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REMARKS ON NONLINEAR ELASTIC WAVES WITH NULL

CONDITIONS

Dongbing Zha1 and Weimin Peng2,*

Abstract. For the Cauchy problem of nonlinear elastic wave equations for 3D isotropic, homogeneous
and hyperelastic materials with null conditions, global existence of classical solutions with small initial
data was proved in R. Agemi (Invent. Math. 142 (2000) 225–250) and T. C. Sideris (Ann. Math. 151
(2000) 849–874) independently. In this paper, we will give some remarks and an alternative proof for it.
First, we give the explicit variational structure of nonlinear elastic waves. Thus we can identify whether
materials satisfy the null condition by checking the stored energy function directly. Furthermore, by
some careful analyses on the nonlinear structure, we show that the Helmholtz projection, which is
usually considered to be ill-suited for nonlinear analysis, can be in fact used to show the global existence
result. We also improve the amount of Sobolev regularity of initial data, which seems optimal in the
framework of classical solutions.
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1. Introduction and main result

For isotropic, homogeneous and hyperelastic materials, the motion for the displacement is governed by
the nonlinear elastic wave equation which is a second-order quasilinear hyperbolic system. Some physical
backgrounds of the nonlinear elastic waves can be found in [4, 5, 16].

Researches on long time existence of classical solutions for nonlinear elastic waves can trace back to Fritz
John’s pioneering works on elastodynamics (see [13]). For the Cauchy problem of nonlinear elastic waves, John
[8] proved that in the radially symmetric case, a genuine nonlinearity condition will lead to the formation of
singularities for small initial data. John [9] also showed that the equations have almost global classical solutions
for small initial data. Then Klainerman and Sideris [14] simplified John’s proof (see also other simplified proofs
in [6, 15, 22, 24]). Agemi [1] and Sideris [20] proved independently that for certain classes of materials satisfying
some kind of null condition, which is the complement of the genuine nonlinearity condition, there exist global
classical solutions with small initial data (see also a previous result in [19]). Some low regularity global existence
results in the radially symmetric case can be found in [26]. Some results in two dimensional case can be found
in [23, 25].
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The purpose of this paper is to give some remarks and an alternative proof on the global existence result
for nonlinear elastic waves under the null condition. First, it is well-known that hyperelastic materials can be
defined by the stored energy function. Thus in order to identify whether materials satisfy the null condition, it
is convenient to check the stored energy function directly. For this purpose, it is necessary to give the variational
structure of nonlinear elastic waves. Based on [1, 19], we write down the quadratic and cubic nonlinearity in
the stored energy function explicitly. Furthermore, since nonlinear elastic waves are coupled even at linear level,
in [20] in order to develop some weighted L2 estimates (Klainerman–Sideris type estimates) and realize the
null condition, a local decomposition is employed. While the nonlocal Helmholtz projection, which decomposes
elastic waves into their longitudinal and transverse components, is usually considered to be ill-suited for nonlinear
analysis. By some careful analyses on the nonlinear structure of nonlinear elastic waves, together with some new
observations on the commutation relations between the Helmholtz projection and the vector fields corresponding
to the symmetries of nonlinear elastic waves, and Klainerman–Sideris type estimates for wave operator [14], we
can show that the Helmholtz decomposition can be also used to prove the global existence for nonlinear elastic
waves with null conditions. We also improve the amount of Sobolev regularity of initial data, which seems
optimal in the framework of classical solutions.

In fact, the main motivation of providing a new proof for the global existence result for nonlinear elastic
waves via the Helmholtz projection is to attack the problem of asymptotic behavior of global solutions. We
conjecture that the global solution will converge to a solution of the homogeneous linear elastic wave equation
as time tends to infinity in the energy sense. The analogue of multiple-speeds wave systems has been verified
in [11]. We hope that the Helmholtz decomposition can be used to study the asymptotic behavior of global
solutions for nonlinear elastic waves in the future.

The outline of this paper is as follows. The remainder of this introduction will be devoted to the description
of the basic notation which will be used in the sequel, derivation of the equations of motion and a statement
of the global existence theorem. Section 2 introduces some necessary tools used to prove the global existence,
including some commutation relations, decay estimates for null form nonlinearity, weighted Sobolev inequalities
and Klainerman–Sideris type estimates. Then, the global existence theorem will be proved in Section 3.

1.1. Notation

Denote the space gradient and space-time gradient by ∇ = (∂1, ∂2, ∂3) and ∂ = (∂t,∇), respectively. The
angular momentum operators (generator of the spatial rotation) are the vector fields Ω = (Ωij : 1 ≤ i < j ≤ 3),
where

Ωij = xi∂j − xj∂i. (1.1)

Denote the generators of simultaneous rotations by Ω̃ = (Ω̃ij : 1 ≤ i < j ≤ 3), where

Ω̃ij = ΩijI + Uij , (1.2)

and Uij = ei ⊗ ej − ej ⊗ ei, {ei}3i=1 is the standard basis on R3. The scaling operator is

S = t∂t + r∂r, (1.3)

where r = |x|, ∂r = ω · ∇, ω = (ω1, ω2, ω3), ωi = xi/r, i = 1, 2, 3, and we will use

S̃ = S − 1. (1.4)
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Denote the collection of vector fields by Γ = (∂t,∇, Ω̃, S̃) = (Γ0, . . . ,Γ7). It is easy to verify that the commutator
of Γ and ∇ is in the span of ∇. Schematically, we write[

Γ,∇
]

= ∇. (1.5)

By Γa, a = (a1, . . . , ak), we denote an ordered product of k = |a| vector fields Γa1
· · ·Γak .

Denote the basic energy corresponding to the linear elastic wave operator (see Sect. 1.2) by

E1(u(t)) =
1

2

∫
R3

(
|∂tu(t, x)|2 + c22|∇u(t, x)|2 + (c21 − c22)(∇ · u(t, x))2

)
dx (1.6)

and the higher order version by

Eκ(u(t)) =
∑
|a|≤κ−1

E1(Γau(t)). (1.7)

The solution will be constructed in the space Ḣκ
Γ(T ), which is the closure of the set C∞

(
[0, T );C∞c (R3;R3)

)
in the norm sup

0≤t<T
E

1/2
κ (u(t)).

