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ENERGY SCALING LAWS FOR GEOMETRICALLY LINEAR
ELASTICITY MODELS FOR MICROSTRUCTURES
IN SHAPE MEMORY ALLOYS*
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Abstract. We consider a singularly-perturbed two-well problem in the context of planar geometrically
linear elasticity to model a rectangular martensitic nucleus in an austenitic matrix. We derive the scaling
regimes for the minimal energy in terms of the problem parameters, which represent the shape of the
nucleus, the quotient of the elastic moduli of the two phases, the surface energy constant, and the
volume fraction of the two martensitic variants. We identify several different scaling regimes, which are
distinguished either by the exponents in the parameters, or by logarithmic corrections, for which we
have matching upper and lower bounds.
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1. INTRODUCTION

Solid—solid phase transitions are a classical model problem in the variational study of pattern formation in
solids, both in the context of the theory of relaxation and in the study of singularly perturbed problems. Their
study has led on the one side to many important abstract developments in the calculus of variations, on the
other side to a mathematical explanation of the physical behavior of shape-memory alloys and other materials
with peculiar properties [3-5, 9, 34, 42, 48]. The basic model is a vectorial, nonconvex variational problem,
where the integrand depends on the gradient of the deformation field. The study of the macroscopic material
behavior is strongly coupled to the development of the theory of quasiconvexity and relaxation [29, 48], and
focuses on average properties of the microstructures without resolving the geometric details and the microscopic
length scales.

A finer analysis requires the introduction of a length scale, typically in the form of a small parameter times a
convex function of a second gradient, which penalizes interfaces. The resulting singularly-perturbed nonconvex
problem contains a scale dependence and is much more difficult to study in detail, a numerical treatment is in
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most cases not feasible either. Starting with the papers by Kohn and Miiller [43, 44] it has become clear that
the key property is the scaling of the optimal energy in terms of the parameters present in the problem, and
that it is appropriate to start by focusing on the exponents and ignoring the prefactor. One obtains mesoscopic
phase diagrams which characterize the different regimes of material behavior and the qualitative properties
of the microstructure [10, 38, 39, 42]. The techniques developed for singularly-perturbed functionals modeling
martensitic microstructures have proven useful also in the study of a variety of other physical problems, such as
for example magnetic microstructures [17, 19, 40], flux tubes in superconductors [18, 23, 25], diblock copolymers
[16], wrinkling in thin elastic films [7, 8, 36], and compliance minimization [45].

One aspect which is very important for practical applications of materials with solid—solid phase transitions is
the detailed study of the transformation path from austenite to martensite and the corresponding hysteresis. It
is known that the amplitude of the hysteresis cycle crucially depends on the microstructures that emerge during
nucleation [28, 52, 53]. Specifically, transition-state theory explains that the transformation from austenite to
martensite is strongly influenced by the energetics of the critical nucleus, which is a small inclusion of martensite
in an austenitic matrix. It is known that stress-free inclusions with interfaces of finite total area (or length, in
two dimensions) are possible only for special material parameters [12, 24, 33, 37-39, 49, 50].

We investigate here a variational model for the formation of microstructures in a martensitic nucleus embed-
ded in an austenitic matrix. The mechanical framework is the theory of geometrically linear elasticity, the
mathematical framework is a singularly perturbed nonconvex vectorial functional. Before discussing the large
body of mathematical literature that has been devoted to variants of this problem in the last decades, let us
briefly introduce the setting. For simplicity we work in two spatial dimensions and consider a large body, iden-
tified with R2, which is mostly austenitic with a bounded martensitic inclusion w CC R2. The inclusion w is
selected by a process slower than elastic equilibration and therefore, for the present purposes, fixed.

We take the austenite state as reference configuration and denote by u : R? — R? the elastic displacement.
We assume that two variants of martensite are relevant, which are characterized by strains A, B € RZ},an Exper-
imentally it is known that martensitic transformatlons are to a very good approximation volume preserving
[9], therefore we assume Tr A = Tr B = 0. Relaxation theory predicts zero macroscopic energy if A and B are
compatible and austenite can be realized as a weighted average of the two martensitic variants. This means
that there are matrices A, B € R2*2 with A — A and B — B skew-symmetric such that rank(A — B) = 1 and
(1- 9)121 + 6B = 0 for some 0 € (0,1). In this situation, a finer analysis, which includes a singular perturba-
tion regularizing the microstructure, is necessary in order to understand the detailed material behavior. Since
austenite/martensite interfaces which are not aligned with the rank-one direction have very large energy, one
expects the nucleus to be elongated in the rank-one direction. For mathematical simplicity it is convenient to
further restrict the geometry. Since A and B are rank-one connected, we have A — B = ¢® n for some ¢,n € R2.
By scaling we can assume |c| = |n| = 1. From Tr A = Tr B = 0 one obtains TrA = Tr B = 0 and therefore
c-n =0, and from (1 —0)A + F)B = 0 one obtains A =fc®n, B = (f — 1)c ® n. By a change of variables one
can reduce to the case that < 1 5, ¢ = e1 and n = ez. We shall then assume that the martensitic domain is a
rectangle elongated along e;, and by scaling it suffices to consider

Qor, := (0,2L) x (0,1) C R%. (1.1)

The same pair of matrices allows for a second rank-one connection, rotated by 90 degrees. Therefore we can
assume without loss of generality that

L>

M\H

In particular, both edges of Qo are aligned with the habit planes of exact austenite/martensite interfaces. In
the austenite the elastic energy vanishes if the strain e(u), defined by

e(u) = (Vu) = %(Vu +V7Tu), (1.2)

sym :
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vanishes; in the martensite if e(u) € {A, B}, and (assuming sufficient regularity) grows quadratically close
to these minima. The relevant constructions have strains which are not larger than a multiple of the order
parameter, hence we do not expect the behavior of the energy at infinity to be important for the scaling
results we shall derive, provided sufficient coercivity is present. For simplicity we restrict to quadratic energies,
characterized as the squared distance from the energy wells. We use |a| := (Tr a”a)'/? = (3 a?’j)l/2 for the
Euclidean norm of a matrix and dist(a, M) := inf{|a — m| : m € M} for the distance of a matrix to a set and
consider the functional J : WL ?(R% R?) — R U {oo} given by

J(u) == u/ le(u)|? dL? —|—/ dist® (e(u), K) dL*+ ¢|D%ul(Qar). (1.3)
RQ\QQL Q2L

Let us briefly explain the terms in the functional. The first term in J(u) represents the elastic energy of the
surrounding austenite, where p stands for the ratio of typical elastic moduli of austenite and martensite. This
term favors configurations whose gradients are approximately skew symmetric. The second term measures the
elastic energy inside the martensitic nucleus, which vanishes on

K:{; <gg>’ ;(—10+9_1o+9>}' (L4

The parameter 6 € (0,1/2] measures the compatibility between this majority martensitic variant and the sur-
rounding austenite. The so-measured compatibility has been found to play an important role in the control of
the thermal hysteresis of the phase transition (see e.g. [28, 35, 52] and the references therein). Of particular
interest is the almost compatible case § < 1 which corresponds to particularly low hysteresis [28, 52, 53]. The
third term in (1.3) is a singular perturbation that regularizes the nonconvex part of the functional. It prevents
too fine oscillations between the martensitic variants in {237, and can be related to an interfacial energy, € > 0
being a typical surface energy constant per unit length. Whereas one could physically imagine that similar terms
are present also in the austenitic phase, they are normally not included since the convex austenitic energy does
not need regularization. Although we expect most of our results to carry over to a setting in which this term
is extended to R?, for brevity we do not pursue this investigation here. The energy of the austenite/martensite
interface depends only on the shape of the inclusion, which is fixed here, and is hence irrelevant for the present
purposes. We denote by D?u the second distributional derivative of u. If it is a measure, then we denote by
|D%u|(Qs1) the total variation of D?u, otherwise we set | D?u|(Q2r) := co. Existence of minimizers can be read-
ily established by the direct method of the calculus of variations and will not be discussed explicitly, as it is not
important for the study of the scaling of the energy.

To determine exact minimizers of functionals like (1.3) is generally not possible, and we follow the strategy
to determine the scaling regimes of the minima in terms of the problem parameters L, u, 6 and €. We remark
that L — oo corresponds to the long-inclusion limit, which is relevant due to the compatibility condition; § — 0
is the almost-compatible limit, which is the one of low-hysteresis materials; € — 0 is the large-body limit, in
which complex structures arise.

Our main result is the following scaling law for the minimal energy. For an overview over the individual
regimes we refer to Section 2.2 below. Explicit constructions are given in Section 2.1. We remark that the same
result holds for nonlinear energy densities Wa (e(u)), Was(e(u)) with 2|a|? < Wa(a) < clal? and L dist®(a, K) <
War(a) < cdist?(a, K) for all a € R?*2.

Theorem 1.1. There exists a constant ¢ > 0 such that for all p >0, >0, 0 € (0,1/2], and L > 1/2

1
71(”753 05 L) < min J(u) < CI(:LL7€797 L)7
c u
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where J was defined in (1.1), (1.2), (1.3), (1.4) and

Z(p,¢e,0,L) ;== min {92L, (constant)
pb*In(3 + L), (affine)

L
16% In (3 + > + &b, (linear interpolation)

W

L
p6? In (3 + /;2) + 16 In (3 + M2€02> +e1/293/2, (single truncated branching)

L 0

162 In (3 + ;92) + pf*1n (3 + ), (corner laminate)
o

2392313 4 eL, (branching)

1/2
1

pt/2et/2gLh/? (111(3 + 02)) +eL, (laminate)

1/2
1/2_1/2971/2 € / .
w'ce=0L In(3 4+ u392L) +el (two-scale branching).

Proof. The upper bound follows from Theorem 2.7, and the lower bound follows from Theorem 3.13.
O

The proof of Theorem 1.1 is split into two main steps. In Section 2 we combine constructions from the
literature with some new ones for the upper bound. The ansatz-free lower bound is proven in Section 3.

We remark that the constant 3 inside the terms of the form In(3 + z) is, to a certain degree, arbitrary. We
choose 3 so that In(3 + x) > 1 for all > 0. This simplifies some estimates in the proofs. The constant 3 could
be replaced by 2 or by any number larger than 1, changing correspondingly the constant ¢ in the statement.

We point out that in contrast to previous works on a single austenite/martensite interface (see e.g. [21, 27, 53])
there is no relevant regime which corresponds to a construction with a single laminate near the left and right
boundaries of the nucleus.

1.1. Comparison to the literature and new contributions

We point out that the study of microstructures in shape memory alloys by means of the Calculus of Variations
has a long history, and we generalize and build on several earlier works that we will briefly discuss to point out
our new contributions. Our proof uses techniques developed in the study of scalar-valued models taking into
account all problem parameters on the one hand, and of vectorial models in specific parameter regimes on the
other hand, combined with several new arguments. As will be outlined in more detail below, the latter include
in particular

— the careful treatment of the elastic energy in the austenite part which completely surrounds a martensitic
inclusion. This introduces new difficulties in both the upper and the lower bound of Theorem 1.1; and

— the explicit use of the full geometrically linearized energy instead of the scalar simplification, which requires
e.g. a BD-type slicing argument in the proof of the lower bound.

In the 1990s, Kohn and Miiller proposed a reduced scalar-valued model for the formation of microstructures
near interfaces between austenite and twinned martensite [43, 44]. These models are by now well understood in
terms of scaling of the minimal energy and more quantitative properties of minimizers in specific regimes (see
e.g. [20-22, 27, 30, 32, 53]). Roughly speaking, depending on the problem parameters, minimizers are expected
to be uniform, or show laminated structures, or branched patterns, where the different martensitic variants
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finely mix close to the interface. Compared to the setting we consider here, in these earlier works there were
two main simplifications:

First, only one component of the displacement has been taken into account, i.e., only functions u = (u1, ug)
with ug = 0 are considered, which makes the problem scalar (similarly for u; = 0). On a more technical level, the
first two terms of the functional (1.3) then in particular provide control on the full gradient of the displacements.
In our more general setting, only the symmetric part of the gradient is directly controlled by the functional, and
this introduces several additional difficulties in the proof of the lower bound (see also the discussion of vectorial
models below). Nevertheless, the constructions we use to prove the upper bound here, are in fact scalar valued.
Some of them build upon constructions introduced in the above mentioned references, but others are new, as
for example the one for the corner laminate and the single truncated branching, see the proof of Theorem 2.7
in Section 2.

Second, in the above references, only one austenite/martensite interface is considered. That is, in the elastic
energy of the austenite part (the first term in (1.3)), only the contribution from (—o0,0) x (0,1) is taken into
account. If we restricted the energy in (1.3) to this strip, there would be configurations with vanishing total

energy, e.g.,

u(x) =

0, if € (—o00,0] x(0,1),
(0,0z1), ifze (0,2L) x (0,1).

The functional (1.3) is more nonlocal than the scalar valued models in the sense that interactions between the
traces at the upper and lower boundaries of a7, (captured by the elastic energy of the austenite part) make
it sometimes more favorable to pay elastic energy inside {255, to release elastic energy in the austenite part.
Let us consider a typical example. Deep in 257, in the simplified setting one expects the affine configuration
uq (z) = Ox2, which has zero energy in Q.. In our setting instead, by Rellich’s trace theorem, this configuration
bears elastic energy in the austenite part. It therefore competes with a single laminate, which requires only
surface energy in the interior of {25;,. The proof of the lower bound correspondingly needs a treatment of the
interplay of the energy in the austenite and the martensite on many different scales. This is done by line integrals,
inspired by the arguments used for proving Korn-Poincaré inequalities in BD, see for example Lemmas 3.5 and
3.6 below. One important ingredient is a separate treatment of the austenite part, where one controls three of
the four components of Vu (but with a coefficient ), and the martensite part, where only the two diagonal
entries are controlled independently of the variant.

On the other hand, we extend techniques developed in [13-15]. In these works, the geometrically nonlinear
analogue to (1.3) has been considered for the case 6 = % and hard austenite ;1 = co. Some of their techniques, in
particular related to localization in the proof of the lower bound, have been adopted to the geometrically linear
setting and refined in two of the authors’ Master’s theses [31, 47] on which we build here. A main difficulty in
our setting compared to those works (in addition to the ‘non-locality’ due to the elastic energy in the austenite
part discussed above) lies in the treatment of small 6. As pointed out in [27], such localization techniques are
not sufficient to obtain the precise scaling of laminated structures since the logarithmic corrections require a
rather precise understanding of the geometry of the set in which the minority variant is active. Here, a careful
BD-type slicing argument for almost diagonal slices allows us to combine the techniques from the studies
of vectorial models with techniques developed to treat small volume fractions in the scalar valued case. In
particular, test functions need to be obtained that reproduce the fine-scale structure of the martensite and have
a controlled behavior at the boundaries, see Lemma 3.7 where for example separate test functions on the top
and bottom boundaries need to be constructed for 6 > u (the parameter range with corner laminates) and 6 <
(without corner laminates), and also Lemma 3.11 where the corner logarithm is treated by a test function on
the boundary. At the same time the “horizontal” interpolation between different variants needs to be localized
in order to capture the optimal power of 6 (Lem. 3.10).

Analytical results on microstructures for related three-dimensional models based on geometrically linearized
elasticity functionals were obtained in [10, 11, 51] for a cubic-to-tetragonal phase transition and in [49, 50] for a
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cubic-to-orthorhombic transition. As in our case, the focus there lies on planar austenite/martensite interfaces.
Some results that take into account also the volume dependence of the energy of a martensitic inclusion (by
penalizing the area of the austenite/martensite interfaces) and the resulting optimal shapes of nuclei (which
typically differ significantly from a rectangle) were given in [38] for a two-well potential and in [6, 39, 41] for
the cubic-to-tetragonal transition in whole space and domains with generic corners, respectively. We note that
these works predict a different scaling behavior. We hope that a precise understanding of microstructures in a
fixed domain as derived here provides also a step towards a better understanding of the full nucleation problem.

1.2. Notation

Throughout the text, we denote by c¢ positive constants that may change from expression to expression, we
use & < y to state that there is ¢ > 0 such that x < cy. We use capitalized letters and ¢; with indices ¢ € N to
denote specific fixed constants that will not be changed throughout the text.

For a measurable set A C R? with £¢(A) # 0 and a function w € L'(A), we denote the average by
(w)a == LYYA) [ wdL™

Energy. Let us first fix a notation for the function space
X = {U, € VVllo’CQ(RZ,RQ) : Qjuj € BV(Qgp) for i, € {1,2}, Vu € LQ(R27R2X2)}

on which the energy is finite. In the proofs it will be convenient to consider a slightly modified energy functional
where the symmetrized gradient in the elastic energy of the austenite part is replaced by the full gradient. This
does not change the scaling regimes of the minimal energy due to Korn’s inequality since the constant in Korn’s
inequality in R? \ a7, can be chosen independently of L, i.e., there is a constant Cx > 0 independent of L such
that

Aersxll(glv(z) [V — Al r2r2\051) < Cille(w)]| r2@2\ay,) for all uw € WL (R? R?). (1.5)

To see this, we use the decomposition
R?\ Qa1 = [(—00,0) x RJU[R x (1,00)] U[(2L,0) x R] U [R x (—o0,0)].

Each one of the sets on the right-hand side is a half-space, and therefore on each of them, a Korn’s inequality
holds with a constant independent of L (see [46]). Further, every set intersects another one on a set of infinite
measure. Hence, for any function u, the Korn’s inequality in each one of the four parts holds with the same
skew symmetric matrix A, and therefore, (1.5) holds. We may therefore without changing the qualitative scaling
behavior replace the symmetrized gradient in the first term in (1.3) by the full gradient and define

I(u) := M/ |Vu|* dC? —|—/ min {|e(u) — fe; © ez, |e(u) + (1 — 0)er © e2|*} dL? + &|D*u|(Q2r)
RZ\QQL QQL

where

e1 @ ez = (€1 ® €2)sym-
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Sometimes it will be useful to consider the energy only on parts of the domain. For any Borel set A C R? we
define

Tx(u) := u/ |Vu|? dc?
A\QQL

Jr/ min {|e(u) — fe1 ® ea, |e(u) + (1 — O)er ® ea|*} dL? + | D?u|(AN Qar),
ANQar,

() i=To,, () and  T%(u) = Ige\ay, (0).

The H'/2-norm. It has proven useful to interpret the energetic contribution in the austenite region as a trace
norm at the austenite/martensite interface. For p > 0 and uo € L?((0,p)) we define the H'/2-seminorm by

0 P
[uo]%p/g((o,p)) := inf {/ / |Vo(z1,22)|? dog dzy 2 0(0,22) = ug(xa), v € W2 ((—00,0) x (O,p))}.
—oo J0

The subspace of L?((0,p)) on which this seminorm is finite is called H/2((0,p)). We state a variant of
Lemma 4.1 from [27].

Lemma 1.2. Let w CC (0,1). Then there is ¢ = c¢(w) > 0 such that for all v € HY?((0,1)) and ¢ €
H'Y2((0,1)) N H((0,1)) with suppt) C w one has

1
/0 o(0 (£)dt < clo] 172 0,00 (B2 01y

Remark. Lemma 4.1 from [27] incorrectly does not state that ¢ depends on w (or on suppt). This is not
relevant for the usage in [27], since the test function ¢ can be constructed to be supported in (1/12,11/12).

Proof. If suppv CC (0, 1), then the assertion is readily proven by Fourier series,

D okikanl < QKT o) 2 k] o).
k k k

Otherwise, one fixes ¢ € C2°((0,1)) with ¢ = 1 on w, applies the Poincaré estimate for H'/2? to obtain |jv —
vollL2((0,1)) < [V]m1/2((0,1)) for some vg € R, and then applies the previous assertion to o := ¢(v —vp) and ¢. O

In our proof of the lower bound, we shall use a related estimate given in the next lemma.

Lemma 1.3. Let w C R? be a bounded Lipschitz set, ¥ € Lip(w), v € WH2(w). Then

/ 00, W dH!
Ow

where 0, denotes the tangential derivative and v is identified with its trace on Ow.

