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LOCAL FEEDBACK STABILIZATION OF TIME-PERIODIC
EVOLUTION EQUATIONS BY FINITE
DIMENSIONAL CONTROLS

MEHDI BADRA!, DEBANJANA MITRA%*, MYTHILY RAMASWAMY?
) )
AND JEAN-PIERRE RAYMOND!

Abstract. We study the feedback stabilization around periodic solutions of parabolic control systems
with unbounded control operators, by controls of finite dimension. We prove that the stabilization of
the infinite dimensional system relies on the stabilization of a finite dimensional control system obtained
by projection and next transformed via its Floquet-Lyapunov representation. We emphasize that this
approach allows us to define feedback control laws by solving Riccati equations of finite dimension. This
approach, which has been developed in the recent years for the boundary stabilization of autonomous
parabolic systems, seems to be totally new for the stabilization of periodic systems of infinite dimension.
We apply results obtained for the linearized system to prove a local stabilization result, around periodic
solutions, of the Navier-Stokes equations, by finite dimensional Dirichlet boundary controls.
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1. INTRODUCTION

In this paper, we are interested in the local feedback stabilization of some time-periodic semilinear parabolic
control systems. We consider systems for which the underlying linearized system is a time periodic control
system in a real Hilbert space H of the form

y'(t) = A()y(t) + B(t)u(t), Vt=0, y(0)=yo€H, (L.1)

where A(-) is T-periodic and, for each ¢, (A(t), D(A(t))) generates an analytic semigroup on H. The control
operator B(+) is also T-periodic. For each ¢, B(t) is an unbounded operator from a real Hilbert space U into H,
and u(t) € U is the control.

In a series of recent papers dealing with the feedback stabilization of autonomous systems, feedback control
laws are determined by solving finite dimensional Riccati equations [10, 32, 36]. In those papers, the idea is
to look for controls of finite dimension. This approach has several advantages. First of all, these feedback laws
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are well adapted to locally stabilize semilinear parabolic systems. And from a numerical viewpoint, even if the
semidiscrete approximation of the infinite dimensional system is of very large dimension, the Riccati equation
used to define the feedback control law is of very small dimension, and therefore very easy to solve (see [4]).
In the present paper, we would like to adapt to time periodic systems the approach developed in [10, 36] for
autonomous systems.
By controls of finite dimension, we mean controls of the form

K
u(t) = ij(t)uj(t), (1.2)

where the functions u;(t) € U are considered as actuators, and are chosen to satisfy some stabilizability property.
The family {u;(t) €U |1 < j < K} can also be chosen independent of the time variable ¢, see ([7], Cor. 3.12).
For 1 < j < K, the functions f; € L?(0,00) are the control variables that we are going to look for in feedback
form. When w is of the form (1.2), we can rewrite the system (1.1) in the form

y'(t) = A)y(t) + B(6)f(), Vt=0, y(0)=yo € H, (1.3)

B(O)f(t) =Y fi()B(t)u; (). (1.4)

Jj=1

In order to determine feedback control laws stabilizing system (1.3), we need to prove that the pair
(A(t),B(t))1>0 is stabilizable. In [7], for a time-periodic linear system corresponding to a periodic operator
A(-) and a periodic control operator B(-), satisfying Assumptions (A;) and (As), various equivalent neces-
sary and sufficient conditions for open-loop stabilizability of (A(t), B(t)):>0 have been proved. Further, secking
finite-dimensional stabilizing controls in the form (1.2), as a linear combination of actuators, the existence of
such families of actuators has been established in [7] along with a lower bound for the dimension of the family
of actuators. However, unlike in the autonomous case, for time-varying systems the feedback stabilizability of
(A(t),B(t));>0 may not be equivalent to open-loop stabilizability (see [7], Rem. 3.2). The main goals of the
present paper are to obtain feedback stabilizability results for system (1.3) and to determine explicit feedback
laws.

More precisely, the main results of the paper are the following ones:

— When the pair (A(t),B(t)) is open-loop stabilizable with a prescribed exponential decay rate o > 0, we
determine, via Riccati equations of finite dimension, feedback control laws able to stabilize the system (1.3)
(Thms. 3.8 and 3.10(i)).

— We study the regularity properties of the evolution operator of the associated closed-loop linear system in
Theorems 3.10(ii) and 3.11.

— We show that these results may be used to prove a local stabilization result for the two dimensional
Navier-Stokes equations by a Dirichlet boundary control (Thm. 4.13).

To the best of our knowledge, Theorem 4.13 is the first local feedback stabilization result of a semilinear
parabolic system in a neighborhood of a periodic solution, with an unbounded control operator.

Let us give some detailed comments on the above results and on the outline of the paper. In Sections 2.1
and 2.2, we state assumptions on (A(t))iecr and (B(t))icr, and we state results on the evolution operator
generated by (A(t))ier. The results in Section 2.3 are borrowed from ([7], Section 2.4), and we repeat them for
the convenience of the reader. In particular, we introduce the decomposition of H = H,,(t) ® H(t) into its time
dependent stable and unstable subspaces for A(t) + oI, where o > 0 is the prescribed exponential decay rate,
together with the associated projections P, (t) and Ps(t), and their properties.
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In Section 3, using the Floquet-Lyapunov representation of the unstable component vy, (t) = P,(t)y(t) of
system (1.3), we obtain a control system in Hc ,,(0) = P,(0)Hc, where Hc = H + ¢H is the complexified space
associated with H. We determine a feedback control law stabilizing this system in Hc ,(0), from which we
determine a feedback law stabilizing system (1.3) in H, with the prescribed exponential decay rate o. The
regularity properties that we prove for the associated closed-loop linear system are useful to study the local
feedback stabilization of nonlinear systems of the form

y'(t) = At)y(t) + N(y(t)) + B(t)u(t) in (0,00), y(0)=yo € H, (1.5)
or
y'(t) = A)y(t) + N(y(t),u(t)) + B(t)u(t) in (0,00), y(0)=yo € H. (1.6)

In Section 4, we apply the results of Section 3 to prove the local stabilization of the Navier-Stokes equations,
around a time periodic solution, by a Dirichlet boundary control. As in the autonomous case [8, 10, 35, 36],
we have to deal with a system of the form (1.6). To prove that the pair (A(t), B(t)) of the Oseen system,
coming from the linearization of the Navier-Stokes equations around that periodic solution, is stabilizable with
a prescribed exponential decay rate o > 0, we have to verify the following stabilizability criterion borrowed from
([7], Thm. 3.3):

If (\,q) € Cx C([0,T]; He) is a solution to the eigenvalue problem
ANeC, N >e T witho >0, —¢ =A*(t)q in (0,T), ¢q(0)=Aqg(T), (1.7)
and if B*(-)¢=01in (0,7), then ¢=0.

In Proposition 4.4, we prove that this stabilizability criterion is satisfied. Next, in Lemma 4.5, using a result
from ([7], Cor. 3.19), we deduce that there exists a family (u;(t))}<, of regular controls for which the pair
(A(t),B(t)) is stabilizable with the prescribed exponential decay rate o > 0. We underline that, if K is large
enough, the family can even be chosen independent of the time variable, see Remark 4.6. In contrast, we show
in Proposition 4.7 that the Oseen operator satisfies a unique continuation property stronger than (1.7), allowing
to choose a family reduced to a single element (K = 1) so that the corresponding pair (A(t),B(t)) is stabilizable
with the prescribed exponential decay rate o > 0.

Next, we prove in Theorem 4.13 that the feedback control law determined in Section 3 is able to locally
stabilize the Navier-Stokes equations (Thm. 4.13). To shorten the paper, we do not study the local feedback
stabilization of general systems of the form (1.5) or (1.6). We have only studied the particular case of the two
dimensional Navier-Stokes equations.

For dynamical systems, periodic solutions play a major role in many applications [14]. Stabilizing nonlinear
infinite dimensional dynamical systems in a neighborhood of periodic solutions is a challenging problem. For
example, understanding what is called the auto-regulation for blood flow in the brain may be viewed as a
feedback stabilization of a control dynamical system (see e.g. [5]). The feedback stabilization of linear parabolic
systems is studied in [3], and of semilinear parabolic systems in [11] for bounded control operators. In those
papers, feedback control laws are determined through the solutions to infinite dimensional Riccati equations.
The idea of splitting the solution to system (1.1) into its unstable and stable components is widely used in
the literature (see [11, 26]). But as far as we know, there is no paper using this decomposition to determine a
feedback control law based on the solution of a finite dimensional Riccati equation for systems of the form (1.1),
even in the case of a bounded control operator.

We are not aware of works dealing with the local feedback stabilization of time-periodic semilinear parabolic
systems in the case of unbounded control operators. However we would like to mention a recent work in which
the local feedback stabilization to a given non-stationary trajectory of the Navier-Stokes system, using a finite
dimensional boundary control, in a two or three dimensional bounded domain, has been studied [37]. The
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novelty is that the non-stationary trajectory is not time periodic. However, even if the control is of finite
dimension, the feedback is obtained by solving a Riccati equation set in the whole infinite dimensional space.
Moreover, contrarily to what we do in the periodic case, the total number of controls is not explicitly known. As
mentioned in ([7], Sect. 1), in many applications it is meaningful to stabilize a system around a time-periodic
target trajectory. In that case our approach, based on the spectral analysis of the Poincaré map, allows us to
determine feedback laws stabilizing an infinite dimensional system by looking at feedback laws stabilizing a
projected system of finite dimension. This leads to solve Riccati equations of finite dimension. Thus, in the case
of periodic system, our approach seems to be more appropriate.

2. TIME-PERIODIC LINEAR SYSTEM
2.1. Notations

For a Hilbert space X, ||-|x and (-,-)x denote the norm and the scalar product of X respectively,
Crper([0,T]; X) (respectively Cj..([0,T]; X), Co.([0,T]; X) with o € (0,1)) denotes the space of T-periodic

functions belonging to C(R; X) (respectively C*(R; X), C*(R; X)). Similarly, for s > 0, H5.,(0,T; X) denotes
the space of T-periodic functions belonging to Hj (R; X).

Recall that £(X,Y’) denotes the space of bounded linear operators from X into ¥ equipped with the uniform
operator topology. In C([0,T]; Ls(X,Y)), Ls(X,Y) denotes the space of bounded linear operators from X into Y’
equipped with the strong operator topology, i.e., U € C(]0,T); Ls(X,Y")) means that for each z € X, t — U(t)x
is continuous from [0, 7] into Y. We use the shorter expressions £(X) = £L(X, X) and Ls(X) = L,(X, X).

We sometimes use C' as a generic positive constant which may vary in different estimates.

2.2. Time-periodic linear operator and related evolution operator

Let {(A(t),D(A(t))}+ter be a family of unbounded operators in H. We denote by
{(A*(t), D(A*(t)) }+ter the family of adjoints with respect to H. We make the following assumptions.

Assumption (A;). (i) The mapping ¢t — A(¢) is T-periodic, i.e.,
At+T)=A®), VteR.

(ii) For all ¢t € R, the domain of A(¢) is D(A(t)) = D4, the domain of A*(t) is D(A*(t)) = D+, where D4 and
D 4+ are two dense subspaces in H, compactly embedded in H, equipped with the norms

def def

lzllps = llzlla +[[AO)z]a, lzlo.. = llzla + [[A™(0)]|a.
Moreover, there exists a constant ¢ > 1 such that

Vte[0,T], Vo € Da, ¢ allp, < llzlla + 1A m < cllzlp,,

Vte[0,T], Vo € Dax, ¢ Halp, <llolla + 1A @)2lla < cllollp,. -

(iii) For some a € (0,1), the mapping ¢ ~— A(t) belongs to Cp,.([0,T]; £L(D4, H)) and the mapping t — A*(t)
belongs to C% ([0, T]; L(Da~, H)).

per
(iv) For all t € [0,T], (A(t),Da) generates a uniformly (in ¢) analytic semigroup {e**®"},5o on H: There
exist M >0, w € R and ¥ € (F, 7] such that, for all ¢ € [0,T], the resolvent set of A(f) contains a sector
Sww ={A€C| X #w, larg(A —w)| < I} and

IO = A®) 2o < VYAE Sug, Vtelo,T), (2.1)

M
A —wl’
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where I denotes the identity operator in H. In the following we fix A\g > w and we use the notation

A(t) & NI — A(t). (2.2)

-~

(v) For all ¢t € [0,T], A(t) (defined in (2.2)) has uniformly (in ¢) bounded imaginary powers: There exist € > 0
and N > 1 such that, for all ¢ € [0, T,

V1€ [~e,el, A7(t) € L(H) and [|A7(t)]cy < N. (2.3)

Note that (i), (iv) and (v) in Assumption (A;) imply that A*(-) is T-periodic, and that A*(¢) satisfies the
same uniform (in t) estimate as A(-) in (2.1), with the same constant M > 0, and therefore it generates a
uniformly (in t) analytic semigroup on H. Moreover A (t), the adjoint of A\(t) defined in (2.2), has uniformly
(in t) bounded imaginary powers with the same constant N as in (2.3).

