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DIAGONALIZATION-BASED PARALLEL-IN-TIME ALGORITHMS
FOR PARABOLIC PDE-CONSTRAINED
OPTIMIZATION PROBLEMS

SHU-LIN Wu'! AND TAO ZHOUZ*

Abstract. Solving parabolic PDE-constrained optimization problems requires to take into account the
discrete time points all-at-once, which means that the computation procedure is often time-consuming.
It is thus desirable to design robust and analyzable parallel-in-time (PinT) algorithms to handle this
kind of coupled PDE systems with opposite evolution directions. To this end, for two representative
model problems which are, respectively, the time-periodic PDEs and the initial-value PDEs, we propose
a diagonalization-based approach that can reduce dramatically the computational time. The main idea
lies in carefully handling the associated time discretization matrices that are denoted by Bper and
Bini for the two problems. For the first problem, we diagonalize Bper directly and this results in
a direct PinT algorithm (i.e., non-iterative). For the second problem, the main idea is to design a
suitable approximation ﬁpcr of Bini, which naturally results in a preconditioner of the discrete KKT
system. This preconditioner can be used in a PinT pattern, and for both the Backward-Euler method
and the trapezoidal rule the clustering of the eigenvalues and singular values of the preconditioned
matrix is justified. Compared to existing preconditioners that are designed by approximating the Schur
complement of the discrete KKT system, we show that the new preconditioner leads to much faster
convergence for certain Krylov subspace solvers, e.g., the GMRES and BiCGStab methods. Numerical
results are presented to illustrate the advantages of the proposed PinT algorithm.
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1. INTRODUCTION

We are interested in minimizing the tracking-type functionals with distributed control:
. e - 2 a [T 2
min J (y,u) := = (y(x,t) — g(x,t))*dxdt + — u”(x, t)dxdt, (1.1a)
2Jo Ja 2.Jo Ja
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subject to a time-dependent PDE with second-order spatial operator L:

d
0 0
Oy =Ly =u, (x,1) € x (0.7), Ly:= > - (w(x)wy(x,t)) : (1.1b)
J

J,l=1

with boundary condition y(X,t)x eaax(0,1) = Yb(X,t). We assume that 02 is smooth and that the model
parameters a;; are continuously differentiable on 2 U0 and satisfy aj; = a;; and 2?71:1 aji(x)€;6 > v|E2(VE €

R?) for some v > 0. In (1.1a), y is the state variable, ¢ is the desired state that we want to approach and wu is
the control variable. For PDE (1.1b), we consider two different conditions:

{y(x, 0) =y(x,T), time-periodic condition, (1.1c)

y(x,0) = yini(x), initial-value condition,

where yini(x) is known. Applications and numerical methods of optimization problems with initial-value condi-
tion have been extensively studied in the past years; see, e.g., [4-6, 30]. The study of time-periodic optimization
problems is relatively rare, but this kind of problems indeed have some important applications as well; see
[8, 15, 28, 36] for the optimization of the airborne wind energy systems which is an important technique to
harvest renewable energy from wind, [16] for the design of cyclically steered (bio-) reactors and [33] for the
optimization of simulated moving bed processes, etc. Numerical methods for time-periodic optimization prob-
lems were studied by many authors; see, e.g., [1, 13] for the multi-grid approach, [2, 17-21] for the spectral
truncation approach (also called multiharmonic approach in the frequency domain) and [14, 31, 32] for the
design of efficient preconditioner.

Following an optimize-then-discretize approach and then by applying the first-order optimality condition, we
get the following KKT system (see [1, 4, 20] for more details):

A 0 »CQ Yy Y
0 oZ -Z| |u|=]0}{, (1.2a)
,Cl -7 0 P 0

where p is the Lagrange multiplier and £; 5 are defined by

Liyi= (O — L)y, with y(x,0) =y(x,T), jciITl'e-periodic con'd'%tion7
y(x,0) = yini(x), initial-value condition,
(1.2b)

(x,0), time-periodic condition,

p(x,

, initial-value condition,

. p(x,T)=p
Lop:=(=0; — L th
2p = (—0; — L)p, wi { ) =0

where y evolves forward from ¢ = 0 to ¢ = T and p evolutes backward from ¢ =T to t = 0. By eliminating the
control variable u, the saddle point system (1.2a) is reduced to

7 b=l .

Let {tn}ﬁio be the equally spaced time points with step-size At and ¢y = 0 and ¢y, = 7. Then, after space
and time discretizations, e.g., by the linear 6-method described in Section 2.1, we get the following discrete
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version of (1.3):

=K

Aq —AtO{ilgl
AtAs Ay

oI, — At {[t IJ Ly, m = [?ﬂ , (1.4a)

=B =L

where Lj, € RN=*Ne denotes the space discretization of the operator L in (1.1b)!, F,, F, € RV : are input
vectors, I; € RNt and I, € RN=*N= are identity matrices, Y, P € RY*N= are vectors collecting the approxima-
tions of y and p at the discrete time points. The matrices A 2, A1 2 € RNt*Nt represents the time discretizations
at the N; time points. We distinguish the matrices B and K in two cases:

B {Bper, K- {err = Bper ® I, — Atl; ® Ly, (time-periodic condition), (1.4b)

Kini = Bini ® I, — Atl; ® Ly,  (initial-value condition),

where the matrices Bpe, and Biy; will be given in Sections 2 and 3, respectively. Now, if the matrix B in (1.4a)
is diagonalizable, such as

B =V 'DV, D = diag(dy,ds, ...,dan,), (1.5)
we can factorize the coefficient matrix K in (1.4a) as follows
K=BeL-AtL,eL,=V'0L) DL, - AtL;® L) (Ve L,).

This implies that we can solve (1.4a) in three steps:

(a) (Ve l)X; = [?ﬂ ;
(b) (an$ —AtLh)XQJL =X1,n,n: 172,...,2Nt; (16)
(©) (Vo) m - X,.

As will be explained in Section 2, the matrix V satisfies

V=l wll” o &)

where V' is the discrete Fourier matrix and W 34 are diagonal matrices. Hence, the parallel fast Fourier
transform (PFFT) can be employed to make the implementation of Step-(a) and Step-(c) efficient?; see
Remark 2.7 for more explanations. For Step-(b), it is clear that these 2N elliptic PDEs can be solved simulta-
neously, i.e., in a direct parallel pattern. The above strategy is the so-called diagonalization technique, which
is proposed by Maday and Regnquist [24] and is further justified by Gander et al. [9]. The diagonalization idea
is also used in [34] to design a PinT coarse grid correction for the parareal algorithm [10, 22] and in [3, 27] to

design efficient preconditioners for nonsymmetric block Toeplitz matrices.