<V L2 @) IVl 22 (),

Proof. Assume first that ¥ € C?(©). We define f € WH2?(w;R?) by f := v (V¥)L = (—v02¥, v, ¥) and observe
that divf = V¥ x Vo= 0,001V — 01v02¥. Then
/divf dx

/ v, U dH?
Ow

f-vdHt
Ow

/V\Il x Vudx
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implies the result. In the general case, we choose a sequence of smooth functions ¥, € C*°(R?) such that
[V Lo () < [V Lo (), with W, converging uniformly and strongly in W'2(w) to ¥. Then 0, V. converges
weakly-* to 0, ¥ in L (dw), therefore

/ v, U dH?
Ow

lim / v, W, d’H,l‘ =
ow

e—0

lim/V\IJE x Vv dz

e—0

/V\I/ x Vudz

O

We will moreover use the following variant of Lemma 2 in [21] that has also been used in the proof of
Theorem 1 in [53]:

Lemma 1.4. There is ¢ > 0 such that for all p >0, v € HY?((0,p)), a € R, and b € R there holds

P
cp’a® <lal /0 [o(y) — ay = bldy + V)32 (0.

BD-type slicing. For any u : R? — R? 77 € R, and ¢ € R? with & # 0 # &, we define the one-dimensional,
scalar-valued function on the slice (z1,0) + R as

1
= @u((xho) +8€) - €. (1.6)

Notice that this definition is motivated by the characterization of BD via suitable one-dimensional sections as
introduced by Ambrosio, Coscia and Dal Maso ([1], Prop. 3.2). For convenience, our definition differs from the

one given in the above reference by the prefactor i
If u € W22 (R, R?) we have uf, € W, 2(R) for almost every z; € R, and

uill(s) = (?alul + Oouy + Orus + 2282’&2) ((xl, 0) + Sf) (]_7)
2 1

Throughout this work we will fix the direction ¢ := (1,1) and define for some z; € (0,2L — &;) the almost
diagonal segment with base point (x1,0) as

AS = {(21,0) +s£ : s€(0,1)}. (1.8)

With a small abuse of notation we shall write, for f : A§1 — R,

1
aae,y = [ 173(1.0) +5) s (19)

and the same for L'. This definition differs from the usual one, in which one integrates with respect to H', by
a factor of \/17/16, which is irrelevant for our argument but would make notation cumbersome.
For any a € R, almost every z; € (0,2L — ;) and almost every s € (0,1) we compute

4,/ (9) = ol = [ 2 S 6w - aer © ea)(00,0) + 56
ij

< €7
ISt

le(u) — aer ® ea|((x1,0) + s§) < 5le(u) — aey ® ea|((z1,0) + s&) (1.10)
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where in the last step we used the specific choice £ = (1/4,1). This implies in particular

min {|uf — 0% s, + (1 — 9)|2} (s) < 25min {|e(u) — Oy ® €52, Je(u) + (1 — O)ey ® es|?} ((21,0) + sE).
(1.11)

We remark that vertical slices cannot be used to obtain similar estimates, since Jsuo does not distinguish
between the two variants and 0;u; cannot be controlled without an independent estimate on 0y us.

2. UPPER BOUND

In this section we will prove the upper bound, i.e., the second inequality in Theorem 1.1. For that, we provide
explicit constructions for the different energy scaling regimes in Section 2.1. In Section 2.2 we give an overview
over typical parameter ranges to illustrate that indeed all scalings are attained.

2.1. Explicit constructions

Let us point out that all our constructions will be scalar valued. We define for every u € Wﬁ)f (R%,R) with
Vu € BV (Q,R?)

B = 1(w0) < [

min {|[Vu — fes|?, [Vu + (1 — 0)ea|*} d£2+u/ |Vul? dL? + e| D?u|(Q21)
Qar,

R2\92L

and correspondingly E4(u) := I4((u,0)), E™ and E°**. Some of the test functions we consider below are taken
from the literature, some constructions have to be modified, and some are new. We shall use only constructions
that are symmetric with respect to the axis {z1 = L}, working explicitly in (—oo, L] x R and then extending each
construction by symmetry. This introduces an additional term |D?u|({L} x (0,1)). In some cases, it vanishes
(constant, affine, linear interpolation). In the other cases, we use that the relevant gradients are bounded, and
hence the term ¢|D?u|({L} x (0,1)) is bounded by &. Then this term can be incorporated in the regimes using
e < pb?, see the proof of Theorem 2.7. We will therefore not explicitly mention this term in the discussion of
the constructions below. We shall use the following short-hand notation: For a < b, we set

t—a
b—a’

tab i [a,b] = R, 1gp(t) = (2.1)

i.€., Lap 1s the affine function with ¢4 5(a) = 0, t44(b) = 1.
We start with auxiliary lemmata to estimate the energy contribution from R? \ Q7.

Lemma 2.1. Let L € [1/2,00), 1 < o < # < L. Then there exists u, 51 € Wli)’f(((—oo,f/] xR)\ Qz) N
CO(((—o0, L] x R) \ Q1) such that

(i) on the lower boundary u, g ;(21,0) =0 for all 21 € [0, L];
(ii) on the upper boundary

0, if xz1 € 10, q],
ua,ﬁ,i(xlv 1) = oLaﬁ(xl)a if 1 € (O‘aﬁ]a
0, if x1 € (8, L};

(iii) on the interface u, g 1 (0,72) = 0 for all x5 € [0,1];
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(iv) and there is a constant ¢ > 0 independent of o, 3, L and 6 such that

/ Vg 52| d£2<c92<ln(3+ > BJF“).
R2\Q, 1 f—a

Proof. We use polar coordinates, denoting by ¢(x) € (0,27) and r(z) € [0, 00) the coordinates of z = (z1,22) €
R2\ ((0,00) x {0}) so that

xy = r(z)cos(¢(z)),  wa =r(x)sin(p(x)).

We define fq. 5 : (0,27) x [0,00) — R by

0, if r €10,a],
; (1= 5)tas ()0, if r € (o ],
fa,ﬁ(¢>r) = 24) ’ T
(1—-52)0, if r € (8, L],
71/2 —
fl/z (17%) ’ if r e (L,OO),
and consider the transformation T : R — R? given by
(xlva)v if x2 S Ov
T(z1,22) == (x1,0), if0 <o <1,
(Il,l‘g — 1), if xg > 1.

We set for z € ((—oo0, L] x R) \ Qy7

Note that for z; > 0 and o N\, 1, we have r(T(z1,22)) — 21, and ¢(T(z1,22)) ¢ 0. Similarly, for z; > 0
and z2 /' 0, we have r(T'(v1,72)) — x1 and ¢(T(21,72) — 2. Finally, for 22 € (0,1) and 21 0, we have
r(T(z1,22)) — 0. Therefore u, 5 ; has a continuous extension to ((—oo, L] x R) \ Q7 and it satisfies (i), (ii)

and (iii). It remains to verify (iv). From the definition of T' we obtain, with f, g(z) := f(¢(x),r(z)),

IVeta, .2 172 (- o0,y xmn20) = IV T2 (o0, yx N\ (10,21 01y T 101 (5 O~ 0,0

where 0; refers to the usual derivative in direction e;. Using polar coordinates we compute

L 27 L B
1 . A 1 r
« 2 7 - -0 « 2 ar o 2 de dr < 92 / —d / d
IV fas W2 (B, 0\ (10, E1x £03) /0 /0 100 fapl” + 710 fa6" g dr < c A A v s P

< cb? <1nL+ﬂ+a)
a pB-—«

and

2dq§dr§c¢92/ %drzc@Q.
i T

0o 2m
1 .
IV fog T2 (=00, 2y xR BL (0)) < /E /0 ;|3¢fa,ﬁ|2
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1/N
A C (I—-h)/N

2L

z[=

F1GURE 1. Construction in the proof of Lemma 2.3 for N = 2.
We also estimate,

62 1 9> [ L 02/4  02/32 67
. 2 = I — = = < )
[101fa,8(-, 0| Z2((—o0,0)) 1 /a B=a) doy + — 16 /E e dzy o t—7 < 7 a

Recalling that a > 1, we conclude

L B+a
2 2
Ve, 2172 (o0, 1) xRN\ (0,2) x (0,1))) S €0 (ln (3+ E) * ) '

O

Remark 2.2. We will often use that the upper bound in Lemma 2.1(iv) is monotonically increasing in L and
decreasing in f.

The following lemma has been used in [27] without being explicitly stated. We refer to Figure 1 for a sketch.

7]
Lemma 2.3. Let N € N, N > 1, h € (0,3], 6 € [0,3]. Then there ezists vy, € I/Vlo’C ((—00,0) x (0,1)) N
C° ((—o0,0] x [0,1]) such that

(i) vy n(x1,22) = vnp(z1, T2 + %) for all x5 € [0,1 — %} and all z1€ (—00,0];
(i) for x1 =0 we have

’UNh(U Ig) _ 9%2, Zf To € [0 L
Y 051 (5 — 22), if w2 € (55"

(i1) for all 1 € (—o0,0], we have vy p(x1,0) = vy p(z1,1) =0;
(iv) for all z1 € (—o0, —+| and all xa, we have vy j(x1,22) = 0;
(v) and there exists ¢ > 0 independent of N, 6 and h such that

02 1
/ |V11N7h|2 d£? <e¢—1In (3 + ) .
(—00,0)x(0,1) N h

Proof. We write v for vy 5 and set

v(x) == | Oz, ifx € B —{xl e( % ] og < (1—h)(z1+ )}
i, e C={ne(-4.0,0- Mo+ 4) <2 < B

and extend it periodically in x5 to (—o00,0] x [0,1] as stated in (i) (see Fig. 1). One easily checks that v is
continuous and satisfies (ii), (iif) and (iv). To show (v), we first work in (—+, 0] x [0, +)= BUC. In region C
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Oit1t 16;

hi+1

IANATRNRNANANN]
TRNANA

0i+1 T

hig1

l3ly & 1 lita 4

FIGURE 2. Sketch of the branched construction in Lemma 2.4. Left: global construction, with

h=1/2, N =1, and four refinement steps. The gray region (0, f541) x (1 — (Q\” 1) is the one
4;) h

where linear interpolation is used. Right: enlargement of a unit cell (¢;11,¢;) x (1 — h;, 1) in the
refinement. The colors mark the regions {Oxu = 0} (yellow) and {0;u = 0 — 1} (blue).

we have (1 — h)(Nz; + 1) < Nag < 1, and therefore 0 < 1 — Nag < h — (1 — h)Nxq, so that

for all z € C.

2 1- Nz 36(1—h
[Vol(z) < 6(1 —h)(hf 0—WNe T h—( —h)]2\711)2) S A= (= h)Na

Since |Vv| = 60 in B we obtain

1/N 1/N (1 _ h)2
/ / |Vv|2 dzodr < — —|—992/ / 5 dzg day
1/N 1/N 1—h)( a:1+N) — (1= h)Nzy)

02, 06 [0 ) SR I B IO
= — 4+ — ———dx —In — In — .
NN oy i (@ h)Na SN TN SN h

By periodicity the proof is concluded.

We now recall the basic branching construction from [27], which refines the one in [44] (see Fig. 2).

Lemma 2.4. Suppose that € (0,1/2], N e N, N >1, h € [0,1], £ € [#,00). Then there exists u := upe,N €
Whee ((0,6) x (1—2,1)) N C([0,4] x [1 — %,1]) with the following properties:

((zﬁ u(0,22) = (1 = h)(1 — x2) for all x5 € [L — & 1];

o -0 -1, if pe[l—B 18]
(E xQ)_{(l_e)(l_xZ)’ ’Lf 1’26(1_% "

(iii) u(zy,1— &) = %0(1 = h) for all z; € [0,4];
(i) w(z1,1) =0 for all 1 € [0,4];
(v) |D%u| ((0,€) x (1= £ 1)) <e(t+ L&)and | Vul[L= < ¢;
(vi)
2
/ (81u)2+min{(82u—0)2,(32u+1 —0)?} dL? < cﬂ.
(0,0)x (1= L 1) N3¢
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Proof. One can use the finite branching construction given in [27] building on Lemma ([27], Lem. 5.2) and
truncation parameter I € N such that (3/2)! ~ ¢/0. The estimates then follow from the considerations in the
proof of Proposition 6.1 from [27].

For the convenience of the reader we sketch the main steps of the construction, referring to Figure 2 for an
illustration. For i € N we set h; := 27 'h/N, 0; := 27%0/N, {; := 37", and let k be the largest integer such that
0 < {i. For 0 < i < k, the function zo — dsu(¥;, x2) is h;-periodic, with dau(f;, x2) = 0 for x9 € (1 —h;, 1 —6;)
and Oou(l;, ko) =60 — 1 for 29 € (1 —0;,1). In ({;11,4;) x (1 — %, 1), 0 < i < k, the function xo — u(x1,z2) —
%(1 —h)(1—x2) is hy-periodic in the x5 direction, v obeys (iii) and (iv), and is defined interpolating the boundary
values as sketched in Figure 2. By construction dou € {0,0 — 1} almost everywhere in this set. One checks
that |01u| < ¢;/¢;, leading to |D?u|([liy1,4;]) x (1 — 4£,1)) < €2°¢; + 02”‘;—5)1' and ||81“||i2([zi+1,ei]x(l—%,l)) <
c(%)zéi%. Summing the two geometric series, this leads to the bounds in (v) and (vi) on (£, ¢) x (1 — %, 1).
In (0,4;) x (1 — £,1) we use an affine interpolation. The condition 6 < ¢}, gives |[Vu| < ¢ in this region, so
that the elastic energy is bounded by c%ék. Since 11 < 041 we have £ < %(%)kﬂ < 2%3’“/2, which implies
Ol < 4]%—1 and hence (v). In turn, |D?u|((0,4;] x (1 — £,1)) < c¢(2¥€), + %) < (¢ + £). This concludes the
proof. [

Finally, we shall frequently use a function that interpolates between a single laminate and an affine function.
Lemma 2.5. Let 0 € (0,1/2] and 3 > 0. There exists a function U5=0€ C0([0, 8] x [0,8]) such that

(i) 9(0,22) = (=1 + )2 and f)N(B,xQ) = Oz for all x5 € ]0,0];
(i) 0(x1,0) =0 for all z, € [0, B];
(i1i) 0(z1,0) = Ouy 5(x1) +0(=1+0), with 1, 5 as in (2.1);

() |V <1+ % and the energy is estimated by

/ min {|Vd — fes|?, |V + (1 — 0)ea|?} dL? +|D?5]((0,B) x (0,0)) < ¢ (93 +e(B+ 9?)) :
(0,8)x(0,0) g B

Proof. The standard interpolation

9.’E2 if X2 é Qxh
b(x) =4 o g (2.2)
—(1=0)xo + 221, if x> 24
B B
satisfies all required properties. We simplified the estimate using 6 < B + %. O

We shall now provide the proof of the upper bound in Theorem 1.1. We proceed in two steps: in the first
step, we adapt a result from the literature (Prop. 2.6), and in the second step, we provide test functions for the
remaining regimes (Thm. 2.7).

Proposition 2.6 (Upper bound: constructions from the literature). There exists ¢ > 0 such that for all p >0,
€>0,0¢€(0,1/2], and L > 1/2 there holds

1\ /2
min E(u) < ¢min {52/392/3L1/3 +eL, pt/?et2Lt/? (ln <3 + 92>) +eL,

1/2
pt/2et/29 12 <1n (3 + /13;2[)) + EL}.



14

S. CONTI ET AL.

FI1GURE 3. Sketch of the three regimes from Proposition 2.6. Only the left half of the martensite,
in Qp, is plotted, for parameters for which the €L term is not relevant. Left: branching con-
struction from Proposition 2.6(a). Middle: laminate from Proposition 2.6(b). Right: two-scale
branching from Proposition 2.6(c).

Proof. The assertion follows from the proof of Proposition 5.1 in [27], checking carefully that the differences
between the two functionals are not relevant. For clarity we provide a short self-contained argument, based on
Lemmas 2.3 and 2.4 (both taken from [27]). The three constructions are illustrated in Figure 3.

(a)

Let N >1, h:=1, £:= L, and let u € C°([0, L] x [1 — +,1]) be as in Lemma 2.4, extended periodically
in x5 to [0, L] x [0, 1], symmetrically for 1 € (L,2L] and then by zero outside Q7. We have

2

0
E(u) <cNeL + CNQL

+e.

Choosing N to be the smallest integer above §2/3e~1/31=2/3 we obtain

E(u) < ¢(e2/30%/3L1/3 4 ¢L).

Let N > 1, h:= 0, and let vy be as in Lemma 2.3. We extend it setting vy ¢(z) = vn,9(0,22) for
x1 € (0, L], symmetrically for ; > L, and by zero on R x (R\ [0, 1]). By Lemma 2.3(ii) we have djuy 9 =0
and drvn g € {0,0 — 1} in Qap, so that I, (vng) < 4NeL. By Lemma 2.3(v),

1
E(vng) < cpf*N~11n (3 + 92) +cNelL.

Choosing N as the smallest integer above (e 7'L~116?In(3 + #5))'/?, we obtain
E(vn.) < e(u'/?e' 9L (In(3 + 55))'/? + L)

It remains to show that I(c) < ¢ (u1/261/29L1/2(1n(3 + H3§2L))1/2 + EL). If pu3/2e=1/20LY/2 < 4, this fol-
lows from (b). Otherwise, we fix again N > 1, h € [#,1], £ := L and use Lemma 2.4 and Lemma 2.3 to

obtain a function u with

2

1 6%h
2 77—1
E(u) < cubf*N~"1n (3 + hQ) + cNeL + cm—i—s,

where we used that In(3 + +) < In(3 + ;%) since h < 1. We choose h := min{1, uL(u6?/(cL))*/?} =
min{1, u?/2=1/20LY/?}c [9,1] and N to be the smallest integer above (u6?In(3 + W%L)/(EL))UQ- Using

h < p3/2e=1/20L'/2 and In(3 4+ ) > 1, the proof is concluded.

&
n362L

O
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%

g
FIGURE 4. Left: Sketch of the affine regime (see proof of Thm. 2.7(ii)). The martensite in Qs
has an affine deformation u = fzo; in the austenite the field lines of Vu are sketched. As usual,
we only plot the region with 1 < L. Right: Sketch of the linear interpolation regime (see proof
of Thm. 2.7(iii)). The martensite has u = fx only for x1 € [2u, L], it has v = 0 for ; € [0, pl,

and the affine interpolation in between. Correspondingly the field lines start at 1 = p. This
construction is relevant for p > 1, for simplicity 4 = 1.4 is plotted.

Theorem 2.7 (Upper bound: conclusion). There is a constant ¢ > 0 such that for allp >0, >0, 6 € (0,1/2],
and L >1/2

min J(u) < ¢Z(u,¢,0,L),

u

where Z(p,e,0, L) is given in Theorem 1.1.

Proof. By the estimate |e(u)| < |Vul, it suffices to show an upper bound for I, which in turn follows from an
upper bound for E. We provide test functions for the respective regimes separately. Some constructions are used
for several test functions. We will describe them in detail the first time we use them and refer to the arguments
in the path of the proof.

(0) Branching, laminate, two-scale branching: By Proposition 2.6, we have

‘ 1\ /2
min E(u) < ¢min {52/392/3L1/3 +eL, pt/ 2292 (ln (3 + 02)) +eL,

1/2
1/2.1/2p71/2 €
w'e 4L <ln(3+ﬂ302L>) +€L}.

