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SHARP STABILITY FOR THE RIESZ POTENTIAL

NicorLAa Fusco! AND ALDO PRATELLIZ*

Abstract. In this paper we show the stability of the ball as maximizer of the Riesz potential among
sets of given volume. The stability is proved with sharp exponent 1/2, and is valid for any dimension
N > 2 and any power 1 < a < N.
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1. INTRODUCTION

The celebrated Riesz inequality states that for any two positive functions f, g : RV — R* and any positive,
decreasing function h : Rt — R™, one has

/ F@g)h(ly - =) dy dz < / / £*(2)g" @)y — =) dydz, (11)
RN JRN RN JRN

where f* and ¢g* are the radially symmetric decreasing rearrangments of f and g. In the special case f = g,
with the additional assumption that h is strictly decreasing, equality holds in (1.1) if and only if f = f* up to
a translation.

When f and g coincide with the characteristic function of a set £ C RY of finite measure and h(t) =t~
for some 0 < o < N, (1.1) states that if E has the same volume wy of the unit ball B = {|z| < 1}, then
$(E) <3(B), (1.2)

where the functional § is defined as

s(E):/E/EWdydx. (1.3)

Moreover, equality holds in (1.2) if and only if F is a ball of radius 1. Note that when N = 3 and o = 2,
up to a multiplicative constant, F(F) is the electrostatic energy of a uniform distributions of charges in E.
Therefore (1.2) is easily explained by observing that symmetrization reduces the distance between the charges,
thus increasing the electrostatic repulsion between them.
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2 N. FUSCO AND A. PRATELLI

Here we show the stability of the Riesz type inequality (1.2), i.e., we prove that the energy deficit D(E) of
the set E controls a suitable distance §(E) from E to an optimal unit ball B, with center = € RY. Precisely,
setting

D(E) = §(B) - §(E), 8(E) = inf |B,AE],

where A denotes the symmetric difference between sets, we show the following quantitative estimate.

Theorem 1.1. (Sharp quantitative estimate). Let N > 2 and 1 < o < N be given. There exists a constant
C = C(N,a) such that, for every measurable set E C RN with |E| = wy,

§(E) < C(N,a)\/D(E). (1.4)

Estimate (1.4) was already obtained by Burchard and Chambers in [5] in the special case of the Coulomb
energy, that is when N = 3 and «a = 2. Besides, they observe that the square root on the right hand side is
sharp, in the sense that the exponent 1/2 cannot be replaced by any larger one. In the same paper they also
prove that if N > 3 and o = 2, a similar inequality holds with the exponent 1/2 replaced by the not sharp
one 1/(N + 2). Their approach is based on a symmetrization lemma similar to the one proved in Theorem 2.1
from [12] which allows them to reduce the proof of (1.4) to the case of a set F, symmetric with respect to N
orthogonal hyperplanes.

Our proof follows a different path. As for other stability estimates, such as the ones concerning the isoperi-
metric and the Faber-Krahn inequality, see [4, 7], the starting point here is a Fuglede-type estimate. More
precisely, we show with a second variation argument that

§(E) < |EAB| < C(N,a)\/D(E), (1.5)

whenever E is nearly spherical, that is |E| = | B|, E has barycenter at the origin and its boundary can be written
as a graph of a function u on 9B with ||u||z~@p) < 1, see Proposition 3.1.

This first step is relatively easy. The difficult task is to show that one can always reduce the general case to
the one of a nearly spherical set. More precisely in Proposition 2.1 we show that, given a set E, either (1.4) is
true with a suitable constant or we can find a nearly spherical set E such that

D(E) < 2D(E), |EAB| > @ (1.6)

At this point (1.4) follows at once by combining these two inequalities with the estimate (1.5) for the nearly
spherical set E.

Note that in proving the reduction to the nearly spherical case we cannot use a regularity argument such
as the one introduced by Cicalese and Leonardi in [7] to prove the stability of the isoperimetric inequality, see
also [1, 4]. In fact no a priori regularity information can be hoped for the local minimizers of the functional
F(E) whose Euler-Lagrange equation is not even a differential equation. Instead, the proof of (1.6) is obtained
by a delicate combination of rearrangement and mass transportation arguments and uses in a crucial way that
a > 1. However, this is not just a technical assumption. Indeed there is a substantial difference between the
case o > 1, which corresponds to a “long-range” interaction, and the “short-range” interaction case a < 1.

NOTE: After having put the present paper on the Arxiv preprint server, we were kindly informed by R.
Frank of the preprint [9], written by him and E. Lieb and put on the Arziv a couple of weeks before, in which
—amonyg other things— they are able to prove the same result as in our Theorem 1.1 in a more general form, in
particular for every 0 < a < N. The strategies of the two papers are quite different. In particular their proof,
which also uses a deep stability result by M. Christ [6, 10], is of functional analytic type and somehow resembles
the approach followed by Bianchi-Egnell in [3]. Ours, instead, has a more geometric flavour.
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2. REDUCTION TO A NEARLY SPHERICAL SET

The goal of this section is to show that, in order to prove Theorem 1.1, one can reduce himself to a set whose
boundary is the graph of a uniformly small function over the boundary of a unit ball. Such sets will be called
nearly spherical sets, see Definition 2.2. More precisely, we will devote the section to show the next result.

Proposition 2.1. For every € > 0 there exists a constant K = K(N, «, €) such that, for every E C RN with
|E| = wn, either (1.4) holds true for E, or there is an e-nearly spherical set E around B satisfying

D(E) < 2D(E), |EAB| > @ (2.1)

and such that the barycenter ofE 1s at the origin.

2.1. Few facts about mass transportation

In this paper we will use some very basic tools about mass transportation. Actually, all we need is only
the definition of transport map in a specific case, and a widely known existence property, and everything is
contained in the next few lines. A reader who wishes to know more about mass transportation can refer, for
instance, to the book [16].

Let f, g : RV — Rt be two Borel functions such that f]RN f= fRN g < 4+00. A transport map between f
and g is any Borel function ® : RN — R such that ®4f = g, that is, for every continuous, positive function
¢ :RY — R* one has

L/’ ¢<znxz>dzzzt/’ P @) f(y) dy.
RN RN

If there exist a Borel function @1 : RY — RY such that ®(®~1(z)) = z for almost every z such that g(z) > 0,
and ®~1(®(y)) = y for almost every y such that f(y) > 0, and the map ®~! is a transport map between g and
f, then we say that ® is an invertible transport map between f and g.

It is not difficult to show that, given any f, g as above, there exists always at least an invertible transport
map, see for instance Theorem 6.2 in [2]. The notion of transport maps immediately extends to smooth compact
manifolds, for which the same existence result holds.