Set

Λ = (∇, Ω̃, r∂r − 1) = (Λ1, . . . ,Λ7). (1.8)

Define the time-independent spaces

Hκ
Λ = {f ∈ L2(R3;R3) : Λaf ∈ L2(R3;R3), |a| ≤ κ} (1.9)

with the norm

‖f‖HκΛ =
( ∑
|a|≤κ

‖Λaf‖2L2(R3)

)1/2

. (1.10)

As in [17], we will introduce the Banach space Lp,q(R3) equipped with the norm

‖f‖Lp,q(R3) = ‖f(rω)r
2
p ‖Lpr(0,∞;Lqω(S2)), (1.11)

where 1 ≤ p, q ≤ +∞.
Denote the Riesz transformation by

Rk =
∂k√
−∆

, k = 1, 2, 3. (1.12)

We also employ the notation R = (R1, R2, R3). We will use the Helmholtz decomposition, which projects any vec-
tor field onto curl-free and divergence-free components. Specifically speaking, for any function u ∈ C∞(R3;R3)
with sufficient decay at infinity, we have

u = ucf + udf , (1.13)
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with

ucf = −R(R · u), udf = R ∧ (R ∧ u), (1.14)

∧ being the usual vector cross product. And it holds that

∇∧ ucf = 0, ∇ · udf = 0, (1.15)

‖u‖2L2(R3) = ‖ucf‖2L2(R3) + ‖udf‖2L2(R3). (1.16)

The proof of above facts can be found in [2].
Using the Helmholtz decomposition, we will also define the following weighted L2 norm

Xκ(u(t)) =

3∑
β=0

3∑
l=1

∑
|a|≤κ−2

(
‖〈c1t− r〉∂β∂lΓaucf (t)‖L2 + ‖〈c2t− r〉∂β∂lΓaudf (t)‖L2

)
, (1.17)

where 〈·〉 = (1 + | · |2)1/2. Note that the above definition of weighted L2 norm Xκ(u(t)) is different from the
corresponding one in [20] (see (1.6) in [20]), where a local decomposition is employed.

1.2. The equations of motion

Consider a homogeneous elastic material filling in the whole space R3. Assume that its density in its unde-
formed state is unity. Let y : R×R3 −→ R3 be the smooth deformation of the material that evolves with time,
which is an orientation preserving diffeomorphism taking a material point x ∈ R3 in the reference configuration
to its position y(t, x) ∈ R3 at time t. The deformation gradient is then the matrix F = ∇y with components
Fil = ∂ly

i.
For the materials under consideration, the potential energy density is characterized by a stored energy function

W (F ). Then we have the Lagrangian

L (y) =

∫∫
1

2
|yt|2 −W (∇y) dxdt. (1.18)

A material is frame indifferent, if the conditions

W (F ) = W (QF ) (1.19)

hold for every orthogonal matrix Q, and it material is isotropic, if the conditions

W (F ) = W (FQ) (1.20)

hold for every orthogonal matrix Q. It is well-known that (1.19) and (1.20) imply that the stored energy function
W (F ) = σ(ι1, ι2, ι3), where ι1, ι2, ι3 are the principal invariants of the (left) Cauchy–Green strain tensor FFT .
By applying Hamilton’s principle to (1.18), we can get the corresponding Euler–Lagrange equation1

∂2yi

∂t2
− ∂

∂xl

(
∂W

∂Fil
(∇y)

)
= 0. (1.21)

1Repeated indices are always summed.
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We will consider displacements u(t, x) = y(t, x) − x from the reference configuration. The displacement
gradient matrix G = ∇u satisfies G = F − I, and C = FFT − I = G+GT +GGT . Consequently we have

W (F ) = σ(k1, k2, k3), (1.22)

where k1, k2, k3 are the principal invariants of C. For the displacement, we have the Lagrangian

L̃ (u) = L (y) =

∫∫
1

2
|ut|2 − σ(k1, k2, k3) dxdt. (1.23)

Then the PDE’s can be formulated as the nonlinear system

∂2ui

∂t2
− ∂

∂xl
∂σ

∂Gil
= 0. (1.24)

Now in order to give the variational structure of nonlinear elastic waves, we need to represent σ(k1, k2, k3)
by G = ∇u explicitly. We will consider only small displacements from the reference configuration. In three
space dimensions, the global existence of small amplitude solutions to nonlinear hyperbolic systems hinges on
the specific form of the quadratic portion of the nonlinearity. Such compatibility conditions are often referred
to as null conditions. See [3, 7, 10, 12, 18, 21] etc. From the analytical point of view, therefore, it is enough to
truncate (1.24) to third order in u, the higher order corrections having no influence on the existence of small
solutions. And we will truncate σ(k1, k2, k3) in (1.23) to fourth order in u.

Let λ1, λ2, λ3 be the eigenvalues of C. We use the following formulas for the principal invariants:

k1 = λ1 + λ2 + λ3 = tr C, (1.25)

k2 = λ1λ2 + λ2λ3 + λ1λ3 =
(tr C)2 − tr C2

2
, (1.26)

k3 = λ1λ2λ3 = det C =
(tr C)3 − 3(tr C)(tr C2) + 2tr C3

6
. (1.27)

Noting that

tr C = 2tr G+ tr GGT , (1.28)

(tr C)2 = 4(tr G)2 + 4tr G tr GGT + (tr GGT )2, (1.29)

(tr C)3 = 8(tr G)3 + 12(tr G)2 tr GGT + 6tr G(tr GGT )2 + (tr GGT )3, (1.30)

tr C2 = 2(tr G2 + tr GGT ) + 4tr G2GT + tr (GGT )2, (1.31)

tr C3 = 2tr G3 + 6tr G2GT + h.o.t., (1.32)

we get

k1 = 2tr G+ tr GGT , (1.33)

k2 = 2(tr G)2 − (tr G2 + tr GGT ) + 2(tr G tr GGT − tr G2GT )

+
1

2

(
(tr GGT )2 − tr (GGT )2

)
, (1.34)

k3 =
4

3
(tr G)3 − 2(tr G)(tr G2 + tr GGT ) +

2

3
tr G3 + 2tr G2GT + h.o.t. (1.35)
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From (1.33), (1.34) and (1.35) it is apparent that k1 = O(|G|), k2 = O(|G|2), k3 = O(|G|3). Therefore, the
relevant terms in the Taylor expansion at ki = 0 are

σ(k1, k2, k3) = (σ0 + σ1k1) +

(
1

2
σ11k

2
1 + σ2k2

)
+

(
1

6
σ111k

3
1 + σ12k1k2 + σ3k3

)
+ h.o.t., (1.36)

with the constants σ0, σ1 etc., standing for the partial derivatives of σ at ki = 0. Without loss of generality, we
assume that σ0 = 0. And we impose the condition σ1 = 0, which implies that the reference configuration is in
a stress-free state. Denote

