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LOCAL FEEDBACK STABILIZATION OF TIME-PERIODIC

EVOLUTION EQUATIONS BY FINITE

DIMENSIONAL CONTROLS

Mehdi Badra1, Debanjana Mitra2,*, Mythily Ramaswamy3

and Jean-Pierre Raymond1

Abstract. We study the feedback stabilization around periodic solutions of parabolic control systems
with unbounded control operators, by controls of finite dimension. We prove that the stabilization of
the infinite dimensional system relies on the stabilization of a finite dimensional control system obtained
by projection and next transformed via its Floquet-Lyapunov representation. We emphasize that this
approach allows us to define feedback control laws by solving Riccati equations of finite dimension. This
approach, which has been developed in the recent years for the boundary stabilization of autonomous
parabolic systems, seems to be totally new for the stabilization of periodic systems of infinite dimension.
We apply results obtained for the linearized system to prove a local stabilization result, around periodic
solutions, of the Navier-Stokes equations, by finite dimensional Dirichlet boundary controls.
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1. Introduction

In this paper, we are interested in the local feedback stabilization of some time-periodic semilinear parabolic
control systems. We consider systems for which the underlying linearized system is a time periodic control
system in a real Hilbert space H of the form

y′(t) = A(t)y(t) +B(t)u(t), ∀ t ≥ 0, y(0) = y0 ∈ H, (1.1)

where A(·) is T -periodic and, for each t, (A(t),D(A(t))) generates an analytic semigroup on H. The control
operator B(·) is also T -periodic. For each t, B(t) is an unbounded operator from a real Hilbert space U into H,
and u(t) ∈ U is the control.

In a series of recent papers dealing with the feedback stabilization of autonomous systems, feedback control
laws are determined by solving finite dimensional Riccati equations [10, 32, 36]. In those papers, the idea is
to look for controls of finite dimension. This approach has several advantages. First of all, these feedback laws
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are well adapted to locally stabilize semilinear parabolic systems. And from a numerical viewpoint, even if the
semidiscrete approximation of the infinite dimensional system is of very large dimension, the Riccati equation
used to define the feedback control law is of very small dimension, and therefore very easy to solve (see [4]).

In the present paper, we would like to adapt to time periodic systems the approach developed in [10, 36] for
autonomous systems.

By controls of finite dimension, we mean controls of the form

u(t) =

K∑
j=1

fj(t)uj(t), (1.2)

where the functions uj(t) ∈ U are considered as actuators, and are chosen to satisfy some stabilizability property.
The family {uj(t) ∈ U | 1 ≤ j ≤ K} can also be chosen independent of the time variable t, see ([7], Cor. 3.12).
For 1 ≤ j ≤ K, the functions fj ∈ L2(0,∞) are the control variables that we are going to look for in feedback
form. When u is of the form (1.2), we can rewrite the system (1.1) in the form

y′(t) = A(t)y(t) + B(t)f(t), ∀ t ≥ 0, y(0) = y0 ∈ H, (1.3)

where f(t) = (f1(t), · · · , fK(t)) ∈ RK and

B(t)f(t) =

K∑
j=1

fj(t)B(t)uj(t). (1.4)

In order to determine feedback control laws stabilizing system (1.3), we need to prove that the pair
(A(t),B(t))t≥0 is stabilizable. In [7], for a time-periodic linear system corresponding to a periodic operator
A(·) and a periodic control operator B(·), satisfying Assumptions (A1) and (A2), various equivalent neces-
sary and sufficient conditions for open-loop stabilizability of (A(t), B(t))t≥0 have been proved. Further, seeking
finite-dimensional stabilizing controls in the form (1.2), as a linear combination of actuators, the existence of
such families of actuators has been established in [7] along with a lower bound for the dimension of the family
of actuators. However, unlike in the autonomous case, for time-varying systems the feedback stabilizability of
(A(t),B(t))t≥0 may not be equivalent to open-loop stabilizability (see [7], Rem. 3.2). The main goals of the
present paper are to obtain feedback stabilizability results for system (1.3) and to determine explicit feedback
laws.

More precisely, the main results of the paper are the following ones:
– When the pair (A(t),B(t)) is open-loop stabilizable with a prescribed exponential decay rate σ ≥ 0, we

determine, via Riccati equations of finite dimension, feedback control laws able to stabilize the system (1.3)
(Thms. 3.8 and 3.10(i)).

– We study the regularity properties of the evolution operator of the associated closed-loop linear system in
Theorems 3.10(ii) and 3.11.

– We show that these results may be used to prove a local stabilization result for the two dimensional
Navier-Stokes equations by a Dirichlet boundary control (Thm. 4.13).

To the best of our knowledge, Theorem 4.13 is the first local feedback stabilization result of a semilinear
parabolic system in a neighborhood of a periodic solution, with an unbounded control operator.

Let us give some detailed comments on the above results and on the outline of the paper. In Sections 2.1
and 2.2, we state assumptions on (A(t))t∈R and (B(t))t∈R, and we state results on the evolution operator
generated by (A(t))t∈R. The results in Section 2.3 are borrowed from ([7], Section 2.4), and we repeat them for
the convenience of the reader. In particular, we introduce the decomposition of H = Hu(t)⊕Hs(t) into its time
dependent stable and unstable subspaces for A(t) + σI, where σ ≥ 0 is the prescribed exponential decay rate,
together with the associated projections Pu(t) and Ps(t), and their properties.
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In Section 3, using the Floquet-Lyapunov representation of the unstable component yu(t) = Pu(t)y(t) of
system (1.3), we obtain a control system in HC,u(0) = Pu(0)HC, where HC = H + iH is the complexified space
associated with H. We determine a feedback control law stabilizing this system in HC,u(0), from which we
determine a feedback law stabilizing system (1.3) in H, with the prescribed exponential decay rate σ. The
regularity properties that we prove for the associated closed-loop linear system are useful to study the local
feedback stabilization of nonlinear systems of the form

y′(t) = A(t)y(t) +N(y(t)) +B(t)u(t) in (0,∞), y(0) = y0 ∈ H, (1.5)

or

y′(t) = A(t)y(t) +N(y(t), u(t)) +B(t)u(t) in (0,∞), y(0) = y0 ∈ H. (1.6)

In Section 4, we apply the results of Section 3 to prove the local stabilization of the Navier-Stokes equations,
around a time periodic solution, by a Dirichlet boundary control. As in the autonomous case [8, 10, 35, 36],
we have to deal with a system of the form (1.6). To prove that the pair (A(t), B(t)) of the Oseen system,
coming from the linearization of the Navier-Stokes equations around that periodic solution, is stabilizable with
a prescribed exponential decay rate σ ≥ 0, we have to verify the following stabilizability criterion borrowed from
([7], Thm. 3.3):

If (λ, q) ∈ C× C([0, T ];HC) is a solution to the eigenvalue problem

λ ∈ C, |λ| > e−σT with σ ≥ 0, −q′ = A∗(t)q in (0, T ), q(0) = λq(T ),

and if B∗(·)q ≡ 0 in (0, T ), then q = 0.

(1.7)

In Proposition 4.4, we prove that this stabilizability criterion is satisfied. Next, in Lemma 4.5, using a result
from ([7], Cor. 3.19), we deduce that there exists a family (uj(t))

K
j=1 of regular controls for which the pair

(A(t),B(t)) is stabilizable with the prescribed exponential decay rate σ ≥ 0. We underline that, if K is large
enough, the family can even be chosen independent of the time variable, see Remark 4.6. In contrast, we show
in Proposition 4.7 that the Oseen operator satisfies a unique continuation property stronger than (1.7), allowing
to choose a family reduced to a single element (K = 1) so that the corresponding pair (A(t),B(t)) is stabilizable
with the prescribed exponential decay rate σ ≥ 0.

Next, we prove in Theorem 4.13 that the feedback control law determined in Section 3 is able to locally
stabilize the Navier-Stokes equations (Thm. 4.13). To shorten the paper, we do not study the local feedback
stabilization of general systems of the form (1.5) or (1.6). We have only studied the particular case of the two
dimensional Navier-Stokes equations.

For dynamical systems, periodic solutions play a major role in many applications [14]. Stabilizing nonlinear
infinite dimensional dynamical systems in a neighborhood of periodic solutions is a challenging problem. For
example, understanding what is called the auto-regulation for blood flow in the brain may be viewed as a
feedback stabilization of a control dynamical system (see e.g. [5]). The feedback stabilization of linear parabolic
systems is studied in [3], and of semilinear parabolic systems in [11] for bounded control operators. In those
papers, feedback control laws are determined through the solutions to infinite dimensional Riccati equations.
The idea of splitting the solution to system (1.1) into its unstable and stable components is widely used in
the literature (see [11, 26]). But as far as we know, there is no paper using this decomposition to determine a
feedback control law based on the solution of a finite dimensional Riccati equation for systems of the form (1.1),
even in the case of a bounded control operator.

We are not aware of works dealing with the local feedback stabilization of time-periodic semilinear parabolic
systems in the case of unbounded control operators. However we would like to mention a recent work in which
the local feedback stabilization to a given non-stationary trajectory of the Navier-Stokes system, using a finite
dimensional boundary control, in a two or three dimensional bounded domain, has been studied [37]. The
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novelty is that the non-stationary trajectory is not time periodic. However, even if the control is of finite
dimension, the feedback is obtained by solving a Riccati equation set in the whole infinite dimensional space.
Moreover, contrarily to what we do in the periodic case, the total number of controls is not explicitly known. As
mentioned in ([7], Sect. 1), in many applications it is meaningful to stabilize a system around a time-periodic
target trajectory. In that case our approach, based on the spectral analysis of the Poincaré map, allows us to
determine feedback laws stabilizing an infinite dimensional system by looking at feedback laws stabilizing a
projected system of finite dimension. This leads to solve Riccati equations of finite dimension. Thus, in the case
of periodic system, our approach seems to be more appropriate.

2. Time-periodic linear system

2.1. Notations

For a Hilbert space X, ‖ · ‖X and (·, ·)X denote the norm and the scalar product of X respectively,
Cper([0, T ];X) (respectively C1

per([0, T ];X), Cαper([0, T ];X) with α ∈ (0, 1)) denotes the space of T -periodic
functions belonging to C(R;X) (respectively C1(R;X), Cα(R;X)). Similarly, for s > 0, Hs

per(0, T ;X) denotes
the space of T -periodic functions belonging to Hs

loc(R;X).
Recall that L(X,Y ) denotes the space of bounded linear operators from X into Y equipped with the uniform

operator topology. In C([0, T ];Ls(X,Y )), Ls(X,Y ) denotes the space of bounded linear operators from X into Y
equipped with the strong operator topology, i.e., U ∈ C([0, T ];Ls(X,Y )) means that for each x ∈ X, t 7→ U(t)x
is continuous from [0, T ] into Y . We use the shorter expressions L(X) = L(X,X) and Ls(X) = Ls(X,X).

We sometimes use C as a generic positive constant which may vary in different estimates.

2.2. Time-periodic linear operator and related evolution operator

Let {(A(t), D(A(t))}t∈R be a family of unbounded operators in H. We denote by
{(A∗(t), D(A∗(t))}t∈R the family of adjoints with respect to H. We make the following assumptions.

Assumption (A1). (i) The mapping t 7→ A(t) is T -periodic, i.e.,

A(t+ T ) = A(t), ∀ t ∈ R.

(ii) For all t ∈ R, the domain of A(t) is D(A(t)) = DA, the domain of A∗(t) is D(A∗(t)) = DA∗ , where DA and
DA∗ are two dense subspaces in H, compactly embedded in H, equipped with the norms

‖x‖DA
def
= ‖x‖H + ‖A(0)x‖H , ‖x‖DA∗

def
= ‖x‖H + ‖A∗(0)x‖H .

Moreover, there exists a constant c > 1 such that

∀ t ∈ [0, T ], ∀x ∈ DA, c−1‖x‖DA ≤ ‖x‖H + ‖A(t)x‖H ≤ c‖x‖DA ,

∀ t ∈ [0, T ], ∀x ∈ DA∗ , c−1‖x‖DA∗ ≤ ‖x‖H + ‖A∗(t)x‖H ≤ c‖x‖DA∗ .

(iii) For some α ∈ (0, 1), the mapping t 7→ A(t) belongs to Cαper([0, T ];L(DA, H)) and the mapping t 7→ A∗(t)
belongs to Cαper([0, T ];L(DA∗ , H)).

(iv) For all t ∈ [0, T ], (A(t), DA) generates a uniformly (in t) analytic semigroup {esA(t)}s≥0 on H: There
exist M > 0, ω ∈ R and ϑ ∈ (π2 , π] such that, for all t ∈ [0, T ], the resolvent set of A(t) contains a sector
Sω,ϑ = {λ ∈ C | λ 6= ω, |arg(λ− ω)| < ϑ} and

‖(λI −A(t))−1‖L(H) ≤
M

|λ− ω|
, ∀ λ ∈ Sω,ϑ, ∀ t ∈ [0, T ], (2.1)
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where I denotes the identity operator in H. In the following we fix λ0 > ω and we use the notation

Â(t)
def
= λ0I −A(t). (2.2)

(v) For all t ∈ [0, T ], Â(t) (defined in (2.2)) has uniformly (in t) bounded imaginary powers: There exist ε > 0
and N ≥ 1 such that, for all t ∈ [0, T ],

∀τ ∈ [−ε, ε], Âıτ (t) ∈ L(H) and ‖Âıτ (t)‖L(H) ≤ N. (2.3)

Note that (i), (iv) and (v) in Assumption (A1) imply that A∗(·) is T -periodic, and that A∗(t) satisfies the
same uniform (in t) estimate as A(·) in (2.1), with the same constant M > 0, and therefore it generates a

uniformly (in t) analytic semigroup on H. Moreover Â∗(t), the adjoint of Â(t) defined in (2.2), has uniformly
(in t) bounded imaginary powers with the same constant N as in (2.3).

In addition, Assumption (A1)(v), implies that, for θ ∈ (0, 1), the space D(Âθ(t)) coincides with the (complex)
interpolation space [H,D(A(t))]θ and the constants c2 > c1 > 0 of the norm equivalence c1‖ · ‖[H,D(A(t))]θ ≤
‖Âθ(t) · ‖H ≤ c2‖ · ‖[H,D(A(t))]θ are independent of t (see ([39], Thm. 1.15.3, p. 103) or [41]). The same remark

also holds true for Â∗. In the following, we use the notation

Dθ
A

def
= [H,DA]θ and Dθ

A∗
def
= [H,DA∗ ]θ, θ ∈ [0, 1].

