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THE MINIMAL TIME FUNCTION ASSOCIATED WITH
A COLLECTION OF SETS*»**

LUONG V. NGUYEN! AND XIAOLONG QIN?***

Abstract. We define the minimal time function associated with a collection of sets which is motivated
by the optimal time problem for nonconvex constant dynamics. We first provide various basic proper-
ties of this new function: lower semicontinuity, principle of optimality, convexity, Lipschitz continuity,
among others. We also compute and estimate proximal, Fréchet and limiting subdifferentials of the
new function at points inside the target set as well as at points outside the target. An application to
location problems is also given.
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1. INTRODUCTION

Let X be a normed space, and let F and 2 be two nonempty subsets of X. The minimal time function
associated with the constant dynamics F' to the target set €2 is defined by

TE(z) =inf{t >0: (x +tF)NQ#0}, zeX. (1.1)

The minimal time function T covers three crucial functions in variational analysis: the distance function
to the set 2 when we take F the closed unit ball; the Minkowski function associated with  when we take
F = {0} and the indicator function associated with F' when we take Q = {0}. By this fact, we can see the
importance of the study of the minimal time function. Variational analysis and generalized differentiations of
the minimal time function associated with a convex dynamics set, which contains the origin in its interior,
in a Hilbert space were initially studied by Colombo and Wolenski in [8, 9]. Since then, the minimal time
function has been extensively studied by many researchers in various ways and for different purposes; see, e.g.,
[2, 3, 11, 14, 17, 18, 20, 21, 26, 27, 31]. In [17], He and Ng studied generalized differentiations of the minimal time
function in Banach spaces. In [18], Jiang and He studied proximal and Fréchet suddifferentials of the function
in normed spaces under calmness assumptions on the initial data and without assuming that the dynamics set
contains the origin. Results presented in the above-mentioned papers were extended and improved in [20, 21] by
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2 L.V. NGUYEN AND X. QIN

Mordukhovich and Nam and then were further extended to the context of Hausdorff topological vector spaces
in [2, 3] by Bounkhel. We also refer the reader to [26, 31] for the study of subdifferentials of the minimal time
function without calmness assumptions. Applications of variational analysis and generalization differentiations
of the minimal time function to generalized Sylvester problems and to generalized Fermat-Terricelli problems
were presented in [21-25, 27, 28] and references therein. For variational analysis and applications of the function
TE when F is a subset of the unit sphere, we refer the reader to [13-15].

It is known that if the dynamics F is convex, then the minimal time function T£ coincides with the minimum
time function to the target €2 for the differential inclusion

y(t) € F, a.e.t >0,
{ y(0) =z € X, (1.2)
in control theory which is defined by
T (z) :=1inf{t > 0: Jy(-) satisfying (1.2) and y(t) € Q}. (1.3)

For the study of the minimum time function 7 for more general control systems in finite dimensional setting, we
refer the reader to [4-7, 10, 12, 16, 29, 32] and the references therein. If F' is not convex, then 7 and T&' do not
coincide. Indeed, let us consider the following simple example. Let X = R?, F' = {(1,0),(0,1)} and Q = {(2,2)}.
We can easily compute that the domain of T3 is the set dom(7%) = {(z,2) € R? : 2 <2} U{(2,y) e R? : y < 2}
and that Tg' (z,2) =2 —x if » < 2 and TE'(2,y) = 2 — y if y < 2. We can also compute that the domain of 7 in
this case is the set dom(7) = {(z,y) € R? : x < 2,y < 2} and that T (z,y) =4 — 2 — y for all (z,y) € dom(T).
Thus, 7 and T4 are not the same. However, with some more computation, we can see that, for all z € R?

T(.’E) = inf{t1 + t2 : tl,tg 2 0 and (SL’ +t1F1 + tQFQ) nao 7é @},

with F1 = {(1,0)} and F» = {(0,1)} and, of course, F; U F = F. More general, in Section 3, we present a
formula for computing the minimum time function 7 when dynamics F is a finite union of disjoint convex
sets. This result motivates us to define and study the minimal time function associated to a collection of sets,
which is a generalization of the usual minimal time function. The primal goal of this paper is to study basic
properties (lower semicontinuity, principle of optimality, convexity, Lipschitz continuity, among others) and
develop subdifferential properties of this new minimal time function. An application of this study to location
problems is also presented.

The paper is organized as follows. In Section 2, we present basic notations and definitions needed in the
sequel. In Section 3, we define the minimal time function associated with a collection of sets based on an
equivalent formula of the minimum time function for a nonconvex constant dynamics. We then present basic
properties of this function: lower semicontinuity, principle of optimality, convexity, Lipschitz continuity, among
others. Section 4 is devoted to subdifferentials of the new minimal time function and an application of this
generalized differentiation calculus to a location problem.

2. PRELIMINARIES

Throughout this paper, unless stated otherwise, X is a normed space with norm || - || and X* is its topological
dual. We also denote by || - || the dual norm in X*, and by (-,-) the dual pair between X* and X. We denote

by w* the weak-star topology on X*. We also denote by — the strong convergence and by ", the weak-star
convergence. For x € X, we denote by B(xz,r) the open ball with center z € X and radius r > 0, by B the unit
open ball and by Sx the unit sphere of X. For a set A C X, we denote by intA, clA and bdryA its topological
interior, closure and boundary, respectively. We denote by coneA the cone generated by A, and spanA the linear
hull of A. The distance from a point z to A is d(z, A) := inf{||x — a|| : @ € A}. For x,y € X, we denoted by
[, y] the segment joining = and y. For a set I C R, we denote by |I| the Lebesgue measure of I.
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Let K be a subset of X and z € K. The proximal normal cone N¥(x) to K at x is the set of all ( € X* for
which there exists o > 0 such that

(Cy—a) <olly—zl* VyeK.

The Fréchet normal cone Z\AfK(x) to K at x is the set of all { € X* for which, for any € > 0, there exists § > 0
such that

(C,y—x>§€||y—x||, VyEKﬂB(iE,(s).

If X is an Asplund space (see [19] for the definition), the limiting/Mordukhovich normal cone to K at z is

Ng(z) == {g € X* 3w, 5 0, ¢ 25 ¢, ¢ € Ni(an), ¥n € N} ,

where x,, K, 2 means T, — x and x, € K for every n.
Let f : X — (—00,00]. Denote by dom(f) := {z € X : f(z) < oo} the domain of f and by epi(f) := {(z,a) €
X xR : f(x) < a} the epigraph of f. Let € dom(f). The proximal subdifferential 9 f(z) of f at x is the set

of all ( € X* satisfying ({,—1) € NC};i(f) (z, f(z)). Equivalently,

0" f(x) ={C € X" :3n>0,0 > 0so that f(y) > f(2) +(C,y — @) — olly — z[[* Vy € B(z,m)}.

The Fréchet subdifferential 5f(x) of f at x is the set of all ( € X* satisfying (¢,—1) € Ncpi(f)(x,f(x)).
Equivalently,

5]”(;3) = {C € X* : liminf 1) = f@) = Gy — o) > 0}.

yo lly — =l
We can see that ¢ € 5f(x) if and only if, for any € > 0, there exists § > 0 such that

fy) = fl@) = (Cy—x) > —¢lly —zll, Vye B(z,9).

When X is an Asplund space and f is lower semicontinuous at z, the limiting/Mordukhovich subdifferential of
fatzis

of(x) = {C e X" ey Ly 2,y € Df(wa), ¥n € Nand ¢, 5 ¢},

where x, I, & means that Zn — x and f(z,) — f(z).
For an arbitrary subset A of X, the support function of A, p4 : X* — (—o0, 0], is defined as: for ( € X*

pa(¢) = sup(¢, z).

z€A

Let A, B be two nonempty subsets of X. One can easily check that

pauB(C) = max{pa(¢), pp(¢)}, V(e X"
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3. MINIMAL TIME FUNCTION ASSOCIATED WITH A COLLECTION OF SETS
AND ITS BASIC PROPERTIES

We start this section by giving an equivalent formula for the minimum time function when the dynamics is
a finite union of disjoint convex sets.

Theorem 3.1. Let X be a Banach space and let m be a positive integer. Let Uy, --- ,U,, be nonempty closed
conver and pairwise disjoint subsets of X and let Q0 be a nonempty subset of X. The minimum time function
T associated with target Q for the differential inclusion

<

j(t) € UL U -+ UUpy, a.e.t >0,
{ e (3.1)

X,
can be computed as
T(z)=inf{ty + +tm:t1, - ytm >0 and (x+ 00U + -+t Un) NQ £ 0}, Vo e X. (3.2)

Proof. For simplicity, we prove this theorem for the case when m = 2. Letting x € X and t > 0, we denote by
R(t; x) the reachable set at time ¢ starting from z, i.e.,

R(t;2) = {y(t) : y(-) is a solution of (3.1)}.
Let y(-) be a solution of (3.1). Setting

I = {5 € [O7ﬂ y(S) € Ul}ﬂ

I, = {S € [Ovﬂ y(S) € UQ};

and t1 = |I1|, t2 = |I2], we have t = t; + t2 and

t
y(t) == +/ y(s)ds ==z +/ y(s)ds +/ y(s)ds.

0 I Iy

If t1,t5 > 0, we find from the closedness and the convexity of Uy, U, that

1 1
yt)=x+t;.— [ y(s)ds+ta.— [ y(s)ds
| Jr, [I2| Jr,

€ x+ 41U + taUs.
When t; = 0 or t; = 0, we also have
y(t) € v+ t1Ur + t2Us.
It follows that

R(t;[ﬁ) C {x—|—t1u1 +toug : t1,t9 > 0,81 +to =t,uy € Uy, ug € Uz}
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Further, for any t;,t5 > 0 with ¢; 4+ t5 = ¢t and for any u; € Uy, us € Us,
T ifs=0
Yo(s) = T + sug fo<s<ty
T+ tiug + sus ift1 <s

is a solution of (3.1) satisfying yo(¢) = © + t1u1 + taug. Therefore, we have

R(t;$) = {x—i—tlul +toug 1 t1,to > 0,1 +to =t,uy € Uy, ug € UQ}

Now,
T (z) = inf{t > 0: Jy(-) satisfying (3.1) and y(t) € Q}
=inf{t >0: R(t;x)NQ#0}
=inf{t; +ta:t1,ta >0, (z + Uy + t2Uz) N Q # 0},
This completes the proof. O

Motivated by the above result, we define the minimal time function associated with a collection of sets.

