, a, ), s1 = s1(w, Q, T, 0, B, \)
and C = C(w,Q, T, a, B, \) such that

s aalw) <C 5173993 By|?e?*?dzdt 4+ C si=39d-3 (z +¢)77|By|2e?*Pdadt
QT QT

+C 5109 w|?e?*° dadt (3.7)
(1)

wr

for all A\ > X1, s > s1 and all w € L*(0,T; HL(Q)) satisfying (3.3)-(3.4), where

Z5 pa(w) = / 520%(x 4 €) 7V |w|?e**Pdadt + / s1720972 (2 + )Y w, |*e** ¥ dadt. (3.8)
Qr Q

T

Remark 3.2. Notice that here C is independent of e. Therefore (3.7) is a uniformly Carleman estimate in ¢.
Remark 3.3. Carleman estimate (3.7) will be applied to v5 to prove Theorem 3.3 with By = Y ", a;;vf €

L2(Qr) and (By), = — S, (bijg), € L2(0,T; H-H(Q)), due to (v5, -+ ,v5,)T € (L2(0,T; HL(2)))™ for each

€ > 0. Such a regularity is the same as the one in our well-posedness in Section 2. In other words, the conditions
on By, By and w are unified in the equation of v5.

In order to prove Theorem 3.1, we need a new Carleman estimate for the following approximate version of a
degenerate operator

Lyl == -y — (z+)%z),, (z,1) € Qr, (3.9)
where y satisfies
y(0,t) =y(1,t) =0, te(0,7). (3.10)

Lemma 3.2. Let o € (0 % nd d € N such that d > 3. Then for any ¢ € (0,1) and any v € [ ), there exist
positive constants Ao = Aa(w, Q, T, o, B), s2 = sa2(w,Q,T,a, 5, ) and C = C(w, 2, T, , B, \) such that

aay) SC [ TP Ly Pe* P dadt + C/( ) 530y |2e® P dadt (3.11)
QT le

for all \ > Xo, s > sy and all y € L?(0,T; H?(Q)) N H*(0,T; L*(Q)) satisfying (3.9)-(5.10).

For proving this lemma, we borrow some ideas used to deal with the null controllability of a 2 x 2 weakly
degenerate parabolic systems without the first order coupling terms in [2]. The main difference between our
proof and the one in [2] is that we need a new integral term including (z + ¢)~7|y|? on the left-hand side of
(3.11) to prove the Carleman estimate (3.7). Moreover, we need the same weight functions on the left and the
right-hand side of (3.7) to absorb the coupling terms. To do this, we applied the method in [7] or [4] to split
the proof into degenerate part and nondegenerate part. The proof of this lemma is detailed in Appendix and
omitted here.

Now we prove Theorem 3.1, which is based on a duality argument introduced by Imanuvilov and Yamamoto
[19].
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Proof of Theorem 3.1. Let us consider the following null controllability problem

W, — ((x + E)QWZ) = 909z + &) Ywe? + hl ), (z,t) € Qp,
W(0,t) = W (1,t) =0, t e (0,7), (3.12)

W(z,0) =W (z,T) =0, x € Q.
We define the space
Eo={¢€C™(Qr) [ ¢(0,t) =¢(1,t) =0, t € (0,T)}.

We introduce a bilinear form « : Fy X Ey — R defined by

K(C1, Ga) = /Q s173093 L[G)L[G)e* P dadt + / 809 Goc

(
W

and a linear form [ : Ey — R defined by
0(Q) = / 504 (x + &) T Twe* P dadt.
Qrp

By Carleman estimate (3.11), we obtain that r(-,-)? defines a norm in the space Ey. Then we introduce E to
denote the closure of Ey with respect to the norm (-, ~)%, e ||Clle = k(C, C)%, which is a Hilbert space with the
inner product s(:,-). Obviously, the bilinear form & is bounded and coercive. Moreover, by applying Carleman
estimate (3.11) to ¢, we have

Ol = ( / s10% (@ + e)”leeQdedt) ( / 59z +e)v|g|2e2swdxdt>
Qr Qr

1
2

<C </ 5204 (x —|—5)“’|w|2e2s“’dxdt) R(C,C)%, (3.13)
Qr
which implies

1] = ClI¢l e (3.14)

Here we have used

%
</ ($+€)_Ww|2d$dt> < wllz2(0,7; 11 (2))
Qr

by Remark 2.1. )
Therefore, by Lax-Milgram’s lemma, we obtain that for any 0 < € < 1, there exists a unique ( € E such that

w(C,¢)=1(), V¢ eE. (3.15)
That is

c* sd*BGd’SE[f]eQS@] = 5%0%(x + &) Twe*? — 5107?10 (3.16)
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in the distribution sense, where £* is the dual operator of L, i.e. L*[y] = y+ — (( 4+ €)“Yyx ). Therefore, we find
that

(W, iL) = (sd_?’&d_3£[é]egs“’7 —sdﬁdéeQW)

is a solution of the null controllability problem (3.12). Further, letting ¢ = ¢ in (3.15) and using (3.11), (3.13)
and Young’s inequality, we find that