(i) Constant: Set u") := 0 in R?. This shows min, E(u) < E(u) < 20%L.
(ii) Affine: we aim to show that min, F(u) < cuf?In(3 + L). Choose L := L + 2, 3 := 2 and « := 1. We note
that the assumptions of Lemma 2.1 are satisfied, and we shall use the function u, g 1. Precisely, we set

0z, if v € Qp,

w2, 42(x1 + 2,22), if z € ((—oo, L] xR)\ ((—2,L] x (0,1)),
u?(z) := {0, if € (—2,—1] x (0,1),

(1 + x1)0z2, if x € (—1,0] x (0,1),

u(2)(2L — 1, T2), ife; > L

see Figure 4, left panel. We obtain, by Lemma 2.1 (using that g‘%g =3 <c¢ln(3+ L)) and an explicit
computation in (—1,0) x (0,1),

min E(u) < E(u?) = B (u®) < cuf?In(3+ L).

u
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(iii) Linear interpolation: We aim to show that min, E(u) < ¢ (u6?In(3 + L/p) + £6).
We distinguish some cases.
a) If u < 1, this holds by (ii).
b) If p > L/3, this holds by (i).
) If u € (1, L/3), we choose « := pi, B := 2y and L := L. Note that these choices are admissible for Lemma
2.1 since a =p > 1and L > 3u > 5. We set (with ¢ as defined in (2.1))

0, if z € [0, u] x [0, 1],
2 ()02, if x € (p,2u] x [0,1],

u® (z) == { Oas, if x € (2u, L] x [0,1],
Up2p,L(T), if z € ((—oo, L] x R)\ Qp,

u(3)(2L — .1‘17372)7 ifx; > L

see Figure 4, right panel. Then E®(u(®) < cuf?In(3 + %) by Lemma 2.1, and hence by an explicit
computation in 0, using that p < 1

Ew®) <ec <u02 In <3 + L) +eb+ =0 +u92> <c <u02 In <3+ L) +59) .
I I p

(iv) Next we aim to show an auxiliary result, namely that

L 1
Inuin E(u)<c (uGQ In (3 + /;2) +46% In (3 + 02) + 51/293/2> . (2.3)

This bound is not needed for the proof of the theorem, but it introduces a new construction method that
will be used for cases (v) and (vi) below. The idea behind the construction is a single laminate close to
the left and right boundaries of the nucleus, interpolated to an affine function deep in the bulk. Related
estimates play also a role in the proof of the lower bound, see e.g. the assumptions of Proposition 3.3.

We distinguish three cases:

a) If uf?e=! <1, then (2.3) follows from (ii).

b) If uf?c~! > L, we use the function vy ¢ from Lemma 2.3 with N =1 and h = 6, and set

Oxa, if x €[0,L] x[0,1—4],

(1-6)(1—=2), ifzxel0,L]x(1-0,1],
u(2) == { vy (), if z € (—00,0) x [0,1],

0, if x € (—oo, L] x (R\ [0,1]),

u(4)(2L —x1,x2), ifx > L.

Then by Lemma 2.3,

Eu®) <e <u02 In (3 + é) + €L> < cpf?In (3 + 912>

which concludes the proof of (2.3). } )
c) If ug?e=! € (1, L), we use vy ¢ as above and Lemma 2.1 with o := pf?e~!, §:= o+  with 8 > a chosen
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below, and L := max{L + 1, 3 + 1}. Precisely, we set with U3 from Lemma 2.5 and vy ¢ from Lemma 2.3

Oz, ifze[0,L] x[0,1—4],
(1-0)(1—=x2), ifxel0,a] x(1-6,1],
v5(r1 —,x2 — (1-0)) +0(1 - 0), ifze(a, a+ B x (1-6,1],

UD(z) := < Oz, if € (a+p,L] x(1-86,1],
v10(x), if x € (—1,0) x [0, 1],
U1 1,1 (1 + L), it € ((—oo. L x B)\ (—1,] x [0,1)),
UM QL — 1, x5), if 1 > L.

One readily checks that U®) is continuous. By Lemmas 2.1 and 2.3, we have

L+a+p3+1\ fB+a
ext (77(4)) < 2
ESNU®) < cub <ln(3—|— . )+ﬂia+1 <3+92>>

Altogether, we obtain using Lemma 2.5 and § > 2«

0 £6? L B 1
4 2 2
B(U' >)<c<5 B)Jrcua 1n(3+—+—)+cu9 1n<3+92>+5

0 2 el B 2 1
Sc(ﬁ—&—sﬁ)—l—cu@ ln(3—|— 02—1— )—i—cu@ 1n<3+02)

where in the second step we used that 3 > 1 implies 692/6 < ef3, and the assumption ¢ < uf2. At this point
we distinguish two further subcases. If 62 < /263/2 then we set 3 := e~ 1/263/2> 11021 = o and obtain

L /2932 1
4y < 1/2p3/2 2 &L e 2 L
E(U )c(e 0°/% + pb ln<3+'u92+ iz ))—l—cu@ ln<3+02).

We treat the first logarithm using In(3+ 2 +y) <In(3+2z) +1In(l +y) < In(3+2) + y for z,y > 0, leading
to

. 1
E(UW)<c (51/203/2 + 6% In (3 + 92)) +cpuf? In (3 + 92>,

which concludes the proof of (2.3). If instead u#? > £'/203/2 then we set 3 := a > ¢~1/263/2 and obtain

4 1/203/2 2 eL 2 1
E(U( ))Sc(e/e/ + 1é ln(3+um)) +cpb ln(3+92>.

(v) Single truncated branching: we aim to show that min, F(u) < c(u@z In(3 + = L) + pb?In(3 + wigz) +

51/293/2). Again, we distinguish several cases.

a) If u6?e=1 <1, this follows from (ii).

b) If 4202~ 1<6, then this follows from (iv).

c) If u?6%e=1> 6 and ph%c=1 > 1, we use the truncated branching construction (see Fig. 5) from the proofs
of Theorems 3.1, 3.2 in [53], in the version of Lemma 2.4 and vy, from Lemma 2.3. Precisely, we choose



18 S. CONTI ET AL.

‘|‘Q‘|Q‘!‘Q‘!‘

B L

FIGURE 5. Sketch of the single truncated branching construction. We refer to Figure 2 for
details of the branching construction on the left, to Figure 4 for the field lines in the austenite.

h = min{1, u?0%c~1} € [0,1], N :=1, and ¢ := pf?c~1> 1>h and set

Oxa, if x € [0,min{¢, L}] x [0,1 — h],
u® () == S upga(x), if z € [0,min{l, L}] x (1— h, 1], (2.4)
v1n(z), if x € [-1,0) x [0,1],

which satisfies
2

6%h 1
Ei_1,0x(0,1)(w) < e + ce(€ 4 h)+cub? In (3 + h) < cpf?In(3 + 202). (2.5)

In the second inequality we used that Oh h Eh < ph? and ¢ > h.
If ¢ > L/2, we extend u®® inside by a snnple laminate, i.e.,

Ous, if x € (¢, L] x [0,1 — 6],
u® (z) = (1-0)(1 —z2), if z € (0, L] x (1-6,1],
0 if 2 € ((—o0, L] x R) \ ([~1, L] x [0, 1]),

u(5)(2L—x1,x2), if x1 > L.

Note that (¢,L] = 0 if L < £. We have E(u(®) < ¢ (E[71,£)x(0,1)(u(5)) + 56), and the assertion follows.
Otherwise, if £ < L/2, we proceed as in (iv)c) using Lemma 2.5 and Lemma 2.1 with Bi=a:=10:=0+8,
and L :=max{8+ 1,L + 1} and set

Oz, ifwe (4L x[0,1—6],
vg(v1 —Lwa — (1-0)) +60(1—0), if e (0,0+p8] x(1—0,1],

u® (z) := { s, if z e ((+5,L] x (1-6,1],
u£+17£+3+1,l—,(x1 + 1,.132), ifze ((—OO,L] X R) \ ((_laL] X [07 1])7
u(5)(2L — x1,T2), if o1 > L.

This leads to

63 e6? L+0+1
Ew®) < 621 c 14 62 In e
(u )c(u n<3+u202 +€+5+Eﬁ+ 5 + 3+ 7 +e |,

and the assertion follows as in (iv)c).
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(vi) Corner laminate: we show that

u

min E(u) < ¢ <u92 In(3 + S2) + u? In(3 + Z)) |

Again, we distinguish several cases.

a) If € > ph?, then the assertion follows from (ii).

b) If § < & < ph?, then 5—9% > % > %, and pf? > ¢ > e6, and the assertion follows from (iii).

¢) If 0/p > L, this follows from (ii).

d) If u%6 < e, then %% > L. The assertion follows from (ii) using that In(3 + a) + In(3 + b) > In(3 + abd)
for any a,b > 0.

e) It remains to consider the case that ¢ < min{u6?, 6, 4>} and 6/ < L. We choose y := max{1, ﬁ}
m

and note that v < L since 8/ < L and L > % We first construct a function 4(®) in R, := (=77 < [=7, v+
1],
0xo, if 1 € [0,7], 0<w<1-0%,
(1= 0)(1—w2) +0—-022,  ifa 0], 1-02 <z <1,
Y
—1
9<1W>, if 216 [0,7], 1 <@y <147 — a1, (2.6a)
ﬂ(ﬁ)(m) — . 7¥
9<1_ 27 >, ifzi€[=7,0], 1 =2 <ap <y 41, (2.6b)
T xro .
0 (1 + > , if zy€ [-7,0] and 0 <ay <1 —uay, (2.6¢)
Y 1 — X
0, elsewhere in R,

see Figure 6. One easily checks that @(%) is continuous and that

~(6) 93 502 03
E(O,'y)x(o,l)(u )SC ;—FS(’Y—F@)—&-T <c ?—‘1-8’)/4-69 ,

where we used in the last estimate that € < 6. To estimate the energy outside s, we observe that
|Va®)| < ¢f/v in the parts given in (2.6a) and (2.6b), and |Va(® (z)| < Cﬁ%ﬂ in the part given in (2.6c¢)
(recall that v > 1/4), which yields

ERW\(oﬁ)x(o,l)(&(ﬁ)) <cub?In (34 7).

We then proceed as in (iv)c), using U from Lemma 2.5 with B :=3uf2c~1. Since e < puh? we have 1 < f.
We use Lemma 2.1 with a := 3, 8 := a + = 2a and L := max{3, L} and define u(®) by
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—

Y Y

FIGURE 6. Construction for @(®). The left panel shows the construction in the martensite, the
right panel the subdivision of the domain in the austenite phase.

5 o ~
' B

FIGURE 7. Corner-laminate construction for u(®). The left panel shows the construction in the
martensitic region 2, the right panel (on a different scale, and with different parameters) the
construction in the austenite. The shaded regions are those where @(%) # 0 and Uy .1 (21 —
v, z2) # 0, respectively (see also Fig. 6).

a((i)(x)’ ifxe R,Y,
Oz, if z € (y,y+a+pb]x[0,1-6],
(1-0)(1—z2), ifz e (v,y+a] x(1-0,1],

u®(z) = vp(z1 —(v+a)aa—(1-0)+0(1—-0), ifzre(y+ay+ a+ ] x(1-6,1],
05, ifxe(y+a+s L] x01],
ua,ﬂ,i(xl -, T2), otherwise in (—oo, L] x R,
U(ﬁ)(QL — T1,22), if xy > L,

see Figure 7. The condition & < min{u?0, u6%} implies 3y < a, so that the construction for %% and the
one for u, g 1 (71 — 7, z2) match continuously. The function u(%) is continuous and

6 0° =02 L
E@®) <e (7 + ey + e04+uf* In(3 + ) + ca + 7 +e (ﬁ + B> + ub* In (3+ > +u92ﬂ+a+g>

o 08—«
§u92ln(3+9>+u92ln(3+5i>.
% po

We used here ey < max{e, %} < puf? since ¢ < min{uh?, 420}; and similarly (1 + 6 + o + ) < cub? and

e6? 0% _ €0 2
B Sg_gugz S'U,Q

This concludes the proof of the upper bound. O
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2.2. Comments on the scaling law

The purpose of this subsection is two-fold: on the one hand, in Section 2.2.1 we shall prove that all terms
in the definition of Z(u,¢,6, L) are relevant in the sense that the statement is false if we remove one of them.
Furthermore, we give some intuition on the constructions used in the proof of the upper bound. On the other
hand, in Section 2.2.2, we shall explain the different parameter regimes and motivate why they are treated
separately in the proof of the lower bound.

2.2.1. Do all regimes really exist?

We will use the following abbreviatory notation: We denote as scaling an expression like £1/263/2 and as
regime something like p6?In(3 + %) + €6 (which is the sum of a few scalings). In particular, Z is defined in
Theorem 1.1 as the minimum of eight regimes.

We show below that no regime R = R(u,¢,0, L) can be eliminated from the definition of Z in Theorem 1.1.
Zr(py,E5,05,L5)

— 00, where
R(pj.e5,05,L;) ’

To do this, we shall exhibit a sequence of parameters j;,€;,0;, L; such that lim;_,
Tg is the minimum in Theorem 1.1 without regime R.

Additionally, we show that no scaling can be eliminated in the regimes that consist of more than one scaling.
Consider a regime R which consists of the scalings S®), in the sense that R = S 4. ..+ S) for K > 2. For any
ie{l,... K}let Ry =3, S*) be the regime R without S(. We shall provide a sequence (15, €;,6;, L;) such

that % — 0, proving that R cannot be replaced by R;. In most cases, this will be done constructing
J2=72 RV
S0

a sequence with % — 00, #- — 1 and g(k)) — 0 if k # 4 along that sequence, which additionally shows that
the scaling S dominates the regime R.

To briefly sketch the ideas behind the constructions in the proof of the upper bound, we describe them only
inside the martensitic nucleus. They should be considered to be extended optimally (in the sense of trace) to
the austenite part. The precise constructions and references to the literature are given in Section 2. We recall
that we write In® x for (Inx)®, and the same for In® In z. We write a; ~ b; if there is a constant ¢ > 0 such that

aj <b; <ca; forall j € N.

i. R =0%L (constant): this regime is attained by a constant test function, corresponding to austenite. This
regime is the only one that does not depend on € nor p. We take §; = L; = %7 €; = p; — oo. Then all other
regimes have diverging energy.

ii. R = p6?In(3+ L) (affine): this regime is attained by using an affine function inside the nucleus corresponding
to the majority variant of martensite (see Fig. 4 (left)). We take 6; = p; = 1, L; — oo, e; = els. All regimes
which contain one of the scalings eL, €0, €'/263/2 92 have energies which diverge at least as a power of
Ly, and also 11;6% In(3 + EJ 7) > L, and only ,u92 In(3 + L) is logarithmic.

iii. R= pf?*In(3 + ﬁ> + b (hnear interpolation). This regime is (when relevant) attained by a test function
that is constant near the left and the right boundaries of Qo (corresponding to austenite), and affine
near the middle {z; = L} of the nucleus (corresponding to the majority variant of martensite). There is
a competition of the energy inside the nucleus, which favours the test function to be in the martensitic
variant on a large part, and the energy contribution from the austenite part, which favours the function to
be constant in a large neighbourhood of the left and right boundaries (see Fig. 4 (right)).

L ,
(a) S = ph?In(3 + %) We take L; — o0, 0; = 3, pij = Wiy Ei = p;0;. Then €;0; = Mﬂ], = InL;,
that R(pj,€5,05,L;) ~ S(uj,€5,60;,L;) ~ LJIIIIIHLL , whereas 02L; ~ Lj, ;07 In(3 4 Lj) ~ Ly, ;L; ~

L?/lnLj, and Z’Jg% = L—JJ implies ,uJH 1n(3+ &L ]) Mj InL; ~ Lj.

(b) S = eb: As above, we take L; — o0, 0; = 5, u] = but this time ¢; = p;60;(Inln L;)2. Then /% =

lnL ’

In L;, so that R(p;,€5,0;,L;) ~ S(uj,¢5,05,Lj) ~ G?Lj%, in the other terms the Inln L; correction
J

does not change the argument.
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iv. R = u021n(3+u92)+u02(
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£7) +1/263/2 (single truncated branching). This regime is (when relevant)

attained by a test function that con51sts of roughly three parts: close to the left and right boundaries of
Qs1,, a branching construction is used, which goes over to a single laminate, and then interpolates to an
affine function (which corresponds to the majority variant of martensite) near the vertical middle {x; = L}
of the nucleus, see Figure 5.

()

92
5261/293/2:Wetak69-=l L; — oo, ,uszi = “if InL; 4L2 Thenujgj = 4£j7

In particular, 67L; ~ Lj, p;07InL; ~ uﬂzln— ~ HL—]] We have Zjﬂ;‘-’ =InLj, ﬁ = InL;, and

S(pj,€5,05,L;) = 6}/29‘;/2 ~ L%_lnl/Q j» so that R(p;,e5,0;,L;) = O(%j InlnL;) + S(uj,e5,05,L;) =
O(i lnlnL»)—i— i In'/?2 Lj,and S(pj,e5,05,L;)/R(pj,e5,65,L;) — 1. AH regimes which contain the scal-
ing e;L; ~ LJ can be ignored. Finally, 6, /,u] = 0,L, hence ,u]92 1n ~ % InL; > S(pj,e4,05,L;) ~
R(uj,e],ﬁj, L;). This concludes the proof. '

InL;
e;L; = aL

92
S = ph?In(3 + 5—9%): We take 6; = %, L; — oo, pj = L11/2 gj = “i(j_’ InL; = ﬁlnLj. Then
J J
11605 = ﬁ’ e;L; = ﬁlnLj, =InL,, 202 = “ﬂf; — 0, and 5 ~ #lnl/2 L;. Therefore
j j j
S(wj,€5,0;,L;) dominates R(,uj,ejﬁ- L;), and S(/L]7€J,9 L;) ~ R(pj,e5,05,L;) ~ %/anlnLj. All

1/2

regimes with €;L; are higher, as is obviously 92L Further, ? ~ L;"” implies p; 92 ln(3—|— ) L11/2 InL;,

and finally, ,u]92 InL; ~ ,ujOJQ- ln—f ~ 1—/2 InL; > R(u;,c;,0;,Lj)).

2 Inln L, In®In L; T In®InL;
S = pb*In(3+ 202) We take L; — o0, 0; 71n2/5L VM = s €6 = TP .Then¢;L; = TV

9? = %, (g5 juﬂQ)l/Q = U 02111 In L;. Further, &b 9; = In* InLj, 2152 = 1n1/5L-1n31nL4 and
J J

S(wj, 5,05, L;) ~ ujt?] InlnL; > ujt92 In EJ J ~ uﬂj lnlnlnL For the third scaling in this regime,

1/2,3/2 In®/2InL; l/lL

Ej/ Gj/ = W = ﬂfﬁ < S(pj,€4,0;,L;). For the corner laminate regime, we
: 0, L 0,

estimate 7+ = m which gives MJG» n(3 4+ ?) ~ uﬂanL > S(uj,€5,05,Lj). The other

regimes are simpler. 67L; is linear in Lj, p;07In(3 + L;) and p6?In(3 + 7) behave as 107 InLj,

which is much larger than S(M],EJ,HJ,LJ) ~ ,uJGQ Inln L;, and the last ones (branchlng, laminate and
two-scale-branching) are eliminated by &;L

v. R=p6?In(3 + %) + 6% 1In (3 + ;—é) (corner laminate): this scaling is (when relevant) attained by a con-

struction sketched in Figure 7 (left). Note that this leads to two relevant contributions from the austenite
part as sketched in Figure 7 (right).

