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OPTIMAL CONTROL OF STOCHASTIC PHASE-FIELD MODELS
RELATED TO TUMOR GROWTH

CARLO ORRIERI!, ELISABETTA Rocca? AND LUcA SCcARPA™*

Abstract. We study a stochastic phase-field model for tumor growth dynamics coupling a stochastic
Cahn-Hilliard equation for the tumor phase parameter with a stochastic reaction-diffusion equation
governing the nutrient proportion. We prove strong well-posedness of the system in a general framework
through monotonicity and stochastic compactness arguments. We introduce then suitable controls
representing the concentration of cytotoxic drugs administered in medical treatment and we analyze
a related optimal control problem. We derive existence of an optimal strategy and deduce first-order
necessary optimality conditions by studying the corresponding linearized system and the backward
adjoint system.
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1. INTRODUCTION

Tumor growth modelling is nowadays an active area of scientific research due to the impact on the quality of
life for those people diagnosed with cancer. Starting with the seminal works [7] and [38], many mathematical
models have been proposed to emulate the complex biological and chemical processes that occur in tumor
growth with the aim of better understanding and ultimately controlling the behavior of cancer cells. In recent
years, there has been a growing interest in the mathematical modelling of cancer, see for example [4, 16, 27].
Mathematical models for tumor growth may have different analytical features: we are focusing on the subclass
of diffuse interface models. In this framework, the tumor and surrounding host tissue occupy regions of a domain
and are subject to various balance laws mimicking the biological processes one would like to model. While the
sharp interface models are often difficult to analyze mathematically and may break down when the interface
undergoes a topological change, diffuse interface models, considering the interface between the tumor and the
healthy tissues as a narrow layer in which tumor and healthy cells are mixed, gives rise to model equations that
are better amenable to mathematical analysis, and the mathematical description remains valid even when the
tumor undergoes topological changes. Hence, the recent efforts in the mathematical modelling of tumor growth
have been mostly focused on diffuse interface models, see for example [16, 36, 42, 67], and their numerical
simulations demonstrating complex changes in tumor morphologies due to mechanical stresses and interactions
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with chemical species such as nutrients or toxic agents. In terms of the theoretical analysis of diffuse interface
models, most of the recent literature is restricted to the two-phase variant, i.e., models that only account for
the evolution of a tumor surrounded by healthy tissue.

In this paper we consider a version of a phase-field model for tumor growth recently introduced in [34], where
we have neglected the effects of chemotaxis and active transport. The new feature of the present work consists
in adding stochastic terms in both the PDEs ruling the tumor-dynamic and then studying a related optimal
control problem.

This model describes the evolution of a tumor mass surrounded by healthy tissues by taking into account
proliferation of cells via nutrient consumption and apoptosis. In particular, the model under consideration in
this paper fits into the framework of diffuse interface models for tumor growth. In this setting the evolution
of the tumor is described by an order parameter ¢ which represents the local concentration of tumor cells;
the interface between the tumor and healthy cells is supposed to be represented by a narrow transition layer
separating the pure regions where ¢ = +1, with ¢ = 1 denoting the tumor phase and ¢ = —1 the healthy phase.

We consider here the case of an incipient tumor, i.e., before the development of quiescent cells, when the
equation ruling the evolution of the tumor growth process is often given by a Cahn—Hilliard (CH) equation [§]
for ¢ coupled with a reaction-diffusion equation for the nutrient o (cf., e.g., [15, 34, 42, 43]). We just mention
here that more sophisticated models have been also developed, possibly including different tumor phases (e.g.,
proliferating and necrotic), or incorporating the effects of fluid flow in the system evolution. In this direction,
multiphase Cahn-Hilliard-Darcy systems [1, 16, 28, 34, 36, 67] have been analyzed in the deterministic case.
Further studies on tumor growth modelling are presented in [52, 57] with a particular emphasis to emergence
of resistance to therapy.

All the references listed above deal with deterministic representations of the tumor growth. However, it is
widely accepted that tumor-dynamics can be regarded as a random evolution due to stochastic proliferation and
differentiation of cells (¢f. [64]). Tumor metastases, for example, are generally activated randomly by biological
signals originating at the cellular level and these processes influence the critical proliferation rates that directly
govern the evolution of tumor cells. In [9, 54] the authors deal with stochastic angiogenesis models with the aim
of generating more realistic structures of capillary networks. Other interesting contributions in the bio-medical
literature (cf., e.g., [45]) are concerned with stochastic avascular models, taking into account the uncertainty
of the (most influential) parameters. Finally, many studies have used stochastic perturbations in an attempt to
model the effects of treatments on tumor growth. In this way, additive noises could represents environmental
disruptions caused by therapeutic procedures in cancer treatment: indeed, these are delivered to the entire tumor
tissue, and most likely to the healthy surrounding tissues as well. Although this appears far too simplified to
represent real clinical procedures, it can be of acceptable accuracy when applied to the evolution of tumors at
early stages. We refer to [53] for the modelling of treatment in the logistic tumor growth dynamic by means of
a suitable (white) noise.

General PDE-models of tumor growth that account for randomness are rare in literature. For what concerns
diffuse-interface descriptions, up to our knowledge, in this paper we give a first contribution in this direction.
The stochastic perturbation that we are considering has a twofold motivation.

On one hand, we adopt a statistical approach to deal with the (too much) complicated free energy describing
the bio-medical properties of the system. To do it, we directly add to the CH-equation an additive noise taking
into account all the microscopical fluctuation affecting the evolution of the phase parameter. A natural choice for
such a perturbation would be a space-time white noise. However, from the mathematical point of view, space-
time whites noises are difficult to handle in higher space-dimension, and one usually considers smoothed-in-space
noises by introducing a suitable covariance operator.

On the other hand, we introduce a multiplicative noise in the reaction diffusion equation (which actually
depends on the nutrient concentration) with the aim of modelling the effects of angiogenensis. A stochastic
forcing of this type is indeed related to the oxygen received by cancerous cells: this may result in enhancing its
effectiveness, and therefore its contribution, to the total growth process of the tumor.
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More precisely, including the two stochastic terms into the deterministic system we end up with the following
stochastic Cahn-Hilliard-reaction-diffusion model for tumor growth:

do — Apdt = (Po — a — au)h(p) dt + G dW, in (0,7) x D, (1.1)
w=—AAp+ ByY'(p) in (0,7) x D, (1.2)

do — Ao dt + coh(p)dt + b(o —w) dt = H(o) dW; in (0,7) x D, (1.3)
On = Onft = 0o =0 in (0,7) x 0D, (1.4)

0(0) =y, oc(0)=09 inD. (1.5)

Here, D C R? is a smooth bounded domain with smooth boundary, T > 0 is a fixed final time, W;, Wy are
independent cylindrical Wiener processes on separable Hilbert spaces U; and Us, respectively, defined on a
stochastic basis (Q, .7, (Zt)iepo,17,P), G is a stochastically integrable operator with respect to Wi and H is a
suitable Lipschitz-type operator. Notice that the initial configuration of the system can be chosen random as
well.

The parameters P, a, o, A, B, ¢, b are assumed to be strictly positive constants. Namely, P denotes the tumor
proliferation rate, a the apoptosis rate, a the effectiveness rate of the cytotoxic drugs, ¢ the nutrient consumption
rate, and b the nutrient supply rate, while A and B are related to the thickness of the interface between the pure
phases. The function h is assumed to be monotone increasing, nonnegative in the “physical” interval [—1, 1], and
normalized so that h(—1) = 0 and h(1) = 1. The term Poh(p) models the proliferation of tumor cells, which is
proportional to the concentration of the nutrient, the term ah(y) describes the apoptosis (or death) of tumor
cells, and coh(p) represents the consumption of the nutrient by the tumor cells, which is higher if more tumor
cells are present. The control variables are w in (1.1) and w in (1.3), which can be interpreted as a therapy
distribution (chemotherapy and antiangiogenic therapy, respectively, for example) entering the system, either
via the mass balance equation or the nutrient (cf. also [35], [11], and [13]) for similar choices for the control
variables). Finally, ¢’ stands for the derivative of a double-well potential 1. A typical example of potential,
meaningful in view of applications, has the expression

Ypot (1) = i(r2 - 1)?%, reR. (1.6)

We may observe that in the first part of our analysis (related to well-posedness of the system) we can allow for
more general regular potentials having at least cubic and at most exponential growth at infinity.

We point out that it could be also very interesting to control the noise entering the system through the
coefficient G (or to add another source of independent noise with controlled diffusion). In this work, we choose
to restrict ourselves to the case of uncontrolled noise term for two main reasons. The first one stems directly from
the modelling interpretation itself. Indeed, in our interpretation the noise acts as a background disturbance,
i.e. a description of the possible microscopical fluctuation affecting the evolution of the phase parameter. The
role of the noise term in the model is then the one of a background blurring effect on the system, and for this
reason we choose to exclude its dependence on the control variable. The second main reason of this choice is
of mathematical nature. As a matter of fact, while the study of systems with controlled noise term may be
extremely relevant from the point of view of applications, on the mathematical perspective it seems a difficult
problem. For what concerns the general non-convex case, the control variable in the diffusion forces to introduce
an additional adjoint process taking values in suitable spaces of operators. Due to the infinite dimensional setting
and the non-convex nature of the problem, even for very simple situations as the stochastic heat equations or
reaction/diffusion equations with cylindrical noise, the problem seems to be open. Most of the available results
concern indeed the finite-dimensional case, for which we refer to [32]. In the convex setting, the only result we
are aware of is [33], where stochastic heat equation (with possibly Lipschitz nonlinearity) is taken into account.
There the authors, under suitable conditions on the coefficients, bypass the study of the second order BSDEs
using perturbation in space of the controls. Nevertheless, it is worthwhile noting that in our case the state system



4 C. ORRIERI ET AL.

is much more complex and involved, being made of a coupled nonlinear 4th order equation (the Cahn-Hilliard
equation) and a reaction-diffusion equation. Only in terms of the well-posedness of the uncontrolled system, the
theory here is much more complicated. For this reason, the choice of a controlled noise term would be extremely
technical, and fall beyond the scope and focus of this work.

The mathematical literature on the stochastic Cahn-Hilliard and Allen-Cahn equations is quite developed:
we refer for example to [3, 55] for the stochastic Allen-Cahn equation, and to [14, 17, 18, 23, 37, 58, 60]) for
the stochastic Cahn-Hilliard equation. For completeness, let us quote also [24, 25] for a study on a stochastic
diffuse interface model involving the Cahn-Hilliard and Navier-Stokes equations. Nevertheless, similar results for
coupled stochastic Cahn-Hilliard reaction-diffusion systems were not previously studied, up to our knowledge:
in this sense, this contribution can be seen as a first work in this direction.

After proving the well-posedness of the SPDE-system above, we are interested here in the study of the
following optimal control problem:

(CP) Minimize the cost functional

Homw =3E [ lo—eol + 2B [ o) ~ e+ TB [ (o) 1)

+@E/|u|2+%/|w|2,
2 Jg 2 Jg

subject to the control constraint (u,w) € U, where
u ::{(u,w) € L*(Q; L*(0,T; H))? progr. measurable: 0 < u,w < 1 a.e. in Q x (0,7) x D} ,

and to the state system (1.1)—(1.5).

Let us comment on the optimal control problem (CP). The function ¢¢ indicate some desired evolution for
the tumor cells and @7 stands for a desired final distribution of tumor cells (for example suitable for surgery).
The first two terms of J are of standard tracking type, while the third term of J measures the size of the
tumor at the end of the treatment. The fourth and fifth terms penalize large concentrations of the cytotoxic
drugs through integral over the full space-time domain of the squared nutrient and drug concentrations. As it
is presented in J, a large value of |¢ — r|? would mean that the patient suffers from the growth of the tumor
during the treatment, and a large value of |u|? (or |w|?) would mean that the patient suffers from high toxicity
of the drugs. The nonnegative coefficients 3; indicate the importance of conflicting targets given in the strategy
to avoid unnecessary harm to the patient, and at the same time increment the quality of the approximation
of g, ¢r. By the optimal control problem (CP), we aim at searching for a medical strategy (u,w) such that
the corresponding tumor concentration is as close as possible to the targets ¢g and ¢, the tumoral size at the
end of the treatment is minimal, and the total amount of nutrient or drug supplied (which is restricted by the
control constraints) does not inflict any harm to the patient.

We shall prove, under suitable regularity on the data, the existence of a relaxed optimal control and derive
first-order necessary optimality conditions by exploiting a stochastic counterpart of the maximum principle &
la Pontryagin. To do so, we introduce a backward (stochastic) system and we formulate necessary conditions
for optimality through a variational inequality. The optimal control problem is studied in the particular case
of the classical double well potential (1.6) and in case H = 0, meaning that we are neglecting the stochastic
perturbation entering in the nutrient equation and that the only source of randomness is contained in the CH-
equation: see Remark 2.5 for further comments on this topic. Let us also mention that, as the controls v and
w represent concentrations of cytotoxic drugs (they are bounded between 0 and 1), the control problem we are
dealing with is convex.

In the recent mathematical literature a number of results related to optimal control for deterministic tumor
growth models has appeared. We can quote [10-12, 35, 61] for models coupling different variants of Cahn-Hilliard
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equations with reaction-diffusion equations and [21, 22, 63] for the case when also the velocity dynamic has
been taken into account. Moreover, an optimal control problem taking into account also damages to healthy
tissues was studied in [57] in the context of integro-differential modelling. For what concerns optimal control
problems and necessary condition for optimality in the stochastic setting we can refer to the monography [68]
for a general overview. The infinite dimensional case is tackled e.g. in [29, 31, 32, 39], dealing with stochastic
heat equation and reaction-diffusion systems, and in the works [20, 47] on the maximum principle for optimal
control of stochastic evolutions. Optimal control for stochastic Cahn-Hilliard equations is discussed in the recent
paper [59] where the control variable is contained in the chemical potential equation.

Let us comment on the mathematical difficulties of this work. First of all, we stress that the stochastic system
(1.1)—(1.3) does not fall in any available framework for studying stochastic evolution equations: this is due to
both the growth of ¢, which may be of any polynomial order or first-order exponential, and more importantly to
the coupling terms appearing in (1.1) and (1.3), which prevent from having a global monotonicity property for
the pair (¢, o) in a reasonable product space. Indeed, (1.1)—(1.2) have a monotone behavior in the dual space of
H'(D), while (1.3) is monotone on L?(D). Such issue does not depend on the stochastic setting and represents
a crucial difficulty also in the deterministic case, which also requires an ad-hoc analysis of the system. Let us
explain now the main differences when dealing with the stochastic case in comparison with the deterministic
case.