σ(k1, k2, k3) = l2(G) + l3(G) + O(|G|4), (1.37)

where li(G)(i = 2, 3) represents the homogeneous ith order part of σ(k1, k2, k3) with respect to G = ∇u.
By (1.33), (1.34) and (1.35), after a bit of calculation, we see that

l2(G) = 2(σ11 + σ2)(tr G)2 − σ2(tr G2 + tr GGT ), (1.38)

l3(G) =

(
4

3
σ111 + 4σ12 +

4

3
σ3

)
(tr G)3 + (−2σ12 − 2σ3)tr G tr G2 +

2

3
σ3tr G3

+ (2σ11 − 2σ12 + 2σ2 − 2σ3)tr G tr GGT + (−2σ2 + 2σ3)tr G2GT

=

(
4

3
σ111 + 4σ12 +

4

3
σ3

)
(tr G)3 +

(
−2σ12 −

4

3
σ3

)
tr G tr G2 − 2

3
σ3(tr G tr G2 − tr G3)

+ (2σ11 − 2σ12)tr G tr GGT + (2σ2 − 2σ3)(tr G tr GGT − tr G2GT ). (1.39)

Our task now is to represent li(G)(i = 2, 3) via G = ∇u explicitly. Denote the null forms

Qij(v, w) = ∂iv∂jw − ∂iw∂jv, 1 ≤ i, j ≤ 3. (1.40)

First it is easy to see that

tr G = ∇ · u, (1.41)

tr G2 = (∇ · u)2 − 2
∑

1≤i<j≤3

Qij(u
i, uj), (1.42)

tr GGT = |∇u|2 = (∇ · u)2 + |∇ ∧ u|2 − 2
∑

1≤i<j≤3

Qij(u
i, uj). (1.43)

It follows from (1.41), (1.42) and (1.43) that

l2(∇u) = (2σ11 + σ2)(∇ · u)2 − σ2|∇u|2 + 2σ2

∑
1≤i<j≤3

Qij(u
i, uj). (1.44)

Next we compute l3(∇u). According to (1.41) and (1.42), we can get

(tr G)3 = (∇ · u)3, (1.45)

tr G tr G2 = (∇ · u)3 − 2(∇ · u)
∑

1≤i<j≤3

Qij(u
i, uj). (1.46)
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We can also show that

tr Gtr G2 − tr G3 = ∂iu
i∂ku

j∂ju
k − ∂jui∂kuj∂iuk = ∂ku

j(∂iu
i∂ju

k − ∂jui∂iuk)

= ∂ku
jQij(u

i, uk). (1.47)

Since (1.41) and (1.43), it follows that

tr G tr GGT = (∇ · u)3 + (∇ · u)|∇u|2 − 2(∇ · u)
∑

1≤i<j≤3

Qij(u
i, uj). (1.48)

We can also show that

tr G tr GGT − tr G2GT = ∂iu
i∂ku

j∂ku
j − ∂iuj∂kui∂kuj = ∂ku

j(∂iu
i∂ku

j − ∂iuj∂kui)
= ∂ku

jQik(ui, uj). (1.49)

So it is a consequence of (1.45)–(1.49) that

l3(∇u) = d1(∇ · u)3 + d2(∇ · u)|∇ ∧ u|2 + d3(∇ · u)Qij(u
i, uj)

+ d4∂ku
jQij(u

i, uk) + d5∂ku
jQik(ui, uj), (1.50)

where 

d1 = 4
3σ111 + 2σ11,

d2 = 2(σ11 − σ12),

d3 = −2σ11 + 4σ12 + 4
3σ3,

d4 = − 2
3σ3,

d5 = 2(σ2 − σ3).

(1.51)

By the above discussion, in view of (1.23), (1.37), (1.44) and (1.50), we can get the following nonlinear elastic
wave equation for homogeneous, isotropic and hyperelastic materials

Lu = N(u, u). (1.52)

Here the linear elastic wave operator

L = (∂2
t − c22∆)I − (c21 − c22)∇⊗∇, (1.53)

where c21 = 4σ11 and c22 = −2σ2 satisfy 0 < c2 < c1, the nonlinearity

N(u, v) = N1(u, v) +N2(u, v), (1.54)

with

N1(u, v) = 3d1∇
(
(∇ · u) (∇ · v)

)
+ d2∇

(
(∇∧ u) · (∇∧ v)

)
− d2∇∧

(
(∇ · u)(∇∧ v)

)
− d2∇∧

(
(∇ · v)(∇∧ u)

)
(1.55)
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and

N2(u, v)i =

(
d3 +

d4

2

)(
Qij(∂ku

k, vj) +Qij(∂kv
k, uj)−Qjk(∂iu

k, vj)−Qjk(∂iv
k, uj)

)
+
d5

2

(
Qij(∂ju

k, vk) +Qij(∂jv
k, uk) + 2Qjk(∂ju

i, vk) + 2Qjk(∂jv
i, uk)

)
− d5

2

(
Qjk(∂ju

k, vi) +Qjk(∂jv
k, ui)

)
. (1.56)

We also write the nonlinear term N as the following form

N(u, v)i = ∂l(g
ijk
lmn∂mu

j∂nv
k), (1.57)

where the coefficients are constants and are symmetric with respect to pairs of indices

gijklmn = gjikmln = gkjinml, (1.58)

and g = (gijklmn) is a six order isotropic tensor.
We say that the nonlinear elastic wave equation (1.52) satisfies the null condition if

d1 =
4

3
σ111 + 2σ11 = 0, (1.59)

which is equivalent to

gijklmnωiωjωkωlωmωn = 0, for all ω ∈ S2. (1.60)

See [1, 19, 20]. In view of (1.50), we can see that the null condition (1.59) is just used to rule out the term
(∇ · u)3 in the stored energy function. Thus we can identify whether materials satisfy the null condition by
checking the cubic term in the stored energy function directly.

1.3. The global existence theorem

Theorem 1.1. Assume that the null condition (1.59) is satisfied. Then the Cauchy problem for (1.52)–(1.56)
with initial data

∂u(0) ∈ Hκ−1
Λ , κ ≥ 5 (1.61)

admits a unique global solution u ∈ Ḣκ
Γ(T ) for every T > 0, if

Eκ−1(u(0)) exp
[
C0E

1/2
κ (u(0))

]
≤ ε2 (1.62)

and ε is sufficiently small, depending on C0. The solution satisfies the bounds

Eκ−1(u(t)) ≤ ε2 and Eκ(u(t)) ≤ 2Eκ(u(0))〈t〉C0ε, (1.63)

for every t ≥ 0.