In addition, Assumption (A;)(y), implies that, for # € (0, 1), the space D(je (t)) coincides with the (complex)

interpolation space [H,D(A(t))]p and the constants cz > ¢; > 0 of the norm equivalence ci| - [[{z,pa)), <

1A% (t) - ||g < cal - (5, D(At)), are independent of ¢ (see ([39], Thm. 1.15.3, p. 103) or [41]). The same remark

also holds true for A*. In the following, we use the notation

def

DY Y [H,Dalg and DY. € [H,Da-lp, 0€][0,1].

Due to (A1), for 6 € [0,1], the spaces D(A%(t)), D(A*(t)) are independent of ¢ and satisfy D(AY(t)) = DY,
D(A*(t)) = DY.. Moreover, there exists ¢y > 1 such that

Vie[0.T], Vo e DY, cptlallpy < I1A°(0)la < collel o,
Vie[0,T], Vo e DYy cpllzlp. < 1A% ()allm < collallpe -

We set
A=Z{(s,t) ERxR|s<t} and A*={(s,t) ERxR|s<t}.
Since (A(t), Da)ter satisfies the Assumption (A;), there exists a unique parabolic evolution operator {S(t, s) |

(s,t) € A} for A(-) with regularity space D4 (in the sense of definition [6], I1.2.1, p. 45). We now state some
results mainly already introduced in [7], and which are needed in Section 3.

Proposition 2.1. We have the following results:

1. The parabolic evolution operator {S(t,s) | (s,t) € A} satisfies
S € CYA™; £,(Da, H)) (1 C(A; £,(H)) N C(A%; £(H, D). (2.5)

2. There exists & > w such that, for all § € [0,1 + «), we have

Vo € H, V(s,t) € A*, ||A°(£)S(t, s)z| g < Cs)ee&’(t_s)|x||g, (2.6)

(t—

where w and a are introduced in Assumption (Ay).
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3. For all 0, 5 €10,1] and x € H, we have

c Q(t—s
— (2.7

1208t )8 ()l < =5

where @ is the same exponent as in (2.6).

Proof. The statements (2.5) and (2.6) for 6 € [0, 1] are already stated in ([7], Prop. 2.1). Estimate (2.7) is stated
in ([7], Cor. 2.3). Thus, we have only to prove (2.6) for 6 € (1,1 + «). For that, we are going to use arguments

from [6].
Let us set

S(t,s) = e 2W=95(t,5), E(t,s) = A(t)e"E=DAO _ A(5)e~(t=)A()
alt,s) = " IRt ) = = [A() - A(s)] alt, ),

where \g > w is introduced in (2.2) and h *x k(¢,s) = fst h(t, 7)k(T,s)dr for (t,s) € A.
First notice that we have

1k(t,8)|| ey < C(t—s)*"" for s < t.

This estimate can be obtained as in ([33], Chap. 5, Cor.6.3), with (A;) and using the condition Ay > w.
From ([6], Chap. II, (4.3.12)), it follows that S(¢, s) = a + a xw. By calculating the derivative of this identity
with respect to t, we obtain

AW)S(t,s) = —A(s)e=E=AG) 4 o=(t=AM) (4 )

+ /t E(t,7)w(r, s)dT + /t E(t)e_(t_ﬂg(t) [w(t,s) —w(T,s)]dr. (2.8)

(The above expression can be deduced from ([6], Chap. II, (4.3.30)), and it is precisely given in ([33], p. 158)
with different notations.) To prove (2.6) for 8 € (1,1 + «), setting § — 1 = 3, we have to prove that

~ C
Vis,t) € A% MADS(E ey < G gar e for some wi >0 (2.9)

For that, we are going to use the identity stated in (2.8). We first notice that, using classical estimates for
analytic semigroups and the uniform analyticity condition stated in (A; )iy, we have

||A(s)e_(t_s)A(S)||£(H’Di) < (t_(’;)ﬁﬂ for all s < ¢,
||A(t)€_(t_r)ﬁ(t)||L(H p?) < _ ¢ for all 7 < t,
A (t — 7—)5+1
and
—(t-9)A C
e~ s>A<t>w(t,s)||£(H,Dg) < m||w(t,s)||L(H) for all s < t.
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A slight modification of the proof of ([6], I1.4.3, Lem. 4.3.2) yields
_ a—pB—1
”E(t’T)HL(H,Dﬁ) <C(t-7) , forr<tandge(0,a).
According to ([6], I1.4.3, Lems. 4.3.1 and 4.3.3), we have

w(t, s)| ey < C(t—s)2te2(=) for all s < t,
and

lw(t,s) —w(T,s)|lzy < Ct - ) (7 — s)a B —lew2(t=5) foralls <7 <tand < <a,

for some wy > 0. Then, using these estimates in (2.8), and the well known identity

t ’ ’ ’ ’ 1B / T /
/ (t—7) Y7 —s)P Mdr = (t —s)@ TP L ((a L) foralla’ >0, /' >0,

I'(a/ +8)
together with the obvious inequality (¢ — s)® < Ce*3(t=%) for some ws > 0, we obtain || A(t)S(t, s)||£(H p8) =
g
C(t — s)~1Be1(=%) for some w; > 0, and the proof is complete. O

We denote by S*(t, s) the adjoint of S(¢, s).
Proposition 2.2. The family {S*(t,s) | —oo < s <t < 0o} satisfies the following regqularity property
S* € CHA*; Ly(Da-, H) NC(A; L,(H)) NC(A*; L(H, D). (2.10)
For detalils, see ([7], Prop. 2.2).

2.3. Floquet theory
For all ¢ € R, the Poincaré map is defined by
U(t)=S(T+t,t)e L(H). (2.11)
The spectrum of the Poincaré map U(-) plays an important role in studying periodic evolution equations.
Let us now recall some useful properties of U(-) (see e.g. [29]):
Proposition 2.3. Let U(-) be the Poincaré map defined on R by (2.11). Then, we have the following properties:
(i) The map U(-) is T-periodic and it satisfies

Ue Céer([OaT]; ‘CS(DA’H)) N Cper([o, T]; ‘C(Ha DA))

2.12
and AU € L>(0,T;L(H,D$ ) for all € € (0, ). (2.12)

(ii) For allt € R, the spectrum of U(t), except 0, is constituted of isolated eigenvalues independent of t, and
with finite algebraic multiplicity. This set will be denoted by X(U(t)) = {\; | j € N}, and the eigenvalues (\;)jen
can be ordered in the following way

S‘)\]+1|S|/\]|SS‘)\1|, and |)\j|—>0asj—>oo.

Proof. All these results are stated in ([7], Prop. 2.6), except (2.12)y which is a consequence of (2.6) with
f=14+a—c¢ O
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For any o > 0, there exists N, € N depending on ¢ such that
S Al <eTTT <Py [ < <l

In the following, without loss of generality, by choosing a larger value of ¢ if necessary, we assume that

—oT

|/\Na+1‘ <e < ‘)\N (213)

a|'

Thus, for all t € R, %, the unstable part of the spectrum of U(t), contains a finite number of eigenvalues
{)\j}év:”l of U(t) lying outside the disk {\ € C | |\| < e ?T}. For all t € R, let us define the projections

Py(t) = = /()\I —U@) '), Pu(t) =1 — Py(t). (2.14)
r

o

Here T is the circle centered at zero with radius e~ °7 oriented counterclockwise.
)

For our later analysis we introduce the complexified spaces
He=H+iH and Uc=U+ilU.
The operators U(+), A(+), S(-,-) and B(-) are defined in the complexified spaces by setting U(-)f = U(-)Ref +

tU(-)Imf, with similar definitions for A(-), S(-,-) and B(-).
The decomposition of H¢ associated to P,(t) and Ps(t) is

He = H(C,u(t) S H(C,s(t)v with H(C,u(t) = Pu(t)HC and H(C,s(t) = Ps(t)HC7 (2'15)
for all ¢ € R, and the associated decomposition of the real space H is
H=H,(t)® Hy(t), with H,(t)=P,(t)H and H,(t) = Ps(t)H, for all t € R. (2.16)

The following lemma is dedicated to classical properties satisfied by P, and P,. Similar statements hold for the
complex case too.

Lemma 2.4. Let P,(-) and Ps(-) be the operators defined in (2.14), and H,(t) and H;(t) the spaces defined in
(2.16). We have H = H,(t) @ Hy(t) for all t € R, and the following properties are satisfied.
(i) For all s € R, we have Hy(s) C D and

S(t,s) : Hy(s) — Hy(t), S(t,s): Hs(s) = Hs(t), Vt>s,

S(t,s)Py(s) = Pu(t)S(t,s), S(t,s)Ps(s) = Ps(t)S(t,s), Vt>s.

(ii) The projection operators Py(-) and Py (-) both belong to C}..([0,T); L(Da, H)) and satisfy the following
equalities in Ls(Da, H):

P! = AP, - P,A and P,=AP,- P,A. (2.17)
Moreover, P, (-) satisfies the following additional regularity properties:

P, e C;er([O’T];ES(DAaH» N Cper([07T];‘c(Ha DA))a

2.18
and AP, € L*(0,T;L(H,D} ) forall e € (0,). (2.18)
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iii) For allt € R and 0 < s <t, S(t,5)|m,(s) is a bounded operator. Moreover, for all T > 0 satisfying |An, 41| <
e~ (@+tNT e have

1S(t, s)z||g < Ce™HIE=) 2]y, Ve Hy(s), V> s, (2.19)

where o is the exponent appearing in (2.13). Further, for all @ € [0,1] and for all T > 0 satisfying |An, 41| <
e~ @tT we also have

Vo€ H, ¥(s,t) € A%, [|S(t,s)Ps(s)A% ()] ccary < e~ (oFT)(t=s) (2.20)

T (t—9)

Proof. See ([7], Prop. 2.6), for all the above results, except the second statement of (2.18) which is an easy
consequence of the second statement of (2.12) and of the expression of P,(t) stated in ([7], (2.26)). O

2.4. Control operator and extensions to (D a~)’
We study (1.1) with a control operator B(-) satisfying the following assumption.

Assumption (Ay).

(i) The control operator ¢ +— B(t) belongs to C5,.([0, T]; LU, (D a-)")), where a € (0, 1) is the exponent appear-
ing in Assumption (Aj) ).

(i) There exists 0 < § < a such that, for all ¢ € [0,T], the mapping A=%(¢)B(t) : U — H is bounded uniformly
in ¢ € [0, 7], where A is defined in (2.2).

This kind of 'unbounded’ control operator B arises in the case of boundary controls, see e.g. [28, 34]. We
stress on the fact that the condition § < « in (Az) ;) is required to prove (3.22) in Theorem 3.6. This last result
is used in Proposition 3.9(iv), which is finally used in Theorem 3.10 to apply Amann’s theory for evolution
operators having a generator with variable domain (see [6], Chap. IV). Thus the condition § < « is needed in a
crucial way to study, in Section 3, the well-posedness of the closed-loop control system.