Let us start by mentioning that the standard compactness techniques used in the deterministic setting
cannot be directly applied. This mainly results from the lack of compactness of the embedding from L"(€2; X)
into L"(Q,Y), 1 <r < 400, even if X < Y in a compact fashion. To bypass the problem, we rely on the
combination of the Skorohod representation theorem with the well-known Gyongy-Krylov’s criterium [41]. The
crucial ingredient for the all machinery to work is a pathwise uniqueness result for the system, which is not a
straightforward consequence of its deterministic counterpart.

The main issue when dealing with the well-posedness of the system (1.1)—(1.5) is the presence of prolifer-
ation terms in the Cahn-Hilliard equation, resulting in the non-conservation of the spatial mean of . In the
deterministic setting, this difficulty is usually overcome by estimating directly the mean of ¢ and by keeping
track of it in the estimates on the solutions: in particular, such procedure hinges on the Lipschitz-continuity of h
and on proving the boundedness of o € [0, 1] through a maximum principle for the reaction-diffusion equation.
By contrast, in the stochastic setting, proving the boundedness of ¢ in [0,1] is much more delicate, due to a
lack of a maximum principle in a general framework for (1.3). In our setting, we are still able to show that
o remains bounded in [0, 1] during the evolution thanks to suitable assumptions on the operator H: roughly
speaking, we require that the noise in equation (1.3) “switches off” whenever o touches the values 0 or 1. This
procedure is very common from the mathematical point of view, and is also pretty reasonable in terms of appli-
cations: indeed, as we have pointed out before, the multiplicative noise in (1.3) could model the angiogenesis
phenomenon, i.e. the formation of new blood vessels to convey more nutrient towards the tumoral cells. Hence,
it is very natural to assume that this is neglectable when o = 1 (i.e. when the nutrient level is saturated) and
o =0 (i.e. when in principle no nutrient is available).

In order to keep track of the estimate on the spatial average of ¢ one usually estimates ¢ in terms of o
from (1.1)—(1.2), o in terms of ¢ from (1.3), and concludes by “closing the estimate” using the boundedness
of ¢ and a Gronwall-type argument. While this procedure perfectly works in the deterministic setting, there
are several points deserving attention in the stochastic case. The main problem is that, due to the presence of
the noise terms, one is forced to use estimates in expectation through some maximal martingale inequalities,
and cannot rely on any pathwise estimate (i.e. with w € Q being fixed). Consequently, when trying to close the
estimate through the Gronwall lemma, some further regularity is needed on the solutions in terms of existence
of exponential moments.

A related issue arising in the stochastic setting concerns the continuous dependence of the solution (¢, o) on
the data of the problem, in particular on the controls (u,w). Indeed, as it is common when dealing with optimal
control problems, we need to deduce some continuous dependence properties with respect to the controls in
stronger topologies in order to tackle the linearized system. As we have anticipated, this hinges again on
the combination of estimates in expectations and the Gronwall lemma, resulting in a need for boundedness
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of exponential moments of the solutions. The continuous dependence property is achieved with much more
difficulty with respect to the deterministic case, as a careful track of the specific moments of the solutions is
necessary.

Let us now turn to the major issues arising in the stochastic optimal control problem. In the deterministic
setting, the first step consists in showing the Fréchet differentiability of the control-to-state map in order to
analyse the linearized system: this is usually achieved (also for degenerate potentials) by proving that " (@) €
L>((0,T) x D), where @ is the state variable corresponding to a fixed control (@, w). Such a regularity can
be obtained by requiring that the set of admissible controls is bounded in L*° and performing a maximum-
principle-argument. Nevertheless, in the stochastic case, there is no hope to prove an L*°-bound on ¢, due to
the presence of the additive noise in (1.1). We overcome this problem as it was done in [59]. First, we prove that
the linearized system admits a unique variational solution. Then, we show that the control-to-state mapping is
Gateaux differentiable only in a weak sense, and that its derivative can be identified as the unique solution to
the linearized system: this is still enough to deduce a first-order variational inequality.

The second main difficulty in the stochastic context comsists in solving the adjoint problem, which is a
system of backward stochastic PDEs. Recall that inverting time in stochastic dynamics is not straightforward
and results in the introduction of two additional variables (one for ¢ and one for o), which guarantees that
solutions are adapted to the fixed filtration (%#;);. Moreover, in the present case, the classical variational theory
for backward SPDEs cannot be applied directly due to the presence of the coupling terms and to the growth
of the potential. To solve the problem, we firstly approximate the backward equations and subsequently exploit
the (abstract) duality relation between the adjoint and the linearized dynamics. This permit to get uniform
estimates on the adjoint variables through a (more easier) continuous dependence of the linearized system. For
an application of this strategy to stochastic reaction-diffusion equations we refer to [29].

Let us finally mention that this work is meant as a first contribution in the direction of analyzing stochastic
mathematical models of tumor growth and many relevant questions remain open: it would be interesting to
validate the results with numerical simulations and medical data (we refer for example to [40] for a possible
stochastic model of MRI data). Moreover, it would be interesting to investigate uniqueness of optimal control
problems and to include the duration of the therapy as another control variable in the formulation of the cost
functional (cf. [35] and [10] for similar analysis in the deterministic case).

Here is the plan of the paper. In Section 2 we state the main assumptions and the main results of the paper
concerning existence and uniqueness of solutions, a refined well-posedness theorem and the results on the optimal
control problem: existence of the optimal controls, Gateaux differentiability of the control-to-state map and first
order optimality conditions obtained by solving the adjoint system. The proofs of the first well-posedness result
is given in Section 3 and the refined well-posedness is proved in Section 4. The last Section 5 is devoted to the
optimal control problem and to the analysis of the adjoint system.

2. GENERAL SETTING AND MAIN RESULTS

Throughout the paper, D C R? is a smooth bounded domain with smooth boundary I': we shall denote the
space-time cylinder (0,7) x D by @ and use the classical notation @Q; for (0,¢) x D with ¢t € [0,T).
It is useful to introduce the spaces

H:=L*(D), V.= HY(D), Z:={ue H*D):0pu=0ae. onT}.

For a generic element y € V* we denote by yp the average yp := %(y, 1)y and we recall the Poincaré-Wirtinger
inequality: there exists Mp > 0, only depending on D, such that

H'U—UD”HSMDHVU”H VveV. (2.1)
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Setting
Vo i={yeV*":yp =0}, Vo =VnVy,

we can define the operator N : Vi — Vj as the unique solution of the generalized Neumann problem

| YNu-Vo= oy voev.  Wyp=o.
This also provides an equivalent norm on V* given by the following
Y1l :== VN (y = yp)lI3 + lypl*, ye V™.
In particular, by the inequality (2.1) this guarantees that there exists M7, > 0, only depending on D, such that
INyllv < Mp[VNylla = llyll. Yy e Vs . (2.2)
We also recall that the following compactness inequality holds: for every € > 0 there exists M, > 0 such that
lyllz < e lIVyle + Myl YyeV. (2:3)

Furthermore, (2, %, (%¢)icjo,1), P) is a filtered probability space satisfying the usual conditions, where T' > 0
is a fixed final time, and W7, Wy are independent cylindrical Wiener processes on separable Hilbert spaces U
and Uy, respectively. We shall assume that the filtration (.%#;); is the one generated by (W7, Wa). Let also (e, )n
be an arbitrary, but fixed, complete orthonormal system of Us and denote with #2(U;, H) the space of Hilbert-
Schmidt operators from U; to H, i = 1,2. In the following we frequently use the shorthand F - W, := fOT Fdw,,
for suitable stochastically integrable operators F'.

Throughout the work, we shall use the symbol a < b for any a,b > 0 to indicate that there exists a constant
¢ > 0, independent of a, b, such that a < ¢b. When the implicit constant ¢ depends on some relevant external
quantities that we want to keep track of, we shall write it as a subscript.

Fix now p > 6. The following assumptions will be in order throughout the paper:

(A1) P, a, a, b, ¢, A, B are positive constants, and h : R — [0,1] is a Lipschitz-continuous function with
Lipschitz constant Ly, > 0 such that A(—1) =0 and h(1) = 1;
(A2) ¢ : R — [0, +00) is of class C? and satisfies

W () < C1(1 + [¥'(2)]),
wu(l’) Z _C27
[ (@) = ¢ ()] < C3 (1 + [¥" (@) + [¢" (y)]) |z — y|
for some positive constants C;, i = 1,2, 3, and for every x,y € R;

(A3) G € L*0,T; L*(Uy,V)) N L*>(0,T; £%(Uy, V*)) is progressively measurable;
(A4) the sequence (f,,), C WH(R) satisfies

L3 =Y A Tem < +00.  An(0)=h,(1)=0 YneN.
n=0

This implies that it is well-defined and L4-Lipschitz-continuous the operator

H:H— L*(Uy, H), H(z) : en — fn(z) Vn e Nj;
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(A5) u,w are H-valued progressively measurable processes such that w,w € [0,1] almost everywhere in € x
(0,T) x D;

(A6) @o € LP(Q, Fo, B; V) and ¢(ug) € LP/?(Q, Fo, P; L (D));

(A7) o9 € L*(Q, Zo,P; H) and o¢ € [0,1] a.e. in Q x D.

Remark 2.1. Let us comment on the assumptions above. First of all, note that assumption (A2) includes both
the classical polynomial double-well potential (1.6) as well as any double-well potential with at most first-order
exponential growth at infinity. Secondly, a typical example of operator G satisfying (A3) is given by any fixed
nonrandom and time-independent G € £2(Uy, V). Moreover, in assumption (A4) we are requiring that the
multiplicative noise ‘H dWs acts along the directions e, through the Lipschitz-continuous function %, for all
n. The requirement that %, vanishes at 0 and 1 heuristically means that the noise switches off as soon as o
touches the border-values 0 and 1. Finally, the assumptions (A6)—(A7) on the initial data are trivially satisfied
when pg € V and o € H are nonrandom with (o) € L'(D) and o € [0, 1] almost everywhere in D.

The first three results concern the well-posedness of the state system. First of all, we prove existence of
solutions and continuous dependence on the data in the most general framework (A1)—(A7) in Theorems 2.2—
2.3. Then, in Theorem 2.4 we show that under additional assumptions on the data the solution to the system
inherits further regularity and a stronger dependence on the controls can be written: this will be necessary in
order to tackle the optimal control problem.

Theorem 2.2 (Existence). Under the assumptions (Al)—(AT) there exists a unique triplet (p,u,o) of
progressively measurable V -valued processes with

¢ € LP (Q;C°([0,T); H) N L>=(0,T;V) N L*(0,T; Z)) , ©—G-Wy e LP(Q;HY(0,T;V")), (2.4)
V() € LPP(; L7(0,T; H)) (2.5)

pe LP2(Q; L2(0,T; V), Vu € LP(S; L%(0,T; H)), up € LP/2(Q; L°(0,T)), (2.6)

o e LP (Q;C°([0,T); H) N L*(0,T;V)) , o—H(o) - Wy € LP(Q; HY(0,T; V™)), (2.7)
o€0,1] a.e inQxQ, (2.8)

©(0) =g, c(0) =09 ae inQxD, (2.9)

and satisfying

Orlo — G- W) (8), )y + / Vi(t) - V¢ = / (Po(t) — a— au) h(p(H)C (2.10)
D D
/ u(t)C = A / Vlt)- V¢ + B / ¥ ()¢, (2.11)
D D D

(Or(o = H(o) - W2)(t), Q)y + /D [Vo(t) - V(+ co(t)h(e(t))C + blo(t) — w(t))(] = 0 (2.12)

for every ¢ € V, for almost every t € (0,T), P-almost surely.

Theorem 2.3 (Continuous dependence). Under assumptions (A1)—(A4), let the data (ui,wi,pd, o) and
(ug, wa, p3,03) satisfy (A5)—(A8), and let (p1,p1,01) and (pa, pa, 02) be two respective solutions satisfying
(2.4)~(2.12). Then there exists a sequence (V) nen of stopping times and a sequence (My)nen of positive real
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numbers, depending on @1 and o, such that TN /T P-a.s. as N — oo, and

N

. p/2
E swp (I(e1— @205 +lor —02)(O)f) + B ( [ 196 - ot ds>

tel0,7N]

HE(/OT

N

p/2
[(o1 = a2)(s) 1% d8>

" 0/2 (2.13)
< My |llpo — 90(2)H]Zp(9;v*) +log — 0—(2J||€P(Q;H) +E (/0 [(ur — uz)(s) |3+ d5>
N p/2
+E</ ||(w1w2)(s)||§{ds> VN eN.
0
In particular, the problem (2.4)—(2.12) admits a unique solution.
Theorem 2.4 (Refined well-posedness). Under the assumptions (A1)—(AT), suppose also that
e (Bllwolly;) € L) VB =1, (2.14)
GeL®(Qx(0,T); 2%*Uy, H)), (2.15)
Y € C3(R), 3Cy>0: ()| <Cs(1+]|r|) VreR. (2.16)
Then, the unique solution (p, u, o) to (2.4)—(2.12) also satisfies
p € LV L2(0,T; H(D))) , (2.17)

—~

exp (Bl1¢l3z0r2)) € LHQ) VA= 1. 2.18)

Furthermore, assume also that

H

0. (2.19)

Let the data (u1,wi,ph,08) and (ug,wa,p3,08) satisfy (A5)—(AT7) and (2.14), and let (p1,u1,01) and
(g2, p2,02) be the two respective solutions satisfying (2.4)—(2.12) and (2.18): then for every q > p there exists
a positive constant My, = My (1, p2) such that

le1 = wallLe@coqorivey + VI = w2)llLe @iz 0.mm)) + o1 = 02l Lo .00, 13:1) M 22 0,10
< qu(”@(l) — @3l Lasve) + oo = ol e (2.20)
Hllur — w2 Lasz20,mv)) + llwr — wQHLq(Q;LQ(O,T;H))) :
If also

2
Ir > % L o e LTV, G e LN(QL2(0,T; 22U, V), (2.21)
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then there exists a positive constant My o, = M, 4 (p1,p2) such that

I — 9‘72‘|LP(Q;CO([07T];H)HL2(0,T;Z)) +llor — 02HLp(Q;CO([O,T];H)mL‘Z(o,T;v))
< My qr (168 = Gl acoirny + b = 0Bl ocoumy (2.22)

HJur — ual| a2 0,130)) + Wi — w2||L‘1(Q;L2(O,T;H))> :

Remark 2.5. Note that the refined assumptions (2.14)—(2.16) and (2.21) are not much restrictive: indeed, they
are still satisfied by the wide class of data ¢y € V nonrandom, G € £?(U;,V) fixed (nonrandom and time-
independent) and by the classical double-well potential (1.6) of degree 4. The reason why we need to assume
(2.19) is that, in order to obtain the continuous dependence property on the whole time interval [0, T, one needs
to rely necessarily on pathwise estimates (i.e. with w €  fixed) of o1 — o3 in terms of @1 — ¢o: this is possible
only if the noise in equation (1.3) is of additive type. However, since it is also crucial to prove that o € [0,1]
(hence also (A4) must be in order), the only reasonable choice is to require that H = 0 and to neglect the noise
in the equation for o.