Remark 1.2. In [20], the global existence for nonlinear elastic waves with null conditions was established when
the amount of Sobolev regularity of initial data κ ≥ 9. Here it is only required that κ ≥ 5, which seems optimal
in the framework of classical solutions. In [6], the almost global existence of classical solutions for nonlinear
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elastic waves without null conditions was proved under the assumption that the amount of Sobolev regularity
of initial data κ ≥ 4. The key tool in [6] is some new space-time L2 estimates for perturbed linear elastic waves.
The Helmholtz decomposition also plays a key role in the proof of these estimates.

2. Preliminaries

2.1. Commutation

We first give the following commutation relations between the Riesz transformation and vector fields Γ.

Lemma 2.1. We have

[∂t, Rk] = [∂l, Rk] = 0, (2.1)

[S,Rk] = 0, (2.2)

[Ωij , Rk] = −δikRj + δjkRi. (2.3)

Proof. (2.1) is obvious. In order to show (2.2) and (2.3), we first prove the following commutation relation

[xi∂j , Rk] = −δikRj −RiRjRk. (2.4)

Denote the Fourier transformation of f by f̂(ξ). By the properties of Fourier transformation, we have

̂[xi∂j , Rk]f = ̂xi∂jRkf − ̂Rk(xi∂jf)

= −
√
−1∂ξi(ξj

ξk
|ξ|
f̂) +

√
−1

ξk
|ξ|
∂ξi(ξj f̂)

= −
√
−1∂ξi(

ξk
|ξ|

)(ξj f̂) = −
√
−1(δik

ξj
|ξ|
− ξi
|ξ|

ξj
|ξ|

ξk
|ξ|

)f̂ . (2.5)

Then (2.4) follows from (2.5). Noting that

[S,Rk] =

3∑
i=1

[xi∂i, Rk], (2.6)

we can get (2.3) by (2.4) and the fact that
3∑
i=1

R2
i = −I. While (2.3) is a consequence of the following relation

[Ωij , Rk] = [xi∂j , Rk]− [xj∂i, Rk] (2.7)

and (2.4).

The following lemma, which asserts that the Helmholtz projection is commutative with vector fields Γ, is
crucial for our argument.

Lemma 2.2. We have

(Γau)cf = Γaucf , (2.8)

(Γau)df = Γaudf . (2.9)
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Proof. We only need to prove the case |a| = 1.It follows from (1.14), (2.1) and (2.2) that

(∂tu)cf = ∂tucf , (∂tu)df = ∂tudf , (2.10)

(∂lu)cf = ∂lucf , (∂lu)df = ∂ludf , (2.11)

(S̃u)cf = S̃ucf , (S̃u)df = S̃udf . (2.12)

The remaining task is to show

(Ω̃iju)cf = Ω̃ijucf (2.13)

and

(Ω̃iju)df = Ω̃ijudf . (2.14)

We only prove (2.13). The proof of (2.14) is similar. We have

(
Ω̃ijucf

)
k

= Ωij(ucf )k +
(
Uijucf

)
k

= −Ωij(RkRlul)−
(
Uij(RR · u)

)
k

(2.15)

and (
(Ω̃iju)cf

)
k

= −RkRl(Ω̃iju)l = −RkRl(Ωijul)−RkRl(Uiju)l. (2.16)

It follows from (2.3) that

Ωij(RkRlul) = RkRl(Ωijul) +Rk[Ωij , Rl]ul + [Ωij , Rk]Rlul

= RkRl(Ωijul) +Rk(δjlRi − δilRj)ul + (δjkRi − δikRj)Rlul
= RkRl(Ωijul) + (RiRkuj −RjRkui) + (δjkRi − δikRj)Rlul. (2.17)

We can also check that(
Uij(RR · u)

)
k

= −δjk(RR · u)i + δik(RR · u)j = (−δjkRi + δikRj)Rlul (2.18)

and

RkRl(Uiju)l = RkRl(δiluj − δjlui) = RiRkuj −RjRkui. (2.19)

The combination of (2.15)–(2.19) gives (2.13).

Lemma 2.3. For any solution u of (1.52) in Ḣκ
Γ(T ), we have

LΓau =
∑
b+c=a

N(Γbu,Γcu), (2.20)

in which the sum extends over ordered partitions of the sequences a, with |a| ≤ k − 1.

Proof. See Proposition 3.1 in [20].
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2.2. Null form estimates

Lemma 2.4. We have

|N2(u, v)| ≤ C

r

∑
|a|≤1

(
|Ω̃au||∇2v|+ |Ω̃av||∇2u|+ |∇Ω̃au||∇v|+ |∇Ω̃av||∇u|

)
. (2.21)

Proof. See Proposition 3.2 in [20].

2.3. Sobolev inequalities

Lemma 2.5. For u ∈ C∞(R3;R3) with sufficiently decay ant infinity, r = |x|, ρ = |y|, α = 1, 2, we have

r1/2‖u(rω)‖L2
ω
≤ C‖∇u‖L2 , (2.22)

r1/2|u(x)| ≤ C
∑
|a|≤1

‖∇Ω̃au‖L2 , (2.23)

r|u(x)| ≤ C
∑
|a|≤1

‖∂rΩ̃au‖1/2L2(|y|≥r) ·
∑
|a|≤2

‖Ω̃au‖1/2L2(|y|≥r), (2.24)

r〈cαt− r〉1/2|u(x)| ≤ C
∑
|a|≤1

‖〈cαt− ρ〉∂rΩ̃au‖L2(|y|≥r) + C
∑
|a|≤2

‖Ω̃au‖L2(|y|≥r), (2.25)

r〈cαt− r〉|u(x)| ≤ C
∑
|a|≤1

‖〈cαt− ρ〉∂rΩ̃au‖L2(|y|≥r)

+ C
∑
|a|≤2

‖〈cαt− ρ〉Ω̃au‖L2(|y|≥r). (2.26)

Proof. See Lemma 3.3 in [20].