Definition 3.2. Let m be a positive integer, and let U = {Uy,--- ,U,,} be a collection of m nonempty subsets
Uy, -, Uy of X. Let 2 be a nonempty subset of X. The minimal time function associated with the collection
U to the set € is defined as: for x € X

Tya(a) =inf{t; + - +tm i tr, - tm > 0and (z+ 48U + -+ tmUn) NQ £ 0}

In this paper, for simplicity of the presentation, we consider the minimal time function associated with
a collection of two subsets of X. From now on, unless otherwise stated, U = {U;,Us} is a collection of two
nonempty subsets Uy, Uz of X with Uy NUs C {0} and Uy UU;y # {0}, U= U; UU; and § is a nonempty subset
of X. The minimal time function associated with the collection I/ to €2 is now written as:

TZ/{’Q(Q?) = inf {tl + 1t :t1,t2 > 0 and (33 +t1U; + tQUg) neQ 75 [Z)} (33)
We can see that, if U3 = F and Uy = {0}, then Tj; o becomes the usual minimal time function TY defined in
(1.1). When F is a singleton, say F' = {v}, we put T4(x) = TS (z), for all x € X.
For t > 0, we define
R(t) :={z e X : Ty az) <t}
and

R:={xe X :Tyalxr) < oo}

For z € X, Ty o(x) < oo is the smallest time to steer x to target  using at most one direction in each set
U; and Us. If the minimum in (3.3) is attained and u} € Uy, u3 € Us, t7 > 0,¢5 > 0, are such that

x +tiul + thus € Q and  Tyo(z) =t] + 13,
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then we call (uf,u3) (respectively, (¢1,3)) an optimal-direction pair (respectively, an optimal-time pair) for x.
In this case, the function y} : [0, Ty q(x)] — X defined as

*(s) = x + suj if0<s <t}
YalS) =\ 24 tiul + (s — t9)us if t7 < s <Tyalx)

is called an optimal path of x corresponding to the pair (u,u}). We denote the set of all optimal-direction pairs
of z by U,(x), that is,

Up(x) = {(u],ul) € Uy x Uy : (uj, ud) is an optimal-direction pair for x}.
We also denote the minimal time projection of x on Q by I(x), that is,
I(z) ={w € Q:w =y, (Tya(x)) with y;(-) is an optimal path of z}.

It is obvious that if z € Q, then Ty o(z) = 0. Thus, any (v}, u3) € Uy x Us is an optimal-direction pair for x, and
the optimal-time pair is (¢,¢5) = (0,0) and y is just the point z. In this case, II(z) = {y} (Ty a(x))} = {=}.

Example 3.3. Let X = R? with the usual norm. Let U; = {(0,1),(—=1,0)},Us = {(1,0)} and target Q =
{(2,2)}. We can easily compute that

R={(r,y) eR?*: 2 <2,y <2} U{(z,2) € R? : x > 2}.

we have Ty o(z,y) = 4 —x — y. In this case, the optimal-direction pair

For (z,y) € X with z <2,y < 2,
d w3 = (1,0) and (t},t5) with ¢ =2 —y and t5 = 2 — z is its corresponding

rz < 2,
is (u},u3) with uf = (0,1) an
optimal-time pair.
For (z,2) with z > 2, Ty o(x,2) =  — 2. We find that (u},u3) with uj = (—1,0) and u3 = (1,0) is the
optimal-direction pair and (t7,t5) = (2 — ,0) is its corresponding optimal-time pair.

2
U

One sees that, in the classical case, an optimal path is a segment, while in the case with a collection of more
than one sets, an optimal path could be a “zigzag” path. It means that this new type of minimal time function
can be used to model problems that the classical one cannot. We next provide a simple concrete example in
which the minimal time function associated with a collection of sets can be used.

Example 3.4. (A simple shortest path problem) An ant is on the surface S of a cuboid OABC.M N P@Q which
lies on a table. The ant wants to reach the table. What is the minimum distance that the ant needs to walk to
reach the table?

Assume that the face OABC' is on the table’s face. One can see that in order to walk to the table with the
smallest distance the ant must follow the following route:

(i) if the ant is on the face OMNA (respectively, OMQC, CQPB and BPNA), then it must walk
perpendicularly to the edge OA (respectively, OC, CB and BA);

(ii) if the ant is on the face M N PQ, then it first walks perpendicularly to nearest edges among M N, NP,
PQ and QM and once it reaches the nearest edges, it walks as in the route (i).

If we know the length, the depth and the height of the cuboid, then we can easily compute the smallest
distance that the ant can walk to reach the table.

Now, we arrange a coordinate system as in the Figure 1 and let 2 be the set consisting of four edges OA,
AB, BC and CO. Set

U, = {(0,0,-1)}, Uy = {(1,0,0),(-1,0,0),(0,1,0), (0, —1,0)}.
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FIGURE 1. A shortest path problem.

Assume that the ant is at the position o = (z,y, z) on the surface of the cuboid. Then, the smallest distance
that the ant needs to walk to reach the table is

D(Oé) = min{t1 +1ty:t1 > 0,t0 >0, (a +t1U; +t2U2) NnQ# @}

Thus D(«) = Ty ,o(«) - the mimimal time function associated with the collection U := {Uy,Us} to reach the
target €2 evaluating at «. A shortest path for the ant to travel to the table from position « is an optimal path
for a.

From the definition, if W = {W7, Ws} is a collection of two subsets Wi, Wy of X with Uy C Wy, Uy C W,
then

TU7Q($) < TWVQ(I'), Vo e X.

We are now going to present some basic properties of the minimal time function T3; o by carefully extending
analogous properties of the usual minimal time function which can be found in, e.g., [3, 8, 14, 21, 25, 27].

Proposition 3.5. Forallx € X,
Tu.o(z) < Tg(x).
If U is convez, then
Tyo(z) = TY(x).
Proof. Let z € X. If T§(z) = oo, then there is nothing to prove. Assume that T (x) =t < oo. Then, for any
€ > 0, there exist «w € U and t. € [t,t + ¢) such that = + t.u € Q. Since u € U, without loss of generality, we

may assume that u € U;. Thus

(x+t.Uy +0.Us) N QL # 0,
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which implies that Ty o(x) < t. +0 < t + . Letting € — 0+, we get Ty o(x) <t =T (z).
Assume now that U is convex. We prove that

T9(x) < Tyalx), VreX. (3.4)

Let z € X. If Ty o(x) = oo, then (3.4) holds. Suppose that Ty o(z) =t < co. Then, for any ¢ > 0, there exist
ti,to >0, uy € Uy, ug € Uy, such that t <t +1ty <t+ e and z + tyu; + taus € Q. Thus

t t
t t c 0.
T+ [+ o] <t1 Tn Ty +t2“2>

Since uy,us € U and U is convex, one has

t t
ul + us € U.
oty bt Aty

Hence (z + [t1 + t2]U) N Q # 0, that is, T (z) < t1 + ta < Ty () + €. Letting € — 0+, we obtain the desired
inequality. O

Because of the latter result, we will not consider the case when U is convex in this paper.

Proposition 3.6. The following assertions hold:

(1) If x € Q, then Ty o(x) = 0.
(i) Assume that U is bounded. If Ty o(z) =0, then x € clQ.
(i) If either 0 € intU;y or 0 € intUs, then Ty o(xz) =0 for all x € clQ.

Proof. (i) It is obvious.
(ii) Let = € X be such that Ty o(z) = 0. By the definition of Ty o, there exist sequences {t]'} with ¢} > 0 for
all : = 1,2 and for all n > 0 such that

t" =17 +ty — 0 as n — oo, (3.5)
and for all n
(lL‘ + t?Ul + t;Ug) naQ 7£ 0. (36)

It follows from (3.5) that t? — 0 as n — oo for all i = 1,2. By (3.6), there are sequences {ul'} in U;, i = 1,2
and {w"} in Q such that for all n

x +tTul + thul = w". (3.7
As U is bounded, we have that {ul}, i = 1,2, are bounded. Since t? — 0 for all ¢ = 1,2, one finds from (3.7)
that w™ — x as n — oo. This means that z € cl).
(iii) We consider the case 0 € intUy, and the other case can be proved similarly. Let x € clQ. For any ¢ > 0, we

have B(z,e)NQ # 0. Since 0 € intU;, B(z,e) = x+ B(0,¢) C z+¢Uq, for all ¢ > 0 sufficiently small. Therefore,
for all € > 0 sufficiently small,

(z+ely +0U2) N #£ 0.

This implies Ty o(z) < €. Letting e — 0T, we get Ty o(z) = 0. O
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Proposition 3.7. Assume that one of the following holds:

(i) Uy,Us are compact and 2 is closed.

(i) Q is compact, one of the sets Uy, Us is compact and the other is closed, bounded.
(iii) X is a reflexive Banach space, Uy, Us are bounded, weakly closed and Q) is weakly closed.
(iv) X is a reflexive Banach space, Uy, Uy are bounded, closed, conver and § is closed, conver.

Then the infimum in (3.3) is attained, i.e., if x € R, then there exist t1 > 0,ty > 0 such that
Tua(z)=t1+t2 and (x+6U1+tUz)NQ#0D.
Proof. Let {t"} be a sequence of real numbers such that, for all n,
th =ty +th, Y >0,t8 >0, (x4+t7U +t5Uz) NQ £,

and t" — Ty o(z) as n — oo.
Since t" — Ty q(x), we have that t converges to some t; > 0 for all i = 1,2 and Ty o(x) = t1 + to.
Moreover, there exist u’ € U;, ¢ = 1,2 and w € € such that

x +tTul + thul = w". (3.8)

(i) Since Uy, Us are compact, we can assume that ul converges to some u; € U; for i = 1,2. Thus w™ —
T + tyuq + taus. Since 2 is closed, we have x + t1uq + taus € Q.

