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STOCHASTIC LINEAR QUADRATIC STACKELBERG
DIFFERENTIAL GAME WITH OVERLAPPING INFORMATION*

JINGTAO SHI', GUANGCHEN WANG?>** AND JIE XIONG?

Abstract. This paper is concerned with the stochastic linear quadratic Stackelberg differential game
with overlapping information, where the diffusion terms contain the control and state variables. Here
the term “overlapping” means that there are common part between the follower’s and the leader’s
information, while they have no inclusion relation. Optimal controls of the follower and the leader
are obtained by the stochastic maximum principle, the direct calculation of the derivative of the cost
functional and stochastic filtering. A new system of Riccati equations is introduced to give the state
estimate feedback representation of the Stackelberg equilibrium strategy, while its solvability is a rather
difficult open problem. A special case is then studied and is applied to the continuous-time principal-
agent problem.
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1. INTRODUCTION

Throughout this paper, we denote by R™ the Euclidean space of n-dimensional vectors, by R”*¢ the space
of n x d matrices, by 8™ the space of n x n symmetric matrices. (-,-) and | - | denote the scalar product and
norm in the Euclidean space, respectively. T appearing in the superscripts denotes the transpose of a matrix.
fz, fze denote the partial derivative and twice partial derivative with respect to x for a differentiable function
f, respectively.

1.1. Motivation

First, we present the following example which motivates us to study the problem in this paper.
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Example 1.1. (Continuous time principal-agent problem) The principal contracts with the agent to manage a
production process, whose output Y'(-) evolves as

{ dY (t) = Be(t)dt + o1dW; (t) + oodWs(t) + osdWi(t), t € 0,77, an

Y(0) =Y, €R,

where e(-) € A C R is the agent’s effort choice, B represents the productivity of effort, and there are three
additive shocks (due to the three independent Brownian motions Wi (+), Wa(+), W3(+)) to the output. The output
of the production adds to the principal’s asset y(-), which earns a risk free return r, and out of which he pays
the agent s(-) € S C R and withdraws his own consumption d(-) € R. Thus the principal’s asset evolves as

{ dy(t) = [ry(t) + Be(t) — s(t) — d(t)]dt + o1dW(t) + o2dWa(t) + o3dWs(2), t € [0,T], (1.2)

where yo is the initial asset. In addition, the agent has his own wealth m(+), out of which he consumes ¢(-), then

{ dm(t) = [rm(t) + s(t) — c(t)]dt + a1dWi () + 52dWa(t) + a3dWa(t), t € [0,T], 13)

m(O) =mg € R.

The agent earns the same rate of return r on his savings, gets income flows due to his payment s(-), and draws
down wealth to consume. Here o;,7;,7 = 1,2,3 are all constants. At the terminal time 7', the principal makes a
final payment s(7") and the agent chooses consumption based on this payment and his terminal wealth m(7T).

We consider an optimal contract problem in the following information structure which is different from those
in Williams [30, 31]. In this problem, the principal can observe his asset y(-) and the agent’s initial wealth
mo, but cannot monitor the agent’s effort e(-), consumption ¢(-) and wealth m(-). The principal must provide
incentives for the agent to put forth the desired amount of the effort. For any s(-), d(-), the agent first chooses
his effort e*(-) and consumption ¢*(-) such that his preference

1

Ji(e(),e(),8(-),d() = =

> (1.4)

/T [®(t) — €2(t) + m*(t)]dt + m?*(T)
0

is maximized. The above (e*(+),¢*(-)) is called an implementable contract if it meets the recommended actions
of the principal, which is based on the principal’s observable wealth y(-). Then, the principal selects his payment
s*(+) and consumption d*(-), to maximize his preference

1 T
(e (), (), 5(),d()) = 5E [ | @020+l (15)

Note that in [30, 31], exponential preferences are considered. For t > 0, let
Fy = 0{W1(8)7W2(8)7W3(8),0 <s< t}
which contains all the information up to time ¢. Let