Due to (A1)(ii), for θ ∈ [0, 1], the spaces D(Âθ(t)), D(Â∗θ(t)) are independent of t and satisfy D(Âθ(t)) = Dθ
A,

D(Â∗θ(t)) = Dθ
A∗ . Moreover, there exists cθ > 1 such that

∀ t ∈ [0, T ], ∀x ∈ Dθ
A, c−1

θ ‖x‖DθA ≤ ‖Â
θ(t)x‖H ≤ cθ‖x‖DθA ,

∀ t ∈ [0, T ], ∀x ∈ Dθ
A∗ , c−1

θ ‖x‖DθA∗ ≤ ‖Â
∗θ(t)x‖H ≤ cθ‖x‖Dθ

A∗
.

(2.4)

We set

∆
def
= {(s, t) ∈ R× R | s ≤ t} and ∆∗

def
= {(s, t) ∈ R× R | s < t}.

Since (A(t), DA)t∈R satisfies the Assumption (A1), there exists a unique parabolic evolution operator {S(t, s) |
(s, t) ∈ ∆} for A(·) with regularity space DA (in the sense of definition [6], II.2.1, p. 45). We now state some
results mainly already introduced in [7], and which are needed in Section 3.

Proposition 2.1. We have the following results:

1. The parabolic evolution operator {S(t, s) | (s, t) ∈ ∆} satisfies

S ∈ C1(∆∗;Ls(DA, H)) ∩ C(∆;Ls(H)) ∩ C(∆∗;L(H,DA)). (2.5)

2. There exists ω̃ > ω such that, for all θ ∈ [0, 1 + α), we have

∀x ∈ H, ∀(s, t) ∈ ∆∗, ‖Âθ(t)S(t, s)x‖H ≤
C

(t− s)θ
eω̃(t−s)‖x‖H , (2.6)

where ω and α are introduced in Assumption (A1).
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3. For all θ, β ∈ [0, 1] and x ∈ H, we have

‖Âθ(t)S(t, s)Âβ(s)x‖H ≤
C

(t− s)θ+β
eω̃(t−s)‖x‖H , (2.7)

where ω̃ is the same exponent as in (2.6).

Proof. The statements (2.5) and (2.6) for θ ∈ [0, 1] are already stated in ([7], Prop. 2.1). Estimate (2.7) is stated
in ([7], Cor. 2.3). Thus, we have only to prove (2.6) for θ ∈ (1, 1 + α). For that, we are going to use arguments
from [6].

Let us set

Ŝ(t, s) = e−λ0(t−s)S(t, s), E(t, s) = Â(t)e−(t−s)Â(t) − Â(s)e−(t−s)Â(s),

a(t, s) = e−(t−s)Â(s), k(t, s) = −
[
Â(t)− Â(s)

]
a(t, s),

w(t, s) =

∞∑
n=1

k ? · · · ? k︸ ︷︷ ︸
n

(t, s),

where λ0 > ω is introduced in (2.2) and h ? k(t, s) =
∫ t
s
h(t, τ)k(τ, s)dτ for (t, s) ∈ ∆.

First notice that we have

‖k(t, s)‖L(H) ≤ C(t− s)α−1 for s < t.

This estimate can be obtained as in ([33], Chap. 5, Cor.6.3), with (A1) and using the condition λ0 > ω.

From ([6], Chap. II, (4.3.12)), it follows that Ŝ(t, s) = a+ a ? w. By calculating the derivative of this identity
with respect to t, we obtain

Â(t)Ŝ(t, s) = −Â(s)e−(t−s)Â(s) + e−(t−s)Â(t)w(t, s)

+

∫ t

s

E(t, τ)w(τ, s)dτ +

∫ t

s

Â(t)e−(t−τ)Â(t)[w(t, s)− w(τ, s)]dτ. (2.8)

(The above expression can be deduced from ([6], Chap. II, (4.3.30)), and it is precisely given in ([33], p. 158)
with different notations.) To prove (2.6) for θ ∈ (1, 1 + α), setting θ − 1 = β, we have to prove that

∀(s, t) ∈ ∆∗, ‖Â(t)Ŝ(t, s)‖L(H;DβA) ≤
C

(t− s)β+1
eω1(t−s) for some ω1 > 0. (2.9)

For that, we are going to use the identity stated in (2.8). We first notice that, using classical estimates for
analytic semigroups and the uniform analyticity condition stated in (A1)iv, we have

‖Â(s)e−(t−s)Â(s)‖L(H,DβA) ≤
C

(t− s)β+1
for all s < t,

‖Â(t)e−(t−τ)Â(t)‖L(H,DβA) ≤
C

(t− τ)β+1
for all τ < t,

and

‖e−(t−s)Â(t)w(t, s)‖L(H,DβA) ≤
C

(t− s)β
‖w(t, s)‖L(H) for all s < t.
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A slight modification of the proof of ([6], II.4.3, Lem. 4.3.2) yields

‖E(t, τ)‖L(H,DβA) ≤ C(t− τ)α−β−1, for τ < t and β ∈ (0, α).

According to ([6], II.4.3, Lems. 4.3.1 and 4.3.3), we have

‖w(t, s)‖L(H) ≤ C(t− s)α−1eω2(t−s) for all s < t,

and

‖w(t, s)− w(τ, s)‖L(H) ≤ C(t− τ)β
′
(τ − s)α−β′−1eω2(t−s) for all s < τ < t and β < β′ < α,

for some ω2 > 0. Then, using these estimates in (2.8), and the well known identity∫ t

s

(t− τ)α
′−1(τ − s)β

′−1dτ = (t− s)α
′+β′−1 Γ(α′)Γ(β′)

Γ(α′ + β′)
for all α′ > 0, β′ > 0,

together with the obvious inequality (t − s)α ≤ Ceω3(t−s) for some ω3 > 0, we obtain ‖Â(t)Ŝ(t, s)‖L(H,DβA) ≤
C(t− s)−1−βeω1(t−s) for some ω1 > 0, and the proof is complete.

We denote by S∗(t, s) the adjoint of S(t, s).

Proposition 2.2. The family {S∗(t, s) | −∞ < s ≤ t <∞} satisfies the following regularity property

S∗ ∈ C1(∆∗;Ls(DA∗ , H)) ∩ C(∆;Ls(H)) ∩ C(∆∗;L(H,DA∗)). (2.10)

For details, see ([7], Prop. 2.2).

2.3. Floquet theory

For all t ∈ R, the Poincaré map is defined by

U(t) = S(T + t, t) ∈ L(H). (2.11)

The spectrum of the Poincaré map U(·) plays an important role in studying periodic evolution equations.
Let us now recall some useful properties of U(·) (see e.g. [29]):

Proposition 2.3. Let U(·) be the Poincaré map defined on R by (2.11). Then, we have the following properties:
(i) The map U(·) is T -periodic and it satisfies

U ∈ C1
per([0, T ];Ls(DA, H)) ∩ Cper([0, T ];L(H,DA))

and AU ∈ L∞(0, T ;L(H,Dα−ε
A )) for all ε ∈ (0, α).

(2.12)

(ii) For all t ∈ R, the spectrum of U(t), except 0, is constituted of isolated eigenvalues independent of t, and
with finite algebraic multiplicity. This set will be denoted by Σ(U(t)) = {λj | j ∈ N}, and the eigenvalues (λj)j∈N
can be ordered in the following way

· · · ≤ |λj+1| ≤ |λj | ≤ · · · ≤ |λ1|, and |λj | → 0 as j →∞.

Proof. All these results are stated in ([7], Prop. 2.6), except (2.12)2 which is a consequence of (2.6) with
θ = 1 + α− ε.
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For any σ ≥ 0, there exists Nσ ∈ N depending on σ such that

· · · ≤ |λNσ+1| < e−σT ≤ |λNσ | ≤ · · · ≤ |λ1|.

In the following, without loss of generality, by choosing a larger value of σ if necessary, we assume that

|λNσ+1| < e−σT < |λNσ |. (2.13)

Thus, for all t ∈ R, Σu, the unstable part of the spectrum of U(t), contains a finite number of eigenvalues
{λj}Nσj=1 of U(t) lying outside the disk {λ ∈ C | |λ| ≤ e−σT }. For all t ∈ R, let us define the projections

Ps(t) =
1

2πi

∫
Γ

(λI − U(t))−1dλ, Pu(t) = I − Ps(t). (2.14)

Here Γ is the circle centered at zero with radius e−σT , oriented counterclockwise.
For our later analysis we introduce the complexified spaces

HC = H + iH and UC = U + iU .

The operators U(·), A(·), S(·, ·) and B(·) are defined in the complexified spaces by setting U(·)f = U(·)Ref +
iU(·)Imf , with similar definitions for A(·), S(·, ·) and B(·).

The decomposition of HC associated to Pu(t) and Ps(t) is

HC = HC,u(t)⊕HC,s(t), with HC,u(t) = Pu(t)HC and HC,s(t) = Ps(t)HC, (2.15)

for all t ∈ R, and the associated decomposition of the real space H is

H = Hu(t)⊕Hs(t), with Hu(t) = Pu(t)H and Hs(t) = Ps(t)H, for all t ∈ R. (2.16)

The following lemma is dedicated to classical properties satisfied by Pu and Ps. Similar statements hold for the
complex case too.

Lemma 2.4. Let Pu(·) and Ps(·) be the operators defined in (2.14), and Hu(t) and Hs(t) the spaces defined in
(2.16). We have H = Hu(t)⊕Hs(t) for all t ∈ R, and the following properties are satisfied.
(i) For all s ∈ R, we have Hu(s) ⊂ DA and

S(t, s) : Hu(s)→ Hu(t), S(t, s) : Hs(s)→ Hs(t), ∀ t ≥ s,

S(t, s)Pu(s) = Pu(t)S(t, s), S(t, s)Ps(s) = Ps(t)S(t, s), ∀ t ≥ s.

(ii) The projection operators Ps(·) and Pu(·) both belong to C1
per([0, T ];Ls(DA, H)) and satisfy the following

equalities in Ls(DA, H):

P ′s = APs − PsA and P ′u = APu − PuA. (2.17)

Moreover, Pu(·) satisfies the following additional regularity properties:

Pu ∈ C1
per([0, T ];Ls(DA, H)) ∩ Cper([0, T ];L(H,DA)),

and APu ∈ L∞(0, T ;L(H,Dα−ε
A )) for all ε ∈ (0, α).

(2.18)
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(iii) For all t ∈ R and 0 ≤ s ≤ t, S(t, s)|Hu(s) is a bounded operator. Moreover, for all τ > 0 satisfying |λNσ+1| <
e−(σ+τ)T , we have

‖S(t, s)x‖H ≤ Ce−(σ+τ)(t−s)‖x‖H , ∀ x ∈ Hs(s), ∀ t ≥ s, (2.19)

where σ is the exponent appearing in (2.13). Further, for all θ ∈ [0, 1] and for all τ > 0 satisfying |λNσ+1| <
e−(σ+τ)T , we also have

∀x ∈ H, ∀(s, t) ∈ ∆∗, ‖S(t, s)Ps(s)Â
θ(s)‖L(H) ≤

C

(t− s)θ
e−(σ+τ)(t−s). (2.20)

Proof. See ([7], Prop. 2.6), for all the above results, except the second statement of (2.18) which is an easy
consequence of the second statement of (2.12) and of the expression of Pu(t) stated in ([7], (2.26)).

2.4. Control operator and extensions to (DA∗)′

We study (1.1) with a control operator B(·) satisfying the following assumption.

Assumption (A2).

(i) The control operator t 7→ B(t) belongs to Cαper([0, T ];L(U , (DA∗)
′)), where α ∈ (0, 1) is the exponent appear-

ing in Assumption (A1)(iii).

(ii) There exists 0 < δ < α such that, for all t ∈ [0, T ], the mapping Â−δ(t)B(t) : U 7→ H is bounded uniformly

in t ∈ [0, T ], where Â is defined in (2.2).
This kind of ’unbounded’ control operator B arises in the case of boundary controls, see e.g. [28, 34]. We

stress on the fact that the condition δ < α in (A2)(ii) is required to prove (3.22) in Theorem 3.6. This last result
is used in Proposition 3.9(iv), which is finally used in Theorem 3.10 to apply Amann’s theory for evolution
operators having a generator with variable domain (see [6], Chap. IV). Thus the condition δ < α is needed in a
crucial way to study, in Section 3, the well-posedness of the closed-loop control system.

As we consider equation (1.1) with forcing term B(t)u(t) ∈ (DA∗)
′, we work with extensions of A(t) and

S(t, s) to (DA∗)
′. However, for y0 ∈ H and u ∈ L2(0,+∞;U), we recall that – see ([7], Prop. 2.5) – the weak

solution of (1.1) is the function y ∈ C([0,+∞); (DA∗)
′) ∩ L2

loc([0,+∞);H) defined by

y(t) = S(t, 0)y0 +

∫ t

0

S(t, s)B(s)u(s)ds. (2.21)

Next, to have a well-defined decomposition of (1.1) with forcing term in L1(R+; (DA∗)
′) we need to extend

the projection operators Pu(t) and Ps(t) to (DA∗)
′. For that, we first need to introduce their adjoints which are

defined by

P ∗s (t) =
1

2πi

∫
Γ

(λI − U∗(t))−1dλ, P ∗u (t) = I − P ∗s (t), for all t ∈ R, (2.22)

where Γ is the circle centered at zero with radius e−σT , oriented counterclockwise. We have

U∗ ∈ C1
per([0, T ];Ls(DA∗ , H)) ∩ Cper([0, T ];L(H,DA∗)), (2.23)

A∗U∗ ∈ L∞(0, T ;L(H,Dα−ε
A∗ )), ε ∈ (0, α). (2.24)
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As for Pu, we deduce that

P ∗u ∈ C1
per([0, T ];Ls(DA∗ , H)) ∩ Cper([0, T ];L(H,DA∗)), (2.25)

A∗P ∗u ∈ L∞(0, T ;L(H,Dα−ε
A∗ )), ε ∈ (0, α). (2.26)

This yields the following lemma.

Lemma 2.5. The projection operators Pu and P ∗u belong to W 1,∞(0, T ;L(H)). Moreover, for all θ ∈ (0, 1), Pu
belongs to Cθper([0, T ];L(H,D1−θ

A )) and P ∗u ∈ Cθper([0, T ];L(H,D1−θ
A∗ )).

Proof. Let us prove the lemma for Pu. The result for P ∗u can be proved analogously. From (2.26), with a
duality argument, we first get PuA ∈ L∞(0, T ;L(H)). Thus, from (2.18)2 and (2.17), we deduce that P ′u ∈
L∞(0, T ;L(H)), and the first part of the lemma is proved.

