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ZERO-SUM RISK-SENSITIVE STOCHASTIC DIFFERENTIAL
GAMES WITH REFLECTING DIFFUSIONS IN THE ORTHANT*

MRINAL KANTI GHOSH AND SOMNATH PRADHAN**

Abstract. We study zero-sum games with risk-sensitive cost criterion on the infinite horizon where
the state is a controlled reflecting diffusion in the nonnegative orthant. We consider two cost evalua-
tion criteria: discounted cost and ergodic cost. Under certain assumptions, we establish the existence of
saddle point equilibria. We obtain our results by studying the corresponding Hamilton—Jacobi-Isaacs
equations. For the ergodic cost criterion, exploiting the stochastic representation of the principal eigen-
function, we have completely characterized saddle point equilibrium in the space of stationary Markov
strategies.
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1. INTRODUCTION

This paper is devoted to studying zero-sum risk-sensitive stochastic differential games where the state pro-
cess is a controlled reflecting diffusion process in the nonnegative orthant D C R¢. Such problems arise in
communication systems with heavy traffic [41]. In communication networks different users may have different
objectives leading to conflicts. Thus the analysis of such problems is often carried out using game theoretic
framework. To motivate the problem treated in this paper we first summarize the network model studied in
[41]. Consider a sequence of open queuing networks consisting of M users and d servers with increasing traffic
intensity, where each user controls arrival rates implicitly and service rates explicitly. Suppose Q% (t) denote
the number of customers at the ith service station at time ¢ of the nth network and let X' (¢) = ﬁ@:‘ (t). Let
X"()=(X7(),...,X7()). Then under certain heavy traffic conditions, the process X,,(-) converges weakly to
a process X (+) = (X1(-),...,Xa(")) given by

dXZ'<t) = bi(X<t),U1(t),...,UM(t))dt—f—/O \/)\i<X,‘(S)) dWl(S)

+Zd:/0t Vit (X(s)) dWii(s)
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d
_Z \/pUMZ( Xi(s)) dWi;(s) + &(t) Z%zgy
§=0
d&i(t) = Iix, (=0} d&i(t), t >0, i=1,...,d,

where W;(-), W;;(-) are independent Wiener processes, u;(t),7=1,...,M,t > 0, are actions chosen by the users
at time ¢, and

bi(x,ui, .. ,UM) = X,-(:z:,ui, .. .,UM) + ijiﬂj(z,u,-, ... ,UM) — ﬁi(x,ui, .. ,uM).
j=1

Here the functions \;, \; are associated with the arrival rates whereas p;, fi; are associated with the service rates;
[pij] is the routing matrix. The above stochastic differential equation (SDE) represents a controlled diffusion
process in the nonnegative orthant. By a solution to the above SDE, we mean a pair of continuous time processes
(X(-),&(+)), where X (¢) takes values in the nonnegative orthant. The process £(t) is a nondecreasing process
which increases only at the boundary of the orthant.

We now describe the differential game problem. Each user (referred to as a player) considers the rest of the
players as a single superplayer and tries to find a minimax equilibrium. This gives him an “optimal” strategy
against the worst case scenario, i.e., the aim of each player is to guarantee the best performance under the
worst case behaviour of the superplayer. We can view the situation as follows: each player takes the rest of the
players as his adversary. Since the actions of the superplayer are not completely known to the particular player,
to achieve his security strategy against the worst case scenario, he assumes that he controls the arrival process,
and the superplayer tries to block him by controlling the service time. Thus the particular player, say Player 1,
controls the arrival process of the network, and the superplayer controls the service time process through their
actions. Thus the drift b takes the form:

d
bi(w,u,uz) = Ni(ur) + Y pjifly (x5, u2) — (i, us),
j=1

where u; denotes the action of Player 1 and us denotes the action of the superplayer, uy, us € [0,1]. We assign
a cost to the particular player, i.e. Player 1 against the superplayers, as

r(x,ur, ug) = yur — Orug — c(x),

where c¢ typically represents the holding cost and v > 0, 6; > 0 are constants. When the state is  and players
chose actions u1, ug, Player 1 incurs a cost at the rate r(z, u1, us). Naturally Player 1 tries to minimize his total
cost through his actions u; whereas the superplayer tries to maximize the same through his actions us. Thus
we have reduced the M-player game to a two-player zero-sum game. An analogous model in discrete time was
first studied by Altman [2] which has been extended to the continuous time case in [41]. We emphasize that we
have presented only a bare sketch of the queuing network model. For more details we refer to [41].

The above problem motivates us to study a stochastic differential game where the state process is given by
the following SDE:

AX (t) = b(X (), ur (t), ua(t))dt + o (X (£))dW () — y(X ())dE(t),
dé(t) = Iixweapydé(t),
£0)=0, X(0)=z¢eD,

where u; is a U;-valued process which is an appropriate strategy taken by the Player ¢ for some given compact
metric space U;, for i = 1,2, b: D x Uy x Uy — R? is the drift vector, o : D — R®*? ig the diffusion term,
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v :R? — R? is a vector field which determines the direction of the reflection of the process, and W (-) is an
R?-valued standard Wiener process. It is clear from the state equation that inside D the process X (-) behaves
like a diffusion process and when it hits the 9D it gets reflected inward in a direction determined by the vector
field ~. The process &£(+) changes only when X (-) hits 9D. As described earlier, such reflecting diffusion processes
arise in many applications including the heavy traffic analysis of queuing networks coming from problems in
manufacturing systems and communications (see [18, 20, 41, 51]). It is known that except for a few special
cases, the direct analysis of problems in queuing network are very difficult to analyze. Thus, one tries to find
a continuous approximation of it which can provide a tractable solution. It has been proved in [47, 53, 66] for
uncontrolled case and in [51, 52] for controlled case that as the traffic intensity goes to unity, a suitably scaled
and normalized sequence of queue length processes in open queuing networks, converge weakly in the Skorohod
topology to a certain reflected diffusion processes when the networks are close to heavy traffic.

Associated to the above state dynamics we now briefly formulate the game problems. In this paper, we consider
a particular type of non-standard zero-sum risk sensitive stochastic differential games on the infinite planning
horizon with two cost evaluation criteria: risk-sensitive discounted cost and risk-sensitive ergodic (average) cost.

The risk-sensitive a-discounted cost for the zero-sum game is given by

j(;“’u2 (9’ {E) = % In E;Ll,uz [69 Jie e*atf(X(t),ul(t)7u2(t))dt} T € b’

and the same for the ergodic cost criterion is given by

P2 (0, 2) = limsup % log E52 {60 Jo f(X(t)’ul(t)’“2(t))dt] ,x €D
T— o0

where 7 is the running cost function. Player 1 wishes to minimize the above cost over his admissible strategies
whereas Player 2 tries to maximize the same. Such a problem is relevant in a worst-case scenario, e.g., in financial
applications where an investor is trying to minimize his/her long-term portfolio loss against an antagonistic
market, which by default is the maximizer in this case [12]. Such a problem is also relevant for the communication
networks where each user treats the other users as a single (antagonistic) super-player [12]. A strategy uj is
called optimal (for the discounted cost criterion) for Player 1 if for (6,2) € (0,0) x D

A (0,x) < supinf J***(0,2) == J (0, ) (lower value)

uzu

for any up. Similarly a strategy uj is called optimal (for the discounted cost criterion) for Player 2 if for
(0,z) € (0,0) x D

T3 (0, 2) > inf sup 2" (0,) := Ja(6, ) (upper value)

ul us

for any u1. The game has value if 7, (0,2) = J (0, 2) for all (6,z) € (0,0) x D. A pair of strategies (u}, u}) for
which this value is attained is called a saddle point equilibrium. For each of the cost evaluation criterion we study
the zero-sum game via the corresponding Hamilton Jacobi Isaacs (HJI) equations to be described later. In this
paper, for a-discounted cost evaluation criterion, we first derive that the corresponding HJI equation which is a
non-linear second order parabolic partial differential equation with oblique boundary condition (instead of the
elliptic p.d.e as in the risk-neutral case) and then establish the existence of a unique solution in an appropriate
function space. We then obtain a saddle point equilibrium via appropriate outer maximizing/minimizing selec-
tors of the Hamiltonian associated with the HJI equation. Using principal eigenvalue approach, we establish the
existence of a solution to the ergodic HJI equation in an appropriate function space. A saddle point equilibrium
is then given by maximizing/minimizing selector of the Hamiltonian of the ergodic HJT equation.
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In order to study risk-sensitive stochastic optimal control problem in R¢, similar eigenvalue approach has
been used in [8], [16]. To prove the uniqueness of principal eigenvector in a certain class of functions, authors
in [8], have exploited its stochastic representation. Without using any kind of blanket stability assumptions in
[5], authors have studied risk-sensitive stochastic optimal control problem in RY. Applying nonlinear version of
Krein-Rutman theorem the authors in [9], [6] have proved the existence of principal eigenpair for the ergodic
HJB equation in smooth bounded domain when the direction of reflection is co-normal. Similar risk-sensitive
zero-sum game problems where the state dynamics given by nondegenerate diffusions without state constraints
have been studied in [12], [17]. The authors in [17], have completely characterized saddle point equilibria in the
space of stationary Markov strategies. They have obtained their result by using principal eigenvalue approach.
In [38], [64] the authors have considered one controller case of this problem. In this paper we extend the results
to the two controller case with strictly opposing interests. The authors in [40] have studied zero-sum risk-
sensitive stochastic differential games with reflecting (nondegenerate) diffusions in a smooth bounded domain.
The risk-neutral counterpart of this problem has been studied in [39] the smooth bounded domain case and in
[41] the positive orthant case. To study risk-neutral zero-sum game problems authors in [19], have introduced
an occupation measure based approach.

Before presenting a brief survey of literature on stochastic differential games, we observe that for a (standard)
zero-sum game (see [12]) we have

71(z, w1, u2) + Fo(x, ur, u2) =0

for all x € D,u; € Uy, uy € Us, where 7; : D x Uy x Uy — R, i = 1,2, are the running cost functions. However,
owing to the multiplicative nature of the evaluation criterion, we cannot say that this implies that the sum of
the risk-sensitive discounted (or ergodic) cost is zero. In this case, if we set 71 = —79 = 7, then for § > 0, Player
1 is risk-averse whereas Player 2 is risk-seeking. Thus, for risk-sensitive criterion standard zero-sum games must
be studied via Nash equilibria for nonzero-sum games. Hence the zero-sum case studied in this paper is not a
special case of the non-zero sum case.