TIn practice, the matrix L, can be obtained by several discretizations, e.g., the finite element method or the finite difference
method.

2See http://www.fftw.org/parallel /parallel-fftw.html for PFFT, which is free for download.
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In the case of time-periodic condition, we show that the matrix By, can be diagonalized with explicit formulas
for V, V=1 and D. Thus, problem (1.1a)—(1.1c) can be solved by efficient PinT computation. However, if we
follow a direct diagonalization of By, the condition number Conds(V) is large and is sensitive to the change
of the problem/discretization parameters. As a result, the roundoff error arising from Step-(a) and Step-(c) in
(1.6) seriously pollutes the accuracy of the numerical solution (see [9] for more discussions about the influence
of a large condition number of V). To overcome this, we propose a scaling strategy with a free parameter 8

and this transforms Bpe, to Bper(5). By choosing § = ﬁ we show that the condition number of By, () is a

moderate quantity and is robust with respect to the problem/discretization parameters.

For the initial-value condition, explicit formulas for V, V™! and D of the corresponding matrix Bj,; are
no longer available. If we use an existing algorithm to directly diagonalize Bjy;, e.g., the eig command in
Matlab, the eigenvector matrix V is not of the form (1.7) and therefore FFT is not applicable. Motivated by a
recent work [27], we solve the discrete KKT system (1.4a) with B = Bjy; by Krylov subspace solvers, by using
err(ﬁ) = ﬁper(ﬁ) ® I, — Al; ® Ly, as the preconditioner, where ﬁper(ﬁ) is a matrix closely related to the matrix
Byer(8). The matrix ﬁper(ﬂ) can be diagonalized with closed formulas and the eigenvector matrix is still of the
form (1.7). Hence, for any input vector r we can compute I/i;elr(ﬁ)r7 which is the expensive part of the Krylov
subspace solvers, in an efficient PinT pattern as well. Clustering of the eigenvalues and the singular values of the
preconditioned matrix is justified. Numerical results indicate interesting convergence properties of the Krylov
solvers for different time-integrators. In particular, for the GMRES method the new preconditioner results in
faster (and superlinear) convergence than the classical preconditioner [6, 18, 19, 30, 32], which is designed by
approximating the Schur complement of the discrete KKT system. (This advantage holds for both the Backward-
Euler method and the trapezoidal rule.) For the BiCGStab method, if the Backward-Euler method is used the
new preconditioner results in faster convergence rate than the classical preconditioner, while for the trapezoidal
rule the latter is better than the former. For the two time-integrators, the convergence rates of the GMRES and
BiCGStab methods using the new preconditioner are robust with respect to the regularization/discretization
parameters.

We mention that this is not the first effort toward PinT computation for time-dependent PDE-constrained
optimization problems and several relevant work can be found in the literature; see, e.g., [4, 7, 11, 12, 23, 25, 26].
Precisely, in [4, 7, 12, 25, 26] the authors studied the parareal algorithm [10, 22] for this kind of problems. The
parareal algorithm is a two-grid in time method using two different time step-sizes. In [11, 23] the authors studied
the overlapping and non-overlapping time domain decomposition methods, which is based on decomposing the
whole time interval into several subintervals and then solving the time-dependent PDE-constrained optimization
problem on these subintervals in parallel. The algorithms studied in these previous work are completely different
from the algorithm proposed in this paper, because for our algorithm the key intelligence lies in diagonalizing a
class of KKT discrete system, which never appears in these previous work. For our algorithm we use a uniform
step-size for time discretization and we do not need a decomposition of the time interval. The rest of this paper
is organized as follows. In Section 2 we consider the PDE-constrained optimization problem (1.1a)—(1.1b) with
time-periodic condition. Then, in Section 3 we consider the initial-value case. Our numerical results are given
in Section 4 and we conclude this paper in Section 5.

2. TIME-PERIODIC PDE-OPTIMIZATION PROBLEMS

The goal of this section is to present the details of the diagonalization of the matrix B in (1.4a). These are
necessary preparations for Section 3, where we will consider the initial-value case.

2.1. Time discretization

We start by time discretization using the linear 8-method, where § = 1 corresponds to the Backward-Euler

method and 6 = % corresponds to the trapezoidal rule. By applying the linear #-method to the two equations
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in (1.3) and by using the time-periodic condition, we have

At = Laloyy + (1 - 9)yNt] —a op1 + (1 - 0)pn,] =0,

Y2 — Lplfyz + (1= 0)y1] — aHfpz + (1 — 0)p1] = 0,
. (2.1a)
INe YNt — LalOyn, 4+ (1= 0)yn,—1]) — o H0pw, + (1 — 0)pn,—1] =0,
—BBN  Llpw, + (1= 0)p1] + Oyn, + (1 — 0)y1 = Jp,0 (move to bottom),
-2 Pl — Lp[0p1 4+ (1 = 0)pa] + 0y1 + (1 — 0)y2 = o1,
At [ (1—0)po] (1-0) (2.1b)
— PPNt LplOpn, 1+ (1= 0)pw,] 4 Oyn,—1 + (1 — O)yn, = To,n.—1,
where 0 =1 or 6 = % and §g,, = 05, + (1 — 0)Fn41. Let
w@] [ne - goate)
yo | BN e (PO ]
I N A N R (PR Y €))
. (2) P, () L o0() 22
1 —1 0 1-6 ‘
-1 1 1-6 0
C’pelr,l = . . ’ Cper,2 = S RNtXN{
11 i -6 0

Then, as marked in (2.1b), by moving the first equation to the bottom as the last equation it is clear that the
equations in (2.1b) can be represented as

(Cper 1® 1 )Y — At (Cper 2 ® Lh)Y — Ata_l(Cper o ® I )P =0,

(Cpern © L) P = At(Cpor o ® Lp)P + ALCJ oy @ L)Y = F. (23)
By letting F, = 0 and F), = ((C’pelr o) ® I;)Fy and
= Cpar2Cper,1s Az = (Cper1Cpar 2) T A =1, (2.4a)
we can rewrite (2.3) as (1.4a), provided Cper,2 is invertible, where
-1 _ _
Remark 2.1. For 6 = 7, i.e., the trapezoidal rule, the quantity N; (the number of time points) should be an

odd integer, because otherwise the matrix Cper,2 is singular.

2.2. Diagonalization of Byer

To make a diagonalization of the matrix Bpe, in (2.4b), the following lemma is necessary.
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Lemma 2.2. Let w = 6_%, 60 € C and

1 1 1 (1S 1 0
1 1 w ce. th—l (
V= , C(6) =
VN : : t. ) 51

Ne—1 .. (Ne—1)(Ne—1)

1 w w 51

Then, it holds that

C(0) =V7ID)V, CT(8) =V ID*()V, (2.5)

where D(§) = diag(A1, ..., An,) with A, = 1+ 0w™ ™ and D* () denotes the conjugate matriz of D(9).