(ii) Without loss of generality, we assume that Us is closed and bounded. We may assume that ] — u; € U; and
w” — w € Q. If to = 0, then by the boundedness of the sequence {u3} and by (3.8) we have w = x + tyuy € Q.
Thus x + t1uy + tous € €2, where us is any point in Us. Now, assume that 5 > 0. Then we may assume that
t% > 0 for all n. By (3.8), one has uf} = (w™ —x — t{uy)/t5. This implies that v — (w —x —t1u1)/t2 as n — oo.
Since Us is closed, there is some us € Uy such that us = (w — x — t1uq)/te. Thus & + tyug + taus = w € Q.
(iii) Since {ul'}, i = 1,2, are bounded and X is reflexive, we may assume that {u?} weakly converges to some u;,
i=1,2,in X (see, e.g., Thm. 2.28(i) in [1]). By the weak closedness of U;, we have u; € U;, ¢ = 1, 2. It follows
(3.8) that {w™} weakly converges to x + tyu; + tous. By the weak closedness of 2, we have x + tu; + tous € Q.
(iv) Since X is reflexive, we may assume that u]" weakly converges to u; € X, ¢ = 1,2. By the classical Mazur
theorem, a convex combination of elements from {u}} converges strongly to u;, ¢ = 1,2. By the closedness
and convexity of U;, we have that u; € U;, i = 1,2. Since Q is closed, convex and {w"} converges weakly to
T + tyuy + tous, we conclude that x + t1uq + taus € Q. O

Proposition 3.8. Assume that one of the conditions (i)-(iv) in Proposition 3.7 holds. Then Ty q is lower
semicontinuous on its domain R.

Proof. Let € R and {z™} be a sequence in X converging to x. We next show that

TU7Q($) S liminfTuﬂ(xn). (39)

n—oo

If liminf, o Tyy,0(2™) = oo, then (3.9) holds. We consider the case liminf,,_, o Ty, 0(2™) = v € [0, 00). We may
assume that lim, o, Ty/,o(z") = 7. By the definition of Ty o, for each n, there exist ¢7 > 0,¢ = 1,2, such that

1
Tu_yQ(fﬂn) < t? + tg < Tu@(.’ﬂn) + ﬁ and (l’ + t?Ul + thQ) nQ 75 0.

Thus there are {ul'} C U;,i = 1,2, and {w™} C Q such that

"+ tTul + thuy = w".
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Since t7 +t5 — v, we have that ¢]' converges to some t; > 0, ¢ = 1,2, with ¢; + 3 = 7.

Arguing as in proof of Proposition 3.7, we can show that there are u; € U;, i = 1,2 such that  +t1u; +tous €
. This implies that Ty o(x) < t1 +t2 = . Therefore, (3.9) holds. The proof is complete. O

Proposition 3.9. Let Q1 and Qo C X be nonempty. Assume that Uy and Uy are convex. Then, for all x,y € X,
we have

Tu.0,+0.( +y) < Tuq, () + Tuo, (). (3.10)

Proof. Let x,y € X. If Ty, (x) = 00, or Ty,0,(y) = oo, then (3.10) holds. Assume now that t := Ty o, () < oo
and s := Ty q,(y) < co. For any € > 0, there exist ¢; > 0,s; > 0, a;,b; € U;, i = 1,2, such that

t<t1+ta<t+e, s<s51+82<s+¢, T+ t1a1 + taas € Q1 and x + s1b1 + S9by € Qs.
Thus
T+y+ (t1a1 + s1b1) + (t2as + Sgbg) € Q1+ Qo. (3.11)

Set V={1<i<2:t;+s; #0}. Then V # (). We can rewrite (3.11) as

t;a; 5;:b; >
x4+ vy -+ t; + 8; + € Q1 + Qo
Yy lezv(z 1,) <ti+3i ti+5i 1 2

Since Uy, Uy are convex, we have

- tia; + s:b;
titsi lits;

eU; Vi e V.
Therefore,

T+ y+ Z(tl + Si)Ci € 0y + Q.
eV

This implies that

T+, +y) <Y (ti+ ) <t+s+2e.
eV

Letting € — 07, we get (3.10). The proof is complete. O

Proposition 3.10 (Principle of optimality). Assume that Uy and Us are convex. Then, for any x € X, ay € Uy,
as € Uy, A1 > 0 and Ay > 0, we have

Tuo(x — a1 — Agaz) — A1 — Ao < Ty a(x) < Ty oz + Aar + A2az) + A1 + Ao (3.12)
Proof. Let x € X, a1 € Uy, ag € Uy, A1 > 0 and Ay > 0. We first prove that

Tu,g(x) < TM,Q(LL’ + Mag + )\2(12) + A1+ Ao (3.13)
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If Ty o(x + A1ar + Az2az) = oo, then (3.13) holds. Suppose now that ¢ := Ty o(x + A1a1 + A2az) < 0o. Then, for
any € > 0, there exist t; > 0,u; € U;, i = 1,2, such that

t<ti+ta<t+e and W=+ Aai + Aaag + t1ug + toug € Q.

Setting I = {1 <i<2:\; +1 # 0}, one has I # (. It follows that

Ai ti
wzx—kZ[)\i—i-ti] (/\i+tiai+ /\i_'_tiui).

icl
By the convexity of Uy, Us, one has
)\iiitiai—F)\i?_tiuieUi, Viel.
Thus,
Tua@) <Y (Ni+t) <A+l +t+e
icl
Letting ¢ — 07, we get (3.13). Applying (3.13), we get the first inequality in (3.12). O

Corollary 3.11. Assume that Uy and Us are convexr. Then, for any x € X, u € U and X\ > 0, we have
Tua(z— M) — A <Tyalr) <Tyalr+ Iu) + A
Proposition 3.12. Let r > 0 and x € X be such that r < Ty o(z) < co. If Uy and Us are convez, then
TU,Q(J?) =r+ TZ/{,R(T) (J}) (314)
Proof. We have s := Ty gy (7) < 00 as Q C R(r). Thus, for any £ > 0, there exist s; > 0, u; € U;, i = 1,2
and wy € R(r) such that s < s1 4+ s2 < s +¢ and w1 = & + s1u1 + Saua. Since Ty o(w1) < r, there exist ¢; > 0,
a; € Ui, i =1,2 and we € Q such that t; + t2 < r 4+ ¢ and wy = wy + t1ay + taas. Thus, by the convexity of

U1, Us,, one has

Wo = T + S1u1 + t1a1 + Souo + t2a2
€ (x +s51U1 +t1U1 + s9Us + thg) neQ
= [l‘ + (51 + tl)Ul + (82 + tg)UQ] NnQ,

which implies that
TU’Q(JJ) <814+t +s2+t < TZ/{,R(T‘) (LU) +r+ 2e.
Letting ¢ — 04, we get Ty o(z) < Ty rer(x) + 7.
We now prove the opposite inequality in (3.14). Let ¢ := Ty q(z) > 7. Then, for any € > 0, there exist 7; > 0,
b; €U;, 1 =1,2 and w € Q such that ¢t <y + 7 <t+e€ and w = x + 7101 + Y2b2. Since 1 + 72 > r, we can

decompose r = ry + ro with r1 <y and o < 5. Set

wy =2+ (71 — r1)b1 + (72 — r2)be.
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Then w, + r1b1 + r2be = w € Q, that is, w, € R(r). Thus
Turm (@) <(m—r)+(2—re) <t—r+e=Tyalr)—r+e.

Letting € — 0+, we get Ty »(r)(z) < Ty,o(x) — r. This ends the proof. O

Proposition 3.13. Assume that Uy and Uy are convezr. Let x € R\ Q and let y.(-) be an optimal path of x.
Then

Tu.a(z) =s+Tua(y:(s)), forallse[0,Tyn(z). (3.15)
Proof. Since y,(+) is an optimal path of z, one finds that y,(-) has the form

(s) = T+ suq, if 0 < s <ty,
Yo o T+ tiug + (S — t1)u2, ift; <s< Tu@(l‘),

where t; > 0, u; € U;, t = 1,2 with t; +t3 = Ty o(x) and @ + t1ug + taug € Q. Assume that 0 < s < ¢;. Then
Y2 (8) = x + su;. By Proposition 3.10, one has Ty q(x) < Ty a(y.(s)) + s. Moreover,

ym(s) + (tl — s)u1 + tottg = T + t1uq + taus € Q.

Thus Ty .0(yz(s)) < t1 — s+t = Ty o(x) — s. Therefore, (3.15) holds. Similarly, we can prove (3.15) for the
case when t; < s < Ty q(x). O

Proposition 3.14. If Uy,U; and Q are convez, then Ty o is convez. If Ty o is convez, § is closed and either
Q is bounded or Uy,Us are bounded, then € is convex.

Proof. Let z,y € X and X € (0,1). We will show that
Tyo(Az+ (1= Ny) < Ayo(z) + (1 - NTyua(y). (3.16)

If Ty o(x) = oo, or Ty o(y) = oo, then (3.16) holds. Assume that ¢ := Ty o(z) < co and s := Ty o(y) < co. For
any € > 0, there exist t; > 0,s; > 0 and a;,b; € U;, ¢ = 1,2, such that

t<t1+ito<t+e,s<s1+52<s5+¢, z+t1a1+t2a2GQandy+51b1+52b2EQ.