Lemma 2.6. For u ∈ Ḣκ
Γ(T ) with Xκ(u(t)) < +∞, we have

r1/2‖Γau(t, rω)‖L2
ω
≤ CE1/2

κ (u(t)), |a|+ 1 ≤ κ, (2.27)

〈r〉1/2|Γau(t, x)| ≤ CE1/2
κ (u(t)), |a|+ 2 ≤ κ, (2.28)

〈r〉|∂Γau(t, x)| ≤ CE1/2
κ (u(t)), |a|+ 3 ≤ κ, (2.29)

〈r〉〈c1t− r〉1/2|∂Γaucf (t, x)|+ 〈r〉〈c2t− r〉1/2|∂Γaudf (t, x)|
≤ CE1/2

κ (u(t)) + CXκ(u(t)), |a|+ 3 ≤ κ, (2.30)

〈r〉〈c1t− r〉|∂∇Γaucf (t, x)|+ 〈r〉〈c2t− r〉|∂∇Γaudf (t, x)|
≤ CXκ(u(t)), |a|+ 4 ≤ κ. (2.31)

Proof. It is obvious that (2.22) implies (2.27) directly. For other inequalities, we first consider the case r ≥ 1. In
this case, (2.28) is just a consequence of (2.23). While (2.29) follows from (2.24) and the commutation property
(1.5). Similarly, (2.31) results from (2.26) and (1.5). On the other hand, (2.30) follows from the combination of
(2.25), (1.5), Lemma 2.2 and (1.16).

In the case r ≤ 1, (2.28) and (2.29) are immediate consequences of the Sobolev inequality

‖u‖L∞(R3) ≤ C
∑
|b|≤1

‖∇∇bu‖L2(R3). (2.32)



12 D. ZHA AND W. PENG

To obtain the other inequalities, following [20], we define a smooth cut-off function

ζ(r) =

{
1, r ≤ 1,

0, r ≥ 2.
(2.33)

By (2.32) and (2.25), we obtain

〈c1t− r〉1/2|∂Γaucf (t, x)|
≤ C〈t〉1/2ζ(r)|∂Γaucf (t, x)|

≤ C〈t〉1/2
∑
|b|≤1

‖∇∇b(ζ∂Γaucf )‖L2

≤ C〈t〉1/2
∑
|b|≤1

‖∂∇∇bΓaucf‖L2(|y|≤2) + C〈t〉1/2‖∂Γaucf‖L2(1≤|y|≤2)

≤ C
∑
|b|≤1

‖〈c1t− ρ〉1/2∂∇∇bΓaucf‖L2(|y|≤2) + C‖ρ〈c1t− ρ〉1/2∂Γaucf‖L∞(1≤|y|≤2)

≤ CE1/2
κ (u(t)) + CXκ(u(t)). (2.34)

Similarly, we can also get

〈c2t− r〉1/2|∂Γaudf (t, x)| ≤ CE1/2
κ (u(t)) + CXκ(u(t)). (2.35)

The combination of (2.34) and (2.35) gives (2.30). We can also prove (2.31) by similar argument.

2.4. Klainerman-Sideris type estimates

We first need the Klainerman-Sideris type estimate for wave operator, which was first established in [14].

Lemma 2.7. For u ∈ Ḣ2
Γ(T ), we have

‖〈ct− r〉∂∇u(t)‖L2 ≤ C
∑
|a|≤1

‖∂Γau(t)‖L2 + Ct‖�cu(t)‖L2 , (2.36)

where �c = ∂2
t − c2∆ is the wave operator with wave speed c > 0.

Lemma 2.8. For u ∈ Ḣ2
Γ(T ), we have

X2(u(t)) ≤ CE1/2
2 (u(t)) + Ct‖Lu(t)‖L2 . (2.37)

Proof. It follows from Lemma 2.7 that

‖〈c1t− r〉∂∇ucf (t)‖L2 ≤ C
∑
|a|≤1

‖∂Γaucf (t)‖L2 + Ct‖�c1ucf (t)‖L2 . (2.38)

By (2.8) and (1.16), we see that

‖∂Γaucf (t)‖L2 = ‖(∂Γau)cf (t)‖L2 ≤ ‖∂Γau(t)‖L2 ≤ E1/2
2 (u(t)). (2.39)
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Noting that ucf is curl-free, by (1.16) we obtain

‖�c1ucf (t)‖L2 = ‖Lucf (t)‖L2 = ‖(Lu)cf (t)‖L2 ≤ ‖Lu(t)‖L2 . (2.40)

The combination of (2.38), (2.39) and (2.40) yields

‖〈c1t− r〉∂∇ucf (t)‖L2 ≤ CE1/2
2 (u(t)) + Ct‖Lu(t)‖L2 . (2.41)

Similarly, we can also get

‖〈c2t− r〉∂∇udf (t)‖L2 ≤ CE1/2
2 (u(t)) + Ct‖Lu(t)‖L2 . (2.42)

We deduce (2.37) from (2.41) and (2.42).

Lemma 2.9. If u ∈ Ḣ5
Γ(T ) is a solution of (1.52), and

ε1 ≡ sup
0≤t<T

E
1/2
4 (u(t)) (2.43)

is sufficiently small, then for 0 ≤ t < T , we have

X4(u(t)) ≤ CE1/2
4 (u(t)), (2.44)

X5(u(t)) ≤ CE1/2
5 (u(t)). (2.45)

Proof. By applying Lemma 2.8 to Γau and summering over |a| ≤ κ− 2, and noting Lemma 2.3, we have

Xκ(u(t)) ≤ CE1/2
κ (u(t)) + Ct

∑
|a|≤κ−2

‖LΓau(t)‖L2

≤ CE1/2
κ (u(t)) + Ct

∑
|a|≤κ−2

∑
b+c=a

‖N(Γbu,Γcu)‖L2

≤ CE1/2
κ (u(t)) + Ct

∑
|a|≤κ−2

∑
b+c=a

‖∇Γbu∇2Γcu‖L2 . (2.46)

We first consider the case κ = 4. Note that 〈t〉 ≤ C〈r〉〈c1t− r〉, 〈t〉 ≤ C〈r〉〈c2t− r〉. For |a| ≤ 2, b+ c = a, if
|b| ≤ 1, it follows from (2.29) that

t‖∇Γbu∇2Γcu‖L2

≤ C‖〈r〉∇Γbu‖L∞
(
‖〈c1t− r〉∇2Γcucf‖L2 + ‖〈c2t− r〉∇2Γcudf‖L2

)
≤ CE1/2

4 (u(t))X4(u(t)). (2.47)

If |b| = 2, c = 0, (2.31) yields

t‖∇Γbu∇2Γcu‖L2

≤ C‖∇Γbu‖L2

(
‖〈r〉〈c1t− r〉∇2Γcucf‖L∞ + ‖〈r〉〈c2t− r〉∇2Γcudf‖L∞

)
≤ CE1/2

4 (u(t))X4(u(t)). (2.48)
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Thus we have