Next, from (2.18)2 and (A1)(ii), we deduce that Pu ∈ L∞(0, T ;L(H,DA)). Moreover, with the Lipschitz
continuity of Pu stated in the first part of the lemma, and the interpolation inequality

‖Pu(t)f − Pu(s)f‖D1−θ
A
≤ C‖Pu(t)f − Pu(s)f‖θH‖Pu(t)f − Pu(s)f‖(1−θ)DA

for all f ∈ DA,

we deduce that Pu ∈ Cθper([0, T ];L(H,D1−θ
A )).

Since H is identified with H∗, in addition to (2.16), we have

H = H∗u(t)⊕H∗s (t), with H∗u(t) = P ∗u (t)H and H∗s (t) = P ∗s (t)H, for all t ∈ R. (2.27)

Since P ∗u (t) ∈ L(H,DA∗), we can extend Pu(t) from (DA∗)
′ into H, and thus Ps(t) = I − Pu(t) is extended as

a bounded linear operator from (DA∗)
′ into (DA∗ ∩H∗s (t))′ (see [7], Sect. 2.4) for more details). Then, we have

the following decomposition

(DA∗)
′ = Hu(t)⊕ (DA∗ ∩H∗s (t))′, ∀ t ∈ R,

and we set

Bu(t) = Pu(t)B(t) ∈ L(U , Hu(t)), and Bs(t) = Ps(t)B(t) ∈ L(U , (DA∗ ∩Hs(t))
′). (2.28)

As discussed in ([7], Sect. 2.4), the weak solution y ∈ C([0,+∞); (DA∗)
′) of (1.1) with initial condition y0 ∈ H

can be decomposed as follows:

y(t) = yu(t) + ys(t), where yu(t)
def
= Pu(t)y(t), ys(t)

def
= Ps(t)y(t), (2.29)

y0 = y0,u + y0,s, where y0,u
def
= Pu(0)y0, y0,s

def
= Ps(0)y0,

where yu(·) ∈ C([0,+∞);H) and ys(·) ∈ C([0,+∞); (DA∗)
′) satisfy

yu(t) = S(t, 0)y0,u +

∫ t

0

S(t, s)Bu(s)u(s)ds, ∀ t ≥ 0, yu(0) = y0,u, (2.30)
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ys(t) = S(t, 0)y0,s +

∫ t

0

S(t, s)Bs(s)u(s)ds, ∀ t ≥ 0, ys(0) = y0,s. (2.31)

2.5. Perturbation of the generator of an analytic semigroup

In several models, (A(t), DA) is of the form

A(t) = −A0 +A1(t), D(A(t)) = DA, (2.32)

where (−A0,D(A0)) is the infinitesimal generator of an analytic semigroup on H, with compact resolvent, with
0 in its resolvent set, with bounded imaginary powers for A0, and where {(A1(t),D(A1(t))}t≥0 is a family of
closed linear operators satisfying

∀t ∈ R, D(Aβ0 ) ⊂ D(A1(t)), D(A∗β0 ) ⊂ D(A∗1(t)) for some β ∈ (0, 1). (2.33)

In the following proposition we give sufficient conditions on A0 and B(·) under which (A1) and (A2) are satisfied.
Since its proof is straightforward, we skip it.

Proposition 2.6. Let (−A0,D(A0)) and {(A1(t),D(A1(t))}t∈R be as mentioned above. Let {(A(t),D(A(t))}t∈R
be the family of linear operators defined by (2.32). Let α ∈ (0, 1) and δ ∈ (0, 1) be such that δ < α. Suppose that

(a1) A1(·) is T -periodic,
(a2) There exists β ∈ (0, 1) such that the mapping t 7→ A1(t) belongs to Cαper([0, T ];

L(D(Aβ0 ), H)), and t 7→ A∗1(t) belongs to Cαper([0, T ];L(D(A∗β0 ), H)).
(a3) There exists c > 0 such that, for all t ∈ R, we have

∀x ∈ D(Aβ0 ), ‖A1(t)x‖H ≤ c‖Aβ0x‖H , ∀x ∈ D(A∗β0 ), ‖A∗1(t)x‖H ≤ c‖A∗β0 x‖H .

Then, DA = D(A0), DA∗ = D(A∗0), and (A(·), DA) satisfies Assumption (A1) with α as above.
Let us assume in addition that the family {B(t)}t∈R ⊂ L(U , (D(A∗0))′) satisfies the following assumptions:

(b1) B(·) is T -periodic,
(b2) The mapping t 7→ B(t) belongs to Cαper([0, T ];L(U , (D(A∗0))′),

(b3) For all t ∈ R, the mapping A−δ0 B(t) : U 7→ H is bounded uniformly in t ∈ R.

Then B(·) satisfies Assumption (A2) with δ as above.

Warning. Throughout what follows, the exponents α and δ are given fixed and are those appearing in (A1)
and (A2).

3. Stabilization of the linearized system

Throughout this section, we assume that A(·) and B(·) satisfy the Assumptions (A1) and (A2), and that
σ ≥ 0 is given fixed so that the condition (2.13) is satisfied. We emphasize that Pu(·) and Ps(·), defined in
(2.14), depend on σ.

Definition 3.1. The pair (A(·), B(·)) is said to be open-loop stabilizable in H, with the prescribed exponential
decay rate σ, if, for all y0 ∈ H, there exists u ∈ L2(0 +∞;U) such that eσ(·)u belongs to L2(0 +∞;U) and the
solution y of (1.1) obeys ∫ +∞

0

e2σt‖y(t)‖2Hdt < +∞. (3.1)
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Let us recall that the operator B(t) associated to a family (uj)
K
j=1 in Cαper([0, T ];UK) is defined by

B(t)f =

K∑
j=1

fj B(t)uj(t) for all f = (f1, · · · , fK) ∈ RK .

Thus B ∈ Cαper([0, T ];L(RK , (DA∗)
′) satisfies Assumption (A2). In addition to (A1) and (A2), we assume that

the following assumption is satisfied.

Assumption (A3). The family (uj)
K
j=1 in Cαper([0, T ];UK) is such that the pair (A(·),B(·)) is open-loop

stabilizable in H, with the prescribed exponential decay rate σ ≥ 0.

If, for σ ≥ 0 given fixed, the pair (A(·), B(·)) satisfies the Assumptions (A1)–(A2), and the Hautus criterion
(1.7), due to ([7], Cor. 3.16), we can explicitly determine a family (uj)

K
j=1 in Cαper([0, T ];UK) so that (A3) is

satisfied.
We introduce the operators Bu(t) and Bs(t) defined by

Bu(t)f =

K∑
j=1

fj Bu(t)uj(t) and Bs(t)f =

K∑
j=1

fj Bs(t)uj(t) for all f = (f1, · · · , fK) ∈ RK .

We recall (see [7]) that y is the solution to system (1.3) if and only if y(t) = yu(t) + ys(t), where, for all t ≥ 0,

yu(t) = S(t, 0)Pu(0)y0 +

∫ t

0

S(t, s)Bu(s)f(s)ds, (3.2)

ys(t) = S(t, 0)Ps(0)y0 +

∫ t

0

S(t, s)Bs(s)f(s)ds. (3.3)

To determine a feedback control operator K ∈ Cαper([0, T ];L(H,RK)) such that A(·) +σI+B(·)K(·) generates an
evolution operator exponentially stable on H, we first look for a feedback stabilizing the system (3.2). We shall
consider both the cases where y0,u ∈ HC,u(0) and y0,u ∈ Hu(0). Next, we use the feedback control depending
on yu(t) as control in system (3.3), and we prove that the corresponding solution ys remains stable.

3.1. Feedback stabilization of the finite dimensional system

In order to stabilize equation (3.2), it is convenient to use the Floquet Theory which allows us to transform
equation (3.2) into an equation in the time independent space HC,u(0).

Proposition 3.2. There exist bounded linear operators Λ ∈ L(HC,u(0)) and Q(t) ∈
L(HC,u(0), HC,u(t)) for all t ∈ R, satisfying Q(T + t) = Q(t), Q(0) = Q−1(0) = I and

S(t, s)|HC,u(s) = Q(t)e(t−s)ΛQ−1(s), ∀ s ≤ t. (3.4)

Moreover, we have

Q(t) = S(t, 0)|HC,u(0)e
−Λt, t ≥ 0. (3.5)

Proof. See ([26], Prop. 6.2, p. 46).

Proposition 3.3. Let Q be the family of operators introduced in (3.5). The following results hold:
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(i) The mappings Q, Q−1Pu, P ∗uQ
∗−1, where Q∗ is the conjugate transpose of Q, satisfy

Q ∈ C1
per([0, T ];L(HC,u(0), HC)) ∩ Cper([0, T ];L(HC,u(0), DA)), (3.6)

Q−1Pu ∈ C1
per([0, T ];L(HC, HC,u(0))) ∩ Cper([0, T ];L(D′A∗ , HC,u(0)))

∩W 1,∞(0, T ;L((Dα−ε
A∗ )′, HC,u(0))), for all ε ∈ (0, α), (3.7)

P ∗uQ
∗−1 ∈ C1

per([0, T ];L(H∗C,u(0), HC)) ∩ Cper([0, T ];L(H∗C,u(0), DA∗))

∩W 1,∞(0, T ;L(H∗C,u(0), Dα−ε
A∗ ), for all ε ∈ (0, α). (3.8)

(ii) Let yu be the solution of (3.2), and let us set z(t) = Q−1(t)yu(t). Then, the function z is the solution to
the following system in HC,u(0):

z′(t) = Λz(t) +Q−1(t)Bu(t)f(t), ∀ t ≥ 0, z(0) = Pu(0)y0. (3.9)

Proof.

Step 1. Let us prove (3.6). Since S(t, 0)Pu(0) = Pu(t)S(t, 0), we have

∀x ∈ HC,u(0) Q(t)x = S(t, 0)e−Λtx = Pu(t)S(t, 0)e−Λtx.

Due to (2.5), S(·, 0) belongs to Cper([0, T ];Ls(HC)). Moreover e−Λ· belongs to Cper([0, T ];L(HC,u(0))) and
Pu belongs to Cper([0, T ];L(HC(0), DA)) (see (2.18)). Therefore Q belongs to Cper([0, T ];Ls(HC,u(0), DA)).
Since HC,u(0) is of finite dimension, the strong continuity implies the uniform continuity, which implies that
Q ∈ Cper([0, T ];L(HC,u(0), DA)). The proof of the continuous differentiability of Q follows in the same way, by
using (2.18), (2.5) and (A1)(iii), from the identity

∀x ∈ HC,u(0), Q′(t)x = A(t)Pu(t)S(t, 0)e−Λtx− S(t, 0)Λe−Λtx.

Step 2. Let us prove (3.8). From (3.4) and P ∗u (t)S∗(T, t) = S∗(T, t)P ∗u (T ) we deduce that

∀x ∈ H∗C,u(0), P ∗u (t)Q∗−1(t)x = P ∗u (t)S∗(T, t)e−(T−t)Λ∗x = S∗(T, t)P ∗u (T )e−(T−t)Λ∗x. (3.10)

Then, for all x ∈ H∗C,u(0), we have

(P ∗u (t)Q∗−1(t)x)′ = −A∗(t)S∗(T, t)P ∗u (T )e−(T−t)Λ∗x+ S∗(T, t)Λ∗e−(T−t)Λ∗x (3.11)

= −A∗(t)P ∗u (t)S∗(T, t)e−(T−t)Λ∗x+ S∗(T, t)Λ∗e−(T−t)Λ∗x. (3.12)

From the first equality in (3.10) and (3.11), using (2.10) and (2.25), we deduce that P ∗uQ
∗−1 ∈

Cper([0, T ];Ls(H∗C,u(0), DA∗)) and P ∗uQ
∗−1 ∈ C1

per([0, T ];Ls(H∗C,u(0), HC)). Since H∗C,u(0) is of finite dimension,
we have Ls(H∗C,u(0), DA∗) = L(H∗C,u(0), DA∗) and Ls(H∗C,u(0), HC) = L(H∗C,u(0), HC).

Finally, (P ∗uQ
∗−1)′ ∈ L∞(0, T ;L(H∗C,u(0), Dα−ε

A∗ )) is a consequence of (3.11) and (2.26). Then (3.8) is
proved.

Step 3. The regularities stated in (3.7) follow, by duality, from (3.8).



14 M. BADRA ET AL.

Step 4. Proof of (3.9). Using (3.2) and yu(t) = Q(t)z(t), we have z(0) = y0,u, and, for all t ≥ 0, we get

z(t) = Q−1(t)S(t, 0)Pu(0)y0 +

∫ t

0

Q−1(t)S(t, s)Q(s)Q−1(s)Bu(s)f(s) ds.

Now from (3.4), we derive Q−1(t)S(t, s)Q(s)|HC,u(0) = e(t−s)Λ for all 0 ≤ s ≤ t. It yields

z(t) = etΛPu(0)y0 +

∫ t

0

e(t−s)ΛQ−1(s)Bu(s)f(s) ds, ∀ t ≥ 0.

Hence, z satisfies (3.9).

Now we study the feedback stabilizability of the pair (Λ, Q−1(·)Bu(·)).

Proposition 3.4. The pair (Λ, Q−1(·)Bu(·)) is open-loop stabilizable in HC,u(0), with the prescribed exponential
decay rate σ.

Proof. Since (A3) is satisfied, from ([7], Thm. 3.32), it follows that (A(·),Bu(·)) is stabilizable in HC, with the
prescribed exponential decay rate σ. Then, for all z0 ∈ HC,u(0), there exists f ∈ L2(0,∞;CK) such that eσ ·f
belongs to L2(0,∞;CK) and such that the solution yu to

y′u(t) = A(t)yu(t) + Bu(t)f(t), ∀ t ≥ 0, yu(0) = z0, (3.13)

satisfies ∫ ∞
0

e2σt‖yu(t)‖2HC
dt <∞.

Since yu is given by (3.2), with z0 instead of Pu(0)y0, we get yu(t) ∈ HC,u(t) for all t ≥ 0. By applying Q−1(t),
we deduce that z = Q−1yu is the solution of

z′(t) = Λz(t) +Q−1(t)Bu(t)f(t), ∀ t ≥ 0, z(0) = z0.

Moreover, from the uniform boundedness of Q−1Pu in L(HC, HC,u(0)), we obtain that∫ ∞
0

e2σt‖z(t)‖2HC,u(0) dt <∞.

The proof is complete.