Using the convexity of 2, we have

2
Az 4 (1= Ny + Y (Ma; + (1= Nsib;) € Q. (3.17)
=1

If Mt;a; + (1 — A)s;b; = 0 for all 4 = 1,2, then Az + (1 — Ny € Q. Thus Ty o(Az + (1 — N)y) =0, i.e., (3.16)
holds. Assume now that

I:{l§i§2Z)\tiai+(1—)\)8ibi7é0}7é®.
We can rewrite (3.17) as

)\ti 1-A S;
dat (L= Ay + DMt (L= Vsi <At» Tt /\t<(—|— § . )\)&bi) €

iel
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By the convexity of Uy, Us, we find, for ¢ € I, that

. 1— .
o At (1=XN)s;

= ; b; € U,.
)\ti+(1f>\)8ia + )\t1+(17)\)81 <

Therefore,
A+ (L= Ny+ Y [Mi+ (1= Nsile; € Q,
icl
which implies that
TuaAz+ (1= Ny) <Y M+ (1= A)si] <M+ (1—A)s +e.
icl
Letting £ — 01, we obtain (3.16). Therefore, Ty o is convex.
Now, if Q is closed and either 2 is bounded or Uy, U, are bounded, then we find from Proposition 3.6 that
Q={re X :Tyalx) <0}

Thus §? is convex if, in addition, Ty o is convex. O

We next provide sufficient conditions for globally Lipschitz continuity of the minimal time function. The result
extends (Prop. 4.1 in [14]) from the classical minimal time function to the minimal time function associated
with a collection of sets. An earlier result of this type for the directional minimal time functions can be seen in
Proposition 4.1 from [25]. The proof follows the idea of the proof of Proposition 4.1 from [14]. Recall that, for
Q C X, its recession cone is Q := {z € X : w+tx € Q,Vw € Q}.

Proposition 3.15. Assume that S is closed and that one of the following condition holds:

(i) (conelU; + conelUs) N intQe # 0.
(ii) int (conelU; + conelUs) N Qoo # 0.

Then Ty .o is globally Lipschitz.

Proof. We first prove that there exists £ > 0 such that Ty o (z) < £||z|| for all z € X. Assume (i). Let us fix
v € (conel; + conelsz) Nint{lo, with v # 0. By Proposition 4.1 in [25], we have

1

15 (z) < 9llzl|, Vz € X, with ’yzm-

(3.18)

Let x € X. Since Q4 is closed, we have
r+ TG (2)v € Que.
Since v € (conelU; + conels), there exist o; > 0, u; € U;, i = 1,2, such that v = ayu; + agug. Thus
T4+ a1 Ty (v)ur + aTH (x)us € Qoo
Therefore,

TU7Q°O (LE) < (041 + OLQ)T;;OO (ZE)
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Together with (3.18), we have, for all z € X, that
Tu .. (7) < (1 + az)y|z].

Now, assume (ii). Let v € int(coneU; + conelUs) N Qs be such that v # 0. There exist o; > 0 and u; € U,
i = 1,2 such that v = aju; + asus. As in the proof of (i), we can show that, for all x € X,

Ty, (z) < (a1 + )T ().

Now let x € X. If « € span{v}, i.e., x = Av for some X\ € R, then z + [A|v € Qq,. Thus

1
To. (2) < A= Wllwll-
Hence
a1+«
Tua.(z) < ——|z]l.

o]l

Assume now that x ¢ span{v}. Let » > 0 be such that B(v,r) C conelU; + conelUs. It follows that

v — ——x € conelU; + conels.

T
||

Hence, there are v; > 0,w; € U;, ¢ = 1,2 such that

,
V= 5T = 1w+ Y2 Wa.
||zl
This implies that
4 Hellnws +92wa) ||~:||U c 0.
T

Therefore,

Ty () < 22 g
Therefore, in both cases, there exists £ > 0 such that
Tu o (x) < {||z|] for all z € X.
Let x,y € X. By Proposition 3.9 and the fact Q + Q,, = Q, we have
Tuo) + Tuo. (r —y) > Tuaro. () = Tyo(z).

Thus,

Tua(z) = Tualy) < Tua. (v —y) <Lz -yl
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Switching the roles of x and y in the latter inequality, we have

Tu.a(x) — Tuay)| < 4z -yl

O
Corollary 3.16. Assume that §) is closed and either 0 € intU; or 0 € intUs. Then Ty q is globally Lipschitz.

Proof. Tf 0 € intU; or 0 € intUs, then conelU; + conel; = X . Hence, int(conelU; + conelUs) N Qs # 0. Therefore,
by Proposition 3.15, Tz q is globally Lipschitz. O

The following proposition is inspired by the analogous result in control theory (see, e.g., [5, 32]).
Proposition 3.17. Let Uy, Us be bounded and convex. The following conclusions are equivalent.
(i) There exists 6 > 0 such that Ty q is Lipschitz on Q + §B.
(ii) There exist o > 0 and k > 0 such that
Tu.o(z) < kd(z,Q), Vo € Q4+ oB.
Proof. Assume that (i) holds. For all z,y € Q + 0B, we have
Tu0(x) = Tuo(y)l < kllz—yll,
where k is the Lipschitz constant of Tz, q. It follows that

Ty.a(z) < Tya(y) + Ellz —y|.

Taking the infimum over y € Q, we get Ty o(z) < kd(z, Q).
Now assume that (ii) holds. Let M = sup{||u| : v € Uy UUs} and fix 0 < g9 < 55;. We choose ¢ > 0 such
that

g —&p

O< M+ 1

Let z,y € Q+ 6B C Q + oB. We arrive at
t:=Tyolr) <kdx,Q) <ko < oo.

For any 0 < € < €, there exist t; > 0,u; € U;, t = 1,2 and w € ) such that ¢t <t; +ts <t+e and z + tju; +
tous = w. Setting z := y + tyuy + tous, we see that

d(z,9Q) < ||y + trus + taus — ||
<y =¥l + (t1 + t2) M
<|ly=9Il+@E+e)M, ¥y €.

Thus
d(z,Q) <d(y,Q) + (kd(z,Q) + )M <5+ (kd +e)M < 0.
By applying Proposition 3.10, we have that

Tua(y) <Tya(z) +t1+tz <Tya(z)+t+e.
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It follows that

Tu0(y) — Tuo(z) < Tue(z) +e
<kd(z,Q)+e<kllz—w||+e
= kllz —yl| +e.

Letting ¢ — 0T, we get

Tu.o(y) — Tyolz) < kllz -yl

Switching the roles of x and y in the latter inequality, we conclude that 73, o is Lipschitz on Q + JB. O

4. SUBGRADIENTS OF MINIMAL TIME FUNCTIONS

This section is devoted to the study of subdifferentials of the new class of minimal time functions and
their applications. More precisely, we derive formulas for the proximal, Fréchet and limiting subdifferentials
of the function at points in Q as well as at points out of . Finally, we give an application to a location
problem. Throughout this section, we always assume that € is closed, U; and U, are bounded and denote by
M = sup{||u|| : v € U}, where U = U U Us.

We recall that when control set F' contains the origin, the formulas for computing the Fréchet (and proximal,
respectively) subdifferential of the classical minimum time function 74" in Hilbert spaces at points outside the
target Q (in term of Fréchet (and proximal, respectively) normal cone to a sublevel set of Tg and a level set of
the support function of F) were first given in [8, 9]. These results were then extended to the setting of Banach
spaces in [17]. Note that in [17], the Fréchet (and proximal, respectively) subdifferential of TS at points in
were also characterized in terms of Fréchet (and proximal, respectively) normal cone to 2 and a sublevel set of
the support function of F. In [18], Jiang and He presented the same formulas for computing the Fréchet and
the proximal subdifferentials of T in normed spaces without requiring that F contains the origin. However,
a calmness condition was assumed for subifferential formulas at points outside the target. In [31], Sun and
He proved the Fréchet and the proximal subdifferential formulas at points outside the target without using
any calmness condition. For other paper deals with computing general differentiation of classical minimal time
function, we refer the reader, to, e.g., [2, 3, 14, 20, 21, 25-27].

We first adapt the formulas computing the Fréchet and the proximal subdifferentials of the classical minimal
time function for the new function. Some proofs are adapted from results mentioned above. Making use of
Lemmas 4.2 and 4.5, the techniques used in the proofs for difficult inclusions in Theorems 4.3 and 4.6 are
different from those used in very recent paper [31] for classical one.

We first compute the proximal subdifferential of T3, o at a point in the target set.

Theorem 4.1. Let x¢ € . It holds
0" Ty (wo) = NG (20) N {¢ € X* : max{py, (—C), pu, ()} < 1}. (4.1)
Proof. Let ¢ € 8PTM’Q((E0). Then there are ¢ > 0, and o > 0 such that
Tu.a(y) — ¢y —z0) = —clly —xol[* Yy € B(xo,0). (4.2)
Since Ty,o(z) =0 for all = € Q, it follows from (4.2) that

¢y —mo) < dlly —xo||* Vy € QN B(wo,0).
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Thus ¢ € N& (). Let u € U be arbitrary and let A > 0 be sufficiently small such that zo — Au € B(x, o). Since
(xo — Au+ AU)NQ £ 0,
we have Ty o(zo — Au) < A. By Proposition 3.5, one has
Tua(ro — ) < TH(vo — Mu) < A
For A sufficiently small, we find from (4.2) that
A > Ty awg — Au) > (¢, —Au) — eA?||u| %,
which implies that (—(,u) < 1+ c)||ul|?. Letting A — 0T, we get (—(,u) < 1. Since u is arbitrary in U, we have
pu(—=C) < 1. Thus, max{py, (=C), pv, (=)} < 1.
Conversely, let ¢ € NE (xq) and max{pr, (—C), pv,(—¢)} < 1. Then there are ¢; > 0 and o7 > 0 such that
(C,y —x0) < cilly — xol|?, Yy € QN B(zg,01). (4.3)
We will show that ¢ € 87Ty q(w0), i.e., there exist ¢ > 0, and o5 > 0 such that
Tua(y) — ¢y —x0) > —cally — w0l (4.4)

for all y € B(zg,02). Assume to the contrary that (4.4) fails. Then there exists a sequence {y(k)} in X such
that y(k) — xo as k — oo and

Tua(y(k)) — (¢ y(k) — zo) < —k|ly(k) — zo||* (4.5)

for all k. By (4.3), there is some kg such that y(k) ¢ §2 for all k& > k. Moreover, since y(k) converges to xg, we
may choose kg large enough such that

01

k) — < — vk > k. 4.6
Set t(k) := Ty .a(y(k)). It follows from (4.5) that
t(k) < |ICI]-ly(k) = @ol| < oo,  Vk. (4.7)
For each k > kg, let g be arbitrary satisfying
[ly(k) — @ol|
O<er < L+ M .