We now present a brief survey of literature on zero-sum deterministic and (risk neutral) stochastic differential
games. The origin of (zero-sum) differential games can be traced back to the late 1940’s in the pioneering work
done by Isaacs in RAND Corporation in USA. These works first appeared in a series of RAND corporation
memoranda [48]. Isaacs incorporated these works and his subsequent research work in a book [49], which
stimulated further work and interest in this field. Pontryagin and his collaborators [62], [61] have carried out
their work on differential games independently in the erstwhile Soviet Union. The main motivation at that
time was the study of military problems and pursuit-evasion games were the most important examples. Isaacs
treated differential games in open loop strategies. Using formal arguments he derived the Hamilton-Jacobi-
Bellman-Isaacs (HJBI) equations. If the HJBI equations has a smooth solution, then the differential game has
a value. There are simple counterexamples to show that (barring a few specific cases) the theory of differential
games as formulated by Isaacs is, in general, intractable from a mathematical point of view. To circumvent
this difficulty various approaches have been carried out. Notable contributions have been made by Fleming
[32], [33], Friedman [36], Roxin [67], Varaiya [70], Varaiya-Lin [71], Krasovskii-Subbotin [50], Berkovitz [15],
Elliott-Kalton [30] and many others. Of all these approaches, Elliot-Kalton approach has become by far the
most popular, presumably because of its close connections with viscosity solutions [28], [34]. One of the first
major contributions to zero-sum stochastic differential games is due to Elliott [27]. Using feedback strategies
and assuming Isaacs minimax condition, the existence of a value is established for nondegenerate controlled
diffusion processes using a martingale method [27]; see also [29]. The pde approach to stochastic differential
games involving nondegenerate diffusions is due to Bensoussan and Friedman; see[14], [37] and the references
therein. The same problem with degenerate diffusions is, however, significantly more difficult from a technical
point of view; see [35], [59], [69]. Note that in the nondegenerate case, under feedback strategies as in [27], the
corresponding SDE has a unique weak solution under standard assumptions, thanks to Girsanov theorem. This
is not the case for degenerate controlled diffusions. In a seminal work [35] Elliott-Kalton strategy is suitably
extended to the stochastic setup to establish the dynamic programming principle (DPP) which in turn leads to
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viscosity solutions of the HJBI equations. Note that DPP is based on concatenation of controls and strategies.
In the stochastic setup, concatenation of strategies runs into a serious technical issue. In [35], this issue is
circumvented by introducing suitable r-strategies and appropriate approximation procedure. The work has
led to various refinements of Elliott-Kalton strategies, e.g. pathwise strategies with delay in [22], [23], relaxed
strategies in [68]. A new approach based on backward stochastic differential equations (BSDE) is introduced by
Hamedene and Lepeltier [43], [44], [45] which was further refined in [21] using relaxed strategies with delay; see
[63] as well. Note that all the works mentioned thus far is on finite horizon. On the infinite horizon the stochastic
differential games (both zero-sum and nozero sum cases) involving nondegenerate diffusions is treated in [19]
with both discounted and ergodic payoff criteria. Combining pde and probabilistic arguments the existence of
saddle point/Nash equilibria is established in relaxed feedback strategies for relevant cases.

Though there is considerable literature on risk-sensitive optimal control, the corresponding literature on
risk-sensitive stochastic differential games is rather sparse. In [26], risk-sensitive stochastic differential games
(both zero and nonzero sum) for nondegenerate diffusions on the finite horizon is studied via BSDE. In [11], a
particular class of stochastic differential games (both zero-sum and nonzero-sum) is studied for the nondegen-
erate diffusions on the finite horizon. In [12], [17], the zero-sum case for controlled diffusions is studied on the
infinite horizon using pde approach. In [40], both zero-sum and nonzero-sum problems are studied for controlled
reflecting diffusions in a smooth bounded domain. To our knowledge, there is no work on risk-sensitive stochastic
differential games involving degenerate diffusions.

The rest of the paper is structured as follows. Section 2 deals with a detailed description of the problem. In
Section 3 we study the a-discounted cost evaluation criterion. The ergodic cost evaluation criterion is analyzed
in Section 4. We conclude our paper in Section 5 with some concluding remarks.

2. PROBLEM DESCRIPTION

Let D={z €R¥:2; >0,Vi=1,2,...,d}. Let U;, i = 1,2, be compact metric spaces. Let V; = P(U;) be
the space of probability measures on U; with topology of weak convergence. Let

b=(by, - ,bg): D x Uy x Uy — R%,

o:D =R, 0 = [oy;(V<ij<d;
and let v be an R%valued function defined in a neighbourhood of dD. We consider a stochastic differential game
whose state is evolving according to a controlled reflected diffusion in the orthant D, given by the solution of

the reflected stochastic differential equation (RSDE)

dX () = b(X (1), v1(t), v2(t))dt + o (X (£))dW (t) — v(X(2))dE(2),
dé(t) = Iixyeapydé(t), (2.1)
£0)=0, X(0)==ze€D,

where the drift term b(z,v1,v2) is given by

b(z,vl,vg):/ / b(z, w1, us)vy (dug )va(dus),
Us JU;

W = (Wy, -, W) is an R-valued standard Wiener process and v;(t) = f;(t, X([0,])), where f; : [0,00) x
C([0,00); D) — V; is a measurable map and X ([0,¢])(s) = X(t A s), V s € [0,00). v;,i = 1,2, above is called
an admissible (feedback) strategy for the ith player. For a physical interpretation of this class of strategies we
refer to [19]. Let A;, i = 1,2, denote the set of all admissible strategies of the ith player. An admissible strategy

v; € A; is said to be a Markov strategy if v;(t) = 7;(t, X (t)) for a measurable v; : [0,00) x D — V;. By an
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abuse of notation the map v, itself is called a Markov strategy for the ith player. If ¥; has no explicit time
dependence then the Markov strategy v; is called a stationary Markov strategy. Let M;,S;, ¢ = 1,2, denote the
set of Markov, stationary Markov strategies, respectively, for the ith player.

We now proceed to prove the existence of a solution of (2.1). To this end we approximate D by appropriate
smooth domains. Define

D, =DnNB(0,1), for [=1,2,....

where B(0,1) = {x € R?: ||z|| < [}. From Theorem (A2)(ii) and the remark in p.28 of [24] there exist domains
Dy € R? with C* boundary satisfying the following conditions:

(i) The distance d(dDy ,,,dD;) < Loi>1,

(11) Dl,m1 C Dl,mQ’ m1 < mg,l > 1 and Dll,m C Dlz,m7 1 <lp,m>1.

Define

D, = U}’ithm,m > 1.

From the construction it is clear that

(i) D,, T D where for each m > 1; D,, is a domain with C> boundary.
(ii) For any smooth (i.e., C?) compact subset C' C D, we have C' C Dy, for sufficiently large I, m.

Now we make the following assumptions to ensure the existence of a unique solution of (2.1).

(A0) (i) The function b is bounded, jointly continuous, Lipschitz continuous in its first argument uniformly
with respect to the rest.

(ii) For 4,5 =1,2,...,d, the functions o;; are bounded and Lipschitz continuous.

(iii) The function a := oo’ (where o+ is the transpose of ¢) is uniformly elliptic with ellipticity constant
do (> 0), i.e.,

za(x)z® > d|2|%, x € D, 2z € R

(A1) The function v = (71,...,7a4) is such that each of the component ; € C,(R?), and there exist §; > 0
such that:

(i)
y(z) -ni(x) >0 >0forallz € By, i=1,...,d,

where ¥; = {z € R? : z; = 0}, and 7(-) denotes the outward normal to 3;.
(i) for all m sufficiently large

v(z)-n™(x) > 6 >0forallx € 9D, NG, j=1,...,d,

where G} is a fixed neighbourhood of ¥; and 1™ (-) denotes the outward normal to dD,,.

Set
S={reUl iz ¢ni_ 5, k>21;€{1,2,...,d}},

which is the smooth part of 9D.

Under (A0) and (A1), for any pair of admissible strategies (v1,v2) € A; X Ag, it has been proved in [10] that
(2.1) has a unique weak solution in D. The existence of a solution of (2.1) is usually achieved in the following
steps: First consider the zero drift case and prove the existence of a unique strong solution as follows.:
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(i) Prove that (2.1) has a weak solution in the smooth domain D, m > 1;
(ii) using convergence arguments prove that (2.1) has a weak solution in D;
(iii) prove the pathwise uniqueness as in Lemma 3.3 of [10].

Now to prove the existence of a unique weak solution under an admissible strategy of (2.1) with nonzero drift
use Girsanov transformation method; see pp. 42-44 in [7]. Adapting the approach by Zovokin and Veretenikov
(see for example [73]) one can prove that under a Markov control (2.1) has a unique strong solution. For more
details see Theorem 3.2 in [10].

Throughout this paper we make the following assumption.

(A2) Let &' denotes the non-smooth part of @D (clearly the surface measure of ¥ is zero). We assume that
Pouv2(X(t) € ¥ for some t > 0) = 0, for each & € D, where P> is the probability measure on the space
over which X (-) is a weak solution of (2.1) corresponding to a strategy pair (v1,vs) and initial state x.

We refer to [41], [57] for sufficient conditions ensuring (A2).

Let 7: D x U; x Uy — R be the running cost function. Define r : D x V; x Vo — R by

7’(177111,02):/ / 7(w, ur, uz)vy (dug Jvg(dus).
Us JU;

We assume that

(A3) 7 is bounded, jointly continuous and Lipschitz continuous in its first argument uniformly with respect
to the rest.

We study two cost evaluation criteria: discounted cost and ergodic cost.