We construct a feedback control using the solution of the following finite dimensional Riccati equation:

Πu ∈ C1
per([0, T ];L(HC,u(0), H∗C,u(0))), for all t ∈ [0, T ],

〈Πu(t)η, ξ〉H = 〈η,Πu(t)ξ〉H , (η, ξ) ∈ HC,u(0)×HC,u(0),

〈Πu(t)ξ, ξ〉H ≥ 0, ∀ ξ ∈ Hu(0),

Π′u(t) + (Λ∗ + σI)Πu(t) + Πu(t)(Λ + σI)

−Πu(t)(Q−1(t)Bu(t))(Q−1(t)Bu(t))∗Πu(t) +Q∗(t)Q(t) = 0.

(3.14)
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We look for solutions to equation (3.14) satisfying the following additional property:

The evolution operator generated by Λ + σI −Q−1Bu(Q−1Bu)∗Πu

is uniformly exponentially stable on HC,u(0).
(3.15)

The evolution operator involved in (3.15) is uniformly exponentially stable on HC,u(0), with the exponential
decay rate τ > 0, if and only if the solution to the closed-loop system

z′(t) = [Λ−Q−1(t)Bu(t)(Q−1(t)Bu(t))∗Πu(t)]z(t), ∀ t ≥ 0, z(0) = z0 ∈ HC,u(0), (3.16)

satisfies

‖z(t)‖HC ≤Me−(σ+τ)t‖z0‖HC , for all t ≥ 0. (3.17)

Proposition 3.5. We assume that Assumptions (A1)−(A3) together with (2.13) are satisfied. The Riccati
equation (3.14), with the additional condition (3.15), admits a unique solution.

Proof. From Proposition 3.4 and ([7], Thm. 3.3) applied to the pair (Λ, Q−1(·)Bu(·)), it follows that this pair
satisfies the following Hautus condition:

If (λ, z) ∈ C× C([0, T ];HC) is a solution to the eigenvalue problem

λ ∈ C, |λ| > e−σT , −z′ = Λ∗z in (0, T ), z(0) = λz(T ),

and if B∗u(·)Q−∗(·)z ≡ 0 in (0, T ), then z = 0.

(3.18)

Thus, from ([1], Thm. 5.4.17), we deduce that equation (3.14) admits a unique semi-stabilizing solution
Πu ∈ C1

per([0, T ];L(HC,u(0), H∗C,u(0))). Since there is no eigenvalue λ of the eigenvalue problem stated in (3.18)

satisfying |λ| = e−σT , from ([1], Thm.5.4.17(i)), we deduce that the solution Πu obeys (3.15).

Let us set

Π(t) = P ∗u (t)Q−1∗(t)Πu(t)Q−1(t)Pu(t) for all t ∈ [0, T ]. (3.19)

Theorem 3.6. Let Πu be a solution of (3.14). Then, Π, defined in (3.19), satisfies the following regularity
properties:

Π ∈ C1
per([0, T ];L(HC)) ∩ Cper([0, T ];L(D′A∗ , DA∗)). (3.20)

Π ∈W 1,∞(0, T ;L((Dα−ε
A∗ )′, Dα−ε

A∗ )) for all ε ∈ (0, α), (3.21)

B∗Π ∈ Cαper([0, T ];L(H,RK)), (3.22)

BuB∗uΠ ∈ Cρper([0, T ];L(H)) with ρ =
α(1− δ)
1− δ + α

. (3.23)
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Proof.

Step 1. Since Πu belongs to C1
per([0, T ];L(Hu,C(0), H∗u,C(0))), we deduce (3.20) and (3.21) from (3.7), (3.8) and

(3.19).

Step 2. To prove (3.22), for (s, t) ∈ [0, T ]2, we write

B∗(t)Π(t)− B∗(s)Π(s) = (B∗(t)− B∗(s))Â∗−1(t)Â∗(t)Π(t) + B∗(s)Â∗−δ(t)Â∗δ(t)(Π(t)−Π(s)).

Then (3.22) follows from the uniform boundedness of Â∗(t)Π(t) and that of B∗(s)Â∗−δ(t), which are respective
consequences of (3.20) and of (A2)(ii), combined with (A2)(i) and (3.21). Indeed, as δ < α, (3.21) implies that

Π is Lipschitz continuous with value in L(H,Dδ
A∗).

Step 3. Let us prove (3.23). First, from Assumption (A2), it follows that B belongs to Cαper([0, T ];L(RK , (DA∗)
′))

and to L∞(0, T ;L(RK , (Dδ
A∗)
′)). With the interpolation inequality

‖B(t)f − B(s)f‖
(D

θ+δ(1−θ)
A∗ )′

≤ C‖B(t)f − B(s)f‖θ(DA∗ )′‖B(t)f − B(s)f‖(1−θ)
(Dδ

A∗ )′
,

for all f ∈ RK , we can prove that B belongs to Cαθper([0, T ];L(RK , (Dθ+δ(1−θ)
A∗ )′)) for any θ ∈ (0, 1). By

choosing θ = 1−δ
1−δ+α , we obtain B ∈ Cρper([0, T ];L(RK , (D1−ρ

A∗ )′)) with ρ = α(1−δ)
1−δ+α . Next, from Lemma 2.5, it

yields that P ∗u ∈ Cρ([0, T ];L(H,D1−ρ
A∗ )). Then, by duality, Pu ∈ Cρ([0, T ];L((D1−ρ

A∗ )′, H)). Hence, we deduce
PuB ∈ Cρper([0, T ];L(RK , H)), and since Bu(t)B∗u(t)Π(t) = Pu(t)B(t)B∗(t)Π(t), the conclusion follows from
(3.22).

Due to (3.23), the family of operators ((A(t)− Bu(t)B∗u(t)Π(t), DA))t∈R satisfies the Assumption (A1), and
therefore it is the generator of an evolution operator on HC, with regularity space DA.

We consider the following infinite dimensional Riccati equation

Π ∈ C1
per([0, T ];L(HC)), for all t ∈ [0, T ], Π(t) = Π∗(t) ≥ 0,

Π′(t) + (A∗(t) + σI)Π(t) + Π(t)(A(t) + σI)−Π(t)Bu(t)B∗u(t)Π(t) + P ∗u (t)Pu(t) = 0,

and the evolution operator generated by

A(t) + σI − Bu(t)B∗u(t)Π(t) is uniformly exponentially stable on HC.

(3.24)

Equation (3.24)2−3 must be interpreted as an equality in L(DA, HC).
In order to establish a relationship between equations (3.14) and (3.24), for any solution Π to equation (3.24),

we introduce the operator Π̃u defined by

Π̃u(t) = Q∗(t)Π(t)Q(t), for all t ∈ [0, T ]. (3.25)

Theorem 3.7. Let Πu be the solution of (3.14)–(3.15). Then, Π, defined in (3.19) is a solution of (3.24).

Conversely, let Π be a solution of (3.24). Then Π̃u, defined by (3.25), is solution of (3.14)–(3.15).
Consequently, (3.24) admits a unique solution.

Proof.

Step 1. Let us prove the first statement. Let Πu be the solution of (3.14)–(3.15). From the equality
d
dt (Q

−1(t)Pu(t)) = ΛQ−1(t)Pu(t)−Q−1(t)Pu(t)A(t) and (3.14), we deduce that Π(t) satisfies (3.24)1−3.



LOCAL STABILIZATION OF TIME-PERIODIC EQUATIONS 17

Next, to prove (3.24)4, we first remark that the solution to

y′(t) = [A(t)− Bu(t)(Bu(t))∗Π(t)]y(t), ∀ t ≥ 0, yu(0) = y0 ∈ HC, (3.26)

can be decomposed as y = yu + ys, where ys(t) = S(t, 0)Ps(0)y0 and

yu(t) = S(t, 0)Pu(0)y0 −
∫ t

0

S(t, s)Bu(s)(Bu(t))∗Π(t)yu(s)ds.

Due to (2.19), to prove (3.24)4 it is sufficient to show that yu satisfies

‖yu(t)‖HC ≤Me−(σ+τ)t‖y0‖HC , for all t ≥ 0, (3.27)

for some positive constants M and τ independent of t. Let us set z(t) = Q−1(t)yu(t). Then z is the solution of
(3.16) and satisfies (3.17) with z0 = Pu(0)y0. We deduce (3.27) from the regularity of Q(t) stated in (3.6).

Step 2. Let us prove the converse statement. Let Π be a solution to equation (3.24) and let Π̃u(t) be defined

by (3.25). By using the definition of Q(t) in (3.5), and calculating its derivative, we can deduce that Π̃u satisfies
(3.14).

Let us prove that Π̃u satisfies (3.15) or, equivalently, that the solution of (3.16) satisfies (3.17). By setting
z(t) = Q−1(t)Pu(t)y(t) and using the uniform boundedness of Q−1(t)Pu(t) stated in (3.7), we deduce that z is
the solution of

z′(t) =
(

Λ−Q−1(t)Bu(t)(Q−1(t)Bu(t))∗Π̃u(t)
)
z(t), z(0) = Pu(0)y0,

and that z(t) obeys (3.17) with z0 = Pu(0)y0.
The uniqueness of solution to (3.24) follows from the uniqueness of solution to (3.14)–(3.15). The proof is

complete.

Theorem 3.8. The mapping Π in (3.19) is a real valued operator, and it is the unique solution to the Riccati
equation (3.24).

Proof. Let Π be a solution of (3.24). We can see that Π, the conjugate of Π, also satisfies (3.24) and that

A(·) + σI − Bu(·)B∗u(·)Π is the generator of an exponentially stable evolution operator on HC. Setting Π̃u =

Q∗(t)Π(t)Q(t) for all t ∈ (0, T ), from Theorem 3.7, it follows that Π̃u is a solution to (3.14)–(3.15). From the

uniqueness of solution to (3.14)–(3.15) it follows that Πu = Π̃u, i.e.

Q∗(t)Π(t)Q(t) = Q∗(t)Π(t)Q(t), t ∈ (0, T ).

Since, for all t ∈ [0, T ], Q(t) and Q∗(t) are invertible, we deduce that Π = Π, and that the unique solution to
the Riccati equation (3.24) is a real valued operator.

3.2. Stabilization of the full system

For t ∈ R, we introduce the unbounded linear operator (AΠ(t),D(AΠ(t))) in H defined by

D(AΠ(t)) = {x ∈ H | A(t)x− B(t)B∗(t)Π(t)x ∈ H} and AΠ(t) = A(t)− B(t)B∗(t)Π(t).

The main properties of AΠ(t) are stated in the following proposition:
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Proposition 3.9. Let 0 < δ < α < 1 be the exponents appearing in Assumptions (A1) and (A2). The following
results hold.

(i) For all t ∈ R, the adjoint of the unbounded operator (AΠ(t),D(AΠ(t))) is defined by

D(A∗Π(t)) = D(A∗(t)) = DA∗ and A∗Π(t) = A∗(t)− [B∗(t)Π(t)]∗B∗(t). (3.28)

Moreover, there exists a constant c > 0 such that

∀ t ∈ R, ∀x ∈ DA∗ , c−1‖x‖DA∗ ≤ ‖x‖H + ‖A∗Π(t)x‖H ≤ c‖x‖DA∗ . (3.29)

(ii) For all t ∈ R, the operator AΠ(t) generates a uniform (in t) analytic semigroup {esAΠ(t)}s≥0 on H. In
the following, we set

ÂΠ(t)
def
= λ0I −AΠ(t)

where λ0 ≥ 0 is chosen large enough such that, for all t ∈ R, the semigroup (e−sÂΠ(t))s≥0 is exponentially stable.
Without loss of generality, we can suppose that the value λ0 is the one appearing in (2.2).

(iii) For all t ∈ R, we have the following uniform (in t) topological equalities

∀θ ∈ [0, 1− δ], D(ÂθΠ(t)) = Dθ
A, (3.30)

∀θ ∈ [0, 1], D(Â∗θΠ (t)) = Dθ
A∗ . (3.31)

(iv) The mapping t 7→ Â−1
Π (t) belongs to Cαper([0, T ];L(H,D1−δ

A )). For θ ∈ (0, 1), the mapping t 7→ Â−θΠ (t)

belongs to Cθαper([0, T ];L(H)).

Proof.

Step 1. Let us prove (i) and (ii). We notice that [B∗(t)Π(t)]∗B∗(t) is a uniformly bounded operator from
Dδ
A∗ to H. Hence using the perturbation result from ([33], Chap. 3, Cor. 2.4, p. 81), we conclude that

(A∗Π(t),D(A∗Π(t))) = (A∗Π(t),D(A∗(t))), and that (A∗Π(t), DA∗) is the infinitesimal generator of a uniformly
(in t) analytic semigroup on H. The analyticity of (AΠ(t),D(AΠ(t))) follows by a duality argument.

Step 2. Let us prove (iii). Since [B∗(t)Π(t)]∗B∗(t) ∈ L(Dδ
A∗ , H) uniformly in t, a perturbation argument together

with Assumption (A1)(v) allows us to deduce that Â∗Π(t) has uniformly (in t) bounded imaginary powers (see

[6], Thm. 4.8.7, p. 172 or [20], Prop. 2). By a duality argument it follows that ÂΠ(t) has also uniformly (in t)
bounded imaginary powers. Then using ([39], Thm. 1.15.3, p. 103) or [41], the following uniform (in t) topological
equalities

[H,D(Â∗Π(t))]θ = D(Â∗θΠ (t)), [H,D(ÂΠ(t))]θ = D(ÂθΠ(t)),

are true for θ ∈ (0, 1). Then, (3.31) follows from (i).
To prove (3.30), we first remark that

ÂΠ(t) = Â(t)G(t) where G(t)
def
= I + Â−1(t)B(t)B∗(t)Π(t). (3.32)

We first need to prove that, for θ ∈ [0, 1], the mapping G(t) is an isomorphism from D(ÂθΠ(t)) into Dθ
A, uniformly

in t, namely

∀t ∈ R, ‖G(t)x‖DθA ≤ C‖Â
θ
Π(t)x‖H and ‖ÂθΠ(t)G−1(t)x‖H ≤ C‖x‖DθA . (3.33)
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For that it suffices to prove the inequalities for θ = 0 and θ = 1. Then, the result follows from an interpolation
argument.

The first inequality in (3.33) for θ = 1 is a direct consequence of the first equality in (3.32) and of (A1)(ii).
To prove the first inequality in (3.33) for θ = 0, we first write

Â−1(t)B(t)B∗(t)Π(t) = Âδ−1(t)(Â−δ(t)B(t))B∗(t)Π(t). (3.34)

By using the change of variable x = A−(1−δ)(t)y in (2.4)1, with θ = 1− δ, we deduce that Â−(1−δ)(t) is uniformly

bounded in L(H,D1−δ
A ). Hence, with the uniform boundedness of B∗(t)Π(t) ∈ L(H,RK) and of Â−δ(t)B ∈

L(RK , H), we deduce that the right hand side of (3.34) is also uniformly bounded in L(H,D1−δ
A ). Thus

Â−1(t)B(t)B∗(t)Π(t) is uniformly bounded in L(H,D1−δ
A ). (3.35)

Hence G(t) is also uniformly bounded in L(H), which gives (3.33)1 for θ = 0.