As we consider equation (1.1) with forcing term B(t)u(t) € (Da~)’, we work with extensions of A(t) and
S(t,s) to (Da-)". However, for yo € H and u € L*(0,+o00;U), we recall that — see ([7], Prop. 2.5) — the weak
solution of (1.1) is the function y € C([0,4+00); (Da+)") N L ([0, +0c); H) defined by

loc

y(t) = S(t,0)yo +/0 S(t, s)B(s)u(s)ds. (2.21)

Next, to have a well-defined decomposition of (1.1) with forcing term in L!(RT; (D +)") we need to extend
the projection operators P, (t) and Ps(t) to (Da+)". For that, we first need to introduce their adjoints which are
defined by

Pr(t) = i /()J —U*(t))"'d\, Pi(t)=1-P:(t), foralltcR, (2.22)
r

YY)

ol

where T is the circle centered at zero with radius e~?*, oriented counterclockwise. We have

1
U* € Cper

([0,T]; Ls(Da, H)) N Cper ([0, T]; L(H, D a-)), (2.23)

A*U* € L™(0,T; L(H,DS€)), € € (0,a). (2.24)



10 M. BADRA ET AL.

As for P,, we deduce that

Py € Cpop([0,T); Ls(Dax, H)) N Cper ([0, T); L(H, D a-)), (2.25)
AP e L(0,T; L(H, D%79)), e € (0,a). (2.26)

This yields the following lemma.

Lemma 2.5. The projection operators P, and P belong to W%>°(0,T; L(H)). Moreover, for all § € (0,1), P,
belongs to C%, ([0, T); L(H, DY%)) and P € C%,.([0,T); L(H, D}.?)).

per per

Proof. Let us prove the lemma for P,. The result for P} can be proved analogously. From (2.26), with a
duality argument, we first get P,A € L*°(0,T; L(H)). Thus, from (2.18)3 and (2.17), we deduce that P, €
L>(0,T;L(H)), and the first part of the lemma is proved.

Next, from (2.18)2 and (A1), we deduce that P, € L>(0,7;L(H,D,)). Moreover, with the Lipschitz
continuity of P, stated in the first part of the lemma, and the interpolation inequality

|Pu(t)f = Pu(s) fll pro < ClIPu(6)f = Puls) I3 Pult) f = Pu(s)F[15,” forall f € Da,

we deduce that P, € C’gcr

([0, T]; £(H, D). 0
Since H is identified with H*, in addition to (2.16), we have

H=H:t) ®H:(t), with H:(t) = P:(t)H and HX(t) = P*(t)H, for all t € R. (2.27)
Since P (t) € L(H,D4~), we can extend P,(t) from (Dy4-)" into H, and thus Ps(¢t) = I — P,(t) is extended as
a bounded linear operator from (D4+)" into (Da« N HZ(t)) (see [7], Sect. 2.4) for more details). Then, we have
the following decomposition

(Da-)" = Hu(t) © (Da- NH{(t))", VIER,

and we set

Bu(t) = Pu(t)B() € LU, Ha()), and  By(t) = P()B(t) € LU, (Da- NH,(®)).  (2.28)

As discussed in ([7], Sect. 2.4), the weak solution y € C([0, +00); (D ~)") of (1.1) with initial condition yo € H
can be decomposed as follows:

y(t) = yu(t) +ys(t),  where y,(t) = Pu(t)y(t), ys(t) = Pu(t)y(t), (2.29)

Yo = You + Y05, where Yo, = Pu(0)yo, Yo.s = Ps(0)yo,

where y,,(-) € C(]0,+00); H) and y,(-) € C([0, +00); (Dax)’) satisfy

Yu () = S(t,0)yo.u +/O S(t,s)By(s)u(s)ds, Vt>0, yu.(0)="yo.u, (2.30)
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ys(t) = S(t,0)yo,s +/0 S(t,8)Bs(s)u(s)ds, Vt>0, ys(0)=uyos- (2.31)

2.5. Perturbation of the generator of an analytic semigroup

In several models, (A(t), D) is of the form
A(t) = — Ao+ Ai(t),  D(A@) = Da, (2.32)

where (—Ag, D(Ap)) is the infinitesimal generator of an analytic semigroup on H, with compact resolvent, with
0 in its resolvent set, with bounded imaginary powers for Ay, and where {(A1(¢), D(A1(t))}t>0 is a family of
closed linear operators satisfying

VteR, D(AD) c D(AL(t)), D(ALP) c D(A%(t)) for some f € (0,1). (2.33)

In the following proposition we give sufficient conditions on Ay and B(-) under which (A;) and (A3) are satisfied.
Since its proof is straightforward, we skip it.

Proposition 2.6. Let (—Ap, D(Ap)) and {(A1(t), D(A1(t)) }ter be as mentioned above. Let {(A(t), D(A(t)) }rer
be the family of linear operators defined by (2.32). Let a € (0,1) and 6 € (0,1) be such that § < a. Suppose that

(al) Aq(-) is T-periodic,
(a2) There exists B € (0,1) such that the mapping t +w— Ay(t) belongs to C5..([0,T7];
L(D(A), H)), and t — Aj(t) belongs to C%, ([0, T]; L(D(A’), H)).

(a3) There ezists ¢ > 0 such that, for allt € R, we have
Vo € D(AD), Ai®)lln < cllAGzln, Vo e DT, [Ai(t)alln < e AT el
Then, Dy = D(Ao), Dax = D(A}), and (A(:),Da) satisfies Assumption (A1) with o as above.
Let us assume in addition that the family {B(t)}ier C LU, (D(A]))') satisfies the following assumptions:
(b1) B(-) is T-periodic,
(b2) The mapping t — B(t) belongs to C%,.([0,T7; LU, (D(AF))),

per

(b3) For all t € R, the mapping AO_‘SB(t) :U — H is bounded uniformly in t € R.
Then B(-) satisfies Assumption (Az2) with & as above.

Warning. Throughout what follows, the exponents « and ¢ are given fixed and are those appearing in (A;)

and (AQ)

3. STABILIZATION OF THE LINEARIZED SYSTEM

Throughout this section, we assume that A(-) and B(-) satisfy the Assumptions (A;) and (As), and that
o > 0 is given fixed so that the condition (2.13) is satisfied. We emphasize that P,(-) and Ps(-), defined in
(2.14), depend on o.

Definition 3.1. The pair (A(+), B(+)) is said to be open-loop stabilizable in H, with the prescribed exponential
decay rate o, if, for all yo € H, there exists u € L?(0 + oo;U) such that e”()u belongs to L?(0 + oo;U) and the
solution y of (1.1) obeys

—+oo
/ 2|y (t)]|%,dt < +o0. (3.1)
0
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Let us recall that the operator B(t) associated to a family (uj)j L in C ([0, T);U%) is defined by

per

(t)f = ng Juj(t) ) forall f=(f, -, fx)ecRE.

Thus B € C%,([0,T]; L(RK, (D4-)') satisfies Assumption (Az). In addition to (A;) and (Ajz), we assume that
the following assumption is satisfied.

Assumption (Asz). The family (u;)i<, in C5 ([0, T;UX) is such that the pair (A(-),B(-)) is open-loop

per

stabilizable in H, with the prescribed exponential decay rate o > 0.

If, for ¢ > 0 given fixed, the pair (A(-), B(-)) satisfies the Assumptions (A;)—(A2), and the Hautus criterion
(1.7), due to ([7], Cor. 3. 16) we can explicitly determine a family (u;)'<, in Co., ([0, T];U™) so that (As) is
satisfied.

We introduce the operators B, (¢) and B4(t) defined by

K
B (t)f:ijBu(t)uj(t) and B;(t)f = Zf] (t)uj(t) forall f=(f1, -, frx) € R,
=1

We recall (see [7]) that y is the solution to system (1.3) if and only if y(t) = y.(t) + ys(t), where, for all ¢ > 0,

¢
n(®) = S0P + [ (k5B () (3.2)
(1) = SEOPOwo + [ (1 5)B () (3}, (33)
To determine a feedback control operator K € C%,([0, T]; L(H, R¥)) such that A(-) + oI+ B(-)K(-) generates an

evolution operator exponentially stable on H, we first look for a feedback stabilizing the system (3.2). We shall
consider both the cases where yo ., € Hc (0) and yo, € H,(0). Next, we use the feedback control depending
on y,(t) as control in system (3.3), and we prove that the corresponding solution y, remains stable.

3.1. Feedback stabilization of the finite dimensional system

In order to stabilize equation (3.2), it is convenient to use the Floquet Theory which allows us to transform
equation (3.2) into an equation in the time independent space Hc ,,(0).

Proposition  3.2. There exist bounded linear operators A € L(Hc,(0)) and Q) €
L(Hc,,(0), Hcu(t)) for all t € R, satisfying Q(T +t) = Q(t), Q(0) = Q~'(0) = I and

S(t,8) | te.(s) = Q)™ Q7(s), Vs<t. (3.4)

Moreover, we have
Q) = S(t.0)lme, e, 20, (3.5)
Proof. See (]26], Prop. 6.2, p. 46). O

Proposition 3.3. Let Q be the family of operators introduced in (3.5). The following results hold:
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(i) The mappings Q, Q' P,, P;Q*~', where Q* is the conjugate transpose of Q, satisfy

Q € per([ ]7£(HC,1L(0)3H(C)) mCper([ovT];E(H(C,u(O)vDA))a (36)
Q7 'P, € Cpor([0,T); L(He, He,u(0))) N Coer ([0, T); £(D'y, Heu(0)))

AWL>(0,T; L((DSG7), He.(0))), for all € € (0,a), (3.7)
PiQ* " € Ch([0,T); L(HE ,(0), He)) N Cper ([0, T]; L(HE ,(0), Dax))

AW>(0,T; L(HE,(0), DG2°), for all € € (0, ). (3.8)

(ii) Let y, be the solution of (3.2), and let us set z(t) = Q71 (t)y.(t). Then, the function z is the solution to
the following system in Hc ,,(0):

Z(t)=Az(t) + QT ®)BL(t)f(t), Yt=>0, 2(0)=P,(0)yo. (3.9)
Proof.
Step 1. Let us prove (3.6). Since S(¢,0)P,(0) = P,(t)S(t,0), we have
Vr € Heo(0) Q(t)z = S(t,0)e Ma = P,(t)S(t,0)e M
Due to (2.5), S(+,0) belongs to Cper([0,T]; Ls(He)). Moreover e~ belongs to Cper([0,T]; L(Hc,,(0))) and
P, belongs to Cper([0,T]; L(Hc(0),Da4)) (see (2.18)). Therefore @ belongs to Cper([0,T]; Ls(He,(0), D4)).
Since Hc,,(0) is of finite dimension, the strong continuity implies the uniform continuity, which implies that

Q € Cper([0, T ,L(Hc 4(0), D 4)). The proof of the continuous differentiability of @ follows in the same way, by
using (2.18), (2.5) and (A1) i), from the identity

Vo € Heu(0), Q'(t)x = A(t)P,(t)S(t,0)e a — S(t,0)Ae~

Step 2. Let us prove (3.8). From (3.4) and P (t)S*(T,t) = S*(T,t) P} (T) we deduce that
Vo € HE,(0), PI()Q (t)a = Pr(t)S*(T,t)e” T4 0 = §*(T,t) Pi(T)e” T4 4. (3.10)
Then, for all z € Hg ,(0), we have

(PF(H)Q* (t)z) = —A*(#)S*(T,t) P (T)e™ TN g 4 §*(T, t) A e TN (3.11)
= A ()P (t)S* (T, t)e™ TN 5 4 §*(T, t) A e~ TNy (3.12)

From the first equality in (3.10) and (3.11), using (2.10) and (2.25), we deduce that PrQ*~! €
Cper([0,T]; Ls(HE,(0), Da+)) and PrQ*~" € CL,.([0,T]; L (HE,(0), He)). Since H¢ , (0) is of finite dimension,
we have Ls(H¢ ,,(0), Dax) = L(HE ,(0), Da~) and Ls(HE ,(0), He) = L(HE ,(0), He).

Finally, (P;Q*~') € L>(0,T;L(H¢ ,(0), DG-9)) is a consequence of (3.11) and (2.26). Then (3.8) is
proved.

Step 3. The regularities stated in (3.7) follow, by duality, from (3.8).
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Step 4. Proof of (3.9). Using (3.2) and y,,(t) = Q(t)z(¢), we have z(0) = yo 4, and, for all t > 0, we get

2(t) = Q71 ($)S(t, 0)Pu(0)yo +/0 QI (BS(t,5)Q(5)Q™ (5)Bu(s) f(s) ds.