(a)

— 02 _ 1 _ In'lni; 0; _ 2 _
S = ub?In(3 + 2 u): We take Lj — oo, 0; = L2, Hj = 2T, 6]-— Tz Then 22 =InL;, p;05 =

LTInL J

j J
ﬁ’ e;L; = % ~IhinL; < 2 = InlnL;, and S(u;,e;5,0;, L;) ~
L61 T Inln L;. Therefore S(,uj,ej,@-,Lj) dormnates R(uj,e5,0;, L ) To eliminate the other regimes,

we observe that 2 Hi = Lj(InL;)(In*In L;) shows that 115605 In(3 + 292)/S(uj,€j,9j,Lj) — 0. Since
#3585

e;L; = 126117115’ > S(uj,aj,9j7Lj), branching, laminates and two-scale branching are ruled out. Since

9 InLj; ~ uﬂ L; ln ~ % > S(pj,e5,05,Lj), and 9]2-Lj = L37 all remalmng regimes are eliminated.

J
S = u921n(3+ <L), We take L — 00, ) = ptj = 1, €; = I“L . Then % =1, ;62 = #,
lnL{Z (3+ ) = In4, and S(Mj75j,9- Lj) ~ LlnlnL There-

fore S(pj,e5,05, L]) domlnateb R(,u],ej, 0;,Lj). To eliminate the other regimes, we observe that 292 =

e;L; =
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L;In Lj shows that ;07 621In(3 + %2_ )/S(pj,€5,05, L;j) = co. The bottom ones (branching, laminates and

two-scale branching) are eliminated by e;L;/S (1 ,€;,6;,L;) ~ hilL — o0, the top ones (constant,

affine and linear interpolation) by y; < 1 which implies min{6%L, 11,67 1n(3 + L )} >p07In Lj ~ Li >

LG
S(uj,€5,05, Ly).
vi. R = e?/302/3L'/3 4 ¢L (branching): This regime is (when relevant) attained by a branching construction
sketched in Figure 3 (left).
(a) S = e¥/392/3L1/3. We take 0; = p; = L;j 1 ¢ = % — 0. Ouly the last three regimes (branch-

2/392/3 1/3N j_2/3
] )

§7Y2. At the same time, sj/ > ¢;, and hence S(,uj,ej,Gj,Lj) dominates

ing, laminates and two-scale branchlng) have infinitesimal energy. We have ¢
whereas uj/2 ;/29 L1/2
R(uj, 5,05, Lj).
(b) S =eL. We take 6; = pj = 3, Lj = j*/* = 00, ¢j = £+ = 0. Then ;L; = j~'/% =0, 5]'2/3[/}/3 =
,4/9 <<]71/3 N392 é, /ljl/z 1/20 L1/2 71/6 >>j’1/3.
vii. R = pl/2 /2002 ' 2(3 + L) +el (lamlnate): this regime is attained by a laminate construction as
sketched in Figure 3 (mlddle)
(a) S = pt/2e1/29L/21In"/%(3 + 7z): We take L; — oo, 0; = L%_, i = L?e_LJ', gj = L%?e_LJ'. Then 65L; =

1/2 1/29 Ll/2 = #e*%. We compute in detail the last two

regimes. Since In(3 + %) ~1InL;, we have S(u;,€;5,0;,L;) ~ ﬁ “LilnL;and e;L;/S(pnj 5,05, L;) —

2 o Lj o = Lo—Lj
LJ,LLJQ = J,E]LJ—L 7, and p;

0. Since In(3 + 3L 92) =In(3+ %) ~ L;, we have ,u1/2 1/20 L1/21 123 + 3L 92) ~ e Li. With
115605 /S (15, €5, GJ,L ) — oo the proof is concluded.

_ . . L — 1 oo 1 P S p2 — 1
(b) § = eL: We take L; — oo, §; = w7rL M= s 6 S praar Then p;0; = L,
J J J
. 1 1/2, 1/2 1/2 1 . . .
g;L; = 7@/2 R and W 0; L = 75/21113/‘% . We compute in detail the last two regimes.

Since In(3 + 4) ~ Inln L;, we have ul/Q 1/29 L1/21 1/2(3 4 ) ~ =t — In'/? InL; <« e;L;. Since
J

3/21 3/4L
J

(3 + i) = (3 + L;n'/? Lj) ~ In L;, we have 11}/ 1/29 L m'2(3 + mre) ~ T >
At i n '

ejLj. Further, 67L; ~ L;j/InL;, p < 1, and the three terms In(3 + L;), In(3 + m) and In(3 + Z—J)

behave as In L;, eliminating the first five regimes (constant, affine, linear interpolation, single truncated
branching and corner laminate).

viil. R = p!/2e1/20L12 ' ?(3 4 o5

a two-scale branching construction sketched in Figure 3 (right).

) 4+ eL (two-scale branching): this regime is (when relevant) attained by

(a) S = (ub?cLIn(3 + u3§2L))1/2 We take L; —o0, 0; = 7, pj = ﬁ, gj = p303L;InL; 8+1 InL;.
’ i L

Then uﬂz = 411, e;L; = 7+1 InL;, 62/39]2/3L;/3 = %1112/3Lj, p;/gs;/QO-L;/Z = %lnl/2 L;,
L L J J

#§9st = InL;, so that S(,uj,aj,e Lj) ~ Li?lnlﬁlenlﬂlnLj and €;L;/S(p;,€5,0;,L;) — 0. The
laminate is eliminated by (u;67cL;)"/2 In'/2(3 + %) ~ Li?lnLj > S(pj,e4,05, Lj), those with ;6% by
ujef-/S(uj,sj,Gj,Lj) — 00, and QJQL] = %J

. _ 1 _ 1 _ 1 _
(b) S = eL: We take L — 0OQ, 0] = m, By = I,InL;’ E:j = L? In3/5 Lj' Then 'U,JH? = m, €]L =
J . . . 1/2 1/2 1/2
m = u]92 1n4/5L ?Z;?Lj = In'%/5 L;, which implies that Srgp := ,u]/ L/ 0; L/ In 1/2(

n / n i
L) ™ (ujQ?stj)l/Q In'/? InL; ~ % N,uﬂ?(ln2/5 Lj)(lnl/2 InL;) < ¢;L;. To conclude, we

need to check that for all regimes R entering Z we have Srgp/R — 0. This is obvious for GJQ-Lj, for
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ujﬁjz- InL;, and for all regimes that contain an ¢;L; scaling. Since p; < 1, the regime with In(3 + L; /1)

is also irrelevant. Since 5;/ 293/2 = €;L;, this is also true for the regimes that contain the s}/ 203/ 2 scaling,

and finally % =L; In*/® L; shows that this also holds true for the corner laminate.

2.2.2. Rough overview over some parameter ranges

The proof of the lower bound in Section 3 is split into several parts that address different parameter ranges.
We shall briefly motivate and sketch heuristically why different behaviours are expected in the considered ranges,
and how this is reflected in our scaling law.

(i) We first consider the range in which ¢ is not so small, in the sense that € > min{#?, z6?}. This is the range
considered in Section 3.1. Roughly speaking, interfacial energy is expensive, and one expects rather uniform
structures. Note that in the scaling regimes, the ‘uniform’ constructions of constant functions (austenite, L6?)
and affine functions (majority variant of martensite, u62In(3 + L)) scale differently in the size of the nucleus L.
Hence, comparing these two regimes leads for large u to a competition between pu and L.

(a) If u < 1 then elastic strain in the austenite part is more favourable than elastic strain in the martensite
part. Further, e > min{u6?, 62} = pu6? implies that also interfacial energy is expensive compared to elastic
energy in the austenite part. Therefore, one would expect that low energy configurations behave roughly like
affine functions (corresponding to the majority variant of martensite) inside the nucleus. This is reflected
in our scaling law: Since p6?In(3 + L) < ub?In(3 + %) < cuf?(3 + %) < c(ub? + LH?) < cLb?, :—QLQ >
L, and eL > pb?L > cuf?In(3 + L), we obtain Z(u,¢,6, L) ~ u6? In(3 + L), which corresponds to the affine
test function.

(b) If u > 1, then the behaviour is different, and the above mentioned competition between L and p becomes
relevant. Note that 4 > 1 and € > min{y92,92} = #? implies that eL > 62L, and hence all the branching
and laminate regimes with a scaling €L are not relevant. To see that the regimes with three scalings
are not relevant is more complicated: We always have :—QLQ > % Hence, if pu6?1n(3 + ﬁ) 2 €6, we have
b 1In(3 + ETLQ) > pb?In(3 + %) 2 ub?In(3 + %) + €6, and we are done. Otherwise, 0 > u6?In(3 + %)

implies € > pf? and hence :—BLZ > L, which yields p6?In(3 + ;—QLZ) > p6?1n(3 + L). Summarizing, we obtain

L
Z(p,e,0, L) ~ min {HQL,MHQ In(3 + L), u6*In <3 + ,u) + 50} .

The examples given in Section 2.2.1 show that all scalings are relevant in this parameter range.

(ii) The parameter range ¢ < min{6?, u6?} is more delicate since here many contributions compete. Note that
in this range, the scaling 2L is not relevant since 46%L > £2/39?/3L'/3 4 ¢ (recall that L > 1/2). Also the
regime pf? In(3 + %) + €6 does not occur: Indeed, if p < 1 then p6?In(3 + L) < ph?In(3 + %) If > 1, then
el/203/2 < 92 < uh?, % < ﬁ and 557 < # < 1. Summarizing, 4u6? In(3 + l%) > min{pu6?In(3 + L), u6? In(3 +
S—QLZ,) + pf?In(3 + agz) + £1/263/2} and hence p6?In(3 + %) + ¢6 does not occur.

In this parameter range, the main difficulty lies in the logarithmic corrections. Roughly speaking, complex
patterns and rather uniform structures can occur, and the overall behaviour is mainly determined by the
comparison of L and several scalings with p©#2. The latter, however, contain logarithmic corrections that
make the comparison rather involved and lead to mixtures of different constructions. There are mainly two
qualitatively different reasons for the logarithmic terms: Some of them arise (rather locally) for laminated
structures in the vicinity of the left and right boundaries of the nucleus (see Lem. 2.3). Others are due to the
fact that in long nuclei affine structure deep inside the nucleus lead to non-periodic boundary conditions at the
top and bottom boundaries of the nucleus and hence to elastic strain in the austenite (see Lem. 2.1). To indicate
the different phenomena, we consider several subcases, corresponding to the competition between 2/392/31/3
and eL, and the size of u.
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Assume ¢ > %22. For these rather large values of e, one expects that the relevant structures are rather
uniform with few horizontal interfaces passing through the whole nucleus. This behaviour is reflected in
our scaling law as follows: We have eL > £2/392/3L'/3 which means that the branching regime behaves as

eL and that the laminate and two-scale branching regimes are not relevant. Since (ﬁ)l/ 2 < %, the

single truncated branching regime reduces to p6?In(3 + 5—9%) + £/263/2, The corner laminate regime can

then be removed. Indeed, if & < ;%6 then '/26%/2 < 1%, 1f 40 < e, then L < &2 implies In(3 + L) <

In(3+ %) +In(3+ %;—OLZ), for details see the proof of Theorem 2.7 (vi)d). Therefore,

L
Z(p,e,6,L) ~ min {MOQ In(3+4 L), u6?In (3 + ;0”) +e1/293/2, EL} )

The corresponding lower bound is the statement of Proposition 3.8 with the additional assumption e L? > 2.
Using eL > 51/293/2, 5—0% < L and u@z In(3+ 5—9%) < ,u92 + eL, one can see that all the scalings are relevant.

Assume e < min{6?, 6%, 60?/L*}. Note that the condition ¢ < %22 implies in particular eL < 02/L, i.e.,
roughly speaking, in the martensite part, a single laminate is cheaper than having a constant function or
interpolating from a constant function at the left and right boundaries to an affine function deep inside
the nucleus. The first two conditions indicate that interfacial energy is cheap compared to elastic energy in
both, the austenite and the martensite part. However, there are various competitions between the interfacial
energy, the elastic energies in the austenite and martensite parts, and the size of the nucleus. We shall outline
the main points in these competitions by considering the cases u > 1 (i.e., elastic energy in the austenite
is more expensive than in the martensite part), % < 1 <1 (i.e., elastic energy in the austenite part is less
expensive than in the martensite part but the nucleus is rather large), and the case p < % (i.e., elastic
energy in the austenite part is less expensive than in the martensite part and the nucleus is not so large).
— Assume p > 1. Then interfacial energy is rather cheap, the size of the nucleus is small in terms of
e, and elastic energy in the austenite part is rather expensive. Therefore, one expects that optimal
configurations form complex microstructures inside the nucleus, with little strain the austenite part. This
is reflected in our scaling law as follows: We have eL < £2/32/3L1/3 < (%22)2/392/3[/1/3 < ph? (since
L > 1/2 and p > 1), which shows that all regimes with a scaling p6%In(3 + X) are irrelevant. Since
also 2/302/3L1/3 < 1/2£1/29L1/2 | also the laminate and two-scale branching regimes with a scaling
plt/2e1/29t/? In'/? (3+Y) are not relevant, and therefore we are in the branching regime of Figure 3(left),

Z(p,e,0,L) ~ g2/392/3 13,

— Assume % < p < 1. The situation is similar to the case above. However, if the size L of the nucleus is
large (in terms of u), then one expects a competition between the formation of complex patterns inside
the nucleus and elastic energy in the austenite part in the vicinity of the left and right boundaries: This is

2
reflected in our scaling law as follows: Again, eL < e2/39%/3LY/3 < (£;)2/392/3L1/3 < 116? implies that all
regimes with a scaling u@z In(3 4 X) are not relevant. Furthermore, ﬁ < L since u3L > % > %22 > e,

which means that two-scale branching is more favourable than laminates. Therefore, in this parameter
range

Z(p,¢e,6,L) ~ min {52/302/%1/3, pt/2e 202 It 2(3 + uf”;L) + EL} .

Using that £2/392/3[1/3 > ;1/21/29[1/2 1n1/2(3 + g7z ) is equivalent to yIn'?(3+y) > 1fory := TR
i.e., y > ¢, one easily checks that all three scalings are relevant.

— Assume finally p < % This is the richest and most complex parameter range.
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If £ is very small in the sense that additionally & < % < %92 then one expects the formation of
complex patterns inside the nucleus. This is reflected in our scaling law as follows: On the one hand
el < e2/392/3[1/3 < 162, which shows that branching behaves as €2/302/3L/3 and that all the regimes
with a term p#?In(3 + X) are not relevant. On the other hand, eL < pu'/2¢'/20L'/2. Summarizing, only
branching, two-scale branching and laminates (see Fig. 3) are relevant, and

. : € 1
Z(p,e,0, L) ~ min {52/392/%1/3, p2et 29012 1nt/? <3 + u392L> ,ut2e 2oL/ 2 1nt/? <3 + 92> } .

As above, one easily checks that all the scalings are relevant. For the case of large 8 > my, the logarithms
disappear since In(3 + 6%) < ¢, and the corresponding lower bound is proven in Lemma 3.4.

Let us finally address the remaining range % < e < min{ub?, %22} in which the overall behaviour is
> 1, we have y/In*(3 +y) > ¢ and

hence €2/302/3L/3 > cpt/2eY/29LY/2 1In/?(3 + 5gr ), which shows that branching is not relevant. We

also note that ;—QLQ < ﬁ. In this case,

essentially determined by the logarithmic terms. Setting y := ﬁ

Z(9,e, L, 1) = min {,w? In(3 4 L), pb* In(3 + 55) + /2632, 46 In(3 + ) + pb* In(3 + £),

pl/2e 2012 I 2 (3 + ) + e L, pt/2e 2002 ' P (3 + 57 ) + aL}.

Here many competitions between the ‘more local’ (lower line) and ‘global’ (upper line) logarithms take
place, and the different contributions are treated separately in the proof of the lower bound. Precisely,
in Lemma 3.11, the ‘global’ logarithms are captured which always are in competition with a single
laminate (¢L). Combined with the energy required for an interpolation from a constant to an affine
function (see Lem. 2.5), this leads to the lower bound in Proposition 3.8. The case of a single lami-
nate requires additional care since there the incompatibility at the left and right boundaries lead to a
competition between complex microstructures inside the nucleus and elastic strain in the austenite part.
We point out that the situation here is (even in a scalar-valued setting) more complicated and the scal-
ing behaviour is more complex than in the well-studied case of a vertical austenite/martensite interface
with periodic boundary conditions at the top and bottom boundaries. This is in particular reflected in
Proposition 3.3 by the additional regime 6% In(3 + g)

3. LOWER BOUND

The proof of the lower bound will be divided in three main parts, addressing various regimes in which
qualitatively different behavior is expected from the constructions in Section 2.1. We shall briefly outline the
structure of the proof:

In Section 3.1, we deal with the case that ¢ is not very small. Specifically, we assume that one of 62 and
ub? is below . Roughly speaking, in this regime, one expects rather uniform structures inside the nucleus. The
lower bound in this regime is given in Proposition 3.1. The key competition is between the bulk energy in the
martensite and the bulk energy in the austenite, and is made quantitative in Lemma 3.2.

In Section 3.2, we treat the case of small ¢, in which we expect microstructure. This is the most interesting
and richest regime, in which a variety of one- and two-scale branching patterns appear. The smallness of &
corresponds to two conditions: firstly, it should be such that there is at least a single interface over the entire
length of the sample, as made quantitative by comparing eL with u6? (up to a logarithmic factor, see below for
the precise condition). Secondly, it must be such that the cost of a branching pattern is not dominated by the
cost of a single straight interface, in the sense that eL < e2/302/3L/3 which is equivalent to e L? < #2. Roughly
speaking, in this regime, one expects complex patterns inside the whole martensitic nucleus, and contributions
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from the austenite part only close to the left and right boundaries of €237. The lower bound is derived in
Proposition 3.3, which builds upon a series of Lemmata for specific parts of the estimate.

In Section 3.3, we address the remaining part of the small-e range which is not covered in Section 3.2,
corresponding to the cases that u is small (in the sense that p6? < eL) or that L is large (in the sense that
62 < €L?). In this case, one expects that there are parts inside the nucleus in which the displacement is affine
or a single laminate. The relevant lower bound is obtained in Proposition 3.8.

Finally, in Section 3.4, we put together the above results and conclude the proof of the lower bound.

We start by making a few general observations and definitions that will be used all over the argument. The
condition Vu € BV (Qa1; R?*2) implies that u has a representative which is continuous on Qs (see, for example,
Lemma 9 in [26]). We work with this representative, and mainly work on slices in direction £ = (1/4,1). One
important quantity is the set C of slices which are almost affine with slope 6 or § — 1 (recall (1.6))

€= {m € (0.1~ &) + min {Juf, (5) v, (0) — 58l 0.0 1, () — u, 0) = (60— V|0 } < 760}
(3.1)
These are slices which have almost no energy in the martensitic nucleus. The boundary values on the top and
bottom of the slice, however, differ by approximately 6 (or 1 — 6). Therefore, these slices generate a large energy
in the austenitic matrix.
Correspondingly, we shall consider the set P of slices where the boundary values are close,

Pi= {21 € (0,L &) : Ju((x1,0) + &) —u(z,0)| <2776} (3.2)

These slices generate very small energy in the austenitic matrix, but cannot be low energy inside the martensitic
nucleus. They can be realized either by microstructure (with energy density at least €) or by having a deformation
which does not match the eigendeformation of the martensite (with energy density at least #2). The sets C and P
are clearly disjoint. This competition and these energy contributions will be made precise in Lemma 3.2 below.

Over the entire lower bound we shall often focus on “typical” slices, and relate the one-dimensional inte-
grals over slices to the energy via Fubini’s theorem. For example, recalling the definition (1.9), one has

L—¢
fiowpeton 24 2 [y UF1E g, dor > 02" ({1 € 0,060 5 1, ) 2 ) for any > 0.

3.1. A lower bound in the parameter range 8% < ¢ or uf? < ¢

In this case the structure inside the martensite is coarse, and the optimal bound is obtained considering a
path that contains the segment (z1,0) to (21 + &1,1), and then goes back in the austenite phase, staying at a
distance of order x; from the martensite (see Fig. 8 and Lem. 3.2).

Proposition 3.1. There exists ¢ > 0 such that for allu € X, p > 0,60 € (0,1/2], e >0, and L € [1/2,00) with
min{#?, uf*} < e

there holds
. 2 2 2 L
I(u) > ¢min {,u@ In(3+ L),0°L, ub* In <3+ > +59}.
i

The key estimate, that will be useful also later in the proof, is the following. We recall the definition of the
sets P and C in (3.1) and (3.2), the definition of A} in (1.8) and of the L?(A$ ) norm in (1.9). The geometry
is illustrated in Figure 8.