We are now ready to introduce the general setting for the optimal control problem of the state system
(1.1)~(1.5). From now on, we shall assume (A1)—(A7), (2.14)—(2.16), (2.19) and (2.21), so that the strongest
continuous dependence property (2.22) holds, and we shall also fix an exponent g > p.

We introduce the set of admissible controls U as

u ::{(u,w) € L*(Q; L*(0,T; H))? progr. measurable: 0 < wu,w <1 a.e.in Q x (0,T) x D} ,

which is clearly a closed convex bounded subset of L>(Q x Q). It will be useful to embed ¢ in an open bounded
subset U C L9(Q; L*(0,T; H))? N L% (2 x Q).
We define the cost functional J as

J: L2(Q;C°([0,T]; H)) x L*(Q; L2(0,T; H)) x L*(; L*(0,T; H)) — [0, 4+00),

Houw) =5 [ lo—galt + B [ o) — e+ BE [ (or)+1)

+@E/|u\2+$1@/|w\2,
2 Jg 2 Jg

where 8; > 0,7 =1,...,5, are fixed constants and we assume that
Breg € LAY LX(0,T: H)) . fagpr € LYQ, Fr; V).
Moreover, Theorems 2.2-2.4 ensure that the control-to-state map
S:U — LP(Q: C([0,T); H) N L>=(0,T; V)N L*(0,T; Z)) , (u, w) — @

is well-defined and furthermore it is Lipschitz-continuous in the sense specified in (2.22): the proofs of
Theorems 2.2-2.4 can be adapted with no difficulty to the more general case where u,w € L*(f2 x Q) (not
necessarily 0 < u,w < 1). Consequently, it is natural to define the reduced cost functional

J:U = [0, +00), J(u,w) := J(S(u,w),u,w), (u,w)eU.

The optimal control problem associated to the state system (1.1)-(1.5) consists in minimizing the map J on
U. Note that even if J is convex, the nonlinearity of S does not ensure that J is convex as well, so that the
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minimization problem in nontrivial and uniqueness of optimal controls is difficult to prove. Furthermore, as
already mentioned in the introduction, classical compactness results cannot be directly applied to the stochastic
setting and this gives rise to the need of a weaker concept of optimality.

The classical notion of optimal control is the following.

Definition 2.6. An optimal control is a pair (u,w) € U such that

J(u,w)= inf J(v,z2).
(u, w) oo, (v,2)

As we have anticipated above, since the proof of existence of (classical) optimal controls is generally out of
reach in the stochastic case, for sake of completeness we also introduce a weaker notion of optimal control. Note
that this will be needed only in view of the existence result Theorem 2.8. Thus, we introduce below the notion
of relazed optimal control, which is inspired by Definition 2.4 in [2].

Definition 2.7. A relaxed optimal control is a family
((Q/7 <§/ﬂ7 (g\i&/)te[O,T]a ]P)/)v Wlla 9063 0—67 u/> w/7 (Pla va OJ& SD/Qa QD/T) )

where (', .F', (F])icjo,r),P') is a complete filtered probability space, W is a (.%;)-cylindrical Wiener process,
(¢, 0p) is a Fj-measurable (V' x H)-valued random variable with the same law of (¢g, 09), (v, w’) is a (F])+-
progressively measurable H2-valued process such that 0 < u’,w’ < 1 almost everywhere in Q' x Q, (¢, u/,0")
is the unique solution to the state system (2.4)—(2.12) on the probability space (%', ') with respect to
the data (¢, 00, u’,w’, W{) (and the choice H = 0), i, € L*(V; L?(0,T; H)) has the same law of S1¢q,
Baplp € LE(Q, F1; V) has the same law of B2, and

B B B
Ty = BB |1 g+ BB [ 1 gl TR [ @)
+&E’/|u’\2+$ﬂ*}’/|w’|2§j(v,z) V(v,z) eU.
2 Je 2 Je

Let us briefly comment on the notion of relaxed optimality. First notice that the idea of relaxation mimics
the concept of weak (or martingale) solutions to stochastic equations, thus involving in the definition the
probability space itself along with the Wiener process and the parameters of the model. This naturally allows
for the application of the Skorohod representation theorem. Moreover, let us observe that by setting 84 = 85 = 0
in the definition of the cost functional, the problem reduces to the existence of nearest points of a fixed target
in uniformly convex Banach spaces (see [2] for further details). Finally, given a relaxed optimal control it seems
natural to wonder whether it admits or not a strong formulation. A possible way to tackle the problem could
be the combination of a Gyongy-Krylov argument with a uniqueness result for optimal controls.

The first result that we prove in this context is very natural and ensures that a relaxed optimal control for
our problem always exists. Moreover, we give a direct sufficient condition on the cost functional for existence of
a (classical) optimal control.

Theorem 2.8. Assume (A1)—(A7), (2.14)~(2.16), (2.19) and (2.21). Then there exists a relazed optimal control
for problem (1.1)—(1.5). If B4 = B5 = 0, then there exists an optimal control also in the sense of Definition 2.6.

Let us now concentrate on necessary conditions for optimality. To this end, we first introduce the following
linearized system
Oy, — Ayg = h(p) (P2 — aky) + B (p)xk(Po — a — au)
yr = AAzy + By (p)xy
Oz — Az + czph(@) + coh! () zr + bz — ky) = 0,
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complemented with homogeneous Neumann boundary conditions for x, yx and z; with initial conditions given
by x(0) = 2z,(0) = 0. Existence and uniqueness of variational solutions to the above system is the content of
the following theorem.

Theorem 2.9. Assume (A1)-(A7), (2.14)(2.16), (2.19) and (2.21). Let (u,w) € U, k := (ku,kw) € U and set
@ := S(u,w). Then there exists a unique triple (zi,yi, 2k) with

zp € LP(Q HY(0,T;2°) N L*(0,T5 2)),  yw € LP(Q5 L7(0,T; H)), (2.23)
zp € LP(Q; HY(0,T; V*) N L*(0,T; V), (2.24)

such that £,(0) = 2z;(0) = 0 and

<8txka C)V - / ykAC = / [h’(@) (lec - aku) + h/((p)mk(PU —a—= au)] C’ (2'25)
D D

[ nc=a [ Va-ve+B [ viopmc (2.26)

(Orzk, C)yy + /D Vz - V(+ /D [czih(p) + col/ (p)zy + b(zk — kw)]C =0 (2.27)

for every ¢ € Z, for almost every t € (0,T), P-almost surely.

Furthermore, the control-to-state map S is differentiable in a suitable sense and we characterize its derivative
as the unique solution to the linearized system.

Proposition 2.10. Assume (A1)-(A7), (2.14)-(2.16), (2.19) and (2.21). Then the control-to-state map S :
U — LP(Q;C°([0,T); H)N L%(0,T; 7)) is Gateaua-differentiable in the following sense: for every (u,w) € U and
(ku, k) € LI(Q; L?(0,T; H))? we have

S((u,w) + e(ky, ky)) — S(u, w)
S((u, w) + &(ku, kw)) — S(u, w)
5

—ap  in LY L%(0,T;V)) VYLel,p),

—xy  in LP( HY0,T; Z*) N L*(0,T; Z))

as € — 0, where xy, is the unique first solution component to the linearized system (2.23)—(2.27).
The next result is a first version of necessary conditions for optimality.

Proposition 2.11. Assume (A1)-(A7), (2.14)—(2.16), (2.19) and (2.21). Let (u,w) € U be an optimal control
and let ¢ := S(u,w). Then, for every (u,w) € U, setting k := (ky, ky) := (u — @, w — W), we have

BiE /Q (0= va)o+ E [ (61— pryan®) + FE |

D

aMﬂ+mE/

aku+/65E/ ’wkw 207
Q

Q

where x, is the unique first solution component to the linearized system (2.23)—(2.27).

In the last results of the paper we show how to remove the dependence on xj in the first-order necessary
conditions for optimality. To this end, we analyse the corresponding adjoint problem, which is a system of
backward SPDEs of the form

—dm — AARdt + By (o) dt = W' ()(Po — a — au)r dt — ch/(p)opdt + B1(p — ¢g) dt — AW,
T =—Am,

—dp — Apdt + ch(p)pdt + bpdt = Ph(p)rdt — 0 dWsy,
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complemented with homogeneous Neumann boundary conditions for 7, 7 and p, with final conditions

Bs
n(T) = Bo(p(T) —pr) + =, p(T) =0.
The last two results deal with the existence and uniqueness of solutions to the adjoint system, and with the

simplified version of the first-order necessary conditions for optimality, respectively.

Theorem 2.12. Assume (A1)-(A7), (2.14)(2.16), (2.19) and (2.21). Let (u,w) € U be fived and set ¢ :=
S(u,w). Then there exists a unique quintuplet (7, 7,&, p,0) with

7w e L2(Q;C°(0,T; V)N L*0,T; Z N H*(D))), (2.28)
7 e L*(Q;C°([0,T); V)N L*(0,T;V)), (2.29)
p € L*(Q;C°([0,T); H) N L*(0,T;V)), (2.30)
€€ L*( L0, T; 2%(Uy, V), 0 € L*(Q; L*(0,T; £*(Uy, H))), (2.31)
such that, for every ( € V,
T ~ T ~ T
/D ()¢ + A/t /D V#(s)-V(ds + B/t /Dw (p(s))7(s)¢ds = — /D (/t &(s) dWl(s)> ¢ .
T
[ ] e (Pots) ~ - au)n(s) - b (p(s)a(s)os) + Aals - wa)()] Cds,
t D

(7(t),¢)y = /D Vr(t) -V, (2.33)

[ owc [ vots-veas+ [ [ entetsnnts) + bo)cds
(2.34)

:P/tT/D h(gp(s))w(S)CdS—/D (/tTH(s)sz(s)>C

for every t € [0,T], P-almost surely.
The final version of the stochastic maximum principle reads as follows

Theorem 2.13. Assume (A1)—(A7), (2.14)—(2.16), (2.19) and (2.21). Let (a,w) € U be an optimal control in
the sense of Definition 2.6 and let ¢ :== S(u,w). Then

IE/Q(B4u—ah(<p)7r)(u—u) +]E/Q(ﬂ5w+bp)(w—w) >0 V(u,w) €U,

where (7, p) are the first-component solutions to the adjoint system (2.32)—(2.34). In particular, if B4 > 0 and
Bs > 0 then (u,w) is the orthogonal projection of (ﬁh(@)ﬂ, —B—bsp) on U. Equivalently, the first-order condition
for optimality can be equivalently rewritten pointwise as

(Bat — ah(@)m,u — )y + (Bsw + bp,w — @) >0 a.e. in (0,T), P-a.s.,

for every u;w € L*°(D) with 0 <u,w <1 a.e. in D.
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3. WELL-POSEDNESS OF THE STATE SYSTEM

This section contains the proof of the Theorem 2.2. First of all, we consider an approximated problem where
the nonlinearity 1)’ is smoothed out through a Yosida-type regularization. Secondly, we prove uniform estimates
on the approximated solutions in suitable spaces, and through the theorems of Prokhorov and Skorokhod we are
then able to show existence of (probabilistic) weak solutions. Finally, we prove a pathwise uniqueness result for
the original system, yielding existence and uniqueness also of strong solutions thanks to a well-known criterion.

3.1. The approximated problem

Thanks to assumption (A2), the function v(r) := ¢’(r) + Car, r € R, is nondecreasing, hence can be identified
with a maximal monotone graph in R x R. For any A > 0, let v, be its Yosida approximation and set

PA(r) :=y\(r) — Cor, 71 €R.

We consider the approximated problem

doy — Appdt = (Poy — a — au)h(py) dt + G dW, in (0,7) x D, (3.1)

i = —ADgy+ Buh(py) i (0,T) x D, (3.2)

doy — Aoy dt + corh(or) dt + b(oy — w) dt = H(oy) dWs in (0,T) x D, (3.3)
Onpr = Onttr = Onox =0 in (0,7) x 0D, (3.4)

©x(0) =, ox(0) =09 inD. (3.5)

We prove existence and uniqueness of a solution (py, pa, o) through a fixed point argument: we fix a suitable
¢ in the third equation in place of ¢, and we solve (3.3) obtaining thus a solution component af depending
on ¢. We substitute ¢ into (3.1) and we solve (3.1)~(3.2), getting the other two solution components (%, uf)
in terms on ¢. Finally, we show that the map ¢ +— @f is well-defined in a suitable space and is a contraction.

Let us fix a progressively measurable H-valued process ¢ with
¢ € L*(Q;L*0,T;H)).

Since h takes values in [0, 1] it is clear now that the initial-value problem

doy — Aol dt + coLh(¢) dt + b(of —w)dt = H(oy)dWs in (0,T) x D,
Ono =0 in (0,T) x &D,
af(()) =0y in D,

admits a unique solution (see [35, 46])
of € L* (Q;C°([0,T]; H) N L*(0,T; V).