Now from (3.4), we derive Q' (¢)S(t,5)Q()| e, (0) = e(t=3)A for all 0 < s < t. Tt yields

2(t) = e P, (0)yo + /O t et=INQ()By(s)f(s)ds, Vt>0.

Hence, z satisfies (3.9). O

Now we study the feedback stabilizability of the pair (A, Q7(-)B,(-)).

Proposition 3.4. The pair (A, Q' (-)By(-)) is open-loop stabilizable in Hc ., (0), with the prescribed exponential
decay rate o

Proof. Since (Aj3) is satisfied, from ([7], Thm. 3.35), it follows that (A(-),B,(-)) is stabilizable in H¢, with the
prescribed exponential decay rate o. Then, for all 29 € Hc,,(0), there exists f € L?(0,00; CX) such that e f
belongs to L2(0, 00; CX) and such that the solution ¥, to

Yu(t) = A)yu(t) +Bu(®)f(t), V20, yu(0) =2, (3.13)

satisfies
o0
| e ol at < .
0

Since y, is given by (3.2), with zy instead of P,(0)yo, we get y,(t) € Hc . (t) for all t > 0. By applying Q~1(¢),
we deduce that z = Q 'y, is the solution of

Z'(t) = Az(t) + QM ()Bu(t) f(t), Vt>0, z(0)= 2.

Moreover, from the uniform boundedness of Q=1 P, in £L(Hc, He ,(0)), we obtain that

/o 62”t||z(t)||%lc1u(0) dt < 0.

The proof is complete. O

We construct a feedback control using the solution of the following finite dimensional Riccati equation:

II, Cécr([ T); L(He,u(0), H ,(0))), for all t € [0, T,
(), O = 0. W)€ n,  (0,€) € Hew(0) x Hew(0),
(I ()€, €)m >0, V&€ Hy(0), (3.14)
IT,(t) + (A* + o DIL, (¢) + Wy (t)(A + o)
—TL()(Q ™' (H)Bu(t)(Q ™ ()B4 (1)) TLu(t) + Q* (1)Q(t) = 0.
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We look for solutions to equation (3.14) satisfying the following additional property:

The evolution operator generated by A + ol — Q7 'B,(Q~'B,)*II, (3.15)
3.15
is uniformly exponentially stable on Hg ,(0).

The evolution operator involved in (3.15) is uniformly exponentially stable on Hc,,(0), with the exponential
decay rate 7 > 0, if and only if the solution to the closed-loop system

Z(t) = [A = Q7 (1)B.(1)(Q T (1)Bu (1) Tu(t)]2(t), V>0, 2(0) =2 € Heu(0), (3.16)
satisfies
2(t)|| e < Me™ DY 20]| .,  for all ¢ > 0. (3.17)

Proposition 3.5. We assume that Assumptions (Ay)—(Asz) together with (2.13) are satisfied. The Riccati
equation (3.14), with the additional condition (3.15), admits a unique solution.
Proof. From Proposition 3.4 and ([7], Thm. 3.3) applied to the pair (A, Q7*(-)B,(-)), it follows that this pair
satisfies the following Hautus condition:
If (A, z) € C x C(]0,T); He) is a solution to the eigenvalue problem
NeC, N >e 9T —2'=A*z in (0,T), 2(0)=Xz(T), (3.18)
and if B ()Q *()z=0in (0,7), then z=0.

Thus, from ([1], Thm. 5.4.17), we deduce that equation (3.14) admits a unique semi-stabilizing solution
IT, € CL.. ([0, T]; L(Hc,u(0), HE ,(0))). Since there is no eigenvalue X of the eigenvalue problem stated in (3.18)

per

satisfying || = e=°7, from ([1], Thm.5.4.17(i)), we deduce that the solution I, obeys (3.15). O

Let us set

() = P (H)Q Y ()L, (1)Q  (t)P,(t) for all t € [0, T]. (3.19)

Theorem 3.6. Let I1,, be a solution of (3.14). Then, II, defined in (3.19), satisfies the following regularity
properties:

IT € Cp, ([0, T); L(Hc)) N Cper ([0, T); L(Dy-, D a-)). (3.20)
IT e Wh(0,T; L((D5-€), D%9))  for all e € (0, a), (3.21)
B*II € CS..([0, T]; L(H,R¥)), (3.22)

a(l - d)

BBl € C? ([0, T); L(H)) with p=

per

_— 2
1-0+a (3.23)



16 M. BADRA ET AL.
Proof.

Step 1. Since IT, belongs to Cl. ([0, T]; L(Hy,c(0), H ¢(0))), we deduce (3.20) and (3.21) from (3.7), (3.8) and
(3.19).

Step 2. To prove (3.22), for (s,t) € [0,7T]?, we write
B*(OT1(t) — B*(s)T1(s) = (B () — B () A" (1) A" (1) TI(¢) + B* () A*~° (1) A (£) (TI(t) — TI(s)).

Then (3.22) follows from the uniform boundedness of A*(t)II(t) and that of B*(s)A*~9(t), which are respective
consequences of (3.20) and of (Az) ), combined with (Az)¢) and (3.21). Indeed, as § < «, (3.21) implies that
IT is Lipschitz continuous with value in £(H, D).

Step 3. Let us prove (3.23). First, from Assumption (Ay), it follows that B belongs to CS., ([0, T]; L(R®, (D -)"))
and to L>=(0,T; L(R¥  (DJ.)")). With the interpolation inequality

IB@)f =B(s) S| porsa-o, < CIBOS =B(s)f1{p,., IBE)S = Bls) i

for all f € RE, we can prove that B belongs to Cgfr([O,T];E(RK,(Df_‘té(l_e))’)) for any 6 € (0,1). By
5

choosing 0 = ﬁ, we obtain B € C2. ([0, T]; L(R*, (D'2*Y)) with p = ?Elzs;i)u Next, from Lemma 2.5, it

yields that P* € C?([0,T); L(H, D..")). Then, by duality, P, € C*([0,T]; £L((D}.")’, H)). Hence, we deduce
P,B € C2,.([0,T); LR®,H)), and since B, (t)B}(¢)II(t) = P,(t)B(t)B*(t)II(t), the conclusion follows from

(3.22). O

Due to (3.23), the family of operators ((A(t) — B, (¢)B (t)II(t), Da))ier satisfies the Assumption (A;), and
therefore it is the generator of an evolution operator on Hc, with regularity space D 4.
We consider the following infinite dimensional Riccati equation

e ([0,T);L(He)), forallte|0,T], T(t)=I*t) >0,

per

IT'(t) + (A*(t) + o DIL(t) + TI(t) (A(t) + o) — T1(¢) B, (¢)BX ()IL(¢) + P (t)P.(t) = 0,
(3.24)
and the evolution operator generated by

A(t) + ol — B, (¢)B:(¢)II(t) is uniformly exponentially stable on Hc.
Equation (3.24)2_3 must be interpreted as an equality in £(D 4, Hc).

In order to establish a relationship between equations (3.14) and (3.24), for any solution II to equation (3.24),
we introduce the operator II, defined by

IL,(¢) = Q*(OII(H)Q(t), for allt € [0, T). (3.25)

Theorem 3.7. Let I, be the solution of (3.14)—~(3.15). Then, II, defined in (3.19) is a solution of (3.24).
Conversely, let II be a solution of (3.24). Then IL,, defined by (3.25), is solution of (3.14)—(3.15).
Consequently, (3.24) admits a unique solution.

Proof.

Step 1. Let us prove the first statement. Let II, be the solution of (3.14)-(3.15). From the equality
L(Q7H(t)Pu(t) = AQ™(t)Pu(t) — Q7 (t)Pu(t)A(t) and (3.14), we deduce that II(t) satisfies (3.24);_s.
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Next, to prove (3.24)4, we first remark that the solution to
y'(t) = [A(t) — Bu(t)(Bu(8))"TI(®)]y(t), Yt>0, yu.(0)=1yo € He, (3.26)

can be decomposed as y = y,, + ys, where y,(t) = S(¢,0)Ps(0)yo and

t
yult) = S(t,0)Pu(0)yo — / S(t, 3)Bu(s) (Bu (1)) TI()ya (5)ds.
0
Due to (2.19), to prove (3.24), it is sufficient to show that y,, satisfies
lyu (@)l e < Me™ " lyol| s, for all ¢ >0, (3:27)

for some positive constants M and 7 independent of ¢. Let us set 2(t) = Q7 (¢)y.(t). Then z is the solution of
(3.16) and satisfies (3.17) with zp = P, (0)yo. We deduce (3.27) from the regularity of Q(t) stated in (3.6).

Step 2. Let us prove the converse statement. Let II be a solution to equation (3.24) and let IL,(¢) be defined
by (3.25). By using the definition of Q(t) in (3.5), and calculating its derivative, we can deduce that I, satisfies
(3.14).

Let us prove that II, satisfies (3.15) or, equivalently, that the solution of (3.16) satisfies (3.17). By setting
2(t) = Q71 (t)P,(t)y(t) and using the uniform boundedness of Q~1(¢) P, (t) stated in (3.7), we deduce that z is
the solution of

(1) = (A= Q7' HBL(H(Q OBLM) TL(1))2(1),  2(0) = Pu(0)yo,

and that z(t) obeys (3.17) with zp = P,(0)yo.
The uniqueness of solution to (3.24) follows from the uniqueness of solution to (3.14)—(3.15). The proof is
complete. 0

Theorem 3.8. The mapping 11 in (3.19) is a real valued operator, and it is the unique solution to the Riccati
equation (3.24).

Proof. Let II be a solution of (3.24). We can see that II, the conjugate of II, also satisfies (3.24) and that
A(-) 4 oI — B, (-)B:(-)II is the generator of an exponentially stable evolution operator on Hg. Setting I, =
Q*(OII()Q(t) for all t € (0,T), from Theorem 3.7, it follows that II, is a solution to (3.14)~(3.15). From the
uniqueness of solution to (3.14)~(3.15) it follows that I, = II,, i.e.

Q" (WI(H)Q(H) = Q" (WI(H)Q(t), te (0,T).

Since, for all ¢t € [0,T], Q(t) and Q*(t) are invertible, we deduce that IT = II, and that the unique solution to
the Riccati equation (3.24) is a real valued operator. O

3.2. Stabilization of the full system
For t € R, we introduce the unbounded linear operator (A (t), D(An(t))) in H defined by

D(An(t) = {z € H| A(t)z —BO)B* Otz € H} and Apn(t) = A(t) — Bt)B* ()II(t).

The main properties of Ar(¢) are stated in the following proposition:
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Proposition 3.9. Let 0 < 0 < o < 1 be the exponents appearing in Assumptions (A1) and (As). The following
results hold.
(i) For allt € R, the adjoint of the unbounded operator (An(t), D(An(t))) is defined by
D(A5(t)) = D(A*(t)) = Da« and  Af(t) = A*(t) — [B*(t)I(¢)]"B*(¢). (3.28)
Moreover, there exists a constant ¢ > 0 such that

VtER, Vr€Dar, b, < llzlln + |4f(Deln < cllzlp,.. (3.29)

(ii) For all t € R, the operator Ar(t) generates a uniform (in t) analytic semigroup {e*4n®} 5o on H. In
the following, we set

An(t) € NI — Ap(t)
where A\g > 0 is chosen large enough such that, for allt € R, the semigroup (e‘sgn(t))szo s exponentially stable.

Without loss of generality, we can suppose that the value Ay is the one appearing in (2.2).
(iii) For all t € R, we have the following uniform (in t) topological equalities

Vo e[0,1-06], DAYL®)) = DY, (3.30)
Vo €01, DAL () = DY.. (3.31)

(iv) The mapping t — Eﬁl(t) belongs to C5..([0,T]; L(H, DY™%)). For 6 € (0,1), the mapping t — gﬁe(t)
belongs to C22.([0,T]; L(H)).

per
Proof.

Step 1. Let us prove (i) and (ii). We notice that [B*(¢)II(¢)]*B*(¢) is a uniformly bounded operator from
D. to H. Hence using the perturbation result from ([33], Chap. 3, Cor. 2.4, p. 81), we conclude that
(A5 @), DA (1)) = (A (£), D(A*(t))), and that (Af(t), Da~) is the infinitesimal generator of a uniformly
(in t) analytic semigroup on H. The analyticity of (A (t), D(An(t))) follows by a duality argument.