Since t(k) < oo, there exist t;(k) > 0, u;(k) € U;, i = 1,2 and w(k) € Q such that

t(k) <ti(k) +ta(k) <t(k)+er and w(k)=y(k)+t1(k)ui(k) + ta(k)uz(k).
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We have, for k > kg, that

llw(k) = @ol| = [ly(k) + t1(k)ur (k) + t2(k)uz (k) — |
< lly(k) = oll + (11 (k) + t2(RD)M
< lly(k) — oll + (¢(k) + )1
< Uy (k) — oll + MIICIly(8) — ol + b LB = 2oll
< (24 MIICI) (k) — o] < . (4.9

Thus w(k) € QN B(xg,01). Using (4.3) and (4.8) and the fact max{py, (—(), pv,(—¢)} < 1, we have, for all
k > ko, that

Tu0(y(k)) = (G y(k) — xo) = t(k) = (¢, y(k) — w(k)) — ((,w(k) — x0)
> t(k) = (ta (k) + t2 (k) (—C, u(k)) — eallw(k) — wol|?
> t(k) = (ta (k) + t2(K)) — c2(2+M||CH) lly(k) — = — 0[]
> —ex — c2(2+ MICID? y (k) — z — 0]

In view of (4.5), we have

klly(k) — woll* < ex + c2(2 + MI[C]1)?[|ly(k) — = — O] Vk > ko.
Fixing k > ko and letting e, — 0T in both sides of the latter inequality and then divide both sides by ||y(k) — zo]],
we get k < co(2 + M||¢]|)?. This cannot happen when k sufficiently large. The proof is complete. O

Before going to present the formula computing the proximal subdifferential of T3, o at a point out of the
target, we have the following technical lemma.

Lemma 4.2. Let z € X be such that 0 < r := Ty o(z) < co and let {z,} be a sequence in R(r) converging to
x. If Uy, Uy are convex and N. ( y(@) N {¢ € X* s max{py, (—(), pu (=)} = 1}, then Ty o(xn) — Tuo(x) as
n — 0o.

Proof. Let ¢ € Ng(r) (x) be such that max{py, (=), pv,(—¢)} = 1. There exists o > 0 such that
(Cy—w) <olly—all®,  VyeR(@). (4.9)

Let 0 < € < 1. Since =, = = as n — oo, there exists N > 1 such that ||z, — z|| < € for all n > N. Since
max{py, (—C), pu,(—¢)} = 1, there exists u € U such that

<_<7u> >1- \E

For each n, set y, = z,, — v/eu. We claim that, for n > N and ¢ sufficiently small, y,, € R(r). Indeed, we have

<<vyn - $> = <<,$n - JU> + \ﬁ<_C7u>
=lICHlan — 2l + V(1 = Ve)
—l[¢lle + Ve = Ve),

ARV

and

ollyn — @[] < o(llzn — zl] + VEllul)* < o(e + My/e)™.
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For ¢ sufficiently small, we have (e + M+/€)? < —[|(||e + v/&(1 — v/€). Hence,
(G Yn — ) > 0ollyn — xHQ

In view of (4.9), we conclude that y,, & R(r). So Ty .a(y,) > r and by Corollary 3.11, Ty o (yn) < Tua(xn) + €
for all n > N. For all n > N, we have

0 < Tuo(z) — Tyua(z,) =7 —Tya(zn) < Tua(yn) — Tuo(z,) < Ve.
This implies that Ty o(x,) — Ty () as n — oo. O

We are now ready to state the formula computing the proximal subdifferential of Tz, at a point = & €.

Theorem 4.3. Let U1, Us be convex and let xy € X be such that 0 < r := Ty o(xg) < co. Then

0" Tu0(x0) = Ny (20) N{¢ € X* : max{py, (=), pv, ()} = 1}. (4.10)
Proof. Let ¢ € 0P Ty o(wo). Then there exist ¢ > 0 and § > 0 such that, for all y € B(xo,§),

Tua(y) —r — ¢y —z0) = —clly — ol |*. (4.11)
It follows that
¢y —zo) < clly — moll?, Vy € R(r) N B(zo,0),

that is, ¢ € Ng(T)(mo). Since Ty q(xo) = r, for any € > 0, there exist r; > 0,u; € U;, i = 1,2, and w € Q such
that r <ry+7rs <r+4e¢eand w = zg+ riu; + rous. Let w € U and A > 0. Without loss of generality, we may

assume that u € Usy. It follows that

w € xg— Au+ AUy +r Uy + 13Uy
=Xy — )\’LL+T1U1 + ()\+T2)U2.

Thus,
Tua(zo—Au) <ri+re+A<r+e+ A
For A sufficiently small, i.e., xg — Au € B(xg,0), we have from (4.11) with y := zo — Au, that
re+A—1—(C, = u) > —cA|ul|?,
or, equivalently,
M=C,u) < eX?|[ul)®> + X +e.
Since € > 0 is arbitrary, the latter inequality yields

M=C,u) < eX?[ul]® + A
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Dividing both sides of the latter inequality by A > 0 and letting A — 07, we get (=), u) < 1. Since u € U is
arbitrary, py(—¢) < 1. Without loss of generality, we may assume that r; > 0. Letting 0 < € < r?, one has

w =z + r1us 4 rous = o + Veur + (11 — Ve)uy + raug.
It follows that
Tuo(zo +Veur) <ri+re — Ve <r+e—ye
For e sufficiently small, taking y := 2o + v/eu; in (4.11), we have
e — Ve —VE(Cur) > —cel|ur]]?,
or, equivalently,
(=Cyu1) > —cve|lug||? — Ve + 1.
Letting € — 07 in both sides of the latter inequality, we get (—¢,u;) > 1. Thus
max{pv, (—=(), pv,(—¢)} = 1.
Therefore, max{py, (—¢), pv,(—¢)} = 1.
We are now in a position to show the opposite inclusion. Let ¢ € Nfg(r)(xo) with max{py, (—¢), pu,(—¢)} = 1.
There exists o > 0 such that
¢,y — x0) < olly — z0l|% Yy € R(r). (4.12)

We want to show that ¢ € 0FTy o(xo). Assume to the contrary that ¢ & 07Ty o(zo). Then there exists a
sequence y(k) — xo as k — oo satisfying y(k) # z¢ and

Tua(y(k)) —r — (¢ y(k) — o) < —k[[y(k) — o[> for all k. (4.13)
It follows from (4.13) that t(k) := Ty a(y(k)) < co and
t(k) —r <||C|]-Nly(k) — xo]| for all k. (4.14)

It is enough to consider three cases: (i) t(k) = r for all k, (ii) t(k) > r for all k, and (iii) ¢(k) < r for all k.
Case (i). t(k) = r for all k. Then y(k) € R(r). By (4.13), one has

(€. y(k) = wo) > Klly(k) — zol[*.

This contradicts (4.12) when k is large.
Case (ii). t(k) > r for all k. For each k, let

ly(k) = ol|

0<ep <
&k 1+ M

Since t(k) < oo, there exits t;(k) > 0,u;(k) € U;, i = 1,2, and w(k) € Q such that

t(k) < t1(k) + ta(k) < t(k) + e, and  w(k) = y(k) + t1(k)ur (k) + ta2(k)uz (k).
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Since t1(k) + ta(k) > r for all k, we can decompose 1 as r = r1(k) + ro(k) with 0 < ri(k) < t1(k), 0 < ra(k) <
t1(k) for all k. For each k, set

Then

This implies that

Tu(z(k) < ri(k) +ra(k) =

i.e., z(k) € R(r). We have, for all k, that

[12(k) = 2ol = [ly(k) + (t1(k) = ri(k))ur (k) + (L2(k) — r2(K))uz(k) — z|]
< ly(k) = ol | + (t1(k) — ri(R))[[ua (K[| + (t2 (k) — ra(K))uz(K)]|
< ly(k) — ol | + (¢(k) + ex — )M

< lly(k) — ol + B =2l a1y k) - ol

1+ M
< (M[¢]] + 2)[ly(k) = zol|-
Now using the latter estimate and the facts that z(k) € R(r) and max{py, (—(), pv,(—¢)} = —1, we have
Tua(y(k) —r — (G y(k) — xo) = t(k) —r + (¢, 2(k) — y(k)) — (¢, 2(k) — zo)

> (k) =+ Y (ti(k) —ri(k){C, ui(k)) — ol|z(k) — ol

i=1
Zt — a(M][¢]| +2)?|ly (k) — ol
> —e - U(MHCH +2)?|ly(k) — zol[*.
This, together with (4.13), yields
klly(k) — zol[* < ex + o (MIIC]] +2)?||y(k) — zoll*, V&,

which is a contradiction when £ is large since ¢, is arbitrarily small.
Case (iii). t(k) < r for all k. For each k, let 0 < e, < r — t(k). There exist t;(k) > 0,7 = 1,2 such that

t(k) < ti(k) + ta(k) < t(k) + e, and  [y(k) + t1(k)Uy + t2(k)Us] N Q # 0.
Since p(—¢) = 1, for each k, there exists u(k) € U such that
(G u(k)) < =1+ €. (4.15)
Set

2(k) = y(k) — (r — ty (k) — ta(k)) u(k). (4.16)
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Fixing k, we may assume that u(k) € Us. It follows that

y(k) + Zti(k)Ui = 2(k) + (r — t1 (k) — ta(k)) u(k) + t1 (k)Uy + t2(k)Us
C (k) + t1(k)Uy + (r — t1(k)) Us.
Thus
(2(k) + t1(B)Uy + (r — t1(k)) Uz) N Q2 # 0.