K(C.C) =1(0)

<e; / 59Uz 4 €)7V|¢|Pe®* P dadt + Ce) / s20% (x4 €) 7V |w|2e**Pdadt
QT QT

<e1Ck(,€) + Cler) / 59 (z + &) 7 |w|2e®* P dadt. (3.17)
Qr

Choosing €; sufficiently small such that €;C < %, we obtain that

/ S—d+39—d+3|W|26—28¢dxdt+/ )S—de—dlil'Qe—stﬂdxdt
Qr

wi
<C 5704z + )7V |w|?e?*Pdadt. (3.18)

Qr

Now we multiply the equation of W in (3.12) by w. After integration by parts, we obtain the following duality
between w and W:

/ w (sded(x + &) Twe + ﬁlwm) dedt = [ BoWdadt — / By W, dadt. (3.19)
Qr

Qr Qr

By Young’s inequality, we further find that
/ 5204 (x 4 €) 7 |w|?e**Pdxdt
Qr

<er / sTA3YAEI 2250 dadt + € / ()s*d9*d|ﬁ|2e*25¢dxdt
QT w. !

T

+ C(e2) /(1) 529 |w|?e**Pdadt + €3 / sT397 3 (g4 &)W, [2e 2P dudt
Wy Qrp

+ C(e) / 51730973 By|?e?*?dadt 4 C(e3) / s973093 (2 4 £) 77| By |22 ¥ dadt. (3.20)
Qr Q

T

Substituting (3.18) into (3.20) and choosing e; sufficiently small, we have
/ 5109 (x + &) 7 |w|?e?*Pdadt
Qr

SC/(I) 5109 w|2e?Pdadt + e3C | sTITEOTIE (2 4 €)Y W, [2e 2P dadt
Wy Qr

+C 51730973 | By|?e**?daxdt + C(es) / si=29d-3 (x + )7 7| By |2e**?dadt. (3.21)
QT QT
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Next, we estimate fQT s~dt30=d43 (1 4 )V | W, [2e~252dadt. To do this, we multiply the equation of W in
(3.12) by s~4T20=9+21We25¢ and use (3.6) to obtain

/ sTdtig-dts (2 + €)% |W,|?e 25 dadt
Qr
:/ S—d+%9—d+%We—2sap (_Wt + Sde(m + E)—wwezw + ]Aﬂw(l)) dzdt
Qr
- / sTIe 3 (g 4 £)? (e7%%) WW,dadt
Qr r
- 1

S/ s—d+30—d+3|W|26—2stpdxdt + 5/ Sd—29d—2(x + E)—27|w|2€28¢dxdt

QT QT

~ 1 1 A
+ /( : 574974 h2e 250 dadt + 3 / 5T (1 4 €)W, [2e 2% dadt (3.22)
Wit Qr

for all sufficiently large s. By using (3.18) and (3.22), and noticing that (z +¢)? < C(x + ¢)* due to v > a, we
obtain

/ s~dtag=dts (x4 €)Y |W, [2e 25 dadt
Qr

< / 57720972 (2 4 )7 |w|?e* P dxdt + C 5204 (x + )77 |w|?e?* P dadt. (3.23)
QT QT

Substituting (3.23) into (3.21) and choosing e3 sufficiently small such that e3C? < % to absorb the second term
on the right-hand side of (3.23) by the term on the left-hand side of (3.21), we obtain

/ 5109z + ) 7 |w|?e?*Pdadt
Qr

<esC s1720972 (1 + )72 |w|2e®*Pdadt + C(e3) / si—zgl—2 (z +¢) 77| By [2e**?dadt
QT QT

s, Sd—39d—3|BO|2e2swdmdt + C/(l) 5d9d|u}\2628‘/’dxdt. (3.24)
QT W

Since the term fQT 5972092 (x + £) =2 |w|?e2*?dadt on the right-hand side of (3.24) could not be absorbed

directly by the term on the left-hand side of (3.24). We have to use [, s 20772(z + ¢)*|w,[*e***?dzdt to
eliminate it. To do this, we consider another null controllability problem

W, — ((m £)® Ww)z = —gd—29d-2 (6235"@ + e)awm)z +hl,m, (z,t)€Qp,
W(0,t) = W(L,t) = € (0,7), (3.25)
W( 0) =W(z,T) = x €.