Lemma 3.2 (Bulk energy). Suppose that 6 € (0,1/2], L € [1/2,00), u € X. The following holds:
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(=z1, 1+ 1) (z1 4+ 61,1+ 21)

A&

T

—x1 1 1+ & 2L

(—z1,—21) (@1, —1)

FIGURE 8. Sketch of the geometry in Lemma 3.2. The set S;, is marked blue, the segment Agl
red. The path used here is analogous to the one in the upper bound construction, see Figure 4
and Lemma 2.1.

i. Fori e {1,2} and for almost every x1 € (0,L — &) one has

1
1-|—(E1

1
/,L/ |Vui\2d7—l1 > gu Iui(-fl + &1, 1) - ui($1,0)|2a

z

where Sy, is the polygonal arc in R? \ Qap, joining the points
(xl +§17 1)7 (xl + 517 1 + .'I}]_)7 (-.1'1, 1 + 1‘1), (_xla —.'171), (xla —.’I,']_)7 (.'L']_,O)-

i. If 1 € [0,L — &] obeys ||min{le(u) — fe; © eaf, le(u) + (1 — B)e; © ea|}|? < C16? and

L2(A,) —
10505us,|((0,1)) < Cy, where Cy == 2713, then x, € C.
iti. For any x1 € C we have |u§ (1) —u§ (0)| > 36. In particular, the sets P and C are disjoint.
iv. One has

I(u) > cmin{e, 02}£1([0, L — &)\ C),

and

L+1-&

S o2
I(u) > cub” In P11

+ cmin{e, 02} L (P).

Proof. (i) The assertion follows by a direct computation, using that
HY(S,,) =8z + 14+ & <81+ 21).
Indeed, for almost every z1 € (0, L — &) we have that u; € WH2(S,,). It then follows that

12 gyl 1 -1 _ N2 uizr +&,1) — wi(21,0)
/S Vg2 dH' > (H1(S.,)) (/ |Vu1\d7-l) > s e

] r1
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(ii) Fix such an z1 and define v(s) := u§, (s). Since [9,05v| < 3, there is b € R such that [v/(s) — b| < & for
almost all s € (0,1). We observe that by Holder’s inequality and (1.11)

N

1
~ 1
min{\b—9|,|b+(1—9)|}§/ min{|v’—9\,\v’+(1—9)|}+\v’—b|ds§5011/29+§g
0

Therefore there is o € {0,1} such that [b+ o — 6] < 1, and correspondingly [v/(s) + o — ] < £ for almost all s.
Since |§ — (1 — 6)] =1 it follows that |[v'(s) + o — 0] = min{|v' — 0|, |v" + 1 — 0]} for almost every s, and thus

1 1
o' +o—0lds= | min{|v' —8[,[v' +1—0|}ds < 5C?.
| 1
0 0
Integrating we obtain

[v(s) + (0 —0)s —v(0)] < 56'11/29 for all s € (0,1). (3.3)

Since C; = 2713 this implies z; € C.

(iii) For 21 € C we have [u$ (1) —u§, (0)| > mingyeqo,1} [0 — 6] — 2756 > 36. The second assertion follows from
89 < Juf, (1) — uf, (0)] < 41¢] [u((1,0) + &) — u(z1,0)] and [¢] < 2.

(iv) The first assertion follows from (ii) with Fubini’s theorem. Indeed, if z; € (0, L —&;)\C then || min{[e(u) —

fer © ez, le(u) + (1 —O)er © 62|}||2L2(Ag ) > C16% or el8s05us, [((0,1)) > eC. Integrating over all such z; we

obtain I(u) > cmin{e, 02}L£1([0, L — &]\ C).
To prove the other one, for almost every z1 € (0,L — &) \ P we obtain by (i) that

92
u/ IVul? dH > L
o1 1+ X
so that, using Fubini and monotonicity of 1/(1 + z1),
L= L+1-¢
I°%(u) > ¢ 92/ dzy > cub? dzy = cpf?In = —— >
R AT By ST O R

Finally, since P and C are disjoint, we have P C [0,L — & ]\ C and I(u) > emin{e, 0?}L1([0,L — &)\ C) >
cmin{e, 02} L1 (P).

Proof of Proposition 3.1. By Lemma 3.2(iv) we have, with p := £L1(P),

L+1-&

I(u) > cpb?1
(u) > cpb®In ]

+ cpmin{e, 62}. (3.4)

We distinguish two cases.

i. Assume p < 1. Then the assumption on e implies u6? < ¢, so that p6? < min{e, #?} and (3.4) gives

L
I(u) > ¢ min (uGQ In +

3

3 3

4 '02): 0’ (L+°2) > cu?n(3+ L
e p,+1+pu cpb I ( L+ 7 ) =cp n(3+ L),

which concludes the proof. We used here that the expression to be minimized is nondecreasing in p’, hence
the minimum is attained at p’ = 0.
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. Assume 1 < p. Then the assumption on e implies % < ¢, and (3.4) gives

L+3
> 2 4 2\
I(u)_c(,u9 lnierl —l—p@)

If p> $L, then I(u) > c§L and we are done. If p = 0, then I(u) > cu#?In(3 + L) as above and we are
done. Assume now 0 < p < %L. We observe that p < %L and % < L imply 1ﬁso(p +1)<L+ % and therefore
I(u) > cuf?In 19—0 > cub?. Further,

L+3 2 i 2 o (L3,
p/+‘i +p'0 ) >cm1n{u9 In(3 + L), p6” In <T4)’9 L}

I(u) > ¢ min ( 6%1n
( )7 p'€[0,L—&1] a

(we used here that the only zero of the derivative is at p’ +1 = p, hence the minimum over [0,00) is at

p’ = pu —1). Since we had already proven I(u) > cuf?, distinguishing the two cases L/u > 3 and L/u < 3
gives

L
I(u) > cmin {ue“' In(3 + L), u6* In <3 + u) ,92L} : (3.5)

At this point it only remains to obtain the €0 term. We are working under the assumption that p > 0. For
almost any x,, € P we have

6.

>~ =

/ (S, Y'(s) ds = [ué. (1) — S, (0)] <
(0,1)

If C = () then by Lemma 3.2(iv) we have I(u) > cmin{e, 0?}(L — &) > ¢6%L, and we are done. Otherwise,
for any z. € C we have

PRS0 - 01 [ ) ds
4 ©0.1)

Therefore

%9 < / [(u,) — (us,)'|ds < 4|D?u|((0,L) x (0,1))
on !

and therefore I(u) > cefl. Recalling (3.5) we have
. 2 2 L 2
I(u) > c¢min {u@ In(3+ L), u6~In (3 + > +¢6,0 L}
I

which concludes the proof. U

3.2. A lower bound in the parameter range eL? < 62 and eL < u6?

We turn to the case in which eL? < 62, and formulate a lower bound on the energy restricted to the set

Qp = (—00,0) x R. (3.6)

We give these estimates for general ¢ < 2L since this does not require extra work. To prove the main theorem,
however, we will only need the case ¢ = 2L.
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Proposition 3.3. There exists ¢ > 0 such that for allu e X, 0 € (0,1/2], € >0, >0, u >0 which obey

1
1<e<2L, e?<0*,  and e€§u92min{ln<3+92),ln(3+ugzzg>}

there holds

I5 (u) > cmin {MGQ In(3 + ¢), u6* In (3 + Z) ,e2/39%/3¢1/3,

1 1/2 c 1/2
pt2e1 20012 (ln (3 + 92>)  put2et 20002 (m <3 + u392€)> }

The key estimate for the most difficult case, in which 6 is small, is proven in Lemma 3.7 below. A proof of
similar statements has been provided by two of the authors in [27] in the context of simplified scalar-valued
models for austenite/martensite interfaces and crystal plasticity. Our proof follows the general strategy of the
proof and builds on techniques from there with two main differences: First, the vectorial structure requires
more refined arguments; and second, the isotropic elastic modulus allows for more flexibility which is treated
differently than in the corresponding model for dislocation microstructures.

The vector-valued setting including a symmetrized gradient requires more careful slicing techniques than in
[27]. We follow a BD-type approach and consider diagonal slices instead of nearly vertical slices. An intuitive
choice of the direction of slices would be (1, 1). However, this would lead to problems in the case L = 1/2. Indeed,
in this case Qo7 = (0,1)? contains only a single segment parallel to (1,1) which connects the bottom and the
top boundaries, and it would not be possible to choose a ‘typical’ slice (in the sense of Fubini’s theorem). Note
that the energy controls only the symmetric part of the gradient of u, and hence we rely on BD-type slicing
results which hold along diagonal slices but not on vertical ones. For these reasons, we fixed the direction of the

slices as
1
=(=>,1).
¢ <4)

We first treat the simpler case in which 6 is bounded away from zero. In this case we use a different proof
which uses ideas that were introduced in [15] in the geometrically nonlinear setting and were refined in the
linear setting in [31, 47]. All these works treat only the case 6 = %, but the argument can easily be extended to
the case 6 € [my, %] We start with this argument, which is simpler and does not require much preparation.

Lemma 3.4 (The case of large 0). Let my € (0,1/2]. There exists ¢ > 0 depending only on my such that for
allue X, e>0,¢>0, u>0,0 >0 which obey

1<¢<2L, el? <1, el < u, and mq

IN

)

IN
N =

we have

Ig,(u) > cmin {52/351/3, u1/251/2€1/2}.

Proof. Let o : Qp — {6, —1 + 0} be the function that indicates which variant is locally attained, i.e., such that
min{|e(u) — fe; ®ea, le(u) + (1 —0)e; © ez} = |e(u) — oe1 ® ea] almost everywhere. We fix p € (0, 1], and choose
Z1 € [0,£ — pl], T2 € [0,1 — p] such that the infinite horizontal strip S}, := (—00, £) X (Z2, T2 + p), and the infinite
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1
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T1 T1+p l
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FIGURE 9. Sketch of the geometry in the proof of Lemma 3.4. The horizontal and vertical
stripes Sy, and S, as well as their intersection @, are emphasized.

vertical strip S, := (Z1, %1 + p) X R obey, recalling the definition of €, in (3.6),
Ig(u) < ct™'p*lg, (), Is,(u) < cl™'plg (u), and Is, (u) < cplg, (u), (3.7)

where @ := S, N S, C Q (see Fig. 9). By Poincaré’s inequality we have that

[8aur = (Bour)qllLi(@) < pID*ur|(Q)  and  [[Drus — (Bruz)qllLi(q) < pID?us|(Q) (3.8)

where (f)g denotes the average of f over Q. Combined with Holder’s inequality, we obtain

o — (Dau1)q — (Bruz)qllri@) < llo — (Baur + Bruz) [|L1(@) + 102u1 — (Baur)qll L1 (o)
+|01ug — (Druz)ellL (@)

< o (pId (W) + pe M gw) < e (2021 () 4 pPe e g, ().
If £2({c =0} N Q) > p?, then
1
592 |0 — (D2ur)q — (Druz)q| < llo = (Daur)q — (Dru2)qll 11 (g -

Otherwise £2({o = 0 — 1} N Q) > 1p? and hence

1
§PQ|(9 — 1) = (Gau1)q — (Oruz)q| < [0 — (Gaur)q — (Or1u2)qllL1(Q)-

Hence if [{(Oou1)g| < mq/4 and [(Druz)g| < ma/4, then since my < 6, |6 — (Qaur)g — (ruz)g| > 0/2 and
|0 — 1 — (Dau1)g — (Dru2)g| > /2, we deduce

mip? < e (00 w) + o g, ()
which implies that
Is (1) > cmin f,eﬁp_l . 3.9
Q

This estimate will be considered as one part of (3.11) below.
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It remains to consider the other cases. If [(Jaui1)g| > m1/4, we set a := (Oru1)g and b := (u; — az2)q. Then
by Poincaré’s and Holder’s inequalities (see also (3.8))

l[ur — aza = bllL1 (@) < plV(ur — (D2ur)Qr2)llL1(@) < pllO1urllr (@) + plld2ur — (Baur)qllLi(q)
< P21 (u) + p*e M g(w).

By Fubini’s theorem, there is 27 € (Z1, %1 + p) such that
Ta+tp 1/2 L
[ lut (27, 22) — awa — bl dxe < ply~(u) + pe™ " Ig(u)
T2

and uq (7, ) is the trace of uy on {x; = 27}. We use the fundamental theorem to transfer this information to
a corresponding slice on the boundary. Precisely, we estimate

Ta+p
/ |u1(0, 22) — axe — b| dag

T2
Ta+p Zo+p

< / |ug (27, x2) — axs — b| das —l—/ / |O1u1| (21, 22) doy dag
) T2
< o (pId () + pe M) + /291212 (w))

<c <p2€_1/21$£2(u) +p%e U g (u) + p€1/211/2( )) .
Since |a| > my /4, we get by Lemma 1.4 applied to u;(0, T2 + -) that
map? < e (PRI ) + o g () + oI )+ mi T s, (u))
c <p2€71/21é£2(u) + p3571£71[m (u) + pél/ngziz(u) + /,Flplm (u)) , (3.10)

where in the last step we subsumed m, in the constant c. Finally, if [(01u2)q| > m1/4, we proceed analogously,
interchanging the indices 1 and 2, and obtain the estimate

Z1+p _ Zi+p  pxs
map? < ¢ / lus (21, 25) — dz1 — b| dx1+[ /0 Dol dz -+ 1 a0 21 s, 54

1

—1/271/2 1 1/2 —1)—

< e (I ) + P g () I () T o ()

with @ := (dus)q and b:= (uy — d21)q and an appropriately chosen 2% € (g, 2 + p).
Putting this together with (3.9) and (3.10), we see that for any p € (0,1)

Ig, (u) > cmin{l,elp™" 071 p?, up} = cmin{elp™", 7" p?, up}, (3.11)

where we used that p < ¢ implies £~1p? < ¢.

If pn > e'/3071/3 we choose p = &'/3(%/3 and conclude I (u) > ce?/30*/3 (p <1 since ef? < 1).

If < e'/3071/3 we choose p = p=/2e/2¢'/2 and conclude I, (u) > ept/2e1 /2012 since pt/2et/200 2 < 1p? =
u~te by the assumption on p (note that p < 1 since p < ef). This concludes the proof of Lemma 3.4. O
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If 6 is small then a more complex procedure is needed, in order to capture the various logarithmic divergences
in the energy. Before presenting the main estimate in Lemma 3.7 we need a number of preliminary results, which
characterize the behavior of low-energy functions close to the corners in (0,0) and (0,1) and on “good” slices.

We begin by proving estimate for the behavior of u; close to the corners (0,0) and (0, 1), which captures the
logarithmic divergence of the matrix energy, see (3.12).

Lemma 3.5. For any c, € (0,1] there is C = C(c.) such that whenever 1 < ¢ < 2L, m € (0, %] and
O<pu<fd<m

one of the following holds: either

1
al(u) > min {MGQ In (3 + z> i ln , 162 In(3 4 5)}

or
! 1) — 1
/ [, 1) = (1, 0))] dzi < ¢ fln—. (3.12)
m T m
Proof. We show below the following: either (3.12) holds or
1 N 2 1
El(u) > min ;,MG In(3 + ¢q), 40 In - for any ¢ € [1, ¢]. (3.13)

We first prove that this implies the assertion. We let ¢, := observe that p < 0 implies g, > 1,

20
win(3+6/p)°
and distinguish two cases. If ¢, < ¢ we set ¢ = q.. Then 03/q. = §u92 In(3 + 6’) Further, observe that for
3+t) > (3 + t)'/2, which implies In(3 + 1n(3+t)) 1In(3 +t), and obtain p6?In(3 +

q) > 5 L16% In(3 + /7)’ which concludes the proof. If instead g, > ¢ we set ¢ = £ and observe that in this case
% > Z—j = p6%In(3 + %), which also concludes the proof. Therefore it suffices to show that one of (3.12) and
(3.13) holds. K

Fix ¢ € [1,£]. We can assume that I(u) < 2_901,2% (if not, (3.13) holds and the proof is finished). Since

L ¢.0) such that uy(-,9), ui(-, 1 — ) € WH2((0,£)) with

any ¢ > 0 one has 3 + ITGED)

H81u1|\%2(m) < I(u), we can choose ¢ € (0

» 16
£ 1 02
/ |81U1|2(1’1,5)+|81"U,1|2(£Z?1,175)(11’1 < —02—
0 32 "¢
This implies, setting @y := u1(0,8) and @] = uy (0,1 — ),
|uy (21,6) — g | + Jui(@1,1 = 6) —uf | < *6*0 for all £7 € [0, q]. (3.14)

To shorten notation we define

flz) = {min{|e(u)(x) —fe; © ez, |e(u)(z) — (0 — 1)er ®eal}, if x € (0,0) x (0,1),

|Vul(z), otherwise.
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For z1 € (9,q) we define z : [0,1] — R by z(s) := (u1 — u2)(x1 — s,s). For almost every x; we can estimate,
similar to (1.10)-(1.11),

12 (s)| = |Orug + Douy — Oruy — aus|(zy — s, 5)
S hin ||+ [(e12(w) + ea1(u) — o) — (e11(u) + eaz(w))|(z1 — s, 5) (3.15)

<1+ 2min{|e(u)(z1 —s,s) —Oer @ ez, le(u)(x1 —s,5) — (0 — 1)e; ©ea|} <1+ 2f(z1 —s,5).
With multiple triangular inequalities,

lui(21,0) —uy | < |ui(z1,0) —ur(z1 — 0,9)| + |ur (1 — 6,0) — uq |
< [2(0) = 2(8)[ + |uz(21,0) — uz(z1 — 6,0) + |ua(z1 — 6,6) — uy |
< 12(0) — 2(8)] + |uz(x1,0) — ug(z1 — 6, =6)| + |ua(x1 — 6, —8) — ua(z1 — 4, 9)|
+ |ur(x1 —0,6) —ug|.

(3.16)

By the fundamental theorem of calculus, using (3.15), |Oauz|(xz) < f(x) everywhere and |Vus|(z) < f(x) for
Z2 S Oa

|mmhm—uﬂswnm—&®—uﬂ+a+2/ Fan, (3.17)
Sz,

where S is the polygonal joining (1, 0), (x1 —9,0), (21—, =), (x1,0) (see Fig. 10). Repeating the computation
on the other side with Z(s) := (u1 +ua)(x1 — 8,1 — s) leads to

fu(@1,1) — | <l (a1 — 6,1 - >—uu+6+2/ Fan, (3.18)

where S is the polygonal joining (z1,1), (x1 — 6,1 — ), (x1 — 0,1+ 6), (z1,1). Adding the two, and recalling
(3.14) for £y =z — 6 yields, since H'(SF.) = (2+2v/2)d < 56, and 26 < %c.0,

1/2
3
|ui(21,0) —uy |+ |ur(zq, 1 )fu1|< c*9+25+2/ fdHl <= c.0 + 86172 / f2dH!
S5, UST, 8¢ S5, UST,

for almost every x1 € (9, q). We divide by x; and integrate over z1 € (a,b), for some a,b with § < a < b < g,

b _ 1/2
— 1 1
/ Iul(xlvo) Uy |+|U1($1, ) |d <3c*91nb +861/2/ (/ f?dHl> da?1
a 1 a L1 \Js;ush

b b
§§C*91n7—|—851/2 /—dxl // fEAHt day
8 a a S5,USH

The first integral is controlled by 1/a. For the second one we use Fubini’s theorem,

/2

b
21
/ / fPdH day < 2/ fAdr < max{1l, " *}2I(u) = (u)7
a JS5usd (0,0)% (=6,1+5) Iz
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Sout
x
(21,14 1) - (z1,14z1)

. St
1-94
o

—x 5;1 T1 2L
(=21, —1) (z1,—21)

FI1GURE 10. Sketch of the geometry in the proof of Lemma 3.5. The two horizontal lines entering
(3.14), at 3 = 6 and w2 = 1 — 4, are shown in green. The two polygonal lines S, S, used

in (3.16) and (3.17) are shown in red. The exterior polygonal line S9"* used to obtain (3.21) is
shown in blue.

since by assumption p < 6 < 1. Therefore

whenever § < a < b <q. (3.19)

/b |U1(SU1,0) _’U’I| + ‘U1<$1,1) _uii»| doq < §C elné + 1261/2](“’)1/2
a r1 t=g a a1/21u,1/2

We first use (3.19) with a = m, b = 1. This gives, recalling § < 0§ < m,

12
—1

H1/2 (U)I/Z.