In the particular case when f and g are two characteristic functions, that is, if f = x,, and g = X for two
sets H, K C RN of equal measure, a transport map ® between f and g will also be called directly transport
map between H and K. In this case, the above equality reads as

/w@m=/wwww. (2.2)
K H

2.2. Notations and preliminary estimates

In this section we present few notations and a couple of simple but useful estimates. Here, as in the rest of
the paper, 1 < a < N is a fixed constant. First of all, for every z € RY, r > 0, we denote by B,(r) the open
ball with center in x and radius r, and we set also B, = B;(1), B(r) = By(r), B = By(1). We will also write,
for any two Borel sets G, H C RV,

1
3G, H :// _C yde, 2.3
( ) cJu ly—zN- Y (23)
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so that §(F) = J(E, E). Moreover, for every t > 0, we set

b(t) = /B de, (2.4)

where y is any point such that |y| = ¢. A straightforward calculation shows that 1 : [0, +00) — (0, +00) is a
strictly decreasing, C! function. The same calculation shows also that, if one takes 0 < a < 1, the function
is C! outside 1 and with a vertical slope at 1. However, the reason why we need o > 1 in this paper is not this
lack of regularity for v, see the comments after Lemmas 2.4 and 2.11.

We now define the nearly spherical sets. Notice that this term has been used several times, with slightly
different meanings. In particular, for our purposes we call nearly spherical sets those whose boundary is the
graph of a function over the unit sphere, and this function is only required to be uniformly small. In other
papers, the same function is required to be small in some stronger sense, for instance in C!.

Definition 2.2. A set E, C RY with |E.| = wy is said an e-nearly spherical set around B, for some z € RY
and some 0 < € < 1, if there exists a measurable function u : 9B — (—¢,¢) such that

E.={z+(1+pz:2€dB, -1<p<u(z)}. (2.5)

A well-known inequality (see for instance Thm. 3.4 in [13]) states that

fl@)g(x)de < | f*(z)g"(2)d (2.6)
RN RN

for any two non-negative functions f, g. In particular, for any function ¢ : RV — Rt one has

9(y) / 9" (y)
dy < dy . 2.7
L= [ s >0
For any Borel set H C RY and any point € RY, applying this inequality with g(y) = X (z + y) we get
1 1
T W< / v W, (2.8)
/H ly — x|V Ba(r) [y —a|N =

where r = (|H|/wn )N,

Lemma 2.3. There exists a continuous, increasing function 71 : RT — RY, depending only on N and on a,
such that 71(0) = 0 and for any two Borel sets G, H C RN one has

(G, H) < |Gm(H]).
Proof. Let  be any point of G, and let r = (|H|/wy)"/N. By (2.8) one has

1 1 | Nwy
——d S/ ————dy=Nw / N-ldp = —=r
/H ly — v Y Ba(r) [y — N Y Ny pva? g a

-5
_ Nwy

[H|¥ = i(|H]).

By integration over z € GG, we immediately get the thesis. O
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Lemma 2.4. There ezists a continuous, increasing function o : RT — RT, depending only on N and on «,

such that 75(0) = 0 and the following holds. For any three Borel sets G, H, K C RN with |H| = |K| and for
any invertible transport map ® between H and K, one has

13(G, H) - 3(G, K)| < m(G)) /H 1Ay — B(y)| dy (2.9)

Proof. Since ® is an invertible transport map, by the symmetry of the problem we can assume without loss of
generality that J(G, H) > J(G, K). Indeed, by (2.2) we have

/m\z—cp—l(z)mz:/ LA B (y) — y| dy .
K H

Let us fix three points z, y, z € RY. We start by establishing that

1 1 1Ay — 2|

- < (N — 1 .
P e T BT

(2.10)

Indeed, if |y — 2| > |z — x|, then the left hand side of the inequality is negative and the inequality is emptily
true. Otherwise, by the convexity of the function ¢ —+ t®~_ the left hand side is smaller than

ly — 2|

S e

If |y — z| < 1, this gives (2.10). Otherwise, the left hand side of (2.10) is surely smaller than

1 1Ay —z| 1Ay —z|

ly —x[N=o  fy —afN=o =y — gVt Ay — g[N=o”

thus (2.10) is shown.
Keeping in mind (2.2) and the assumption J(G, H) > J(G, K), by (2.10) we get

|3(G,H) — GK|—// |y—:c|N T dydr — // |z—x\N g dzdz
=[] v e
Ve [ ety e s
:(Nfa+1)/1A|y Oy ( ol 0<+11/\‘y_x|N adgg)dy.

Let us now consider the integral in parentheses. Calling r(G) = (|G|/wx)'/" the radius of the ball with the
same volume as |G|, using (2.6) we have

/ ! dr < / ! d
xr < xT.
¢ ly—alV o Ay — Ve S [ Vet T A gV

Defining 75(|G|)/(N — a+ 1) the latter integral, which is finite because a > 1, we conclude (2.9), so the proof
is concluded. O
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We point out that the proof of Lemma 2.4 is the only point where the assumption « > 1 is needed in a crucial
way. Indeed, if o < 1, the estimate (2.9) is false. It is easy to modify the proof to show the validity (2.9) where
|y — ®(y)| is replaced by |y — ®(y)|? for any 0 < 8 < a. However, such weaker inequality would not be enough
for our purposes, see the comment after Lemma 2.11.

2.3. Reduction to a small asymmetry

This section is devoted to reduce ourselves to the case of sets with small asymmetry. In particular, we aim
to prove the following continuity result, which is a non-quantitative version of Theorem 1.1.

Lemma 2.5. For every p > 0 there exists n = n(u, o, N) > 0 such that, for every set E C RN with |E| = wy
and §(E) > p, one has D(E) > 1.

In order to prove this result, we start with the following rough estimate, which basically says that a very
sparse set cannot have a small energy deficit.

Lemma 2.6. There exists a constant &€ = (o, N) > 0 such that every set E C RN with |E| = wy and §(E) >
2(wy — &) satisfies

D(E) > g—x (1 - 2N1_a) . (2.11)

Proof. We start observing that for every « € B(1/2) the inclusion B,(1/2) C B holds. We can then divide
B x B as the disjoint union I'y UT'9, where every (z,y) € B x B belongs to I'y if x € B(1/2) and y € B,(1/2),
and to 'y otherwise. Since |y — 2| < 1 for every (z,y) € Ty and |y — 2| < 2 for every (z,y) € I'y, we immediately
get the (not so precise) estimate

T2 w wi 1
r —~|1-==—]. 2.12
//F1|y_x|Na //Fz|y_x|No<|1|+2Na oN-—a T N oN—a (2.12)

Let us now consider a set £ C RY with |E| = wy, and assume that §(E) > 2(wy — £) for a suitable £ to be
specified later. For every ball B, of radius 1 we have

BAB =uy - BB =y - D28 <oy 0B (2.13)

Let K = K(N) € N be a constant such that the annulus B(2) \ B(1) can be covered with K balls of radius
1. Fix now any z € E, and subdivide E = E; U E5 U E5, where Ey = EN B,(1), Ex = EN(B;(2) \ B(1)),
Es = E\ B,(2). By (2.13), |E1| < £ and |Es| < K. By (2.8),

1 1 Nwv ™ . Nwn ¥ .
/ ﬁdyS/ v dy = —E— |By|¥ < —H ¢,
E ly — z| B ((|E1]/wn)Y/N) ly — x| Q «

Moreover, by construction

1 1 |E3‘ WN
— dy < |E| < K ——d < .
/E2 e = Bl S R /E [y— e VS p¥-a = gva

Putting together the above estimates, we get

1—2
1 Nw
d < N N
Jo = T e e
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and since this holds for a generic z € E we deduce

w2
//|y_x|Nadydx< €N+K§wN—|—2Na.