Proof. The matrix C() is a circulant matrix and the spectral decomposition of such a matrix can be found in
many places; see, e.g., [27]. O

It is clear that Cpern = C(—1) and Cher,2 = GC(%). Hence, from Lemma 2.2 we have

Ay =VTIANO), Ay = VTIA*(0)V, with A(9) := %D(A)D*l <ie> : (2.6)
Hence, we can use similarity transformation for the matrix By, given by (2.4b):
B _ V-1 AO) —Ata L) [V
per = -1 Atly A*(G) Vi (27)

:=Bper

2.2.1. A direct diagonalization

From (2.7), it is clear that the diagonalization of By, is equivalent to diagonalizing f’;per. To this end, we
need the following auxiliary lemma.

Gi Ga

Lemma 2.3. Let Gi234 € CNexXNt be four diagonal matrices and G = [G a
3 4

]. Suppose G and G35 are
invertible. Then, it holds that

G =

G4+ G35,

o [+ Gy
W[ S I

s 3

provided W is invertible (i.e., S1S2 # I;), where I, is the identity matriz and

1
$1= 567" (Gi—Gi+ V(Gi = G +1GaGy ).

1
Sy = —§Gg1 (G4 —G1+V(Gs—G1)? + 4G2G3) :
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G1+ G225y

Proof. 1t is sufficient to verify GW =W { Gy + G,

} . To this end, a routine calculation yields

_ G114+ G251 Go+ G5,
GW = [GS +GiS Gyt G352]
w [G1+Ga8 [ Gi+GaS GuSy+ GsS3
G4+ G35y TGS+ GQS% G4+ G3Sy

Hence, it suffices to show G2S? + (G — G4)S1 — G3 = 0 and G352 + (G4 — G1)S2 — G = 0. This is true because
S1 and Sy are respectively the root of these two matrix equations. O

Applying Lemma 2.3 to the matrix ﬁper given by (2.7) results in ﬁper = WDW ! with

o |Reaon + iIm* (A(0)) + a1 A1,

) —iy/Im?(A(9)) + a1 AL,

(2.8)
I Im(A(e)) \/Im2(A(0))+o¢—1At2If
W = t Al
Im(A(8))—+/Im2(A(68))+a—TAL21,
Ata—1 It

Substituting this into (2.7), we get the following diagonalization of the matrix B e;.

Theorem 2.4. The matriz Bpe, given by (2.4b) with Ay and A being given by (2.4a) can be diagonalized as
Bper = V7DV, where

w1 |V
vl

and D and W are given by (2.8).

As we mentioned in Section 1, the roundoff error arising from the first and third steps of the diagonalization
technique has a serious effect on the accuracy of the obtained numerical solution and in particular such a
roundoff error is proportional to the condition number of V; see [9] for more details. In Figure 1, for four values
of N; we plot the condition number of V when the regularization parameter o varies. We see that for both the
Backward-Euler method (i.e., § = 1) and the trapezoidal rule (i.e., § = 1), the condition number Conds(V) is
very large when o« — oo or a — 0.

It would be interesting to show numerical results to illustrate how the condition number of the eigenvector
matrix V effects the accuracy of the numerical solution. To this end, we consider the following simple ODE-
constrained optimization problem:

min J (y,u) := %fol (t))%dt + ¢ fo )dt,
y'(t) — Ay—uvy() () (2.9)
with A = =5, g(t) = {Q,max{ 2,s1n(2ﬂ't)}}

The quantity A can be regarded as an eigenvalue of the operator Ly, in (1.1a). For a = 107 and three values
of Ny: N = 33,65,129, we show in Figure 2 the solution computed via diagonalization of the matrix Bper
(dash-dot line), where the eigenvector matrix V is given by Theorem 2.4; for comparison, we also show the
numerical solution by directly solving (1.4a) using the inv command in Matlab as the reference solution (solid
line). For N; = 33, we see from the top row of Figure 2 that, for both the state variable and the control variable,
the two numerical solutions are very close, while when we increase Ny to 65 we see obvious difference between
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0 6 =1 (Backward-Euler) 0 6 =1 (Trapezoidal Rule)
10 T T T T T T T T T 10“ T T T T T T T T T Pi

ot — Ny =1025 f — Ne=1025 e
1070 _ N, =257 1078 -~ - N, =257 S
1016 H-—-N, =65 // / E| 10]6 H-—-N,=65 /’ /

Cond 2(V)

0 i L L i L L i L L 0 L L " L L i L L i

0

10 10% 10 10* 102 10° 10> 10* 10° 10% 10 10" 10% 10° 10* 1072 10° 10> 10* 10° 10% 10"
(07 (03

FIGURE 1. For four values of N, the condition number of the eigenvector matrix V given by

Theorem 2.4 as a function of a.. Left: 8 = %; Right: 6 = 1. Here, for all the plotings At = ﬁ

the two numerical solutions. When N; = 129, from the bottom row we see that the numerical solution obtained
by diagonalization is completely wrong. These observations confirm the condition number Condz(V) shown in
Figure 1 very well, since for fixed a the condition number becomes large as N; increases.

2.2.2. The modified diagonalization

We now propose a new diagonalization for the matrix Bpe, in (2.4b), which results in a much better condi-
tion number of the eigenvector matrix. The idea lies in parametrization and scaling. With 3 # 0 being a free
parameter, we let Y = 37'Y and F,, = 7! F,; then we can rewrite (1.4a) with B = B, as follows

(" o) meon-saen (™ Jon) ] - (2]

i.e.,

f— _1 Y F
[Q&t e ﬂ®5_A{A1J®M szﬁﬂ’ (210

=Bper(B)

where, as before, A; and As are the matrices given by (2.4a). By using (2.6) we have

Bpe:(8) = [V_l V1:| [Aj\t(g}t _Atjgf(%))_llt] [V V]' (2.11)

With A(6) being the diagonal matrix given by (2.6), we define

Im(A(6)) — y/Im?*(A(6)) + o= L A2,

f)(ﬁ) _ |:\/ A(G) + Sl(ﬁ)

VAS(0) + S2(8)]
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State: y(t)
Control: u(t)

-0.8 -10
0

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time: t
a=10"°
= <
= =
= =
£ £
Z - H
&)
-0.8
0 0.2 0.4 0.6 0.8 1
Time: t
e =
- =
o =
g £
@A - S
&)
-0.8
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time: t Time: t

F1GURE 2. Comparison between the numerical solutions computed by two ways: diagonalization
technique (1.6) (dash-dot line) and directly solving (1.4a) by the inv command in Matlab (solid
line). From top to bottom: Ny = 33, 65 and 129. Left column: the numerical solution for y(t);
Right column: the numerical solution for u(t). Here, a = 107> and At = ﬁ and we use the
Backward-Euler method, i.e., § = 1 in (2.1a)—(2.1b), as the time-integrator. For the trapezoidal
rule, i.e., 0 = %, the results are the same.