/1 lu1 (x1,0) — uy |+ |ug(21,1) — uf|

dr; <=c,0ln — +
T 8 m

m

If the second term is larger than %c.f1In L then I(u) > cp6?In L, (3.13) holds and we are done. Otherwise the

right-hand side is not larger than ic,01n L, so that
2 m

1
- 1 1 1 1
/ lug(z1,0) — uq(xq1,1)] day <|uy — ui’“ In—+ =c,0ln —.
1 m 2 m

m

If
o1
u; —uy| < 50*0 (3.20)

then (3.12) holds and we are done.
It remains to consider the case that (3.20) does not hold. For z; € (0,£) we let S := (O((—z1, 1) X
(=x1,1+21)))\ (0,L) x (0,1) (see Fig. 10). Then

1/2
luy (z1,0) — up(z1,1)] g/ |V | dH! < fdH! < (Hl(sgyt))”Q( f2d7-l1> .
Sgut

out out
Sgu Sgu
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Therefore

outy)1/2 12
/q lu1 (z1,0) — up (w1, 1) dzy < /q M ( f? d’H1> day
L 1 Sgy

/8 Z1 /8 Z1

1/2 1/2
q le Sout q (3.21)
< / #dxl / f2dHt day
1/8 Ty 0 Jsgut

<ep™ P2 (8g) 12 (u),

where in the last step we used that Hl(S;’?t) = 8z +1 < 162 for z1 > %. We use (3.19) with a = %, b=gq,
and obtain

cIn'/?(8¢q)1Y/2(u)
E

/q ug (#1,0) — uy | + uy(21,1) — uf|
1

3 cot/? 3
b & g1/2 b
. . dz; < 80*9111(8(1) + 72 I'*(u) < 80*9111(8(1) +

where we used § < 1/8 and ¢ > 1. Combining with (3.21) and ¢ < % yields

T uy —uf|

3 cIn/?(8¢q)1Y/2(u)
T —ul|In(8¢q) = dz; < =¢,.01In(8 .
luy —uq | In(8q) /1/8 o T1 = SC n(8q) + e

Since (3.20) does not hold, we have I(u) > cuf? In(8¢) > cuf? In(3 + q) since ¢ > 1. Therefore (3.13) holds and
the proof is concluded also in this case. O

The next Lemma proves that us is, up to a small exceptional set, very well controlled by the energy. In
particular, it is significantly smaller than 6, in different measures. In this section (Lem. 3.7) we shall use (i).
Since the proofs are naturally connected, to avoid repetition we present here also the proof of two estimates
that will be used in the next section, specifically, (iii) in Lemma 3.10 and (ii) in Lemma 3.11.

Lemma 3.6 (Local estimates for us). For all C > 0 there exist C = C(C) > 0 such that for any § € (0,1] and
any u € Wh(R2,R?) there is a set GC [0, L — & such that

I(u) > Cmin{p, 1}6°£1(G)

and

i. for any m € (0,1/4] and any x1 € [0, L — &)\ G, one has

ds < 36_’91nl,
s m

/1 lug (21 — 861, 1) —ug(21 + (1 +5)&1, 1)

m

ii. for any m € (0,1/4] and any z1 € [0, L — &)\ G, one has

/1 lug (w1 + 861, 8) —ua(z1 + (1 — 5)&1,1 = 5)|

ds < GC'anl,
s m

iii. for any x1 € [0,L — &)\ G and any J € (0,1] one has

1

5 lua(z1 + (1 — 8)&1,1 — 5) — ug(xy + &1, 8)| ds < 5C0.
(0,9)
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M Ghor
1 =‘-{-\= 1 1 >
1—s
Guert
(i), (i)
. m+& oL T T+ & 2L o n+& 2L

z1+ (1 —8)&
FIGURE 11. Sketch of the geometry in Lemma 3.6. Left panel: the boundary estimate (i)
compares values across the top boundary, at distance & (1 4+ 2s). The other two estimates
compare points along the diagonal (x1,0) + RE. Middle panel: the sets Gyert and Gror compare

points which are separated vertically or horizontally, and are estimated integrating along the

sketched curves, see (3.22) and (3.23). Right panel: the sets Gi*:" and G2, are used for similar
estimates, but integrated over s.

Proof.

Step 1. Construction of G.
We construct G as the union of different pieces, which are all defined and estimated similarly.
The first one contains points with large vertical differences (see Fig. 11 (middle)),

Gyert := {xl S [O,L — 61} - C0 < |U,2(331,0) — UQ(Z‘l, 1)|} . (322)

By the fundamental theorem of calculus, for almost every x; we have

s (1, 0) — up(wr, 1)] < / (Oaus] (21, 5) ds

)

which gives, using first Holder’s inequality and then Fubini’s theorem,

629251 (gvert) S /

lug(21,0) — uz(z1, 1)) doy < / |0ous|? dz < I(u).
(0,L—&1) QL

The second one contains points with large horizontal differences along the top boundary,
Ghor 1= {xl €[0,L —&]:CO < |ug(wy, 1) — ua(wy + &1, 1)|} . (3.23)
Let S, be the polygonal joining the points (see Fig. 11 (middle))
(z1,1), <£U1 + %fl, 1+ ;&) s(z1+ &1, D).

By the fundamental theorem of calculus, for almost every x; we have

1/2
|UQ(£L‘1, 1) — UQ(IL‘l + 61, ].)l § / |VU2| dHl S (Hl(Sml)/ |VU2|2dH1>

xq xq
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so that, squaring, integrating over Gy, and using H'(S,,) = v/2&, = ﬁ,

0292£1 (ghor) < /

(0,L—&1)

1
<35 // [[Vuo|? (21 4,1 +t) + |Vuo|* (21 + & — t,1+t)] dt day
R (07%51)

1
ug(z1,1) — ua(xy + &1, 1)> dz S—// Vus|? dH dz
|ug(z1,1) —ug(z1 + &1, 1) day 2\/511&5,1' 2] 1

< / |Vug|?da < = I (u).
Rx(1,2)

The next one controls vertical fluctuations, it will be used to estimate ug(z1 + s£1,0) — ua(z1 + $&1, 8), and the
same term on the other side. Precisely, we set

vort i= {331 € [07 L - fl] : C*0° < / / (|32U2|2($1 +s&1,t) + |62u2|2(x1 +(1— 5)51715)) ds dt} - (3.24)
(0,1) J(0,1)

Integrating over all z; € G2, and swapping the order of integration gives

CR02LL(G™ ) < 2/ ds/ / 10| (21, 1) dt day < 2/ 0|2 A < 21(u1).
(011) (OvL) (071) QL

And finally we consider an averaged version of Gyor,

_ 1) — 1)?
gt = {xl eR:0292§/ fuz(@1 + 561, 1) — ua(@r, )l ds}. (3.25)

(=1,1) |s]

Let S;rhs be the polygonal line which joins the points

1 1
(x1,1), (3?1 + 58517 1+ 2|8|§1> , (1 + 881, 1)

(see Fig. 11). By the fundamental theorem of calculus for Sobolev functions, Holder’s inequality and H' (S}, ,) =
[s€1v/2 < |s| we get

uz (21 + 561, 1) — uz (@1, 1)] S/+ Vug| dH" < [s]'/2 </+

xq,s

1/2
|VU;2|2dH1> .

St

Squaring, dividing by |s| and integrating over s € (—1,1) gives

/ ug(z1 4 s€1,1) — ug(x1,1)[? ds < / / |Vaug|? dH* ds.
(—1,1) (-1,1) J S

|s] :

zq,s
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av,+

We integrate over all 1 € G

and obtain, using Fubini’s theorem as above,

_ 2
020251@22?) < // [ua(@ + 561, 1) — up(21, 1)) dsdz
RJ(-1,1)

|s]

g// / |Vug|? dH* ds day
RJ(—1,1) JsF

xq,s

§2\/§/ / /|Vu2|2(x1,1+t)dac1dtds
(=1,1) (O,%‘Slfl) R

<4v2 |Vug|? dz < 6~ 1 (u).
Rx(1,2)
The analogue estimate holds for
_ 2
Ghor 1= {xl €R:C% < / [ualen + 351’|08)| a1, 0) ds} . (3.26)
(_171)

We finally define
g = gvert U ghor U g\a}(‘e/rt U g}?:)/,r+ U gﬁZ}_ U (51 + gﬁg’r+)'

The previous estimates imply I(u) > Cymin{6?, u6*}£L*(G), with Cy := 3:C%.

Step 2. Proof of (i) (estimate on the boundary). For any f € L?((0,1)) one has for m € (0,1)

1 1/2 2 1/2 1 2 1/2
/ mds < (/ —ds) (/ ﬂds) < Int/? —(/ ﬂds) , (3.27)
(m,1) |s] (m,1) || (m,1) |s] mJo,1) |s]

and similarly on (—1, —m). Therefore, for z; € R\ G2 (recall (3.25)) we have

/ lug(x1 + s&1,1) — ua(z1,1)] ds <CO1n'/2 l’ (3.28)
(m,1) |S| m
and analogously
/ Juaey = 561, 1) —ua(@n, DI g0 qpprz L (3.29)
(m,1) 5] m

For later reference we notice that a similar computation shows that for z; € R\ Gy (recall (3.26)) we have

/ [uz(z1 + 561, 0) — up(21,0)] <comi2 L (3.30)
(m,1) |s] m
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For x; € [0, L — & ]\ G we have

ds

/1 lug(z1 — 561,1) —ug (w1 + (1 +5)&1,1)] ds < /1 lug(z1 — 861,1) — uz(x1,1)]

n S m s

1
1
Hlus(en, 1)~ ualer +6,1)] [ ds

n /1 lug(z1 + &1, 1) —ua(wy + (1 +5)&1, 1)
S

ds

m

< SC_'Hlni,
m

where we used x1 & Q’ﬁgf and (3.29) to estimate the first term, z1 & Ghor to estimate the second one, and

x4+ & € GV and (3.28) to estimate the third one, and then In'/?
This concludes the proof of (i).

L <InL to simplify the estimate.
m m

Step 3. Proof of (ii) (estimate on the diagonal).
Let 1 € [0,L — &)\ G. For any s € (0,1) we have, by the fundamental theorem of calculus and Holder’s
inequality,

2
- 02 1
|'U/2(.’I)1 +8£175) 5U2($1+S€1, )| Sg (/ |82u2|(m1+851,t)dt> S/ |62U/2|2<$1+S€1,t)dt.
(0,s) (0,1)

Integrating over s € (m,1) and using z1 ¢ G2, (recall (3.24)),

2
ds < 6_'292,

/1 |ug (21 + s&1,8) — ua(x1 + 8&1,0)|
0

S

and combining with z; € G (recall (3.26),

hor

2
ds < 40?62, (3.31)

/1 |ug (1 + s&1,8) — uz(x1,0)]
0

S

The same estimate on the other side gives, using z1 + & ¢ g;}g’j (recall (3.25)),

ds < 4C?62. (3.32)

/1 lug(z1 + (1 — 8)&1,1 — 8) — ug(wy +&1,1)]?
0

S

By the triangular inequality,

/1 |us (1 + s&1,8) —us(x1 + (1 — 8)&1,1 — )] s S/l lug (21 + s&1,8) — us(x1,0)] ds

m s m s

1
1
+ |ua(z1,0) — ua(zy + &1, 1)|/ 5 ds

N /1 lug(z1 + &1, 1) —ua(wg + (1 — 8)&1,1 — 5| ds.

m S
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By (3.31) and (3.27), the first term is estimated by 2C6 In'/? L <2C0In-L. The same holds for the last one, by
(37.32) and (3.27). For the middle one we use 21 € Gyert and x1 & Ghor, which give |ug(z1,0) — ua(z1 + &1,1)| <
2C0. Adding these three estimates leads to

/1 |ua(z1 + s&1,8) —ua(x; + (1 — 8)&1,1 —

N 45 <600m L,
S m

m

which concludes the proof.

Step 4. Proof of (iii) (estimate close to the boundary).
For any f € L?((0,1)) and any § € (0,1) one has

1 1 |f|2 1/2 1/2 1 |f|2 1/2
L0 flas< / [EApy / 1s)ds) < = / W 46)"” (3.33)
8 J(0,6) 5( 0,6) 15 ) ( (0,6) ) \/5( 1) |8l )

and analogously on (—4,0). Let 21 € [0, L —&1]\ G. Using (3.33) and (3.32) we obtain

1 _
5/ lug(z1 + (1 — 5)&1,1 — 8) — ua(xy +§1,1)\d3§\[209.
(0,6)

Analogously, with (3.33) and (3.31) we obtain

1 _
g/ lug (21 + 5€1, 8) — ug(x1,0)|ds < V204,
(0,6)

As above, 71 & Gyers and 1 & Gror give |ug(w1,0) — ug(z1 + &1, 1) < 206, so that by triangle inequality

1

3 lug(2y + (1 — 8)&1,1 — 8) — ug(z1 + 8€1, 8)|ds < 5CH
(0,9)

which concludes the proof of (iii).
O

At this point we are ready to present the main result of this section, which basically gives the proof of the
lower bound in the cases with fine microstructure and small §. Following [27] we introduce two new parameters,
A,m > 0, which will be chosen below (see the proof of Prop. 3.3) in different ways depending on the regime.
This permits to unify different parts of the proof of the lower bound. Roughly speaking, the parameters A
and m correspond to the length scales of the martensitic laminate deep inside the nucleus and on the vertical
austenite/martensite interface.

Lemma 3.7 (The case of small 0). There exists mg € (0,1/4] and ¢ > 0 such that for allu € X, 0 >0, u > 0,
e>0,A>0,¢>0, and m > 0 which obey

0 <m<mg, 1<¢<2L, e <0\, and A <1

one has

1 1\?
I, (u) > cmin {%\f’ pm?, pf*Xln — 020~ \2m (ln m> , 116% 1n (3 + Z),;LHZ In(3 + 6)}
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This proof follows the strategy of Section 5.2 in [27], with important modifications to treat both the vectorial
nature of this problem and the additional logarithmic terms which appear here, due to the different boundary
conditions and the fact that we do not have a hard constraint on the order parameter.

Proof of Lemma 3.7.

Step 1: Preparation.

We start by choosing a ‘good’ slice, parametrized as usual by x;. The slice is chosen so as to have boundary
values at the upper and lower boundary of {297 which are close together, in a sense similar to the one used in
the definition of the set P defined in (3.2). However, in order to capture the different logarithmic factor, we
need to use a larger set, in which the difference between the boundary values is controlled in the scale of m > 6.
Specifically, we consider the set

P, = {xl € (0,6 &) : Ju((w1,0) +€) — u(w1,0)] < 110m}

For almost every 21 € (0,4 — &) \ P« we obtain by Lemma 3.2(i) that

pm?

].-|—(E1

u/ IVul> dH > ¢

£

so that, using Fubini and monotonicity of 1/(1 + z1) as in the proof of Lemma 3.2(iv),

I%’;t (u) > cpm?

)

o (+1—
dx; > cqu/ dx, = cqu In ;&
» xr1+1 p+1

00—\, 1+ 1
where p := L1(P,). If p < %E, then, recalling 1 < ¢, we see that p+ 1 < %EJr 1< %6 + %E + % = g(ﬁ + %)
Therefore in this case In lef_fl > ln% > 0, so that I(u) > cum? and we are done. Therefore we can assume
L(P.) > 3¢ in the following.

We set ' := 2% and consider the set where the surface energy or the elastic energy are large along slices
in the ¢ direction. For z1 € (0,¢ — &) we recall that in (1.6) we defined u§, : [0,1] — R? by uf, := (4us +
uz)((x1,0) + s&). We set

R = {9:1 € (0,0 &) ¢ [9:05us,]((0,1)) > ~CA~ " or ||min {|9,us, — 0], |05us, + (1 — 9)|}||22((0 o 2 C‘s)\l}.

1
4

By (1.11) and Fubini’s theorem,

™

Ig,(u) > cﬁl(R)X.

If £(R) > §¢, then we have Ig,(u) > celA™1 and the proof is concluded.

Let G be as in Lemma 3.6, with C' =277 If £}(G) > £/ then Ig,(u) > cmin{02¢, 60} >
cmin{62/~\2m In* L 116?In(3 + £)} and we are done (recall that 7'22m 1n? L < ¢ and In(3 4 ¢) < ¢/ by our
assumptions). Therefore we can assume L' (RUG) < 1.

We choose z} € P, \ R\ G such that v := “i; € W12((0,1)) is the trace of u, which necessarily satisfies

1. «
o(1) o) < 5m,  18,0,01((0,1)) < ZCAT, fmin o = 0], 0"+ (1= )} o) < CeXH (3.3
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and, since 23 € G, by Lemma 3.6(i)

1 1 1
/( | el = 5601 — ot s 1, ] ds < g (3.35)

For ¢t € R, we define w; := {s € (0,1) : v'(s) < 0 —t} and x¢ := Xu,. We observe that
[0(s) = 0+ x1/2(s)| = min {Jv'(s) — 0], [v'(s) + (1 = O)|}. (3.36)
By the coarea formula we have

/Z HO (9w, N (0,1)) dt < / HO (Qw, N (0,1)) dt = [8,050] ((0,1)) ,
% R

and hence, by (3.34), there is t* € (1/2,3/4) such that w := w;- consists of at most CA~! many intervals.
We compute

’u(l)fv(O):/ U/d8:07£1(wl/2)+/ (0’79+X1/2)ds
(0,1) (0,1)

which, by Holder’s inequality, (3.34), e < 62), (3.36), and the choice of C gives

|[v(1) — v(0) — 0 4+ El(w1/2)| < HU/ -0+ X1/2||L1((0,1)) < C1/2e1/2)\~1/2 <27°¢.

Using (3.34), w C wy/2 and & < 62X as above, (note that v/(s) — 0 € [~3/4,—1/2] implies v'(s) +1 -6 €
[1/4,1/2])

0< El(wl/g) —LYw) < L'{s:v'(s) — 0 €[-3/4,-1/2]}) < 16 /01 min{|v’ — 0], |v' + (1 — 0)]*} ds

(3.37)
<16CeN"! < 16002 < 2799,
so that
[u(1) = v(0) — 0 + L (w)] < [o(1) = v(0) — 0+ L (wy/2)| + | L (wr/2) — LM (w1)] <2776. (3.38)
We conclude that w consists of at most CA~! many intervals and obeys (recall (3.34) and 6 < m)
LYw) < Ju(1) —v(0)] + 0 +27%0 < 2m. (3.39)

Step 2: A test function for the logarithmic scaling in the interior.