Let us now prove the second inequality in (3.33). From (3.32) we deduce that G(t) ∈ L(D(ÂΠ(t)), DA) is

invertible and that G(t)−1 = ÂΠ(t)−1Â(t) ∈ L(DA,D(ÂΠ(t))). Hence, the second uniform inequality in (3.33)

follows from (A1)(ii). Next, from the uniform boundedness of Â∗(t) in L(DA∗ , H) and of Â−∗Π (t) in L(H,DA∗),

we deduce that G−∗(t) = Â∗(t)Â−∗Π (t) is uniformly bounded in L(H). Then by duality, G−1(t) is also uniformly
bounded in L(H), and the second inequality in (3.33) for θ = 0 follows.

Next, let us prove (3.30). Suppose that x ∈ D(AθΠ(t)) for θ ∈ [0, 1− δ]. Then, from G(t) ∈ L(D(AθΠ(t)), Dθ
A),

we deduce that G(t)x = x+ Â−1(t)B(t)B∗(t)Π(t)x ∈ Dθ
A. Due to (3.35), Â−1(t)B(t)B∗(t)Π(t)x belongs to D1−δ

A .

Since D1−δ
A ↪→ Dθ

A, it follows that x ∈ Dθ
A. We have proved the uniform continuous embedding D(AθΠ(t)) ↪→ Dθ

A.

Conversely, suppose that x ∈ Dθ
A with θ ∈ [0, 1− δ]. We have Â−1(t)B(t)B∗(t)Π(t)x ∈ D1−δ

A . Since D1−δ
A ↪→

Dθ
A, we deduce G(t)x = x + Â−1(t)B(t)B∗(t)Π(t)x ∈ Dθ

A. Then from G−1(t) ∈ L(Dθ
A,D(AθΠ(t))), we deduce

x ∈ D(AθΠ(t)). Then, we have proved the uniform continuous embedding Dθ
A ↪→ D(AθΠ(t)). The proof of (3.30)

is compete.

Step 4. Let us prove the first part of (iv). We notice that

Â−1
Π (t)− Â−1

Π (s) = G−1(t)Â−1(t)−G−1(s)Â−1(s)

= (G−1(t)−G−1(s))Â−1(t) +G−1(s)(Â−1(t)− Â−1(s))

= G−1(s)(G(s)−G(t))G−1(t)Â−1(t) +G−1(s)Â−1(s)(Â(s)− Â(t))Â−1(t). (3.36)

From (3.30) and (3.33), it follows that G−1(t) is uniformly bounded in L(D1−δ
A ). Moreover, we recall that Â−1(t)

is uniformly bounded in L(H,DA) and that Â ∈ Cαper([0, T ];L(DA, H)). Hence, we will get the conclusion if we

prove that G ∈ Cαper([0, T ];L(D1−δ
A )). For that, we write

G(s)−G(t) = Â−1(s)B(s)B∗(s)Π(s)− Â−1(t)B(t)B∗(t)Π(t)

= Â−1(t)(Â(t)− Â(s))Âδ−1(s)Â−δ(s)B(s)B∗(s)Π(s) + Â−1(t)(B(s)− B(t))B∗(s)Π(s)

+Â−1(t)B(t)(B∗(s)Π(s)− B∗(t)Π(t)). (3.37)

From Â∗ ∈ Cαper([0, T ];L(DA∗ , H)), with a duality argument, we get Â ∈ Cαper([0, T ];L(H, (DA∗)
′)).

Since Â ∈ Cαper([0, T ];L(DA, H)), with an interpolation argument, we deduce that Â ∈
Cαper([0, T ];L(D1−δ

A , (Dδ
A∗)
′)). Then with the uniform boundedness of Â−δ(t)B(t) ∈ L([0, T ]K , H) and of

B∗(t)Π(t) ∈ L(H,RK) we deduce that the first term in the right hand side of (3.37) belongs to
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Cαper([0, T ];L(D1−δ
A )). To estimate the other terms we use B ∈ Cαper([0, T ];L(RK , (DA∗)

′)), and B∗Π ∈
Cαper([0, T ];L(H,RK)) (see (3.22)), and we finally obtain G ∈ Cαper([0, T ];L(D1−δ

A )). Thus, we have analyzed
the different terms in (3.36), and the first part of (iv) is proved.

Step 5. To prove the second part of (iv), we start from the integral representation:

Â−θΠ (r)− Â−θΠ (s) =
sin(πθ)

π

∫ +∞

0

λ−θ((λI + ÂΠ(r))−1 − (λI + ÂΠ(s))−1)dλ, (3.38)

see ([6], (4.6.9), p.150). First, the uniform exponential stability of (e−sÂΠ(t))s≥0 ensures that:

‖(λI + ÂΠ(r))−1‖L(H) + ‖(λI + ÂΠ(s))−1‖L(H) ≤
C

λ
for all λ > 0. (3.39)

Since ÂΠ(·)(λI + ÂΠ(·))−1 = I − λ(λI + ÂΠ(·))−1, by combining estimate (3.39) with

(λI + ÂΠ(r))−1 − (λI + ÂΠ(s))−1

= ÂΠ(r)(λI + ÂΠ(r))−1
(
Â−1

Π (r)− Â−1
Π (s)

)
ÂΠ(s)(λI + Â−1

Π (s))−1,

and the fact that A−1
Π ∈ Cα(R;L(H)), we obtain

‖(λI + ÂΠ(r))−1 − (λI + ÂΠ(s))−1‖L(H) ≤ C|r − s|α. (3.40)

As a consequence, by using estimate (3.39) for λ ≥ |r − s|−α, and estimate (3.40) for λ < |r − s|−α, in the
integral formula (3.38), we obtain

‖Â−θΠ (r)− Â−θΠ (s)‖L(H) ≤ C

∫ +∞

0

λ−θ‖(λI + ÂΠ(r))−1 − (λI + ÂΠ(s))−1‖L(H)dλ

≤ C

(
|r − s|α

∫ 1/|r−s|α

0

λ−θdλ+

∫ +∞

1/|r−s|α
λ−θ−1dλ

)
≤ C|r − s|αθ.

The proof is complete.

Now, we state a stabilizability result for the evolution operator generated by AΠ(·).

Theorem 3.10. (i) There exists a unique parabolic evolution operator (s, t) 7→ SΠ(t, s) for (AΠ(t),D(AΠ(t))),
with regularity subspace D1−δ

A (in the sense of [6], II.2.1, p. 45), and with an exponential decay rate σ ≥ 0. In
particular, there exists τ > 0 such that

∀x ∈ H, ∀(s, t) ∈ ∆∗, ‖SΠ(t, s)x‖H ≤ Ce−(σ+τ)(t−s)‖x‖H . (3.41)

(ii) Moreover, for θ ∈ [0, 1] and β ∈ [0, 1], the mapping (s, t) 7→ ÂθΠ(t)SΠ(t, s)ÂβΠ(s) is continuous from ∆∗

into L(H) and there exists τ > 0 such that

∀x ∈ H, ∀(s, t) ∈ ∆∗, ‖ÂθΠ(t)SΠ(t, s)ÂβΠ(s)x‖H ≤
C

(t− s)θ+β
e−(σ+τ)(t−s)‖x‖H , (3.42)
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and

∀x ∈ H, ∀(s, t) ∈ ∆∗, ‖ÂΠ(t)SΠ(t, s)Â−1
Π (s)x‖H ≤ Ce−(σ+τ)(t−s)‖x‖H . (3.43)

Proof.

Step 1. The existence of a unique parabolic evolution operator (s, t) 7→ SΠ(t, s) for AΠ, with regularity subspace
D1−δ
A , follows from ([6], Thm. 2.3.2, p. 222). In fact, due to (3.30) in Proposition 3.9, [H,D(AΠ(t))]1−δ = D1−δ

A

is independent of t. Further, point (iv) in Proposition 3.9, gives the Hölder exponent of the map Â−1
Π (t) as α.

By Assumption (A2)(ii), α is greater than δ. Thus ([6], Asm. (ii), p. 214) is also satisfied.

Step 2. Let us prove (3.41) for s = 0. The proof is similar for any s ∈ R. We have y(t) = yu(t) + ys(t), where
(see (3.2) and (3.3)) yu and ys are respectively given by

yu(t) = S(t, 0)Pu(0)y0 −
∫ t

0

S(t, s)Bu(s)B∗u(s)Π(s)yu(s)ds,

ys(t) = S(t, 0)Ps(0)y0 −
∫ t

0

S(t, s)Bs(s)B∗u(s)Π(s)yu(s)ds.

From the uniform boundedness of B∗u(t)Π(t) and from (3.27), the feedback control f(t) = −B∗u(t)Π(t)yu(t)
satisfies

‖f(t)‖RK ≤ Ce−(σ+τ0)t‖y0‖H , for all t ≥ 0, and some τ0 > 0. (3.44)

Moreover, with such a notation we have the following integral representation for ys(t):

ys(t) = S(t, 0)Ps(0)y0 +

∫ t

0

S(t, s)Bs(s)f(s)ds, ∀ t ≥ 0. (3.45)

Note that (2.19) guarantees that the first term in the right hand side of (3.45) satisfies the required exponential
decay. Hence, we only have to focus on the asymptotic behavior of the integral term. For that we recall that
Bs(s) = Ps(s)B(s), and we write the integrand as

S(t, s)Bs(s)f(s) =
(
S(t, s)Ps(s)Â

δ(s)
)(
Â−δ(s)B(s)f(s)

)
, ∀ 0 ≤ s < t.

First, as an immediate consequence of Assumption (A2)(ii) we have the following bound

∀ s ≥ 0, ‖(Â(s))−δB(s)f(s)‖H ≤ C‖f(s)‖RK .

Using (2.20) with 0 < 2τ < τ0, it follows that

‖S(t, s)Ps(s)Â
δ(s)‖L(H) ≤ Ce−(σ+2τ)(t−s)|t− s|−δ.

Since δ < 1, with (3.44), Young’s inequality for convolution product and the condition 2τ < τ0, we obtain
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0

S(t, s)Bs(s)f(s)ds

∥∥∥∥
H

≤ C
∫ t

0

e−(σ+2τ)(t−s)

|t− s|δ
‖f(s)‖RKds

≤ Ce−(σ+τ)t

(∫ t

0

e−(τ0−2τ)s e
−τ(t−s)

|t− s|δ
ds

)
‖y0‖H ≤ Ce−(σ+τ)t‖y0‖H , ∀ t ≥ 0.

Step 3. Proof of (3.42) in the case |t− s| < 1. The continuity of (s, t) 7→ ÂΠ(t)SΠ(t, s) and estimate (3.42) for
θ = 0 and θ = 1, and for β = 0 and |t− s| < 1, follow from ([6], Thm. 2.3.2, p. 222). Moreover, estimate (3.42),
for θ ∈ (0, 1), β = 0 and |t− s| < 1, follows from an interpolation argument.

By remarking that ÂθΠ(t)SΠ(t, s) = Âθ−1
Π (t)ÂΠ(t)SΠ(t, s), the continuity of (s, t) 7→ ÂθΠ(t)SΠ(t, s) follows

from the continuity of t 7→ Âθ−1
Π (t) stated in Proposition 3.9(iv).

Estimate (3.42), for θ ∈ (0, 1), β ∈ (0, 1) and |t− s| < 1, follows with an argument similar to the one used to
obtain (2.7) (see [7], Cor. 2.3).

Step 4. Proof of (3.42) in the case |t− s| ≥ 1. We have

ÂθΠ(t)SΠ(t, s)ÂβΠ(s) = ÂθΠ(t)SΠ(t, t− 1/2)SΠ(t− 1/2, s+ 1/2)SΠ(s+ 1/2, s)ÂβΠ(s).

To obtain (3.42) when |t − s| ≥ 1, it is sufficient to use (3.41) to estimate SΠ(t − 1/2, s + 1/2), and (3.42),
already proved when |t− s| < 1, to estimate the other terms.

Step 5. Let us prove (3.43). The estimate (3.43) for |t − s| < 1 follows from ([6], Thm. 2.4.1, p. 228). Let us
prove (3.43) in the case where |t− s| ≥ 1. For all x ∈ H, with (3.42), we have

‖ÂΠ(t)SΠ(t, s)Â−1
Π (s)x‖H ≤ C

e−(σ+τ)(t−s)

|t− s|
‖Â−1

Π (s)x‖H ≤ Ce−(σ+τ)(t−s)‖x‖H .

The proof is complete.

To deal with nonlinear systems, it is convenient to consider the following nonhomogeneous closed-loop system

y′ = AΠ(t)y + f(t), y(0) = y0. (3.46)

Since (s, t) 7→ SΠ(t, s) is the evolution operator for (AΠ(t),D(AΠ(t))), with regularity subspace D1−δ
A , and

since (DA∗)
′ = (D(A∗Π(t)))′, for y0 ∈ H and f ∈ L2

loc([0,+∞); (DA∗)
′), the solution of (3.46) is the function

y ∈ C([0,+∞); (DA∗)
′) defined by

y(t) = SΠ(t, 0)y0 +

∫ t

0

SΠ(t, s)f(s)ds.

Theorem 3.11. Let δ be the exponent appearing in (A2)(ii). Let y0 belong to H and eσtf belong to

L2
(
0,∞;

(
D

1/2
A∗

)′)
.

If δ > 1/2, then the solution to (3.46) satisfies

‖eσ ·y‖Cb([0,∞);H) + ‖eσ ·y‖L2(0,∞;D1−δ
A ) ≤ C

(
‖y0‖H + ‖eσ ·f‖

L2
(

0,∞;
(
D

1/2

A∗

)′)) . (3.47)
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If δ ≤ 1/2, then, for all ε ∈ (0, 1/2), the solution to (3.46) satisfies

‖eσ ·y‖Cb([0,∞);H) + ‖eσ ·y‖
L2(0,∞;D

1/2−ε
A )

≤ Cε
(
‖y0‖H + ‖eσ ·f‖

L2
(

0,∞;
(
D

1/2

A∗

)′)) .
Proof. We give the proof in the case δ > 1/2. The case δ ≤ 1/2 can be obtained analogously by replacing 1− δ
by 1/2− ε in the following.