Theorem 2.5. With the matrices D given by (2.8), the matriz Bye(8) with 5 # 0 can be diagonalized as
Byer(8) = V(8)"'DV(B), where

v -we [V wer=[gf, S0 ee (212)

AO)  —At(af)",

Proof. Let Eper(ﬂ) = | AtpI, A*(6)

] . Then, by applying Lemma 2.3 and by some routine calculations

we have

B,e:(8) = W(B)DW ™! (8) = W(8)D(8)DD ™ (8)W~(3). (2.13)



10 S.-L. WU AND T. ZHOU

0 = 1 (Backward-Euler)

0 = } (Trapezoidal Rule)

20 20
10 10 ‘
— N, =1025 ——— N, =1025 7
108 ———— N, =257 , 10188 ———— N, =257
....... = 7 P — R
1016 ¢ N; =65 //:.__ 1016 N; = 65 S
- Ny =17 - N, =17 S
10" y 104 o
/ Direct Diagonalization s
—~ 12 L Direct Di lizati / — 12 LA
?/ 10 Irect lagonalization ?/ 10 '/’/
S a10 AT s
= 10 = 10
=3 =3
© 10tk © 0k -~ ~.__,
= ~. ,/l R
10%¢ 10° R
104 L 104 E Modified Diagonalization j
10%F 102E
10() i r L L il i i ]O() L ‘ “““
101 10 10° 10* 102 10° 10> 10* 10° 10% 10" 101 10 10° 10* 102 10° 10> 10* 10°10% 10"
[0 [e7

FIGURE 3. Comparisons of Condy (V) when « varies from 2730 to 230, The direct diagonalization
is presented by Theorem 2.4 and the modified diagonalization based on parametrization and

scaling is given by Theorem 2.5 (with g = %) For all the plotings here, At = Ntl—l'

(Because both D and D are diagonal matrices, the second equality holds.) Substituting this into (2.11) gives
the desired diagonalization of Bype,. O

It is difficult to get the best choice of the parameter § in theory, such that Conds(V(3)) is minimal.
Our suggestion for such a parameter is § = ﬁ, because, as we can see Figure 3, with this choice the
quantity Condy(V(3)) is of order O(10%) and this is a dramatic reduction compared to the direct diagonal-

ization. Moreover, we see that the modified diagonalization gives robust condition number with respect to N;
and a.

Remark 2.6. In (2.13) it is important to bring in the diagonal matrix D(8). This matrix has no effect
on the spectrum of Bpe(5), but it effects the eigenvector matrix V(8) given by (2.12). Without D(f)

the condition number Conds(V(8)) still grows rapidly as the regularization parameter « approaches to
0 or oo.

We now illustrate that with g = ﬁ the effect of the roundoff error arising from the diagonalization technique
is negligible. To this end, we continue to consider the ODE-constrained optimization problem (2.9) and we show
in Figure 4 the numerical solution computed via the modified diagonalization (dash-dot line) and the reference
solution (solid line). We fix N; = 2049 and consider two values of a: a = 1072 (top row) and o = 1076 (bottom
row). We see that there is no difference between the two numerical solutions. The results shown in Figure 4
imply that the modified diagonalization formula really removes the effect of the roundoff error on the accuracy
of the numerical solution.

Remark 2.7 (Implementation of steps (a) and (c) in (1.6)). For the parameterized system (2.10), according to
Theorem 2.5 we can first solve [Y, P]T via (1.6) and then get Y = 8Y (with 8 = a~2). For the first step (and
similarly for the third step) in (1.6), we can solve X; in two steps:

W _ [(VeL)E).
@ compute X; [(V AT
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10

a=10"3 a =103

06 N, = 2049 | LN, = 2049

0.4+ 1 /
= 02F e
S z
g O g
S =
S .02t S

-0.4 ¢t

-0.6

-0.8 ; ; ; ; -10 ; ; ; ;

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time: t Time: t
a=10"°

0.6 N; = 2049 |
c =1
> —_—
3 g
= =
@ - S

-0.8 -10 ; ; ; ;

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time: t Time: t

FIGURE 4. Similar to Figure 2, comparison between the numerical solutions computed by using
the modified diagonalization of By, given by Theorem 2.5 with 5 = ﬁ and by directly solving

(1.4a) using the inv command in Matlab. Here, At = N,l—l and we choose for a two values:

a =103 (top row) and a = 1075 (bottom row). For the trapezoidal rule, i.e., § = 1, the results
are the same.

@ compute X§2) = W_l(ﬂ)Xgl), where

IR AT oL s
W™ (B) = l §1(5)] S1(B) I ] ’ (2.14)
51(0) == (v/A () + S2(8))(51(8)Sa(8) — L), '

Sa(0) == (v/A(B) + S1(B))(S1(B)S2(B) — I).

Since V is a Fourier matrix, we can compute Xgl) in step-@ wia FFT. The computation of X§2) in Step-@) is
trivial, because S 2(8) and Sy 2(8) are diagonal matrices.

Remark 2.8 (Implementation of step (b) in (1.6)). For the second step in (1.6), for each time point ¢, we
have to solve a discrete elliptic PDE with a complex ‘shift’ d,,: (d,I, — AtL,)Xs,, = Xy ,. If the discretization
matrix Lj is obtained by the finite element method, i.e., L; = Mh_lKh, it is more convenient to solve the
following linear system:

(dn My — AtKp)Xs , = MpXy p, (2.15)
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where M}, and K}, denote the mass and stiffness matrices. From (2.8) and (2.6) we have

1 1—wn ! 1—cos(2nmy ipg =1,
R’e(dn) = 7Re P — Y = Ny ) _
1 + T(/Jn O, lf 9 =3

where w = e~ Nt . Hence, it holds that Re(d,) > 0 for all n. This is a good property to design efficient solvers for
(2.15). For example, in the case of L = A (i.e., the PDE in (1.1a) is a heat equation with constant coefficient),
the multi-grid method using the Richardson iteration with optimized damping parameter as the smoother works
well; see [35].

At the end of this section, we summarize the diagonalization technique in the algorithmic style for clear and
better understanding. In the following we denote the time-sequential and time-parallel parts of the algorithm
by the symbols © and @, respectively.

