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SHARP ESTIMATES FOR THE FIRST p-LAPLACIAN EIGENVALUE
AND FOR THE p-TORSIONAL RIGIDITY ON CONVEX SETS
WITH HOLES

GLORIA PAoLI', GIANPAOLO PISCITELLI** AND LEONARDO TRANI!

Abstract. We study, in dimension n > 2, the eigenvalue problem and the torsional rigidity for the p-
Laplacian on convex sets with holes, with external Robin boundary conditions and internal Neumann
boundary conditions. We prove that the annulus maximizes the first eigenvalue and minimizes the
torsional rigidity when the measure and the external perimeter are fixed.
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1. INTRODUCTION

In this paper we study the p-Laplacian operator
—Ayu = —div (|Dul’~>Du)

defined on a convex set €2 of R™, n > 2, that contains holes; more precisely we are considering sets 2 of the form
Q2 =Qg\ O, where Qy C R" is an open bounded and convex set and © CC ) is a finite union of sets, each of
one homeomorphic to a ball. In this setting, we study the eigenvalue problem and the torsion problem for the
p-Laplacian operator and the boundary conditions that we impose are of Robin type on the exterior boundary
[y := 09 and of Neumann type on the interior boundary I'; := 90O. The first quantity we deal with is

(1.1)

/ |Dw|P dz + ,B/ |w[P dH™ !
RN . Q T
Ay (B,92) = min b )

whr(Q
e w;‘éO( ) o |w|p dzx
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This minimization problem variationally characterize the first eigenvalue, i.e. the lowest eigenvalue, of the
following:

—Apu =M (3,Q)[ufP~?u in O

Ou
|Du|p*2% + BlulP~2u=0 onTy (1.2)
|Du|p72% =0 on I'y,

where Ou/dv is the outer normal derivative of u and 5 € R\ {0} is the boundary parameter. By the way, we
will only consider non zero values of the boundary parameter 3, since the case § = 0 is trivial, being the first
eigenvalue identically zero and the relative eigenfunctions constant.

In our first result (Thm. 3.1), we prove that among the domains 2 defined as above, the annulus A4,, ,, =
By, \ By, having the same measure of 2 and such that P(B,,) = P(p), maximizes the first p-Laplacian
eigenvalue, i.e.

AN (B,9) < AEIN(B, Ay, ). (1.3)

Inequality (1.3) is a Faber-Krahn [22, 27] type inequality. In particular, when  — +o0, our Theorem 3.1 gives
an answer to the open problem 5 in Chapter 3 from [25], restricted to convex sets with holes.

If we consider the case of {2 bounded domain of R™ with Dirichlet boundary conditions on the whole 0f2, the
classical Faber-Krahn inequality says that the first eigenvalue is minimized by the ball among sets of the same
volume (see e.g. [17] and the references therein); for optimization of eigenvalues we also refer, for example, to
[3, 30, 34].

If @ C R™ is a bounded set with Robin boundary condition on 992 and 8 > 0, it has been proved in [8, 16]
for p = 2 and in [11, 15] for p €]1,400[, that the first eigenvalue is minimized by the ball among domains of
the same volume. On the other hand if 8 is negative, the problem is still open; in this direction, in [23] the
authors showed that the ball is a maximizer in the plane only for small values of the parameter, having fixed
the volume. Moreover, if 8 is negative and we fix the perimeter rather than the volume, the ball maximizes the
first eigenvalue among all open, bounded, convex, smooth enough sets (see [2, 13]). Furthermore, we remark
that in the case of a general Finsler metric, similar results hold for the anisotropic p-Laplacian with Dirichlet
[5, 21], Neumann [20, 32] or Robin [24, 29] boundary conditions.

Makai [28] and Pélya [33] introduced the method of interior parallels, used by Payne and Weinberger in [31],
to study the Laplacian eigenvalue problem with external Robin boundary condition and with Neumann internal
boundary condition in the plane. In our paper, we generalize these tools in any dimension. More precisely, our
proof is based on the use of the web functions, particular test functions used e.g. in [9, 13, 14], and on the study
of their level sets.