Define linear form  : £ — R by

0(Q) = —/Q s172072 (259 (2 + &) wy ), ¢dadt.
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Applying Carleman estimate (3.11) to ¢, we have

:/ 57720972 (2 + ) w, (e P dadt
Q

1

2
< (/ 53720972 ( + s)o‘wm|2625“"dxdt> (/ 53720972 ( + 6)0‘|CI|2625“’dxdt)
QT QT

<Clwllzz0,7:m1 @) <]l 2

Nl

(3.26)

Then by an argument similar to (3.13)-(3.18), we can obtain that there exists a solution (W, h) of (3.25) such

that

/ sid+307d+3|W|26725‘dedt+/ )sid07d|7l|2672wdxdt
Qr

(a
W

<C 51720972 (2 4 £)¥|w,|2e®*Pdadt.
Qr

We multiply the equation of W in (3.25) by w and integrate by parts to obtain

/ 51720972 (2 + &)Y w, |*e**¥dadt = / w (W, — ((z+e)*W,) —hl,m).
Qr

Qr *

By applying the equation of w and Young’s inequality again, we further have
/ 57720972 (1 + )| w, |*e** P dadt
Qr

:/ BOdedt—/ BlVT/xdxdt—/ hwdzdt
QT QT wg})

§e4/ 543~ I3| W2~ 2% dadt + 64/( ) 57997 h2e 25 dadt
QT w !

T

+ 65/ S_d+19_d+1({[: +€)W|WI|26—23‘dedt + 0(64) /(1) Sd9d|w|26254ﬂdxdt
QT w

T

+ Cles) / $1-309-3| By [2e2 % dadt + C(e5) / 11091 (g 4 )| By |22 dadt.
Qr Q

T

Using (3.27) and choosing €, sufficiently small, we have

/ 51720972 (2 + )| w, | P dadt

Qr

<esC 54T (g 4 &)Y |W, |2e 2% dadt + C /(1) 5109 w|? e dadt
QT wT

+C 59730973 | Bo|?e?*¢daxdt + C(es) / 51719971z + £) 77| By |?e**¥ daxdt.
QT QT

(3.27)

(3.28)

(3.29)

(3.30)
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Multiplying the equation of W in (3.25) by s~ 4*10~4+1We=25% and using Young’s inequality, we obtain

/ sATLY=dT (1 4 o)W, e~ 2P dadt
Qr

= / s~ (2 4+ ) WW, (e72%7) dadt — / s~ W I, 2P dadt
QT QT

+ / 571072 4 &) w, (I/T/e_zs“")z e*?dadt + / s 4Tlg=dH L he =252z dt
Qr

(1)
wr

<C | s3I W 2em 2% dadt + C / " 57497 h)?e 2% dxdt
QT wT

1 -
+ 3 / s~ (1 4 )W, |2e 2% dadt + C’/ 51730973 (2 4 £)¥w,|2e®*Pdadt. (3.31)
QT QT

Then substituting (3.31) into (3.30) and applying (x + €)Y < C(z + €)* due to v > « yields
/ s7720972 (2 + £)¥|w, | 2e**Pdadt
Qr

<esC </ sid+307d+3|W\26725‘pdzdt+/ >5d0d|712625‘pd:1:dt>
Qr

(a
W

+ C’/ 51730973 Bo|?e**?dadt + C(es) / sT710 N (@ 4 €)Y By P e P dadt
Qr Q

T

+C o 5709 w|?e?* P dxdt,

wr

which leads to

/ 57720972 (1 + )| w, |*e* P dadt
Qr

<C | 51730973 By Pdadt + C | 4710 (x4 £) 77| By [Pe? P dadt
QT QT

+ C/<1) 510 w|?e?*Pdzdt, (3.32)

T

if €5 is chosen to be sufficiently small.
From (3.24) and (3.32), it follows that

/ 5709 (x + &) 7V |w|?e**Pdadt + / 51720972 (1 + )| w, | P dadt
SZT QT

<esC s1720972 (1 + )" w|2e?*Pdadt + C/ 51730973 Bo|?e**P dadt
QT QT

+ C(e3) / sd—%ed—%(x +¢)77|By Pe**?dadt + C/(1> 5204 w|?e?? dadt. (3.33)
Qr W
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Using Lemma 5.1, (3.6) and 2 — 2y > «, we have

/ 51720972 (2 4 €)= |lw|? e dadt
Qr

4 / d—2pd—2 2-2 2
< s T+e 7 (we®?),,|" dadt
oo ), (4 2P |(we™),|
SC/ 5200 (x 4 €) 7V |w|?e**Pdadt + C/ 57720972 (2 + ) |w, |2e®*Pdadt. (3.34)
QT QT

Finally, substituting (3.34) into (3.33) and choosing €3 sufficiently small to absorb the terms on the right-hand
side of (3.34) by the terms on the left-hand side of (3.33), we then obtain (3.7). This completes the proof of
Theorem 3.1. O

3.2. Carleman estimate for the approximate adjoint system

In this subsection, we will prove a uniform Carleman estimate in ¢ for the approximate nondegenerate adjoint
system (3.1), i.e. the following Theorem 3.3.

Theorem 3.3. Let (A1)-(A3) be held and v = max{ai, a9, - ,am}, B = % — %7, Then for any € € (0,1),
there exist positive constants I, = l~1(m), A3 = A3(m,w, Q, T, aj,ai5,bi5), s3 = s3(m,w,Q,T,a;,a;5,bi;,\) and
C=C(m,w, 0, T,a;,a;5,bi5,\) such that

S TE () < C / s g [2e2 P dadt (3.35)
j=1 “r

for all X > A3, s > s3 and all (v5, - ,v5,)T € (L2(0,T; H2(Q) N HY(0,T; L2(Q)))™ satisfy (3.1).