2.1. Discounted cost criterion

For (v1,v2) € Ay X Aj, the risk-sensitive a- discounted cost for initial condition x € D is given by
Jrvz (9 :r) . lln FY1v2 [69 S5 e (X ()01 (1), v2(t))dt zeD (2 2)
[e] ) N 9 xT k) 9 .

where X (-) is the solution of the (RSDE)(2.1) corresponding to (v1,v2) € Ay x Az, E¥172 is the expectation
with respect to the law of the process (2.1) with initial condition = and « > 0 is the discount factor. The
risk-sensitive parameter 6 € (0,0),0 > 0 is chosen by the minimizer. For a given choice of #, the minimizer
(Player 1) tries to minimize (2.2) over his/her admissible strategies A;, whereas maximizer (Player 2) tries to
maximize the same over As. A strategy vi € A; is said to be optimal for Player 1 if for (6,z) € (0,0) x D

JE(0,2) < sup  inf JY2(0,2) = (0,z) (lower value)
va €A V1 €Ay -

for any vy € Ay. Similarly, a strategy vi € Aj is said to be optimal for Player 2 if for (6, ) € (0,0) x D

JaH(0,0) > inf  sup J2(6,2) = Ja(6, ) (upper value)
v1E€AL A,

for any v; € Ay. If Jo(0,2) = J(0,2) := Ja(0,2) for all (0,z) € (0,0) x D then the game is said to admit a
value, and the function 7,(6, z) is called an a-discounted value function. A pair of strategies (v, v3) for which
this value is attained is called a saddle point equilibrium, and then v} is optimal for Player 1 and v3 is optimal
for Player 2.
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2.2. Ergodic cost criterion

For (vq,v2) € A X As, the risk sensitive ergodic cost is defined by

P2 (0, x) = limsup GLT log E;10v2 {69 Jo T(X(t)’vl(t)’vz(t))dt] ,x € D. (2.3)

T—o0

Optimal strategies, saddle point equilibrium etc., for this cost criterion are defined analogously.
For (v1,v2) € V4 x V4 and for a suitable function f: D — R, write

Lvv2 f(x) = /Ul /U2 Lf(z,u1,uz)vr(dug)va(dug),
where
Lf(x, uy,up) = L2 f(z) = (b(x,u1,uz), VF(x)) + % trace(a(z)V2f(2)). (2.4)
Define
Lf(x,ur,u2) =L f(x) + 7(z, ur, u2) f(x). (2.5)

3. ANALYSIS OF DISCOUNTED COST CRITERION

In this section, we consider the discounted cost criterion. To carry out our analysis for the a-discounted cost
criterion we use the criterion

(g z) = B[00 e—air(x(t)ﬂ;l(t),vz(t))dt:|. (3.1)

Since logarithm is an increasing function, optimal strategies for the criterion (2.2) are also optimal strategies
for the above criterion. Corresponding to above cost criterion, the value functions are defined by

inf sup B1"2(0,x) = U (0, ),
v1€AL yye Ay

and

sup inf BU1Y2(0,x) :=u,(0,x).
Ve €Ay V1E€AL

Usually the value function of a differential game is associated with the solution of a nonlinear partial differential
equation which is referred to as HJI equation. Using dynamic programming heuristics as in [38], [58], the HJI
equation for a-discounted cost criterion is given by

« 07 . 1
QGM = inf sup [(b(aj,vl,vg),Vua(G,x» +9r(x,vl,vg)ua} + = trace(a(z)Vuq (0, 2))
00 V1EVL eV, 2
= sup inf [(b(m,vhvg),Vua(H,x)) + Gr(x,vl,vg)ua} + 1 trace(a(r)VZuq (0, 1)),
va €V, V1E€EVL 2
ua(0,2) =1 on D, Vuy(f,2)-v(x) =0 on (0,0) x dD. (3.2)

For a smooth solution u,, the equality of “inf sup” and “sup inf” follows from Fan’s minimax theorem [31].
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The singularity in 6 at 0 and the non-smooth nature of the orthant pose technical difficulties in solving the
p.d.e (3.2). To overcome these difficulties we use suitable approximation arguments which involves approximation
of (3.2) by a family of p.d.e.s in the smooth bounded domains D; ,,. Consider the p.d.e.

ou’ 0,x
oo 2atn(9:2)

a,l,m = inf sup {(b(x, v1,02), Vub ;. (0,2)) + 0r(z, vy, v2)ul l.m}
o0 VIEVL 1ae Vs b b

+ % trace(a(x)V3u® ,; ,.(0,z)),

a,l,m

= sup inf [(b(a:, v1,v2), Vug ;. (0,x)) + 0r(z, v1, v2)uy m}
i Aty 2 4 4

+ % trace(a(x)V3u® ;. (0,z)),

a,l,m

A

ug (K, r) = e @ on Dy, Vuy,,(0,7) y(x)=0 on (k,0) x Dy, (3.3)

for each I,m > 1 and 0 < kK < ©. We now want to prove that these family of p.d.e.s admits a solution in a
suitable class of functions.

Lemma 3.1. Under (A0)-(A8), (3.8) has a unique solution u® , =~ € WL2P((k,0) x Dy ,), 2 < p < 0o, and

a,l,m

165 1l e 0)x B e S €8s for allm,1>1,0 < < ©. (3.4)
US 1m ©+3)|rloo ||7]00
ol < 3e e , for allm,l > 1, K . .
I 8’97 ||(K}@)X,3Lm’OO 3 forallm,l>1,0< k<O (3.5)
Proof. Follows from Theorem 4.1 in [40]. O

Following theorem proves the existence of a solution to the limiting p.d.e. of the above family of p.d.e.s.

Theorem 3.2. Under (A0)-(A3), (3.2) admits a solution ues in Wllo’f’p(((), ©) x (DUX))NC%((0,0) x (DU
%)), 2 <p < oo.

Proof. Let Q be an open bounded domain with C? boundary in D. Then there exists a positive integer M;, Ny
such that @ C Dy, for all m > My,l > N;i. Lemma 3.1 implies that the p.d.e (3.3) has a unique solution U 1 m
in WH2P((k,0) x Dy ), 2 < p < oo and the estimates (3.4), (3.5) hold. Furthermore, by an application of a
standard measurable selection theorem [13], there exist measurable maps ;. : (0,0) x Dy, — Vi, i = 1,2,

such that

inf sup [(b(m,vl,vg),Vu“ 0,2)) + Or(x,v1,v2)ul } =

€V vl a,l,m a,l,m
Sug [<b($, ﬁl,lym(ev {E), UQ)a Vug,l,m (9, x)> + 97‘(1’, z_)1,l,m (0’ 1')7 UQ)UZ,l,m} ) (3'6)
v2EV2

and
sup inf [(b(:v, v1,v2), Vul ,(0,x)) + 0r(x,v1,v9)ull m} =
ey, v1€Vh 1 Az

in{ [(b(a:, V1, Botm) (0,), Yl 1 (0,2)) + 0r(, 01, D1 (6, x))ugm} . (3.7)
V1 1
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We rewrite the p.d.e (3.3) as a parametric family of p.d.e.s as follows:

1
5 trace(a(x)v2ug,l,m) + <b(l‘, @17l,m(9v .T), U2,1,m (9’ .T)), vug,l,m> = fhmv

7] oo
ug’lym(/ﬁ,x) =e « onﬁlﬁm, Vugyl,m(ﬁ,x) -y(x) =0o0n (k, ©) X 0D m,
where
8”2 l m(e"r) _ _ K
fim(8,x) = QG”T — Or(z, 01,1,m (0, ), U2,1m (0, z))uml’m(ﬁ,x).

Let bym (0, 2) = b(x, 011.m (0, ), T2.1.m (0, ). Then by our assumptions and Lemma 3.1, it is clear that for each
€(0,0)

SluP Hl;l,m(ea ')HOO;Dz,m < 00, sup ”fl,m(ev ')HOO;DL,m < Q.

,m ,m

Now using Theorem 9.11 from [42] (see also,[38] Subsect. (1.6)), we obtain
||U2,l,m||1,2,p;(n,@)xQ < 121, for all m > My,l > Ny,p> 2, (3.8)

where the constant k; is independent of m, [.

We now choose an increasing sequence {Q,,} of bounded domains from D such that DUY = U,>1Q,, and
0Q, N OD is a C? portion of OD. Therefore a standard diagonalization procedure implies that there exists
Uy oy € W1’2’p((;€7 ©) X Dy,), 2 < p < 00, such that along a subsequence as | — oo

loc
Uy 1 — Ugy , Weakly in Wh2P((k,0) x Q). (3.9)
As in (3.8), we have
||UZ,mH1,2,p;(n,(~))xQ < ]iﬁ, for all m > My,p > 2.

Again repeating the diagonalization argument, there exists ul € Wli’f’p((n,G) x (DUYX)), 2 < p< oo, such
that as m — oo

wf , — ufy weakly in WHP((k,0) x Q). (3.10)

By the parabolic version of Morrey’s lemma ([72], pp. 26-27), Wh2P((k,0) x Q) for d+2 < p < oo, is compactly
contained in C'2%((k,0) x Q), 0 <& <2 — %. Thus, along a suitable subsequence, we get

lim lim ug ;,, = u, in C%’é‘((n, 0) x Q). (3.11)

m—00 [— o0
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Using (A1), (A3) and (3.11), we have

lim lim inf sup [(b(x,vl,vg),Vu“ (9,x)>+0r(x,v1,v2)uz_’l’m} =

m—00 [—oo v1 EVY vaEVa ol,m

inf sup [(b(m,vl,vg),Vug(G,x» +9r(x,v1,vg)u’;}, and
v1EVI eV,

lim lim sup inf [(b(x,vl,vg),Vu“ (9,x)>—|—0r(x,v1,v2)uz_’l’m} =

M—00 100 4, cV, V1€V onbm

sup inf [(b(m,vl,vg),Vug(G,x»+9r(w,v1,vg)ug}, a.e. (3.12)
vaEV,y V1IEVL

Using (3.10), (3.12), letting ! — oo and then m — oo in (3.3), we obtain

" 1
a@M = inf sup [(b(w,vl,vg),Vug(&m)) + 9r(m,v1,v2)ug} + = trace(a(x)Vus (0, 1)), (3.13)
o0 V1IEVI eV 2

in the sense of distribution. Since uf € W12?((k,0) x Q) for any compact subset @ of D with C? smooth

Kl floo
boundary, uf satisfies (3.13) strongly. Since Ug,z,m("f,x) =e « on Dy, foralll> Ny,m> M, by (3.11),
ilrle
we have uf(k,z) =e « on D.