X4(u(t)) ≤ CE1/2
4 (u(t)) + CE

1/2
4 (u(t))X4(u(t)). (2.49)

Noting the smallness condition (2.43), we get (2.44).
Now we consider the case κ = 5. For |a| ≤ 3, b+ c = a, if |b| ≤ 1, similarly to (2.47), by (2.29) we have

t‖∇Γbu∇2Γcu‖L2

≤ C‖〈r〉∇Γbu‖L∞
(
‖〈c1t− r〉∇2Γcucf‖L2 + ‖〈c2t− r〉∇2Γcudf‖L2

)
≤ CE1/2

4 (u(t))X5(u(t)). (2.50)

If |b| = 2, |c| ≤ 1 or |b| = 3, c = 0, (2.31) leads to

t‖∇Γbu∇2Γcu‖L2

≤ C‖∇Γbu‖L2

(
‖〈r〉〈c1t− r〉∇2Γcucf‖L∞ + ‖〈r〉〈c2t− r〉∇2Γcudf‖L∞

)
≤ CE1/2

4 (u(t))X5(u(t)). (2.51)

Thus we obtain

X5(u(t)) ≤ CE1/2
5 (u(t)) + CE

1/2
4 (u(t))X5(u(t)). (2.52)

Then the smallness condition (2.43) implies (2.45).

3. Proof of Theorem 1.1

In this section we will complete the proof of Theorem 1.1 by a bootstrap argument. Without loss of generality,
we only consider the case κ = 5. Assume that u ∈ Ḣ5

Γ(T ) is a local solution of (1.52). There are two key steps
in the proof. First, under the assumption on the lower order energy

E4(u(t)) ≤ 4ε2, (3.1)

we will prove the higher order energy estimate

E5(u(t)) ≤ 2E5(u(0))〈t〉C0ε. (3.2)

Second, we will show that (3.2) implies

E4(u(t)) ≤ ε2. (3.3)

In order to achieve the above goal, we will derive a pair of coupled differential inequalities for the lower order
energy E4(u(t)) and the modified higher order energy Ẽ5(u(t)).

3.1. Higher order energy estimate

Noting the symmetry condition (1.58), by Lemma 2.3 and the energy method we can get

d

dt
Ẽ5(u(t)) ≤ C

∑
|a|≤4

∑
b+c=a
c 6=a

‖∂Γau∇Γbu∂∇Γcu‖L1 , (3.4)
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where the modified higher order energy

Ẽ5(u(t)) = E5(u(t)) +
∑
|a|≤4

gijklmn

∫
R3

∂lΓ
aui∂mΓauj∂nudx. (3.5)

The smallness of lower order energy and Sobolev embedding H2(R3) ↪→ L∞(R3) imply

1√
2
E5(u(t)) ≤ Ẽ5(u(t)) ≤

√
2E5(u(t)). (3.6)

Without loss of generality, we only consider the case |a| = 4. By (2.29), (2.31) and Lemma 2.9, we have

‖∂Γau∇Γbu∂∇Γcu‖L1

≤ C〈t〉−1‖∂Γau‖L2
‖〈r〉∇Γbu‖L∞

(
‖〈c1t− r〉∂∇Γcucf‖L2 + ‖〈c2t− r〉∂∇Γcudf‖L2

)
, |b| = 1, |c| = 3

‖〈r〉∇Γbu‖L∞
(
‖〈c1t− r〉∂∇Γcucf‖L2 + ‖〈c2t− r〉∂∇Γcudf‖L2

)
, |b| = 2, |c| = 2

‖∇Γbu‖L2

(
‖〈r〉〈c1t− r〉∂∇Γcucf‖L∞ + ‖〈r〉〈c2t− r〉∂∇Γcudf‖L∞

)
, |b| = 3, |c| = 1

‖∇Γbu‖L2

(
‖〈r〉〈c1t− r〉∂∇Γcucf‖L∞ + ‖〈r〉〈c2t− r〉∂∇Γcudf‖L∞

)
, |b| = 4, |c| = 0

≤ C〈t〉−1E
1/2
5 (u(t))


E

1/2
4 (u(t))X5(u(t)), |b| = 1, |c| = 3

E
1/2
5 (u(t))X4(u(t)), |b| = 2, |c| = 2

E
1/2
4 (u(t))X5(u(t)), |b| = 3, |c| = 1

E
1/2
5 (u(t))X4(u(t)), |b| = 4, |c| = 0

≤ C〈t〉−1E
1/2
4 (u(t))E5(u(t)). (3.7)

Hence by (3.4), (3.7) and (3.6) we obtain

d

dt
Ẽ5(u(t)) ≤ C〈t〉−1E

1/2
4 (u(t))Ẽ5(u(t)). (3.8)

3.2. Lower order energy estimate

Lemma 2.3 and the energy method yield

d

dt
E4(u(t)) =

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N(Γbu,Γcu)〉dx

=
∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N1(Γbu,Γcu)〉dx

+
∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N2(Γbu,Γcu)〉dx. (3.9)

Estimates of null form nonlinearity. We first estimate the second part on the right hand side of (3.9).
We have ∫

r≤ 〈c2t〉
2

〈∂tΓau,N2(Γbu,Γcu)〉dx ≤ ‖∂tΓau‖L2‖∇Γbu∇2Γcu‖
L2(r≤ 〈c2t〉

2 )
. (3.10)
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Note that r ≤ 〈c2t〉2 implies 〈t〉 ≤ C〈c1t− r〉, 〈t〉 ≤ C〈c2t− r〉. For |a| ≤ 3, b+ c = a, if |b| ≤ 1, due to (2.30) and
Lemma 2.9, it follows that

‖∇Γbu∇2Γcu‖
L2(r≤ 〈c2t〉

2 )

≤ C〈t〉−3/2
(
‖〈c1t− r〉1/2∇Γbucf‖L∞ + ‖〈c2t− r〉1/2∇Γbudf‖L∞

)(
‖〈c1t− r〉∇2Γcucf‖L2 + ‖〈c2t− r〉∇2Γcudf‖L2

)
≤ C〈t〉−3/2

(
E

1/2
4 (u(t)) + X4(u(t))

)
X5(u(t))

≤ C〈t〉−3/2E
1/2
4 (u(t))E

1/2
5 (u(t)). (3.11)