Similarly, but only for positive value of 3, we also study the p-torsional rigidity type problem:

/|Dw|p dx—i—ﬁ/ lw|P dH™ !
1 Q I .

= min 5 ;
/ w dx
Q

TEN(B,Q)  wew'r@)

wZ0
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in particular, this problem leads to, up to a suitable normalization,
—Apu=1 in

)
|Du|P—26—Z 4 Bluff~2u=0 onTy

0
|Du|p_2—u =0 onI'y.
ov
The second main result of this paper (Thm. 3.2) states that, among the domains ) defined as in the beginning,
the annulus A,, ,, = B, \ B,,, having the same measure of  and such that P(B,,) = P(£), minimizes the
p-torsional rigidity, ¢.e.

TN (8,9) > T, (B, Ary ra)- (1.4)

The equation (1.4), when © = ), p = 2 and Dirichlet boundary condition holds on the whole boundary, is the
Saint-Venant inequality, by the name of the authors that first conjectured that the ball in the plane (under area
constraint) gives the maximum in quantity (1.4). This is a relevant problem in the elasticity theory of beams
([36], Sect. 35). It is known that the ball maximizes the torsional rigidity with Robin boundary conditions
[12] among bounded open sets with Lipschitz boundary and given measure. Related results for the spectral
optimization problems involving the rigidity are obtained also, for example, in [6, 7, 10].

Finally, we recall that the eigenvalue problem in the plane with reversed boundary conditions, i.e. Neumann
on the external boundary 09 and Robin on the internal boundary 00, has been studied in [26]. Moreover
in [19] the authors generalize this result in dimension n > 2 for the eigenvalue problem and for the torsional
rigidity.

The paper is organized as follows. In Section 2 we introduce some notations and preliminaries and in Section 3
we prove the main results.

2. NOTATION AND PRELIMINARIES

In the following, by |2| we denote the n—dimensional Lebesgue measure of , by P(2) the perimeter of €2, by
H¥ the k—dimensional Hausdorff measure in R”. The unit open ball in R will be denoted by B; and w,, := | B1].
More generally, we denote with B,.(zg) the set 29 + r By, that is the ball centered at zg with measure w,r", and
by A, ., the open annulus B,, \ B,,, where B, is the closed ball centered at the origin and r; < 2.

Throughout this paper, we denote by  a set such that Q = Qg \ ©, where £y C R" is an open bounded and
convex set and © CC g is a finite union of sets, each of one homeomorphic to a ball of R™ and with Lipschitz
boundary. We define I'y := 0€¢ and I'1 := 00.

2.1. Eigenvalue problems

Let 1 < p < 400, we deal with the following p-Laplacian eigenvalue problem:

—Apu = AN (B, Q)[ufP2u in Q

ou
|Du|p*25 + BlulP~2u=0 onTy (2.1)
|Du|p72% =0 on I';.

We denote by du/dv the outer normal derivative of w on the boundary and by 8 € R\ {0} the Robin boundary
parameter, observing that the case § = 400 gives asimptotically the Dirichlet boundary condition. Now we give
the definition of eigenvalue and eigenfunction of problem (2.1).
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Definition 2.1. The real number ) is an eigenvalue of (2.1) if and only if there exists a function u € WHP(§),
not identically zero, such that

/ | DulP~? DuDyp dx + B/ [ulP~2up dH" ™ = )\/ [ulP~up dz
Q T'o Q

for every p € WP(Q). The function u is called eigenfunction associated to .

In order to compute the first eigenvalue we use the variational characterization, that is

)\IJ‘?N(B, Q)= min Jy[5,w] (2.2)
wGW;p(Q)
wZ0

where

/|Dw|” dx+6/ Jw[P dH™ !
JO[va} = & ro .
/ |w|?P dx
Q

We observe that €y is convex and hence it has Lipschitz boundary; this ensures the existence of minimizers of
the analyzed problems.