Step 1. We consider the case when f = 0. From (3.41), (3.42) with θ = 1 − δ and β = 0, and from (3.30), it
follows that

‖eσ ·y‖Cb([0,∞);H) + ‖eσ ·y‖L2(0,∞;D1−δ
A ) ≤ C ‖y0‖H . (3.48)

Step 2. We now study the case when y0 = 0 and f 6= 0. Using (3.31), by duality, it can be shown that the

norms f 7→ ‖f‖(
D

1/2

A∗

)′ and f 7→ ‖Â−1/2
Π (t)f‖H are uniformly equivalent. Using (3.42) for θ = 0 and β = 1/2,

and Young’s convolution in weak Lebesgue spaces, we have

‖y(t)‖H =

∥∥∥∥∫ t

0

SΠ(t, s) f(s) ds

∥∥∥∥
H

≤
∫ t

0

∥∥∥SΠ(t, s)Â
1/2
Π (s)Â

−1/2
Π (s)f(s)

∥∥∥
H

ds ≤ C
∫ t

0

e−(σ+τ)(t−s)

|t− s|1/2
e−σs ‖eσsf(s)‖(

D
1/2

A∗

)′ ds
≤ Ce−σt

∫ t

0

e−τ(t−s)

|t− s|1/2
‖eσsf(s)‖(

D
1/2

A∗

)′ ds ≤ Ce−σt ‖eσ ·f‖
L2
(

0,∞;
(
D

1/2

A∗

)′) .
Thus the estimate of ‖eσ·y‖Cb([0,∞);H) is proved. For the second one, we first notice that, due to (3.30), the

norms y 7→ ‖y‖D1−δ
A

and y 7→ ‖Â1−δ
Π (t)y‖H are equivalent. Thus, using (3.42) for θ = 1− δ and β = 1/2, we can

write

‖y(t)‖D1−δ
A

=

∥∥∥∥∫ t

0

SΠ(t, s) f(s) ds

∥∥∥∥
D1−δ
A

≤
∫ t

0

∥∥∥Â1−δ
Π (t)SΠ(t, s) Â

1/2
Π (s)Â

−1/2
Π (s) f(s)

∥∥∥
H

ds

≤ C

∫ t

0

e−(σ+τ)(t−s)

|t− s|3/2−δ
e−σs ‖eσsf(s)‖2(

D
1/2

A∗

)′ ds ≤ Ce−σt
∫ t

0

e−τ(t−s)

|t− s|3/2−δ
‖eσsf(s)‖(

D
1/2

A∗

)′ ds.
Since δ > 1/2, the mapping t 7→ e−τt

|t|3/2−δ belongs to L1(0,∞), and the Young inequality yields

‖eσ ·y‖L2(0,∞;D1−δ
A ) ≤ C‖e

σ ·f‖
L2(0,∞;

(
D

1/2

A∗

)′
)
.

The proof is complete.
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4. Incompressible Navier-Stokes equation

Let Ω be a bounded domain in R2, with a boundary ∂Ω of class C2,1. Let us denote by n the outward unit
normal to the boundary. We introduce the function spaces

V r(Ω) =
{
y ∈ Hr(Ω;R2) | ∇ · y = 0 in Ω, 〈y · n, 1〉

H−
1
2 (∂Ω),H

1
2 (∂Ω)

= 0
}
, r ≥ 0,

V rn (Ω) =
{
y ∈ Hr(Ω;R2) | ∇ · y = 0 in Ω, y · n = 0 on ∂Ω

}
, r ≥ 0,

V r0 (Ω) =
{
y ∈ Hr(Ω;R2) | ∇ · y = 0 in Ω, y = 0 on ∂Ω

}
, 1

2 < r < 3
2 ,

V r(∂Ω) =
{
y ∈ Hr(∂Ω;R2) |

∫
∂Ω

y · n = 0
}
, r ≥ 0.

For r < 0, V r(∂Ω) denotes the dual space of V −r(∂Ω) with V 0(∂Ω) as pivot space. In this section, we define
the state space H and the control space U by

H = V 0
n (Ω) and U = V 0(∂Ω).

We recall that L2(Ω;R2) = H ⊕∇H1(Ω). The orthogonal projector from L2(Ω;R2) onto H, the so-called Leray
projector, is denoted by P. It is well known that

P ∈ L(H1/2−ε(Ω;R2), V 1/2−ε
n (Ω)), for all 0 < ε ≤ 1

2
. (4.1)

We consider a T -periodic smooth trajectory (zper, pper) satisfying

∂zper

∂t
− ν∆zper + (zper · ∇)zper +∇pper = fper in Ω× (0,∞),

∇ · zper = 0 in Ω× (0,∞),

zper = uper on ∂Ω× (0,∞).

(4.2)

More precisely, we assume that

zper ∈ Cαper([0, T ];V 1(Ω)) ∩ L∞(Ω× (0, T );R2), for some
3

4
< α < 1. (4.3)

The assumption zper ∈ L∞(Ω× (0, T );R2) is needed only in the proof of Proposition 4.4. In Section 4.4, we prove

the existence of solutions to equation (4.2) for uper ∈ Cα−1/2
per ([0, T ];V 3/2(∂Ω))∩Cα+1/2

per ([0, T ];V −1/2(∂Ω)) and

fper ∈ Cα−1/2
per ([0, T ];L2(Ω;R2)), small enough in those norms.

In order to localize the boundary control in an open subset Γc of the boundary ∂Ω, we introduce a localization
operator M ∈ L(V 0(∂Ω)) defined by

Mu(x) = m(x)u(x) − m(x)∫
∂Ω
m

(∫
∂Ω

mu · n
)
n(x), ∀x ∈ ∂Ω, (4.4)

where m is a smooth function with values in [0, 1] and with support in Γc ⊂ ∂Ω, equal to 1 in Γ1, a non empty
open subset in Γc. We note that M is a self-adjoint operator.
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Let (z, p) satisfy the incompressible Navier-Stokes system with an initial condition corresponding to a
perturbation w0 ∈ V 0

n (Ω) of zper(0):

∂z

∂t
− ν∆z + (z · ∇)z +∇p = fper in Ω× (0,∞),

∇ · z = 0 in Ω× (0,∞),

z = Mu+ uper on ∂Ω× (0,∞),

Pz(·, 0) = w0 + Pzper(·, 0) ∈ V 0
n (Ω).

(4.5)

Let us emphasize that, since the normal component of the boundary condition z · n = (Mu + uper) · n is not
necessarily zero, the solution z(t) to system (4.5) does not belong to V 0

n (Ω) and the initial condition has to be
stated for Pz(·, 0) and not for z(·, 0) (see [34], Rem. 2.4).

Our goal is to find u, as a feedback depending on z − zper, able to stabilize z − zper to zero for some norm,
with any prescribed exponential decay rate σ ≥ 0. For that, we set

w = z − zper, q = p− pper.

The pair (w, q) satisfies

∂w

∂t
− ν∆w + (w · ∇)w + (w · ∇)zper + (zper · ∇)w +∇q = 0 in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w = Mu on ∂Ω× (0,∞),

Pw(·, 0) = w0 in Ω.

(4.6)

In the next subsections, we are going to see that the linearized system associated to (4.6) enters into the
functional framework studied in Sections 2–3.

4.1. Stabilization of the linearized system

Let us first consider the linearized system associated to (4.6):

∂w

∂t
− ν∆w + (w · ∇)zper + (zper · ∇)w +∇q = 0 in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w = Mu on ∂Ω× (0,∞),

Pw(·, 0) = w0 in Ω.

(4.7)

To write system (4.7) in the form (1.1), we first introduce the Stokes operator (A0,D(A0)) in H defined by
D(A0) = V 2(Ω) ∩ V 1

0 (Ω) and

A0y = −νP∆y, for all y ∈ D(A0). (4.8)

We also consider the family of closed linear operators in H, (A1(t),D(A1(t)))t∈R, defined by

D(A1(t)) = V 1+ε
0 (Ω), with 0 < ε < 1/2,

A1(t)y = −P
(

(y · ∇)zper(t) + (zper(t) · ∇)y
)
, for all y ∈ V 1+ε

0 (Ω).
(4.9)
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The family of adjoint operators (A∗1(t),D(A∗1(t)))t∈R satisfies

V 1+ε
0 (Ω) ⊂ D(A∗1(t)) and

A∗1(t)y = −P
(

(∇zper(t))
T y − (zper(t) · ∇)y

)
, for all y ∈ V 1+ε

0 (Ω).

Next, we define the family of unbounded operators in H, (A(t),D(A(t)))t≥0, by setting D(A(t)) = V 2(Ω) ∩
V 1

0 (Ω) = DA and

A(t) = −A0 +A1(t) for all t ∈ R. (4.10)

Lemma 4.1. We assume that (4.3) is satisfied. Then (A(t), DA)t∈R satisfies the assumptions (a1), (a2) and
(a3) of Proposition 2.6. Therefore (A(t), DA)t∈R generates a family of evolution operators {S(t, s) | −∞ < s ≤
t <∞} on H.

The family of operators (A∗(t),D(A∗(t)))t∈R is defined by D(A∗(t)) = DA∗ = DA and

A∗(t)ξ = ν P∆ξ + P[(∇zper(t))
T ξ − (zper(t) · ∇)ξ] for all ξ ∈ DA∗ .

Proof. Since zper is T -periodic with respect to time t, it is clear that (A1(t), V 1+ε
0 (Ω))t∈R is T -periodic, and

(a1) in Proposition 2.6 is satisfied. We recall that

D(A
1/2+ε/2
0 ) = [V 0

n (Ω), V 2(Ω) ∩ V 1
0 (Ω)]1/2+ε/2 = V 1+ε

0 (Ω) for all 0 < ε < 1/2.

Thus, (2.33) is satisfied for β = 1
2 + ε

2 . If y ∈ V 1+ε
0 (Ω) with 0 < ε < 1/2, we have

‖A1(t)y‖V 0
n (Ω) + ‖A∗1(t)y‖V 0

n (Ω) ≤ C‖zper(t)‖H1(Ω) ‖y‖V 1+ε
0 (Ω),

see ([8], Sect. 2.2). Thus (a3) in Proposition 2.6 is satisfied. Let us check that t 7→ A1(t) ∈
Cαper([0, T ];L(D(A

1/2+ε/2
0 ), H)). This regularity result follows from the estimate

‖(A1(t)−A1(s))y‖V 0
n (Ω) ≤ C‖zper(t)− zper(s)‖H1(Ω) ‖y‖V 1+ε

0 (Ω),

and from (4.3). Proving that t 7→ A∗1(t) belongs to Cαper([0, T ];L(D(A
1/2+ε/2
0 ), H)) can be done in the same way.

Therefore the assumptions (a1), (a2) and (a3) in Proposition 2.6 are satisfied and the proof is complete.

We choose λ0 > 0 so that

((λ0I +A0 −A1(t))y, y)V 0
n (Ω) ≥

ν

2
‖y‖2V 1

0 (Ω), (4.11)

for all t ∈ [0, T ] and all y ∈ DA. As in (2.2), we set

Â(t)
def
= λ0I −A(t) = λ0I +A0 −A1(t). (4.12)

We introduce the Dirichlet map G(t) ∈ L(V 0(∂Ω), V 0(Ω)), defined by G(t)u = wu(t) for all u ∈ V 0(∂Ω) and
t ∈ [0, T ], where (wu(t), qu(t)) is the unique solution (uniqueness up to an additive constant for the pressure qu)
of the following equation

λ0wu − ν∆wu + (wu · ∇)zper(t) + (zper(t) · ∇)wu +∇qu = 0 in Ω,

∇ · wu = 0 in Ω, w = u on ∂Ω.
(4.13)
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The solution to equation (4.13) is defined by the transposition method (see e.g. [34], B.7).

Lemma 4.2. The mapping t 7→ G(t) belongs to Cα([0, T ];L(V s(∂Ω), V s+
1
2 (Ω))), for all s ∈ [0, 3

2 ].

Proof.

Step 1. Decomposition and preliminary estimates. We look for the solution of equation (4.13) in the form
(wu, qu) = (vu + wa, pu + qa), where (vu, pu) is the solution to

λ0vu − ν∆vu +∇pu = 0 in Ω,

∇ · vu = 0 in Ω, v = u on ∂Ω,
(4.14)

and (wa, qa) is the solution to

λ0wa − ν∆wa + (wa · ∇)zper + (zper · ∇)wa +∇qa = Fu in Ω,

∇ · wa = 0 in Ω, wa = 0 on ∂Ω,
(4.15)

where Fu = −(vu · ∇)zper − (zper · ∇)vu. From ([34], Cor. A.1), it follows that

‖vu‖
Cα([0,T ];V s+

1
2 (Ω))

≤ C‖u‖Cα([0,T ];V s(∂Ω)) for all s ∈ [0, 3/2]. (4.16)

In ([34], Cor. A.1), Ω is of class C3, but Ω of class C2,1 is sufficient. We have

‖Fu(t)‖H−1(Ω;R2) ≤ C‖vu(t)‖
V

1
2 (Ω)
‖zper(t)‖V 1(Ω) for all t ∈ [0, T ], and

‖Fu(t)‖L2(Ω;R2) ≤ Cs‖vu(t)‖
V

1
2

+s(Ω)
‖zper(t)‖V 1(Ω) for all s ∈]1/2, 3/2] and all t ∈ [0, T ].

Step 2. Let us prove the lemma for s ∈ [0, 1/2]. With (4.11) we can obtain the following estimate

‖wa‖L∞(0,T ;V 1(Ω)) ≤ C‖Fu‖L∞(0,T ;H−1(Ω;R2))

≤ C‖vu‖
L∞(0,T ;V

1
2 (Ω))

‖zper‖L∞(0,T ;V 1(Ω)).
(4.17)

For τ, t ∈ [0, T ], the equation satisfied by wa(t)− wa(τ) can be written in the form

λ0(wa(t)− wa(τ))− ν∆(wa(t)− wa(τ)) + ((wa(t)− wa(τ)) · ∇)zper(t)

+(zper(t) · ∇)(wa(t)− wa(τ)) +∇(qa(t)− qa(τ))

= −(wa(τ) · ∇)(zper(t)− zper(τ))− ((zper(t)− zper(τ)) · ∇)wa(τ) in Ω,

∇ · (wa(t)− wa(τ)) = 0 in Ω, wa(t)− wa(τ) = 0 on ∂Ω.

(4.18)

Still using (4.11) we can obtain

‖wa(t)− wa(τ)‖V 1(Ω) ≤ C‖wa‖L∞(0,T ;V 1(Ω))‖zper(t)− zper(τ)‖V 1(Ω).

From which we deduce

‖wa‖Cα([0,T ];V 1(Ω)) ≤ C‖wa‖L∞(0,T ;V 1(Ω))‖zper‖Cα([0,T ];V 1(Ω)). (4.19)
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The proof of the lemma for s ∈ [0, 1/2] follows from (4.16), (4.17), and (4.19).