We denote the connected components of w by (y; — 7, y; + r;) and define g; :== min{r; + Am, m}. Notice that
2r; < L1 (w) < 2m implies 7; < g; for all 4. Recall that the number n of these components is at most CA~!. We
then have

m < g <m for all 4, (3.40)
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_9 _ g ] :12
909 0 1 Oggl

F1GURE 12. Sketch of the construction of the test function 4 in the proof of Lemma 3.7. From
left to right: the first panel shows two of the functions ; with different g;, the second one the
function 1[) defined in Step 2, the third one the function ¥ defined in Step 3, which equals In % at
the boundary points, and the fourth one the function v defined in Step 4, which equals In % at %
and 2 and vanishes at the boundary points. In the last two panels ¥, max{tpp(t),¥5(1—1t)} and
max{¢r(t — ),¢r(t — 3)} are shown dotted for comparison. The vertical axis is compressed
for clarity.

and

n
2291‘ < LY(w) + 2nAm < 2m + 2Cm < 3m.
i=1

We consider the test function 1) : R — R defined by (see Fig. 12)

) . In %, if |t] < gi,
rle o, if [t > 9

where a4 := max{a,0}. Since mg < 1/4, we have In1/m > In4 > 0 for any m < my. Recalling y; € w C (0,1)

and g; < m we see that suppv C (—1,2).
We compute

gi/m g, 2 ' 1 2,
il (m) §2/ mIiqr =29 [ la =29
0 mt m Jo t m

and analogously ||¢i||2L2(R) < 4g;/m, which imply, recalling that ), 2¢g; < 3m,

. n 1 n R n
19l < Y Iillary < . > 20:<3  and  [[¢ffeg < /ng><|¢i\2(t —y)dt <Y [l e <6
i=1 i=1

i=1

To estimate the L? norm of @[AJ' we first compute

1

[vil(t) = g X<l <s/m}
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and observe that [¢//|2(t) < max; |¢p/2(t — y;) < >, [Wl2(t — y;). This implies

n

19/ 117 <zn:/ |¢’(t)2dt—22/gi/m1dt<2zn:1 s 1
L2(R) = — g i - =~ J, 2 = g, = Am = A2m’

We then estimate the H/2 norm of 1& Specifically, we define an extension and estimate its homogeneous H*
norm. Following Lemma 5.2 in [27] we let U;(x) := ;(|z|) be the radially symmetric extension of 1; to R? and
compute

gi/m 1 1
/ \V\IJi|2dx:27r/ T dr =271n —.
R2

gi m

We define the function W(zy1,29) := max; W;(x1, zy — i), which obeys W(0,t) = ¢)(t) for t € R and IVI|(x) <
max; |V, |(z1, 22 — y;) for almost every = € R2. This implies (recall (3.40) and n < CA~! < (27r)71A71)

1.1

. . - 1
HV\PHQLQ(R?) = /]R2 |V\I"2 dx S ;AQ |V\I/i($1,(£2 *y1)|2 dz = 27mlng S XIH E

Step 3: Boundary correction for p < 6. .
In this situation we take the largest value, In % Specifically, we set ¥(t) := max{¢(t), ¥ (t),¥s(1 —t)}, where

. . InL, if [t] <m,
Yp(t) = |}nm - <ln |m> ] =<1In ﬁ, ifm <t <1,
1+ o, if [t > 1.

We remark that ¢z has the same form as the functions v;, with the only difference that the width of the central
region is not g; € [Am,m] but exactly m. This is important to ensure symmetry of the boundary conditions.

. One computes [[¢5|L1(0,1)) < 1, ||’(/JBH%2((011)) < 2and Hw/B”%ﬁ((O,l)) < L. The previous estimates for ¢ lead
then to

3 1 1
[l <55 191720 <105 (19" ]lL2@) < iz IV¥lza@e < CWIHW — (3.41)

where W(z) := max{¥(z),¥5(|z]), ¥5(jz — e2])} obeys supp ¥ C [-1,1] x [1,2], ¥(0,t) = o(t), (t,0) =
U(t,1) = 1p(t). Here it is important that g; < m, so that, in taking the maximum, ¢ 5 is always the larger one
on the top and bottom boundaries, x5 € {0, 1}.

Since we are working in the case p < 6, from Lemma 3.5 with ¢, := % we obtain the following: either

1 1
—I(u) > min{p6?In (3 + 9) 6% In —, 6 In(3 + )}
c W m

and (since A < 1) we are done, or
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Since ¢z = 0 on (0,m) and ¥z(s) = —1/s on (m, 1), this implies

1 1
Yi(s)[ui(s,1) —uy(s,0)] ds < —fIn —. (3.42)
(0,1) 8 m
We now turn to ug and recall that (3.35) implies
/ * * 1 1
Vi(s) [ua(a] — s€1,1) — ua(a} + (s +1)&1,1)] ds < —60ln —. (3.43)
(0,1) 32 m

Step 4: Energy estimate for pu < 6.

We compute, recalling that w C wy /5 and that ¢ = In L on wu{0,1},

m

1
LY w)ln — = / Xw¥ ds < / Xw,,» ¥ ds
(0,1) (0,1)

m

= ors — 0+ V)0 d 6 —')pd
/(0,1)(X 1 TN 5+/ (6 - )yds

(071)

1
<"+ Xy o = Oll20,0) 19 22 0,0)) + Ol L1 ((0,1)) + (0(0) = v(1)) In —+ ( )WP’ ds,
0,1

where we integrated by parts in the last term. We recall that (3.38) gives

1 1
— < (LYw)—O+27%)In —

(v(0) = o(1)) In

and that [|v" + xw,,, — OllL2((0,1)) < 2750 by (3.34) using eA~! < 02,
Inserting in the previous expression gives

1 _ _ 1
01n — <27°60[| L2 ((0,1)) + 0¥l L1 (0,1)) + 270 — + vy’ ds.
m moJon

Since the estimates in (3.41) give [|9||z2((0,1)) < 4 and [|¢||L1((0,1)) < 5, choosing mg such that 5 < 27%4In % for
m € (0,mg] we get

1 1
“fln— < vy’ ds.
2 m (0,1)
Using the definition of v, this gives
1 1
—0ln— < / uy ((z7,0) + s&)Y'(s) ds + 4/ ua((z7,0) + s’ (s) ds. (3.44)
2 m = Jony (0,1)

At this point we distinguish two cases, depending on which of the two terms in (3.44) is larger. In the first
case, by the fundamental theorem and the trace theorem we have

i +s&1
i@lnl < /(0’1)(u1(xf,0) + sy’ (s) ds = /(071)/0 Ouy(z1, s&2) dwy ¥ (s) ds + /(0 u1(0, s)1'(s) ds.

m ,1)
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The first integral can be estimated by ||¢/'|| 2((0,1y)¢"/2I"/?(u). Recalling (3.42),

1 1
~0In — < |[o/ errs /
g0 — < ¥l e2o,0y) () + (0,1)

wr (0, 5)'(s) ds + / (ua (5. 1) — ux (5, 0))(s) .

(0,1)

For brevity in we write here I(u) for I, (u). We define Fy := (=1,1) x (=1,2) \ [0,1]* and observe that the
last two integrals can be written as a boundary integral of u; times the tangential derivative 0,¥, and that ¥
vanishes on the rest of the boundary of Fj. Therefore

1 1
gfn— < / Orpuy AH + || || 120,10y 2T (w).
m oF,
With Lemma 1.3 and the estimates for ¢ in (3.41) this gives

11 1 1
S0 — <V 2y | Vel 2y + 19 llz20.) 212 () < o575 W2 — =212 ()
1

Jrc)\m1/2

61/2[1/2(’&),

which gives I(u) > cmin{u6?A1n L, % In? L} and concludes the proof in this case.

We now turn to the second case, in which the second term in (3.44) is the largest, and write correspondingly
using the fundamental lemma of calculus

1 1
2 hln = < * !
16Gln = Jon ug (] + s&1,862)9" (s) ds

/ / Doun (] + sE1, 22) ' (5) daa ds + / ws(@h + 61, D' (s) ds,
(0,1) J(s€2,1)

(0,1)

with the first integral being estimated by 2|v'[|p2((0,1y) 1"/ ?(u).
We recall that (3.43) states, after changing variables separately in the two terms,

1 1
x Dapp(s —1 < —fln—
ug(x] + &1, 1)Yp(s Yds < 329 nm,

[ sl st (s ds- [
(=1,0)

(1,2)

sum and obtain
1.1 ' 1/2 . '
f1n < 2||w HL?((O,I))I (u) + UQ(.Z‘I + s&1, 1)y (S) ds.
32 m R

As above, using the estimates for ¢ in (3.41) and Lemma 1.3 with the extension to I := (=2, +2) x (1,2),
and using U(x} + s&1,x2) := ¥(x2 — 1, 5), leads to

1
)\ml/Q

1 1 ~ _ 1 _
3—291n m < 2||?//||L2((0,1))11/2(u)+2|\V‘I’HL?(Fz)||Vu2||L2(F2) <c 1-1/2(“) +eaT/? In'/? Eﬂ 1/211/2(1‘),

1
m

which gives I(u) > cmin{pf?A\In L, 02 ?mIn* 1} and, since 1 < ¢, concludes the proof also in this case.
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Step 5: Boundary correction for 0 < pu.
In this case we truncate, so that the new function vanishes at s = 0 and s = 1. We set

. 3is InL, if [t < im,
Yr(t) = |}n — <ln ||) ] =<{In ﬁ, if %m <[t < %
m m ), _ )
+ 07 lf ‘t| > 3

We remark that 1 has the same form as the functions %;, with the only difference that the width of the central
region is not g; € [Am, m] but exactly 2m, so that supp ¢y = [—%, +]. This is important to ensure symmetry of
the boundary conditions. We then define

max{¢(t), or(t - §),or(t - 3)}, ift € (3,3),
(1) = { bt — 1), e <l
Yr(t — %) if t > %

and observe that ¥ = 0 on R\ (0, 1). Correspondingly,

max{¥(z), ¥r(|(3z1,22 — 3)), ¥r(|(3z1,22 — 2)]), ift € (3,2),
V(z) = wT(‘(gxlvl? ), if ¢ <3,
Yr([(31, 22 — 2)1), if ¢ > 3.

It is apparent that U(0,¢#) = t(¢), and that ¥ = 0 outside ( 1,1) x (0,1). For z, = + we observe
that U((zy, 1)) < max; ¥;(21) < min{ln -, (In 2224) .} < min{In 1, (In lel) } = ¢r(3lz1]). Therefore U is

m|x|

continuous across the boundaries x4y € {%, %} Repeating the same estimates as above we obtain

c 1 1
Ilzomn <5, Nldaony S 10, 1¥leem < g 19¥lneee) S espp 2= (3.45)

At this point we need to check that restricting to the central one-third of (0,1) we did not loose most of the
minority phase. Specifically, we claim that we may assume that

o (on(L2) = b st

To prove (3.46), we first show that

: —1/2 | p1/2\71/2
glel]%HU — a2y <clp P01 2 (). (3.47)
Let ap := f(—1 0)%(0,1) u1(0, s) ds. By Poincaré’s inequality and the trace theorem in W12 we have

[ua (0, ) = anllzaqa,zy) < lun(0,-) = arll iy < ellVullzz-10)x 0.1y < e /1% (u)

and

2/3 2/3 2/3
/ lur ((25,0) + €s) — ay|ds < / lu1 (0, 5) — ay|ds +/ / |O1us|(t, s) dtds < ep™ /212 ()
1/3 1/3 0,z7+&1

+ 0212 ().
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Analogously, with as := u2(0, s) ds,

f(ﬂc’{,x’{—i—l)x(—l,O)
2/3
/ |ua((27,0) +£s) — ag|ds < c;fl/QIl/Q(u) + cIl/Q(u).
1/3

Recalling that v(s) = (u1 + 4uz)((z7,0) + £s) concludes the proof of (3.47) since £ > 1.
We now prove (3.46). If it does not hold, then

2/3 2/3 12
/ [v" — 0] ds §/ |v'—9+x1/2|d8+£1 (W1/2ﬂ(7>)
1/3 1/3 33

1 2
S/ |’Ul—9+X1/2|dS+£l (wl/g\w)—l—ﬁl(wﬂ(g,g))
(0,1)

<C'Y?0+27%0 + ée < ie

where we used (3.36), (3.34), eA™! < 62 and (3.37). This implies v(s) —v(s') > 0(s—s') — 10 for all s, s’ € (3, 2),
and therefore

, 1 (Y6 71 1 1 (s 1
min{lv —allpi(,2)) = 5/0 [v (2 +8> - <2 - 5) |ds = 29/1/8 (25 - 4> ds = ch.

Recalling (3.47), this implies I(u) > cmin{u6?, £='6%} which, since A\*m In* L <1 and 6 < g, concludes the
proof. Therefore we can assume that (3.46) holds.

Step 6: Energy estimate for 0 < u.
The computation is similar to Step 4, but with significant differences in the treatment of the boundary terms.

Recalling (3.46), that ¢ = In % and —v'y > t*In % on wn (%7 %), with t* > %7 and ¢ > 0, we have

1 1 1 2 1
Glngt*ﬁl(wﬂ(,)>ln§—/ v'(8)(s ds+/ V' (s)1(s) ds.
16 m 33 m (0,1) ()9(s) {v’>0}N(0,1) ($)0(s)

First we observe that

/ v'(s)1(s) ds < Ol (o,1y) + || min{v" — 0], [v" + (1 = 0)[}lL2(0,0) 1%l 22 ((0,1))
{v'>0}N(0,1)
. 1 1
<50 4+ C201012 < —0In —,
32 m

where in the first step we used (3.45) and in the second we assumed that myg is chosen such that 5+ C1/2101/2 <
3% In % Inserting in the previous expression and integrating by parts we get

1 1
—f0ln — < v ds.
32 m (071)
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The rest of the proof is very close to the one of Step 4, with some simplifications in the treatment of the exterior
field. For the convenience of the reader we repeat the computation here. Recalling the definition of v,

3729111* </(0,1) wr((2%,0) + sE) (s) ds+4/ us((27,0) + sE) (s) ds. (3.48)

m (0,1)

If the first term in (3.48) is larger than the second, by the fundamental theorem and the trace theorem

] +sé1
6—491nl < /(071) uy(x3,0) + s&)Y'(s) ds = /(071)/0 Oy (z1, 8&) day ' (s) ds +/ u1(0, 5)7'(s) ds,

m (0,1)

with the first integral being estimated by [|¢'|| z2((0,1y)¢*/ 212 (w).
Letting F3 := (—1,0) x (0,1) and recalling that ¥(0,¢) = ¢(¢t) and U(—1,t) = ¥(—¢,0) = ¥(—¢t,1) = 0 for
€ (0,1), we see that the last two integrals can be written as a boundary integral of u; times the tangential
derivative 9, ¥, and that ¥ vanishes on the rest of the boundary of F3. Therefore

1
Lom </ s Ortp AHY 4 9| 1200y 212 ().
64 OFs

With Lemma 1.3 and the estimates for ) in (3.45) this gives

1 1 1
20— < IVl IV pa(my) + 19/l T2 (w) < o

1
72 1111/2 7ﬂ71/2[1/2(u)
m

+ec 61/2[1/2( )

1/2

which gives I(u) > cmin{u6?A1n -1, % In? L} and concludes the proof in this case.
If instead the second term in (3.48) is the larger one, we write

1 1
g0 — < o up (] + 81, 562)¢ (s) ds

/ / Oquz (x5 + s&1,22) Y (s) dwy ds +/ ug (2] + s€1, 1) (s) ds,
0,1) J(s&2,1)

(0,1)

with the first integral being estimated by 2[|¢/'||12((0,1y)1"/?(u). As above, using the estimates for ¢ in (3.45)
and Lemma 1.3 with the extension to Fy := (—2,¢+ 2) x (—1,0) leads to

1
2\1/2

1
25691117 < 2V L2y I Va2 | L2y + 2010 |2 0,0 TP () < eIn'/? EH_I/Q M2 (u) + ¢ M2 (u),

)\ml/2
which gives I(u) > cmin{u6?A1In L, 62X2m In* L} and, since 1 < ¢, concludes the proof also in this case. [

We finally turn to the proof of Proposition 3.3, in which the different ingredients proven in this Section are
put together.

Proof of Proposition 3.3. Let mg € (0, 4] be given as in Lemma 3.7, and define m; € (0,mg) as the unique
solution to m;q lnm—1 = mg. If 6 > m; the statement follows directly from Lemma 3.4. Otherwise we use
Lemma 3.7 with the following choices of the parameters A and m:
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i) Consider first the case y > £'/3072/3¢=1/3m/”. Choose m := mgo and \ := £'/3072/3¢2/3, Then ef? < §?
implies on the one hand A < 1, and on the other hand ¢ < 62072 < 0?¢, which gives € < #2\. Thus, )\ is
admissible. In this case, ,u02)\1n < cuf?, hence the second and the last two terms in the minimum can be
ignored. Therefore, Lemma 3.7 ylelds that

Im(u) > cmin{52/392/3£1/3, M€1/394/3€2/3} > ce2/392/3¢1/3

where we used 6\ > 52/302/3£1/3m(2)/3 by the assumption on p and the definition of A.

ii) Suppose now that p < e/39-2/30=1/3m2/%  We set m = max{p3/2eY/200*/2 fIn 5} and A\ :=
max{ef =2, 1p1/2:1/2-1¢1/2 In~1/2 L}, By the assumption on g and 0 < § < my we obtain m € [0, mg).
Further, XA > €672 by definition. It remains to show X\ < 1. Since £? < 62 implies e6~2 < 1, it suffices to
prove that

mln{ln(3+ 392£>7ln<3+ )}<4lnm (3.49)

Indeed, (3.49) and the assumption on ef give e/ < 4u6? In % which immediately implies A < 1.
It remains to prove the algebraic inequality (3.49). If m = p3/2e=1/20¢'/2 then (3.49) follows from the fact
that for any z € (0, 1) we have In(3+ %) < 3In L. If instead m = f1In , we use analogously

1 1 1
In <3—|— :c2) §4lnxln% for all z € <O74).

The last inequality is equivalent to 3 + m% < m, which is true, since z In? % <4e 2 < % for all x € (0,1).

Therefore (3.49) holds.
We use Lemma 3.7 and estimate the terms separately below. First, using that A 7! =
min{e~162,24'/2e=1/20¢=1/21n"/? L} and then that ¢ < 262 < 9/, we find

0 min d 6% ot/ /2901 /2 1nt/? LU s i Le2sgeraps 2t/ 2001/2 1t/ 11
A ’ mf = ’ m
From m > 9111 we get um? u92 In(3 + 62) and recalling the assumption on ef we get
1 1 1 1
pm? > g,w? In <3+ 92) > 1((;@#92)1/2 Int/? <3+ 02) .
Next, by definition of A\, we have A > %u‘1/251/29_1€1/2 In~ /2 % and hence
162X 1n 1 1M1/251/29€1/2 mt/2 L
m ~ 2 m

Finally, using that A > 3u=1/21/20-104/21n~ Y2 L 'y > 13/2e=1/29¢41/2 and then In'/? L < In L we find

020122 In2 1 > 1925_1 4 lef 20! 1 (M3/25_1/29f1/2) In2 1 > 1u1/251/29£1/2 Inl/2 i
m ~ 4 m m 4 m
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Putting things together, and recalling (3.49) we obtain
Ig,(u) > cmin {52/302/361/3,

1 0
pL/2e1/2901/2 1,1/ <3 4 92> l/2e1/2901/2131/2 <3 n M?f;%) 6% 1n <3 T M)’/wz In(3 + g)}

which concludes the proof also in this case.

3.3. A lower bound for small &, but €L not small

We will now consider the remaining cases. We focus here on the situation in which € is small, but L is so
large that a straight interface along the entire martensitic sample is not optimal. Although this condition does
not appear explicitly in the assumptions of Proposition 3.8, the result will only be useful in this situation, as
the term eL appears as one of the options in the estimate.

The proof of the lower bound in this case has a structure similar to the one of Section 3.1. We shall use,
as above, the subdivision of the set of diagonal slices into various subsets. In particular, we shall show in
Lemma 3.10 that the interface between a P and a C slice is, energetically speaking, expensive. At variance
with Section 3.1, the interpolation between an affine region and a region with periodic boundary values will no
longer be penalized with a D?u term but with a d;u; term. This requires estimates on u, and not only on its
derivatives.

Proposition 3.8 (A lower bound in the case ¢ < uf? and € < 0?). There exists ¢ > 0 such that for all
Lell/2,00),0€(0,1/2],e>0, u>0, and u € X with

e < /,692 and < 6?

we have

L L
I(u) > ¢min {&‘L, p6*In(3 + L), u6* In (3 + Edﬁ) +eM20%/2 4 116 1In (3 + ;02) ,16% 1In <3 + E)
u I

po?
+p6% In (3 + 9) } .
7

We first prove some lemmata used in the proof of Proposition 3.8. The first one concerns a local variant of
the set C, for which a sharper estimate on the volume is possible.