Proposition 2.2. Let f € R\ {0}. There exists a minimizer u € WHP(Q) of (2.2), which is a weak solution
to (2.1).

Proof. First we consider the case 8 > 0. Let ux € W1P(Q2) be a minimizing sequence of (2.2) such that
luk||zr(@) = 1. Then, being up bounded in WLP(Q), there exist a subsequence, still denoted by ug, and a
function v € WHP(Q) with |[u||rr(q) = 1, such that up — u strongly in LP(Q) and almost everywhere and
Duy, — Du weakly in LP(Q). As a consequence, uy converges strongly to u in LP(99) and so almost everywhere
on 0f) to u. Then, by weak lower semicontinuity:

lim Jo[B,ur] > Jo[B,ul.

k— 400

We consider now the case 5 < 0. Let u, € WP(£) be a minimizing sequence of (2.2) such that ||ug||rrq) = 1.
Now, since £ is negative, we have the equi-boundness of the functional Jy[S, -], i.e. there exists a constant C' < 0
such that Jy[B, ux] < C for every k € N. As a consequence

||Duk||ip(9) - CHukHZ[),P(Q) < -3,
and so
[l ey < L
where L := —(3/min{1, —C}. Then, there exist a subsequence, still denoted by uy, and a function u € W1P(Q)
such that ux — u strongly in LP(Q) and Duy — Du weakly in LP(£2). So uy converges strongly to u in LP(01),

and so

Jo[B,u] <liminf Jo[B,ux] = inf  Jp[B,v].
k—o0 veWHP(Q)
vZ0
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Finally, u is strictly positive in © by the Harnack inequality (see [37]).

Now we state some basic properties on the sign and the monotonicity of the first eigenvalue.

Proposition 2.3. If 5 > 0, then A;)?N(ﬂ, Q) is positive and if 5 < 0, then )\;fN(ﬂ, Q) is negative. Moreover, for
all B € R\ {0}, A;}N(B, Q) is simple, that is all the associated eigenfunctions are scalar multiple of each other
and can be taken to be positive.

Proof. Let > 0, then trivially )\ZIfN(Q) > 0. We prove that )\ZI?N(Q) > 0 by contradiction, assuming that
ARN(€2) = 0. Thus, we consider a non-negative minimizer u such that ||u||rs) = 1 and

0=M"N(Q,B) = / |DulP dz + B [ |u|P dH" .
Q o

So, u has to be constant in 2 and consequently u is 0 in €2, which contradicts the fact that the norm of u is
unitary.
If 8 < 0, choosing the constant as test function in (2.2), we obtain

P()

N (B,9) < B

< 0.

Let u € WHP(Q) be a function that achieves the infimum in (2.2). First of all we observe that

JO[B?”} = JO[B? |U‘H7
and this fact implies that any eigenfunction must have constant sign on Q and so we can assume that u > 0.

In order to prove the simplicity of the eigenvalue, we proceed as in [4, 18]. We give here a sketch of the
proof. Let u, w be positive minimizers of the functional Jy[3, -], such that ||u||zsq) = ||w||Lr(@) = 1. We define

ne = (tuP + (1 — t)w”)l/p, with ¢ € [0,1] and we have that ||n:||.»q) = 1. It holds that

JO[B,U] :AEN(ﬁaQ):JO[ﬁfw] (23)

Moreover by convexity the following inequality holds true:

Du Dw |P
Doy = | OO
¢ tu? + (1 — t)w? (2.4)
tuP Dul” (1-t)w? Dw|? .
| g S D PR S/ e = P _ P
= Lﬁul’ +(1=twr | u tuP + (1 —t)wP | w = #Dul" + (1 =) Dl

Using now (2.3), we obtain
)‘51\[([379) < JO[ﬂvnt] < tJO[ﬂau} + (1 - t)JO[ﬂaw] = AgN(Baﬂ%

and then 7 is a minimizer for Jy[8, -|. So inequality (2.4) holds as equality, and therefore % = %. This implies
that D(logu —logw) = 0, that is log = = const. We conclude passing to the exponentials. O