Algorithm 2.1 Diagonalization technique for PDE-constrained optimization problems with time-periodic condition

© Initialization: Input the problem and discretization parameters for the PDE-constrained optimization prob-
lems, e.g., N¢, o and 6, etc. Form vectors Fy and F,. Let 3 = —L and F, = B_le.

Va

© 1 Compute Xgl) = [V ®L Vel } {?y] via FFT, where V is the discrete Fourier matrix (cf. Lem. 2.2).

© P
& 2 Compute X\? = W=1(3)X!" with W () being the matrix given by (2.14).
@® 3 Solve linear system (d, I, — AtLy)Xa, = Xﬁl forn=1,2,...,2N;, where L; denotes the space discrete
matrix and d,, is the n-th diagonal element of the matrix D in (2.8).
@ 4 Compute X3 = W(5)Xs.
f/] {V—l ® I,

© 5 Compute [P =

~

Ve IJ X3 via inverse FFT and then let Y = 3Y.

3. INITIAL-VALUE PDE OPTIMIZATION PROBLEMS

For the initial-value case, we need to compute discrete solution values {pg,...,pn,—1}, instead of
{p1,---,pn,}, because in this case py, = 0. Define
po(x) (e + (1 = 0)AtLp)yini(x) o.0(z) — (1 = O)yini(z)
p1(z) 0 Yo.1(x)
P = . 7F1 = . 7F2 = At . Py
pne—1() 0 Yo.N, -1 ()
1 0 (3.1)
-1 1 1-0 6
Cinij1 = y Cini2 = e RVt
-1 1 1-0 0
-1 1 1—-6 60

where § = 1 or 6 = 5 and gg,, = 07 + (1 — 0)¥pn+1. Similar to (2.3), we get the discrete version of (1.3) as

n

(Cihin © L)P — AH(Cily 5 @ L) P + At(Ciyip ® L)Y = Fy.

(Cinin ® L)Y — At(Cinie ® Lp)Y — Atafl(CiTLg ® I;)P = I, (3.2)
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3.1. Preconditioner design: the classical approach

We can represent (3.2) as

AT 0 Ca Y (Ciniz ® L)1 Fy

0 AtaZ -AZ| |U| = 0 :
Ki -az 0 | |P] [(CGl.eL) 'R (3-32)
=Q

where 7 = I; ® I, and

K= (C'Ti,g @ L) (Cinig @ I, — AtCinia @ Ly)

m

K2 = (Ciniz ® I;) " (Cifiq ® I — AtCil; 5 @ Ly,) -

n n

(3.3b)

For system (3.3a), the study of the Krylov subspace methods, e.g., the restarted GMRES method, is popular in
recent years. The main point of this kind of methods is to design a good preconditioner P, such as the following
block lower triangular matrix:

At 0 0
P=| 0 AtaZ 0f, (3.4)
Ki —AtZ S

where S denotes an approximation of the (negative) Schur complement of Q:
Sexact = At_lK:lK:Q + Ata_ll—~ (35)

With S = Sexact; the GMRES method converges in 1 iteration [29]. It is however unpractical to use Sexact,
because it is expensive to compute S_.},, in each iteration®.

A practical choice of §, which was studied extensively in the literature [6, 18, 19, 30, 32], is of the following
form

~ 1 At At
S=— —7 —7]. .
s (0 72 (00 57 o0
We denote the preconditioned matrix by
Fcla = /S\ilsexact- (37)

3.2. Preconditioner design: a new approach

We propose in this section a new preconditioner which can be used in a PinT pattern. To this end, similar
to Section 2.2.2 we first equivalently transform (3.2) to the following form (with Y = g=1Y):

A~ AN 1
(Cinin @ I)Y — At(Ciniz @ L)Y — At(af) ' (Cipio ® L) P = BFL (3.8)
(Cli1 @ L)P — AHC, 5 ® Ly) P + AtB(Cinin @ )Y = Fy,

ini, ini,

3For any input vector b, computing nglactb is equal to solve a linear problem Sexactr = b. This procedure is time-consuming,

because it requires to solve a forward evolution PDE and then a backward evolution PDE.
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and this can be represented as follows

Y] [F,
Boi(8) @ I, — AL Ly [ ]_[y], 3.9a
(/8) x t h P Fp ( )
=Kini(B)
Where F’y = 3(01;12(8] )F17 ((Clm 2) 1®IT)F2 a‘nd
c"1;1112CY1I11 1 7At(aﬂ) lcYlnl 20111 2

Bini(ﬂ) . [Atﬂ( 1n1 2) 1Oini,2 (Clnl 1le 2) ' (39b)

Now, with the matrices Cper;1 and Cper,2 given by (2.2), we define

ﬁper(ﬁ) — [ Cie}r 2CP€‘1T>1 _At(aﬁ) per 2§p—>rer 2:| 7

Atﬂ( per, 2) Cper,2 (Cper 10 per, 2) (310)

~ ~

Kpor(8) = Byor (8) @ I — At [It It] o L.

We use err(ﬁ) as a preconditioner for K;,i(8) in (3.9a). For the Backward-Euler method, we have Cpey 2 = I

and therefore ﬁper(ﬁ) = Bper(8), where By (5) is given by (2.4b). However, for the trapezoidal rule these two
matrices are not equal. Similar to (3.7), here we denote the preconditioned matrix by

Thew 1= (f’»per(ﬁ) ® I, — At {I‘ IJ ®Lh)_ ( ni(B) ® I, — At [It It] ®Lh> ) (3.11)

We note that the sizes of T'cj, is Ny N, x N; N, while the size of T'jcw is 2Ny N, X QNthz-
To solve (3.9a) by some preconditioned iterative method using the preconditioner Ke:(3), the major com-

putation cost for each iteration is to compute errr with some input r. Similar to the diagonalization of the

matrix Bpe (8) in Section 2.2, we can also diagonalize the matrix ﬁper(ﬁ) with closed formulas and thus we
can solve this linear problem wvia the diagonalization technique as well. The algorithmic formula for computing

erlrr is similar to Algorithm 2.1 and details should be omitted.

Theorem 3.1 (Clustering of the eigenvalues and singular values). For the matric Tyew defined by (3.11), it
holds that

1. if 0 =1, i.e., the Backward-Euler method, T'ew has at most 2N, eigenvalues that do not equal to 1 and at
most 6N, singular values that do not equal to 1;

2.1if0 = %, i.e., the trapezoidal rule, T'hew has at most 4N, eigenvalues that do not equal to 1 and at most 12N,
singular values that do not equal to 1.

Proof. We denote by
E = Kini(8) — Kper (8). (3.12)

For the case 0 = 1, we have Cper,2 = Cini,2 = I;. Hence,
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It is clear that rank(E) = 2N,. Therefore, we have

rank(Tpew — It ® I,) = rank ( LB (Kper(B) +B) — L, @ Ix) — rank ( perE) —2N,.