Comparing this estimate with (2.12), we get

NS

2 2-%
D(E) = §(B) - §(E) > “X (1 - 2N1_a> - ng I

which proves the validity of (2.11) provided £ = £(N, ) has been chosen small enough. O

We prove now a result concerning the energy of functions, instead of sets. More precisely, with a small abuse
of notation, we extend (2.3) and (1.3) to L! functions f, g : RN — [0, 1] as follows,

= TEID 4 g _ @ISO
g)_/RN/]RN ‘y_x|N—adyd , S(f) /RN/RN |y—x|N—adyd 3(f, f).

Notice that F(X ) = F(F) and J(X, X ) = I(G, H). The following estimates hold. They are probably well-
known to the experts, but we add a proof since we did not find any precise reference.

Lemma 2.7. For every L' function g : RN — [0,1], we have

9(y) 1 N
/RN |y|N‘ady§/B<x/m> = §9) <F(B(Vlglr/wn)),  (214)

and both inequalities are strict unless g is the characteristic function of a ball.

Proof. To prove the left inequality it is enough to observe that, since 0 < g < 1, calling for brevity r =

/gl L1 /wn one has

1 9(y) / 1—g(y) 9(y)
= dy— / dy = ) gy — dy
/B(r) ly|N = ry Y[V By lylN=° r¥\B(r) Y[V

1—g(y) / 9(y) 1 ( / /
> ———=dy — dy = 1dy — g(y)dy
/B(r) riN-a RN\ B(r) V-« riN-« B(r) RN )

1
= N—a (WNTN - HgHLl) =0.

Concerning the right inequality, for every function 6 : RN — [0,1] we denote by 6 : RN — [0,1] the function
given by 0 = XB(r)> being r = {/]|0]|r1/wn. We claim that

3(f,0) > 3(f,0) VEO:RY = [0,1], f=f*,0=0", (2.15)

with equality only if 6 = 6 in the special case when f = f is not identically zero. In fact, the equality holds true
only if 6 = 6 even without the assumption f = f, but since we do not need this stronger fact we will not prove
it. Notice that this will readily imply the right inequality in (2.14), since of course gA* = g, so applying (1.1)
once and then (2.15) twice, calling again for brevity » = X/||g||L1/n), we get

$(9) =3(g9,9) <T(9%,97) <T(9%,9) <3(9,9) = () = F(X () = F(B(r)),
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which is the desired inequality. Concerning the equality cases, observe that F(g) = §(B(r)) if and only if
gF=g= X5y and 3(g, 9) = J(g*, g*). As noticed right after (1.1), since h(t) = t~ (M=) is strictly decreasing,

the latter equality holds if and only if g = ¢* up to a translation. Summarizing, equality in the right inequality
in (2.14) holds if and only if g is the characteristic function of a ball. Thus, to conclude the proof we only have
to establish (2.15).

Let then f, 6 : RY — [0,1] be two not identically zero functions such that f* = f and 6* = . For every
p > 0, let us define

_ IG)
C(p) _7§B(p) /]RN |Z —y\N_l d djf (y)

Let now p; < py be given, and for every € > 0 let g : RV — R¥ be given by

9= XB(py) T XBpgte) ~ XB(pg) ?
so that

*

9" = Xp(e5 =9 Ko+ ~ Xo) ~ Kprgre) = Xn(y) »

with (p1 + 8)N = p + (po + )V — pJ. Applying (1.1) to f and g, as usual with h(t) = t=(N=%) keeping in
mind that f = f* we obtain J(f,g) < J3(f,¢*). Thus, dividing by the measure of the two annuli, which is the
same by definition,

7[ / %dzdyﬁf / Lj)v_ldzdy.
B(pa+o)\B(p2) JrN |2 =Y Bl +0\B(p1) JrN |2 =Y

By sending ¢ —hence also 6— to zero, the above inequality becomes ((p1) > ((p2). That is, the function ¢ is
decreasing. In the special case when f = f , that is, f is the characteristic function of a ball, the fact that ( is
strictly decreasing is clear since so is the function ¢ defined in (2.4).

To prove (2.15), we can then call again for brevity r = 1/||0||L1/wn and argue as in the first half of the
proof. More precisely, recalling that 6§ = 8* and that 0 < 6 < 1, and denoting with a slight abuse of notation
0(p) = (y) for any |y| = p, we have

~ oo f(z () 0(y)) N-1
3(£,0) - 3(f.0) / /aB(p) . e dzds" " (y)dp

= [T b0~ 000 N

+oo
/C )(1—0(p)) Nwnp™~dp — / ¢(p)0(p) Nwnp™~tdp
+oo
/ (1= 0(p) Noowp™ o= [ ¢(r)0(p) Nuowp™
= <) (110 = Ol 2y = 16l e mpey) =0

The inequality (2.15) is then proved, and in the special case when f = f, thus ( is strictly decreasing, the
inequality is strict unless ((p) = {(r) for every p such that 6(p) # 0(p), that is, unless 6 = 6. O

We have then the following result.
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Lemma 2.8. Let f, : RY — [0,1] be a sequence of L' functions which weakly* converges in L= (RY) to
RN = [0,1] with [ fda =lim, o0 [ fnde. Then F(f) = lim, o0 F(fn)-
Proof. Let ¢ > 0 be any given number, and let Q C RY be a bounded open set such that fRN\Q fdx <e. The
assumption that [ fdz = lim,_, [ f, dz implies also fRN\Q fndz < e for n large enough.

For any function g : RN — [0,1], let us call § : RY x RN — [0, 1] the function given by g(x,y) = g(x)g(y).
Notice that the weak* convergence of f, to f in L°°(RY) implies also the weak* convergence of f, to f in

L (RN x RY). As a consequence, since the function (z,y) — X, (2)Xq (¥)/|y — x|V~ belongs to L' (RY x RY),
we get

We observe now that, also by the left inequality in (2.14),

|g(f) - S(fXQ)l = j(fXRN\Qv fX]RN\Q) + 23(fXQ? fXRN\Q) < QJ(f’ fXRN\Q)

=2 [ ([ ) e

1
< 2/ — dy/ f(z)d=
BOX/T o ) [WIY RN\O

9

1
< 26/ e W
BN/, fon) 1Yl

and in the very same way

1
[§(fa) = §(faXq)| < 22 / 1y,
¢ BN/l o) 1IN

Since || fullzr — ||f||Lr and € is arbitrary, by (2.16) we deduce the thesis. O
We can now give the proof of Lemma 2.5.