Remark 3.3. Because system (3.1) is linear and nondegenerate, by the standard theory for parabolic equation
we could obtain the existence and uniqueness of solution (vf, - ,v5,)" € (L*(0,T; H*(Q)) N H'(0,T; L2(Q)))m
Therefore, the regularity of (v5,--- ,v,)T we assumed in Theorem 3.3 is reasonable.

We are now in a position to prove Theorem 3.3. The proof follows the ideas already used to deal with nonde-
generate parabolic system in [17] or [12]. However in our degenerate case we need a uniform Carleman estimate
in €. All along the following proof, C' will be a generic constant depending on m,w,Q, T, o, aij, b; and A, but
independent of ¢.

Proof of Theorem 3.3. Notice that a; < v < % and f§ € (0, % — %aj) for all 1 < j < m. Then we can apply
Carleman estimate (3.7) to v; with d = 3(m + 1 — j), and use the structure of A and B to obtain
I’i,aj,?)('rn—&-l—j)(vjs‘)

<C Y llaillE~(aq /Q s3m=)g3m=0)|y% 2252 Az dt
=1 T

+C Z [bi; H%C’C(QT) A== 5 g3mH1=0) =3 (5 4 )i [Pe? P dadt
i=1 Qr

+ C/ 83(m+1_j)93(m+1_j)|v§»|2625“"dxdt
@
wr

J
<C Z /Q §3(m=1)g3(m=7) |vf|2e2wdxdt + U /Q §3(m=1)g3(m—7) |v;'7+1 |2e2wdxdt
i=1787 T
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J
+C Z §3(mF1=i)=5 3(m+1-j)—3 (x 4+ 6)_7|v§|262‘9‘pdxdt
i=1 Qr '

+C I3t [y 2250 dpdt, 1< j<m (3.36)

WD
T
for all large s. Here and in the following, we set vg,,; = 0. Obviously, we have (z 4+ &)~ > 1 for any ¢ € (0,1).

Then multiplying (3.36) by 2/-*CMC® ...CU~Y when j > 2, and then summing up the results over j from
1 to m, we find that

D IS s simirp(¥5) < C Y / " 3mA1=) g3(m+1=1) |2 | 26250 4. (3.37)
j=1 j=1"%r

In order to obtain the null controllability by a single control, we need to eliminate the local integral
1y §3mFTL=0)3(m+1=3) | € |12e25¢ dpdt for 2 < j < m in (3.37). To do this, we first prove that for any e > 0
W J

and any [ € N, there exists [; = [;(I,m, j) such that

/ 519l|vf|262‘wdxdt
o
<€LS a1 3mr1—(—1) (V5 1) + €15 o 3imy1—) (V5) + €15 o smr1—(41)) (Vi41)
j—1
lj lj £ 2 28@ < 53 < .
+C’(e);/o(;)39 [v]fe=*Pdadt, 2<j<m (3.38)
for any two open sets O and O?) satisfying O € O € w.
Let £ € C?(Q) such that 0 < ¢ <1inQ, é=1in 0@, £ =0in Q\ OD and

&

el € L>(Qr). (3.39)

By (A3), we obtain

— 05, — ((z + 6)%717}571,1)35

j—1 j—1
= — Z (bi)jflvf)x + Zam,lvf + aj,j,lvj, 1< <m. (340)
i=1 i=1

Multiplying (3.40) by slelfvie%‘”, we obtain
/319l§aj7j,1\v§|262wdxdt
Qr

j—1 j—1
:/Q slole [—8,51)]5-1 —((=+ E)O‘jflvj,l’x)w + Z (bij—1v5), — Zai’j,lvf v5e** P dadt
T i=1

i=1

=l +- -+ 14 (341)
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For I, by integrating by parts with respect to ¢ and using Young’s inequality, we have

L :/ s'evs_y (0'v5e*?), dadt
Qr

<C sl+191+2§|v§71||v§|e2s‘pdxdt+/ SZGvajflatvjezs‘Pda:dt
QT T

ng’i,aj,ii(erlfj)(v;) +C(6)/ l(l) l(l)£| 5 |2625Wd3§dt
Qr

+ / s'0'¢vs_ Opvse* P dadt (3.42)
Qr

with l;l) =2(l+2)—3(m+1-—j). To control the last term on the right-hand side of (3.42), we multiply the
equation of v§ by s'0'¢vs_ e?*% to obtain

/ slelfv;‘; 1005 e**Pdxdt
Qr

j—1
:/ slelfl ((z+e)¥uvs5, z) —&—Z(bijvf) + (bj05) ]vjle%”dxdt
Qr

i=1
+/ s'o'¢ Za” — @jjV; — i1,V vj;lezwdmdt
Jj—1
:/ s'o! (m—l—a)ajv;m—z:bijvf b5 | (€v5_ 162”’)wdxdt
Qr i=1
+/ s'o'¢ Zau — a;;v; aj+1’j1}§+1‘| v§71628¢dxdt. (3.43)