We now want to prove that Vul(0,z) - y(z) = 0 a.e. on (k,0) x dD. From the construction of D, it is
clear that for any point %o € X, there exists a sequence {2, }1,m such that x;,, € 8Dy, and 1, — Zo as
m, [ — oo. Since 7 is continuous and u%(6,-) € C1(D UYX), thus from (3.11), we get

Vug (0, %0) - v(To) = lim lim Vaug ;. (0,21m) - ¥(21,m) = 0.

m—o0 [—o00

Hence Vu (6, z) - y(z) = 0 a.e. on (k,0) x dD since the surface measure of ¥ (non-smooth part of dD) is
zero. Therefore by an application of Fan’s minimax theorem [31], we have

" 1
aﬁw = inf sup [(b(m,vhvg),Vug(H,m)} + 9r(m,ul,vg)ug} + = trace(a(z)Vur (0, ),
00 v1€VY V2 EVa 2
1
= sup inf [(b(aj,vl,vg),Vug(G,x» + Hr(x,vl,vg)uﬂ + = trace(a(x)V2uf (6, z)),
Ve EVy VIEVL 2
Fllrlloo
uf(k,z) =e a on D, Vul(f,z) -v(z) =0 on (k,0) x dD, (3.14)

has a solution in W,">"((x,©) x (DUX))NC%((k,0) x (DUX)), p > 2.

loc
We now extend the function u% to whole of (0,0) as follows

ulb(0,z) if 0>k

ak(0,x) = { el rlloe

e« if <k

Thus, @, is nonnegative, bounded, continuous. As in (3.4), (3.5) and (3.8) it is clear that for each compact
Q c D with C? smooth boundary,

YAl

_k Ug
sup ||ua 2,p;Q < o0, and sSup || 96 H(O,@)XDUE,OQ < 00.
0<Kk<O 0<k<O
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One can see that for each 0 < § < ©, the function uf satisfies the following p.d.e. in the almost everywhere
sense

our (0 1
QHM = inf sup [(b(%vl,@),vag(@,m» —1-97“(30,111,112)122} + = trace(a(x)V2ar (0, z))
00 V1IEVI Vs 2
K7l oo
—fe o inf 01, 02) L {g< ks
C s

i (k,x) =€ = on D, Vui(f,z) vy(x) =0 on (0,0) x dD. (3.15)

Thus, % is a solution to (3.15) in W*7((0,0) x (DUX)) N C2%((0,0) x Q) for each bounded C? domain Q
in D. Now multiplying (3.15) by a test function ¢ € C2°((0,0) x (DUZX)) and integrating over (0,6) x (DUX),
we get

© our: ©
- / / ab o‘(dedx—i—/ / inf sup [(b(x,v1,v2), VuL)
0o Jpus o6 0 JDUs V1€Y1 0V,

1 r©
+ Or(z, v, vg)ﬂg} edfdx + = / / trace(a(z)V3ar ) pdfde
2 Jo Jpus

:/ / inf sup Hr(m,vl,vg)emwwgpd@dx. (3.16)
0 JDux V1€VI vV,

In view of the above estimates, there exists u, € W,22P((0,0) x (DUX)) N C%%((0,0) x Q) for each bounded
C? domain Q in D satisfying the following limiting equation as k — oo in the above equation

(S) ou (S]
— ah—= d@dx—&—/ / inf su b(x,v1,v2), Vg
/o /DUZ a6 ¥ 0 DUE”levlvzé\Rz [<( 1 v2) >
1 @
+0r(x, v, vg)ua} pdfdx + = / / trace(a(z)VZuq )pdfde = 0. (3.17)
2 Jo Jpus

Now since u, € W,527((0,0) x (DUX)) N C2%((0,0) x Q) for each bounded C% domain @ in D, is a solution

oc
of the following equation

« 97 . 1
QHM = inf sup [(b(x,vl,vg),Vua(9,$)> +0r(x,v1,vg)ua} + = trace(a(r)Vuq (6, 2))
a0 v1€EVL ey 2
ua(0,7) =1 on D. (3.18)

Let @ be a domain with Lipschitz boundary in D such that Q N 9D is a smooth part of 9D. For fixed 6 € (0,0)
we know (0, -),uf(0,-) € W2P(Q), p > 2. As an application of Morrey Lemma ([54], pp. 335-339), W2P(Q)
for p > d, compactly embedded in C1%(Q). Thus, for fixed 6 € (0, ©)

ﬁg(ev ) — ua(gv ) in Cl’d(@)'
Therefore since Va£ (6, x) - v(z) =0 on (0,0) x 9D for all k > 0, we have Vu,(0,z) - y(z) =0 on (0,0) x
0D NOQ. Since Q is arbitrary, it implies that Vu, (0, z)-v(x) =0 on (0,0) x dD. Thus, by making use of Fan’s
minimax theorem [31], we have proved the existence of a solution u, € W2*?((0,0) x (DUX)) N C%1((0,0) x
(DUY)), p>2,to(3.2). O

Next theorem proves the existence of saddle point equilibria in the space of Markov strategies.
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Theorem 3.3. Assume (A0)-(A3). Then (5.2) admits a unique solution u, € Wllocz*p((() ©)xDUX)N
C°9((0,0) x D), p > 2, which is given by

walld) = . sup B[00

vi €A va EAg

= Ssup inf Evl V2 [ foo T (X (0,0 (), Ug(t))dt:|.
v EAs v €A

Furthermore, u, is the value function for the discounted cost criterion and a saddle point equilibrium exists in

Ml X MQ.

Proof. Tt is clear that for fixed 6 € (0,0) and sufficiently small &, @ = u%. Arguing as in Theorem 4.1 from
[40], we have the following representation

uf(f,x) = inf sup EIVV2 { el ef Jor efatT(X(t)vvl(t)7v2(t))dt}
o v1€A Vo€ As

sup inf BV {e%ee S e*‘“r(xm,vl<t>7vz<t>>dt}7
Vo €Ay V1 €A,

In(})

where T); = —=. From the above representation
. sllrlloe Ollrlloc(1—e=Tr) ollrllos , . —aT. K
1<uf <e o e E =e = (since e *'* = 5)7 (3.19)

for every k > 0 and (0, ) € (0,0) x D. Since (3.2) has a solution in u, € Wllof’p((() 0) x DUX)NC™((0,0) x
DUY), p > 2, by a measurable selection theorem [13] there exist measurable maps v; : (0,0)x D — V;, i = 1,2,
such that

inf sup [<b(f£, v1,v2), Vue (0, 2)) + 0r(x, v1, UQ)UOL:| =

v1€VL ey

sup [(b(m, 01(0,x),v2), Vuu (0, z)) + Or(x,z’)l(@,x),vg)ua}, (3.20)

v2 €V
and

sup inf {(b(x,vl,vg),Vua(ﬂ,:c» +9r(z,v1,vg)ua] =
V2 €V, V1E€EVL

inf [<b(x, V1, 2(0, 7)), Vua (0, 2)) + er<x,v1,a2(e,x))ua] (3.21)
Let v} : Ry x D — V;, i = 1,2, be defined as follows
vi(t,r) = v;(fe " x), i = 1,2.

Let (v, v2) € Ay X As and X (+) be the process given by the solution of (2.1) corresponding to (v}, vs). Associated
to X () we define a sequence of stopping times as follows:

— 0; - if erz,
T if{t>0: X(t) €Q5); if xeQy,
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keeping in mind that infimum of an empty set is co. Since D UY = U,>1Q,, where {Q,}, is an increasing

sequence of bounded domains from D, therefore, we have klim T, = oo almost surely. Applying It6—Dynkin
—00

formula to the function

eJo 0(s)r(X(5),01 (0(s),X (s)),v2(s))ds ua (0(t), X (1)),
where (t) = fe~ | we get

(el P00 XD 2N (g(2), X (1)) ) = el HOIr X d X e (D G (6(8), X (1))
+ 00X (1), 07 ((0), X (), va(1) )l (6(2), X (£))es FOrX (i O X () wale)dsgy

where

A3 (0(0), X(0) = (Tus (60 X () o (X D)W (1) ~ (X (1) - Vus (0(6), X (O)] Ix (om0
+ [BOOXOI0u 00), X (1) — a0(t) S (000, X (0],

and L is defined as in (2.4). By Sobolev embedding theorem Vu, is continuous on Qy,- Thus, Vu, is bounded
on (). Therefore the stochastic integral

TAT
| e OO X O (T 0(e), X (1) (X ()W (1)
0

is a zero-mean martingale for each k. Now since u, satisfies (3.2), using (3.20), we obtain
E;}I,vz {69 S ATH e*‘”r(X(t)wI(9(t)7X(t))7v2(t))dtua(g(T ATR), X(T A7i)| — ua(8,2) < 0.
Since, vy is an arbitrary admissible control, we get

ua(e,x) > sup E;}i‘,vzz [69 fOT/\Tk e*atr(X(t)mf(O(t)7X(t))7v2(t))dtua(0(T/\ Tk),X(T/\ Tk) )
vo €A,

Using the fact that (t) — 0 as t — oo and u,(0,2) = 1 for all z € D, letting k — oo and then T' — oo, we have

Ua(0,7) > sup EUTv [ee I e*afr(X(t),v{(G(t),X(t)),vz(t))dt:|. (3.22)
v2 €Az

By the analogous arguments, using (3.21), one can prove that

U (6, 7) < in£ PO |:69f0oce—mr(X(t),vl(t),v;‘(0(t),X(t)))dt]' (3.23)
v1E€AL
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Combining (3.22) and (3.23), we obtain

Ua(0, 1) = vllg,faxl SEE B 2[ 0/>c "“r(X(t),vl(t)mz(t))dt}
V2 2

— sup inf EU UQ[ o[> e ""’T(X(t),'ul(t),vrz(t))dt}
vaEA V1EAL

v { o[> *“fr(x(t),v;(ee*m,x(t)),ug(ee*af,x(t))dt}. (3.24)

Therefore u, (0, x) is the value function of the a-discounted cost criterion and (v, v3) € M; x My given above
forms a saddle point equilibrium. O

We now illustrate our results with an example.

3.1. Example 1

Here we are considering a simplified version of the model considered in [41]. Consider a sequence of open
queuing networks with one server. We parametrize the sequence by n; in the heavy traffic limit n — oco. Let
C™(t) denotes the number of customers at the service station at time ¢ of the nth network. Define X" (t) = CTE:)

to be the corresponding normalized process. Let the intensity of the arrival process be given by
A"z, up,u9) = vVnAzuy +nA, x>0,

where u; denotes the action of the user (Player 1) from the action space [0,1] and A, A are positive constants.
The intensity of the service time process is given by

S"™(z,u1,uz) = V/nSrus +nS, x>0,

where uy denotes the action of the superuser (Player 2) from the action space [0,1] and S, S are positive
constants. In this heavy traffic queue the arrival and service processes are controlled counting processes. In
the limiting situation state of the queue (i.e. the limit of X™(-)) is evolving according to a controlled reflected
stochastic differential equation (for detail see [41]):

X(t) = (Avy(t) = Sva() X (t)dt + (VA,VS) - dW (t) + d&(2),
df( ) = Iix@y=0ydé(t), t>0, (3.25)
£0)=0, X(0)=z, >0,

where W = (W, Ws) is an R2- valued standard Wiener process and v; is a P([0,1])- valued process which
satisfies the usual nonanticipative condition for ¢ = 1,2. The running cost function is given by

T =~yuy — O1us —c(z), ~,60 >0,

where ¢(z) : Ry — R, is bounded, Lipschitz continuous function and =, 6; are suitable constants. In the above
expression for running cost the term c¢(-) denotes the holding cost. Now the HJI equation for a-discounted cost
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criterion is given by

w02 =ty e [l - Suga R
+0(yv1 — brvg — c(x))ua} + %(A + S)w,
=B ey (S P
+0(yv1 — bhvg — c(ac))ua} + %(A + S)w,
ua(0,2) =1 on Ry, w =0 on (0,0). (3.26)

Clearly all the assumptions (A0)-(A3) are satisfied. Therefore (3.26) admits a unique solution wu, €
WE2P((0,0) x (0,00)) N CO2((0,0) x [0,00)), p > 2. Now since P([0,1]) is convex and compact, the infimum

loc
and supremum are attained at the extreme points. Thus, rewriting (3.26), we get

agQuellm) [ Aoy 2al0o7) | o] + sup [ - A GL))
00 v1€[0,1] v2€[0,1] T
1 0%y (0, )
_901UQUQ:| — Hc(x)ua + 5(14 + S)T,
ua(0,2) =1 on Ry, w =0 on (0,0). (3.27)
x

From Theorem 3.3, we have that the optimal strategy for Player 1 is given by

1; if (/}m% + Quay) <0,
v = y; if (Amw + Ouyy) =0,

0; if (Az2veal®®) 4 gy ~) >0,
where y is any value in [0, 1]. The optimal strategy for Player 2 is given by

1 if (Sz2%2®0 4 g1u,) <0,
vy = y; if (530% + 600 1uy) =0,

0; if (Sx% + 061uy) > 0.