Let us show now that o € [0, 1] almost everywhere in Q x Q. Introduce first a smooth approximation s, : R — R
of the function r — (r — 1)4, r € R: for example take

0 ifr <1,
se(r)i=9q 5=(r—1)2% ifrefl,14¢,

r—1—-5 ifr>1+e,
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so that §. := [[ s-(r)dr € C*(R). Associate to . an integral operator of the form S; := [}, 8.(co(z))dz, where
o € H, and exploit the (sub-quadratic) growth of 5. to show that for any o,v € H

S (o) = /D se(0)v, [S"(o)v] = s.(o(z))v(z). (3.6)

This permit the application of It6’s formula in the form of ([56], Thm. 4.1)
E/&wﬂm+E/)é@@WﬂF+d@/h@ﬁ%&ﬂwa/(ﬂ—wﬁwﬁ)
D Qt Qt t
. IS
— IE/DSE(UO) + 2IEZ/Q sL(0D)[Fun(a)]? .
n=0 t

Since s. is increasing and identically 0 in (—o0, 0], the second and third term on the left-hand side are nonneg-
ative. Moreover, using the fact that s, < 1 and that #,, is Lipschitz-continuous with %,,(1) = 0, recalling that
oo € [0,1] a.e. in Q x D we get

. 1 1
B[ 5@ +0E [ @0f-wsoD SB[ et -1P=3E [ [f- 1P,
D t {0f>1} t
Letting € \, 0 we deduce that

2B [ 105 - 000F 40 [ (0f —u)(of ~ 1) < 5B [ g -,

t

where, since w € [0,1] a.e. in Q x Q,
(0f —w)(of 1)y = (6 —1)(0} —=1)s + (1 —w)(6f —1); >0 ae inQxQ.

The Gronwall lemma yields then (Uf —1); =0, hence af <1, a.e in Q x Q. Arguing similarly with f(af)_,
one also deduces that Uf > 0 almost everywhere, so that

00 €[0,1]  aeinQxQ.

Let us substitute now Uf in (3.1) and consider the Cahn-Hilliard system

dcpf - A,uf dt = (Paf —a— au)h(gof) dt+ GdW; in (0,T) x D,

ps = —AAQS + By (#3) in (0,7) x D,
Onpl = Onpl =0 in (0,T) x &D,
¢2(0) = o in D.

Arguing as in [58, 60], by the Lipschitz-continuity of ¢} and the fact that h,u and Uf are bounded almost
everywhere, there is a unique solution (cpf, ,uf) with

% € L7 (©;C°([0,T); H) N L>¥(0,T; V) N L*(0,T; 2)) ,
ul e L2(Q; L*(0,T; V).
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For every A > 0, it is well-defined then the map
@y L? (Q; L%(0,T; H)) — L* (4 C°([0, T); H) N L>(0,T; V) N L*(0,T; 2)) , b 0%

Let us show that @, is a contraction: let ¢, ¢o € L2(2; L?(0,T; H)) progressively measurable. First of all, from
the third equation we have that

A0 = 02) = A(0f = o) dt + ¢ (05 h(61) = a7 h(62) ) At + b(of! - oF?)dt

_ (H(afl) —%(afZ)) AWs,
with (Uf\51 - af“’)(()) = 0. Hence, It6’s formula for the square of the H-norm yields
1 2
sl =], + [ 19— [ ehion + i ol
t 1 ] t
—c [ (hloa) - ho) ot of o)+ [
t 0

- / (0% =081 (9). (H(03) = H@F))(s)) | dWa(s).

2

(H(o?) — H(ng))(s)Hw(U%H) ds (3.7)

Now, employing the Lipschitz-continuity of i and the fact that o5 € [0,1] a.e. in  x Q we have

1 22
/ (h(92) = h(1)) o (03" = o) < 2/@ oft = o2 + 2/@ 61— 2l

Moreover, the Lipschitz continuity of H yields

2
(o) =Ny, A5 < B [ 1o =

while the Burkholder-Davis-Gundy (cf. [30], Lem. 4.1) and Young inequalities (see Lem. 4.3 in [48]) imply that,
for some positive constants M and M’,

E sup
rel0,t]

< ME ( / e =@ ot) — miat)| ds)w

£2(Us,H)

| (108 = o220, (o) - o)) | amacs)
0

A L?(O,t;m)

2
—|—M’E/ lo\t —af2|2.
CO([0,t];:H) Q:

Hence, taking supremum in time and expectations, rearranging the terms and using the Gronwall lemma, we
deduce that
¢
|-

< MLy E (HUfl — o

H b1 0.¢>2
CO([0,¢]:H)

1
¢>
< JE[ot ot

< M1 = b2l 2 (0r200,3m)) » (3.8)

L2(Q;C0([0,T);H)NL2(0,T3V))
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where M > 0 only depends on ¢, Ly, and Ly . Secondly, from the first two equations we have

B — %) — At — 1) = (Post — a— aw)h(¢}) — (Pof? —a — au)h(p}?),
u = pSt = —AN(QS — 932) + BYh(9%') — BYh(95?)

with initial condition (cpfl — cpf\"")(()) = 0. Hence testing the first by @' — @fQ and integrating by parts yield

ot —epil], w4 [ 1aet et

= / ((PaAl —a— au)h(g@fl) —(Po® —a— au)h(@fz)) (gpfl - goih)

t

+ B/Q (VAR = ¥4 65) Aled = ¢587).
Hence, using the Young inequality on the right-hand side yields

o - e, +4 [ a6 - e

t

< / o8 — B 4 /Q Pot — a— ouPlh(pl) — h(el)? + P2 / 02— o0 P (l)

t
2

Q¢
A B
+ 5 [ 1ae -l + 3 [ AR - B,
Qt Qt

from the Lipschitz-continuity of h and ¢}, and the fact that Uf and h are bounded in [0, 1] we get

e — et

A
L+e et -etp

t
2
)/ o =P+ P [ o - o,
t t

The Gronwall lemma implies that, possibly updating the value of the implicit constant M,

2

B% |1
< 2 —_— =
< <1+(7?Lh) toaly VO

< Mp,L,,4,B,C AHUQ51 —of®
L2(Q:C0([0, T H)NL2(0,T52)) — e |ImA A

. (3.9)

1 P2
H% P L2(Q;L2(0,T;H))

Combining now (3.8) and (3.9) we obtain that

H%l — % Mep 1y L3, 48,0 AV T |61 = G2l L2 u12 (0,721

<
L2(;C0([0,T]; H)NL2(0,752))

We deduce that there is Ty > 0 sufficiently small such that ®, is a contraction on L?(£2; L2(0,Tp; H)), hence
admits a fixed point in L?(; L2(0,Ty; H)). A standard patching technique yields now the existence and unique-
ness of a fixed point ¢, in the whole space L*(Q;L?(0,T; H)). Setting now puy := pu¥* and oy = o{*, the
definition of ®, itself ensures also that

ox € L* (2;C°([0,T]; H) N L™(0,T;V) N L*(0,T; Z)) , px € L2(; L2(0,T;V)),
ox € L? (2;C°([0,T); H) N L*(0,T;V)) , oy €[0,1] ae inQxQ,
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and that (¢y, tx, o)) is the unique solution to the approximated problem (3.1)—(3.5).

3.2. Uniform estimates

Here we perform uniform a priori estimates with respect to the parameter .
First estimate. We write It6’s formula for 1 HJ>\||§{, getting

1
sl + [ 1o+ [
Qt Q1

+%/O [ICNON PR ds—l—/o (o2(5), H(oA(s))) fy dWa(s) . (3.10)

1
(ehler) D) lonf* = 3ol 45 | wo

Since w < 1 almost everywhere we have, by the Young inequality,

b wa,\,§b1+/ ‘0’,\‘2.
Q¢ t

Moreover, the Lipschitz continuity of H and the fact that #,,(0) = 0 for all n € N yields

t
/0 1H(or () 2, ) A5 < I3, / a2,

Finally, by the Burkholder-Davis-Gundy and Young inequalities (see e.g. [49], Lem. 4), for every ¢ > 0 and a
certain M, > 0 we get

<
Lr/2(Q)

r t 1/2
Sup]/o (ox(s), H(oa(s))) g dWa(s) (/0 [ENOI P N O P dS)

rel0,t

Lr/2(Q)
2 2
<e ||U)\||LP(Q;CO([O,t];H)) + M. HH(UA)HLP(Q;Lz(o,t;g%UQ,H))

2
<e ||U/\||Lp(sz;coqo,t];H)) + MEL%—[HJ/\H%P(Q;L?(O,T;H)) ‘

Taking supremum in time and L?/2(Q)-norm in (3.10), recalling that oy € [0, 1], there exists M > 0, independent
of A and depending only on T and HJ()Hip(Q.H), such that

loall 2o scoo,73: 220 T v AL=0x@) = M, (3.11)

hence, by the Lipschitz continuity of 4 and by comparison in the equation itself,

IH (@ Lo (000,712 a1y F lox = H(ON) - Wall Lo 0,750 -y) < M - (3.12)

Second estimate. We write [t6’s formula for the square of the H-norm of ¢,: taking into account the boundary
conditions for ¢y and py, integrating by parts we have

1 1
3 loa(®)]l7 + A/Q |Apx|? — B/Q Ui (ex)Apy = 3 ol +/ (Pox —a — au)h(ex)es

t

+%/O IGO0, 1) ds+/0 (02(5), G(3)) 5 AW (s).
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Recalling the definition of ¥} and the fact that oy, h and u are bounded in [0, 1], we deduce
loa@l +24 [ 18032 +28 [ a1 TonP < lipol +27 [ ol
Q1 Q1 Qt
t
~Co [ Ao +IG o rinmy + [ (93(5). G5y AW (o).

t

The Young inequality yields then
2
@l + [ 18638+ [ enlvenr

t
2 2
SA,BPaacs 1+ [leoll +/ [oxl? + 1G22 0,722 (v, 1)) +/0 (oa(5),G(5)) g AWi(s),

Q1

where the implicit constant is independent of A. It is a standard matter to check that the Burkholder-Davis-
Gundy and Young inequalities on the right-hand side ensure that, for every § > 0,
p/2

1
SOE s 2+ =Gl .
N Tzl[lol’)t] lox(r) [ + 15 | |‘LP(Q;L2(O,T;‘2’2(U7H)))

s [ " (oa(s), G(s)) AW (5)

ref0,t] JO

LP/2(Q)

Hence, taking supremum in time and LP/?(Q)-norm, choosing ¢ sufficiently small and rearranging the terms, we
infer that there exists a positive constant M, independent of A, such that

||<PAHLp(Q;CO([O,T];H)mL?(o,T;Z)) <M. (3.13)

Third estimate. The idea is to write It6’s formula for the free-energy functional

A
:E/D\VSD,\\QJFB/DiﬁA(<PA)~

Note that the regularity of ¢, and 1, are not enough in order to do so, as £, may not be twice Fréchet-
differentiable in V', and @) is not necessarily continuous in V: consequently, a rigorous approach would require
a further approximation on the problem. However, since this is not restrictive in our direction, we shall proceed
formally in order to avoid heavy notations, and refer to [58, 60] for a rigorous approach instead. Noting that,
by (3.2), for every x,y,y1,y2 € V

DE(z)[y] = (—AA(z) + By (), y)v = (ur,¥)
Da&x () [y1, yo] :/DVyl-Vy2+/Dw”(a:)y1y2,

we have that

*/ [Voa(t |2+B/ Pa(oa(t / |V pal?

_4 / Vol + B / NS / (Pox — a— au)h(wa)in

+5 / T8 (6 (D6 (r()G() ds + [ (a9, Gls)) AW ().
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On the right-hand side, the fact that oy, h and u are bounded in [0, 1] together with the Poincaré and Young
inequalities imply that, for every § > 0,

/ (Por —a — awh(p s < (P +a+ a) / i — (ua)p] + (P + a+ o) / [(ux(5))p | ds

t t

1 t
Spaa 340 [ VP [ ln@)olds,
Q+ 0
where the implicit constant is independent of A. Now, formally writing

(x; G = (px = (ua) D, G) g + D) pGo S IVesll g |Gy - + (1) (|G

Vo

the quadratic variation of the stochastic integral on the right-hand side can be bounded employing the Young
inequality by

t 1/2
(/0 (Ve + ()P 1G )20, 14 dS)

1 2
S0 [ 190+ SO0 orizn oy +IGsomzan oy 1) s

Hence, using the Burkholder-Davis-Gundy inequality we end up with

p/2

sup. / (1(5), G(5)) g AW (s)

rel0,t

Lr/2(Q)
P ) p/2 1 »
SOPPR (/T |Vl ) + 572 ||GHLP(Q;LOO(0,T;$2(U1,V*)))
2 2
+ HG”]Z//W (Q%(0,T);:22 (U, V")) E ||(“>\)DH;2/2(O,t)

p/2 1
SoPE( [ 1VnP) g VEE swp [Ga(r)ol”.

re(0,t]

where the implicit constant depends on ||G||Lo<,(QX((LT)_Q(ZQ(U1 v+y) but is independent of A. Finally, given a
complete orthonormal system (e;); of Uy, since 9" < 14|y’ and V — L5(D), by the Holder inequality we have

/ T (G (5)DE (2 (5))G(s)) ds = / Z(WG eilly + [ vR(ents >ej|2) ds

0

t
<G 01wy + / 1 (on (D s/ G2
2 2
S1+ ||GHL2(O,T;$2(U1,V)) + \WA(%\)HB(O,t;H) ||G||L4(0,T;z2(U1,v))~

Hence, exploiting (3.2), we have that, for every ¢ > 0 and a certain C; > 0,

t
/0 Tr (G*(5)D*Ex(0a(5))G(5)) ds S 1+ [ Apallrz (0.0 + € /Q IVial® + Ce Gl s 0.2 w1y
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2
+ ”G”LOO(Q;L4(0,T;$2(U1,V))) Sl[lopt] VE|(a(r)pl-
re|0,

Consequently, taking supremum in time and LP/?(Q) norm in Ité’s formula, choosing 4, ¢ sufficiently small and
rearranging the terms yield, for every Ty € (0,71,
|
Qry

2 2 S
S+ ||900||Lp(9;v) + Hw((pO)HLZD/Q(Q;Ll(D)) + ||A<p)\||LP(Q;L2(0,T;H)) + TOH(NA)DHLP/’L’(Q;LOO(O,TO)) )

sup / V()
D

r€[0,To]

_|_
Lr/2(Q)

+| sup / (s (r))
) rel0,To] J D

Lr/2(Q Lp/2(Q)

where the implicit constant only depends on |G|l Loy (0,722, 1)) Gl @:r30, 1,220, ,v))) and on the
data A, B, P, a, o, C5. Now, thanks to (3.13), the fact that |¢'| < 14 on the left-hand side yields, by

comparison in (3.2),
| wmr
Q1

S L+ ol To vy + 1900l Loz (py) + VToll (13) Dl Lorz(szos 0.10)) »

+
LP/2(Q)

+
LP/2(Q)

sup / Vor(r)?
D

re[0,To]

sup [(pA(7)) Dl
re(0,To)

LP/2(Q)

so that, choosing first Tjy small enough and then using a classical patching argument, we infer that

loall oo 0,7y + IVEAN o, 22007:0)) F 1 (A) DNl Lor2(0s 00 (0,7)) < M - (3.14)

By comparison in (3.2) we deduce then also that

HM)\HLP/Q(Q;Lz(O,T;V)) + ||¢£\(90/\)||LP/2(Q;L2(O,T;H)) <M. (3.15)

3.3. Continuous dependence on the data

Here we prove the continuous dependence contained in Theorem 2.3. Given (¢1, 11, 01) and (@2, p2, 02) two
solutions to (2.4)—(2.12) with sources (uy,w;), (ugz,ws), and initial data (o}, 0d), (p3,02), respectively, we
denote by p := 1 — Yo, 1= 1 — po, 0 1= 01 — O9, U ‘= U] — Uz, and W := Wy — Wa.