Gl = o{Wi(s), Ws(s),0 < s < t}
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contain the information available to the agent, and
7 i=0{Wa(s), Ws(s);0< s <t
gt =0 Q(S)a 3(3)7 sS85

contain the information available to the principal, up to time ¢ respectively. Obviously, the information available
to them at time ¢ is asymmetric while possesses the overlapping part. In the problem, for any s(-), d(-), first the
agent solves the following optimization problem:

Ji(e” (), ¢ (1), 5(-),d(")) = max Jy (e("), c(), 5(-),d(")), (1.6)

e,c
where (e*(-),c*(+)) is a G}-adapted process pair. Then the principal solves the following optimization problem:

Jo(€7(-),¢" (), 8%(), d"(-)) = max Ja (e"(-),¢"(), 5(-), d()), (1.7)

87

where (s*(+),d*(-)) is a G7-adapted process pair. This formulates a stochastic linear quadratic (LQ) Stackelberg
differential game with overlapping information. In this setting, the agent is the follower and the principal
is the leader. Any process quadruple (e*(-),c*(-),s*(-),d*(-)) satisfying the above two equalities is called a
Stackelberg equilibrium strategy. In [31], a solvable continuous time principal-agent model is considered under
three information structures (full information, hidden actions and hidden savings) and the corresponding optimal
contract problems are solved explicitly. But it can not cover our model. For more information for the principal-
agent problem, please refer to Schattler and Sung [21], Cvitanié et al. [7], Sannikov [20], Williams [30, 31],
Cvitani¢ and Zhang [6], Liu et al. [16], Cvitani¢ et al. [8] and the references therein.

Other examples which motivate us to study the problem in this paper can be found in the insider trad-
ing model (@ksendal [18]), the cooperative advertising and pricing problem (He et al. [10]), the continuous
time manufacturer-newsvendor problem (@Qksendal et al. [19]), the LQ Nash differential game with asymmet-
ric information (Chang and Xiao [4]), leader-follower stochastic differential game with asymmetric information
(Shi et al. [23]), and optimal reinsurance arrangement problem between the insurer and the reinsurer (Chen
and Shen [5]), etc. We will not give their detail statement for the space limitation.

1.2. Problem formulation

Inspired by the motivational examples above, we study the stochastic LQ Stackelberg differential game with
overlapping information in this paper.

Let (2, F,P) be a complete probability space, on which a standard three-dimensional Brownian motion
{W1(t), Wa(t), Ws(t) }o<e<r is defined, where T > 0 is a finite time duration. Let {F;}o<t<r be the natural
filtration generated by (W1(-), Wa(-), W3(-)), which satisfies the usual conditions and Fr = F. In this paper,
L%(0,T;R™) will denote the set of R"-valued, {F;}-adapted, square integrable processes on [0, 7).

Suppose that the R"-valued state process x¥1:"2(-) satisfies the linear stochastic differential equation (SDE)

dz"t"2 (t) = [Ao(£)z" "2 (t) + Bo(t)ui(t) 4+ Co(t)us(t)]dt
3
+ ) [Ai(t)a 2 () + Bi(tyua (t) + Ci(t)ua(t)] AW (t), ¢ € [0,T], (1.8)
v (0) = Xo.

Here u; (+) is the follower’s control process and usa(+) is the leader’s control process, which are R and R¥2-valued,
respectively. For i = 0,1,2,3, A;(-) € R"*4 B;(-) € R™* and C;(-) € R"**2 are all deterministic, bounded,
matrix-valued functions and zg € R™. We define the admissible control sets of the follower and the leader,
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as follows:

U; = {ul()|u1() 1 Q% [0,T] — R¥ is Gi-adapted and square integrable}, i=1,2. (1.9)

Here G} := o{W;(s), W5(s);0 < s < t},i = 1,2 denotes the information of the follower and the leader, respec-
tively. It is standard that for any (zo,u1(-),u2(-)) € R™ X Uy X U, there exists a unique solution z*1:*2(-) €
L%(0,T;R™).

We now formulate the problem by the following two steps. In step 1, the follower chooses a u}(-) € Uy, which
depends on the control us(+) of the leader, to minimize the cost functional

1 T
Ji(ui(),uz2()) = SE (@) 2 (t), 2" () + (N1 (t)u (), ur (t)) ) dt
2 [/0 ( ) (1.10)

+ (Grz" 2 (T), " 2 (T))|.