Proof of Lemma 2.5. Let {E,} be a sequence of sets in RY such that |E,| = wy for every N, and D(E,) — 0
for n — oo. To show the claim, we have to prove that necessarily §(E,) — 0.

The concentration-compactness Lemma by Lions ([14], see also [15]) ensures that, up to pass to a subsequence
and to translate the sets, one of the three following possibilities hold:
vanishing: for every R > 0 one has lim,_, o sup,cp~ |En N Bz (R)| = 0.
compactness: for every € > 0 there exists R = R(e) such that limsup,,_, . |E, \ B(R)| < e.
dichotomy: there exists 0 < A < wy such that, for every € > 0, there exist R = R(¢) and sets E}, E2 C E,, with
E! C B(R) such that

limsup ||Ey| — A <€, limsup ||E2| — (wy — N)| <&, lim dist(E}, F?) = co.
n—00 n—00 n—oo

We consider the three possibilities separately.

First of all, we can easily exclude the vanishing. In fact, assume that the vanishing holds, and let R = 1. For
every n € N, we have

§(En) = inf |E,AB,(1)]=2 inf |B,(1)\ E,| =2wn —2 sup |B;(1)NE,]|,
z€RN z€RN zERN
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which by definition of vanishing implies that 6(FE,) — 2wy. By Lemma 2.6, we find a contradiction with the
assumption that D(FE,) — 0, thus the vanishing is excluded.

We can now exclude also the dichotomy. Indeed, let us assume that dichotomy holds, and let 0 < A < wy
and E!, E2 be as in the definition. Since E} and E? are disjoint for n large enough (because their distance
explodes), we have £, = E} UE2 U E3, with E3 = E,, \ (E} U E2). We fix now some positive ¢, to be specified
in a moment, and call

Nt 9\ N 49\ N
R1:( +€> RQ:(WN +s>

WN WN

the radii of two balls having volume A + 2¢ and wy — A + 2¢ respectively. Since for n big enough we have
|EL] < A+ 2e and |E2?| < wy — A + 2¢, and since balls maximize the energy among sets with the same volume,
recalling that the energy is increasing by set inclusion we immediately obtain the estimates

4% on — 1+
s(Ei)sMB(Rl))—(”Qe) 3(B), s<Ei>s<f””5) 3(B).

wN wWN

By strict convexity and since 0 < A < wy,

N\ R N
() n (WN ) <1.
WN WN

Therefore, choosing ¢ small enough we have

S(Ep) +J(ER) <F(B) —e(9mi(wn) + 1), (2.17)

being 71 (wy) defined as in Lemma 2.3. Keeping in mind that |E3| < 3¢, again for n large enough, by Lemma 2.3
we have also

S(E3) +23(ES, E), UE2) < 97y (wn) - (2.18)

Putting together (2.17) and (2.18), and keeping in mind that the distance between E} and E? diverges, we can
then evaluate the energy as

3(En) =J(E)) +3(EL) +3(EY) +23(E, E) UEL) +23(E), E2) <§(B) —¢

for every n large enough. This clearly contradicts the fact that D(E,) — 0 for n — oo, hence also the dichotomy
is excluded.

Summarizing, we have reduced ourselves to consider the case when compactness holds. In this last case, let us
call f, = X, - Up to a subsequence, {f,} weakly* converges in L>(RY) to some L' function f : RN — [0,1].
The fact that compactness holds readily implies that ||f]z1 = lim,—o || fullz: = wn. As a consequence, by
Lemma 2.8 we have that F(f) = limy,—co §(frn) = lim, o F(E,) = F(B), where the last equality holds because
D(E,) — 0. By the right inequality in (2.14), we deduce that f = Xz, for some z € RV. By the weak*
convergence of f,, to f we obtain

n—oo n—oo n—oo n— oo

limsupd(E,) < limsup |E,AB,| = 2limsup |E, \ B;| = 2limsup/ fa(x)(1 = f(z))dz =0
RN

as desired. This concludes the proof. O
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2.4. A set uniformly close to a ball

Our next aim is to show that a set with small Fraenkel asymmetry can be slightly modified in order to be
uniformly close to a ball. More precisely, we will show the following weaker version of Proposition 2.1.

Lemma 2.9. For every 0 < & < 1 there exists 5. > 0 with the following property. For every E C RN with |E| =
wy and §(E) < 6., there is another set E' C RY | still with |E'| = wy, such that B(1 —&?) C E' C B(1 +¢&?)
and

D(E" < D(E), S§(E") =4(F). (2.19)
Proof. Let E be a set as in the claim. Up to a translation, we can assume that B is optimal for the Fraenkel
asymmetry, that is, §(F) = |[EAB|. We construct the set E’ in two steps. First of all, we look for a set E; C
B(1 + £2) with volume wy and such that
D(E,) < D(E), (EAAE)NB(1+%/3)=0. (2.20)
To do so, we define G = E \ B(1 + &?). Since |G| < |E\ B| < §(E) < 4., while

|B(1—|—52/2) \ (B(1+£%/3) UE)| > ce? — |E\ B| > c£? — 6.

for a dimensional constant ¢ > 0, then there exists a set G C B(14£2/2)\ (B(1+£2/3) U E) such that |G| = |G|
provided that J. is small enough. We can then set

E = (EUG)\G.

By construction, |F1| = |E| and the right property in (2.20) holds, hence we have only to take care of the left
inequality. We have

3(Ey) =3(Ey, Ey) =3(E,E)+3(E,G) — 3(E,G) + 3(E1,G) — 3(E1, G)
> F(E) +23(E,G) — 23(E, G) — 23(G, G) (2.21)
> F(E) +23(B,G) — 23(B,G) — 23(B\ E,G) — 23(E \ B,G) — 23(G,G).

By Lemma 2.3, since |G| = |G| < |E\ B| = |B\ E| = 6(E)/2 < 6., we can estimate
23(B\ E,G) +23(E\ B,G) + 23(G,G) < 671(6.)|G] .

On the other hand, by construction, by definition (2.4) of %, and since % is decreasing, we have
3B.G) = [ wllel)do > [Glu(1+/2), 3B.G) = [ wllal) do < [Gluf1+ ).
G G
Inserting the last estimates into (2.21), we get

F(B1) = F(E) > 2G| (v(1 +%/2) = (1 +€2) = 311(32)) -

Since 7 is continuous and increasing and 71(0) = 0, if J. is sufficiently small we get F(F1) > F(E). Therefore,
also the left inequality in (2.20) is obtained and then (2.20) is established.