If |b| = 2, |c| ≤ 1 or |b| = 3, c = 0, we conclude from Sobolev embeddings Ḣ1(R3) ↪→ L6(R3), H1(R3) ↪→ L3(R3),
Lemma 2.2, (1.16) and Lemma 2.9 that

‖∇Γbu∇2Γcu‖
L2(r≤ 〈c2t〉

2 )

≤ C〈t〉−2
(
‖〈c1t− r〉∇Γbucf‖L6 + ‖〈c2t− r〉∇Γbudf‖L6

)(
‖〈c1t− r〉∇2Γcucf‖L3 + ‖〈c2t− r〉∇2Γcudf‖L3

)
≤ C〈t〉−2

(
‖〈c1t− r〉∇Γbucf‖Ḣ1 + ‖〈c2t− r〉∇Γbudf‖Ḣ1

)(
‖〈c1t− r〉∇2Γcucf‖H1 + ‖〈c2t− r〉∇2Γcudf‖H1

)
≤ C〈t〉−2

(
E

1/2
4 (u(t)) + X5(u(t))

)(
E

1/2
3 (u(t)) + X4(u(t))

)
≤ C〈t〉−2E

1/2
4 (u(t))E

1/2
5 (u(t)). (3.12)

The combination of (3.10)–(3.12) gives∫
r≤ 〈c2t〉

2

〈∂tΓau,N2(Γbu,Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.13)

Noting Lemma 2.4, we have∫
r≥ 〈c2t〉

2

〈∂tΓau,N2(Γbu,Γcu)〉dx

≤ C〈t〉−1‖∂tΓau‖L2

(
‖Γb+1u∇2Γcu‖

L2(r≥ 〈c2t〉
2 )

+ ‖∇Γbu∇Γc+1u‖
L2(r≥ 〈c2t〉

2 )

)
(3.14)

It follows from (2.28), (2.27) and Sobolev embedding on the sphere H2(S2) ↪→ L∞(S2) that

‖Γb+1u∇2Γcu‖
L2(r≥ 〈c2t〉

2 )

≤ C〈t〉−1/2

{
‖r1/2Γb+1u‖L∞‖∇2Γcu‖L2 , |b| ≤ 2

‖r1/2Γb+1u‖L∞,2‖∇2Γcu‖L2,∞ , |b| = 3

≤ C〈t〉−1/2E
1/2
4 (u(t))E

1/2
5 (u(t)). (3.15)

Similarly, we can also get

‖∇Γbu∇Γc+1u‖
L2(r≥ 〈c2t〉

2 )
≤ C〈t〉−1/2E

1/2
4 (u(t))E

1/2
5 (u(t)). (3.16)
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By (3.14)–(3.16), we have

∫
r≥ 〈c2t〉

2

〈∂tΓau,N2(Γbu,Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.17)

In view of (3.13) and (3.17), we obtain

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N2(Γbu,Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.18)

Estimates of other nonlinearity. The last task is to treat the first part on the right hand side of (3.9),
which is the key point in our argument. In view of (1.55), by integration by parts we have

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N1(Γbu,Γcu)〉dx

= d2

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,∇
(
(∇∧ Γbu) · (∇∧ Γcu)

)
〉dx

− 2d2

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,∇∧
(
(∇ · Γbu)(∇∧ Γcu)

)
〉dx

= − d2

∑
|a|≤3

∑
b+c=a

∫
R3

〈(∂t∇ · Γau)(∇∧ Γbu),∇∧ Γcu〉dx

− 2d2

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau, (∇∇ · Γbu) ∧ (∇∧ Γcu)〉dx

− 2d2

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau, (∇ · Γbu)∇∧ (∇∧ Γcu)〉dx. (3.19)

We should point out that in all three terms on the right hand side of (3.19), divergence terms and curl terms
appear simultaneously. We will see that this is compatible with the using of Helmholtz decomposition, in order
to get enough decay in time.

We first focus on the first term on the right hand side of (3.19). For |a| ≤ 3, b+ c = a, by Lemma 2.2, (2.30)
and Lemma 2.9, it follows that

∫
r≤ 〈c2t〉

2

〈(∂t∇ · Γau)(∇∧ Γbu),∇∧ Γcu〉dx

≤ C〈t〉−3/2‖〈c1t− r〉∂t∇ · Γaucf‖L2

{
‖〈c2t− r〉1/2∇∧ Γbudf‖L∞‖∇ ∧ Γcu‖L2 , |b| ≤ 1

‖∇ ∧ Γbu‖L2‖〈c2t− r〉1/2∇∧ Γcudf‖L∞ , |c| ≤ 1

≤ C〈t〉−3/2‖〈c1t− r〉∂∇Γaucf‖L2

{
‖〈c2t− r〉〉1/2∇Γbudf‖L∞‖∇Γcu‖L2 , |b| ≤ 1

‖∇Γbu‖L2‖〈c2t− r〉〉1/2∇Γcudf‖L∞ , |c| ≤ 1

≤ C〈t〉−3/2E
1/2
4 (u(t))

(
E

1/2
4 (u(t)) + X4(u(t))

)
X5(u(t))

≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.20)
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Noting that when 〈c2t〉
2 ≤ r ≤ 〈(c1+c2)t〉

2 , we have 〈t〉 ≤ C〈r〉, 〈t〉 ≤ C〈c1t − r〉. The combination of
Lemma 2.2, (2.29) and Lemma 2.9 yields

∫
〈c2t〉

2 ≤r≤ 〈(c1+c2)t〉
2

〈(∂t∇ · Γau)(∇∧ Γbu),∇∧ Γcu〉dx

≤ C〈t〉−2‖〈c1t− r〉∂t∇ · Γaucf‖L2

{
‖〈r〉∇ ∧ Γbu‖L∞‖∇ ∧ Γcu‖L2 , |b| ≤ 1

‖∇ ∧ Γbu‖L2‖〈r〉∇ ∧ Γcu‖L∞ , |c| ≤ 1

≤ C〈t〉−2‖〈c1t− r〉∂∇Γaucf‖L2

{
‖〈r〉∇Γbu‖L∞‖∇Γcu‖L2 , |b| ≤ 1

‖∇Γbu‖L2‖〈r〉∇Γcu‖L∞ , |c| ≤ 1

≤ C〈t〉−2E4(u(t))X5(u(t))

≤ C〈t〉−2E4(u(t))E
1/2
5 (u(t)). (3.21)