This implies that Ty o(2(k)) < r, i.e., z(k) € R(r). We now set s(k) :=r —t1(k) — t2(k). By (4.15), (4.16) and
(4.12), we have

s(k) < (=C,u(k))s(k) + exs(k)
= (ta(k) +ta(k) — ) (¢, u(k)) + exs(k)
= (G, 2(k) —y(k)) + exs(k)
= (C, 2(k) — o) + (¢, w0 — y(k)) + exs(k)
< ol2(k) — ol |* + [[¢[[l|y (k) — wol| + exs(k) (4.17)
Moreover,
|[2(k) — 2ol = [ly(k) — (r — t1(k) — t2(k))u(k) — zo|
< |ly(k) — ol | + (r — ta(k) — t2(k))[|[u(k)|]
< |ly(k) — xo|| + Ms(k). (4.18)

From (4.17) and (4.18), we arrive at

s(k) < o(lly(k) — wol| + Ms(k))* + lI¢|llly (k) — woll + exs(k)
< 20]ly(k) — wo|[* +2M%s* (k) + [I¢[[[[y(k) — o[ + ers(k)
= [2M?s(k) + exls(k) + [201]y(k) — ol + [[CI[][ly (k) — ol
< [2M3(r — t(k)) + erls(k) + (20ly(k) — zol| + [IC]]) [ly(k) — zol|.

Since y(k) € R(r) and y(k) — o as k — oo, by Lemma 4.2, one has t(k) — r as k — oco. The,n for k sufficiently
1
large, we can choose €5 small enough such that 2M?(r — t(k)) + & < 5 and ||y(k) — zo|| < 1. Thus, for k

sufficiently large, we have

s(k) <2020 +[[CIDIly (k) — zol|-

For k sufficiently large, we have

Tua(y(k)) —r+ (¢ y(k) — zo) = t(k) —r + (C, 2(k) — y(k)
>tk)—r+ (r—ti(k) —ta
>tk)—r+(r—ti(k) —ta

—o(lly(k) — zol| + Ms(k
2 t(k) — t1(k) — ta(k) — (r — t1(k) — t2(k))ex
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—o[1+2M 20 + [I<IDIy (k) — ol|”
> —ex — (r — t(k))er — o1+ 2M (20 + [ICI)]*[ly(k) — ol |*.

Combining with (4.13), we have, for k sufficiently large, that
—er = (r = t(k))er — o1+ 2M (20 + [[CI))*|ly (k) — ol < —Elly(k) — zol,
or, equivalently,
klly(k) — ol * < ex + (r — t(k))ex + oL + 2M (20 + [[CI))][ly (k) — zol|*.

Fix k. Letting e — 0+, and dividing both sides by ||y(k) — xo||? ,we get k < o[l + 2M (20 + ||¢||)]? which is a
contradiction for large k. This ends the proof. O

We are now going to present formula computing the Fréchet subdifferential of 7, o at a point g € R. We
first consider the case xgy € 2.

Theorem 4.4. For any xg € (), we have
OTis (o) = Na(wo) N{¢ € X* : max{py, (~0), pv, (-0} < 1} (4.19)
Proof. Let ¢ € §Tu7g(x0). Then, for any o > 0, there exists § > 0 such that
Tuo(z) — (¢, — x0) = —0ol|z — 0|, (4.20)
for all x € B(xo, ). It follows from (4.20) that
((,x —x0) <ol —x0]|], Ve Qn B(xg,?d).
Thus, ¢ € ﬁg(xo). Let u € U be arbitrary. Let A > 0 be sufficiently small such that zo — Au € B(xg,d). Since
(ro — A+ AU) N Q # 0, one has TY(zo — Au) < A. By Proposition 3.5, one has Ty o(ro — Au) < A. For A
sufficiently small, from (4.20), we have
A>Ty alze — Au) > (¢, —Au) — o A||ul],

which implies that (—(,u) < 14 of|ul|. Letting ¢ — 0+, we get (—(,u) < 1. This yields

ma‘X{pU1(_C)’pU2(_C)} <L
Now let ¢ € Ng(zo) with max{py, (—C), pu,(—¢)} < 1. Let ¢ > 0. For o¢ € <O, 1+Uj\J|<||>’ there exists dp > 0
such that
¢,z — mo) < opllz — xol|, Vo € QN B(xo, dy).- (4.21)

o

Let § € (0,
2+ 2||¢||M

) . We shall show that

Tu.o(z) — (¢, x — zo) > —0ol|z — z0l], (4.22)
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for all x € B(xzg, ). By (4.20), we see that (4.22) holds for all z € QN B(xg, ). We prove that (4.22) holds for
all z € B(z,0) \ Q. If not, there exists y € B(x,d) \ Q such that

Tuo(y) < ((,y —z0) — olly — zo|- (4.23)

It follows from (4.23) that

Tua(y) < l[¢l]-lly — zoll. (4.24)

)
Set t := Ty q(y). Forany e € <0, ﬁ , thereexist t; > 0,u; € U;, i = 1,2and w € Qsuchthatt <t +1ty <t+e¢

and w = y + tyuy + tous. Using (4.24), we have

lw = ol < [ly = 2ol + tal[url] + tofluzl] < [ly — zol[ + (t + )M (4.25)
< ly = @oll + MI[C][-Ily — @ol| + M < &+ MJ|([|0 + eM
< dp.

Thus w € QN B(xg, dp). Using (4.21), (4.25) and the fact max{py, (—=¢), pu,(—¢)} < 1, we have

Tun(y) — (Cy —z0) =t — (¢ y —w) — ((,w — 2o)
>t =t (=G ur) — t2{=C, u2) — ool|lw — zo||
> —e —oo(||ly — xol| + (t + &) M)
> —(1+0oM)e — ao(1 + MI|C[)ly — zol|
> —(14+o09M)e — oy — zo|]-

Letting ¢ — 04, we have
Tua(y) — ¢y — x0) = —olly — zol|.

This contradicts (4.23). The proof is complete. O

The following lemma is not only useful for proving Theorem 4.6 but has its own interest. It provides a sufficient
condition for lower semicontinuity of the minimal time function. This result is new even for the classical one.

Lemma 4.5. Assume that Uy and Us are convex. Let xy € X be such that 0 < r =Ty o(xo) < co. Then Ty 0
18 lower semicontinuous at xo provided that

N (x0) N{¢ € X* s max{pu, (=C), puy (=)} = 1} # 0.

Proof. Let ¢ € Z\ATR(T)(:EO) be such that max{py, (—¢), pv,(—¢)} = 1. Fix v € (0,1/(1 + M)). There exists § > 0
such that

(Cy = o) <Ally —xoll,  Vy € Blwo,6) NR(r). (4.26)
Since max{py, (—(), pu,(—¢)} = 1, there exists u € U such that

(—=C,u) >1—7.
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Let € be such that

4]
O<5<m,

and o satify

o< < {4, L0101}

20 Kl

For any z € B(xg,0), setting T = x — eu, we have

[|Z — zol| = ||x — eu — zo| < ||x — xo|| +&l|u]| < o+eM <6,
i.e.,
Z € B(xo,9). (4.27)
Moreover,
(€& —xo) = (¢, — xo) + (¢, —u) > —|[C[ll|x — zo|| + £(1 =) > —0l[¢][ + (1 =),
and

N = zol| < A(|le = zol[ +elful]) < (o +eM).
It follows that
(C,& —x0) > 7||T — xo]|-
So, by (4.26), T & B(z0,0) N R(r). Hence, by (4.27), & &€ R(r), i.e., Ty ,0(Z) > r. By Corollary 3.11,
Tua(Z) = Tualr —eu) < Tyalr) +e.
Therefore,
Tu.a(zo) — Tuo(z) =r —Tya(x) < Tua(@) — Tua(ze) <e.
This implies that T3, o is lower semicontinuous at zy. The proof is complete. O

Theorem 4.6. Let Uy and U be convex and let xo € X be such that 0 < r := Ty o(zo) < co. Then
OTy,0(w0) = Nr(ry(z0) N{¢ € X : max{py, (—C), pu, (—O)} = 1}. (4.28)
Proof. Let ¢ € 5Tuyg(m0). Then, for any o > 0, there exists § > 0 such that

Ty,a(r) — Tua(zo) — (¢, — x0) > —0l|lr — 20]], Vy € B(xo,9). (4.29)
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This implies that ((,z — zo) < ol|lz — ]| for all € R(r) N B(xo, ), that is, ¢ € J/\}'R(T)(xo). Let u € U and
A > 0 be arbitrary. Since Ty o(xo) =7, for any 0 < e < 72 /4, there exist t; > 0, u; € U; i = 1,2 and w € Q such
that r <t; +ty <r+e and w = xg + t1uy + taus. Assume first that u € U;. It follows that

wE xyg— AU+ NUp + 11U + U = 29 — Au + (tl + /\)Ul + taUs.

Thus, Ty a(xo — Au) <1 +t2 + A < r+¢e+ A For A sufficiently small, i.e., zg — Au € B(zo,d), we find from
(4.29) with @ := x¢ — Au that

r+e+A—r—{(C,—Au) > —0c)\||ul],
or, equivalently,
M—C u) < e+ X+ Aollul|.
Letting € — 0+, we get
M=C,u) < A+ Aol|ul].

Diving both sides of the latter inequality by A > 0 and letting o — 0+, we get (—(,u) < 1. Similarly, if u € Us,
then we can show that (—(,u) < 1. Therefore, py(—¢) < 1. Assume that t; >t > 0. Then e < t3. It follows
that

w = 1w + tyug + taus = 1o + Veu + (t1 — VE)ur + taus.
Hence,
Tu.alxo + Veur) <t +ta— Ve <r+e— e
For e sufficiently small, taking x := o + v/euy in (4.29), we get
e = Ve = VelGur) > —Veallul|,
or, equivalently,
(=Cu1) 2 1 —+e —offuil.
Letting ¢ — 0+ and then letting o — 04, one has (—(,u1) > 1. Thus py, (=¢) > 1. If 5 > ¢; > 0, then we can

also show that py,(—() > 1. Therefore, we always have max{py, (—(), pv,(—¢)} = 1.
We are now in a position to prove the opposite inclusion. Let { € Nz () (o) be such that

max{py, (=), pv,(=()} = 1.

We attempt to show that ¢ € <§T(x0)7 i.e., for any o > 0, there exists 7 > 0 such that

Tua(y) — Tu.a(wo) — (¢, y — x0) > —0lly — zoll, (4.30)
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for all y € B(xo,n). For o > 0, set

o min{l’ 1 +12M’ 1 +2M3—2M\|(||’ 2+JC\T4\|<|| }
and let o € (0,c¢). Since ¢ € NR(T)(QJO), there exists 19 > 0 such that, for any y € R(r) N B(xo, 7o),
(¢, y —x0) < oolly — zoll-
Take o2 € (0,m0/(1 + M)). Since Ty q is lower semicontinuous at g, there exists 72 > 0 such that
Tu0(zo) — Tun(y) < o2, Yy € Blzo,m2).