Step 2. Let us prove (iii). Since [B*(¢)I1(¢)]*B*(t) € £(D%., H) uniformly in ¢, a perturbation argument together
with Assumption (A;)(y) allows us to deduce that Af(¢) has uniformly (in ¢) bounded imaginary powers (see

[6], Thm. 4.8.7, p. 172 or [20], Prop. 2). By a duality argument it follows that Ap(¢) has also uniformly (in t)
bounded imaginary powers. Then using ([39], Thm. 1.15.3, p. 103) or [41], the following uniform (in t) topological
equalities

[H,D(AL(6)]e = DAL (1), [H,D(An(t))]s = D(AL(L)),

are true for 6 € (0,1). Then, (3.31) follows from (i).
To prove (3.30), we first remark that

~

An(t) = A(t)G(t)  where  G(t) & T+ A~ (1)B(t)B* (£)II(t). (3.32)

We first need to prove that, for § € [0, 1], the mapping G(¢) is an isomorphism from D(A\%(t)) into DY, uniformly
in ¢, namely

VteR, [Gt)allps, < ClALMzn  and  |ALHG (2] < Cllapg. (3.33)
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For that it suffices to prove the inequalities for # = 0 and 8 = 1. Then, the result follows from an interpolation
argument.

The first inequality in (3.33) for 6 = 1 is a direct consequence of the first equality in (3.32) and of (A1) ).
To prove the first inequality in (3.33) for 8 = 0, we first write

ATV (OB)B(OII(t) = A% () (A~ (1)B(2))B* (H)II(¢). (3.34)

By using the change of variable z = A~(1=9)(¢)y in (2.4);, with § = 1 — 8, we deduce that A~(1=9)(¢) is uniformly
bounded in £(H, D). Hence, with the uniform boundedness of B*(t)II(t) € L(H,RX) and of A=(t)B €
L(RX, H), we deduce that the right hand side of (3.34) is also uniformly bounded in £(H, D}°). Thus

A~ (6)B(t)B*(H)II(t) is uniformly bounded in L(H, DY ). (3.35)

Hence G(t) is also uniformly bounded in £(H), which gives (3.33); for § = 0.

Let us now prove the second inequality in (3.33). From (3.32) we deduce that G(t) € C(D(A\H(t)),DA) is
invertible and that G(¢)~! = A\H(t)_lzz[(t) € £(DA,D(EH(15))). Hence, the second uniform inequality in (3.33)
follows from (A1) . Next, from the uniform boundedness of A* (t) in L(D4~, H) and of A\ﬁ*(t) in L(H, D4-~),
we deduce that G~*(t) = X*(t)ﬁﬁ*(t) is uniformly bounded in £(H). Then by duality, G~(¢) is also uniformly
bounded in £(H), and the second inequality in (3.33) for 6 = 0 follows.

Next, let us prove (3.30). Suppose that 2 € D(AY(t)) for 6 € [0,1 — §]. Then, from G(t) € L(D(AY%(t)), DY),
we deduce that G(t)z = =+ A~ (£)B()B* (t)II(t)x € DY . Due to (3.35), A=L(t)B(t)B* (£)II(t)z belongs to DY
Since D% < DY, it follows that = € D%. We have proved the uniform continuous embedding D(A% (1)) < D9

Conversely, suppose that x € D% with § € [0,1 — §]. We have AL (BB (H)II(t)x € DY7°. Since DY~
DY, we deduce G(t)z = = + AL OB()B* (DII(t)z € DY%. Then from G~L(t) € L(DY,D(A%(t))), we deduce
x € D(AY(t)). Then, we have proved the uniform continuous embedding D% < D(A%(¢)). The proof of (3.30)
is compete.

Step 4. Let us prove the first part of (iv). We notice that

-~

flﬁ%t)—ﬁﬁl(s):a LA™ (t) — G Y(s) A7 (s)
) — G () AT + G () (AT () Aﬁ HO)
= G (s)(G(s) — )G ) A () + G (s) A (s)(Als) — A(t)AL(t).  (3.36)

From (3.30) and (3.33), it follows that G~ (t) is uniformly bounded in £(D%). Moreover, we recall that A-L(t)

is uniformly bounded in £(H, D4) and that A € Coer([0,T]; L(Da, H)). Hence, we will get the conclusion if we
prove that G' € C7,. ([0, T7; L(D7?)). For that, we write

+ATHH)B()(B* (s)II(s) — B* (¢)T1(t)). (3.37)
From A* € Coer([0,T]; L(Da~, H)), with a duality argument, we get A e Coer ([0, T); L(H, (Dax)"))-
Since A € Coer([0,T]; L(Da, H)), with an interpolation argument, we deduce that A €

o ([0,T); £(DY°,(D%.))). Then with the uniform boundedness of A=0(t)B(t) € L([0,T])¥,H) and of

per

B*(t)[I(t) € L(H,RX) we deduce that the first term in the right hand side of (3.37) belongs to
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Cger([O,T];ﬁ(Dz_é)). To estimate the other terms we use B € C%..([0,T]; L(R®,(Da-)")), and B*II €

02, ([0, T); L(H,R¥)) (see (3.22)), and we finally obtain G € C%,.([0,T]; £(D}?)). Thus, we have analyzed

per per

the different terms in (3.36), and the first part of (iv) is proved.

Step 5. To prove the second part of (iv), we start from the integral representation:

_ sin(n0)

/%o A+ An(r) ™" = (AT + Ap(s))~HdA, (3.38)
m 0

see ([6], (4.6.9), p.150). First, the uniform exponential stability of (efsgn(t))szo ensures that:

I + A (1) Y ey + |+ An(s)) " Y oy < ~  for all A > 0. (3.39)

> Q

Since Ap(-)(M + Ap(-))~! =T — A(AI + Ap(-))~%, by combining estimate (3.39) with

(AL + Ap(r))™' — (A + Ap(s))
= An(r)(M + An(r) "t (A5 (1) - Ag'(s)) An(s)M + A ()7,

and the fact that A" € C*(R; L(H)), we obtain
I + A (1) ™Y = (AT + An(s)) "l cemy < Clr — 8] (3.40)

As a consequence, by using estimate (3.39) for A > |r — s|~%, and estimate (3.40) for A < |r — s|7%, in the
integral formula (3.38), we obtain

~ ~ +OO ~ ~
1A’ (r) = Ag”(8)ll oy < C/O AT + An(r) ™ = (AT + An(s)) ™ eemdA

1/|r—s|® 400
<C <|r - s|°‘/ A0\ —|—/ )\eld)\> < Clr — s]*?.
0 1

[Ir—s|*
The proof is complete. O

Now, we state a stabilizability result for the evolution operator generated by Ar(-).

Theorem 3.10. (i) There exists a unique parabolic evolution operator (s,t) — Su(t,s) for (An(t), D(An(t))),
with reqularity subspace D}[‘s (in the sense of [6], I1.2.1, p. 45), and with an exponential decay rate o > 0. In
particular, there exists T > 0 such that

Vo e H, Y(s,t) € A*, ||Su(t,s)z| g < Ce™ @) |z 4. (3.41)

(ii) Moreover, for 6 € [0,1] and B € [0,1], the mapping (s,t) — g%(t)Sn(t,s)gﬁ(s) is continuous from A*
into L(H) and there exists T > 0 such that

C

e”THE ||, (3.42)
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and
Vz e H, ¥(s,t) € A, | An(t)Su(t, s) A (s)al| g < Ce™HE=9)]| |1zl (3.43)
Proof.

Step 1. The existence of a unique parabolic evolution operator (s,t) — Si (¢, s) for Ay, with regularity subspace
D}(‘S, follows from ([6], Thm. 2.3.2, p. 222). In fact, due to (3.30) in Proposition 3.9, [H, D(An(t))]1-s = D}(‘s
is independent of ¢. Further, point (iv) in Proposition 3.9, gives the Holder exponent of the map gﬁl(t) as a.
By Assumption (As2) ), a is greater than 6. Thus ([6], Asm. (ii), p. 214) is also satisfied.

Step 2. Let us prove (3.41) for s = 0. The proof is similar for any s € R. We have y(t) = v, (f) + ys(t), where
(see (3.2) and (3.3)) y, and ys are respectively given by

yu(t) = S(t,0) P (0)yo — / S(t,5)Bu(5)B% ()T1(5)yu(5)ds,

ys(t) = S(t,0)Ps(0)yo —/0 S(t, s)Bs(s)B) (s)II(s)y.(s)ds.

From the uniform boundedness of B (¢)II(¢) and from (3.27), the feedback control f(t) = —BZ (¢)II(t)y.(t)
satisfies

[£(t)|lrx < Ce™@F|yolz,  for all £ > 0, and some 74 > 0. (3.44)

Moreover, with such a notation we have the following integral representation for y(t):

ys(t) = S(t,0)Ps(0)yo + /0 S(t,s)Bs(s)f(s)ds, Vit>0. (3.45)

Note that (2.19) guarantees that the first term in the right hand side of (3.45) satisfies the required exponential
decay. Hence, we only have to focus on the asymptotic behavior of the integral term. For that we recall that
Bs(s) = Ps(s)B(s), and we write the integrand as

S(t, 5)By(5)f(s) = (S(t,5)Pu(5)A4°(5) ) (A2 (5)B()/(5)), VO<s <t
First, as an immediate consequence of Assumption (Az) ;) we have the following bound
Vs>0, [[(A(s)""B(s)f ()l < ClLIS)
Using (2.20) with 0 < 27 < 79, it follows that
IS¢, 5)Pa(8)A°(5) | oy < Ce™ 200t — 5] 72,

Since ¢ < 1, with (3.44), Young’s inequality for convolution product and the condition 27 < 79, we obtain
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e (oc+27)(t—s)
] gc/—————wﬂwwm
H 0

/ S(t, 5)By(s) f(s)ds = s
0

B t o efr(tfs) a
< Contrmnr([[e vt G ) ol < €T ol Ve 20
0 -

Step 3. Proof of (3.42) in the case |t — s| < 1. The continuity of (s, ¢) — A (¢)Su(t, s) and estimate (3.42) for
0 =0and § =1, and for 8 =0 and |t — s| < 1, follow from ([6], Thm. 2.3.2, p. 222). Moreover, estimate (3.42),
for 6§ € (0,1), 8 =0 and |t — s| < 1, follows from an interpolation argument.

By remarking that A% (¢)Su(t,s) = A% (t) A (t)Sn(t, s), the continuity of (s,t) — A% (t)Su(t,s) follows
from the continuity of ¢ — Eﬁ_l(t) stated in Proposition 3.9(iv).

Estimate (3.42), for 8 € (0,1), 5 € (0,1) and |t — s| < 1, follows with an argument similar to the one used to
obtain (2.7) (see [7], Cor. 2.3).

Step 4. Proof of (3.42) in the case |t — s| > 1. We have
AG () St(t, s) AL (s) = AG(£)Sr(t,t — 1/2)Su(t — 1/2, 5 4+ 1/2)Su(s + 1/2,5) A2 (s).

To obtain (3.42) when |t — s| > 1, it is sufficient to use (3.41) to estimate Su(t — 1/2,s + 1/2), and (3.42),
already proved when |t — s| < 1, to estimate the other terms.

Step 5. Let us prove (3.43). The estimate (3.43) for |t — s| < 1 follows from ([6], Thm. 2.4.1, p. 228). Let us
prove (3.43) in the case where |t — s| > 1. For all « € H, with (3.42), we have

A D

An(©)Sn(t, ) A (el < O 4g* (el < Cem el

The proof is complete. O
To deal with nonlinear systems, it is convenient to consider the following nonhomogeneous closed-loop system
Yy =An)y+ f(t), y(0) = yo. (3.46)

Since (s,t) — Sn(t,s) is the evolution operator for (Ap(t), D(An(t))), with regularity subspace D%, and
since (Da~)" = (D(A5(t)))’, for yo € H and f € L% ([0, +00); (Da~)’), the solution of (3.46) is the function
y € C([0,400); (Da+)") defined by

y(t) = Su(t,0)yo Jr/o St(t,s)f(s)ds.