Note that r ≥ 〈(c1+c2)t〉
2 implies 〈t〉 ≤ C〈r〉, 〈t〉 ≤ C〈c2t−r〉. It follows from Lemma 2.2, (2.30) and Lemma 2.9

that

∫
r≥ 〈(c1+c2)t〉

2

〈(∂t∇ · Γau)(∇∧ Γbu),∇∧ Γcu〉dx

≤ C〈t〉−3/2‖∂t∇ · Γau‖L2

{
‖〈r〉〈c2t− r〉1/2∇∧ Γbudf‖L∞‖∇ ∧ Γcu‖L2 , |b| ≤ 1

‖∇ ∧ Γbu‖L2‖〈r〉〈c2t− r〉1/2∇∧ Γcudf‖L∞ , |c| ≤ 1

≤ C〈t〉−3/2‖∂∇Γau‖L2

{
‖〈r〉〈c2t− r〉1/2∇Γbudf‖L∞‖∇Γcu‖L2 , |b| ≤ 1

‖∇Γbu‖L2‖〈r〉〈c2t− r〉1/2∇Γcudf‖L∞ , |c| ≤ 1

≤ C〈t〉−3/2
(
E

1/2
4 (u(t)) + X4(u(t))

)
E

1/2
4 (u(t))E

1/2
5 (u(t))

≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.22)

The combination of (3.20)–(3.22) leads to

∑
|a|≤3

∑
b+c=a

∫
R3

〈(∂t∇ · Γau)(∇∧ Γbu),∇∧ Γcu〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.23)
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Now we will treat the second term on the right hand side of (3.19). Similarly to (3.13), we have∫
r≤ 〈c2t〉

2

〈∂tΓau, (∇∇ · Γbu) ∧ (∇∧ Γcu)〉dx

≤ ‖∂tΓau‖L2‖∇2Γbu∇Γcu‖
L2(r≤ 〈c2t〉

2 )

≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.24)

By Lemma 2.2, (2.31) and Lemma 2.9, we obtain∫
〈c2t〉

2 ≤r≤ 〈(c1+c2)t〉
2

〈∂tΓau, (∇∇ · Γbu) ∧ (∇∧ Γcu)〉dx

≤ C〈t〉−2‖∂tΓau‖L2

{
‖〈r〉〈c1t− r〉∇∇ · Γbucf‖L∞‖∇ ∧ Γcu‖L2 , |b| ≤ 1

‖〈c1t− r〉∇∇ · Γbucf‖L2‖〈r〉∇ ∧ Γcu‖L∞ , |c| ≤ 1

≤ C〈t〉−2‖∂tΓau‖L2

{
‖〈r〉〈c1t− r〉∇2Γbucf‖L∞‖∇Γcu‖L2 , |b| ≤ 1

‖〈c1t− r〉∇2Γbucf‖L2‖〈r〉∇Γcu‖L∞ , |c| ≤ 1

≤ C〈t〉−2E4(u(t))X5(u(t))

≤ C〈t〉−2E4(u(t))E
1/2
5 (u(t)). (3.25)

We conclude from Lemma 2.2, (2.30), (2.22), (1.16) and Lemma 2.9 that∫
r≥ 〈(c1+c2)t〉

2

〈∂tΓau, (∇∇ · Γbu) ∧ (∇∧ Γcu)〉dx

≤ C〈t〉−3/2‖∂tΓau‖L2

{
‖∇∇ · Γbu‖L2‖〈r〉〈c2t− r〉1/2∇∧ Γcudf‖L∞ , |c| ≤ 2

‖∇∇ · Γbu‖L2,∞‖r1/2〈c2t− r〉∇ ∧ Γcudf‖L∞,2 , |c| = 3

≤ C〈t〉−3/2‖∂tΓau‖L2

{
‖∇2Γbu‖L2‖〈r〉〈c2t− r〉1/2∇Γcudf‖L∞ , |c| ≤ 2

‖∇2Γbu‖L2,∞‖〈c2t− r〉∇Γcudf‖Ḣ1 , |c| = 3

≤ C〈t〉−3/2E
1/2
4 (u(t))

(
E

1/2
4 (u(t)) + X4(u(t))

)(
E

1/2
5 (u(t)) + X5(u(t))

)
≤ C〈t〉−3/2E4(u(t))E

1/2
5 (u(t)). (3.26)

Here we also use the Sobolev embedding on the sphere H2(S2) ↪→ L∞(S2) in the case |c| = 3.
Due to (3.24)–(3.26), we obtain

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau, (∇∇ · Γbu) ∧ (∇∧ Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.27)

Similarly to (3.27), we can also get the following upper bound for the third term on the right hand side of
(3.19)

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau, (∇ · Γbu)∇∧ (∇∧ Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.28)
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In view of (3.19), (3.23), (3.27) and (3.28), we have

∑
|a|≤3

∑
b+c=a

∫
R3

〈∂tΓau,N1(Γbu,Γcu)〉dx ≤ C〈t〉−3/2E4(u(t))E
1/2
5 (u(t)). (3.29)

The combination of (3.9), (3.18), (3.29) and (3.6) gives

d

dt
E4(u(t)) ≤ C〈t〉−3/2Ẽ

1/2
5 (u(t))E4(u(t)). (3.30)

3.3. Conclusion of the proof

Now we have arrived at the coupled pair of differential inequalities

d

dt
Ẽ5(u(t)) ≤ C〈t〉−1E

1/2
4 (u(t))Ẽ5(u(t)), (3.31)

d

dt
E4(u(t)) ≤ C〈t〉−3/2Ẽ

1/2
5 (u(t))E4(u(t)). (3.32)

By (3.31), Gronwall inequality and the assumption (3.1), we can get

Ẽ5(u(t)) ≤ Ẽ5(u(0))〈t〉C0ε, (3.33)

where we have taken C0 = 2C. Noting (3.6) and (3.33), we also see that

E5(u(t)) ≤ 2E5(u(0))〈t〉C0ε. (3.34)

Inserting (3.33) into (3.32), we get

d

dt
E4(u(t)) ≤ C〈t〉−3/2+

√
C0εẼ

1/2
5 (u(0))E4(u(t))

≤ C0〈t〉−3/2+
√
C0εE

1/2
5 (u(0))E4(u(t)). (3.35)

Take ε sufficiently small such that C0ε ≤ 1
16 . Then Gronwall inequality gives

E4(u(t)) ≤ E4(u(t)) exp
[
C0E

1/2
5 (u(0))

]
≤ ε2. (3.36)

Thus we have completed the proof of Theorem 1.1.
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