Here Q1 (-) € R™ ™ is a bounded, matrix-valued function, Ni(-) € R¥***1 i5 a bounded, matrix-valued function
and G is an R"*"-valued matrix. In step 2, the leader takes into account the follower’s optimal control uj(-)
in his cost functional, and selects an optimal control u3(-) € Us which will minimize

(). uo (- :1 ' ZUTU (1) pUI U2 u u
st a0 = 38 [ (a0 01,052 ) + (Nattyoatt) ua) .
+ (Goa"i2(T), 2"1"2(T)) |,

where %12 (-) denotes the optimal state of the follower which is the solution to (1.8) with respect to ui(-).
Here Q2(+) € R™" is a bounded, matrix-valued function, Ny(-) € R¥2*¥2 is a bounded, matrix-valued function
and G5 is an R®*"-valued matrix.

In this general LQ model, the information of the leader and the follower have overlapping part, due to the
structure of the admissible control sets. The target of this paper is to give the conditions of its Stackelberg
equilibrium strategy (ui(-),us(:)) € Uy x Us.

Note that some Stackelberg differential games with partially observable information can be put into the above
LQ model by the Girsanov transformation. See, for example, Shi et al. [23], Wang et al. [29].

1.3. Literature review and the contribution of this paper

In recent years, Stackelberg (also known as leader-follower) game has been an active topic, in the research
of nonzero-sum games. Compared with its Nash counterpart, Stackelberg game has many appealing properties,
which are useful both in theory and applications. The Stackelberg solution to the game is obtained when one
of the players is forced to wait until the other player announces his decision, before making his own decision.
Problems of this nature arise frequently in economics, where decisions must be made by two parties and one
of them is subordinated to the other, and hence must wait for the other party’s decision before formulating
its own. The research of Stackelberg game can be traced back to the pioneering work by Stackelberg [26] in
static competitive economics. Simann and Cruz [25] studied the dynamic LQ Stackelberg differential game,
and the Stackelberg strategy was expressed in terms of Riccati-like differential equations. Bagchi and Basar
[1] investigated the stochastic LQ Stackelberg differential game, where the diffusion term of the Ito-type state
equation does not contain the state and control variables. Existence and uniqueness of its Stackelberg solution
are established, and the leader’s optimal strategy is solved as a nonstandard stochastic control problem and is
shown to satisfy a particular integral equation. Yong [35] extended the stochastic LQ Stackelberg differential
game to a rather general framework, where the coefficients could be random matrices, the control variables could
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enter the diffusion term of the state equation and the weight matrices for the controls in the cost functionals
need not to be positive definite. The problem of the leader is first described as a stochastic control problem of
a forward-backward stochastic differential equation (FBSDE). Moreover, it is shown that the open-loop solution
admits a state feedback representation if a new stochastic Riccati equation is solvable. @ksendal et al. [19] proved
a maximum principle for the Stackelberg differential game when the noise is described as an Ito-Lévy process,
and found applications to a continuous time manufacturer-newsvendor model. Bensoussan et al. [2] proposed
several solution concepts in terms of the players’ information sets, for the stochastic Stackelberg differential game
with the control-independent diffusion term, and derived the maximum principle under the adapted closed-loop
memoryless information structure. Xu and Zhang [33] studied both discrete- and continuous-time stochastic
Stackelberg differential games with time delay. By introducing a new costate, a necessary and sufficient condition
for the existence and uniqueness of the Stackelberg equilibrium was presented and was designed in terms of three
decoupled and symmetric Riccati equations. Moon and Bagar [17] considered mean-field Stackelberg differential
games with one leader and a large number of heterogeneous followers with distinct types. In Li and Yu [13],
a kind of coupled FBSDE with a multilevel self-similar domination-monotonicity structure is introduced to
characterize the unique equilibrium of an LQ generalized Stackelberg game with multilevel hierarchy in a closed
form. Lin et al. [15] considered the open-loop LQ Stackelberg game of the mean-field stochastic systems in
finite horizon. A sufficient condition for the existence and uniqueness of the Stackelberg strategy in terms of the
solvability of some Riccati equations is presented. Furthermore, it was shown that the open-loop Stackelberg
equilibrium admits a feedback representation involving the new state and its mean. Some recent progress about
Stackelberg games can be seen in a review paper by Li and Sethi [14] and the references therein.