The equation for the differences in the Cahn-Hilliard system reads

Oip — Ap = (Po — au) h(p1) + (Pog — a — aug) (h(p1) — h(pz)) (3.16)
p=—AAp+ B (¢1) — V' (¢2)), (3.17)

with initial data given by g := ¢§ — @2 and og := o} — 2. To get the required estimate we use the same
strategy as in [51]. Firstly, we integrate (3.16) over D

Drpp = /D (Po + au) h(p) + /D (Pos — a — aus) (h(p1) — h(en)) (3.18)

then we test by ¢pp to get

2
||<PD||(;0([0,75}) S |(</70)D|2 + HUH%Z(O,t;H) + ||u||2L2(0,t;V*) + ||‘P||i2(o,t;H)v
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thanks to the boundedness of h, 02, u2 and the Gronwall lemma. Taking the difference between (3.16) and (3.18)
and testing by N(¢ — ¢p) we have

1d

(0 = ¢p): N(p = wp))v = 5 llv - epll?,  (—Au,N(e—¢p))v = (19— ¢p)y

so that, integrating in time,

Sle = o)+ [ ute o)

t

2 2 2 2 2
< llvo = (wo)plly- + HJHLZ(o,t;H) + ||u||L2(o,t;V*) + llp — @D||L2(o,t;v*) + ||50||L2(o,t;H) )

where we used the boundedness of h(p1), 01, the Lipschitz continuity of h and the characterization (2.2). We
test now equation (3.17) by ¢ — ¢p and we employ (A2) to obtain

A /Q 1Vl = /Q e = gp) B /Q W) =¥ () (0= o)
S/ e =)+ B | op (W (1) = ¥ (2)) + Ca 1ol 720100, (3.19)
t Q¢
S [ ute—en)+ /Q oplol (1+ 18" ()] + [ (22)]) + 1220t -

From the previous estimates we have

(e = ep) )3+ + lop(t)? +/Q Vi(s)[?

< llwo = (wo)pll¥+ + (o) pl? +/0 <90D(5)/D le(s)] (1 + 9" (pr(s))] + W’(@z(S)))) ds

Ve + o)l + llu(s)]

+/O (e (s) = en(s)) Ve +lle(s) = ep () + len(s)]?) ds (3.20)
< lleo = (o) p ¥+ + (o)l +/0 I@D(S)P/D (L + 19" (p1(s))]” + [0 (02(5))]?) ds

e+ o)1 + lluls)]

+/O (Ite(s) = en(s)) Ve +ellVes)li7 +len(s)?) ds,

where we used Young inequality and the compactness inequality (2.3) with ¢ < 1. We introduce now a sequence

of stopping times (TN)NGN as

i inf {t 2 05 9" (o)l 3a0.0m) + 19" (92) 320000y 2 N} AT

Notice that 7 = 7V (1, p2) depends on ¢; and p, but we will simply write 77V not to weight too much the
notation. For every N € N, the application of Gronwall’s lemma (recall that € can be chosen arbitrarily small)
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in the time horizon [0, 77V] gives, for P-almost every w € €,

t
%«+MD@F+1AHV@@ds

S (14T + W) (llgo = () p - + 1(60) 01 + 101320, + Il 220,00 )

(e = ¢p)(®)]

for every t € [0, 7V (w)]. Taking the power p/2, the supremum in time and expectation on both sides we deduce
that

N

- p/2
E sup |o(t) —op@)|i- +E sup |¢D(t)|p+]E</0 IIVSO(S)H%(B)

tel0,7N] tel0,7]
" s " s (3.21)
sNEMm—wwm€w+Emew+E<A |M@W~h> +E<A Hd@&d%
For what concerns o, it holds that
do — Aodt + coh(p1)dt + coa (h(p1) — h(p2)) dt + b(o — w)dt = (H(o1) — H(oz)) dWs
and the same strategy as in (3.7) (taking into account also the term w) gives
AN p/2
E mp|wum%+E</‘|w@m%w>
te[0,7N] 0
(3.22)

N

-
Se.Ln Ly llooll ey + E (/
0

Note again that, for every ¢t € [0, T

p/2 +N p/2
||w<s>zds) “E(/o ||¢<s>g[ds) |

2 2
‘|<PH€,P(Q;L2(O¢;H)) S lle— ‘PDHLP(Q;L2(0¢;H)) + ||80D||Lp(Q;L2(o¢))
2 2
Slle— <PDHLP(Q;L2(0¢;V*)) + 5||V<P\|%p(Q;L2(o,t;H)) + ||90D||LP(Q;L2(0¢)) :
Combining (3.22) and (3.21), choosing ¢ sufficiently small, and applying the stochastic Gronwall’s Lemma (see
[50], Lem. 29.1), we end up with (2.13).

For what concerns uniqueness, if we take the same initial conditions and set u,w = 0 in (2.13), a consistency
result holds: for every N € N

le = eplleoo.givey + lvnll + ”V()OH%Q(O,t;H) + ”a”CO([O,t];H)mL?(O,T;V) =0 (3.23)

for every t € [0, 7V (w)] and for P-almost every w € 2. Hence, and the validity of (3.23) can be extended to the
stochastic interval [0, 7] where

T7:= lim 77 =sup7”.
N —+o00 neN
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It remains to show that 7 = T P-almost surely: by contradiction, if P{r < T'} > 0, then by definition of 7 we
would have P{[|9)' (1) | L2 (7 m) + |V (02) | 2 (v, 155y = +00} > 0, which clearly contradicts that ¥’ (1), 9 (¢2) €
LY(Q; L%(0,T; H)).

3.4. Stochastic compactness and passage to the limit

In this section we prove Theorem 2.2. From the uniform estimates (3.11)—(3.15) obtained above, there exists
a constant M, independent of A, such that

HO’A||Lp(Q;CO([O,T];H)mm(o,T;V))mLoo(QxQ) <
||%0A||LP(Q;CO([O,T];H)mLoc(o,T;V)mL2(o,T;Z)) = (3.24)
lxllzer2 @iz 0.y + IVEA Lo p20.7500)) + 1) DIl Lor2 (@i 00 0,7 < M

1A (M)l Lor2 @iz 0,1y < M-
Moreover, given s € (0,1/2), from Hypothesis (A3) and Lemma 2.1 in [26]
G-Wy € LP(Q; W20, T;V)) N L*(Q; W**(0,T); V*)) V&K >2,
and by comparison in (2.10) it holds that
loallLe@wer vy < M.

This is crucial when dealing with the method of compactness: fixing x > %7 by Corollary 4-5 in [62] the following
inclusions are compact

L®(0,T; V)N W50, T; V*) — C°([0,T]; H),
L%(0,T;Z) "NW*2(0,T;V*) — L?(0,T; V).

We are now in position to show that the family of laws (my)x := (Z(px))x is a tight family of probability
measures on C([0,T]; H) N L?(0,T;V). Denoting X := L>(0,T;V) N W**(0,T;V*) N L?(0,T; Z), we know
that X — C([0,T]; H) N L?(0,T;V) compactly and

leallzr (@) < M.

Hence, denoting by B,, the closed ball of radius n in X, we have that B,, is compact in C([0,7]; H) N L?(0,T;V)
and the Markov inequality implies that

1 MP
supma(By) = sup P{||oal% > n?} < —Eoaly < — =0
A>0 A>0 n n

as n — 0o. We deduce that for every € > 0 there is n € N sufficiently large such that the compact set B,, of
C([0,T]; H) N L?(0,T; V) satisfies mx(B,,) > 1 — ¢ for every A > 0, and this proves the tightness of the laws
(mx)a on C([0,T); H) N L2(0,T; V).

In order to reconstruct a process from the limit law, we need to exhibit a random variable ¢ : (2, %, P) —
C([0,T); H) N L?(0,T; V) such that for every § > 0

P{[lox — @lleqo,r:m)nc20,mv) > 0 — 0 as A = 0.
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Thanks to a method of Gyéngy-Krylov ([41], Lem. 1.1), this is equivalent to the following: for any subsequences
(0r)k = (2a,)r and (p;); = (¢x;); of the original sequence (px)y, there exists a joint subsequence (px,, ¢, )i
converging in law to a probability measure v on (C([0,7]; H) N L*(0,T;V))? with the property

v({(g".9*) € (C(0. T H)NL*(0,T3V))* 1 g' = g°}) = 1. (3.25)
Let us now prove the validity of (3.25). Using the tightness of the laws (m)x and Skorokhod theorem (see

of
Thm. 2.7 in [44]) we can find a new probability space (€2, Z, I@’) along with a sequence of random variables
(Grir @5:) : @ — (C([0,T]; H) N L(0,T;V))? such that

(@, 3.) — (01,97 in (C([0,T; H) N L*(0,T;V))?, P-as. (3.26)

and L (pk,, ;) = L (Pr,, $j,), for every i € R. Moreover, there exists a sequence of measurable maps T; :
(Q,.7) — (Q,.%) such that for every i € R it holds that P =P o (T;)™", (¢r,, $j,) := (ks ©5,) © Ti and (3.26)
takes place (¢f. Thm. 1.10.4, Add. 1.10.5 in [65]).

If we define (6,,5;,) = (ok,;,05,) o X and (fig,, f&5,) = (&, tt5,) © Ti, the uniform bounds in (3.24) still
holds in the form

SMg
<M,

105525 33 )l o @0 (10,11 ) L2 (0, TV AL (2% )2
16Pkis 23 )l (Lo (:00 0,73y Lo (0,7 )22 (0,1:2)))2
I (i I&’ji)||(LP/2(Q;L2(O,T;V)))2 + ||v(ﬂki?l&’ji)”(LP(Q;L2(07T;H)))2 <M,

H(wg\(gaki)7w’)\(@ji))||(LT’/2(Q;L2(0’T;H)))2 <M.

This guarantees that, up to passing to subsequences, recalling the strong convergence (3.26) and employing the
strong-weak closure of maximal monotone operators as well as the weak lower semicontinuity of the norms,

(G, 75,) = (0F,07) in (LP(Q; L*(0,T;V)))?,
(6k,»55,) = (0',0%)  in (LP(Q LY0,T: H))* N L®(Q x Q))?,
(r,25) = (0197  in (LY CO([0,T); H) N L*(0,T; V)))? VL€l p)
(Bror @) — (1,97 in (LP(Q L%(0,T; 2)))?,
(ik, fig,) = (u',p®)  in (LPPP(Q; L2(0, T V)2,

(WA (Br,), VA(85,)) = (' ("), 0/ (¢%)  in (LP/2(Q; L%(0, T} H)))?,

where the limit objects belong to the same spaces of the respective sequences.
Furthermore, for every ¢ € [0, T] and P-a.s. the following holds in V*,

at(@’w - @JL) - A(ﬂkz - ﬂ]L) = P((}h - 6JL)h(¢/€L) + (P&JL —a- au) (h((ﬁkl) - h(‘ﬁh))
ﬂki - [Lji = _A(Qékz - ijl) + wl(@ki) - 1//(8515),

and passing to the limit as ¢ — 400 we get

(" — %) = A(p' — p?) = P(o" — 0®)h(p") + (Po' —a— au) (h(e") — h(¢?))
pt—p? = =A(p" = @) + ¢ (") =¥ (¥7).
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From the uniqueness of the solution proved in Section 3.3 (see (3.23), with ¢ € [0,T]) we deduce that ¢'(t) =
©%(t) for every t € [0,T], P-a.s. and this readily implies that

v ({(g'.9%) € (CO0, T H)N L0, T3 V))* - g' = ¢°}) =Pl = ¢°) = 1,
and (3.25) holds. From Gyo6ngy-Krylov’s criterium, it holds that
) in C°([0,T]; H)NL*(0,T;V), in P-measure on €.
Moreover, using the uniform bounds (3.24), the lower semicontinuity of the norms and the strong-weak closure

of maximal monotone graphs we also have that

*

oy o in LP(Q; L2(0, T; V)) N L>®(Q x Q),

=) in LY(Q; C°([0,T); H) N L*(0,T;V)) VL€ l,p),
pr—¢  in LP(Q;L%(0,T; 2)),
pa—p in PP L2(0,T5 V),

Wloa) =¥ (p) i LR L2(0,T; H))

where

© e LP(Q;C°([0,T); H) N L>(0,T; V)N L*(0,T; Z)),
o€ LP(Q;C°([0,T); H)N L*(0,T; V) N L=(Q x Q),
pe PP L%(0,T;V)),  VpelP(L*0,T;H)),  (wp € LPP(Q;L2(0,T)),
V() € LPP(Q; L2(0, T H)) .

Let us show a further convergence for (o). To do it, we exploit the continuous dependence on data given in
(3.22). For every subsequences \;, Aj, 4,5 € N and every £ € [1,p), it holds

0< ||J)\i 0, asi— +o0.

O HLZ(Q;CO([o,T};H)an(o,T;V)) < lloa — o, HLZ(Q;B(O,T;H)) -

This implies that oy — o in L* (Q; C°([0,T); H) N L?(0,T; V))7 which allows to pass to the limit in the stochastic
integrals, getting by the Burkholder-Davis-Gundy inequality that

H(oy) - Wa — H(o) - Wy in LY(Q;C°([0,T]; H)) VYLe[l,p).

Putting this information together and letting A N\, 0 in the approximated problem, it is now straightforward to
see that (¢, , o) is a solution to (2.4)—(2.12).

Finally, the uniqueness result proved in Proposition 2.13 (see estimate (3.23), with ¢ € [0,7]) implies that
(¢, pt, o) is the unique solution to (1.1)—(1.5). This concludes the proof of Theorem 2.2.

4. REFINED WELL-POSEDNESS

This section is devoted to the proof of the refined well-posedness result contained in Theorem 2.4.