Theorem 3.11. Let & be the exponent appearing in (Az)uy. Let yo belong to H and e’tf belong to
12(0.00: (DX?)).
If 6 > 1/2, then the solution to (3.46) satisfies

e wleutomcrm + 1e” Wiy < € (Ionlln + 17 Al o)) ) (.47
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If 6 <1/2, then, for all € € (0,1/2), the solution to (3.46) satisfies

e Ylleuooermn + 167 Yl yagp mpisa-e) < Ce (”%'H el g oovw)')) |
1O\ Hax

Proof. We give the proof in the case § > 1/2. The case 6 < 1/2 can be obtained analogously by replacing 1 — §
by 1/2 — € in the following.

Step 1. We consider the case when f = 0. From (3.41), (3.42) with # =1 — ¢ and § = 0, and from (3.30), it
follows that

€7 ylley (10,0008 + €7 Yl L2(0,00:0-5) < C o]l 1 (3.48)

Step 2. We now study the case when yo = 0 and f # 0. Using (3.31), by duality, it can be shown that the
norms f — ||f||(D1/2)/ and f +— ||A\ﬁl/2(t)f||H are uniformly equivalent. Using (3.42) for # = 0 and 5 = 1/2,
e

and Young’s convolution in weak Lebesgue spaces, we have

e H / () f(s) ds
(o) (t-5)

t
AL/2 A-1/2 e~ %5 |l
S/ St ) A1) A5 ()1 (5) ds<C’/ e ¢ I ) ey s

H

77’ t s
—ot os —ot
< Ce / It — |1/2 |7 f (s )H( 1/2)’d5<0€ [e” fH ( ;(D;/*2)’)~

Thus the estimate of ||e” y||c,([0,00);m) is proved. For the second one, we first notice that, due to (3.30), the
norms y — HyHDix_é and y — Hgll{é(t)yHH are equivalent. Thus, using (3.42) for # = 1 — 6 and § = 1/2, we can

t
/0 Sult,s) £(s) ds
—T(t s)

(o+7)(t—s)
e —0os os ot o
< C/O T e F@ yzy ds < O / sz 17T ey s

write

ly(®)lpys = </ At Sute. ) D20 250 100) |, a

leﬁ

Since ¢ > 1/2, the mapping ¢t — ‘3/2 5 belongs to L!(0,0), and the Young inequality yields

|t

1€Y1l 22 (0,00:015) < C||e"'f||L2(07oo;(D;/*z)')-

The proof is complete. O
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4. INCOMPRESSIBLE NAVIER-STOKES EQUATION

Let Q be a bounded domain in R?, with a boundary 99 of class C?*'. Let us denote by n the outward unit
normal to the boundary. We introduce the function spaces

r 2 _ —
() {yEH (R | V-y=0in Q, (y-n,1) *L(asz)H%(aQ)_O}’ r >0,
() :{ EH(QR?)|[V-y=0 inQ, y-n=0on 89} r>0,
V({(Q):{yGHT(Q;RQ)|V~y:OinQ,y:Oon@Q}, lep<sd,

v ={ye mEXR) | | yon=0} rzo0

For r < 0, V" (99) denotes the dual space of V~"(99Q) with V°(9) as pivot space. In this section, we define
the state space H and the control space U by

H=V%Q) and U=V°09).

n

We recall that L2(2;R?) = H @ VH!(€2). The orthogonal projector from L?(£2;R?) onto H, the so-called Leray
projector, is denoted by P. It is well known that

1
Pe L(HY?75(;R?),V,1/275(Q)), forall0<e< 5 (4.1)
We consider a T-periodic smooth trajectory (Zper, Pper) satisfying
6Zper .
3t - VAzper + (Zper : v)Zper + Vpper = fper in Qx (Ou OO),
Vo Zper =0 in Qx(0,00), (4.2)
Zper = Uper 0N O x (0, 00).
More precisely, we assume that
3
Zper € Cone([0,TT; V() N L>(2 x (0,T);R?),  for some 1 <a< 1. (4.3)

The assumption zper € L(€2 x (0,7); R?) is needed only in the proof of Proposition 4.4. In Section 4.4, we prove
the existence of solutions to equation (4.2) for upe, € 038;1/2([0, T, V3/2(09)) N 03;1/2([0, T); V=12(0%)) and
fper € CS;”Q([O, T); L?(2; R?)), small enough in those norms.

In order to localize the boundary control in an open subset I'; of the boundary 92, we introduce a localization
operator M € L(V9(99)) defined by

m(x)

Joam

Mu(z) = m(z)u(z) —

( . mu-n) n(z), Vaeon, (4.4)

where m is a smooth function with values in [0, 1] and with support in I'. C 99, equal to 1 in I'y, a non empty
open subset in I'.. We note that M is a self-adjoint operator.



LOCAL STABILIZATION OF TIME-PERIODIC EQUATIONS 25

Let (z,p) satisfy the incompressible Navier-Stokes system with an initial condition corresponding to a
perturbation wy € V,2(Q) of zper(0):

%)
a—i —VvAz+ (2-V)z2+Vp= fpee In Qx(0,00),
V-z=0 in Qx(0,00), (4.5)
z=Mu+uper on 900 x (0,00),
Pz(-,0) = wo + Pzper (+,0) € VI().
Let us emphasize that, since the normal component of the boundary condition z - n = (Mu + uper) - 7 is not
necessarily zero, the solution z(#) to system (4.5) does not belong to V,V(£2) and the initial condition has to be
stated for Pz(-,0) and not for z(-,0) (see [34], Rem. 2.4).

Our goal is to find u, as a feedback depending on z — zr, able to stabilize z — zper to zero for some norm,
with any prescribed exponential decay rate o > 0. For that, we set

W = 2 — Zpery 4 =P — Pper-

The pair (w, q) satisfies

0
8—1: — VAW (w-V)w+ (w- V)zper + (2per - V)w+Vg=0 in Qx(0,00),
V-w=0 in Qx(0,00), (4.6)
w=Mu on 99 x (0,00),
Pw(-,0) =wy in Q.
In the next subsections, we are going to see that the linearized system associated to (4.6) enters into the
functional framework studied in Sections 2-3.

4.1. Stabilization of the linearized system

Let us first consider the linearized system associated to (4.6):

8871: —vAw + (w : V)Zper + (Zper . V)IU +Vg=0 in 2 x (Oa OO)’
V-w=0 in §x(0,00), (4.7)

w=Mu on 90 x (0,00),
Pw(-,0) =wp in Q.

To write system (4.7) in the form (1.1), we first introduce the Stokes operator (Ao, D(Ap)) in H defined by
D(Ap) = V2(Q) N V(Q) and

Agy = —vPAy, for all y € D(Ap). (4.8)
We also consider the family of closed linear operators in H, (A1 (t), D(A1(t)))ter, defined by
D(A;(t)) = Vo (), with 0<e < 1/2,
A1ty = ~P((y - V)zper(t) + (2perlt) - V), for all y € V3H(Q),
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The family of adjoint operators (A3 (t), D(A5(t)))tcr satisfies
VIH(Q) € D(AT(K) and
A8y = ~P((Vaper (1) Ty = (zper(t) - V)y), for all y € Vi H5(9).
Next, we define the family of unbounded operators in H, (A(t), D(A(t)))i>0, by setting D(A(t)) = VZ(Q) N
Vi (Q) = D4 and
A(t) = —Ag + A1(t) forallt € R. (4.10)

Lemma 4.1. We assume that (4.3) is satisfied. Then (A(t), Da)ier satisfies the assumptions (al), (a2) and
(a3) of Proposition 2.6. Therefore (A(t), Da)icr generates a family of evolution operators {S(t,s) | —oo < s <
t < oo} on H.

The family of operators (A*(t), D(A*(t)))icr is defined by D(A*(t)) = Dax = D4 and

A () = VP AL+ P[(Viper(t)T€ — (2per(t) - V)E]  for all £ € Dy-.

Proof. Since zper is T-periodic with respect to time ¢, it is clear that (A;(¢), VOHE(Q))teR is T-periodic, and
(al) in Proposition 2.6 is satisfied. We recall that

D(AY* /%) = [VO(Q), VZ(Q) NV (Q)]1j24e2 = VEHE(Q) forall 0 < e < 1/2.
Thus, (2.33) is satisfied for 8 = % + £. If y € V' T°(Q) with 0 < £ < 1/2, we have
[A1()yllvoe) + AT Bllve@) < Cllzper )l @) 1¥llyi+e o)

see ([8], Sect. 2.2). Thus (a3) in Proposition 2.6 is satisfied. Let us check that ¢ — A;(t) €
ce ([0, T]; E(D(A(l)/ers/Q), H)). This regularity result follows from the estimate

per

1(A1(1) = A1 () llvge < Cllzper(t) = zper(s) L) [l oy,

and from (4.3). Proving that ¢ — Aj(¢) belongs to C%,.([0, T]; .C(D(Aé/2+5/2), H)) can be done in the same way.

per
Therefore the assumptions (al), (a2) and (a3) in Proposition 2.6 are satisfied and the proof is complete. O

We choose A\g > 0 so that
v
(o + A0 = A0y, Doy > 9l oy (4.11)

for all t € [0,T] and all y € D4. As in (2.2), we set

o~

A(t) = NoI — A(t) = Mol + Ag — Ay (2). (4.12)

We introduce the Dirichlet map G(t) € L(V°(99),V°(€)), defined by G(t)u = w,(t) for all u € V(9Q) and
t € [0,T], where (wy(t), g (t)) is the unique solution (uniqueness up to an additive constant for the pressure ¢,)
of the following equation

AWy — VAW, + (Wy - V) Zper (t) + (Zper(t) - V)wy, + Vg, =0 in

(4.13)
Vew,=0 in Q, w=wu on 09N
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The solution to equation (4.13) is defined by the transposition method (see e.g. [34], B.7).
Lemma 4.2. The mapping t — G(t) belongs to C([0,T]; L(V*(8Q), VT2 (Q))), for all s € [0, 3.
Proof.

Step 1. Decomposition and preliminary estimates. We look for the solution of equation (4.13) in the form
(Wy, Gu) = (Vy + Wa, pu + qa), where (v, py) is the solution to

AUy — VAV, +Vp, =0 in €,

(4.14)
Veov,=0 in Q wv=u on 09,
and (wg, ¢q) is the solution to
AWq — VAW, + (Wg - V)2Zper + (Zper - V)W + Vg, = F, in Q, (4.15)
Vow,=0 in Q w,z=0 on 99, .
where Fy, = —(vy - V)2per — (Zper - V), From ([34], Cor. A.1), it follows that
Hvu”C’a([O,T];VSJr%(Q)) < C”UHCQ([(]’T];VS(BQ)) for all s € [0, 3/2]. (4.16)
In ([34], Cor. A.1), Q is of class C3, but Q of class C?! is sufficient. We have
(@)l (sm2) < Cllva(®)ll, 4 g lzper(B)llvi(e)  forallt €[0,T],  and
||Fu(t)HL2(Q;]R2) < CsH'Uu(t)HV%JrS(Q)Hzper(t)HVl(Q) for all s €]1/2,3/2] and all ¢ € [0,T].

Step 2. Let us prove the lemma for s € [0,1/2]. With (4.11) we can obtain the following estimate
[wall Lo 0,7:v1 () < CllFullLo 0,111 (2:2)) (417
< C””“HLw(o,T;V%(Q))”Zper||L°°(o’T;Vl(Q))' '

For 7, t € [0,T], the equation satisfied by w, () — w,(7) can be written in the form

Ao(Wa(t) = wa(7)) — VA(wa(t) — wa(7)) + (wa(t) — wa(T)) - V)2per(t)
+(zper (t) - V)(wa(t) — wa(7)) + V(qa(t) — ga(T)) (4.18)
—(wa(7) - V) (2per (t) = 2per (7)) = ((2per(t) = 2per(7)) - V)wa(7) in Q,

Vo (we(t) —we(r)) =0 in Q, we(t) —we(r)=0 on 9N
Still using (4.11) we can obtain

[wa(t) — wa(T)[[v1(Q) < CllwallLeo,7:v1 (@) ll2per (t) = 2per(T) lv1(02)-

From which we deduce

|wallce o111 (@) < Cllwallze o,m5v1 @) | 2perll e (o, 7771 (@))- (4.19)
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The proof of the lemma for s € [0,1/2] follows from (4.16), (4.17), and (4.19).