However, the above literatures do not consider the feature of asymmetric information in Stackelberg dif-
ferential game, which we believe, to our best knowledge, that it is a nature and important feature from the
point of view of theory and applications. In fact, there are some literatures about asymmetric information game
theory. For example, Simann and Cruz [25] considered a non-zero sum velocity-controlled pursuit-evasion game,
where the pursuer’s information is always later in time than that of the evader’s, which is in some sense of time
asymmetry. @Qksendal [18] solved a universal optimal consumption rate problem with insider trading, where
the consumer is called an insider when he has more information than what can be obtained by observing the
driving process. That is a kind of information asymmetry with respect to the driving process. Cardaliaguet
and Rainer [3] investigated a two-player zero-sum stochastic differential game in which the players have an
asymmetric information on the random payoff. Lempa and Matoméki [12] studied a Dynkin game with asym-
metric information. The players have asymmetric information on the random expiry time, namely only one of
the players is able to observe its occurrence. Chang and Xiao [4] studied an LQ nonzero sum differential game
problem with asymmetric information, where different o-algebra generated by different Brownian motions are
introduced to represent the asymmetric information of the two players. Nash equilibrium points are obtained
for several classes of asymmetric information by stochastic maximum principle and technique of completion of
squares. Shi et al. [23] solved a stochastic leader-follower differential game with asymmetric information, where
the information available to the follower is based on some sub-c-algebra of that available to the leader. Stochas-
tic maximum principles and verification theorems with partial information were obtained. An LQ stochastic
leader-follower differential game with noisy observation was solved via measure transformation, stochastic filter-
ing, where not all the diffusion coefficients contain the state and control variables. In a companion paper by Shi
et al. [24], an LQ stochastic Stackelberg differential game with asymmetric information was researched, where
the control variables enter both diffusion coefficients of the state equation, via some forward-backward stochastic
differential filtering equations (FBSDFEs). Shi and Wang [22] considered another kind of LQ leader-follower
stochastic differential game, where the information available to the leader is a sub-g-algebra of the filtration
generated by the underlying Brownian motion. Wang et al. [29] focused on an LQ non-zero sum differential
game problem driven by the BSDE with asymmetric information. Three classes of observable filtrations are
described to classify the information available to the two players. Using the filters of FBSDESs, feedback Nash
equilibrium points with observable information generated by Brownian motions were obtained.

In this paper, we consider the stochastic LQ Stackelberg differential game with overlapping information. The
LQ problems constitute an extremely important class of optimal control or differential game problems, since
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they can model many problems in applications, and also reasonably approximate nonlinear control or game
problems. The novelty of the formulation and the contribution in this paper is the following.

(i) In our framework, both information filtration available to the leader and the follower could be
sub-o-algebras of the complete information filtration naturally generated by the random noise source. Specifi-
cally, the system noise is described by three independent Brownian motions Wi (), Wa(t), W3(t), from which the
filtration generated denotes the complete information up to time ¢. The information of the follower comes from
the filtration generated by Wi (t), W3(t), while the information of the leader comes from the filtration generated
by Wa(t), Ws(t). This framework is more suitable and interesting to illustrate some game problems in reality.

(ii) The general case that the diffusion terms contain the control and state variables is considered. As is
well known in stochastic control and differential game theory, this brings us rather intrinsic mathematical
difficulty and technical demanding, especially for the problem of the leader. We overcome the difficulty by
the maximum principle approach, the direct calculation of the derivative of the cost functional, and stochastic
filtering technique. A new system of high-dimensional Riccati equations is introduced to give the state estimate
feedback representation of the Stackelberg equilibrium strategy, while its solvability is a difficult open problem.

(iii) A special case when the diffusion terms are control independent is considered. In this case the system of
Riccati equations possesses a kind of decoupling structure.