Lemma 3.9 (Estimates near the boundary). Assume that § € (0, 30, u € Wh2(Q,R?), and let

R = {501 €(0,L—-&): 3*129 < max{|[us, (5) = u§, (0) oo (0,8, lug, (1 — ) —u§, (1)||L<x>((o,5))}~
Then
I(u) > LY (R).
Proof. For almost every z; € R we have v :=u§, € W'2((0,1)). For s € (0,6) we estimate, using (1.11),

(1 —s) —v(1)] < 20| L2(1-s,1))
< sY2(|11l 2(1=s,1y) + [fmin{|v" — 0], |0" + (1 = 0)[H|£2((0.1)))
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< 6+ 6'25) min{|e(u) — Oer ® eaf, le(u) + (1 — O)er © €2|}HL2(A§1)
and correspondingly for |v(s) — v(0)|. Therefore for almost any z; € R we have
250 < 0+ 6Y75| min{le(u) — ber © eal, le(w) + (1~ O)er © 2} o,
For 6§ < é@ we deduce

o < [|min{le(u) = fer © eaf, le(u) + (1= O)er © eal}H7 5

and integrating over z; € R we obtain the assertion. O
Lemma 3.10 (Interpolation estimate). Let P be defined as in (3.2), p := LY(P). Assume
e < ,u92 and e < 62

Then

I(u) > cmin{e/20%/% 16%p, 6p,eL}.
Proof. The proof is based on selecting a good slice in which u is approximately affine, and another one in which
the boundary values are close to each other, and estimating the energy in between. We shall work on a thin
slice around the boundary, of width § := F;6.
Step 1. Estimate on good C-slices.

We recall that C was defined in (3.1) as the set of slices such that the deformation is close to one of the two
martensite variants in the interior, and that by Lemma 3.2(iv) it obeys (recall that & < 62)

I(u) > ceL ([0, L — &)\ C). (3.50)
We let G be the set from Lemma 3.6 with C' := 277, which obeys

I(u) > cmin{6?, u6?}L*(G). (3.51)
By Lemma 3.6(iii),

1

1
5 lug(z1 + (1 — s)&1,1 — 8) —ua(z1 + s&1,8)|ds < EQ for any z1 € [0,L — &]\ G.
(0,6)
We can assume £1(C\ G) > 0. Indeed, if this were not the case, then (up to null sets) C C G and ([0, L — &1]\
C)UG = [0, L — &, which implies I(u) > cL min{6?, uf? e} = ceL and concludes the proof.
We claim that

0 (e 0) 59 (2o, 0) + (1= )] ds for any 7. € C\G. (3.52)
0,6
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To see this, assume z1 € C and for o € {0,1} let fy(s) := u§ (0) + s(6 — o). Then |fo(1 — ) — fo(s)] =
|1 —2s]|0 — o] > |1 — 2s|0, therefore for any s € (0,6) we have

—0 < — < 1 — —
0 (]. 28)9 Ug{l(l)r,ll} ‘ 16(8) 70(]— S)|

< [uf, (s) — g, (1= s)| + Ug{lg{ll}(IU§1(8) — fo($) + |ug, (1 = 5) = fo (1 = 5)])

2
<, () — 8, (1= )]+ .
Therefore, recalling that u§, (s) = u1((x1,0) + s&) + duz((z1,0) + s§),

20 < Juf, () 8, (1 )]
< fun (1, 0) + 5€) — wa (21, 0) + (1 = $)6)] + 4fun((21,0) + ) — wn((1,0) + (1 = $)8)

for any x; € C. Averaging over s € (0,0), and using that z; € G,

3 1
-0 < - u (s) —uS (1 —s)| ds
Y AN ORI
1 1
<< lu1((21,0) + 5€) —u1((21,0) + (1 —5)§)| ds + ~6
5 Ji0.5) 4

which proves (3.52).

Step 2. Estimate on good P-slices.
We consider the set R defined in Lemma 3.9, which obeys

I(u) > LY (R). (3.53)

We can assume £ (P\ R\ G) > 0. Indeed, if this were not the case, then L}(RUG) > p, I(u) > cpmin{6?, u6%},
and the proof is concluded.
We claim that

1

7/ |ur ((zp,0) + s&) — w1 ((xp,0) + (1 — 5)§)| ds < §9 for any z, € P\ R\ G. (3.54)

Indeed, let 21 € P. Then |u(z1,0) — u(zy + &, 1)| < 2776, therefore |uf, (0) —ué (1) <2710. If z1 ¢ R, then a
triangular inequality shows that for any s € (0, 6)

1 2 1
05, (9) = w8, (1= 8)] < Ju, (0) — u, (L) + s, (5) — w, (O] + S, (1 = 8) — u, (V)] < 756+ 556 = 2.

A similar computation as above, using

Jur (21, 0) + 56) — wr((21,0) + (1 = $)€)| < Jug, () —us, (1 = 5)| + dluz((21,0) + ) — ua((21,0) + (1 = 5)¢)|
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and z1 € G, leads to

1

1 3
3 3
ug (8) —ug, (1 —s)[ds+ -0 < 0.
1) (0,8) | 1() ( )| 4 8

1
lug((21,0) + s&) — w1 ((x1,0) + (1 — s)&)| ds Sg /(015)

This concludes the proof of (3.54).

Step 3. Interpolation.
We choose z, € P\ R\ G and z. € C\ G and compute

ur((we, 0) + 86) — ua (e, 0) + (1 = 8)§)| < ur((we, 0) + s€) — ua((2,0) + 6
+ [ur ((2p, 0) + 86) = ur((p, 0) + (1 = 5)&)|
+ [ur((@p, 0) + (1 = 8)€) — ua (e, 0) + (1 = s)¢].

Averaging over s € (0,9) and using (3.52), (3.54) and Holder gives

Lo < [ (e, 0) 4 58) — wn((we, 0) + (1 — 5)€)|ds
276 Jio.9)
[ (@, 0) + 58) — ur((p, 0) + (1 — )¢)] ds + ~ iy ((29,0) + 5€) — un (20, 0) + 56)]| s
0 J(0.6) 6 J(0.6)0(1-6.1)

3 V2 1/2
<0+ == / w1 (2, 0) + 58) — uy ((z,0) + s€)|* ds
S0 57 (g g 00+ 5 (e 0) 4 500 a5)

Therefore

1 5 2
586 o= /(0,1) [u1((wp, 0) + s€) — u1((we, 0) + s§)|” ds.

By the fundamental theorem of calculus and Hoélder’s inequality, for any s € (0,1) we have
Jur ((wp, 0) + 5€) — wr((we, 0) + s€)[* < |z — ] / |O1ua [*(t, ) dt.
(0,L)

Integrating over s gives

63 !
- < /O ur (2, 0) + &) — ur((x¢,0) + 5)|* ds < |ze — | D172 (40 ) x 0,1)) < |Te = @pl I (w).

Step 4. Conclusion of the proof.
Let 8 := LY RUGU([0,L—&]\C\P)). On the one hand, (3.50), (3.51), (3.53) give I(u) > cmin{e, 62, u6*}3 =
cef. On the other hand, inf{|z. — z,| : (3.52) and (3.54) hold} < j. Therefore

93

I(u) > CB/ren(iOr,lL] [@ +eB].
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The minimum is attained at §/ = e~1/203/2 or at 5/ = L, and gives
I(u) > cmin{#>/2c1/2 cL}

which concludes the proof.
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Lemma 3.11 (The boundary logarithm). There are ¢ > 0 and ms € (0, 1] such that the following holds. If

<L, 0 <0 <mg, e < ub? w<0, and p20% < e,

DN | =

then for any uw € X one has

1 1 0 €
1 > mi 2 L 2 2 e 2 .
CI(u)_mln{&LuQ 1n(3+92)7/19 In(3+ L), b 1n(3+u),/i9 1n<3+u202>}

Proof.
Step 1. Energy estimate.
We show that there are ¢ > 0, ms € (0, 1] such that for any m € [0, mo] there is ¢ € [0, L] such that

2

1 0 0°m
—I(u) > min{el, pf?In {3+ — |,
- (u)fmm{e S n( +M> 5q+q+1

1 1
In? %,MQQ In E,MHQ In(3 + L)}

We define, similar to Lemma 3.7, ¢ (t) := max{¢p(t),¥5(1 —t)}, where

) . InL if [t <m,
Yp(t) == lln - (ln ||> ] =dIn \Tl|7 ifm< |t <1,
m m
v o, if [t > 1,

and compute [[¢5]|11(0,1)) < 1, 19501 (01)) < Int, and [[¢ ] 2(0,1)) < m~/2, which imply

1 2
[Yellzon) <2, ||1//C||L1((0,1)) <2 g and H¢IC||L2((O,1)) < iz

We first claim that
791n—< ’/ ds‘ for any x; € C,
where C was defined in (3.1). To see this we compute, for any x; € C and 0 € R,

Jln— / d (soe(s))ds =0 ¢Cd8+/1(50)1/}c( )ds

1 1
s 1/ch5+ / (50 + 1S, (0) — u, (5))la(s) ds + / (S, (3)—u., (0))ia(s) ds.

(3.55)

(3.56)

(3.57)
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Since ¢ (0) = (1), the last term disappears, and

1 1
wmgswwwmwwﬁwwwaw—ﬁ@mmmmwwmmm+M}@@%@Ma

At this point we recall (3.56) and that z; € C. Therefore there is a choice of o € {#,6 — 1} such that
1 1 1 L. ,
lo| lna < 2|o| + 1—691n - + ‘ ; us, (5)Ye(s) ds’.
If my is sufficiently small, 2 < 27%1n % For both choices of o we have 6 < |o|. Therefore

To1 1<‘/1 ¢, (5)0is(s) d]
gfn— < Ouwlswos s|,

which concludes the proof of (3.57).
Let G be as in Lemma 3.6 with C' := 278, Since ¥/ (s) = —¢,(1 —s) = —1/s on (m,1/2) and ¢ (s) =
Ye(1—s) =0 on (0,m), using Lemma 3.6(ii) for 1 ¢ G we have

1/2
< [ a0, +58) — w1, 0+ (1 = )9 ds < g0

m

1
/0 dus((z1,0) + sV (s) ds

Recalling that u$ (s) = (u1 + 4uz)((x1,0) + s£), we see that

3 1
—0ln — <
4 nm_

1
/ wr((21,0) + sE)6i(s)ds|  for any 21 € C\ . (3.58)
0

By Lemma 3.2(iv) and € < 6% we have I(u) > ce£1([0, L — &)\ C). By Lemma 3.6 and ¢ < min{6?, u6%} we
have I(u) > ce£L(G). Then

I(w) > g, with gqi=£1GU([0,L—&]\0)).

If g > %L we are done. Otherwise we pick z1 € [0,q + i] NC\ G. We compute

1 1 z1+€1
EA (ur (21, 0) + 5€) — 3 (0, 8))bs(5) ds Suﬂ [: By | (1, )|l (5) dt ds

1\ /2 ,
< Hz//c||L2((071)) <x1 + 4) I(u)1/2 <ecm 1/2(q + 1)1/2I(u)1/2

where we used (3.56). If the right-hand side is larger than 161In X then I(u) > c(q + 1)~'6%m1n L and (3.55)
is proven. Otherwise, with (3.58) we obtain

1
%Gln% < ’/o u1(0, 8)e(s) ds|.
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We define ¥ : R? — R by

Ve (r) = max{p(|z — (0, 1)]), ¥5(|z[)}-

One easily checks that ¥ (0,t) = ¥ (t) and ¥ (t,0) = Ue(t,1) = ¢p(t) for t € (0,1), ¥ = 0 on the rest of
the boundary of Fi := (~1,1) x (=1,2) \ (0,1)*. Further, [|[V¥c|[2 ey < cln .

By Lemma 3.5 with ¢, = 27* and ¢ = 2L, either I(u) > cmin{u6?In L, 16%In(3 + %),u&z In(3+ L)} and
(3.55) holds, so that we are done, or

/0 V() (5.1) = s (5.0) ds| < Spm L

3

We conclude that (recalling Lem. 1.3)

—

1 1
—fln — < / w0, Ve dHY < | V| g2y |Vl p2(ry < en'/? =121 (u) 712
m OF; m

oo

which implies I(u) > cu6?In L and concludes the proof of (3.55).
Step 2. Choice of the parameters.
We first remark that

b
m>if)1 [az + n 1] = m>i%1 [a(z+1) + n 1} —a>2a"?? —a>a?'?  whenever 0 <a<b. (3.59)
x> T xr> xr

We use (3.55) with m := max{6, mQ@} € [0, mz]. If the first, the second or the last term are the smallest,
the proof is concluded. Assume that the smallest is the third or the fourth one. We remark that ¢ < p#? and
w < 0 imply e < 63, hence £ < §2m In? % Optimizing the third term in (3.55) in ¢ with (3.59) leads to

1 1 1
—I(u) > min {51/297711/2 In —, u6?In } .
c m m

1262

At this point we distinguish two cases. If ¢ < mz,u29 then m = mso —, we insert and obtain I(u) >
cub? lnm > cpuf?In(3 + ﬁ% which concludes the proof. If instead mau?0 < € then m = 6, and the

above estimate gives I(u) > cu6?In 4 > cub? In(3 + 55), which also concludes the proof. O

Proof of Proposition 3.8. We first recall that by Lemma 3.2(iv) we have, since € < 62,

1 L-&+1
~I(u) > pf?*In ——>—— . 3.60
S1(u) 2 p6"In o1 TP (3.60)
The interpolation estimate from Lemma 3.10 gives
I(u) > cmin{e'/20%/%, u6°p, 6°p,eL}. (3.61)

We treat the four cases separately.
If the minimum in (3.61) is €L, we are done.
If the minimum in (3.61) is u62p, then, as in (i) in the proof of Proposition 3.1,

1 _ L-&+1
“I(u) > 0%p + ph?In =— >~
(u) min <u Pt = o

= p?In(L — & +1) > cut® In(3 + L),
¢ T p'el0,L—¢] ) pf=In(L — & + 1) > cpuf” In( )
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and we are done.
If the minimum in (3.61) is #?p, then we can assume g > 1 and, as in (ii) in the proof of Proposition 3.1,

L—-&+1

P+l

1
—I(u) > min 6%p' + u6%1n
= win (04

L
> > cmin {,u02 In(3 + L), uf*In(3 + ),HZL} .
W

Also in this case we are done. Indeed, recalling ¢ < 62, we have 2L > ¢L and cl/293/2 < 92 < uh?, :—GLZ <

and 357 < ﬁ <1, so that pu6*1In(3 + ;—GLQ) + p6% In(3 + 5gz) T e1/203/2 < 430% In(3 + %) < 4el(u).

We are left with the case that (3.61) states I(u) > ce'/263/2.

We now show that (3.60) implies 7(u) > cmin{eL, z6%In(3 + S—QLQ), w6?(3 + L)}. Indeed, the minimum of the
expression in the right-hand side of (3.60) is attained at p = 0, or at p= L — &1, or at p+ 1 = p#?/e. If it is at
p =0 then I(u) > cuf*In(L — & + 1) > cpb? In(3 + L) and the proof is concluded. If it is at some p > 1L then
I(u) > cep > ceL and the proof is concluded. We are left with the case that the first term is at least u92 and

p+ 1 = ub?/e. Then, recalling the previous result from the interpolation estimate, we have

=~

1 1/293/2 2 eL
EI(u)Zs/H/ + uh*In 3+W : (3.62)

Let mg be as in Lemma 3.11. We next show that we can assume (with a constant ¢ depending on ms) that

1 1 0 €
: > i 2 2 2 4 2 . _
CI(u)_mln{uﬁ 1n(3+92>7u9 ln(?)—l—u),ué? In (3—1—#202)} (3.63)

If at least one of ma < 0, 0 < p, e < 262 holds then the minimum in (3.63) is below cuf? and (3.63) follows from
(3.62). If instead 6 < ma, p < 0, u?6* < £ then Lemma 3.11 shows that either 1I(u) > min{eL, u6?In(3 + L)},
and we are done, or (3.63) holds.

It remains to show that (3.62) and (3.63) imply the assertion. This is clear if ¢ < p?, since in this case the first
term in (3.63) is not relevant and £'/263/2 > 0. If instead u? < ¢, then p26? < ¢ and therefore (@)1/4 In(3+

7g7) < C. This implies 6% In(3 + 55 < pl/203/2c1/4C < Ce'/?0%/2 | 5o that (3.62) concludes the proof. [

Remark 3.12. In the last step of the proof, we just removed the scaling €/26%/2 in the regime u62In(3 +

%) + pb? In(3 + %) + £1/263/2. We note that this does not change the scaling behaviour of our lower bound:

We distinguish two possibilities. If ¢ < ;i2, then £'/26%/2 < 1#?, and we have

L 0 L 0
16% In <3+'jm) + p6? In <3+M) < pub?In (3—1—}302) + 6% In <3+M> + £1/293/2

L 0
<2(pPmB+ %)+ (3+2) ).
62 I
Otherwise, if € > p?6, we have as in the proof of the upper bound (Thm. 2.7 (d))

L 0 L 0
160%In (3 + ;92) + 6% In (3 + u) V2032 > 6% (3 + ;92) + 6% In (3 + u) > cuf? (3 + L).

3.4. Conclusion of the lower bound

We finally bring together the bounds proven in the previous Sections to obtain the desired lower bound.
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Theorem 3.13 (Lower bound). For anye >0, u >0, L > %, 0 € (0, %] and any u € X we have

I(U) > CI(:LL75707L)7

where T was defined in Theorem 1.1.

Proof. We distinguish several cases.

i.

ii.

Assume that at least one of #2 < ¢ and pu#? < ¢ holds. Then Proposition 3.1 gives
. 2 2 2 L
I(u) > emin S pd*In(3+ L), 0L, pf*In (34 — | + 6 ¢,
1

and the proof is concluded.
From now on we have € < 2 and ¢ < u6?.
We start by applying Proposition 3.8, see also the remark afterwards. This gives that

: 2 2 eL 1/2p3/2 2 € 2 eL
I(u)zcmln{ELMG In(3+ L), nuo ln(3+W>+€/9/ + po ln<3+ﬂ292>,u9 ln(3+u02>
+16% In <3+ 0) }
W

Note that the proof is concluded unless the first term is the smallest. Assume now that
I(u) > ceL. (3.64)

If 6% < g(2L)?, then
1 1 -
“I(u) > 2eL = eL + e23LY3(eL?)Y3 > e L + 552/392/3L1/3
c

concludes the proof.

In the following we can assume that (2L)% < 6% and € < p6? and (3.64) hold. We distinguish more subcases,
depending on the competition between the interfacial energy and the austenite elasticity. Specifically, the
critical condition is whether

5 . 5 1
2eL < pf” min {ln (3 + 2#‘3921/) ,In (3 + 02)} (3.65)

holds or not.
Assume that (3.65) does not hold. Then

1 1/2 1/2
2¢L > min {ul/%l/?oLl/z (ln (3 + 92>) +eL, pt/2e /2912 (m (3 + 3);%)) +eL
%

and with (3.64) the proof is concluded.
Finally, assume that (3.65) holds. In this situation we can use Proposition 3.3 with ¢ = 2L. Recalling (3.64),
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this gives

1 6
—I(u) > eL + min {/L92 In(3+ L), 46 In (3 + ) ,e2/392/3 /3,
c [

) 12 . 1/2
P22 (1n (3 N 02>) 22 <ln (3 + u392L)> }

We remark that the term p6? In(3 + %) can be dropped. Indeed, if § > pL then it is larger than In(3 4+ L). If
instead 6 < puL, then it is equivalent to the term 6% In(3 + S—GLQ) + ub?1In(3 + %) +1/263/2 | that we already
included before. Indeed, in this case el/293/2 < 51/2L1/2u1/29 < eL + pb? and, using In3+2z) <24z in
the first term,

L 0 0
pf*In(3 + %) + 162 In (3 + u) + 12032 < 26 + eL + pb In (3 + u) +eL + pb?

< 4(,1102111 (3+ 9) +€L>.
7

This concludes the proof.
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