This implies that the matrix I'joy has at most 2NV, eigenvalues that do not equal to 1. For the singular values,
we need to estimate the rank of Tpew I .. — I; ® I,..* We have

new

~

I‘newrr—lrew err (B) (I/ipef(ﬂ) + E) (err (/B) + E) (erlr(ﬁ))—r

—~ T
=L®I+ err(ﬁ)E + (K_elr(ﬁ)E> + err (B)EET (err)T'
From this we have

rank (Cpew Dy — It ® 1) < 2rank(K L (5)E) + rank(K L (5)EET (K1) T)

< 2rank(E) + rank(EE") = 3rank(E) = 6N,.

new per

Hence, there are at most 6N, singular values of Tpew ', that do not equal to 1.
We next consider the case 6 = , i.e., the trapezoidal rule. We claim that in this case the matrix E defined
by (3.12) satisfies

rank(E) = 4N,. (3.13)

If this is true, we can prove the second result in Theorem 3.1 by following the same analysis for the case 6 = 1.
Since E = (Bini(8) — Bper(8)) ® I, it is sufficient to estimate rank(Bini(8) — Bper(5)). From (2.2) and (3.1),
we have
Bini(ﬁ) - Bper(ﬁ)
Clm 2Clmvl - Cper QCper 1 _At(aﬂ)71 [ ini, 2Cm1 2 Cper QC er, 2:|‘|
Atﬂ [( ini, 2) 1Cini,2 - (Cl;rer,2) 1Cper,2] (le 1Cm1 2) (Cper 1C(p_er 2)

and a routine calculation yields

Clm 201111 1 — Cper 20 er,1 = 2[e —e,... ’e] c RNtXNt7
cl.cl.,—cl Cper2 [6,0,...,0] € RNexNe,
(le 2) 1C(ini 2 — (O er, 2) 1Cper,2 = [0’ ceey 0’ é] c RNtXNt’

ini,2~ini,2 per,2
p

(le 1Cm1 2) (Cper 1Cp_er 2) = 2[8, —€e,... ,e] S RNfXNf’

where N; is an odd integer®, e = (—1,1,...,—-1)T € RM &= (-1,1,...,~1,1,0)T ande = (0,1, —1,...,1,—1).

~

Clearly, the matrix Bini(8) — Bper(8) consists of 4 independent vectors:

(o] L] Ll 577

Hence, rank (Biyi(8) — Bper(8)) = 4 and this gives (3.13). O
IThis is because of the fact that for any square matrix G a non-zero singular value of G is equal to the square root of some

eigenvalue of GGT.
5The reason why N; should be odd is explained in Remark 2.1.
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Backward-Euler: N, =16, o = 107° Backward-Euler: N, =16, a = 107°
] 1¢-—¢—0-608 1
s 1 ~
= 3
= <
S ] >
5 2
& &
& "o N, =65 @ ||me-N=65
—6-N, =129 0.5~ Ne =129 i
o Ny =257 o Ny =257
05 : ‘ ‘ ‘ ‘ ‘ ‘
10° 10' 107 10° 10* 10° 10' 10° 10°
Index Index

FIGURE 5. For the Backward-Euler method, the distributions of the singular values of the
matrices T'yew (left) and T, (right) for three values of Ny.

Remark 3.2. From Theorem 3.1, we see that for the preconditioned matrix I'yew the number of both the
eigenvalues and singular values not equal to 1 is independent of N;. This implies that, for fixed IV, increasing
the number of time points does not effect the convergence rate of the Krylov subspace solvers.

We now make some comparisons for the clustering of the eigenvalues and singular values of I'¢, and T'jeyw
by using the following representative model:

. 1
OzaV8,v(0)=0,v(1)=0 = LpV,with Ly = A2 (3.14)

where N, = . It is clear that o(Ly) C [0,00). (For Tpey, we use 3 = ﬁ for all plottings in the following.)
We plot in Figures 5 and 6 the distributions of the singular values of the two preconditioned matrices IT'jqy and
I';1. when the Backward-Euler method is used as the time-integrator. Here, we consider four values of N;: 65,
129 and 257 and the step-size At is fixed by At = cla, We see that both the singular values and the
eigenvalues distribute in the interval [0.5,1] and this conﬁrmb the previous study in [30]. The matrix I'yey does
not satisfy this property, but the clustering of the eigenvalues and singular values seems better.

We next consider the trapezoidal rule, for which we show similar results in Figures 7 and 8. We see that for
T'c1a it still holds that A(Te,) € [2, 1], but this does not hold for the singular values. Moreover, we see that for
both I'jew and T'¢1s, compared to the case of Backward-Euler method, the singular values distribute in a larger
interval. Different from the case of Backward-Euler method, the clustering of the singular values and eigenvalues
of T'ew is worse than that of T'¢,.
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Backward-Euler: N, =16, a« = 1075 (Eigenvalues of [yey)
1 1 1

N, = 65 N; =129 Ny =257
05t 0.5 05¢ ...
Mok . * .,
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*
05t 05 05t -
-1 -1 -1
0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1 0.5 0.6 0.7 0.8 0.9 1
Backward-Euler: N, =16, a = 10~° (Eigenvalues of T, )
1 1 1
0.5 1 0.5 0.5
0 Moo 0  Hoobiobidbdont oo ok o ool (L 23 A bl fipessiss.
-0.5 1 -0.5 -0.5
-1 -1 -1
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FIGURE 6. For the Backward-Euler method, the distributions of the eigenvalues of the matrices
Thew (top row) and T, (bottom row) on the complex plane.

Trapezoidal Rule: N, =16, a = 107° Trapezoidal Rule: N, =16, o = 107°

20.5F DDDDD% 1 433 a.g d
a
*'7'&'9%% %—-rerﬂ%%uﬂu !
9.
r—e—% < - — © —00p %6
|

,_.
T

Singular Values of T,
Singular Values of T'¢,

[ aoi=l=Rxtalzze: REE

04
0
—e-N, =65 g ¢ —o-N; =65 % 3
—6--N, =129 —o--N, =129 %
ool © Ne=257 ] 0131 © Ny =257 ]
10° 10' 10° 10° 10* 10° 10! 10° 10°

Index Index

FIGURE 7. For the trapezoidal rule, distributions of the singular values of the matrices I'j ey
(left) and T'c1, (right) for three values of N;.