Let n € (0,¢1) with

e = min{no - M027772,2+77]\2[”C|}-

If (4.30) does not hold, then there exists yo € B(xg,n) such that
Tu,2(yo) — Tu(zo) — (¢ ¥o — zo) < —ollyo — zoll-

We have three possible cases: (i) Ty ,0(yo) =7, (ii) Tu,o(yo) > r, and  (iil) Ty 0(yo) < 7.

Case (i): Ty.a(yo) = r. Then yo € R(r) N B(zo,n) C R(r) N B(xzg, no). It follows from (4.31) that

(¢, y0 — zo) < oollyo — zol| < ollyo — zol]-

This contradicts (4.33).
Case (11): t := Ty a(yo) > 7. It follows from (4.33) that

t—r < [C[[-llyo — ol
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(4.31)

(4.32)

(4.33)

By definition of Ty q, for any 0 < € < ||yo — xo||/(1 + M), there exist t; > 0, u; € U;, i = 1,2, w € Q such
that ¢t <1+t <t+¢e and w = yg + t1uy + taus. We decompose r as r =11 + 19 with 0 < r; <t;, i =1,2.
Set z :=yo + (t1 — r1)u1 + (t2 — r2)us. Then z + r1ug + raus = yo + t1us + taug € Q. Thus Ty a(z) <7, ie.,

z € R(r). Moreover, we have

[z —ol| = [lyo + (t1 — r1)us + (t2 — r2)uz — 0|
<|lyo = wol| + (tr +t2 — 1 —72)M
<|lyo — xo|| + Me+ (t — )M
< llyo — wol| + Me + M][¢]|-[yo — zol|
< (24 M{[<IDlyo — woll,

since € < ||yo — xol||/(1 + M). More precisely,

|z = zoll < (2+ MI[¢IDIlyo — wol < (24 MI[¢|[)n < no-

(4.34)
(4.35)

(4.36)
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Hence z € R(r) N B(xzg, o). It follows from (4.31) that

¢,z —z0) < oollz — 0|

Having in mind that (¢, u;) > —1, ¢ = 1,2, we have the following estimate

TM,Q(?JO) —TM,Q(JJO) —(¢,%0 —wo) =t — 71— (C,y0 — 2) — ((, 2 — w0)
>t =7+ (t1 —r1){Cur) + (t2 — 12)(C, u2) — oollz — zol|
—& —00(2 + MI|¢I)lyo — ol|

>
> —& —ollyo — woll-

Letting € — 04, we get

Tu.2(o) — Tue(zo) — (¢, yo — o) = —0llyo — @ol|.
This contradicts (4.33).
Case (iii): ¢t := Ty a(yo) < r. By definition of Ty q, for any € € (0,7 — ) with 2¢ < 1 — 2Moy, there exists

ti1,to > 0 such that t <ty +ty <t+eand QN (yo + t1Uy +t2U2) 7é 0.
Since max{py, (—¢), pu,(—¢)} = 1, there is some u € U such that

(CGu) <—1+e. (4.37)

Without loss of generality, we may assume that u € U;. Set z := yg — (r — 1 — t2)u. By the convexity of U, Us,
we have

Yo + toU = 2z + (7’ —t] — tg)u +t1U; +tUs C 2+ (T‘ — tg)Ul + taUs.

Since QN (yo + t1U1 + t2Us) # 0, one has QN (24 z + (r — t2)Uy + t2Usz) # 0. Thus Ty o(z) <7, ie., z € R(r).
Set t3 :=r —t; — to. Using (4.37), we arrive at

t3 S 7<Ca U>t3 + t35 = <<7 = y0> + t3€- (438)
Furthermore,

12— zoll = llgo — (r 2 — £2)uu — ol] < llgo — zoll + Mt (439)
< Ilyo — @ol| + (r = )M = ||yo — 2ol| + ((Trr,2(x0) — Tu,0(y0)) M
< |lyo — wo|| + Moy (since (4.32))
<n+ Moy <.

Hence z € R(r) N B(zg, 19)- By (4.31), one has
(¢, 2 — o) < oollz — zol|.

Then we have the estimate

(¢, z=wo) = (¢, 2 —x0) + (¢, w0 — yo) < ool|z — xol| + [|<]]]|yo — o]
< oo(]lyo — zol| + Mt3) + ||C] [|yo — ol (since 4.39))
= (o0 + [ICID]lyo — wol| + Moots. (4.40)
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Plugging (4.40) into (4.38) and using the assumptions on e, we get

ts < (o0 + |I<IDIyo = @ol| + et + Mooty < (a0 + [[C)llyo — ol| + t3/2-
This implies

ts < 2(o0 + [[CIDlyo — zoll < 2(1 + [[CIDIlyo — 0.

Finally,
Tua(yo) — Tua(zo) — (C,y0 — o) =t — 1+ ((, 2 — yo) — ((, T — z0)

>t —r+ (t1 +t2 —r){(¢,u) — ool|z — x|
>t—r+(r—t; —t2)(1 —€) — oo(|lyo — mo|| + Mt3)
> —(1+7)e = aollyo — ol| — Moots
> —(1+1r)e —aollyo — wol| — 2Mao(1 + [|C]])|ly0 — ol|
= —(1+7r)e —oo(l +2M + 2M||C[])|lyo — @ol|
> —(1+r)e —ollyo — zoll-

Letting € — 04, we obtain

Tu,ﬂ(yo) - Tu,ﬂ(xo) — (¢ 50 — wo) = —al|yo — xol|-

This contradicts (4.33). The proof is complete. O
We next present some results involving optimal paths.

Proposition 4.7. Assume that Uy and Uy are convex. Let © € R be such that r := Ty q(z) > 0 and I1(x) # 0.
Assume that y,(-) is an optimal path of x. Then

Nz (@) € Nrrs(ya(5)),  for all s € [0,7]. (4.41)
Proof. Since y,(-) is an optimal path of x, y,(-) has the form

(s) = T+ suy, if 0 <s<ty,
Yr8 = 2+ tiug + (s — g, if ty < s < Tyol),

where t; > 0, u; € U, i = 1,2 with t1 +t2 = Ty o(z) and z +t1u; +taus € Q. By Proposition 3.13, Ty a(y.(s)) =
r — s for all s € [0,7]. We prove (4.41) for the case that t; < s < r. The case that 0 < s < ¢; can be proved
similarly. Let ¢ € Ng(y(x). Then, for any € > 0, there exists § > 0 such that
(Gy—=) <elly—=z|,  Vye B(z9). (4.42)
Let z € R(r — s) N B(y.(s),0) and set y := 2z — tyu; — (s — t1)uz. Then
Tualy <Tua(z)+t1+(s—t1) <r—s+s=r.

Moreover,

ly = l] = [1(z = trur = (s = t1)ua) = (Ya(s) — trua = (s — t)ua)|| = ||z — ya ()| < 0.
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Thus, y € R(r) N B(x, ). It follows from (4.42) that
(€2 =ya(s)) = (Cy— ) <elly — || =ellz — ya(s)]].
Hence, ¢ € J\ATR(T,S)(yw(S)). This ends the proof. O

Proposition 4.8. Assume that Uy and Uy are convex. Let x € X be such that 0 < r := Ty o(z) < co and
II(z) # 0. Then, for any optimal-direction pair (ui,us) of x and its corresponding optimal path y.(-), we have

Tyo(z) C {¢ € X* :min{(¢, ur), (Cu2)} = =1} N Nrgr_s)(w(s)), Vs € [0,7]. (4.43)

Proof. Let (u1,us2) € Uy(x) and let y,(-) be its corresponding optimal path. Let ¢ € é\Tu’Q(.’L‘). By Theorem 4.6,
¢ € Ng((z). Using Proposition 4.7, { € Ng(r—s)(y2(s)) for all s € [0,7]. Moreover, as in the first part of the

proof of Theorem 4.6, we have ({,u;) > —1, 4 =1,2. Since ¢ € 5Tz/{19(.’£), for any o > 0, there exists § > 0 such
that

Tuoly) —Tualz)+olly —z|| > ((,y — x) for all y € B(x,9). (4.44)
Let t1,t2 > 0 and w € Q be such that t; +t2 = Ty o(z) and w = x + t1uq + toug. Since Ty o(x) > 0. It happens
that ¢; > 0 or ¢t > 0. Assume that ¢t; > 0. Let € € (0,%1) be such that « + eu; € B(x,0). In (4.44), taking
Yy = x + €u1, we have

Tua(z+cur) — Tya(z) — oel|ur|| > €(C, u1).
Moreover, since « + eur + (t1 — €)ur +tous = w € Q, Ty oz +eur) <t —e+t2 = Ty o(r) — €. Thus,
e(Cur) < —& —eol|ual],
which leads to (¢, u1) < —1. Similarly, if t3 > 0, then (¢, us) < —1. Therefore,
min{(¢, u1), (¢, u2)} = —1.

This ends the proof. O

A result related to the inclusion in (4.43) with s = r for the classical minimal time function can be found in
Proposition 5.2(ii) from [14]. The following example shows that in general the opposite inclusion of (4.43) does
not holds.

Example 4.9. Let X = R?, U; = {(0,1)}, Uy = {(=1,0)} and 2 = {(0,0)}. One can see that the domain of
the minimal time function Tz is

D :=dom (Ty ) = {(x1,22) : x1 > 0,22 < 0}.