Step 3. We prove the lemma for s €]1/2,3/2]. For all 0 < € < 1/2, we have

1(wa - V)zper + (2per - V)Wall oo 0,752 (sr2)) < Ccllwall Lo 0,151 (0)) [12per | Lo (0,75v1.(2)) -
Thus, for s > 1/2 and 0 < € < 1/2, it yields that

[wall Lo 0,752 ()) < ClIFu + (Wa - V) 2per + (2per - V)Wall Lo (0,752 (2:2))

< Cellvull e gy 55 12per I 0131 2)) + walloe 0,1v 1 @) 1 2per | Lo 0,71 ()

By reasoning as in the case when s € [0,1/2], we obtain the bound of w, in C*([0,T];V27¢(£2)). Next using
that bound we can finally obtain the bound for w, in C*([0,T]; V3(Q)). O

We introduce the control operator B(t) defined by

~

B(tyu=—A(t)PG(t) Mu, forallueci =V°(0Q), (4.20)

where A(t) is defined by (4.12). It is clear that the conditions (b1) and (b2) of Proposition 2.6 are satisfied by
B(t). From (4.20), Lemma 4.2, and (4.1), it follows that

AOW)B(t) = AV (PG()M € L(VO(8Q), H), for all Z <8<1 andalltecl0,T]. (4.21)

Thus, we can choose § such that 3 < § < «, and the condition (b3) follows from (4.21).

We are now in position to write system (4.7) in the form (1.1). Following the approach introduced in [34] for
the autonomous Oseen system, it can be shown in the same way that a function w € L% ([0,00); VO(Q)) is a
solution of (4.7) in the transposition sense (see [34], Def. 2.2) if and only if (Pw, (I —P)w) is a weak solution of

the following system

(Pw)(t) = A(t) (Pw(t)) + B(t)u(t) in (D), ¥Yt>0, Puw(0)="Puy,

(4.22)
(I —Pw(t) = (I —P)G(t)Mu(t).

This equivalence is proved for the Stokes system in ([34], Thm. 2.4). The autonomous and nonautonomous
Oseen systems are studied in ([34], Sect. 4), and the equivalence between the two notions of solutions can be
adapted from ([34], Sect. 2).

Since B € Cp, ([0, T]; L(V, (Da~)"), we note that (4.22); is not valid in H, but in (D4~)".

Note that (A(-),Da) and B satisfy the assumptions of Proposition 2.6, and therefore they also satisfy
Assumptions (A;) and (Az). As in Section 2.3, the Poincaré map is defined by

U(t)=S(T +t,t),
where {S(t,s) | —oo < s <t < oo} is the family of evolution operators on H generated by (A(:), D). Then
U(-) satisfies Proposition 2.3.

From now on, we choose the prescribed exponential decay rate o > 0. We denote by N, € N the number for
which {A\, }nen, the spectrum of U(0) except 0, satisfies (2.13), namely

S Pl <eT T <P < < ) (4.23)
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Now we need to verify the Hautus condition (1.7) to prove that the pair (A(t), B(t))ter is open-loop sta-
bilizable in V,2(Q), with the prescribed decay rate o. We first need to characterize B*(t) in the following
proposition.

Proposition 4.3. The adjoint of G(t) € L(V°(9),V°(Q)) is defined by

Gt f =d(thh—v——=, YV feV(Q),

n

9¢(1)
0

where (€,) € C*([0,T]; (Vi (Q) NV2(2)) x HY(2)) is the solution of

)\05 - VA& + (Vzpcr(t))Tg - (chr(t) ! V)g + V’l/) = f in Q,

(4.24)
V-&=0 in Q £=0 on 09.
The adjoint of B(t) € L(V°(0Q), (Da~)") is defined by
B* ()€ =M (wn - ugi) ., VeeDa-, Vielo,T),
where the pressure 1 € C*([0,T]; H*(R)) is uniquely defined, up to an additive constant, by the equation
A(t) = —div ((1 —P) [(vacr(t))Tg - (zpcr(t).V)§D i Q )
0 4.25
a% = [VAE — (Vapes ()€ + (zpee(t) - V)E] - m om0

Moreover, t — B*(t) belongs to C*([0,T); L(VT2(Q) N VE(Q), V(8RQ))), for all s € [0, 3.

Proof. The expressions of G*(t) € L(V?(Q),V°(0)) and B*(t) € L(Da~,V°(0Q)) can be found in ([34],
Lem. B.4). The regularity of ¢ — B*(t) can be proved using the same type of arguments as those in the
proof of Lemma 4.2. O

Proposition 4.4. Let A belong to {)\; | 1 < j < N,}, where Ny is characterized by (4.23). Let £ € H'(0,T; H) N
L?(0,T; Da~) satisfy

75/('715) = A*(t)f(,t), fOT allt € [OvT]a 5(70) = Aﬁ(,T) (426)
If B*(t)¢(x,t) =0 on Ty x [0,T], then £ =0 in Q x [0,T].
Proof. From the definition of B*(t), it follows that

_%k vAE + (Vzper)Té — (2per - V)E+VY=0and V-£=0 in Qx (0,7),

ot
9¢

(4.27)
£=0 and M(wn - y%) —0 ondQx(0,T),

and ® is the solution to equation (4.25). We set

o (z,t)
on

x(x,t) =¢(z,t)n —v for all (z,t) € 9Q x (0,T).
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For all z € 99, we denote by 7(z) the unit tangent vector to 92 for a given orientation. Using (4.27)2 and the
definition of M in (4.4), we get

myx-7=0 and my-n m=m mx-n on 0 x (0,T). (4.28)
aQ a9

Since £(-,t) is regular and is a divergence free vector field, using the decomposition & = &7 + &,n, we have

08, 0&n
T+5

diveé = +¢-ndiv(n) =0 on 90 x (0,7).

As & =0 on 09 x (0,00), we have %ET’ = 0, and therefore 68% =0 on 00 x (0,7). Since g—i ‘n o= % =0 on
90 x (0,T), the second identity in (4.28) reduces to mi [, m =m [, mi, from which we deduce 1) = C on
'y x (0,T) asm=1onT}y.
We denote by 2. D Q an open set such that Q. \ Q is simply connected, (2. \ Q) = 'y UT,, where I'. NQ = .
Since
23

£E=0 and ¢Yn-— Voo = Cn onlyx(0,T), (4.29)
n

we extend £ and 1 to . by setting

(geawe) = (571#) in Q, (§,e) = (070) in Q. \ Q,

and we extend zper to Qe \ © by a bounded function, still denoted by zpe;. Due to (4.29), the pair (&, )
satisfies (4.27)1 in Q. x (0,T), and & = 0 in Q. \ Q. Since the extension of zpe, belongs to L= (. x (0,T)),
from ([21], Thm. 1.4), it follows that £ =0 in Q x (0,T). O

For any family u = (uj) in Cg., ([0, T7T; (V1/2(09))K), we recall that the operator B(-) associated to u is
defined in (1.4) by

tf= ij tyu;(t) for all f = (f1,--, frx) € RE. (4.30)
The operator B(t) belongs to L(RX, (D 4+)’) and its adjoint B*(t) € L(Da~, RE) is defined by
B*(t)¢ = ( B*(t)¢ uj(t)> , forall € € Dy~ and all ¢t € [0, 7.
[29] 1<j<K

Lemma 4.5. There ezists a family u = (uj)j i C([0,TT; (VY2(09Q))K) such that the pair (A(-),B(-)) is

per
open-loop stabilizable with the exponential decay rate o > 0, and therefore Assumption (As) is satisfied.

Proof. Tt follows from Proposition 4.4 and ([7], Cor. 3.19). O

Remark 4.6. The size K of the family given by the Lemma 4.5 can be chosen equal to the maximum of
the geometric multiplicities of the eigenvalues (\;)1<j<n,. We also underline that the family u = (uj)jil can
be chosen independent of the time variable ¢ if we choose K greater or equal than the sum of the geometric
multiplicities of the eigenvalues (\;)1<;<n,. We refer to [7] for details.

In fact, we have the following unique continuation result stronger than the one stated in Proposition 4.4.
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Proposition 4.7. Let A belong to {)\; | 1 < j < N, }, where Ny, is characterized by (4.23). Let £ € H'(0,T; H) N
L2(0,T; D 4+) satisfy (4.26). For a nonempty open interval (a,b) C (0,T), if B*(t)é(x,t) =0 on Ty x [a,b], then
£€=0inQx[0,T).

Proof. First, by following the lines of Proposition 4.4 but with (a, b) instead of (0,7T), from ([21], Thm. 1.4) we
deduce that £ = 0 in €2 x [a, b]. Thus, since (-, a) = 0 in 2 we deduce that £ (which is solution of a backward
equation) also vanishes on [0, a], namely £ = 0 in  x [0, b]. In particular, £(-,0) = 0 in . Finally, from |A| > 0
and 0 = £(+,0) = A¢(+, T') we deduce that &(-,T) = 0, and then that £ =0 in Q x [0, 7. O

The above proposition guarantees the existence of a family reduced to a single element (K = 1) for which
(A(-),B(+)) is open-loop stabilizable.

Lemma 4.8. There exists a family u = (u) in CJ,,([0,T7; V1/2(09)), reduced to a single element (K = 1), such

that the pair (A(-),B(-)) is open-loop stabilizable with the exponential decay rate o > 0, and therefore Assumption
(As) is satisfied.

Proof. Tt follows from Proposition 4.7 and ([7], Cor. 3.19). O

From now on, the family u = (uj)le is that introduced in Lemma 4.5 or in Lemma 4.8, and B(¢) is the
associated control operator.

Let II(t) € L(H) be the solution to equation (3.24). Let us consider the linear homogeneous closed-loop
system

%—1: — VAW (W V) 2per + (Zper - V)W +Vg=0 in Qx (0,00),
V-w=0 in Qx(0,00),

K (4.31)
w(-,t) = =B*"()I(t)Pw(t) - ut) = — Z (B* ()L (¢)Pw(t)); u; on 902 x (0,00),

Pw(0) =Pwy in £
As in Section 3.2, we introduce the family of operators (An(¢), D(An(t))) defined by
An(t) = A(t) = B@)B*(H)IL(¢), D(An(t)) ={xr e H| Alt)xr —B@)B*(¢)II(t)x € H}.
The system (4.31) is equivalent to

(Pw) (1) = An(t)Pw(t) in (Da-),t>0, Pw(0)=wo,

4.32
(I —-P)w(t) =—I —P)G(t) (B*()II(t)Pw(t) - u(t)),t > 0. (4.32)

From Theorem 3.10, it follows that, for all wy € V,2(9), the solution Pw of equation (4.32); satisfies
lle” Pw(:)ll e, (o,00);0) < Cllwoll- (4.33)

Before ending this subsection, let us recall some useful results. With the notation introduced in Sections 2-3,
we have

Vi (@) =DY? =Dy’ v = (DY,

(4.34)
and V1/275(Q) — D}L‘/4_E/2 forall 0 <e <1/2.
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4.2. Non-homogeneous closed-loop linearized system

Let us consider the following closed-loop non-homogeneous linear system

%@; — VAW + (- V)zper + (2per - VI + Vg =h in Qx (0,00),

V-w=0 in §x(0,00),
w(-,t) = —B*()I(¢)Pw(t) -u(t) on 92 x (0,00),
Pw(-,0) =we in €,

(4.35)

where h is a given forcing term in L?(0, oo; H ~!(Q;R?)). The operator P can be extended as a continuous linear
operator P € L(H~1(Q;R?),V~1(Q)), where V~1(Q) is the dual of Vi (), with V,9(Q2) as pivot space (see [32]).
Thus Ph belongs to L?(0, 00; V=1(Q)). The above system is equivalent to

(Pw)(t) = An(t)Pw(t) +Ph(t) in (Da-),t>0, Pw(0)=wp,

(4.36)
(I -Pw(t)=—-I —P)G(t) B*(OI(t)Pw(t) -u(t)),t > 0.
We can write the equation satisfied by w,(-) = P, (-)Pw(-) as follows:
w; (t) = (Au(t) - B, (t)BZ(t)H(t))wu(t) + Py (t)]P)h(t)v t>0, wu(o) = Pu(o)wo = Wo,y- (437)

We first prove the following.