Proposition 2.4. The map § — )\IIfN (8,9) is Lipschitz continuous and non-decreasing with respect to 8 € R.
Moreover )\gN(B, Q) is concave in (.
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Proof. Let 31,32 € R such that 31 < 2 and let w € WP(Q2) be not identically 0. We observe that

/ |Dw|P dz + 81 [ |w|P dH" ! < / |Dw|P doz + By [ |w|P dH™ L.
Q To Q To

Now, passing to the infimum on w and taking into account the variatiational characterization, we obtain
We prove that AfN(B, Q) is concave in f. Indeed, for fixed By € R, we have to show that

ABN(5,0) < AEN (85, Q) + (AFN) (80, ) (8 — Bo) . (2.5)

for every 8 € R. Let wg be the eigenfunction associated to AZ}?N (Bo, 2) and normalized such that fQ wh dz = 1.
Hence, we have

AN (B, Q2 / | Dwo[? dz + B |w0|p dH™ L. (2.6)

Now, summing and subtracting to the right hand side of (2.6) the quantity S fFo |wo|PAH™ L, taking into
account that

AN (G, ) / D de -+ [ ol a3

and the fact that

(AENY (B0, ©2) = | ol dp

we obtain the desired result (2.5). O

Now we state a result relative to the eigenfunctions of problem (2.1) on the annulus.

Proposition 2.5. Let r1,r2 be two nonnegative real number such that ro > r1, and let u be the minimizer
of problem (2.2) on the annulus A, ,,. Then u is strictly positive and radially symmetric, in the sense that
u(z) =: Y(|z]). Moreover, if 8> 0, then ¢'(r) <0 and if <0, then ¢'(r) >0

Proof. The first claim follows from the simplicity of AV (3, A,, ,.,) and from the rotational invariance of prob-
lem (2.1). For the second claim, we consider the problem (2.1) with the boundary parameter 5 > 0. The
associated radial problem is:

—Tnl,l (I () P24 () =1) = AEN (B, Ay, WP~ () i 1 € (ry,12),
Y (r) [ (r) P2 =0,
! (r2)[P~29 (r2) + By~ (r2) = 0.

We observe that for every r € (rq1,72)

1,1 (/)P () ) = AN (B, Avy 0P (1) > 0, (2.7)
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and, as a consequence,
([ (P20 (ryr" ") <.
Taking into account the boundary conditions ¢’(r1) = 0, it follows that ¢'(r) < 0, since
W) P2 (et <0,

If 3 <0, by Remark 2.3, NV (5, A, ,,) < 0 and consequently the left side of the equation (2.7) is negative,
and hence ¢'(r) > 0.

O
2.2. Torsional rigidity
Let 8 > 0, we consider the torsional rigidity for the p-Laplacian. More precisely, we are interested in
_ min  Ko[f5, w] (2.8)
TEN(3,Q)  wewir@) 0 '
wZ0
where
/ \Duwl? dx+ﬂ/ [P dHP!
KO[Baw] = 2 Fop .
/w dz
Q
Problem (2.8), up to a suitable normalization, leads to
—Apu=1 in
0
|Du|p_28f:j + BlulP™2u=0 on Ty (2.9)
ou
Dulp~2— =0 I.
| U| 87/ on 1y

In the following, we state some results for the torsional rigidity, analogously to the ones stated in the previous
section for the eigenvalue problems. The proofs can be easily adapted.

Proposition 2.6. Let 8 > 0, then the following properties hold.

— There exists a positive minimizer u € WHP(Q) of (2.8) which is a weak solution to (2.9) in €.
— Let r1,79 be two nonnegative real numbers such that ro > r1, and 1 be the minimizer of (2.8) on the
annulus Ay, r,. Then v is strictly positive, radially symmetric and strictly decreasing.

— The map B — is positive, Lipschitz continuous, non-increasing and concave with respect to [3.