Using (3.6), (3.39) and Young’s inequality, we further obtain

/ sl9lfvj-718tv§62”dxdt
Qr
1 &y
S/ l+19l+1($+€) (fvj 1I|+§|U] 1|+E | 1 jE 1| |U]w|628¢dmdt
Qr
-1
#3 [t 0m (el sl sl €2 S ) ol at
i=179r

+ C’/Q slﬁl§|v§_17w\|v]5»|625“’dxdt+ C’/Q s'o'e (J05] + [05 44 ]) 05— 1|e2¥Pdzdt
T

T
€

@ .
<5 D50 30m41-) (V) + €L5 oy s(mea1—(41)) (V1) +C(E)/Q DO €Sy, [P P dadt
T

Jj—1
o9y /Q 7057 3 ug e e dadt (3.44)
=1
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with l§-2) =max{l+ 1,2l + 1 — 3(m — j)}. Therefore, substituting (3.44) into (3.42) yields

(3)
L 7415 a; 30m+1-3) (V7)) + €T3 o atmr1—(i+1y) (V1) + C(E)/ sl

Qr
= l(” l() 2 2s
Z €2 |ve|2e? P dadt

13
3€| j 11‘2 2S¢dxdt

19

(3.45)

with 13(-3) = max{l§1), léz)}. Using integration by parts and Young’s inequality, we have the following estimate

for I
12:/ s'0'(x + )15, (Ev5e*?) dxdt
Qr
< [ 0 eyt (15051 ]+ 1] ) ovact
QT 2

€ @ @ o —a R
ggzwj’g(mﬂ #(©5) +C(e )/Q st 05T (14 (z+e)? 7)) o5y ,[Pe**Pdadt
T

with l(4 2(14+1) —3(m+1—j)+ 2. Similarly,
I3+ 1
j—1
= Z/ slﬁ b j_1v5 (fva 25“") — Qi j— 157)5 < 25“’] dzdt
— Jar
= 1 g >
*SI” oy 3(mt1—j) (V) + C(€ Z/ 04 + (z +e)7%) |vf Pe**dadt.
Therefore, using (3.41), (3.45)-(3.47) and noticing that |a; ;1| > 0 in O due to (1.8), we obtain
/ sl91|v§|2623‘pdxdt
RIC)
T
€
Siz’i,a]‘,fs(erlfj)( ) + GIA/ aji1,3 (m+17(j+1))(v§+1)
+ Cl(e) / 315'5)0l§5)§ (L4 (z4¢)>*17%) o5, [*e**?dadt
Qr

(5) (5)
Z/ l5 15 1+(1‘+€) a]) ‘U ‘2 2sapdxdt
Qr

with 1§ = max{1¥, ({1,

(3.46)

(3.47)

(3.48)

) (5
On the other hand, by multiplying the equation of v;_; by sti 0l E(x 4 e)¥i1my 1]]5.71623@ we find that

5) (5 o a,
/ shi 0l E(x +e)? a3|1}]5-717z|2628¢d$dt
Qr

) (5
= /Q JURY (&(z+ 5)0‘1*170‘1'625“’)96 (z+ )% 105 1v5_ ,ddt
T
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1

(5) (5) .
—5/ sl E(x +e)@ 17 (911‘ e%“’) [v5_y |Pdadt
Qr t

j—1

®),(5) e

+ E / 5105 b 105 (E(x + €)M s _1e*%) dadt
i=179r

j—1
19 15 aj1—y € e e 2s¢p
+ s 0 E(x4e)rtmY E i j-1v; + aj ;105 | v5_qe**?drdt
Qr

i=1

Sf*Ii,ajfl,S(mH—(j—l))(”5‘—1) +€*Ii,aj,3(m+1—j)(”§)

o) /Q $h01 € (2 + €)1 2052y 2l (3.49)

i=1 T
with 1; = max{l" + 2,21 +1 - 3(m +1 - j)}. Similarly,
/Qsl;'S)Gl§5)§|v§-_17$|262s“’dxdt
T

SEL ;1 8mr1-G-1)(V5-1) + € L5 o smar—)(V5)

j—1
+C(e*)2/ 0l (x4 )71 2|vf | Pdadt (3.50)
i=1 78T

Therefore, by using (3.48)(3.50), together with Supp(¢) ¢ O™ and
(x4e)30172%72 L (z4 &) % 4 (z+e) % 172<C, ze0W
due to 0 ¢ O we obtain
/ 519l|v§|26259"dmdt
o
SZE*C(E)I;aj_l,3(m+1—(j—1))(Ugs'—l) + (% + 25*0(6))I$,aj,3(m+1—j)(Uj)

j—1
+ €25 o1 3(m1—(+1)) (U5 41) + Cle,€7) Z /o(“ sl [vf |2e® 5P dardt. (3.51)
=1 T

For any € > 0, we can choose ¢* sufficiently small such that max{2e*C(e), § 4 2¢*C(€)} < € to obtain (3.38).