4.1. Refined existence

In order to prove the additional regularity (2.17)—(2.18), we show that under assumptions (2.14)—(2.16) some
additional estimates hold on the approximated solutions (@y, tx, o) obtained in the previous section.
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Fourth estimate. Thanks to (2.16) we have that
/ 2 < 6
[N S 1+ lleallze oy -
hence also, by the embedding V — LS(D),
3
‘W;\(‘PA)HB(O,T;H) ST+ lleallze o,y -

Similarly, since Vi (o) = ¥4 (pr) Vi, we have again by (2.16) that

2
VA ()l S IVerll + /D Al IVerl* < IV@lls + leallzomy IVrllZe ()
from which, thanks again to the embedding V < L5(D),

2
HVQ//A(SDA)”L?(O,T;H) S ||80||L2(0,T;Z) + ||80>\||Loo(o,T;V) ||¢A||L2(O,T;Z) .

We infer that
3 2
||1//A(%0/\)||L2(0,T;V) S+ ||%0A||Loo(o,T;V) + ||S0A||Loo(o,T;V) ||<PA||L2(0,T;Z) )
hence from (3.13)—(3.14) we deduce that

1WA Lers .20,y < M-

By comparison in (3.2) and estimate (3.15) we infer that

1A@A Loss 02 0,13vy) < M,

which yields (2.17) by elliptic regularity.
Fifth estimate. Arguing as in the Second estimate, we easily get that

2 2 2
I + / AP Sanpancs 1+ ol + 1G] 0 mmsw, )

t

+ / oal? + / (£2(5), () AW (s)

t

for every ¢ € [0, T]. Now, we add and subtract the term

/ (oa(5), G(s)) [ s

on the right-hand side, with r > 0 to be fixed later, getting

2 2 2
IOl + [ 180 15 leolly +1G1 o reznmy + | 103

+ (/Ot (ox(s),G(5)) g AW (s / (o (s) H2ds> / [(ox(5), G(s))m|* s,

27
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where

t
| 1or(6). s ds < IGI w eiomencon iy /Q oAl

Hence, we infer that

2 2
Ior Ol + | 180AF S161 iy 1 B0l [ Tl

t
+(/0< \(8),G(s))yr AW (s ~/|m H|2ds),
and consequently, for every 5 > 1,
Blloa®)|%) + (ﬂ A 2)
e (3llea0l) +exe (3 [ 1ap
t
<o (3lnlly) o (5 [ 1oa?) o (5 [ (030606000 a1 - 5 [ It
< exp (3ﬂ IIsooHir) + exp (36/62 Iwﬁ)

K _ 3pr 2
roxp (35 [ (x50, G6D ai5) = 25 [ 1(or(6). GloDl* s
0
for every t € [0, T], P-almost surely. Now, choosing r := 38, it is well-know that the process
t 962 9
t — exp 35/ (oa(s), G(s)) r dWi(s / [(pa(s), G(s))m|” ds
0

is a real positive local martingale, hence also a real supermartingale, so that

H|2d8>

Eexp<35/ot<ms>, G(s))y Wi (s /m H|2ds><1 vteo,T).

Consequently, taking expectations and supremum in time yields, for all Ty € (0,77,

sup Eexp (Bllor(t)}) +Eexp (81401720, S 1+ Eexp (38 woll})

t€[0,To)

+Eexp 36/ oal?) .
QT,

Noting that, by the Jensen inequality and Fubini’s theorem,

E p 2 1 [T 2 1T 2
exp ?0 ||(10A||L2(0,T0;H) S ETO o exp (B ||()0>\(t)||H) dt = TO 0 ]EeXp (ﬁ ng)\(t)HH) dt

< sup Eexp (Blea®ll})
t€[0,To)
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rearranging the terms yields

ﬁ 2 2
Boxp (- loalExo murm ) + Eexp (81801 0m,00)

S1+Eexp (36 ||<p0||§1) + Eexp (3ﬁ ||<p,\||iQ(O}TO;H)> .

Hence, choosing Tj € (0,7 such that T% > 30, for example Ty = % AT, and using the Young inequality yields,
for every € > 0 and for C. > 0,

2 2
Eexp (68110207, ) + Eexp (8180 207,01 )
S1+Eexp (35 IIwol\fq) +Eexp (35 IIsOAIIiz(o,TO;m)

S 1+Eexp (38 lvoll}y ) +eEexp (68 0rl1320,mm)) + C-

Choosing ¢ > 0 sufficiently small, rearranging the terms and using a standard patching argument implies that
there exists Mg > 0, independent of A, such that

sup E (3 llor(0)ly) +Eex (Bllealisor.s) < M- (4.1)
telo,

This concludes the proof of (2.18).

4.2. Refined continuous dependence

We prove the refined continuous dependence property (2.20) by using the additional regularity (2.18). We
use the same notation of Section 3.3. From (3.19)—(3.20) and the mean-value theorem we get that

t
2 4 lop(t) + / IV o(s)]13 ds

lo(t) — o ()]
< o — (eo)p 12+ +1(20)pl? + / lon(s)] /D (& (01(3)) — ¥/ (pals))) ds
4 / (llo() — e~ + [on()2) ds + 010 + 1l (4.2)

< o — (o)plIZ- +(20)pl? + / lon(s)] /D () / B (11(5) + (1= O)pals)) deds

Ve lep()?) ds + ol L2040 + ullZzo v -

t
+ [ (et = en)
Note that, by the growth assumption (2.16), for every ¢ € [0, 1] we have that

19" (vp1 + (1 — 0)p2)| S 1+ [@1]? + |2

and

Vi (o1 + (1 = 1)p2)| = [ (o1 + (1 = )p2) (Vo1 + (1 = 1) Vep2)|
S (el + lp2)(IVer] + [Vepa])
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S 1+ n? + o2l + [V | + Vo],
from which we deduce, thanks to the continuous embedding V < L%(D), that
" 1 _ 2 < 1 4 4 \VA 4 v 4 <1 4 4
167 (o1 + (L= Je2)llyv S 1+ llerllpaepy + le2llnep) + IVerllzapy + IVe2lliap) S 1+ lleallz + lle2llz -

Hence, we infer that, for every s € [0, T,

Hence, substituting in (4.2) we have

2 2
ST+ llea()llz + lle2(s)lz -
v

/0 6" (01 (5) + (1 D)pals)) o

le(®) = ep®IF- +len @) +/O IV (s)l17 ds

S leo = (olpllt- + ool + | e (1+ eI + lea3) ds
+ /Ot (ICe(s) = e (NI + lep(s)1?) ds + ol F20mm + lulizv-) -
Now, since (2.19) is in order, we have that
Oo — Ao + coh(p1) + coz (h(p1) = h(p2)) + b(oc —w) =0,  o(0) =00,

so that it is not difficult to prove that, for every € > 0 and a certain C. > 0

2 2
||0||c0([o,t];H)mL2(o,t;V)) Se,Ln, ||00||%1 + ||<P||L2(o,t;H) + ”wH%Z(O,t;H)

(4.3)
2 2
<lloollt + e IVellzz0m) + Cell@lie vy + l0lTz0mry  P-as.
Substituting in the estimate above and choosing € small enough we get that
t
2 2 2
90 = o (Ol +lep0F + [ 1Ve(s) rds
S llwo = (po) T+ + [(wo)pl* + lloollz + lullF2o vy + 1wl T2o.rm)
t t
2 2 2
+ [l (14 103 + lex@)2) as+ [ el - ol ds
0 0
for every t € [0,T], P-almost surely. The Gronwall lemma implies then that
2
lellcogo, v ynzz0,msvy < (||S00H%/ + lloollz + ||u||%2(O,T;V*) + ||w||%2(O,T;H)> (4.4)

2 2
xexp (13202 + o200,

so that, taking p/2-power, expectations, applying the Holder inequality on the right-hand side with exponents
% > 1 and %, and recalling condition (2.18) holds with the choice 8 = %, we infer that

1elE 0000 o.13v )2 0mvy) S 190lavey T 100l amy + 1l a,r20.70+9) + 10100 120,78 »
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so that (2.20) follows from (4.3).
Now, testing (3.16) by ¢, (3.17) by —A¢ and taking the difference, yields

el + [ 186 = [ o) —vien) ag

1

= glleolis+ | Po—cnhenet | (Por—a—aus) (o) ~ hiea)) ¢

for every t € [0, T]. Using the boundedness of o3, ug, h and the Lipschitz-continuity of h we get
2 2 2 2 2
||S"HCD([o,T];H)mL?(o,Tz) S lleollzr + H‘PHLZ(o,T;H) + ||U||L2(0,T;H) + ||UHL2(0,T;H) +/Q (1 + |t + |902|4) o

Noting now that, by the Hélder inequality and the embedding V — L5(D),

T
2 4 4
/Q (L+ el +leal?) ol S / 16 2oy (14 Ie1(5) 1oy + l92(5) 30y ) ds
2 4 4
S Iolaoray (L+ 101l oz + 192l oo )

taking power p/2 and using (4.4) again to the power p/2 we infer that

||<P||%0([0,T];H)0L2(0,T;z) S (”‘POHI;I + [loolly + HUJH??(O,T;H) + ”wHi2(o,T;H))
2 2
X (1 + ||<P1||Lpoo(o,T;V) + ||SD2HLZ;(0,T;V))
p 2 p 2
X exp (5 lerllzzomz) +5 ||902||L2(0,T;Z)> :

Now, note that by (2.21) it is easy to check that

hence we can take expectations and use the Holder inequality on the right-hand side with exponents q/p, r/(2p)
and [y, respectively, getting

1o Zo ;000,112 0,13 2) S (H‘f’O”iqm;m ool Zaosm + 1l Loz 0,7:m) + ”w”iq(n;LQ(O,T;H)))

2 2
x (14101 @m0y + 1021 0w

Bop 1/fo

Bop 2 2
X |lexp <2 le1llz20,7,2) + N le2llz2(0,7:2)

L1(Q)

Noting that ¢1,p2 € L"(; L>(0,T;V)) by (2.21), (2.4), and Theorem 2.2, recalling also (2.18) the last two
factors are finite, and we can conclude the proof of Theorem 2.4.
5. OPTIMAL CONTROL PROBLEM

This section is devoted to the analysis of the optimal control problem associated to the state system (1.1)—(1.5)
and the cost functional J.
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5.1. Existence of an optimal control

We prove here Theorem 2.8, showing that a relaxed optimal control always exists.
Let (upn,wy)n C U be a minimizing sequence for J in U, i.e. such that

lim J(up,, wy) = inf J(v,2).

n—00 (v,2)eUd

By definition of U the sequence (uy,,wy, ), is uniformly bounded in L (Q2 x @). In particular, if we denote by
L2 (Q) the space L?(Q) equipped with its weak topology, it is immediate to see that the sequence of laws of
(un,wy,) is tight on L2 (Q)2. Furthermore, for every n € N, let (¢, fin, o), be the corresponding solution to
(2.4)—(2.12) with respect to the data (o, 0o, tn, wy): recalling the proof of Theorem 2.2 (see Sect. 3), we know
that there exists a positive constant M, depending only on the initial data (¢g, 0g), but not on n, such that

||%0n||Lp(Q;Wsw(o,T;V*)mCU([o,T];H)me(0,T;V)mL2(0,T;Z)) <M,
or) =M,

ltnll Loz r20,6ry) T IVl Lo r20,70y) T 11 (1n)
19" (n)ll Lorzqasr20,m50ry) < M

lonll oo mi0,mv )z 0, rv )AL x@) < M s

where s € (0,1/2) and k > 1/s are fixed. In particular, the sequence of laws of (¢,), and (o,), are tight on
the spaces L?(0,T; V)N C°([0,T]; H) and L?(0,T; H), respectively (see again Sect. 3).
Hence, the sequence (W1, G - W1, @0, 00, Un, Wn, Pn, fhn, On, 9@, ©T )n 1S tight on the product space

C%([0,T);Uy) x C°([0,T); H) x V x H x L2 (Q)* x C°([0,T); H) x L2 (0, T;V) x L*(0,T; H) x L*(0, T; H) x V.

Recalling that L2(Q) and L2(0,T;V) are a sub-Polish spaces, by Jakubowski-Skorokhod theorem (see
e.g. Thm. 2.7.1 in [5]) there is a probability space (£, %#',P’) and a sequence of measurable mappings
bn : (Q,F') — (Q, F) such that P:=TP o ¢, ! for every n € N and

(Wi 1p) = (W, G- Wi) o by — (W1, I')  in C°([0,T];U1) x C°([0,T; H),
(¢0,n,90,n)" := ($0,00) © bn = (9p,00)  InV x H,
(u;,w;) = (Un, Wn) © ¢y — ( , W ) in LQ(O,T;H)2,
(s 00) = (pnyon) 0 b = (¢',0")  in C°((0,T); H) x L*(0,T; H),
e =y © Gy — i’ in L? 0,7;V),

(
(SDIQ.,n? SQ{TJL) = (SDQ’ WT) © ¢n — (90Q7 QDT) in L2(0,T; H) X Va

P'-almost surely on Q. Since (W1, G - W1, ¢0, 00, 9Q, ©1)n is constant, it follows immediately that the law of
(WL, I', 0, 00, 0, o) coincides with the law of (W1, o, 00, 9@, p1). Moreover, by weak lower semicontinuity
we also have that 0 < v/, w’ < 1 almost everywhere in ' x Q. Finally, using a classical procedure based on
martingale representation theorems (for a detailed argument the reader can refer to Sect. 4 in [66]), it is possible

to show that W7 , is a (#, ;)s-cylindrical Wiener process in Uy and W7 is a (% );-cylindrical Wiener process
in Uy, where

y’l;,t = U(Wll,n(s))se[o,t] ) yt/ = U(Wll(s)vll(s)’ 90(8)70-(5))56[0,15] )

and that I’ = G - W'. Since the uniform estimates on (pn, in, on, ¥ (¢n))n are also satisfied by
(@bl o, ' (¢h))n, passing to the weak limit as n — oo in the variational formulation of the problem on
(Y, 7', "), by the strong-weak closure of maximal monotone operators it follows that (¢’, u', ') is the unique
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solution to (2.4)—(2.12) on Q" with respect to (g, o, u’,w’). Consequently, by weak lower semicontinuity, the
properties of (¢, )n, and the definition of minimizing sequence, we have

= B
7y < timing S [ 1ol oo+ BB [ hon() - g+ DB [ o+
+ 2w [P 2 [
2 Q 2 Q
i inf J (@, tn, wn) = liminf J (uy,, wy) @fﬁeu (v, 2),

so that (u/,w’) is a relaxed optimal control.