4. NUMERICAL RESULTS

In this section, we show numerical results to illustrate the advantages of the proposed algorithm. We consider
the following 2D problem with time-periodic condition or initial-value condition:

min 7 (y,u) := L [7 [ (y(x,1) — g(x, t))2dxdt + & [ [, u?(x, t)dxdt,

Oy — 8ﬂc1 (6759613051 y) - 8I2I2y =u, (:L‘l, L2, t) € x (Oa 2)a (41)
2 1 2 1

with g(x,t) = @13 ma) gy (571'33%\/% — 9+ 27rt) , (x1,22,t) € Q% (0,2),

2, 2, 1
Ti+T5+ 15
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Trapezoidal Rule: N, =16, a = 10~° (Eigenvalues of Ty )
1 1 1
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FIGURE 8. For the trapezoidal rule, distributions of the eigenvalues of the matrices T'yey (top
row) and I, (bottom row) on the complex plane.

where x := (z1,22) and Q = (=3, 3) x (=3, 5). We discretize the Laplacian by FEM with linear basis functions
on triangles and this gives the discrete matrix Ly, in (1.4a) as L, = M, LK}, where Mj, and K, are respectively
the mass matrix and the stiffness matrix of the FEM discretization. As mentioned in Remark 2.8, in practice

the second step of the diagonalization technique (1.6) is implemented as
(anh — AtKh)Xg’n = thl,rm n = ].7 2, ey 2Nt.

We solve this algebraic system by the Trilinos ML AMG package. All the numerical results are obtained with
the following software/hardware configurations:

e CPU: Intel Core i7-3770K 3.5 GHz and 32 GB RAM using gcc 4.8.1. A single CPU was used for the
sequential computation and the codes were tested with gee’s fast math option (ffast_math).

e GPU: NVIDIA GeForce GTX 660 installed in a system with the above described CPU. The GPU operates
at 1.10 GHz clock speed and consists of 8 multiprocessors (each contains 192 CUDA cores). We compiled
the code using CUDA version 5.5 in combination with the gcc 4.8.1 compiler with fast math option
(use_fast math).

4.1. The time-periodic condition

We first consider the time-periodic condition y(x,0) = y(x,2) for x € . In Figure 9, we show the filled
contour plots of the computed state y(x,t¢) and the desired state §(x,t) at ¢ = 0,2 (the initial and final time
points), t = 0.4, t = 0.92 and ¢ = 1.8. We see that the computed state is close to the desired state.

We next show the computation time of solving (4.1) via two strategies: the PinT computation by the
diagonalization technique and the sequential-in-time computation by two different methods proposed in
[32] and [14]. The first sequential-in-time method is based on solving the discrete KKT system by the
preconditioned GMRES method, where the preconditioner is constructed wvia a novel approximation of
the Schur complement of the KKT system. Let Kq per = (C’;L2 @ L) (Cpert ® Iy — AtCper2 @ Ly) and

€
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Computed State: y at ¢ = 0,2

Desired State: g at t =0,2 Desired State: j at t = 0.4

Computed State: y at ¢ = 0.4
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Computed State: y at t =0.92
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FIGURE 9. For the optimal control problem (4.1) with time-periodic condition y(x, 0) = y(x, 2)
and a = 107?, the filled contour plots of the computed state y(xy, 2,t) and the desired state
y(x1,22,t) at t = 0,2 (top left), t = 0.4 (top right), t = 0.92 (bottom left) and t = 1.8 (bottom
right).

Computed State: y at ¢ = 1.8 Desired State: j at ¢ = 1.8
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Kaper = (Cper2 ® In) ™ (Chopq @ Ip — AtCJ,, o ® Ly) be respectively the space-time discretization matrices
of the state equation and the adJomt equation of problem (4 1). Then, the major computation cost for getting
the approximate Schur complement lies in approximating ICl per and K. Iljer, for which we use the stationary iter-
ation approach together with a V-cycle multi-grid method as the inner solver (as in [19, 30]); see ([32], Sect. 5.2)
for more details. For the second sequential-in-time method used for comparison, the main idea is as follows. First,
by using a suitable shooting operators associated with the spatial second-order operator 9,, (e %10y, ) + Oupas s
we obtain a reduced version of problem (4.1) for which we can derive a KKT system. By an eigenfunction
expansion of the spatial second-order operator, we can represent the shooting operators and their adjoints by
series expansions. Then, we solve such a KKT system wvia a preconditioned fixed-point iteration, where the
preconditioner is constructed by truncating the series expansions of the shooting operators and their adjoints.
For practical computation, we only needs to handle the dominant part of the spectrum of the spatial second-
order operator to obtain fast convergence rates and thus the preconditioner can be realized well by coarse grid
discretizations (the details for this aspect can be found in [14], Sect. 5).

Let the space mesh size be h = 0.01. Then, we show in Figure 10 the measured computation time of the
PinT computation and the aforementioned sequential-in-time computation, when the number of time points /Ny
varies. Here At = ﬁ and we consider two regularization parameters o = 10~! (left subfigure) and o = 10~3
(right subfigure). Slmllarly, for the case that Ny is fixed and « varies, we show in Figure 11 the comparison of
the computation time of these three methods.® It is clear that, compared to the two sequential-in-time methods,
the PinT computation via the diagonalization technique dramatically reduces the computation time.

We next illustrate in Figure 12 the evolution of the numerical control variable u(x1,0,t) at zo = 0 generated
by the PinT computation and the method ‘Sequential-In-Time (I)’ [32], after 2, 4 and 6 minutes. Here, we
consider h = 0.01, N; = 257 and o = 1075. (As we mentioned above, the sequential-in-time method in [14] does

5The method ‘Sequential-In-Time (II)’ , 4.e., the method proposed in [14], diverges for @ < 10~%.
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Regularation Parameter a = 107! Regularation Parameter a = 1073
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FiGurE 10. For h = 0.01 and N, varies, the measured computation time for the sequential-
in-time computation and the PinT computation wvia the diagonalization technique. The
‘Sequential-In-Time (I)’ denotes the method in [32] and the ‘Sequential-In-Time (II)’ denotes
the method in [14].

Number of Time Points: N; = 101 Number of Time Points: N; = 201

—¥— Sequential-In-Time (I) —*—Sequential-In-Time (I)
—6— Sequential-In-Time (II) —©—Sequential-In-Time (II)
1074 PinT via Diagonalization E 10° | ——PinT via Diagonalization :

Computation Time [min]

Computation Time [min]

e ¥ x *

10" E 10k i

_— —O—_ -
. S e S

o o ——9

100 L L L L L L L ]00 L L L 1 1 1 1
10 10° O 107 107! 10° 10 10° 10 10° 10° 10" 10”

Regularation Parameter « Regularation Parameter «

FIGURE 11. Similar to Figure 10, for A = 0.01 and « varies the measured computation time
for the sequential-in-time computation and the PinT computation vie the diagonalization
technique. The method ‘Sequential-In-Time (II)’ diverges for @ < 1074

not converge for a < 107%, so we only consider the method in [32] here.) We see that, after 6 minutes we finish
approximately 92 % of the whole computation by the diagonalization technique, while by the sequential-in-time
method only 9% is finished.