Step 3. We prove the lemma for s ∈]1/2, 3/2]. For all 0 < ε < 1/2, we have

‖(wa · ∇)zper + (zper · ∇)wa‖L∞(0,T ;H−ε(Ω;R2)) ≤ Cε‖wa‖L∞(0,T ;V 1(Ω))‖zper‖L∞(0,T ;V 1(Ω)).

Thus, for s > 1/2 and 0 < ε < 1/2, it yields that

‖wa‖L∞(0,T ;V 2−ε(Ω)) ≤ C‖Fu + (wa · ∇)zper + (zper · ∇)wa‖L∞(0,T ;H−ε(Ω;R2))

≤ Cε‖vu‖
L∞(0,T ;V

1
2

+s(Ω))
‖zper‖L∞(0,T ;V 1(Ω)) + ‖wa‖L∞(0,T ;V 1(Ω))‖zper‖L∞(0,T ;V 1(Ω)).

By reasoning as in the case when s ∈ [0, 1/2], we obtain the bound of wa in Cα([0, T ];V 2−ε(Ω)). Next using
that bound we can finally obtain the bound for wa in Cα([0, T ];V 2(Ω)).

We introduce the control operator B(t) defined by

B(t)u = −Â(t)PG(t)Mu, for all u ∈ U = V 0(∂Ω), (4.20)

where Â(t) is defined by (4.12). It is clear that the conditions (b1) and (b2) of Proposition 2.6 are satisfied by
B(t). From (4.20), Lemma 4.2, and (4.1), it follows that

Â−δ(t)B(t) = Â1−δ(t)PG(t)M ∈ L(V 0(∂Ω), H), for all
3

4
< δ < 1 and all t ∈ [0, T ]. (4.21)

Thus, we can choose δ such that 3
4 < δ < α, and the condition (b3) follows from (4.21).

We are now in position to write system (4.7) in the form (1.1). Following the approach introduced in [34] for
the autonomous Oseen system, it can be shown in the same way that a function w ∈ L2

loc([0,∞);V 0(Ω)) is a
solution of (4.7) in the transposition sense (see [34], Def. 2.2) if and only if (Pw, (I − P)w) is a weak solution of
the following system

(Pw)′(t) = A(t) (Pw(t)) +B(t)u(t) in (DA∗)
′, ∀ t ≥ 0, Pw(0) = Pw0,

(I − P)w(t) = (I − P)G(t)Mu(t).
(4.22)

This equivalence is proved for the Stokes system in ([34], Thm. 2.4). The autonomous and nonautonomous
Oseen systems are studied in ([34], Sect. 4), and the equivalence between the two notions of solutions can be
adapted from ([34], Sect. 2).

Since B ∈ Cαper([0, T ];L(V, (DA∗)
′), we note that (4.22)1 is not valid in H, but in (DA∗)

′.
Note that (A(·), DA) and B satisfy the assumptions of Proposition 2.6, and therefore they also satisfy

Assumptions (A1) and (A2). As in Section 2.3, the Poincaré map is defined by

U(t) = S(T + t, t),

where {S(t, s) | −∞ < s ≤ t < ∞} is the family of evolution operators on H generated by (A(·), DA). Then
U(·) satisfies Proposition 2.3.

From now on, we choose the prescribed exponential decay rate σ ≥ 0. We denote by Nσ ∈ N the number for
which {λn}n∈N, the spectrum of U(0) except 0, satisfies (2.13), namely

· · · ≤ |λNσ+1| < e−σT < |λNσ | ≤ · · · ≤ |λ1|. (4.23)
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Now we need to verify the Hautus condition (1.7) to prove that the pair (A(t), B(t))t∈R is open-loop sta-
bilizable in V 0

n (Ω), with the prescribed decay rate σ. We first need to characterize B∗(t) in the following
proposition.

Proposition 4.3. The adjoint of G(t) ∈ L(V 0(∂Ω), V 0(Ω)) is defined by

G∗(t)f = ψ(t)n− ν ∂ξ(t)
∂n

, ∀ f ∈ V 0(Ω),

where (ξ, ψ) ∈ Cα([0, T ]; (V 1
0 (Ω) ∩ V 2(Ω))×H1(Ω)) is the solution of

λ0ξ − ν∆ξ + (∇zper(t))
T ξ − (zper(t) · ∇)ξ +∇ψ = f in Ω,

∇ · ξ = 0 in Ω, ξ = 0 on ∂Ω.
(4.24)

The adjoint of B(t) ∈ L(V 0(∂Ω), (DA∗)
′) is defined by

B∗(t)ξ = M

(
ψn− ν ∂ξ

∂n

)
, ∀ξ ∈ DA∗ , ∀ t ∈ [0, T ],

where the pressure ψ ∈ Cα([0, T ];H1(Ω)) is uniquely defined, up to an additive constant, by the equation

∆ψ(t) = −div
(

(I − P)
[
(∇zper(t))

T ξ − (zper(t).∇)ξ
])

in Ω,

∂ψ

∂n
=
[
ν∆ξ − (∇zper(t))

T ξ + (zper(t) · ∇)ξ
]
· n on ∂Ω.

(4.25)

Moreover, t 7→ B∗(t) belongs to Cα([0, T ];L(V s+
3
2 (Ω) ∩ V 1

0 (Ω), V s(∂Ω))), for all s ∈ [0, 1
2 ].

Proof. The expressions of G∗(t) ∈ L(V 0(Ω), V 0(∂Ω)) and B∗(t) ∈ L(DA∗ , V
0(∂Ω)) can be found in ([34],

Lem. B.4). The regularity of t 7→ B∗(t) can be proved using the same type of arguments as those in the
proof of Lemma 4.2.

Proposition 4.4. Let λ belong to {λj | 1 ≤ j ≤ Nσ}, where Nσ is characterized by (4.23). Let ξ ∈ H1(0, T ;H)∩
L2(0, T ;DA∗) satisfy

− ξ′(·, t) = A∗(t)ξ(·, t), for all t ∈ [0, T ], ξ(·, 0) = λξ(·, T ). (4.26)

If B∗(t)ξ(x, t) = 0 on Γ1 × [0, T ], then ξ ≡ 0 in Ω× [0, T ].

Proof. From the definition of B∗(t), it follows that

−∂ξ
∂t
− ν∆ξ + (∇zper)

T ξ − (zper · ∇)ξ +∇ψ = 0 and ∇ · ξ = 0 in Ω× (0, T ),

ξ = 0 and M
(
ψn− ν ∂ξ

∂n

)
= 0 on ∂Ω× (0, T ),

(4.27)

and ψ is the solution to equation (4.25). We set

χ(x, t) = ψ(x, t)n− ν ∂ξ(x, t)
∂n

for all (x, t) ∈ ∂Ω× (0, T ).
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For all x ∈ ∂Ω, we denote by τ(x) the unit tangent vector to ∂Ω for a given orientation. Using (4.27)2 and the
definition of M in (4.4), we get

mχ · τ = 0 and mχ · n
∫
∂Ω

m = m

∫
∂Ω

mχ · n on ∂Ω× (0, T ). (4.28)

Since ξ(·, t) is regular and is a divergence free vector field, using the decomposition ξ = ξττ + ξnn, we have

div ξ =
∂ξτ
∂τ

+
∂ξn
∂n

+ ξ · n div (n) = 0 on ∂Ω× (0, T ).

As ξ = 0 on ∂Ω × (0,∞), we have ∂ξτ
∂τ = 0, and therefore ∂ξn

∂n = 0 on ∂Ω × (0, T ). Since ∂ξ
∂n · n = ∂ξn

∂n = 0 on
∂Ω× (0, T ), the second identity in (4.28) reduces to mψ

∫
∂Ω
m = m

∫
∂Ω
mψ, from which we deduce ψ = C on

Γ1 × (0, T ) as m = 1 on Γ1.
We denote by Ωe ⊃ Ω an open set such that Ωe \Ω is simply connected, ∂(Ωe \Ω) = Γ1∪Γe, where Γe∩Ω = ∅.

Since

ξ = 0 and ψn− ν ∂ξ
∂n

= C n on Γ1 × (0, T ), (4.29)

we extend ξ and ψ to Ωe by setting

(ξe, ψe) = (ξ, ψ) in Ω, (ξe, ψe) = (0, C) in Ωe \ Ω,

and we extend zper to Ωe \ Ω by a bounded function, still denoted by zper. Due to (4.29), the pair (ξe, ψe)
satisfies (4.27)1 in Ωe × (0, T ), and ξe = 0 in Ωe \ Ω. Since the extension of zper belongs to L∞(Ωe × (0, T )),
from ([21], Thm. 1.4), it follows that ξ = 0 in Ω× (0, T ).

For any family u = (uj)
K
j=1 in Cαper([0, T ]; (V 1/2(∂Ω))K), we recall that the operator B(·) associated to u is

defined in (1.4) by

B(t)f =

K∑
j=1

fj B(t)uj(t) for all f = (f1, · · · , fK) ∈ RK . (4.30)

The operator B(t) belongs to L(RK , (DA∗)
′) and its adjoint B∗(t) ∈ L(DA∗ ,RK) is defined by

B∗(t)ξ =

(∫
∂Ω

B∗(t)ξ uj(t)

)
1≤j≤K

, for all ξ ∈ DA∗ and all t ∈ [0, T ].

Lemma 4.5. There exists a family u = (uj)
K
j=1 in Cαper([0, T ]; (V 1/2(∂Ω))K) such that the pair (A(·),B(·)) is

open-loop stabilizable with the exponential decay rate σ ≥ 0, and therefore Assumption (A3) is satisfied.

Proof. It follows from Proposition 4.4 and ([7], Cor. 3.19).

Remark 4.6. The size K of the family given by the Lemma 4.5 can be chosen equal to the maximum of
the geometric multiplicities of the eigenvalues (λj)1≤j≤Nσ . We also underline that the family u = (uj)

K
j=1 can

be chosen independent of the time variable t if we choose K greater or equal than the sum of the geometric
multiplicities of the eigenvalues (λj)1≤j≤Nσ . We refer to [7] for details.

In fact, we have the following unique continuation result stronger than the one stated in Proposition 4.4.
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Proposition 4.7. Let λ belong to {λj | 1 ≤ j ≤ Nσ}, where Nσ is characterized by (4.23). Let ξ ∈ H1(0, T ;H)∩
L2(0, T ;DA∗) satisfy (4.26). For a nonempty open interval (a, b) ⊂ (0, T ), if B∗(t)ξ(x, t) = 0 on Γ1× [a, b], then
ξ ≡ 0 in Ω× [0, T ].

Proof. First, by following the lines of Proposition 4.4 but with (a, b) instead of (0, T ), from ([21], Thm. 1.4) we
deduce that ξ ≡ 0 in Ω× [a, b]. Thus, since ξ(·, a) = 0 in Ω we deduce that ξ (which is solution of a backward
equation) also vanishes on [0, a], namely ξ ≡ 0 in Ω× [0, b]. In particular, ξ(·, 0) = 0 in Ω. Finally, from |λ| > 0
and 0 = ξ(·, 0) = λξ(·, T ) we deduce that ξ(·, T ) = 0, and then that ξ ≡ 0 in Ω× [0, T ].

The above proposition guarantees the existence of a family reduced to a single element (K = 1) for which
(A(·),B(·)) is open-loop stabilizable.

Lemma 4.8. There exists a family u = (u) in Cαper([0, T ];V 1/2(∂Ω)), reduced to a single element (K = 1), such
that the pair (A(·),B(·)) is open-loop stabilizable with the exponential decay rate σ ≥ 0, and therefore Assumption
(A3) is satisfied.

Proof. It follows from Proposition 4.7 and ([7], Cor. 3.19).

From now on, the family u = (uj)
K
j=1 is that introduced in Lemma 4.5 or in Lemma 4.8, and B(t) is the

associated control operator.
Let Π(t) ∈ L(H) be the solution to equation (3.24). Let us consider the linear homogeneous closed-loop

system

∂w

∂t
− ν∆w + (w · ∇)zper + (zper · ∇)w +∇q = 0 in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w(·, t) = −B∗(t)Π(t)Pw(t) · u(t) = −
K∑
j=1

(B∗(t)Π(t)Pw(t))j uj on ∂Ω× (0,∞),

Pw(0) = Pw0 in Ω.

(4.31)

As in Section 3.2, we introduce the family of operators (AΠ(t),D(AΠ(t))) defined by

AΠ(t) = A(t)− B(t)B∗(t)Π(t), D(AΠ(t)) = {x ∈ H | A(t)x− B(t)B∗(t)Π(t)x ∈ H}.

The system (4.31) is equivalent to

(Pw)′(t) = AΠ(t)Pw(t) in (DA∗)
′, t > 0, Pw(0) = w0,

(I − P)w(t) = −(I − P)G(t) (B∗(t)Π(t)Pw(t) · u(t)) , t > 0.
(4.32)

From Theorem 3.10, it follows that, for all w0 ∈ V 0
n (Ω), the solution Pw of equation (4.32)1 satisfies

‖eσ ·Pw(·)‖Cb([0,∞);H) ≤ C‖w0‖H . (4.33)

Before ending this subsection, let us recall some useful results. With the notation introduced in Sections 2–3,
we have

V 1
0 (Ω) = D

1/2
A = D

1/2
A∗ , V −1(Ω) =

(
D

1/2
A∗

)′
,

and V 1/2−ε(Ω) = D
1/4−ε/2
A for all 0 < ε ≤ 1/2.

(4.34)
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4.2. Non-homogeneous closed-loop linearized system

Let us consider the following closed-loop non-homogeneous linear system

∂w

∂t
− ν∆w + (w · ∇)zper + (zper · ∇)w +∇q = h in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w(·, t) = −B∗(t)Π(t)Pw(t) · u(t) on ∂Ω× (0,∞),

Pw(·, 0) = w0 in Ω,

(4.35)

where h is a given forcing term in L2(0,∞;H−1(Ω;R2)). The operator P can be extended as a continuous linear
operator P ∈ L(H−1(Ω;R2), V −1(Ω)), where V −1(Ω) is the dual of V 1

0 (Ω), with V 0
n (Ω) as pivot space (see [32]).

Thus Ph belongs to L2(0,∞;V −1(Ω)). The above system is equivalent to

(Pw)′(t) = AΠ(t)Pw(t) + Ph(t) in (DA∗)
′, t > 0, Pw(0) = w0,

(I − P)w(t) = −(I − P)G(t) (B∗(t)Π(t)Pw(t) · u(t)) , t > 0.
(4.36)

We can write the equation satisfied by wu(·) = Pu(·)Pw(·) as follows:

w′u(t) =
(
Au(t)− Bu(t)B∗u(t)Π(t)

)
wu(t) + Pu(t)Ph(t), t > 0, wu(0) = Pu(0)w0 = w0,u. (4.37)

We first prove the following.