4. ANALYSIS OF ERGODIC COST CRITERION

In this section, we prove that for the ergodic cost criterion the value of the game and saddle point equilibrium
exist. To carryout our analysis we make the following additional assumptions. o
(A4)(Stability assumption) There exists a stochastic Lyapunov type function V : D — [1,00), with the
following properties

(i) V € C%3(D), | lim V(z) = oo,

(i) VV -4 >0on 0D. o
(iii) L2V (x) < alg — 20V (), V (z,u1,uz) € D x Uy x U, for some compact set K C D, and suitable
constants & > 0, § > 0.
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We also make the following technical assumption about the running cost function.
(A5)(Small Cost Condition) 0||r||s < 4, 8 € (0,0) and ¢ as in (A4).

Since for the ergodic cost criterion we always fix the risk-sensitive parameter 6, thus for notational simplicity
we assume that § = 1. Let £y € D be fixed point. Choose mi,l; > 0 large enough such that z¢g € D;,, V1 >
I3, m > m;. Following the proof technique of Lemma 3.2 in [64], we now want to prove the existence of a solution
to the ergodic HJI equation in smooth bounded domain.

Theorem 4.1. Assume (A0)-(A3). Then for each | > ly, m > my, there exists (p"™,ub™) € R x
W24(Dym), ¢ > d+ 1 such that

1
phmub™ = inf  sup {(b(z,vl,vg),Vul’m> +r(z,v1,vz)ul’m} + = trace(a(x)V2ub™),
v1€EVL eV, 2

1
= sup inf {(b(m,vl,v2)7Vul’m> + 7‘($,’U1,’l)2)ul’m} + = trace(a(z) Viul™),
va €V, V1IEVL 2

||ul7m||q;DLm =1, Vub™ -y=0 on 0D . (4.1)

Proof. From Theorem 2.2. in [4] (see also, [3], Thm. 12.1; [46], Prop. 2.3), it follows that for each (01, 02) € 81 x Sa
and [ > Iy, m > mq, the following p.d.e.

ub™ :@@ﬁm@ﬁﬂm%vwﬁ>+m%muy@@»dm.+1u%d()v2”’)

p'Ul 7U2 V1,02

V1,02 V1,02 2 V1,V2
VU%’T})Z -y =0on 8D, (4.2)
has a principal eigenpair (pi):”v(z, ug!",) € R X WP(Dy ), 2 < p < o0, uélmvz > 0 in Dy . Since any positive

constant multiple of ué’f% is also a solution of (4.2). Thus, multiplying by a suitable positive constant one can

obtain ||u =1, for ¢ > d + 1. Moreover, by It6-Krylov formula ([14], Corollary 4.1, p.89), we have

V1,02 ||q§Dl,m

= lim sup T log Evhvz [ Iy T(Xz,m(s)ﬂh(Xl,m(S))’f)z(Xz,m(S)))dS], (4.3)

Py
1 'U2
’ T— 00

where X ., is the process given by

dXp () = b(Xim (1), 01(Xi,m (1)), 02(Xim (t)))dt + 0 (Xpm (£))AW () — (Xim (t))dE(2),
dé(t) = Iix,,.(t)eop, . ydE(t),
£(0) =0, Xim(0)==€ Dim, (4.4)

and Evl’ 2 is the expectation with respect to the law of X ,, with initial condition x.

From (4 3), we have 0 < pv1 5, < |Irfloe for all (v1,72) € S1 % 82, m > m1 and [ > [;. Define pi”gz =
ing pilm Thus, there exists a sequence {01, } in S such that p = lim pv1 . We know that for each
U1€ST v n—r

such (01, 02) there exists a principal eigenpair (pvlmn U2,u21"1 5,) €ER X W27P(Dl)m), 00 >p > 2, uﬁ’1 L5, >0
satisfying the following p.d.e.:

1
- - I, ~ ~ l L
(05" 5, — (@, Bun (@), Ba(@)))ugl” 5, = (b, T1n (@), 02(2)), Vug!” 5.) + 3 trace(a(x)V2ug!" ),
, L _
||u’i}Tn,’52||Q§Dl,nz =1, V%Tn,ﬁz -y =00n 9Dy . (4.5)
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Since left hand side of (4.5) is bounded uniformly in n in L9(Dy,,),q > d + 1, by Theorem 1.1, Remark 1.1(3)
in [25] (see also [1]), we get

H L,m

1,m,02 ||2,q;Dl,m < 02’

where C5 is a constant independent of n. Thus, we can extract a subsequence (denoting by the same notation
without loss of generality) ul~m U2} which weakly converges to ul o , € W24(Dym), ¢ > d+ 1. Also, since S;
is metrizable with a compact metric, along a further subsequence o U1,n — U1, In &1 (see [7], Lem. 2.4.1, p. 57).
Thus, multiplying both side of (4.5) by test functions and integrating and then letting n — oo, it follows that

ub™ € W24(Dy,,), ¢ > d + 1 and it satisfies the following p.d.e.:

*,0o

*1}2 *,V2 *,V2

pim Lm _ [(b(azml,*(x)ﬁg(x)) vubm )+ (2, v1. (), ﬁz(m))uivm + % trace(a(x )VQ lm) (4.6)

Since Vulﬂlm = Vui’g; in C(Dy,,) and Vu%lm -y = 0on 8D, ,,, therefore Vb

U2

ety -7 = 00n 0Dy . We
know from Theorem 2.2. in [4], that (4.6) has only one eigenvalue with strictly pomtlve eigenfunction. Since

[ ug!” s llasp,,, =1 and ul’m Ly ul™ T, In Wl’q(Dz m) strongly, it follows that [u" olla:y . = 1. Also, since

l,m

u, > >0, there exists a compact set K such that u” . >0on K. Therefore Harnack’s inequality ([42], Cor. 9.25)

*’U

implies that u" ‘oo () > 0in Dy . From Theorem 6.1 in [3] (see also [4], Lem. 2.3.; [42], Lem. 3.4, p.34) since
Vul™ oy = 0011 ODy m, it follows that u"™ (z) > 0 in Dy,,,. Let X/, be the solution of (4.4) corresponding to

*1}2 *’[}2

(V1 45 vg) € 81 x Sa. By Ité-Krylov formula ([14], Cor. 4.1, p.89), we obtain for any 7" > 0

ul,m (.’E) _ Evl,*ﬁb [efoT(T(Xl*,m(s)le*(Xl*,m(s))ﬁ?(xl*,m(s))) p* 172)d‘s Im (Xl m(T))}

x,l,m *712
> inf Wb ()BT e <r<X;m<s),v1,*X;m(s>>,@z<Xl,m<s)>)—po;2)ds]
<D o) z,lm .
Y i,m

Taking logarithm on both side, dividing by T' and letting T — oo, we get

pl*'g > limsup — log E”l *’”2 [efo (X7 (8),01, (X 1 ()02 (X7 (5 )))ds] pfjlm 5 (4.7)
T—o00 T )

,m

. ! . !
= pv1 ' 4, (since p)70 = inf pp™ ). Now we want to prove that

P . I.m
This implies p.""
*,09 -
’ U1E€S1

Jnf | (b o0, Ba(@), VulTs) + r( vr, Ba(e)ul

= [ (b, 010 (), Bale)), VullR,) + (e o1 e (@), o)l |
But, we have

inf [<b(x, vr, B2(x)), VUl ™ ) 4 r(, vy, o () )ul™ ]

*,: *,V
v EVL s U2 2 U2

< [0, 01,0@),52(@)), Val 2, + (v (0), Tae)ul7 .
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A standard measurable selection theorem ensures that there exists 07 € S; such that

Jnf [ (b o0, Ba(@), Vi) + (o1, Ba(e)

= [0, 01 (2), B2(2)), Vi3, + (e, 01 (2), Ba())ul T, |

This implies
m A ~ m ~ ~ m 1 m
Pl = [(bw, 01(@), 52(@)), VUl + (w00 (@), a(@)ul ] + 5 trace(a(@) VEULT).  (48)

Let X, be the solution of (4.4) corresponding to (i, 72) € Sy x Sp. Using (4.8) we can show as in (4.7)) that

A7 > Hmsup 1 log 2552 [l 006150 5250 e)] gl (19

- pv 0
T—o0 12

Thus, we obtain pi’m = pi}lmw
We know that for (91,72) € 81 X Sa, there exists (pé’:’fh, ug! 1)2) € R x W3P(Dy,,), 00 > p > 2, uv1 5 >0

satisfying

B = (0, 0 (@), 2 (2)), Vi) + 7w, 01(2), (@) b + 3 trace(a(x) V).

pvl ;U2 V1,02

v1,V2 V1,02 2 01,02
||U5§1’1~)2||q;plym =1, Vuf;:':%z -y =0o0n 0Dy p,. (4.10)
Lm
We already know that pi’jgz = p, 5, Next we want to prove that ufjlmw = uiTz Let k1 = inf (#) and
Di,m Ug, 5o
ﬂiznw kiug) o Then ui% (z) — ulAlmﬁ2 () > 0 in D;,, and attains its minimum value 0 in D, (since

V (u" 5 (@) —ag! vz) v=0on 0D, (see, [42], Lem. 3.4, p.34)). Now from (4.8) and (4.10), we have

é trace(a(z)V2(ub™ —ab™ ) + {(b(x,@1(x),172(x)),V(ul”? — k™ )

*,V2 V1,V2
. - ILm—y L _Im . - I, I, 1,
—(r(w, 01(2), Ba(2)) = p.75,) " (w5, — uﬁffq;z)} < —(r(w, 01(x), B2(x)) — p.75,) " (w5, — 5)"5,) < 0.