Now we finish the proof of Theorem 3.3 by means of (3.38). Letting j = m, [ = 3(m+ 1 —m), O? =w® c
OW = m=1) c u we deduce from (3.38) that

/ 53(m+17m)93(m+17m)|vfn|2628@dxdt
e
SGI'i,am,l,3(m-|—1—(m—1))(U'rEn—l) + 6I§,ozj,3(m+1—m)(vfn)

m—1
+ Cle) Z / ) stmglm |vg e Pdadt. (3.52)
i=1 Y%
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Substituting (3.52) into (3.37) and choosing e sufficiently small, we have

m m—1

ST i) SO [ st ey 5
j=1 %

j=1

with I, = max{l,,3m}. Repeating the above procedure finite times, we can obtain (3.35) and complete the
proof of Theorem 3.3. O

4. PROOF OF THEOREM 1.1

In this section, we will show the null controllability for system (1.1), i.e. Theorem 1.1. We first give the same
result for the nongenerate approximate version of (1.1)

m m

Ou§ = ((1: + 6)“1u§,x)m + Z:l briug , + 221 auf + f1,, (z,t) € Qr,
Oruf = ((x + 5)0‘2u§,m)$ + i bojus , + i ag;us, (z,t) € Qp,
i=1 i=1 (4.1)
oS, = ((z+ E)Q"lufn@)w + i bt ,, + i Ami s, (z,t) € Qr,
0. =uS(Lt) =0, te(0.T), u(e0)=uox), zeQ 1<j<m,

where u§ ; € H*(2) N Hy(Q) such that
uj o — ujo, strongly in L*(Q) for 1 < j < m.

Theorem 4.1. Let (A1)-(A3) be held. Then there exists a control f¢ € L?(wr) such that the corresponding
solution (u§,--- ,us,)T of system (4.1) satisfies

ui(z,T) =0, z€Q, 1<j<m. (4.2)
Moreover, f¢ satisfies the following estimate
m
15l E2(wr) < CZ lwjollz2@), (4.3)

Jj=1

where C' is depending on m,w,Q, T, o, aij, bij, but independent of €.

It is well known that the key ingredient for proving Theorem 4.1 is to obtain the observability inequality for
the corresponding adjoint system (3.1).

Lemma 4.2. Let (A1)-(A3) be held. Then the solution of the adjoint system (3.1) satisfies
3 / W2 (2,0)de < C [ [ofPdadt, (4.4)
=1 Q wr

where C' is depending on m,w,Q, T, aj, a5, b5, but independent of €.
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Proof. By a similar argument to (2.9), we obtain for 0 < 7 < 7 < T that

Z /|U§\2($,T)dw+/ /(x+€)aj|v§z|2da:dt

= \Je r JQ ’

<y / 82 (, 7)da + C / / g 2dedt. (4.5)
j=1 Q T Q

Then applying Gronwall inequality yields that

Z/Q |v§|2($,7')d33 <ef-m Z/Q \vj\z(x,?)dx, 0<7<7<T. (4.6)
j=1 j=1

Letting 7 = 0 and integrating over [%, %]

with respect to 7, we find that

T m m %
52/ |v;|2(x,0)dxgcz/ /|v;|2dxdt. (@.7)
=/ Sz o
On the other hand, by Carleman estimate (3.35) we obtain
53 Z/ 03|v§-|26255"dxdt <C s 9i1|vf|2ezs“”dmdt (4.8)
j=1 Qr wr
for all A > A3, s > s3. We fix A = A3 and s = s3. By
4\ 9 \* T 2T
3 2s Aslnillc@
0°e”%¥ > <T2> ;exp (453 (2T2) e?Mille@ ) -t e {3,3] ,
we further have

m
Z/ |v§|2625"°dxdt < C(T, )\3,33)/ st o [v5 |2 dadt
j=1 Qr wT

i
~ 1 _ M
SC(T,A3783J1)/ () e ATt [pf 2 dadt, (4.9)
wr NPT =)

[1 _ M
where M := 2s3 min{e’\s‘lm”Cm),e>‘3”"2\|c<n>}. Since max;e(o, 7] (W) e t'(T-9* < 0o, we deduce from
(4.9) that

Z/ V5 [Pe**¥ dadt §C’/ |v§ |2dadt. (4.10)
j:l QT wT

Finally, we obtain the desired estimate (4.4) from (4.7) and (4.10) and then complete the proof of Lemma 4.2. [
By the observability inequality (4.4) and a classical argument, one can deduce the null controllability result
of system (4.1) for any 0 < ¢ < 1 and the uniform estimate (4.3), i.e. Theorem 4.1.
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Proof of Theorem 1.1. Similar to (2.4), we have the following uniformly estimates in €

su%&ﬂE:/hm%%wm+§:/ (z + €)% |u5 , |*dzdt
j:1 Q j:1 QT
<Y (lusolaay + 17 o) - (4.11)
j=1

Together with Theorem 4.1 and the uniform estimate (4.3) for f¢, we get a control f € L?(wr) (the weak limit
of a subsequence of f¢ in L?(wr) as € — 0) that drives the corresponding solution (u1, -+ ,u,,) to zero at time
T. Finally, from (4.3) we immediately deduce (1.11) and then complete the proof of Theorem 1.1. O

APPENDIX A
Here, we prove Lemma 3.2. To do this, we need the following Hardy inequality.