Proposition 4.9. If eσ ·h(·) belongs to L2(0,∞;H−1(Ω;R2)), and if w0 ∈ V 0
n (Ω), then the solution w to system

(4.35) belongs to L2(0,∞;V 1/2−ε(Ω)) ∩ Cb([0,∞);L2(Ω;R2)) and satisfies the estimates

‖eσ ·Pw(·)‖Cb([0,∞);L2(Ω;R2)) + ‖eσ ·(I − P)w(·)‖Cb([0,∞);L2(Ω;R2))

≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))),

and

‖eσ ·Pw(·)‖L2(0,∞;V 1/2−ε(Ω)) + ‖eσ ·(I − P)w(·)‖L2(0,∞;V 1/2−ε(Ω))

≤ Cε(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))), for all 0 < ε ≤ 1/2.

(4.38)

Proof. The estimates for Pw(·) follow from (4.34) and from Theorem 3.11, by choosing δ in (4.21) close enough
to 3/4 to satisfy 1

4 −
ε
2 ≤ 1− δ < 1

4 .
To estimate (I − P)w(·), we notice that B∗(·)Π(·) belongs to Cαper([0, T ];L(H,RK)) and G(·) belongs to

Cαper([0, T ];L(V 1/2(∂Ω), V 1(Ω)). Thus the estimates for (I − P)w(·) follow from (4.36)2.

Proposition 4.10. If eσ ·h(·) belongs to L2(0,∞;H−1(Ω;R2)), and if w0 ∈ V 0
n (Ω), then the solution wu to

equation (4.37) belongs to L2(0,∞;H) and satisfies

‖eσ ·wu(·)‖Cb([0,∞);H) + ‖eσ ·wu(·)‖L2(0,∞;H) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))). (4.39)

Moreover, the mapping t 7→ B∗(t)Π(t)wu(t) belongs to H1/4(0,∞;RK), and

‖eσ ·B∗(·)Π(·)wu(·)‖H1/4(0,∞;RK) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))). (4.40)
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Proof.

Step 1. The estimate (4.39) follows from Proposition 4.9 and the fact that Pu ∈ Cper([0, T ];L(H)) (actually
Pu ∈ Cper([0, T ];L(H,DA)) see (2.18)).

Step 2. Let (Q(t))t∈R and Λ be the operators introduced in Proposition 3.2. To prove (4.40), we set z(t) =
Q−1(t)wu(t). The equation satisfied by z is

z′(t) = (Λ−Q−1(t)Bu(t)(Q−1(t)Bu(t))∗Πu(t)z(t) +Q−1(t)Pu(t)h(t), t > 0, z(0) = w0,u,

and the equation satisfied by eσ ·z(·) is

d

dt
(eσ tz(t))

= (Λ + σI −Q−1(t)Bu(t)(Q−1(t)Bu(t))∗Πu(t)(eσ tz(t)) +Q−1(t)Pu(t)eσth(t).

(4.41)

With (4.38) and the fact that Q−1Pu ∈ C1
per([0, T ],L(HC, HC,u(0))) (see (3.7)), we first get

‖eσ ·z(·)‖Cb([0,∞);HC,u(0)) + ‖eσ ·z(·)‖L2(0,∞;HC,u(0))

≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).
(4.42)

From Proposition 3.3, it follows that (Q−1(·)Bu(·))∗Πu(·) belongs to Cb([0,∞);L(HC,u(0))). Thus, we have

‖eσ ·B(·)(Q−1(·)Bu(·))∗Πu(·)z(·)‖L2(0,∞;D′
A∗ ) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).

Since Q−1Pu ∈ Cper([0, T ],L(D′A∗ , HC,u(0))), see (3.7), we obtain

‖eσ ·Q−1(·)Bu(·)(Q−1(·)Bu(·))∗Πu(t)z(·)‖L2(0,∞;HC,u(0))

≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).

Combining the above estimates for the RHS of equation (4.41), we obtain

‖eσ ·z(·)‖H1(0,∞;HC,u(0)) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))). (4.43)

To estimate ‖eσ ·B∗(·)Π(·)wu(·)‖H1/4(0,∞;RK), note that

‖eσ ·B∗(·)Π(·)wu(·)‖2H1/4(0,∞;RK) = ‖eσ ·B∗(·)Π(·)Q(·)z(·)‖2H1/4(0,∞;RK)

=

∫ ∞
0

∫ ∞
0

|eσtB∗(t)Π(t)Q(t)z(t)− eσsB∗(s)Π(s)Q(s)z(s)|2

|t− s|3/2
dsdt

≤ C
(∫ ∞

0

∫ ∞
0

‖B∗(t)Π(t)Q(t)− B∗(s)Π(s)Q(s)‖2L(HC,u(0),CK)

|t− s|3/2
‖eσtz(t)‖2HC,u(0) dsdt

+

∫ ∞
0

∫ ∞
0

‖B∗(s)Π(s)Q(s)‖2L(HC,u(0),RK)

‖eσtz(t)− eσsz(s)‖2HC,u(0)

|t− s|3/2
)

dsdt

≤ C‖B∗(·)Π(·)Q(·)‖Cαper([0,T ];L(HC,u(0),CK))‖eσ ·z(·)‖H1(0,∞;HC,u(0)),
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for α > 3
4 . Thus, with (3.6), (3.22), and (4.43), we obtain

‖eσ ·B∗(·)Π(·)wu(·)‖H1/4(0,∞;RK) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))),

and the proof of (4.40) is complete.

Proposition 4.11. If eσ ·h(·) belongs to L2(0,∞;H−1(Ω;R2)), and if w0 ∈ V 0
n (Ω), then the solution w to

system (4.35) satisfies the estimate

‖eσ ·w(·)‖L2(0,∞;V 1(Ω)) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))). (4.44)

Proof. We rewrite the system (4.35) in the form

∂w

∂t
− ν∆w + σw +∇q = −(w · ∇)zper − (zper · ∇)w + σw + h in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w(·, t) = −B∗(t)Π(t)Pw(t) · u(t) on ∂Ω× (0,∞),

Pw(·, 0) = w0 in Ω,

(4.45)

and we have

‖et(−A0−σI)‖L(H) ≤ Ce−t(σ+ε), for some ε > 0.

We set w = ζ + ξ and q = ρ+ p, where

∂ζ

∂t
− ν∆ζ + σζ +∇ρ = 0 in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

ζ(·, t) = −B∗(t)Π(t)Pw(t) · u(t) on ∂Ω× (0,∞),

ζ(0) = 0,

(4.46)

and

∂ξ

∂t
− ν∆ξ + σξ +∇p = −(w · ∇)zper − (zper · ∇)w + σw + h in Ω× (0,∞),

∇ · ξ = 0 in Ω× (0,∞),

ξ(·, t) = 0 on ∂Ω× (0,∞),

Pξ(·, 0) = w0 in Ω.

(4.47)

We have B∗(·)Π(·)Pw(·) = B∗(·)Π(·)Pu(t)Pw(·) = B∗(·)Π(·)wu(·). Thus, from (4.40), using that u ∈
Cαper([0, T ];V 1/2(∂Ω;RK), it follows that

‖eσ ·B∗(·)Π(·)Pw(·) · u(·)‖H1/2,1/4(∂Ω×(0,∞)) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).

Using ([34], Thms. 2.3 and 2.6), with the above estimate, it follows that

‖eσ ·ζ(·)‖L2(0,∞;V 1(Ω)) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).
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To estimate ξ, using that div zper = 0, we notice that

‖eσ ·(−(w · ∇)zper − (zper · ∇)w)‖L2(0,∞;H−1(Ω;R2))

≤ Cε‖eσ ·w‖L2(0,∞;V 1/2−ε(Ω))‖zper‖Cαper([0,T ];V 1(Ω)),

for all 0 < ε < 1/2, and

‖eσ ·σw‖L2(0,∞;H−1(Ω;R2)) ≤ C‖eσ ·w‖L2(0,∞;L2(Ω)).

From these estimates, with (4.38), it follows that

‖eσ ·ξ(·)‖L2(0,∞;V 1
0 (Ω)) ≤ C(‖w0‖H + ‖eσ ·h(·)‖L2(0,∞;H−1(Ω;R2))).

4.3. Local stabilization of the nonlinear system

To handle the nonlinear term in (4.6), we set

N(ζ) = (ζ · ∇)ζ. (4.48)

The nonlinear closed-loop system reads as follows

∂w

∂t
− ν∆w + (w · ∇)zper + (zper · ∇)w +∇q = −N(w) in Ω× (0,∞),

∇ · w = 0 in Ω× (0,∞),

w(·, t) = −B∗(t)Π(t)w(t) · u(t) on ∂Ω× (0,∞),

Pw(0) = w0 in Ω.

(4.49)

The above system is equivalent to

(Pw)′(t) = AΠ(t)Pw(t)− PN(w(t)) in (DA∗)
′, t > 0, Pw(0) = w0,

(I − P)w(t) = −(I − P)G(t)B∗(t)Π(t)Pw(t) · u(t), t > 0.
(4.50)

Lemma 4.12. We have

‖eσ ·N(ζ)‖L2(0,∞;H−1(Ω;R2)) ≤ C1 ‖eσ ·ζ‖2L∞(0,∞;V 0(Ω))∩L2(0,∞;V 1(Ω)),

and

‖eσ · (N(ζ1)−N(ζ2))‖L2(0,∞;H−1(Ω;R2)) (4.51)

≤ C1

(
‖eσ ·ζ1‖L∞(0,∞;V 0(Ω))∩L2(0,∞;V 1(Ω)) + ‖eσ ·ζ2‖L∞(0,∞;V 0(Ω))∩L2(0,∞;V 1(Ω))

)
×
(
‖eσ ·(ζ1 − ζ2)‖L∞(0,∞;V 0

n (Ω))∩L2(0,∞;V 1(Ω))

)
,

for all eσ ·ζ, eσ ·ζ1 and eσ ·ζ2 belonging to L2(0,∞;V 1(Ω)) ∩ L∞(0,∞;V 0(Ω)), and some positive constant C1.
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Proof. We notice that L2(0,∞;V 1(Ω)) ∩ L∞(0,∞;V 0(Ω)) ↪→ L4(0,∞;L4(Ω)), and, using that div ζ = 0, we
have

‖eσ ·(ζ · ∇)ξ‖L2(0,∞;H−1(Ω;R2)) =

∥∥∥∥∥∥ sup
‖φ‖

H1
0(Ω;R2)=1

eσ ·
∫

Ω

(ζ(·)⊗ ξ(·)) : ∇φ dx

∥∥∥∥∥∥
L2(0,∞)

≤
∥∥eσ ·‖ζ(·)⊗ ξ(·)‖L2(Ω;R4)

∥∥
L2(0,∞)

≤ C
∥∥eσ ·‖ζ(·)‖L4(Ω;R2)‖ξ(·)‖L4(Ω;R2)

∥∥
L2(0,∞)

≤ C‖eσ ·ζ(·)‖L4(0,∞;L4(Ω;R2))‖ξ(·)‖L4(0,∞;L4(Ω;R2))

≤ C‖eσ ·ζ(·)‖L2(0,∞;V 1(Ω))∩L∞(0,∞;V 0(Ω))‖ξ(·)‖L2(0,∞;V 1(Ω))∩L∞(0,∞;V 0(Ω)),

for all ζ ∈ L2(0,∞;V 1(Ω)) ∩ L∞(0,∞;V 0(Ω)) and ξ ∈ L2(0,∞;V 1(Ω)) ∩ L∞(0,∞;V 0(Ω)). The estimates in
(4.51) can be derived from the above one.

Theorem 4.13. There exist positive constants ρ0 and µ0 depending on σ, Ω such that, for all µ ∈ (0, µ0) and
for all initial condition w0 ∈ V 0

n (Ω) satisfying

‖w0‖V 0
n (Ω) ≤ ρ0µ, (4.52)

there exists a unique solution w of the closed-loop system (4.49) in the ball

Dµ = {eσ ·w ∈ L2(0,∞;V 1(Ω)) ∩ Cb([0,∞);V 0(Ω)) |

‖eσ ·w‖L2(0,∞;V 1(Ω)) + ‖eσ ·w‖L∞(0,∞;V 0(Ω)) ≤ µ}.
(4.53)

Proof. For a given µ > 0, we consider the mapping

F : ζ 7→ wζ

where ζ ∈ Dµ and wζ is the weak solution to the system

(Pwζ)′(t) = AΠ(t)Pwζ(t)− PN(ζ) in (DA∗)
′, t > 0, Pwζ(0) = w0,

(I − P)wζ(t) = −(I − P)G(t)B∗(t)Π(t)Pwζ(t) · u(t), t > 0.
(4.54)

As in ([32], Thm. 4.2), using estimates established in Lemma 4.12 for nonlinear term N(w(·)), we can show that
there exist positive constants ρ0 and µ depending on σ, Ω, such that F is a strict contraction in Dµ provided
that (4.52) is satisfied. The theorem follows from the Banach fixed point Theorem.

4.4. Existence of time periodic solutions

Now, we state a theorem claiming the existence of a solution to system (4.2) under some smallness condition.

Theorem 4.14. Let θ belong to (1/2, 1) and T be positive. There exists a positive constant Cθ,T such that, for
all uper ∈ Cθper([0, T ];V 3/2(∂Ω)) ∩ C1+θ

per ([0, T ];V −1/2(∂Ω)) and all fper ∈ Cθper([0, T ];L2(Ω;R2)) such that

‖uper‖Cθper([0,T ];V 3/2(∂Ω))∩C1+θ
per ([0,T ];V −1/2(∂Ω)) + ‖fper‖Cθper([0,T ];L2(Ω;R2)) ≤ Cθ,T ,

the system (4.2) admits a solution zper ∈ Cθper([0, T ];V 2(Ω)) ∩ C1+θ
per ([0, T ];V 0(Ω)). In particular zper ∈

Cαper([0, T ];V 1(Ω)) ∩ L∞(Ω× (0, T );R2), with α = θ + 1
2 >

3
4 .
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Proof. We refer to ([15], Thm. 1), where a similar result is proved for a more complex fluid-structure system.
But the proof can be directly adapted to our system. The fact that zper belongs to Cαper([0, T ];V 1(Ω)) follows by

interpolation. The fact that zper belongs to L∞(Ω× (0, T );R2) follows from the imbedding Cθper([0, T ];V 2(Ω)) ↪→
L∞(Ω× (0, T );R2).

For other existence results for the Navier-Stokes system, we also refer to [23, 27]. Other results may be
obtained without smallness condition but under geometrical conditions on Ω, see, e.g., [25].
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