TN (B,9)

2.3. Quermassintegrals: definition and some properties

For the content of this section we refer, for instance, to [35]. Let § # Qy C R™ be an open, compact and
convex set. We define the outer parallel body of )¢ at distance p as the Minkowski sum

Qo+pBr={z+pyeR" |z €Q, y € B1}.
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The Steiner formula asserts that

n

0+ pBi =3 (’;) Wi(0)0' (2.10)

i=0
and
n—1 n )
P(Q+pB1)=n) <_)Wi+1(§20)pl. (2.11)
im0 \*
The coefficients W;(€) are known as quermassintegrals and some of them have an easy interpretation:
Wo(Q0) = [Qof;  nWi(0) = P(Q0); Wi (Qo) = wy. (212)

Furthermore, we have that

lim P(Qo + pB1) — P(Qo)
p—0+ P

= n(n — 1)W2(Qo) (2.13)
We recall also the Aleksandrov-Fenchel inequalities

() (42

for 0 <1i < j < n, with equality if and only if Qg is a ball. If we put in the last inequality i = 0 and j = 1, we
obtain the classical isoperimetric inequality, that is:

(2.14)

n n #
.P(Qo)ﬁ > nﬁw;{’l |QQ|
We will also need the case in (2.14) when i = 1 and j = 2:

n—2

_n=2 L
= - n -1 .
WQ(Q()) >n ntw P(Qo)" 1 (2 15)

In the next sections, we will denote by d.(z) the distance function from the boundary of €y. We use the following
notations:

Qo ={z€Q : de(x) >t} t €10,7q,]s

where by rq, we denote the inradius of €2y. We state now the following two lemmas, whose proofs can be found
in [9] and [13].

Lemma 2.7. Let Qg be a bounded, convex, open set in R™. Then, for almost every t € (0,rq,), we have

d
7@]3(90,25) 2 TL(TL — 1)W2(Qo,t)

and equality holds if Qg is a ball.

By simply applying the chain rule formula and recalling that |Dd.(z)| = 1 almost everywhere, it remains
proved the following.
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Lemma 2.8. Let f : [0,400) — [0,+00) be a non decreasing C* function and let f:[0,400) = [0, +00) a non
increasing C1 function. We define u(x) := f(de(x)), @(x) := f(de(x)) and

Eo:={z € Qo : u(x) >t}
Eos:={xcQ : a(z) < t}.

Then,
d Wa(Eo.;)
— —P(Eoy) >n(n—1 ’ 2.1
3 (Boe) = n(n—1) Dl (2.16)
and
" E
gP(Eo,t) > n(n— 1)W2( 0.1) (2.17)

dt | Dt =t .

3. PROOF OF THE MAIN RESULT

In this section we state and prove the main results. In the first theorem, we study the problem (2.2), in the
second one the problem (2.8). We consider a set 2 as defined at the beginning of Section 2.

Theorem 3.1. Let 3 € R\ {0} and let Q be such that Q = Qo \ O, where Qg C R™ is an open bounded and
convez set and © CC Qg is a finite union of sets, each of one homeomorphic to a ball of R™ and with Lipschitz
boundary. Let A = Ay, », be the annulus having the same measure of Q and such that P(By,) = P(Q). Then,

RN (3,0) < ARV (3, 4).

Proof. We divide the proof in two cases, distinguishing the sign of the Robin boundary parameter.

Case 1: § > 0. We start by considering problem (2.2) with positive value of the Robin parameter. The solution
v to (2.2) is a radial function by Proposition 2.5 and we denote by v, and vy the minimum and the maximum
of v on A. We construct the following test function defined in Q:

u(a) = {G(de(:c)) if de(w) <72 — 11 51)

VM if de(x) > ro — 1y,

where G is defined as

gy [
“ “)/vmgmd’

with g(t) = |Dv|y=t, defined for v, <t < vy, and d.(-) denotes the distance from 09y. We observe that
v(z) = G(ry — |z|) and u satisfy the following properties: u € W1P(Qq) and

‘Du|u:t = |DU|v:t7

U := minu = v, = G(0),
Qo

Uy = maxu < V.
Qo
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We need now to define the following sets:

Eoi:={x € Qo : u(z) >t}
Ay ={z e A : v(z) >t} (3.2)
A07t 2:At U Erl .
For simplicity of notation, we will denote by Ao the set Ag o, i.e. the ball B,,. Since Ey; and Ag; are convex
sets, inequalities (2.16) and (2.15) imply

n—2

d Wa(Eo,t) _n=2 A (P(Eoe))"!
——P(FE > — 1) —=— > —1 n=1(yy —_—
P00 2 nln —1)=2 200 > n(n — n~F T
for u,, <t < up;. Moreover, it holds
n—2
d n— 1 (P(A n—1
L p(ag) = n(n — n- it 0T

dt gt)

for v, <t < vps. Since, by hypothesis, P(y) = P(B,,), using a comparison type theorem, we obtain
P(Ey:) < P(Ao.),

for v, <t < up. Let us also observe that

H" 1 (OEy; N Q) < P(Eopy) < P(Apy). (3.3)

Using now the coarea formula and (3.3):
un
/ \Dul? do = / gt~ H Y (9o, N Q) dt
Q U

UM vM
g/ g(t)P"rP(Eo) dtg/ g(t)PrP(Ag ) dt:/ | Du|P da. (3.4)
u v A

m Um

Since, by construction, u(x) = wu,;, = v,, on I'g, then

/ WP AHP Y = uP P(Qy) = o7, P(Ag) = / WP dHmT (3.5)
To dAp

Now, we define p(t) = |Ep, N Q| and n(t) = |A;| and using again coarea formula, we obtain, for v,, <t < ua,

n—1
u’(t):f/ L et HTNOE0nQ) | P(Eoy)
{u=t}NQ

Du(a)] - O
7P(A0-,t) _ 1 n—1 _
) /{v_t} Doy M =0,

This inequality holds true also if 0 < t < vps. Since p(0) = n(0) (indeed |2] = |A]), by integrating from 0 to ¢,
we have:

u(t) > n(t), (3.6)
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for 0 <t < vps. If we consider the eigenvalue problem (2.2), we have

vM UM
/ uP dz = / ptP~p(t)dt > / ptPIn(t) dt = / vP da.
Q v v A

m m

Using (3.4), (3.5), (3.7), we achieve

/ | Dul? dx+[3/ uf dH™
Q T'o

/u”dx
Q

/ |Dv|P dz + 3 vP dH !
- oA = A8, A).

/v”dx
A

AN (8,Q) <

<

11

Case 2: 8 < 0. We consider now the problem (2.2) with negative Robin external boundary parameter. By
Proposition 2.3 the first p-Laplacian eigenvalue is negative. We observe that v is a radial function. We construct

now the following test function defined in :

ulz) = {G(de(x)) if do(z) < 2 — 1

Um, if de(m) >Tre —1T1,

where G is defined as

with g(t) = |Dv|y=¢, defined for v, < t < wvps with v, := ming v and vy, := max4 v. We observe that u satisfies

the following properties: u € WP(£)) and

‘Du|u:t = |DU|v:t7

Uy, 1= m&nu > U,

Uy = MAX U = Uy = G(0).
We need now to define the following sets:

Eor ={z € Q : u(z) <t}
Ay ={z e A : v(z) <th
Agy =A; UB,,.

For simplicity of notation, we will denote by Ao the set ;1070, i.e. the ball B,,. Since Eo,t and flw are now

convex sets, by inequalities (2.17) and (2.15), we obtain

n—2
— 1

Wl P GCDN

d -
&P(Eo,t) >n(n—1)

O A ATy
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Moreover, it holds

n—2
—1

@ e o (PGAG)
—P(Apy) =n(n—1)n" 1wy T

dt
Since, by hypothesis, P(Qy) = P(B,.,), using a comparison type theorem, we obtain
P(Ey.) < P(Ag,),
for u,, <t < vp. Moreover, we have
H" Y OEy, NQ) < P(Eoy) < P(Agy). (3.8)