For x = (x1,72) € R?, we have

_Jx =2 ifxeD,
Tua(@) _{ +oo  ifzgD.
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Let z = (1, —1). It is easy to see that 6Tu o@) ={@1,- )} The optimal-direction pair (uy,us) of Z is u; = (0,1),
uy = (—1,0) and the minimal time projection II(Z) = = {(0,0)} =: {0}. One has Nq(0) = R? and
{¢=(G1:G2) : min{(C, u1), (C, ug) = —1}
= {(¢1:¢2) : min{((¢1,¢2)(0,1)), {(C1,C2), (—1,0)) = =1}
= {(¢, ) : min{¢y, —C1} = *1}
={(G, -1 : G =21 U{(1,&): ¢z > -1}
Thus,
{¢ = (G G) : min{(C ), (G ug) = =13 N Np(0) = {(Gro—1) : G 2 1 U(1,G0) : G2 = —1).

This means that 5TL{7Q(ZE) is a proper subset of {((1,¢2) : min{(¢,u1), (¢, us) = —1}. Therefore, the opposite
inclusion of (4.43) does not hold.

It was proved in [30] that the analogous inclusion to (4.43) for the classical minimal time function becomes
equality if the control set is a singleton. More precisely, if v # {0}, Q is closed, 0 < r := T§(x) < oo, then

T (x) = {¢C € X* : ((,0) = —1} N Ng(am (az + (1 — @)w),

for any a € [0,1] and w € II(x). From the previous example, one can see that this property cannot extend to
the minimal time function associated with a collection of two singleton sets.

Proposition 4.10. Let X be an Asplund space. Let Uy and Us be compact conver. For any T € R and ¢ €
0Ty a(Z), there exist an optimal-direction pair (ui,us) € U,(Z) and its corresponding optimal path yz(-) such
that:

(i) If z € Q, then min{(C,u1), ({,u2)} > —1 and { € Nq(Z).
(i) If T & Q, then min{(C, u1), (C,u2)} = —1 and ¢ € Nqo(yz(Tua(T))).

Proof. (i) If ¢ € 0Ty ,o(Z), then there exist {x,} C X such that x,, = Z, Ty o(zn) = Tu,o(Z) = 0and {{,} C X*
such that ¢, € 8TM,Q (z,,) and ¢, o, ¢. If {z,, } has a subsequence, which is still denoted by {x,,}, of elements in

Q, then x,, 2 1. By Theorem 4.4, ¢,, € ﬁg(ajn) and (,,u) > —1for all w € U. Thus, ¢ € No(z) and {{,u) > —1
for all u € U. Assume, without loss of generality, that z,, ¢ € for all n. There exist ¢} > 0, u' € U;, i = 1,2 and
wy, € Q such that t7 +t§ = Ty o(x,) and

Ty + tTu) + thul = w,

for all n. Thus, by Proposition 4.8, ¢, € ]VQ(wn) and min{((,,u}) : i = 1,2} = —1 for all n. Since Ty o(z,) — 0,
we have ¢ — 0, i = 1,2. By the boundedness of Uy, Uz, we have that w,, — Z. Thus { € Nq(Z). Since Uy, Us are
compact, we may assume, after taking subsequences, that {ul'} converges to some u; € U;, i = 1,2. Therefore,
min{ (¢, u1), ((,us))} = —1. This ends the proof for (i).

(ii) If ¢ € 8Ty o(Z), then there exist {x,} C X such that x,, = Z, Ty o(zn) = Tu.o(Z) and {(,} C X* such

that ¢, € 5Tu,g(3cn) and ¢, LN ¢. Since = ¢ 2, we may assume that z, ¢ 2 for all n. So there exist ¢} > 0,
ul» € U;, i =1,2 and w,, € Q such that ¢} + t5 = Ty o(x,) and

Ty + tTur + thus = wy,.
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By Proposition 4.8, we have ¢, € No(w,) and min{(¢,,ul") : i = 1,2} = —1 for all n. Since Uy, U, are compact,
we may assume that {u]'} converges to some u; € U;, i = 1,2. Since Ty o(zy,) = Ty ,o(Z), we may also assume

that ¢ —¢; > 0,4 =1,2 and t; +t2 = Tyy,o(Z). Thus, by the closedness of Q, w, S w=z +t1u1 + taug, which

implies that { € Nqo(x + t1u1 + taus). Moreover, since (, v, ¢, we have min{(¢,u;) : ¢ = 1,2} = —1. This ends
the proof for (ii). O

To conclude this paper, we give an application of previous results to study a location problem. Given a
finite number of nonempty closed targets Q;, ¢ = 1,--- ;m and two nonempty sets Uy, Uy with U; N Uy C {0},
Uy UUs # {0} and given a nonempty closed constraint set £, we consider the problem of finding a point = € Q
such that the sum of times to reach the targets is minimal:

minimize f(z) := Y Ty, (x) subject to z € Q. (4.45)
=1

Proposition 4.11. Assume that dom(f)NQ # 0, Q;,i=1,--- ,m, Q are closed and Uy, Uy are bounded, closed.
Then the optimization problem (4.45) has an optimal solution if, in addition, one of the following conditions
holds:

(i) Uy,Us and Q are compact.
(i) U1,Us are compact and one of the sets Q;, i =1,--+ ,m is compact.
(ii) X is a reflexive Banach space, Q;, i =1,--- ,m, Uy and Uy are convez, Q is compact.
(iv) X is a reflexive Banach space, ;, i = 1,--- ,m, Q, Uy and Us are convex and one of the sets Q, Q;,
i=1,---,m is bounded.

Proof. If one of the conditions (i) - (iv) holds, then, by Proposition 3.8, Ty q,, ¢ = 1,- - ,m is lower semicontin-
uous on its domain. Thus, f is lower semicontinuous on its domain. (i), (iii). Since €2 is compact, by the classical
Weierstrass theorem, an optimal solution exists.

(ii) We consider the infimum valued

Q= ;Ielsfzf(x) < 00.

Assume, without loss of generality, that € is compact. Let {zx} C Q be a minimizing sequence. That is,
flzg) = o as k — o0o. So {f(zx)} is a bounded sequence. Hence {Ty q,(zx)}, i = 1,--- ,m, is bounded. For
eack k, set tj, := Ty o(xx). Then there exist t¥ > 0, u¥ € U;, i = 1,2 and wy, € Qy such that t;, < tF+t5 <tp+1
and

kyk | 4k, k
W = T +tuy + taus.

Since {t¥}, {t5} are bounded, they have convergent subsequences. Since Uy, Uy and Q are compact, {uf}, {u5}
and {wy} also have convergent subsequences. Thus, {21} has a convergent subsequence (without relabeling) to
some T € 2. Since f is lower semicontinuous, one has

f(@) < liminf f(zy) = a.

Hence, Z is an optimal solution of problem (4.45).

(iv) We first observe that f is convex as Ty o, is convex for all ¢ = 1,--- ,m. This, together with the lower
semicontinuity, implies that f is weakly lower semicontinuous. We then argue like above cases with having in
mind that every closed bounded convex set in a reflexive Banach space is weakly sequentially compact. O



THE MINIMAL TIME FUNCTION ASSOCIATED WITH A COLLECTION OF SETS 33

Proposition 4.12. Assume, for all i = 1,--- ,m, that Q; is closed and that either (coneU; + conelUs) N
int ()00 # 0 or int(conel; + conels) N (;)oo # 0. Then the optimization problem (4.45) has an optimal
solution, if, in addition, one of the following conditions holds:

(i) One of the sets Q;,i=1,--- ,m and Q is compact.
(ii) X is reflexive, Q;,i =1,--- ,m, Q are convex and one of them is bounded.

Proof. Note that the lower semicontinuity is replaced by the Lipschitz continuity. Similar to the proof of
Proposition 4.11, we find the desired conclusion immediately. O

The following theorem presents a necessary optimality condition for problem (4.45). For any x € X, define
I(@) = {i € {1, ,m}:x € O},
and
J(@):={ie{l,--- ,m}:x &}

Theorem 4.13. Assume that X is an Asplund space, Uy,Us are convex, compact, Q;, i = 1,--- ,m and §2
are closed. Suppose that T is an optimal solution of problem (4.45) and Ty q, is locally Lipschitz at T for all
i=1,---,m. Then there exist (; € X* and optimal-direction pairs (u},ub) with its corresponding optimal path
yi(-) of & for alli=1,--- ,m such that

(Z) CeNﬂl(y;Zfz(Tu,Qi(j)) fori=1,---,m. ] )
(i) min{(G;,u}), (¢, ub)} > =1 for alli € I(Z) and min{((;, ul), (¢, ub)} = —1 for alli € J(Z).
(iii) =322 Gi € Na(z).

Proof. The optimization problem (4.45) is equivalent to the following unscontrained optimization problem:
minimize f(z)+ do(z), =z € X,
where dq is the indicator function associated with the set  defined by dq(xz) = 0 if 2 € Q and dg(x) = oo if

x & ). Note that Ty o, is locally Lipschitz at z for all ¢ = 1,--- ,m. Applying the limiting subdifferential sum
rule (see, Thm. 3.36 in [19]), we have

0 € d(f +6)(®) C f () + Na(x) C Y _ 0Tuq,(T) + Na(z).
i=1
Thus, there exist (; € 0Ty 0,(%), i =1,--- ,m such that
- Z Gi € No(7).
i=1

By Proposition 4.10, we obtain the desired conclusions. O

5. CONCLUSION

Motivated by an equivalent formula of the minimum time function for a nonconvex constant dynamics that is
a finite union of convex sets and some examples, we introduced and studied some properties of the minimal time
function associated with a collection of sets. In fact, various properties of this new function including, among
others, lower semicontinuity, principle of optimality, convexity, Lipschitz continuity and subdifferential calculus
were investigated. These properties were carefully adapted from those of the usual minimal time function.
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Examples show that there are properties for the classical minimal function cannot extend to the new function
and that there are situations in which the new minimal time function can be used when the classical one cannot
be used. An application to location problems was also given. This is the first paper that deals with the minimal
time function associated with collection of sets. For the future work, we will continue studying deeper the
minimal time function associated with collection of sets. It is known that the usual minimal time function has
many applications in optimization (see, e.g., [13, 15, 22, 24] and references therein), we will also try to give some
more applications of the new function. It is interesting to devise an algorithm to compute the minimal time
function associated with a collection of sets. An other interesting perspective is the investigation of properties
of the minimum time function for linear control systems with nonconvex control sets.
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