12 N. FUSCO AND A. PRATELLI
We now repeat the same procedure to find a set E/ O B(1 — 2) satisfying |E’| = wy and

D(E') < D(Ey), E\AE' C B(1—¢%/3). (2.22)
More precisely, we define H = B(1 — )\ By, welet H C (B(1—¢2/3)NE;)\ B(1—22/2) be aset with |H| = |H],
and we set B/ = (Ey U H) \ H. By construction we have that |E’| = wy, that B(1 —&2?) C B’ C B(1 +¢?), and
that the right inclusion in (2.22) holds. In addition, the very same calculation as in (2.21) now gives

3(E') > §(Ey) +23(B,H) — 23(B,H) — 23(E, \ B, H) — 23(B\ Ey, H) — 23(H, H)
and as before by Lemma 2.3 we can estimate
23(Ey \ B, H) +23(B\ Ey, H) + 23(H, H) < 67,(5.)|H]|,

as well as
3B H) = [ wllaldo > 7l <), 3B ) = [ wllaldo < [HIp0 - </2).
Therefore,
F(E) = F(Br) > 2[H|(dp(1 —€%) —9(1 = £%/2) = 371(6:)) >0,

where the last inequality holds true as soon as d. has been chosen small enough. Thus, also the left inequality
in (2.22) is established, so (2.22) is proved.

Summarizing, we have defined a set B(1 —¢?) C E’ C B(1 +¢?) with |E’| = wy. The left inequality in (2.19)
follows by the left inequalities in (2.20) and (2.22), thus to conclude the proof we only have to show the right

equality in (2.19).
Notice that the right properties in (2.20) and (2.22) imply that

E'AEC B(1-22/3)u (RY\ B(1+%/3)).
As a consequence, for every x € RV with |z| < 2/3 we have |E'AB,| = |EAB,|, so
|E'AB,| = |EAB,| > 4(F). (2.23)
On the other hand, take any » € RY with |z| > £2/3. Keeping in mind that
BAB, C BAEUFEAE'UE'AB,,
we have by construction
|E'AB,| > |BAB,| — |BAE| — |EAE'| > |BAB,| —3§(E) > 6(F), (2.24)

where the last inequality holds true as soon as J. is small enough with respect to e, since §(F) < J. while
|BAB,| can be bounded from below with a strictly positive constant depending only on N and e. Since for
every x € RV we have the validity either of (2.23) or of (2.24), we deduce that 6(E’) > §(E). On the other
hand, by construction §(E’) < |E'AB| = |EAB| = 6(F), thus the right equality in (2.19) follows. O
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2.5. The nearly spherical set around a ball

In this section we show that any set uniformly close to a ball can be reduced to a nearly spherical set.

Proposition 2.10. There exists 0 < g1 < 1 depending on N and on « with the following property. Let 0 < € <
g1, let B' CRYN be a set of volume wy, let 2 € RN, and assume that B,(1 —¢) C E' C B,(1 +¢). Then, either
the estimate (1.4) holds true for E' with a suitable C depending only on N and «, or there exists a set E,,
which is e-nearly spherical around B, and satisfies

D(E.) < 2D(E), z.ap. > ) (2.25)

To show the proposition, we need a preparatory lemma.
Lemma 2.11. There exist constants €1 and C only depending on N and on « such that, for any e, E' and
z as in Proposition 2.10 the following holds. If (1.4) does not hold true for E’, then there exist two functions
ut SN [0,¢) so that, defining
E'={z+tx:te[0,1—u (z)U(l,1+ut(2), 2SN}, (2.26)

the set E” has volume wy and satisfies

I(E)
5

D(E") < D(E'), S(E") = (2.27)

Proof. Let us assume, just for simplicity of notation, that z = 0. We can immediately define u* : S¥=1 — R+
as the two functions such that, for every z € S¥~1, we have

14+ut (z) +o0 1 1
/1 tN—lolt:/1 Ny () dt, /1 tN_ldt:/O NN () At

—u~ (x)

Defining then E” according to (2.26), we call now

GT=(E'\E")\B, Gt =(E"\E)\B,

G- =Bn(E"\E), G- =Bn(E\E".
Notice that Gt C B(1+¢)\ B and G~ C B\ B(1 — ¢), and moreover |E”| = wy, in particular |G| = |G|,
GT=1G"]

We write now H = Gt UG~ and K = GT U CNJ’, and we define the function ® : H — K as follows. For any
y € H, we let &(y) = @(y)ﬁ where, if |y| > 1, ¢(y) is the smallest number such that

()
Yy . v y _
X g g7 (t|y>tN 1dt:/1 X pn g (t|y|>tN Lat, (2.28)

lyl

and similarly, if |y| <1,

1 1
Y \,N-1 Y \,N—1
X <t>t dt= | x (t)t dt.
/wy) ENET [yl wl T ENET [y



14 N. FUSCO AND A. PRATELLI

It is simple to notice that ® is an invertible transport map between H and K (in fact, it is a sort of “radial
version” of the well-known Knothe map). As a consequence, we can apply Lemma 2.4 four times, so (2.9) implies

J(K,E'\B)—3(H,E'\B)+3(H,B\ E') - 3(K,B\ E') + 3(K, E" \ B)
—~3(H,E"\B)+3(H,B\ E") - 3(K,B\ E")

(2.29)
<2(n(B\ Bl + 1B\ ED) [ 1y 20)ldy.

also keeping in mind that |E'\ B| = |E”\ B| and |B\ E'| = |B\ E"”|. Moreover, since B(1 —¢) C E' C B(1+¢)

and the same is true for E”, and since by construction for every y € H one has y/|y| = ®(y)/|®(y)| and

|®(y)| > |y|, then for every y € H

P(lyl) = »(12W)]) = cly — ()], (2.30)

where ¢ = min{|¢’(¢)| : 1 —e <t <1+ ¢}. By integration, we get

IH.B) =K B) = ¢ [ |y v(w)]dy.
H
Using this inequality together with (2.29), we can now evaluate

F(E")-3F(E)=3(H,E)~3(K,E')+3(H,E") - 3(K,E")
=2J(H,B) - 23(K,B) +3(H,E'\ B) - 3(K,E'\B) + 3(K,B\ E')
~3(H,B\E')+3(H,E"\ B) - 3(K,E"\B)+3(K,B\ E") - 3(H,B\ E") (2.31)

> 2(c= (' B) = 1B\ ED) [ y-0w)ldy > 0.

where the last inequality holds true if £; has been chosen small enough. Indeed, keeping in mind that B(1 —¢) C
E’' C B(1+¢) and that 7o(¢t) \, 0 for ¢ \, 0, we get that o (|E’ \ B|) + 72(|B \ E’|) is arbitrarily small if so is
e. The constant ¢, instead, converges to —¢’(1) > 0 for £ — 0.

Summarizing, we have found a set E”, defined through (2.26), such that |E”| = wy and D(E") < D(E').
To conclude the proof, then, we have to show that either §(E”) > §(E’)/2, so that (2.27) holds true, or (1.4) is
satisfied by £’ with a suitable constant C' = C(N, «).