l,m

Thus, by strong maximum principle as in Theorem 9.6 from [42] (see also [65], Chap. 2), we obtain uig; =ug's,

(since Hui% lg:D1m = ||Ui:nq~,2 ll¢:Di.,. = 1). Therefore, we have the following

m ,m ~ m ~ m 1 m
Pl = (0,010 (2),5a(2)), Vi) + (e, 0,0 (2), Ta)ui 2| + 5 trace(ale) V2ub,)

> inf {(b(az,vl,ﬁg(m)) Vul™ )y 4 r(x,vl,fjg(m))ul’m} + L trace(a(z)V2ub™)

T v eV *,U2 *,U2 2 %,
1
= [(b(a, 01(2), Ba(2)), VulTp,) + 1w, 1 (2), Ba(@))ulTy, | + 5 trace(a(z) V2ulT,)

_Im Im
p*v2u*v2
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Thus, we obtain

1
P, = it | (b v, Ta(2), VulTE) + 1o, vr, Ga(0) Ul + 5 trace(a(@) VAL, ) (411)
B2 U, e . : .
Let (ﬁ%;n,ﬁ%;n) be any other solution of (4.11), i.e.,
1
piy g = inf [<b(x,v1, By (), Vag!™) + r(z, v, ﬁQ(z))agﬂ + 5 trace(a(x)V2ag"),
@5 lg.p1n = 1, VA" -7 =0 on Dy .
Let 91 € S be a minimizing selector of (4.11). By It6-Krylov formula (as in (4.7)), we get
1 o . . o
,5%2"1 < limsup 7 log E:ll’:fl [efoT T(lem(s)ﬂ’l(Xhm(S))’vz(Xz,m(S)))dS] _ iTgQ
T—o00
—l,m l,m

Thus, pi’?}z = ﬁ%;n By an analogous application of the strong maximum principle one can prove that uz," = u
Define

*,02 "

Im __ Il,m
pu™ = sup p’7.
U2 €S2

Then there exists a sequence {02, } in Sy such that pi’m = lim pi”gz . Repeating the above arguments it follows
n— 00 yuam

that there exists a unique solution (pt™ uk™) € R x W4(Dy,,), ¢ > d+1 to

1
pi,mui,m = Sup inf |:<b(.’1),’l)1,1}2),vui7m> + r(x,vl,vg)ui’m + 5 trace(a(x)VQui’m),

vaEVa v1EV]
||u£<7m||q;Dl,m = 1avui,m Y= 0 on 9D.

Finally, by an application of Fan’s mini-max theorem one can show that the pair (pi’m,ui’m) € R x
W24(Dy m), ¢ > d+ 1, satisfies (4.1). O

From our proof it is clear that p"™ < ||r||s for all m > m; and [ > I;. From the above theorem, we have the
following.

Theorem 4.2. Assume (A0)-(A3). Then for each | > li, m > my, there exists (p"™,ub™) € R x
W24(Dym), ¢ > d+1, such that

1
plmub™ = inf  sup {(b(m,vl,v2)7Vul’m> +r(x,v1,vg)ul’m} + = trace(a(z) Viul™),
veV v2 €V 2

1
= sup inf {(b(a:,vl,vg),Vul’m> + T(a:,vl,vg)ul’m} + = trace(a(z)Vub™),
va €V, V1IEVL 2

ub™(xg) =1, Vub™ -y =0 on 0Dy . (4.12)
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lm

Proof. From Theorem 4.1, it is clear that any positive multiple of u""™ is also a solution to

1
pl7mul’m = inf sup [<b<$,U1,U2), vul,m> + 7"(.’1),1)1, U2)ul,mi| +35 trace(a(x)VQUZ’m),
v1EV] Ve EVa 2

1
sup inf [(b(x,vl,vg), V™) + r(:c,vl,vg)ul’m] + = trace(a(x)V3ub™),
va €V, V1EVL 2

with Vub™ .~ =0 on 0D 1. Then multiplying by suitable positive constant one can easily show that there
exists a solution to (4.12). In view of the uniqueness result of Theorem 4.1, it is easy to see that the solution
of (4.12) is unique, because if (p"™, a™) € R x W24(Dy,,), ¢ > d + 1, is any other solution of (4.12), then
for some suitable positive constants &y, ko the pairs (p4™, kyab™), (pb™, koub™) are solution of (4.1). Therefore
pbm = pb™ and kyab™ = keub™. Since @b (z0) = ub™(x) = 1, we have 4!'™ = ub™. This completes the
proof. O

This extends the result of [60] from neumann boundary condition to oblique boundary condition. Now we
want to prove the existence of a solution to the following limiting ergodic HJI equation.

Theorem 4.3. Assume (A0)-(A3). Then there exists (p,u) € R x W2Y(DUX), q > d + 1, satisfying

loc

1
pu = inf sup {(b(m,vl,vg),Vu) +r(x,vl,v2)u] + = trace(a(z)V?u),
v1€VL v €EVy 2

1

= sup inf {(b(m,vl,vg),vw +r(x,vl,vg)u] + = trace(a(z)VZu),
va€Vs V1EVL 2

u(zg) = 1,Vu-v=0 on 9D. (4.13)

Proof. Since 0 < pb™ < ||r||s, there exists a constant p such that along a subsequance pb'™ — p as [,m — oo.
Let Q be an open bounded domain with C? boundary in D. Then there exist positive integers M;, N; such
that @ C Dy for all m > My,l > Ni. Let M = max{mi, M;} and N = max{ly, N1}. Theorem 4.1 ensures
that the p.d.e (4.1) has a unique solution u*™ in W24(D;,,), ¢ > d + 1. Let (T)ll’m,@é’m) € 81 x Sz be a mini-
max selector of (4.1). Therefore o)™ € &) is an outer minimizing selector of (4.1) and o5™ € S, is an outer

maximizing selector of (4.1), i.e.,
inf sup [(b(x,vl,vg),Vul’m> +r(x,v1,v2)ul’m]
v1i€VI ey

= sup [(b(x,@ll’m(x),vg),Vul’m>—i—r(x,z’)ll’m(x),vg)ul’m}, (4.14)
vaEV2

sup inf [(b(x, v1,v2), Vul'™) + r(z, vy, vg)ul’m]
va €V v1EV]

= inf [(b(x,vl,ﬂé’m(x)),Vul’m>—i—r(x,vl,@é’m(x))ul’m] (4.15)

Existence of such measurable selectors are ensured by a standard measurable selection theorem. Using (4.14),
(4.15), we rewrite the p.d.e (4.1) as a parametric family of linear elliptic p.d.e.s as follows:

o () = (bl 0L (2), 05 (@), V™ (@) + 3 trace(ale) V2" (2)),

u™(z0) = 1, Vul™(x) - y(z) = 0 on Dy,
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where g (z) = (p"™ — r(w, 07" (), 05™ (@))u™ (). Let bym(x) = b(z, 0" (2), %" (2)), Gim(z) = (B —

r(xz, 0™ (x), 5™ (). Then by our assumptions it is clear that, sup [|by.m|lsc:p < 00, SUp ||Grm|lcc:p < 00. With-
l,m ,m

l,m(

out loss of generality we may assume that xy € Q. Now since u"™(x¢) = 1, by Harnack’s inequality ([42], Cor.

9.25) (see also, [38], Thm. 1.8), we have

supul’m <e3, VI>N,m>M,
Q

for some constant c3 independent of I, m. Therefore, using Theorem 9.11 from [42] (see also,[38], Subsection
(1.6)), we get

[ul™||2,q:0 < Cu, for all m > M,1> N,q>d+1, (4.16)

where the constant Cy is independent of m,l. Let {@Q,} be a sequence of bounded domains from D such that
DUY =Up>1Q,,. Therefore by a standard diagonalization procedure there exists u™ & Wli’cq(Dm), q>d+1,
such that along a subsequence as | — oo

ub™ — u™ weakly in WP(Q). (4.17)

Now (4.16) implies that [u™||2.4q < Ci, for allm > M,q > d + 1. Again repeating the diagonalization
argument, there exists u € le’q(D UX), ¢ > d+ 1 such that as m — oo

oc

u™ — u weakly in W4(Q). (4.18)

By Sobolev embedding theorems, we have W?24(Q) for ¢ > d + 1 is compactly contained C1'%(Q), 0 < & < 1.
Thus, along a suitable subsequence, we get

lim lim «"™ =u in C%(Q). (4.19)

m—00 [—00

Therefore from (4.19), we obtain the following:

lim lim inf sup [(b(x,vl,vg),Vul’m(x»+r(x,v1,v2)ul’m}
m—00 =00 v1EVL 4, cVy

= inf sup [(b(x,vl,vg),VU(x»+T(x,v1,v2)u}, and
v1€VI 4oV,

lim lim sup inf [(b(az,vl,vg),Vul’m(x))+r(x,v1,v2)ul’m}
M—00 [—00 4, cV, V1EVL

= sup inf [(b(x,vl,vg),VU(x» +r(x,v1,v2)u]. (4.20)
va €V v1EV]

Now multiplying (4.1), for [ > N,m > M, by a test function ¢ € C°(D U X) and integrating over D U X, we
get

- /D AT @)@ + [ s it [ v00), V'™ )

DU, va€Vp V1E€EVI

+ r(z, vl,vg)ul’m(:ﬁ)] o(x)dx + L /DUZ trace(a(x) V"™ (x))p(x)dx
= 0. (4.21)
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Using (4.19) and (4.20), making [ — oo and then m — oo in (4.21), we obtain

- [ e+ [ s it (00, 02), Vu()

DUS vaeVp 1EVL

+ r(z, vy, vg)u(x)} o(x)dx + 1 /DUE trace(a(x)Vu(z))p(x)dx

—0. (4.22)

Since ¢ € C°(D U Y) is arbitrary and u € W24(DUY), ¢ > d+ 1, we have

loc

1
pu(z) = sup 11615 (b(x,v1,v2), Vu(x)) + r(z,v1, v2)u(z)| + 3 trace(a(z)VZu(z)), a.e. in D. (4.23)
Vo €VR V1 1

We know that ub™(z¢) = 1 for all m > M,l > N, thus u(z¢) = 1. Now it is clear from the construction of Dy,
that for any point & € X there exist a sequence {z; , }i,m such that z; ,, € Dy, and x;,, —> & as m,l — oco.
Since v is continuous and u € C*(D U X), thus (4.19) implies that

Vu(z) () = lim lim Vub™(2;,,) - y(21.m) = 0.

m—00 [— oo
Since the surface measure of ¥ (non-smooth part of dD) is zero, we obtain Vu(x) - ~v(x) = 0 a.c. on dD. We
now obtain our desired result by an application of Fan’s minimax theorem [31]. O

Now we prove the representation of the eigenfunction w of (4.13). The assumptions (A4) and (A5) are crucially
used in what follows.