Lemma A.1. Lety € [0,1) U (1,2] and z € H} (). Then for any ¢ € (0,1), we have

/Q(a:+5)*7\z|2dx§ 5 /Q(x+5)2*7|zm|2dz. (A1)

4
(v—1)

For v € (1,2], (A.1) was proved by Cannarsa, Martinez and Vancostenoble, see Lemma 6.8 in [8]. Similar
process is also applied to prove the same result for v € [0,1). So we omit the proof of this lemma.

Proof of Lemma 3.2. Without loss of generality, we assume d = 3. Indeed, if (3.11) holds for d = 3, then we can

easily prove (3.11) for general d by the change of variables § = s 0T Y.
We split the proof into the following three steps.

Step 1. Carleman estimate for degenerate part.
Let

Y (z,t) = e @Dy (z, 1), (x,t) € Q. (A.2)
Then Y satisfies
A1 Ly| = L1]Y] + La]Y] (A.3)
with

L1]Y] ==Y +2s(z 4+ €)%1.Ye + s((z 4+ €)% 01.4)2Y,
LolY] = —((x+2)"Va)a + sp14Y — s°(x +2)%¢7 Y.

Moreover, we have

Then, by (??) we find that

le*#* L1120 = 1611132 c0p) + 1£2V W2ty + 2(£aV], L1V Do (A.6)
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By a calculation similar to [2], we obtain
(L1[Y), LY 20,y = {D.T'} +{B.T .},

where
(DT} = s (20z+6)**rue +ale+e)**ro1s) ¢ LY [Pdadt

s (2(33 + & Qo‘cpl)m +a(z+ 5)20‘_1901@) |V, [2dadt
(

Qr
“
Qr
2 a 2 S 2
—/ 25%(x + €)%p1,0P1,42Y da:dt+/ — 1Y “dadt
QT QT 2
+
Qr

)
s(x+¢e)* ((x+e)%01,2),, YYedrdt,

z=1

T
{B.T.} :/0 [(z4e)*Y,Y; + s°(z + &) pra9p1.Y> — s°(x + 6)20‘30:1)’@5/2]3:;0 de

T
_ / [s(x 4 5)20‘@17I\Yz|2 +s(z+e)* ((z+e)%012), ny]i;(l) dt.
0

For Y € L?(0,T; H*(Q)) N H'(0,T; L*(Q)) such that (A.4) we have

T T
@ x=1
{B.T.} :7/0 [sA(1+ B)(x + &) POV, [*] _, dt > 70/0 s6|Y,(1,t)[2dt.

By using

1.0 = A1+ B)(z+¢)’¢6,

P1ae = (N1 +B)%(z +2)?P + AB(L+ B)(z +2)771) ¢10,

0>0, |0, <CO2, |04 <COH,
we obtain

{D.1.} > ) / $3N3 (x4 £)20 3014303 v [2dadt
+0%) / sA\(@ + )21, 0|V, |2dadt + X; + Xo,
Qr
where
= (@+28)(1+8)% CP)=(a+28)(1+8),

and

2

S
/ :17 + 5) P1,2P1,t2 T *(Pl,tt) |Y|2dxdt7

s(x+e)* (x4 €)p1,2),, YYedadt.

(A7)

(A.9)

(A.10)
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Now we estimate X; and X5. By the definition of ¢; and (A.9), we have
|P1,0a] < Oz +)7616°, |10l < C(NE2. (A.11)

Since 0 < a < + and 0 < B < 2 — 22 we have 0 < 2a + 38 < 1 and further (z +¢)*"2% +1 < C(z +¢)?* 301,
Therefore, together with (A. 9) we find that

X1 <C | 2\ +4¢)*2P o203 |V |2dadt + C()\)/ s6°|Y |2dxdt
Qr Qr

< C*(\) / §%(x + )23 14203 |V |2dadt. (A.12)
Qr

A direct calculation gives

(@ +2)* (& +2)"12), |
< (CEMA@ + )52 4 OO (a + 2)% 271 4 OX (w4 )27 ) 10,

where
CP) = (1+B)(a+B)(1—a-p).
Then, for X5, we have

| Xa|
g/ (C(gﬁs)\(x + )22 4 OsA3(x + 5)2‘”%*1) 10|V ||Ye|dxdt := J; + Jo. (A.13)
Qr

By Young’s inequality and Lemma 5.1, we have

Ji
< [ eCPsA(@ + )2t L1 0]Y, [Pdadt + / —C(gﬁs)\(x +e)2 B3 9|V 2dadt
QT ’ QT
< / eCLsA(x + )21 0|V, [Pdadt
Qp ’