Let us call B” a suitable translation of B such that §(E”) = |[E"AB"|. If |[E"AB"| > §(E’)/2 we are done,
so we assume that the opposite inequality holds true. By definition of Fraenkel asymmetry of E’, we have

5 E/
5(E/)<|E/2B//‘<|E/2Eu| |E/IQBH|<|E/2E”| (2 ),
which gives, by COIlStI‘uCtiOn,

[E'AE"| _ 3(E')
2 = 41

\H| = (2.32)

For any direction v € S¥~1, let us now call G, = H N vR* the section of H in direction v, and we subdivide
G, = GXUGNt where G = G, \ B and GI" = G, N B. Notice that (E”\ B) NvR™ is a segment, in particular
it is the segment (1,1 + u*(2))v. Every point of Gt NvR™ is in this segment, while every point of Gt NvR™T is
outside it. As a consequence, the subset of G&* made by the points y such that |®(y) — y| > 1(G,Cj‘t) /2 has
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1
length at least JZ (G)/2, thus

1 ext 2
/ @(y)_md%ﬂl > M
Goxt

Similarly, for any y in a subset of Gi™ of length .7 (Gint)/2 it is [B(y) — y| > € (Gi™)/2, thus

1 int ) 2
/ D(y) — y|dH" > m
G';Int 4
The last two inequalities imply
H(G,))
/G [B(y) v 4" > %

so an integration over SV 1 together with (2.32) gives

<|H| < (14Nt AN G dv < (1+e)N \/NwN\/ G,)2dv

4 - gN-1 SN-1

< (1+5)N—1,/8NwN\//SN_1/ |@(y) —yldA" dv

(1
a+e) \/SNWN |<1> —y|dy.

1—5 =

Keeping in mind (2.31), for ¢ small enough we deduce
D(E'") =F(B) —§(E') > F(E") - F(E') > C(E)?,

where C only depends on N and on the constant ¢ appearing in (2.30), hence in turn only on N and «. This
concludes the proof. O

We remark that, in the above proof, the differentiability of ¢ at 1, which is true only for a > 1, is not really
needed. Indeed, (2.30) holds a fortiori if o < 1, since then t’'(1) = —oo. On the other hand, the assumption
a > 1 is crucial here. Indeed, as observed after Lemma 2.4, if o < 1 then (2.9) is true only with |y — ®(y)|
replaced by |y — ®(y)|? for 8 < a, while (2.30) holds with exponent 1 regardless the value of a, and then we
cannot conclude as in (2.31).

We are now in position to give the proof of Proposition 2.10.

Proof of Proposition 2.10. Let E’ be a set satisfying the assumptions. If the estimate (1.4) holds true, there is
nothing to prove. Otherwise, by Lemma 2.11 we have two functions u* : S¥=1 — [0,¢) such that the set E”
defined by (2.26) satisfies the inequalities (2.27).

We start by replacing u™ with two new functions @ : S¥=! — [0,¢) which are locally constant. More
precisely, we claim the existence of two functions @* : S¥~=! — [0, ¢) such that the following holds. First of all,
SNV=1 is the piecewise disjoint union of finitely many measurable sets U;, so that 4+ = u;r and 4~ =u; on each
U;, and that

diam(U;) < min{u], u; } Vi : min{uf, uj} >0. (2.33)
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In addition, the set E" defined as in (2.26) with u™ replaced by @+ satisfies the following slightly weaker version
of (2.27),

I(E)

D(E") < 2D(E'), O(E") > =5

(2.34)

The validity of the claim is obvious. Indeed, u® can be written as strong limits of functions as 4+, and the
corresponding sets converge to E” both in terms of the energy deficit D(-) and of the Fraenkel asymmetry §(-).
To define the nearly spherical set ., we need to give a function u : S¥ =1 — (—¢, €) according to Definition 2.2.
We will define u separately on each set U;. Suppose first that min{uj’, u; } = 0: in this case, we simply set
u=u if u; =0, and u = —u; if uj =0 (hence, u = 0 if u;” = u; =0).
Let us now assume that min{u;", u; } > 0. Let us then write U; as the disjoint union of two measurable sets
L; and R;, where

AN L) (1= (1= u)V) = TR (0 + 0V - 1)), (2.35)
and in the set U; = L; U R; we define then u as
U = XLiu;" — XRiui_ .

At this stage, we have completely defined the function u : SV =1 — (—¢, ), thus also the set E, is determined
according to (2.5). What we have to do to complete the proof, is to prove the validity of (2.25).
Let us start defining the sets

F=E.,\B., G=B.\E., F=E"\B., G=B.\E".
Moreover, calling K; the cones K; = U; x RT we also define the intersections

F,=FNK,, Gi=GnK,, F,=FnNK,, Gi=GnK,.
By construction, since —u~ < u < ﬂi, we have the inclusions F' C F and G C G. On the other hand, for each

i we have that |F}| + |G;| > (|[Fy| 4 |Gs])/2, hence summing over i we get |E,AB,| > |E”AB.|/2. By the right
estimate in (2.34), we get then

1/ 1 /
BAp > EAB] L AE)  8(E)

2 2 6
so the right estimate in (2.25) is obtained, and we only need to get the left one.

Thanks to (2.35), for every i we have |F; \ Fj| = |G; \ Gi|. We want then to define an invertible transport map
® between F \ F' and G \ G, in such a way that the restriction of ® to every E \ F; is an invertible transport
map on G; \ G. For every i such that min{u;", u; } = 0 this is emptily done, since F; \ F; = G; \ G = 0.

Consider then an index i such that min{u;", u; } > 0. In this case, we can take any invertible transport map

1—(1—uj )N

a1 XLi; notice that 7; is a map between R; and L;. Observe that

7; : SN=1 5 SN—1 hetween Xp, and
7

= (L;UR;) x (1,1 +uj), F,=L;x(1,1+u]),
:(LzURz)x(l—u:,l), GZZRZX(I—UZ_71)

S =
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As a consequence, we can define the function ® between E \ F; and (N?Z \ G; simply as
O(tv) = g; ()1 (v) VveR,te(l,1+ul),
where

AN RN —1) = VT L) (g ()N — (1 —u)N).

By construction, ® : F \F — G \ G is clearly an invertible transport map and, keeping in mind (2.33) and the
definition of g;, we also have

= 18)| > 51y~ B()],

since ¢ is small. As a consequence, calling ¢ = min{—¢’'(t): 1 —e <t <1+4+¢e} > 0, we get

3(B,G\G) ~3(B,F\F) = /F\Fw<|<1><y>|>—w<|y|>dy> /ﬁ\Fcuy—@(y))dy

i (2.36)
25/~ ly — @(y)|dy.
F\F
We can now write
F(E.) -FE")=3(B\GUF,B\GUF)—-3(B\GUF,B\GUF) (2.37)
=23(B,G\G)—23(B,F\ F)+Cy + Cy + Cs + Cy, '
where
C1=3(G,F\F)-3(G.,G\G), Cy=3(G,F\F)-3(G,G\G),
Cs=-3(F,F\F)+3(F,G\Q), Cy=-3(F,F\F)+3(F,G\GQ).

Applying Lemma 2.4 four times, each time with H = F \ F, and with G equal to é, G, Fand F respectively,
we get

C1l + 1Cal + [Col + 1Ca] < (72(1G1) + 72(IG]) + 721 F1) + (1)) /ﬁ\p ly — @ ()| dy

<tn(on(@+2¥ -~ 1-9%) [ ly-owldy.