Lemma 4.4. Assume (A0)-(A5). Then there exists a compact set Q C D such that for any mini-maz selector
v* = (v, v3) of (4.13) and any compact ball Q1 D Q, we have

w(z) = B [efgl (r(X (00" (X)) =p)dty X(Tf))], YV z e Qf (4.24)

where 77 :=7(Qf) =inf{t > 0: X(¢) € Q1 }.

Proof. We know that 0 < pb™ < ||7||ee, therefore 0 < p < ||7||so. By (A5) 0 < p < ||7|loo < 6, therefore for some
suitable choice of a compact set Q and a constant 8 € (0, 1), the following holds

(( max r(z, u1,u2) — p) < B6, ¥V x e Q" (4.25)

w,u2) €U XUz

Also, since p'™ — p and p"™ < ||7||s, we have (4.25) for p replaced by p'™ for large I,m. Without loss of
generality we are assuming that K C Q, where K is the compact set specified in (A4). Choose [, m sufficiently
large such that Q C Dy ,,. Let o4 = (6l1m, 17l2m) be a mini-max selector of (4.1). Applying It6-Krylov formula
[([14] Cor. 4.1, p.89), we get for € Q°

~l,m

ah ) = B,

~lm - As c
< sup u"(Y) By, [P ]
yeQ

fm ~1,m N — ot Vds  Lan c
[efo™™ r(Xtm ()8 (Xtm (1)) =" ™)y L (Xin (78]

Sb,m c B
< sup u"™(y) ( ;’ll m [e5n,m]) , (by Jensen’s inequality),
yeQ .
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su ubm ghm ¢ ’
< Myco 1) (B2 [V X ())])
infyeo VB( ) - 7

< CV(@), (4.26)

where 7/, is the hitting time of the process Xj () to the set Q, C1 is a constant (using Harnack’s inequality

one can choose C; to be independent of I,m) and the last inequality follows using (A4) and applying It6-Krylov
formula to eV (X}, (t)).

Let Q; be a compact set such that Q; D Q. We choose an increasing sequence {K,} of smooth bounded
domains from D such that U,K, = DUX. Let 7, = 7(K,). It is clear that under (A0), (A4), 7, — oo as
n — 00. Now by It6-Krylov formula ([38], Thm. 1.14) for the process (2.1) corresponding to a mini-max selector
v* € &1 x Sy of (4.13), we obtain

d(e N ( (X(s),v (X(s)))*p)ds w(X (1) = efo( (X(s),v (X(s))),p)d5 d(u(X ()4
(r(X(5), 07 (X(5))) — p)u(X (£))elo (rX ) (X()=p)s

for t < 7,, n > 1, where

d(u(X (1)) = (Vu(X () "o (X (£)dW (1) — V(X (1) - Vu(X ()] IixeonydE(t)
+ [Lu(xX @), 0 (X @) at,

and L is as in (2.4). As we have u € Wfog (DUY), p>d+1, thus Vu is bounded on each of the compact subset
of (D UYX). Therefore

/T1 AT AT efot (T(X(s),v*(X(S)))—p)ds(VU(X(t)))LU(X(t))dW(t)
0

is a zero-mean martingale. It is clear that for n large enough, @1 C K,,. Now using the fact that u is a solution
o (4.13), it follows that for z € Q§ N K,

TEATRAT

B [e 0 (XX ON=P) Ay (X (76 A 7, A T))}
. TLNATR AT *
- By / eJo (rX (0" (XN =2 [ Ly (X (1), v* (X (1))
0

+ (r(X (1), v (X (1)) — p)w(X(t))dt} + ()
= ¢(x).

Hence it follows that
u(@) = BV [els T X @0t (XD =ty X (26 A 7 ATY)]. (4.27)

Now applying Ité-Krylov formula and using (A4), one can show that for x € Qf

B [e‘sff } < . (4.28)
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Since for each n the function v is bounded in Qf N K,,, by dominated convergence theorem, letting 7" — oo in
(4.27), we get

frf/\rn

u(z) = BV {e 0T O (XN =)ty (X (76 A Tn))} (4.29)

We have

By [0 | = B e I, oy | + B [ Trp | (4.30)

By monotone convergence theorem it follows that EY [e‘sﬁc’\”’} — EY [e‘sTf} and EY [e‘sTfI{Tl%Tn}} —

EY [66716} as n — oo. Therefore from (4.30), it is clear that for z € Q°

: | 0T _
nh_}rroloE;’ {e I{Tn<Tf}:| =0. (4.31)
Now for each k > 1 define 0K, (k) := {y € 0K, : u(y) > k}. We now have the following

™

By [l 0O XD =0y (X (1,)) I, <rp)]
S E;)* [eaTnU(X(Tn))I{meaKn(k)C}I{Tn<Tf}:| + E;* |:€67nu(X(Tn))I{IeaKn(k)}I{Tn<Tf}:| )
<kEY _€§T"I{Tn,<ff}_ +EY |:e57'nu(X(Tn))I{zeaKn(k)}I{Tn<Tf}:|7

< kE;)* _eaTnI{Tn<Tf}_ + élE;* |:66Tn (V(X(Tn)))BI{xeaKn(k)}I{Tn<‘rf}]a (by (426))7

A1
< kB [0 4 () T B [ (v (X (r))PT I ore
= z | {7'n<7'1}_ 1 él T n {z€dK, (k) {mn<T{} |

w T 7 N k\ 7
<KEY [ I 0 +Cl(c> " V(). (4.32)
- - 1

In view of (4.31) letting n — oo and then k — oo in (4.32), we get

lim EY" {6 o (r(X(t),v*(X(t)))*P)dtu(X(Tn))I{Tn<Tlc}] _o

n—oo
Therefore from (4.29), we obtain the required representation (4.24). O

Remark 4.5. From (4.26), we have that for all x € Q°, ut™(z) < c}v/?(;c). Since V() > 1 and j3 € (0,1), one

N . s Lm NN
can see that for all z € Q°, ub™(z) < C1V(z). Also since O = %W, it is clear that u"™(z) < C1 VP (z)
Intyeco

for all € Q. Thus, ub™(z) < C’lVB(w) for all € Dy ,. This implies u(z) < C’lVB(x) for all z € D (since u is
a subsequential limit of «""). This intern implies u(x) < C1V (z) for all z € D.

Following [14], we now approximate the running cost function in the following way: Let {¢,} be a sequence
of test functions such that ¢,, =1 in K,, and ¢, = 0 in K ;. As we know [|r|s < d, thus one can choose a
constant do > 0 small enough such that ||7]|e + d2 < §. For all (z,u1,us) € D x Uy x Uy define

(2, w1, u2) = Gn ()1 (2, u1, uz) + (1= dn(2))([|7floc + d2), ¥ n €N,
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It is easy see that all the results of Theorems 4.1-4.3 and Lemma 4.4 hold for r replaced by r,,. Collecting all
the results, we have the following lemma

Lemma 4.6. Assume (A0)-(A5). Then for each fized 1 € Sy andn € N there exists (P81, ulr) € R x VVlzof(DU
Y), q>d+1,up >0, satisfying

o _ _ 1 _
poruyt = sup | (b(x, 01(z),v2), Vut) + oz, 01(z), vo)upt | + 3 trace(a(x)Vull),
v2€Va

ult (z0) = 1, Vul(x) - y(z) =0 on dD. (4.33)

Moreover, ult < (i'lVB outside some compact set, for some constant Cy which is independent of n.

Proof. The existence of a solution follows by the similar arguments as in Theorem 4.3. Following the similar
steps as in Lemma 4.4, one can show that u”t < C,V” outside some compact set for some constant C; which

is independent of n. Here without loss of generality we are denoting the constant by the same notation as in
Lemma 4.4. O

The next theorem proves that any mini-max selector of (4.13) is a saddle point equilibrium.

Theorem 4.7. Assume (A0)-(A5). Then any mini-maz selector (vi,vy) € 81 X Sz of (4.13) is a saddle point
equilibrium and p as in (4.13) is the corresponding value of the game.

Proof. Since we know that u € W,24(DUX)NO(V), ¢ > d+ 1, is a solution to (4.13), by standard measurable
selection theorem and Fan’s mini-max theorem there exist (v}, v3) € S1 x Sz such that

sup |{b(z, v} (z),v2), Vu) + r(z, v} (z), vg)u}
va €V

= inf sup [(b(ffaUl,UQ),Vw‘H"(favhw)u}
v1i€VI ey

= sup inf [(b(x,vl,vg),Vu> +T(w,v1,vg)u}
vaEVa v1EV]

~ inf [<b(m,v1,v; (2)), V) + r(z, v1, v} (x))u]. (4.34)

Since u € W24(DUX)NO(V), ¢ >d+ 1, Vu is bounded on each of the compact subset (D UX) N Bg. Thus,
TATR o (r(x 5(X )d L
| el i gy ) o (X (0)aw (1)

is a zero-mean martingale. Now applying It6-Krylov formula, using (4.13) and (4.34), we have

TATR

B [efo (r(X ()01 ()03 (X () =)ty X (T A TR))]
N TATR . .
= puv {/ eJo (r(X ()1 ()03 (XD =P8 [ Lay(X (£), vy (), v5(X (1))
0

+ (r(X (1), 01 (1), w5 (X (1)) — p)u(X (£)dt] + u(x)
> u(z).
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Since u(x) < C’lVB(w) in D (see Rem. 4.5)
u(z) < Cle;{lvUS {efoTMR(T(X(t)ﬂ)l(t),vg(X(t)))*P)dtvﬁ(X(T A TR))}

< Cle;mU; {GIOTMR(T(X(t)ﬂn(t)ﬁvg(X(t)))*P)dtvﬁ(X(T A TR))I{TSTR}]

LG E [ Jo "TREX (601 ()0 ““”Fp)dtvﬁ(X(TR))I{TR@}}. (4.35)
Now arguing as in Lemma 4.4, we obtain

lim EUY? {efoT“Rw(X(t),m(t),v;(X<t>>>—p>dtVB( X(rr) I{TR<T}} —0 (4.36)

R—

Letting R — oo in (4.35) using (4.36), we get (since 0 < < 1 and V > 1)
u(z) < CLE {efoT (r(X(1)0n (£),03 (X () =p)dt X(T)>] . (4.37)
Using It6-Krylov formula and (A4), it follows that
Ew[ Jo" r(X @1 (003 (X Oty (x (T ))] < (V(z) + &T)E2" {efoTT<X<t>,v1<t>,v;<X<t>>>dt]. (4.38)
Thus, from (4.37) and (4.38), we have
u(z) < Cy(V(z) + o?T)e_”TE;“’v; [efoT T(X(t)”“(t)’”;(X(t)))dt}. (4.39)
Now by taking logarithm both sides of (4.39), dividing by 7" and then letting T — oo, we get

p< hmsup —log E[ ST (X (@)1 (8),0 <X<t>>>dt}_

T—o0

Thus,

p < inf limsup — T log B [ Jo T(X(t)’vl(t)’”;(X(t)))dt}. (4.40)