Using the coarea formula and (3.8),

uM ~
/ |Du|? dz = / gty H (OB, N Q) dt
Q Uy

0 v (3.9)
M - M ~
< [ oty PEade< [ gor (o dt= [ 1Dop da.
Um Vi A
Since, by construction, u(x) = ups = vy on I, it holds
/ uP dH" " = uh, P(Qp) = v}, P(Ag) = / P dH™ L (3.10)
To a4,
We define now ji(t) = |Eo; N Q| and 7(t) = |A;| and using coarea formula, we obtain, for u,, <t < vy,
1 "Y(9Ey, NQ) _ P(E
ﬂ/(t) :/ anl — H (a 0,t N ) S ( O,t)
{u=tyno [Du(z)] g(t) g(t)
P(Aq,:) / 1 -1 _ 5
< - = dH" ™ =7'(¢).
g(t) {o=t} [Dv(z)|
Hence p/(t) < 7/(t) for v, <t < vps. Then, by integrating from ¢ to vy:
1 = A(t) < [A] = (),
for v, <t < vy and consequently i(t) > 7(t).
Let us consider the eigenvalue problem (2.2). We have that
UM VM
/Qup dz = uf,|Q)| 7/ ptP T a(t)dt < of, | A 7/ ptPLi(t) dt = /Avp dz. (3.11)

By (3.9), (3.10), (3.11), we have

/ |DulP dz+ 3 | uP dH™ ! / |Dv|P da + 5 P dH"
<=2 Lo < A 240 =x(8, 4).
/up dz
Q

/Up dz
A

AV (B,Q)
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Theorem 3.2. Let 3 > 0 and let  be such that Q = Qg \ ©, where Qo C R™ is an open bounded and conver set
and © CC Qg is a finite union of sets, each of one homeomorphic to a ball of R™ and with Lipschitz boundary.
Let A= A,, ,, be the annulus having the same measure of @ and such that P(B,,) = P(€Qq). Then,
RN RN

Proof. Let v be the function that achieves the minimum in (2.8) on the annulus A. We consider the test function
as in (3.1) and the superlevel sets as in (3.2). By (3.6) we have

VM VM
/ uwdr = / w(t)dt > / n(t) dt = / v dx. (3.12)
Q 0 0 A
In this way, using (3.4), (3.5), (3.12), we conclude

/ |DulP dz + 8 [ w? dH"*
1 ) Iy

TRN (3.0 P
4 (57 ) / U d$
Q
/ | Do|P da + ﬂ/ P dH" !
A 840 _ 1
- g Ty (B, A)

/vdx
A

We conclude with some remarks.

Remark 3.3. In [1] the authors prove that the annulus maximizes the first eigenvalue of the p-Laplacian with
Neumann condition on internal boundary and Dirichlet condition on external boundary, among sets of R” with
holes and having a sphere as outer boundary. We explicitly observe that our result includes this case, since

: RN DN
i N0, =2 @)

where with )\I?N (©2) we denote the first eigenvalue of the p-Laplacian endowed with Dirichlet condition on
external boundary and Neumann condition on internal boundary.

Remark 3.4. Let us remark that in the case p = 2, we know esplicitely the expression of the solution of the
problems described in the paper on the annulus A = A, ,,.

We denote by J, and Y, respectively, the Bessel functions of the first and second kind of order v. The
function that achieves the minimum in A = AV (3, A) is

v(r) = Y%_Q(\[\rg)rk%J%_l(\[\r) - Jg_g(\/XTg)T17%Yg_1(\/XT),
with the condition

Y%,g(\f)\rl)[r;_%J%,g(\f)\rg)\f)\—|— /BT;_%Jgfl(\/XTQ)]
—Jgfg(\/XTl)[T;_%Y%72(\/XT2)\/X + BT;_%Ygfﬂ\/XTQ)] =0.
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The function that achieves the minimum 1/7" = 1/TFN (3, A) is

with

L o (1—n)
v(r) = r“+c ca,
(r) 2T'n ta rn te
1 re Br2 (n—1)8 "
ﬁ—ﬁﬁfmf T e
co = —%r?.
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