F\F

This estimate, together with (2.37) and (2.36), implies that F(E.) > F(E"), or equivalentely D(E,) < D(E"),
if ¢ has been chosen small enough. Keeping in mind the left estimate in (2.34), also the left estimate in (2.25)
follows, hence the proof is concluded. O

Remark 2.12. We point out that the sets E. given by Proposition 2.10 can be chosen in such a way that
the barycenter Bar(z) of E. is a continuous function of z. To show that, we remind that Lemma 2.11 and
Proposition 2.10 can be applied to any z € RY such that B,(1 —¢) C E' C B,(1 +¢). Let us call for a moment
uF and @F the functions u* and @* used in the proofs of the two results, to highlight their dependence on the
parameter z. A quick look at the proof of Lemma 2.11 ensures that the functions v} depend continuously on z
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in L'(SV~1). Analogously, a quick look at the proof of Proposition 2.10 ensures that the functions ﬁzi can be

constructed to depend continuously on z in L'(SV~1). As a simple consequence, we get that the functions x o
depend continuously on z in L'(SV~1). This clearly implies the claim.
Lemma 2.13. Let ¢ < ¢1, and let E' C RN be a set such that |E'| = wy and B(1 —€2) C E' C B(1 + ¢?).

Then, for every z such that |z| = €/2, the set E, given by Proposition 2.10 satisfies (Bar(z) — z) - z < 0, where
Bar(z) denotes the barycenter of E,.

Proof. Let us fix a vector z with |z| = £/2, and let E, be the set given by Proposition 2.10, which can be applied
since by construction

B.(1-¢)CB,(1-&*>—|2])CE CB.(1+e*+z2]) CB.(1 +¢).

Letuscal HF = {z e RN : -2 > |2]?} and H- = {z € RV : z- 2 < |2|?}. Since B(1 —¢2) C E' C B(1+¢?),
then of course

E'NnH"CBA+e)NHT, E'NnH D2B(1—-¢)NH".

By the proofs of Lemma 2.11 and of Proposition 2.10, it is clear that F, is contained in the smallest set, star-
shaped with respect to z containing E’ and contains the largest set, star-shaped with respect to z, contained in
E’. In particular, the above inclusions hold also with E, in place of E’. Therefore, calling Z = (B(l +e2)N H*) U
(B(1—¢e?)N H™), and denoting by Bar(F) the barycenter of any set F (so in particular Bar(z) = Bar(E.)),
we have

Bar(E, —z)-z< Bar(Z —2z)-2<0,
where the last inequality holds because € < €7 is small. This concludes the thesis. O

2.6. Adjustment of the barycenter

The aim of this section is to prove Proposition 2.1. Notice that each set E, defined in Proposition 2.10 is
already a nearly spherical set satisfying (2.1), so we only have to take care of the barycenter. In other words,
all we have to do is to find a suitable z € RY such that the set E, has barycenter precisely at z. To do so, we
will make use of the following well-known property, of which we give a proof just for completeness.

Lemma 2.14. Let F : B — B be a continuous function whose restriction f to SN=1 = 0B is mapped on SN 1
with f(x) # —x for every x € SN=1. Then, there exists some x € B such that F(z) = 0.

Proof. The assumption that f(z) # —z for € S¥~! implies that f is homotopic to the identity, through the
homotopy

_ tr 4 (1=1t)f(x)
2@ = T A0 @)

On the other hand, if F' has no zero points in B then f is homotopic to a constant function, through the
homotopy

Since the identity on S¥~! is not homotopic to a constant function, the contradiction shows the existence of

some zero points of F in B. O
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Proof of Proposition 2.1. First of all we notice that, if the claim has been proved for some € > 0, then it is
emptily true for every &’ > ¢, with K(N,a,&’) = K(N,«a,¢). As a consequence, it is sufficient to show the
claim for € < 7. Let then € < &1 be given, and define J. according to Lemma 2.9, C' = C(N, «) according to
Proposition 2.10, and n = 7(d¢, @, N) according to Lemma 2.5.

Let now E be any set with |E| = wy. If 6(F) > 6., by Lemma 2.5 we have D(E) > 7, hence

§(E) < 2wy < — /D(E),

thus (1.4) holds true with

K(N,a,e) = C(N,a) v 2“\/%“

Assume then now that §(F) < d.. By Lemma 2.9, we get a set E’ such that |E’'| = wy, satisfying the inclusions
B(1—¢%) C E' C B(1+¢?), and such that (2.19) holds. We can assume that (1.4) does not hold for E’, because
otherwise it holds also for E by (2.19) and the proof is already concluded.

For every z such that |z| < /2, we have the inclusions B, (1 —¢) C E’ C B,(1+¢), hence we can apply Propo-
sition 2.10 to get a set F, satisfying (2.25) and being a e-nearly spherical set around B, . Putting together (2.19)
and (2.25), we get that the set E = E, — z satisfies (2.1), hence it completes the proof if the barycenter of E,
is precisely z. Therefore, we are reduced to find some z € B(g/2) such that Bar(z) = z. Let us set

&= ‘ I|n18n/2{|z—Bar( )|}

Notice that the minimum exists by continuity thanks to Remark 2.12, and it is strictly positive by Lemma 2.13.
We can then define the function F : B — B as

F(z) = %H(sxﬂ — Bar(ez/2)),

where IT : RNV — B(&) is the projection over B(£), that is, II(y) = y if |y| < &, and TI(y) = &y/|y| otherwise.
Notice that the function F is continuous because so are I and Bar, by Remark 2.12. Take now = € S¥~1: by
definition of &, F(z) € S¥~!, and moreover by Lemma 2.13 F(z) # —z.

We can then apply Lemma 2.14 to the function F, finding some = € B such that F(z) = 0. Calling z = ex/2,
this means that Bar(z) = z, thus the proof is concluded. O

3. CONCLUSION

This section is devoted to prove Theorem 1.1. Having reduced ourselves in the previous sections to consider
a nearly spherical set with barycenter in 0, what we have to do is to perform a “Fuglede-type” calculation. In
other words, Theorem 1.1 comes by putting together Proposition 2.1 and the following Proposition 3.1.

Given a function u € L?(0B), we set for 1 < a < N

[ o = /83/83 |x7 = Z' 4N (@) aN (). (3.1)

2

It is well known that this semi-norm can be written in terms of the Fourier coefficients a;(u) of u with
respect to the orthonormal basis of spherical harmonics yy, ;, where k € NU {0}, ¢ = 1,..., N(k). In particular,
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Yo1 = 1/vV/Nwn, y1,; = x;/\/wn for i =1,..., N. More precisely, we have

u(y)|? N-1 N— 1 oo LW
477" 477 ppari(w)”, 3.2
/63/63 |93—y|N°‘ (=) ZZ ¥ (3.2)

k=0 =1

where for all k >0

F(N—22+a) F(k-l— N—22+a) (3'3)

K

o _ go iyt DT ( r(¥ze)  T(k+ 259 )

see formula (7.5) from [8]. It is easily checked that the sequence pf is bounded from above and strictly increasing
in k£ with pu§ = 0. Therefore, from (3.2) it follows that ||u — (u)oB||L2(sB) is comparable to [U}I—Ta, where (u)op
stands for the average of u on dB. Moreover, see Proposition 7.5 in [§],

3(B)

(f:a(N—l—a)NwN.