€Al T

Now (4.13) and (4.34) implies that

pu= sup |(b(z,v](x),vs), Vu) + r(z,v](x), vg)u} + % trace(a(z)V>Zu),

v2 €V2

u(zg) =1, Vu-v=0ondD. (4.41)

From Lemma 4.6, we know that for each n > 1 and fixed vj € S; there exist (pf;,uzr) e R x leo’Cq(D U ),
q>d+1, uyt >0, satisfying
vy vf % vy % vy 1 v
pntunt = sup [(b(z,v](z),v2), Vun') + (2, v] (x),vg)unl} + 3 trace(a(x)VQunl),
v2€V2

ull (z9) =1, Vul (z) - y(x) =0 on 9D. (4.42)
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Furthermore, u;); < C’1VB , outside a compact set for some constant 4 (denoting by same notation as in Lem.
4.4) independent of n. For any maximizing selector 92 € S of (4.42), by closely mimicking the steps as we have
used to derive (4.40), one can show that

ol < hmsup%log B [T ra (X (007 (X (@), 22(X ()] (4.43)

T—o0

From the construction it is clear that ||r,||cc < ||7|lcc + 02. Thus, from (4.43), we have p, < ||7]lco + d2. Let

K= K, 1 1. Therefore from our construction it is easy to see that inf ro(x,u1, uz) — pnt >0 for all
(ul,uz)EleUz

x € K° Let T =inf{t >0: X(t) € K}. Without loss of generality we may assume that K D Q (this is true
for large n). Thus, following the arguments as in Lemma 4.4, we obtain

Wl () = B2 [0 K (rn (X001 (X (0),52(X () =pi a1 X(r% ))}

b

Zir}fuzl, vV oz e K°.
K

Using It6-Krylov’s formula and Fatou’s lemma, from (4.42) for any ve € As, we get

*

ull (z) > EU2 {ej;?(rn(X(t),vr(X(t»,vz(t))fpzi‘)dtuzr ( X(T))}

)

> infuli B2 [efoT(T’n(X(t)’vf(X(t)),vz(t))*Pﬁ)dt}_
K

Taking logarithm on both sides, dividing by T" and then letting T' — oo, it follows that

pul > lim sup 1 log B4 {efoT T"(X(t)’vr(x(t))’”(t))dt} .
T T T

> sup limsup%log EUiv {efoTr(X(t),v;<x<t>>,uQ(tndt}_ (4.44)

va€Ay T—o0

Applying Harnack’s inequality and Sobolev estimate on (4.42) ( after choosing some maximizing selector), it
is easy to see as in Theorem 4.3 that u,' is uniformly bounded in Wli’cq(D UZX), ¢ > d+ 1. Therefore, one can
extract a subsequence of {un! } that converges weakly in W>%(DUX), ¢ > d+1 to some uy' € W24(DUZY),

loc loc

¢ > d+1 and strongly in CL¥(DUY), & € (0,1). It follows from (4.43) and (4.44) that {pf;} is a bounded

loc

sequence. Therefore, along a further subsequence it converges to a constant pir. Following the similar steps as
in Theorem 4.3, letting n — oo in (4.42), we obtain (py',uy') € R x VVlQOCq(D UX), ¢>d+1,u," >0, satisfies

vl vl % vy % vy 1 vy
Pt Uyt = sup [(b(m,vl (), v2), Vui') + r(z, v} ({E)71)2)’U,*1:| + 3 trace(a(x)Vuy'),
v2E€V2
ult (z9) =1, Vil -v=0 on 9D. (4.45)

Since ufﬁ < C’lVB , outside some suitable compact set for some constant o independent of n, thus the limit
satisfies uy! < C1 VP, outside some suitable compact set. Therefore by the similar arguments as in Lemma 4.4,
it follows that for any maximizing selector o5 € S of (4.45), uy' admits the following stochastic representation

W (2) = BV [edet (X0 K@) 55X @) =eiDaty v x (7)) v ow e 0, (4.46)
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for some compact set Q; (without loss of generality we are using the same notation as in Lem. 4.4). We now

want to show that for any other solution (ﬁ:f,ﬂzr) ERXW2IDUY), ¢>d+1, @l >0 of (4.45), we have

loc
*
V1

pit < ﬁ:f' In particular, we want to show that p,' < p (in view of (4.41)). If not, then p < pir. By similar
arguments as in Lemma 4.4, from (4.41) for 05 € Ss, it follows that

u(z) > B {ef(?f (r(X ()01 (X ()35 (X (©)=p)dty, V] X(Tf))} :
> pUit {,Joﬁc(T(X(t)’vi‘(X(t))’ﬂé‘(X(t)))fpif)dtu:f (X(Tf))} Yz e Q5. (4.47)

Now from (4.46) and (4.47), we have

*

(u—u't)(z) > B2 {efo*f (r(X ()05 (X (9),53 (X (1)) —p2T )t (u — ulh)( X(Tf))] ,

Therefore, one can easily see that u(x) — ult (x) > 0 for all x € D if it holds in Q;. Now multiplying ult by a

suitable positive constant (say, ky = iélf ), we have u(z) — ﬁfﬁ () > 01in Q; and attains its minimum value
1

ult
0 in Q;, where @7 = kyull. Tt is clear that @Y1 also satisfies (4.45). Now from (4.45) (for @,") and (4.41), it

follows that

*

%trace(a(z)w(u — ) + [(b(l’, vi (2), 75 (2)), V(u — @) —

*

(r(@, vi (), 93 (2)) — p)~ (u— u@’ )] < —(r(z, 05 (@), 05(x) — p) T (u— ') — (pi' — p)is” <0.
By strong maximum principle as in Corollary 1.21 from [56] (see also [55], Cor. 2.4), we have u = @7, Since
u(zo) = uy' (v9) = 1, it follows that v = uy'. Thus, from (4.41) and (4.45), we get

*
1

v
U = pitu.

Since u > 0, one can see that p = p:;. This contradict the fact that p < p:;. Therefore we have p > pqﬁ. Now
combining (4.40) and (4.44), we obtain the following

sup limsupllogE;q efoTr(X(t)mf<X<t>>,v2<t>>dt} <Mi<p
vo€As T—o00 T

< inf hmsup%log B [efOT7-(X(t),v1(t),v§(X(t)))dt}.

€A1 T 0

Therefore, we have

» = lim sup % log B2 [ef(? r(X ()0} <x(t>),v;<xu>>)dt} _ (4.48)

T—o0

This completes the proof. O

Now we completely characterize the saddle point equilibrium in the space of stationary Markov controls.
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Theorem 4.8. Assume (A0)—-(A5). Then for any saddle point equilibrium (05,75) € 81 X S, i.e.,
pUITE < pUhT Y g € Ay,
prIE > p" Y uy € Ay,

vy is an outer minimizing selector of (4.13) and ©5 is an outer maximizing selector of (4.13).

Proof. Since (vF,05) € §1 X Sy is a saddle point equilibrium thus, we have

inf  sup p"%2(z) < sup p'U"(x) < p'% () < inf p" P2 (z) < sup inf p"tU2(z), (4.49)
v1€A o EA, Ty €Az U1 €A T €A, U1 €A

for all z € D. Since inf sup p">"2(x) > sup _inf p“"2(z), all the above inequalities are actually equalities
V1€A1 oAy o€ Ay V1EAL
and equals to p (as in (4.13), follows from Thm. 4.7). Arguing as in Theorem 4.1 and Theorem 4.3 one can

prove that there exist (p, @) € R x W24(DUX)NO(V), ¢ > d+ 1, satisfying

C

1
Pl = 1I€1€ [(b(a:,vl,ﬁg(x)), Vu) + r(z,vl,ﬁg(x))ﬂ} + 3 trace(a(x)V>a),

w(xg) =1, Vi-v=00ndD. (4.50)

Now for vj € S; as in Theorem 4.7, we have
1
pii < [<b(x,v;(x),@;(x)), Va) + r(z, v;(x),ag(x))a] + 3 trace(a(2)V20), ae. x € D. (4.51)
From (4.13) and (4.34) it follows that

pu = sup [(b(x,vi‘ (x),v2), Vu) + r(z,v] (x), vg)u] + % trace(a(z)V>Zu),

va€V2
> [(b(m, vy (), 05 (x)), Vu) + r(z,v](z), v; (m))u] + % trace(a(r)V>u),
u(zg) =1, Vu-v=00n0D. (4.52)

Arguing as in Lemma 4.4, it follows that
i(z) < BU2 [efo*f (r(X ()07 (X (£).73 (X () =p)dt ¢ X(Tf))]
Again applying It6-Krylov and using Fatou’s lemma, from (4.52), we obtain
w(z) > B [efo*f (P(X (0,07 (X(), 55 (X (1) =)ty X(Tf))]
Thus,
(u—a)(z) > B [efon(T(X(t),vI(X(t)),ﬁg(x(t)))fp)dt(u _ ﬂ)(X(Tlc))} _ (4.53)
It is clear from (4.53) that (u — @)(z) > 0 in D if it is true in Q;. Let @ = ko@ where ky = 1311“(%) By the choice

of above constant, we have u(z) — @(z) > 0 in Q; and attains its minimum value 0 in Q;. From (4.50) and
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(4.52), it follows that

trace(a(e) V2(u — ) + [(b(r, 07 (2), 75(2)), ¥ (u — @) -

(r(z, vy (2),03(2)) = p)~ (u — ﬁ)} < —(r(@,vi(@),v3(x)) —p) " (u—1) <0

Now by maximum principle as in Corollary 1.21 from [56] (see also, [55], Cor. 2.4), we have u = @ (since
u(zp) = a(xg) = 1). It is now clear from (4.13) and (4.50) that 05 is an outer maximizing selector of (4.13).
Similarly one can prove that o7 is an outer minimizing selector of (4.13). O

5. CONCLUSIONS

We have established the existence of values and saddle point equilibria for risk-sensitive zero-sum stochastic
differential games where the state is a controlled reflecting diffusion processes in orthant. We have studied two
cost evaluation criteria, viz., discounted and ergodic cost. Under fairly general conditions we have established
our results for discounted cost criterion. In this article, we have crucially used (A5) for the analysis of ergodic
cost criterion. It will be interesting to establish analogous results without (A5).
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