5.2. The linearized system

In this section we prove Theorems 2.9-2.10. First of all, we show that uniqueness of solution holds for the
linearized system (2.23)—(2.27). Secondly, we prove Theorem 2.10 and (hence) existence of solutions for the
linearized system.

Uniqueness. Let us show that the linearized system (2.23)-(2.27) admits a unique solution. Let (z%,yk, z})
solve (2.23)—(2.27) for ¢ = 1,2. Then we have

Du(at — 22) — Ak — 42) = h)P(sh — ) + W (¢)(wh — 2)(Po —a—au)  in (0,T

yr — Y = —AA(z), — 23) + By () (2, — 27) in (0,7

By (21, — 2) — Alzy, — zi) + clzi, — z0)h(p) + col (o) (x), — 7) + bz, —20) =0 in (0,T
On(x} —23) = (2t — 22) =0 in (0,7

(xr —22)(0) = (21 — 22)(0) =0 inD.

Testing the first equation by ﬁ, using the boundedness of h, A’ and o, we deduce that there exists M > 0 such
that

It = eB) plzaoy < M (12 = Rl gy + 2k = #Ell700p)  VEEOT], Pas.

Testing the first equation by N'((x} — %) — (z} — 27)p), the second one by x}. — z% and taking the difference
yields

Lok - a3~ (ah— a))

O+ 4 [ Wek-aDP s [ vl oD

=B [ ¢"(¢)(x} — i)z}, — 2})p
Q:

+ / [h(@)P (21, = 2) + W' () (), — 23)(Po — a — aw)| N(wy — o — (2, — 2})p) -
Summing the two inequalities and recalling that " > —C5 we infer then that
2
It~ O] + /Q Virk o Swcar [ ok -otls [ st

Q:
t
+ [ = o) o}~ abo) (X

()| ds,

" () ds + /
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where a direct computation based on (2.16), the embedding V <+ L®(D) and the Young inequality yields (as
already performed in Sect. 4.2)

1" (@)l S 1+ el -

Testing the third equation by z} — 22 it follows easily by the Gronwall lemma and the boundedness of h, b’ and
o that

< M |ag —

||Zli - ZI%||CO([0,t];H)ﬂL2(O,t;V) xi”p(mt;m :

Hence, substituting in the previous inequality and using a compactness inequality in the form

2 2 2
Hxllc - xi”L?(O,t;H) <e HV(x,lc - mi)HL?(o,t;H) + Ce Hx,lg - xiHLQ(O,t;V*) )

choosing ¢ sufficiently small and rearranging the terms we have

@ =@+ [ 19— s [ (14 1e61E) ek - as
Qt 0

yielding x}.(t) = z3(t) for every t € [0 T ] thankb to the Gronwall lemma and recalling » € L?(0,T; Z). It follows
as a consequence the uniqueness y; = y7 and z{ = 27.

Gateaux-differentiability and existence. Let (u,w), (ky,k,) € U and let us set ¢ := S(u,w). Let now
€ € (—¢e0,€0) where g9 > 0 is chosen sufficiently small so that (u,w) + &(ky, kw) € U for all € € (—&¢,e0) (note
that this is possibly since I is an open subset of L2(Q x Q)). Defining ¢. := S((u, w) 4 &(ky, kw)), we have then

that

3 9

Pe =l _ 4 (% —90) L g¥lee) —¥(e)

3 9 9

o () - o (T ) 4T Thn) 4 MLy (27 g ) o,

€

8, (%E_‘/’) A (“E _“> _ hlee) = hy) (Po. —a—u— eky) + h(ep) (PUEE_U —ku> ,

where £—£(0) = 72=%(0) = 0. Now, from the continuous dependence property (2.22), we have

e — @llLr 000,122 (0.1:2)) + lloe — U||Lp(Q;co([o,T];H)nL2(o,T;V))
< ME(Hku”Lq(Q;L?(QT;H)) =+ ||kw||Lq(Q;L2(0,T;H))) )
so that we deduce the uniform estimate (updating M)

O — 0O
€

+
Lr (;C°([0,T; H)NL?(0,T; Z))

H e =@ < M. (5.1)

€

Lr(Q;C0([0,T];H)NL2(0,T;V))

Moreover, thanks to the growth condition (2.16), the Hélder inequality and the embedding V' < L%(D), we also

have
/Q // (0 + (e — )2 |£

w'(%) - e —gor
13

Pe — ¥
\ ars [+t + el
€ Q
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T pe—¢, |
4 4 e
< [ (14 By + e lEsco) H ()|  ds
0 € L6(D)
2
4 4 Pe — P
S (1 + el Lo 0,0 + H%HLw(O,T;V)) H EE 5 : :
L2(0,T;V
yielding
V'(pe) — ¢ (9) 2 2 P —p
H5 S (1 + ||<P||Loo(o,T;V) + ||SDE||L°°(0,T;V)> - )
L2(0,T;H) L2(0,T3V)

where by (4.4) we have that

Pe — P
13

2 2
S (HkUHL2(O,T;V*) + ||kw||L2(o,T;H)) exp <||80||L2(07T;z) + ||Sﬁs||L2(o,T;Z)) :
L2(0,T3V)

Now, thanks to (2.21) we have that an||2Loo(O,T;V) + ||905||i°e(0,T;v) is uniformly bounded (w.r.t. €) in L/?(Q),

r

where § > L > p. Moreover, |[kullp2( -y + kwllp20 7.5 € L9(2) by definition of U, where q > p by
assumption, and by (2.14)—(2.16) we also have

<Mg Ve >1.

2 2
HGXP (||<PHL2(0,T;Z) + H%HLz(o,T;z))‘ L5(©)
In particular, noting that

1 2 1 q-p 1
S T O
¢ v ¢ pg p

choosing 1 := 1 4 2 in the estimates above and using the Holder inequality yields
B q T

Lr(Q;L2%2(0,T;H))

o, (ae - cr)
€

xp € LP(Q; HY(0,T; Z*)N L*(0,T; Z)),
yk € LP(Q L2(0,T; H)), 2 € LP(Q HY(0,T; V) N L*(0,T;V))

Hw’«m —¢'(¥)

3

hence also, by comparison in the equations,

(%)
£

By the uniform estimates (5.1)—(5.3) we deduce that there are

He — [

3

Lp(QL2(0,T;V*))

4

"

<M. (5.3)

Lr(Q;L2(0,T;2*)) LP(Q;L2(0,T;H))

such that, as e — 0,

T g in LP(Q HY0,T;Z2*) N L*(0,T; Z)),

—_ in LP(Q; L*(0,T; H)),
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O — 0O

— 2z in LP(Q; H(0,T; V*)n L*(0,T; V))
and

- = in LP(Q;C°([0,T); H) N L*(0,T; Z)),
0. >0 in LP(9; C°(]0, T);

=
>
B
~
S

Since we have the compact inclusions
HY0,T; Z*)NL*(0,T; Z) < L*(0,T,V),  HY0,T;V*)NL*0,T;V) < L*(0,T; H),
by Skorokhod theorem there exists a probability space (£/,.%’,P') and measurable mappings
¢ (X, F) = (0, F)
with P =P’ o ¢_ 1 such that

pod. ¢ in L*0,T;V),

O¢c —

o¢. =z}, in L2(0,T;V), 7 o¢. = 2, in L2(0,T; H),

Pe — P
S

P’-almost surely, and

%5— Lo, ~al  in LP(QY; HY0,T; 2) N L2(0,T; Z))
FeBog ~y i (L0, T H))

13
(’5;" 0. =z, in LP(Q;HY(0,T;V*) N L*(0,T;V))

for some ¢’, 2}, y;., and z},. Moreover, up to extracting a subsequence, the continuity of ¢/ guarantees that

/ Y 1 _
Mo@ :/ 1/)//(()00¢5+T(g057<)0)0¢5)906 L4 o ¢ dr — " (¢},
0 €

a.e. in Q x Q. Recalling then that the left-hand side is uniformly bounded in LP(Q; L?(0,T; H)) by (5.2), we
deduce also the convergence of the whole sequence

W(pe) = ¥/(0)

. b — V" ()}, in LP(QY; L*(0,T; H)) .

Similarly, by the Lipschitz-continuity of A it is immediate to show that

h(ee) = h(p)

. op. — W (p)x,,  in LY(Q;L%(0,T;H)) Vie[l,p).

Passing then to the weak limit in the variational formulation of the equations on ' we deduce that (z}, y}., 2.)
solves the linearized system (2.23)—(2.27) on (£/,.%#',P’) with respect to ¢’. Since they have already proved
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uniqueness for such system, the well-known results by Gyongy and Krylov ([41], Lem 1.1) ensures that the
strong convergences hold in the original probability space (2, %, P), i.e. that

%e "9 4 in L2(0,T; H)

PP g i L20,T3V),
19

P-almost surely in Q. Hence, repeating the same argument on (2, %#,P), we have that (xg,yx,z2r) is the
unique solution to the linearized system in the sense of (2.23)—(2.27). This completes the proof of existence
of Theorem 2.9.

Finally, as a consequence of estimates (5.1) and (5.3), we also have that

2kl 2o m1 0,7, 290020 752)) < M N (Rus kw)ll o, r2 0,7, m))2 »

so that the map k ~ x}, is linear and continuous from L4(Q; L?(0,T; H))? to LP(2; HY(0,T; Z*) N L*(0,T; 7)),
and the Gateaux-differentiability of Theorem 2.10 is also proved.

5.3. The adjoint system

We prove here existence (and uniqueness) of solutions for the adjoint system. We firstly introduce a suitable
approximation of the system so that classical variational theory for Backward SPDEs can be applied. Then we
derive uniform estimates on the solution by using a duality argument and pass to the limit exploiting the linear
character of the equations. As regards uniqueness we use again a duality relation.

The approximated problem. For every n € N, let

n if "(r) >n
PR — R, Yr(r) = "(r) if [9'(r)|<n, reER.

-n if " (r) < —
We consider the approximated problem

—dm, — AAT, dt + By, (¢)7n dt = B/ (p)(Po — a — au)m, dt — ch/(@)op, dt + B1 (¢ — pg) dt — &, AW,
T = —Am,,
—dp,, — App dt + ch(p)pn dt + bp, dt = Ph(p)m, dt — 0,, dW5,
ﬁ[
(1) = Ba(p(T) — 1) + 5. p(T) =0.

From the boundedness of 1!/ (), ', o and u and the linear character of the system, we can infer existence and
uniqueness of a variational solution due to the classical theory for backward SPDEs (see e.g. Sect. 3 in [19]).
By rewriting the system as a unique equation in the corresponding product spaces (or by using a fixed point
technique) it can be easily shown that that

T, € L? (,C°([0,T); H) N L*(0,T; 7)),
n € L? (,C°([0,T]; 2*) N L*(0, T H)),
pn € L* (2;C°([0,T); H) N L*(0,T3V))
&, € LA(Q; L*(0,T; £%(Uy, H))) 0,, € L*(Q; L*(0,T; £*(Uy, H))).
Furthermore, by assumption on g and @7, we have B1(¢ — ¢g) € L5(; L%(0,T; H)) and Ba2(o(T) — ¢1) €

L5(Q, Fr; V) (recall that p > 6). Hence, by computing Itd formula for ||Vr,||% and subsequently derive L-
estimates, it can be shown that the variational solution (7, 7n, &n, Pn, 0n) given by (2.32)—(2.34) (where ¢” is
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replaced by /), is actually more regular:

T, € L8 (,C°([0,T); V) N L*(0,T; Z N H*(D))),
€ L8 (0 CO([0,T);V*) N L*(0, T V),
pn € L° (2;C°([0,T); H) N L*(0,T5 V),
&, € LS(O; L2(0,T; 22Uy, V))), 0, € L L2(0,T; .22 (Us, H))).

We omit here the details not to weight to much the readability of the paper, and we refer to Lemma 4.2 in [30]=
for what concerns LY, estimates on backward SPDEs and to [59] for the improved regularity in space.

In order to compute uniform estimates on the approximated solutions to the adjoint problem, we need some
auxiliary results. First of all, we show that the corresponding approximated linearized system is well-posed in a
more general setting, where the forcing terms in the equations are represented by an arbitrary term v := (y1,72):

Ol — Ay = h(o)Pz) + B (9)z) (Po —a — au) + 7 in (0,7) x D,
sl = ~AAGY + BYl@)e] i (0,T)x D,
0pz) — AZ) +cz)h(p) + coh’(p)x) +bz) =2  in (0,T) x D,

Onx) = 0Onz] =0 in (0,T) x 0D,

2} (0)=27(0)=0 inD.

Then we introduce the linear map 7 : v — (27,2} (T)) assigning to the forcing terms the solution and the

n? n

solution at final time ¢ = T of the first equation. Notice that a more general map can be studied, also involving
z7 and allowing for stochastic perturbation in the linearized system (this is not necessary in our situation due
to the additive character of the noise in (1.1)). By carefully choosing the functional spaces, the map 7 turns
out to be continuous along with its adjoint: 7* : (f,{) — (@}, pY). Observe that the dual operator 7* maps
the forcing term f and the final condition ¢ to the corresponding solution (7)), p)) of the backward equation.
Hence, the solution (m,, p,) we are interested in, can be obtained by evaluating 7* at f = B1(¢ — ¢¢g) and
¢ = Ba(p(T) — o) + %
Let us start by showing the continuity of the map 7 and the subsequent duality formula.