(3.4)

Next proposition gives a stability estimate for nearly spherical sets. Its proof is based on the argument used
in Theorem 1.2 in [11] to prove the stability of the isoperimetric inequality for nearly spherical sets, see also
Lemma 5.3 in [8].

Proposition 3.1. Let o € (1, N) be given. There exist positive constants g9, Co and Cy, depending only on N,
such that if E C RY is a measurable set with |E| = |B|, with barycenter at the origin and

E={(1+u(x)pr:2€dB,0<p<1}
for some function u € L*(0B) with |[u|| 1~ @p) < €0, then
3(B) ~ §(B) 2 Collul3a(op) = C1|EABP. (3.5)
Proof. Up to replacing u with tu, we may assume that
E={(1+tu(z))pz:z € dB,0<p<1},

with [|ul|p~p) <1 and t € (0,&0), where g9 € (0,1/2) will be chosen later. Using polar coordinates we may
write

B _ 1+tu(x) 1+tu(y) PpN-1,N-1
s(E):/ aN 1@)/ aN 1@)/ dr/ P —dp.
oB oB 0 0 (|7" —p2+rplz —yl?) 2

Using the identity

a prb a ra b b b b
AT S VR
0 Jo 0 Jo 0 Jo a Ja
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the previous equality can be rewritten as

_ N—1 N—1 1+tu(x) 1+tu(x)
o= [ 0w [ Ao [ [ sl

1 N1 N—1 1+tu(x) 1+tu(x) (36)
s [ [ 4 [ [ ey,
OB OB 1+tu(y) 1+tu(y)
where, for every r,p > 0 and ¢ > 0, we have set
pN=1,N-1
f(Q7 T? 10) = —a
(Ir =l +rpg?) ="
For every x € OB, by a change of variable, we get
N—1 1+tu(x) 1+tu(x)
aA [ ar [ e gl d
OB 0 0
1 1
_ B
= @) [ ) [Car [ el o= 0+ ) S
B 0 0 Nwy

where in the last iequality we have used (3.6) with « = 0. Hence,

1 N1 N1 1+tu(x) 1+t u(x)

5B =5 [ 4w [ e [ e[ (el dp
OB OB 1+tu(y) 1+t u(y)
S(B) / N+ N—1
+ = L+ tu)Nteds .

Nwy 83( )

Thus, we obtain
2 3B
§8) - 5(8) = L o)+ S (h(0) - hit) (3.7
2 NwN

where we have set h(t) = [, 5(1 + tu) VT 4" " and
. N @ @
oty = [ a#" @) [ axw (y)/ dr/ Flle =yl 1+ tr 1+ tp) dp.
OB oB u(y) u(y)
Note that h(0) = Nwy = N|E| = [,,(1+ tu)N d" ", Therefore,
h(0) — h(t) = / (14 t)¥ (1 — (1 + tw)®) A

0B

N-1 t2 2 N-1 301,112
> —at udF —a2N+a—-1)— u?dH — C(N)||ul|fz -
oB 2 JoB

Using again the assumption |E| = |B| we have that [, ((1+ tu)™ — 1) N = 0, which in turn yields

2
,t/ wd N > (N—l)t—/ W2 d AN C(NYE s .
oB 2 Jon
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Therefore we have
t2 2 N-1 301,112
h(O) ~ ht) > (N + ) /BB 2N C(NYE s (3.8)
Concerning g, observe that
)2
/ / [ule) = w4 Ny aeN ) (3.9)
oB JoB |$ - | “

and that g is a smooth function of ¢ in a neighborhood of 0. Note also that for r,p € (—=1/2,1/2) and ¢ > 0

d 13}
dtf(q,l—f—rt 1+pt‘—’r—ff(q71+tr 1+tp)+paff(q,1+tr 1+tp)| <

Thus, if 0 < ¢ < eo,

2
lg' ()] < C(N) /aB/aB |x_ The J AN @)d N ).

Since g(t) = ¢g(0) + t¢'(7), with 7 € (0,t), from the inequality above and (3.9) it follows that for ¢ sufficiently
small

g(t) > (1 —tC(N /BB/BB pa— [u@) = w4 7N (ya eV ).

Combining this estimate with (3.7) and (3.8) and recalling (3.2) and (3.4) we obtain

2
5(B) - 5(8) = S0 -0 [ /a ) |w L ule) = w4y 1 (a0 )
3(3) N-1

— NwN (N+ )2 AB u2 d% C(N)tSHUH%z (310)

2 oo N(k)
= Sl = €)Y D mparaw? - g ullf: - cVul:]
k=1 i=1
Using again the assumption |E| = |B| as above we have
1 N—1 2
lag1(u)| = TNow Jon wd A < C(N)tul|7= - (3.11)

Similarly, recalling that the barycenter of E is at the origin, hence [, x;i(1 + tu)N~1dJZ N1 0 for all
1=1,..., N, we may estimate the first order Fourier coefficients of u as follows

lay.i (u) zud N < O(N)t|ul 2. . (3.12)

[ L
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Therefore, from these estimate, taking 9 small enough and recalling that pjf > uf for & > 2, we have, using
(3.11) and (3.12),

A —tCN) DD pfari(u)? — p§flull72 — C(N)t|u]3
k=1 i=1
R oo N(k) oo N(k)
=1 —tCIN) YD pari(u)® = uf Y ari(w)® — C(N)|ul|7.
k=1 i=1 k=0 i=1
N (k)

> (1—20C(N) D D (= 1f)aw,i(u)* — oC(N)|[ul|7
k=2 i=1
oo N(k) oo N(k)
>C'Y Y pari(w)® —eoC(N)l[ullF > C" Y Y pRari(w)® — oC(N)|ul72 -

k=2 i=1 k=1 i=1

From this inequality, (3.10) and (3.11) again, we conclude, assuming £y small enough,

oo N(k)
t2 N
3(B) —§(E) = 5[C'Y Y Hiar(w)® = coC(N) [ull3:]
k=1 i=1
2 oo N(k)
2 2 2 2
= [O; > ansluf’ = O ulfe] = Culs

This proves the first inequality in (3.5) with u replaced by tu. The second one follows by observing that
Itull 23 > C(N)| EAB]. 0

Remark 3.2. We observe that from Lemma 5.3 in [8] we have that for a nearly spherical set E, with |E| = |B|,
andl <a <N

§(B) —3(E) < CH“”%%@B) )

provided ¢y is sufficiently small. Thus, by combining this inequality with (3.5) we may conclude that for a nearly
spherical set F, with |E| = |B| and barycenter at the origin, sufficiently close in L to the unit ball, the gap
F(B) — F(E) is equivalent to ||u||2L2(6B).
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