4.2. The initial-value condition
We next consider the following initial-value condition for the optimal control problem (4.1):
(¢f - 3)(23 — 3)

1
x,0) = 7(x,0) = sin [ 5ray /= — ) 4.2
y(x,0) = y(x,0) P in | bma14/ 5 — @2 (4.2)
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FIGURE 12. For h = 0.01, N; = 257 and o = 107°, the evolution of the computed control
u(z1,0,t) at 9 = 0 after ¢ = 2 minutes, ¢ = 4 minutes and ¢ = 6 minutes. Top row: PinT
computation via the diagonalization technique; Bottom row: sequential-in-time computation by

the method in [32].
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F1cure 13. For the optimal control problem (4.1) with initial-value condition (4.2) and o =
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FIGURE 14. For h = 0.01, N; = 101, the residuals of the GMRES and BiCGStab methods
using the two preconditioners introduced in Section 3. Left column: using the Backward-Euler
method as the time-integrator; Right column: similar results for trapezoidal rule. From top to
bottom: « =1072, a =10"%* , & = 107% and o = 1078.
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FI1GURE 15. Iteration numbers of the GMRES and BiCGStab methods using the two precondi-
tioners introduced in Section 3. Top row: Ny = 129 is fixed and h varies. Bottom row: h = 0.01
is fixed and N, varies. Left column: Backward-Euler; Right column: trapezoidal rule.

Similar to Figure 9, we show in Figure 13 the filled contour plots of the computed state y(z1,z2,t) and the
desired state g(x1,x9,t) at ¢ = 0.4, t = 0.95, t = 1.4 and ¢ = 2. We see that in this case the computed state is
also close to the desired state.

We next show the convergence rates of two Krylov subspace solvers, the GMRES method and the BiCGStab
method, using the two preconditioners introduced in Section 3, i.e., the classical one given by (3.4) (with the
choice of S given by (3.6)) and the new one given by (3.10). The initial guess for these two Krylov solvers
are zero and the iteration stops when the residual is less than 10~!2. In Figure 14, for fixed h = 0.01 and
N; = 101 and three values of the regularization parameter o we show the measured convergence rates of the two
Krylov subspace solvers. When the Backward-Euler method is used as the time-integrator, we see that the new
preconditioner results in superlinear convergence for the two Krylov subspace solvers. For the trapezoidal rule,
the GMRES method using the new preconditioner still converges superlinearly, while the BiCGStab method does
not. In particular, in this case it seems that the new preconditioner is worse than the classical preconditioner.
For both the GMRES and BiCGStab methods, from Figure 14 we see that the convergence rates are robust
with respect to the regularization parameter «.
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minutes) of the the GMRES and BiCGStab methods using the two preconditioners introduced
in Section 3. Bottom row: similar results for the case Ny = 129 and several values of h. Left
column: Backward-Euler; Right column: trapezoidal rule.

It would be also interesting to study how the convergence rates of the two Krylov subspace solvers depend
on the space mesh size h and the number of time points N;. The results for this aspect are shown in
Figure 15. We see that for the Backward-Euler method, the GMRES method (resp. the BiCGStab method)
using the new preconditioner needs approximately 4~5 iterations (resp. 6~7 iterations) to reach a tolerance
10712, while these two Krylov subspace solvers using the classical preconditioner need approximately 15 ~ 17
iterations. For the trapezoidal rule, as we already saw in Figure 14 on the bottom row, the convergence rates
of the two Krylov subspace solvers differ obviously. In particular, the GMRES method using the new precondi-
tioner needs approximately 6 ~ 7 iterations, while for the classical preconditioner it needs 16 ~ 18 iterations.
The BiCGStab method using the two preconditioners has similar convergence rate and it needs 16 ~ 18 itera-
tions as well. Moreover, from Figure 15 we see that the convergence rates of the two Krylov subspace solvers
are robust with respect to h and N;.

At the end of this section, we compare the computation time (in minutes) of the Krylov subspace solvers using
the two preconditioners. The classical preconditioner is used in the sequential-in-time pattern and the new one is
used in the PinT pattern. The measured computation time is shown in Figure 16. It is clear that, thanks to the
potential of PinT computation the new preconditioner significantly reduces the computation time, compared
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to the classical preconditioner. In particular, for the trapezoidal rule even though the new preconditioner does
not ameliorate the convergence rate, but the former can be implemented in the PinT pattern and thus it still
reduces the computation time.

5. CONCLUSIONS

Based on the diagonalization technique proposed recently [9, 24], we have studied PinT algorithms for the
tracking-type PDE-constrained optimization problems with distributed control. For the time-periodic condition,
the matrix Bper representing the time-discretization can be diagonalized directly and this yields direct PinT
computation for all the /V; time points. A direct diagonalization of B, results in unacceptable condition number
of the eigenvector matrix and our main contribution is a novel modification, which dramatically reduces the
condition number. For the initial-value condition, the matrix representing the time-discretization is Bj,j, which
can not be diagonalized with explicit formulas. The matrix Bj,; is a 2 X 2 block matrix and the two diagonal
blocks are Toeplitz matrices. Motivated by a recent work [27] we approximate these two blocks by two suitable
circulant matrices and this naturally gives a preconditioner for the discrete KKT system. The preconditioner has
the same structure of the discrete KKT system in the time-periodic case and thus for Krylov subspace methods
it can be used in an efficient PinT pattern via the diagonalization technique. Clustering of the eigenvalues
and singular values of the preconditioned matrix is justified. For both the time-periodic case and the initial-
value case, numerical results indicate that the PinT algorithms proposed here can significantly reduce the
computation time. In particular, for the initial-value case, compared to the classical preconditioner popular in
the literature the new preconditioner results in faster (and superlinear) convergence of the GMRES method. For
the BiCGStab method, the convergence rate depends on the time-integrator: for the Backward-Euler method
the new preconditioner results in faster (and superlinear) convergence than the classical preconditioner, while
for the trapezoidal rule the latter is better than the former.

Optimal control for time-dependent problems often involves control constraints or have the terminal con-
straint. The mainstream method for solving this kind of problems is to apply the semi-smooth Newton iterations
(or equivalently primal-dual active set method) together with the preconditioned Krylov subspace solvers (as
inner loop). With some suitable approximation of the Schur complement of the KKT system at each semi-
smooth Newton iteration, the preconditioner can be also implemented in a PinT pattern via the diagonalization
technique studied in this paper. Details on this issue will be given in our forthcoming work.
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