Proposition 4.9. If e "h(-) belongs to L*(0,00; H1(Q;R?)), and if wy € V.2(Q), then the solution w to system
(4.35) belongs to L*(0,00; V1/275(Q)) N Cy([0, 00); L2(%; R?)) and satisfies the estimates

lle” Pw(-)llcy(o,00):z2(05r2)) + 1€ (I = P)w(-)l[cy(j0,00);22(072))

< C(llwolle + lle” "h()l 2 (0,00: -1 (2:R2)) )

and (4.38)
lle” Pw()l| 22 (0,005v172- () + l€7 (1 = P)w(-)[| 22 (0,00;v1/2-2 (02))

< Ce(llwollm + [le” "h()l| 20,00, -1 (r2)) ), for all 0 <e <1/2.

Proof. The estimates for Pw(-) follow from (4.34) and from Theorem 3.11, by choosing ¢ in (4.21) close enough
t03/4tosatisfyi—%§1—5< %.
To estimate (I —P)w(-), we notice that B*(-)II(-) belongs to C%,.([0,T]; L(H,R¥)) and G(-) belongs to

Co ([0, T]; L(VY2(0Q), V1(Q)). Thus the estimates for (I — P)w(-) follow from (4.36)s. O

per

Proposition 4.10. If €7 "h(-) belongs to L?(0,00; H=1(;R?)), and if wy € V,2(Q), then the solution w, to
equation (4.37) belongs to L*(0,00; H) and satisfies

€7 wu () ey (0,00):m) + [1€7 Wu () L2(0,00:1) < Cllwollmr + [1€7 h()[ 20,001 (2R2)))- (4.39)
Moreover, the mapping t — B*()II(t)w,(t) belongs to HY*(0,00; RX), and

[7 B (VI )wu () 5174 0,00y < Clllwollar + 117 "h()[L2(0,00;-1(072)))- (4.40)
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Proof.

Step 1. The estimate (4.39) follows from Proposition 4.9 and the fact that P, € Cpe:([0,T); L(H)) (actually
P, € Cper([0,T]; L(H, Dy)) see (2.18)).

Step 2. Let (Q(t)):er and A be the operators introduced in Proposition 3.2. To prove (4.40), we set z(t) =
Q 1(t)w,(t). The equation satisfied by z is

Z(t) = (A= Q7 (OBL()(Q ™ (HBu() Tu(t)2(t) + Q7 () Pu(t)h(t),t > 0, 2(0) = wou,

and the equation satisfied by e? z(-) is

ety

at (4.41)
= (A +0l = Q71 (1)Bu(1)(Q ™ (1)Bu(t) Tu(t) (7 *2(t)) + Q' (1) Pu(t)e” h(t).
With (4.38) and the fact that Q' P, € C}..([0,T], L(Hc, He,u(0))) (see (3.7)), we first get
le” 2()llen(10.00): e, w0)) F 167 2 () L2 (0,001 0)) (4.42)

< O(llwolle + lle” () 22(0,00;H -1 (5R2)))-
From Proposition 3.3, it follows that (Q~'(-)B,(:))*IL,(-) belongs to Cy([0, 00); L(Hc,,(0))). Thus, we have
le” BO)Q ™ ()Bu(-) T ()2 ()l 220,00 ) < Clllwollar + [le7 P() ] £2(0 00311 (52)))-
Since QP € Cper([0,T), L(D'y., Hc 4, (0))), see (3.7), we obtain

le” Q7 ()Bu()(Q ™ ()Bu () T () ()|l L2 (0,00 He... (0))
< C(llwollm + lle” "h()l 20,0051 (2R2)))-

Combining the above estimates for the RHS of equation (4.41), we obtain
le” " 2( ) 10,0031, (0)) < Cllwolla + [l€7 " h() | L2(0,00;r-1(272)))- (4.43)
To estimate [|e” B*(-)II(-)wy(-) || g1/4(0,00;r %), DOt that
o7 B OOl 0y = 17 B OTOROON s

- / > / * 7 B (OI(Q1)2(t) — B ()(5)Q(s)2(s) 1.

(e
0o oo HB* (t)H(t)Q(t) — B> (S)H(S)Q(S)Hi(b{c (0),CX) " )
= O(/ / It — s[3/2 ’ 7" 2() e, 0y ds dt
||€0'tz(t) — GUSZ(S)H%[ u(o)
/ / IB* ()IL(5) Q(3) 1 2 1. o 0) ) TR = ) ds dt

< CIB* ()G Q) e (0,11 (Fe . (0),cx ) 1€7 2 ) H1 (0,005 He 0 (0)) 5

per
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for o > 3. Thus, with (3.6), (3.22), and (4.43), we obtain
le” B* ()T )wu (Ml 11/ 0,00) < Cllwoller + €7 AC) | L20,00:m-1 @m2)))s

and the proof of (4.40) is complete. O

Proposition 4.11. If €7 "h(-) belongs to L*(0,00; H=Y(Q;R?)), and if wy € V2(2), then the solution w to
system (4.35) satisfies the estimate

le” w()ll2(0,00v1(02)) < Clllwolla + €7 "A() 120,001 (2572)) )- (4.44)

Proof. We rewrite the system (4.35) in the form

%—l: —VvAw+ow+Vg=—(w-V)2Zper — (%per - V)W +ow+h in Qx(0,00),
V-w=0 in € x(0,00), (4.45)
w(-,t) = —B* () (t)Pw(t) -u(t) on 92 x (0,00),
Pw(-,0) =wy in £,
and we have
Het(_AO_UI)HL(H) < Ce 79 for some € > 0.
We set w =+ & and ¢ = p + p, where
¢ .
E—VAC—I—UC—FVPZO in Qx(0,00),
V-w=0 in £ x(0,00), (4.46)
(-, t) = =B*(OI()Pw(t) -u(t) on 092 x (0,00),
¢(0) =0,
and
23 :
5 VAE+ 06+ Vp=—(w-V)zper — (2per - VJw+ow+h in Qx(0,00),
V-&=0 in Qx(0,00), (4.47)

£(,t) =0 on 09 x (0,00),
P¢(-,0) =wp in Q.

We have B*()II()Pw(-) = B*()I(-)P,(t)Pw(-) = B*(:)II(-)w,(-). Thus, from (4.40), using that u €
Co ([0, T]; VY2 (09; RE), it follows that

per
le? B ()LL) Pw () - ul)ll /2004 00x 0,000 < Cllwollm + 117 ) 200,002 (:72)) )
Using ([34], Thms. 2.3 and 2.6), with the above estimate, it follows that

e ¢ L2 0.00v 1 (@)) < Clllwoller + €7 h() L2 (0,00 -1 (2:r2)))-
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To estimate £, using that div zper = 0, we notice that

lle? (=(w - V)zper — (2per - v)w)||L2(0,oo;H—1(Q;R2))

< CsH@U'wHL2(o,oo;v1/2fs(Q))HZperHca ([0,T);VH(R))>

per

for all 0 < e < 1/2, and

lle” owl| L2 (0,001 (r2)) < Clle” w][L2(0,00;22(2)-

From these estimates, with (4.38), it follows that

1€ L2 (0,003 () < CUllwollar + 1€ "R 20,001 (22)))-

4.3. Local stabilization of the nonlinear system

To handle the nonlinear term in (4.6), we set
N(¢) = (¢- V)¢

The nonlinear closed-loop system reads as follows

%—1: — VAW~ (W V) 2Zper + (Zper - V)W + Vg = —N(w)
V-w=0 in x(0,00),
w(-,t) = =B () (t)w(t) -u(t) on 92 x (0,00),

Pw(0) =wo in €.

The above system is equivalent to

(Pw)'(t) = An(t)Pw(t) — PN(w(t)) in (Da-),t >0,
(I - P)w(t) = —(I — P)GO)B*(O)II(¢)Pw(t) - u(t),t > 0.

Lemma 4.12. We have

in Qx(0,00),

Pw(0) = wo,

1e” N ()l 22 0,0051 -1 (@:72)) < C1 167 ¢l T (0,010 (02))n 12 (0,001 ()

and
7" (N(¢1) = NGl £2(0,00;r-1 (272))

<G <||€U'ClHL°°(O,oo;V"(Q))ﬂLZ(O,oo;Vl(Q)) + HeaACQHLw(O,oo;VO(Q))ﬁLQ(O,oo;Vl(Q)))

X (||€J'(Cl - Cz)HLoo(o,oo;v,g(sz))mm(o,oo;vl(Q)))7
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(4.48)

(4.49)

(4.50)

(4.51)

for all €° ¢, €7 (1 and ey belonging to L?(0,00; V1(Q)) N L>(0,00; VO(Q)), and some positive constant C;.
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Proof. We notice that L2(0,00; V1(2)) N L>(0,00; V°(Q)) < L*(0,00; L*()), and, using that div({ = 0, we
have

lle? (¢ V)€l £2(0,00;-1 (2:R2)) = sup €7’ /Q(C(') ®£(): Vodz

Hd)HHé(Q;RQ):l LQ(O,OO)

< e 16 C) @ €Oz @mn) | 120 0y
<C He”'||C(')HL4(Q;R2)||f(‘)||L4(Q;R2)||L2(0,oo)
< Olle” CO)ee (0,002 (22 €0 240,004 072

< Oe? ¢ 220,007 1 ()L (0,00:v0 (@) IE () | 220,005V (@)L (0,000 () »

for all ¢ € L?(0,00; V1(Q)) N L>(0,00; VO(Q)) and ¢ € L2(0,00; V() N L>(0,00; VO(Q)). The estimates in
(4.51) can be derived from the above one. O

Theorem 4.13. There exist positive constants py and po depending on o, Q such that, for all p € (0, o) and
for all initial condition wo € V,0(Q) satisfying

lwollvo) < pou, (4.52)
there exists a unique solution w of the closed-loop system (4.49) in the ball

D, = {e” w e L*(0,00; V}(2)) N Cp(]0,00); VO()) |

(4.53)
7 wllr2(0,00,v1(2)) + l€7 W[ Lo (0,005v0(02)) < 1}
Proof. For a given p > 0, we consider the mapping
F (= we
where ¢ € D,, and w is the weak solution to the system
(Pwe)'(t) = An(t)Pwe(t) —PN(¢) in (Da-)',t >0, Pwe(0) = wo, (4.54)

(I = P)we(t) = —(I — P)G(t)B*(O)TI(t)Pwc(t) - ult),t > 0.

As in ([32], Thm. 4.2), using estimates established in Lemma 4.12 for nonlinear term N (w(-)), we can show that
there exist positive constants py and p depending on o, €, such that F' is a strict contraction in D,, provided
that (4.52) is satisfied. The theorem follows from the Banach fixed point Theorem. O

4.4. Existence of time periodic solutions

Now, we state a theorem claiming the existence of a solution to system (4.2) under some smallness condition.

Theorem 4.14. Let 0 belong to (1/2,1) and T be positive. There exists a positive constant Cp 1 such that, for
all Uper € O, ([0, T); V3/2(0Q)) N CEL([0, T); V=12(09Q)) and all foer € C%, ([0, T]; L2(;R?)) such that

per per per
[uperllos, (o.71,v3/2 000282 (0.13v 172 (00y) F 1 fperllcg,, 01102 0m2)) < Coyr,

the system (4.2) admits a solution zper € C%.([0,T];V2(Q)) N CIEE([0,T];VO(Q)). In particular zper €

per per

Co ([0, T V) N L=(Q x (0,T); R?), withao =60+ 5 > 3.

per
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Proof. We refer to ([15], Thm. 1), where a similar result is proved for a more complex fluid-structure system.
But the proof can be directly adapted to our system. The fact that zpe: belongs to C2, ([0, T]; V1 (2)) follows by

per

interpolation. The fact that zpe; belongs to L% (2 x (0, T); R?) follows from the imbedding C?,. ([0, T]; V3()) <

per

L=(Q x (0,T); R?). 0

For other existence results for the Navier-Stokes system, we also refer to [23, 27]. Other results may be
obtained without smallness condition but under geometrical conditions on {2, see, e.g., [25].
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