Lemma 5.1. Assume (A1)-(A7), (2.14)(2.16), (2.19) and (2.21). Let (u,w) € U and set ¢ := S(u,w). Then
for every v := (v1,72) € LS/>(; L' (0, T; H))? and for every n € N there exists a unique triple (x7,y, 22) with

a) € LN HY(0,T; 2%) N L2(0,T; Z)) N L5/>(Q; C°([0, T]; V*) N L2(0,T; V),
yr € LY L*(0, T H)),
21 e LS°(Q; HY(0,T; V*) N L*(0,T; V),

such that
(Brr, Oy — / BAC = / (h(9)Pzk + W (@)ek(Po — a — au) + 1],
D D

[ nc=a [ Va-ve+B [ v
(02, )y + /D Vzp -V + /D [czih(p) + coh/ (p)xy + bz + 2] ¢ =0
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for every ¢ € Z, for almost every t € (0,T), P-almost surely. Moreover, there exists a positive constant M > 0,
independent of v and n, such that

2l £6/5 (000,77 ) L2 0,739y < M <||71||L6/5(Q;L1(0,T;v*)) + H’Y2HL6/5(Q;L1(0,T;H))> ; (5.4)

231 L1 (e o, L2 0.152)) < M <||71||L6/s(sz;L1(o,T;H)) + ||72||L6/s(sz;L1(o,T~,H))) : (5.5)
Finally, it holds that

B mn sk [ =58 oo+ [ (B -en+F)mm. 6o

Proof. The existence and uniqueness of (z7,y7,z)) follows from the fact that ¢]/(¢) € L=°(2 x Q) and v €
LS/5(Q; LY(0,T; H))?. Let us show the two estimates. We integrate the first equation on D and test it by (z%)p,
then we also test the first equation by N'(z} — () p), the second by ) — () p, the third by z). Summing up
all the contributions we obtain

1 1 1
A@D@F + 5 1T = @O + 5 henlf + 4 [ 1VarP+ [ vaP
Q1 Q+

<8 | W6~ Do)+ [ (AP K@ (Po 00w ) @)
+ / (h(9)P=] + W (9)2(Po — a — au) + ] N (@] — (&)p) + / 2 — ol ()] 21

t

which yields then by the assumptions on v, the Young and Holder inequalities, and the boundedness of h, ',
o and u,

DO + @] — @) O + 2t + / vy ? + / V232

t Qt

Samen [ (I@000)7 + I236)1% + 15301 ) ds

0
+/0 ()l (1@ = @) )y + @) p(s)?) ds+/0 v2(8) 1 1z (3) | g ds

<o [ 1ValP+Cs | (k= @D + o) + 15351 ) s

Q1

2 (8)ly= + 12(s)ll g 120 ()]l ) ds

+ / o

for every & > 0. Choosing the § > 0 sufficiently small, rearranging the terms and applying the Gronwall lemma
in the version ([6], Lem. A4-A5) we infer that

||CU?L||Loo(o,T;V*)nL2(o,T;V) + HZZ||Lao(o,T;H)nL2(o,T;V) <M <||71HL1(0,T;V*) + ||’Y2||L1(0,T;H)> P-a.s.
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for a certain M > 0 independent of n and ~, from which (5.4) follows.
Now, we test the first equation by z7, the second by —Axz] and take the difference, getting

1
IO+ A [ 1aqP =5 [ wieaan
2 Q: Q:
+ [ b + 1 ()2 (Po —a— aw) + ]}

The Young and Holder inequalities together with the growth assumption on %, the continuous embedding
V < L%(D) and the boundedness of h, o and u yield then

lene + [

t
2 4 2
S 1ot orarn + 191 w0 1220 iy + /Q a3 + / s ()L N2 ()] 5 s
t

t
2
2 S I nozan + [ WP+ [ [l 1)l ds
t t

The Gronwall lemma and the fact that [[27 || 120 7.y S 7] 110,72 imply again that

2
”x;yz||L°°(O,T;H)ﬂL2(O,T;Z) <M <||<P||Loo(o,T;v) ”xZ”LQ(O,T;V) + ||’7||L1(0,T;H)2) :

Now, note that since ¢ > p > 6 and ¢ € L"(Q; L*>°(0,T;V)) with r > (]2% > 12, we have in particular that

H‘Puim(o,:r;\/) € L5(Q): hence, taking expectations in the last inequality and using the the Holder inequality and
(5.4), we deduce also (5.5).

Finally, in order to prove the duality relation (5.6) we test the equation for ) by m,, the equation for 2 by
pn, and we subtract the equation for m, tested by z and the equation for p, tested by 2. Integrating from 0
to T and taking expectations, using the initial conditions for («7,27) and the final conditions for (m,, p,), the

duality relations follows from usual computations involving integration by parts. O

We are now ready to show uniform estimates on the approximated solutions to the adjoint problem. The
main tool we have at our disposal is the duality relation (5.6).
First estimate. For every v € L/5(Q; L'(0,T; H))?, the duality relation (5.6) implies that

E/Qﬂn'yl "‘E/Qpn’)@ < ||Bi(p — SOQ)||L6(Q;L2(07T;H)) ||xg||L6/5(Q;L2(O,T;H))

Bs

+eatotr) - o+ B

||$Z(T)||L6/5(Q;V*) :
LS(Q;V)

Since p € LP(Q; L>=(0,T; V)N C°([0,T]; H)) and p > 6, by Lemma 5.1 we infer that
E/Q Y1 +E/QPM2 <M (H'YlHLG/S(Q;Ll(O,T;V*)) + ||72||L6/5(Q;L1(0,T;H)))

for a positive constant M independent of v and n. Since H is dense in V*, taking supremum over - €
LS/5(Q; LY(0,T; H))? such that Ivillperszi0rvy < 1 and [v2llpersa.ri0,7m)) < 1, we deduce that for
every £ € [1,+00)

||7Tn||L6(Q;L1’~(O,T;V)) + ||PnHL6(Q;L“(O,T;H)) < M,



OPTIMAL CONTROL OF STOCHASTIC PHASE-FIELD MODELS RELATED TO TUMOR GROWTH 41

so that in particular
I7all L6 x 0,7y, F 11onll Lo(x 0,7y <M - (5.7)

Second estimate. We write [t6’s formula for the sum % ||7rn||%/ +1 ||pn||§{ (it is crucial not to do it separately).
By noting that %D”’]Tn”%/ =mn, + Am, = 7, + T,, we have

3||m<t>||2v+3||pn<t>||?{+At (1970 + 17a($)] ) s + / Vo)1 ds
+ / (ch((5)) + B)lpn(s) + / () paer v s + & / 100 ()] 2201y s
= 21 el + [ [ 5160~ 00)(6) Gale) +7al6) s+ [ [ PR TAohpa(s) 0
T
+ / / 1 ((5))(Po(s) — @ — au(8))ma(s) — e (9(5))0(5)pn(8)] (Fn(5) + 7 (5)) dis
t D

—B/tT/Dw:;«o(s |2ds—B//w” (5)7(s) ds

T
_/ (gn(s)vﬁvl(3)+ﬂn( ))H dWl( ) / (Gn( )apn( ))H dWQ(S)-

t t

Taking expectations, using the boundedness of h, ¢ and u together with the Young inequality, the first four
terms on the right-hand side are estimated by

T
2 2 - 2
[[B2(o(T") — @T)HLz(sz;v) + Ce||Br(p — @Q)‘|L2(Q;L2(0,T;H)) + EE/t [7n ()7 ds

2 2
+ Ce mallz2 s z2(0,m:my) T Ce lPnll 2200200, 7.0

for every € > 0. Secondly, note that by definition of 7, and the fact that " > —Cs,
T
B [ [ s @ras <50 [ [ [l <<k [ [9n I 408 [ Il s
t
T T
< sIE/ V7 (5) |3 ds+CsE/ V7 (s)||3; ds.
t t

Finally, by the Hélder inequality, the growth assumption on 1" and the continuous inclusion V < L°(D) we

have
—BIE//w” ) on(5) (s <u<:// 1+ 9(5)[2) [on ()] [ (5)]

<R / In(o)ly ds+ C.E | /D (14 Lp()]) [ s)

T
~ 2 6 6
< €E/t 170 () ds + Ce el Lo (xo.1yv) T Ce Il (ax o0,m5v) -
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Taking into account the positivity of ch(p) + b, rearranging the terms and choosing e sufficiently small, the
estimate (5.7) yields

I7nll e 0,7:22(0:vy) + 1FnllL2iz20,mv)) + o0l Lo 07,020 ) AL2 L2 0 7vy) < M s (5.8)
1€l 2 (0; 22 0,022 1 vy + 100l 200200722 (02, 1)) < M (5.9)
for a positive constant M independent of n.

Going back now to It6’s formula, taking first supremum in time and then expectations, using (5.9) with
Burkholder-Davis-Gundy inequality, a classical procedure yields also by elliptic regularity

||7Tn||L2(Q;L°°(O,T;V)OL2((),T;ZOH3(D))) + ”ﬁ-n||L2(Q;LOO(O,T;V*)QLQ(O,T;V)) <M, (5.10)

ol z2 (s po 0,750 220,75 < M- (5.11)
Passage to the limit. From (5.10)—(5.11) we obtain that there exist

7€ L>(0,T; L*(Q; V) N L*(Q; L*(0,T; Z N H*(D))),
7€ L>(0,T; L*(Q; V) N L*(Q; L*(0,T; V),
p € L>(0,T; L*(Q; H)) N L*(Q; L0, T; V),
€€ L*( L0, T; 22Uy, V), 6 € L*(Q; L*(0,T; £*(Uy, H))),

such that

T, =71 in L(0,T; L3(Q; V) N L*(Q; L*(0,T; Z n H3(D))),
T 7 in L%°(0,T; LA(Q; V) N LA(Q; L*(0,T; V),
p  in L>(0,T; L%(; H)) N LA(Q; L*(0,T;V)),

& — & in L*(Q; L2(0,T; LU, V),

0, =60  in L*(; L*(0,T; .22 (Uy, H))).
Notice that, in order to extract the above (weakly converging) sequences, we modified on purpose the functional
setting so to guarantee reflexivity of the functional spaces in consideration. The weak convergences are enough
to pass to the limit in each term of the variational formulation of the approximated problem. Let us show

in detail only the term involving ¢/. First of all, since 1" (¢) € LP/3(Q; L>°(0,T; L*(D))) and p > 6, by the
properties of the truncation operator we have

Unlp) = ¥"(¢)  in LX(Qx (0,T) x D).
Hence, by strong-weak convergence we infer that
Un(@)in = 9" (@)@ in L¥5(Qx (0,T) x D).

By linearity of the approximated adjoint system, letting n — oo we obtain exactly conditions (2.32)—(2.34). The
further regularity in (2.28)—(2.31) is recovered a posteriori in the limit equation by Itd’s formula. This completes
the proof of existence for the adjoint system.
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Uniqueness. For every v € LS/5(Q; L'(0,T; H))?, using the estimates (5.4)-(5.5) and arguing as in the proof
of Lemma 5.1, it is straightforward to prove the existence of (z7,y",27) such that
a¥ € LNQ HY(0,T; Z2*) N L*(0,T5 Z)) N L¥?(Q; C°([0, T); V*) N L*(0,T; V),
y? € LY L*(0,T; H)),
27 e LS/5(Q; HY(0,T; V*) N L*(0,T;V)),

such that
0" — AyY = h(p)P2" + h'( Yz (Po —a — au) + 71 in (0,7) x D,
— _AAZY + BY"(¢)z”  in (0,T)x D,
027" — AZY + 2V h(p ) + coh/(p)x? + b27 =y in (0,7) x D,
Onz” = 02" =0 in (0,7) x 0D,

27(0) =27(0) =0 inD.
Assume now that (m;, 74, pi, &, 0;) solve (2.28)—(2.34) for i = 1,2. Testing the equation for 7 by m;, the
equation for z7 by p;, and subtracting the equation for m; tested by ¥ and the equation for p; tested by 27,

integrating from 0 to T" and taking expectations, using the initial conditions for (z7,27) and the final conditions
for (m;, pi), we get the duality relation

B[ mn+E [ pn=5E [ (o= a)s +B | (5a(el0) = or)+ 5 ) (@)

for every v € L?(Q; L?(0,T; H))? and for i = 1,2. Hence, subtracting we infer that
E/ (m —m2)m +E/ (p1—p2)12 =0,
Q Q

from which m; = 75 and p; = p2. The uniqueness of the other solution components follows then by comparison
in the equations.

5.4. First order conditions for optimality

We prove here the first version of the necessary conditions for optimality contained in Proposition 2.11 and
Theorem 2.13.

Let (@, w) € U be an optimal control, ¢ := S(@,w) the corresponding state and let (u,w) € U be arbitrary.
Setting k := (ky, ky) := (u — @, w — W), by the convexity of U we have that (@ + eky,w + k) € U for every
¢ € [0,1]: hence, by definition of optimal control we have, setting . := S(u + €ky, @ + cky ),

Jpnm) < D /m cal? + 2E /\sos —prl?+ 2B /<%<T>+1>
+ g E [ la+ e+ 55 E [ fo+ ekl
Q

Solving the square-powers on the right-hand side and plugging in the definition of J yields
p _ _ B _ _
0< S E g (leel? = 10I* — 2(0e ~ @)pq) + 5 E : (le=(D)? = 1&(T)I? — 2(¢= — &)(T)r)
53 _ B4 21 12 55 2. 12 .
+=E [ (e —@)(T)+ =E [ (°kul|® + 2euk,) + (e%|kw|? + 2ewky,) -
2 D 2 Q 0
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Dividing by ¢ and using the Gateaux-differentiability of J (all the terms admit Gateaux differential) we infer
that

OS&E/Q (/OI(WT(soE—so))dT—gaQ)w

g

+pE [ (/Olw + (g — @))(T) dr — saT) ()

+%”E/D‘%:Z(T)+ﬂ4E/Cgaku+55E/kaw+e<524E/Q|ku2+%”E/QMMR) .

By Theorem 2.10 we have that p. — @ — 0 strongly in L?(Q;C°([0,T]; H)), and “"ET*“‘B — 1, strongly in

L?(Q; L2(0,T; H)) and £2=2(T) — 23 (T) weakly in L?(€; H), so that letting € \, 0 we can conclude that

ﬂku+,85]E/ wky, >0,

_ . &
BE [ (6= paest BE [ (G0) —prenD) + TE [ o)+ 0.8 | i

Q

and Proposition 2.11 is proved.

Finally, note that choosing v3 = —ah(p)k, and vo = bk, we get ¥ = zy, y” = yx and 27 = z; by
Theorem 2.9, so that as we have already pointed out in the previous sections, the following duality formula
holds:

~at [ ahehh, + 0 [ phy=E [ (o - poon+ B [ (5alo(r) - o)+ ) n(r).
Q Q Q D 2
By comparison we obtain the desired inequality
]E/ (Bat — ah(@)m)(u — @) + E/ (Bsw + bp)(w —w) >0 Y (u,w) EU.
Q Q

In order to prove the equivalent pointwise formulation, for every measurable A in the progressive o-algebra on
Q x [0,T] and for every u,w € L>(D) with 0 < u,w < 1, we note that

(@, @) := (t,w)Lac + (u,w)la

is a possible choice (@, w) € U. Substituting in the integral variational inequality yields

/ (Bau — ah(@)m,u —u) g + / (Bsw + bp,w — @) > 0.
A A
As A is arbitrary in the progressive o-algebra, the thesis follows, and Theorem 2.13 is finally proved.
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