1 3 4 20+8—1 ’ 3 2
* /QT 1 Cas g — Nt o (¢1 Y>z

a—p)?
+C(e) / sA3(x + £)29T30 714, 0|V |2 dadt. (A.14)
Qr

3 1.3 1 pt ,
<~/QT [eCa,g + ECQ,B@_Q] sA(z+¢) 60|, [2dadt

We fix € = Therefore, for a € (0,4) and 3 € ( 2?&)’

1
2—2a—08"

1 20 — 23 @
C + C m =1+ 8)(«a +5)<a><0a,5 B,
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then we have
/ sA3(x + £)29H30 716, 0| |2 dadt
Qr

+ / (C3), = B)sA(x + £) 2016, 0]Y, [dwdt. (A.15)
Qr
Obviously,

Jo <C | sX\(x + )23 1, 0|Y|2dadt
Qr

+C | s(x4e)? P 1¢,0|v, [2dadt. (A.16)
Qr

Thus, from (A.15) and (A.16), it follows that

|Xa| <C [ sA\(x+¢)2* 30716, 0|Y > dadt
Qr

+ / [(c}j}g — B)sA+ os] (x + €)%t~ 1, 0|V, |2dadt. (A.17)
Qr

Choosing A > Ay := % and then

C(zﬁs)\ {(Cf)ﬁ — B)sA+ C’s} > C's
and s > s9 := max{C*(\), A\°}, and substituting (A.12) and (A.17) into (A.10), we have

(DT} >C | s3(x+e)2T307 10303 |V |2 dadt
Qr

+C | s(x4e)* P 1e 0]y, 2dzdt (A.18)
Qr

for all A > Ay and s > ss.
Substituting (A.8) and (A.18) into (A.6) and replacing Y by ye®#' yields that

/ (5303(x +£)29t30 11y 12 4 sf(x + 5)2“+B*1\y$|2) 2?1 dxdt
Qr

T
<c [ |plRe dudt + C / Ol (1, 1)[2e291 10 g (A.19)
Qr 0

Then by using an argument similar to Proposition 3 in [2], we obtain the Carleman estimate for degenerate part
(0,257) x (0,7)
/ / (5°0% (@ + &) T30 My 4 s0(a + £)* 0y, [*) €29 dadt

<C X |£[y]\2625“”1dxdt+0/(3) (ly=* + |y|*) e****dadt, (A.20)



NULL CONTROLLABILITY OF A COUPLED DEGENERATE SYSTEM 27

where we have used ¢ = ¢; for z € (0, mg?’)).

Step 2. Carleman estimate for nondegenerate part.

Now we derive the Carleman estimate for nondegenerate part (wég), 1) x (0,T). To do this, letting z = (1 — x)y,
then we have

—2 = ((x+€)%2), = (1 =X)Lyl + (= + )" Xa¥)x + Xz (T + €)Yz,  (2,1) € Qr, (A.21)
and
2(0,¢) = 2(1,t) =0, te(0,7T). (A.22)

By the classic Carleman estimate, e.g. [34], we have

/ (52072 + s0|2,|?) e**¥2dxdt < C/ (1 — x)?|L[y][Pe**¥2dadt
QT QT

T xgg')
+ C’/ /(3) (ly=|? + y[?) e**#>dadt + C/(g) s303|y|?e** P2 dadt. (A.23)
0 Ty W
Since (z +£)20T30~1 > O, (z + )28~ > C and py = ¢ for x € (xgg), 1), together with (A.23) we find that

T 1
/ /(3) (8303($+6)2a+3571|y|2 —|—39(13 +€)2a+571|yx‘2) e25¢ dxdt
0 Ty

SO/ (1 _ X)2|£[y]|2628902d$dt + O/ ) (‘y:c|2 + 5393‘y|2) 252 dxdt. (A24)
Qr ?

(
W

Step 3. End of the proof.
Combining (A.20) and (A.24) and adding to both sides of the inequality the term

T pal®
/ /(3) (536° (x + €) 22307y |2 4 s0(x + )20y, [2) 2P dadt,
0 Jaf
we obtain

/ (3393(x + 5)2“'*'36_1|y|2 + s6(z + 8)20""6_1 |ym|2) e dadt
Qr

<C |L[y]|Pe**¢dadt + C/<2) 50y, |*e**Pdadt + C/(2> s303|y|2e** P dadt. (A.25)
Qr W W

Here we have used that @1 = ¢s = ¢ in w® due to n; = 1, in w®. Then by using Caccioppoli equality [2]

/(2) 89|yI|262s¢dxdt < C/(1) (3393|y|2 + |£[y]|2) 628¢dxdt7 (A.26)
“r “r
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we have

/ (8303(33 + 6)2°‘+Sﬁfl|y|2 + s0(x + 6)2a+ﬁ71\yw|2) e dzpdt
Qr

<C |L[y][Pe**¢dadt + C/ s303|y|?e?*Pdadt. (A.27)
QT w§}>
Since for any « € (0, %) and any [ € (0,% — %‘)‘),
1
a>2a+F—-1 and —~v>2a+38-1 forany’ye[a,g), (A.28)
we then obtain the desired estimate (3.11) and complete the proof of Lemma 3.2. O
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