(iv) A continuous-time principal-agent problem is solved by applying the theoretical results. The Stackelberg
equilibrium strategy of the principal and the agent are represented explicitly.

The rest of this paper is organized as follows. In Section 2, the problem formulated in Section 1.2 is solved
in two subsections. In Section 2.1, the follower’s problem is considered, while the leader’s problem is studied in
Section 2.2. The Stackelberg equilibrium strategy is derived. A special case with control independent diffusion
terms is discussed in Section 3. In Section 4, the results in the previous sections are applied to a continuous-time
principal-agent problem which was introduced in Section 1.1. Some concluding remarks are given in Section 5.
The proof of Theorem 2.2 is left in the appendix.

2. MAIN RESULTS

In this section, we deal with the problems of the follower and the leader in two subsections, respectively. First,
we introduce the following lemma, which belongs to Xiong [32] and plays a fundamental role in this paper.

Lemma 2.1. Let f(-),g(-) be Fi-adapted processes, satisfying EfOT |f(s)|ds + IEfOT lg(s)|?*ds < co. Then

E /0 f(s)as
B[ [ goamis

L/ O

G| = [ elroeas & [ [ soamse|a] = [ eleean. =12

at| - | "Elg(s)GHdWi(s), E Ji s (s | - (2.1)

el [ (s 6t 0. 5[ (s | - | E[g(s)167] AWa(s).

Proof. The proof is quite similar to that of Lemma 5.4 in [32]. O
For any F;-adapted process £(-), we denote by

£(t) == E[E(1)IG]], £(¢) := E[E(1)IG]]

and

£(t) = E[E[E()|01]|62] = E[E[E(t)|62]|G]

its optimal filtering estimates.
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2.1. Problem of the follower

In this subsection, we try to find the necessary and sufficient conditions for the observable optimal control
of the follower. First, we introduce the following assumptions.
(A2.1) Ql(t) Z 0, vVt € [O,T], and G1 2 0.

For given leader’s control us(-), assume that there exists a G}-adapted optimal control uj(-) of the follower,
and the corresponding optimal state is z%1-%2 () as before. We define the follower’s Hamiltonian function as

Hy (ta T,uy,us,q, kla k2a kS) = <Qa Ao(t)l’ + Bo(t)ul + C()(t)U2>

> 1 1 (2.2)
+ Z <kl, Az(t)ZL' + Bl(t)ul + Cz(t)’lt2> - §<Q1(t)f£, £E> - §<N1 (t)ul, ’LL1>.
i=1
The maximum principle (see, for example, [23]) yields that
3 A
Ni(t)ui(t) = By ()d(t) + Y B (D)ka(t), (2.3)
i=1

where the Fi-adapted process quadruple (q(-),k1(:), k2(+),k3(:)) € R™ x R™ x R™ x R™ satisfies the adjoint
backward SDE (BSDE)

3 3
~da(t) =|4o(Ba(t) + 3 AOK(E) - Q)T O]d - k@AW, te T,
i=1 i=1 :
q(T) = - Grz"r"2(T
Taking clue from the terminal condition, we try to find
g(t) = —Pu(t)z"1 (1) — ¢(t), (2.5)

for some R™*"-valued, deterministic, differentiable function P (-) with P;(T") = Gy, and R™-valued, F;-adapted
process ¢(-) which satisfies the BSDE

(2.6)

do(t) = a(t)dt + B1(t)dWi(t) + Bs(t)dWs(t), ¢ € [0,T7,
o(T) =0.

In the above equation, a(+), 81(), B3(-) are all R"-valued, F;-adapted processes. Applying It6’s formula to (2.5),
we get

—dq(t) = [Pi(t)a" 1 2 (t) + Py(t) Ag(t)z"1"2(t) + Py (t) Bo(t)ui(t) + P (t)Co(t)ua(t) + alt)]dt
+ > { AWM ®z @) + B (0ui(t) + C (Oua(t)] + (1) fdWi(t) 2.7)

i=1,3
+ Pi(t) [A2(t)x" 1 2 (t) + B2(t)ui () + C*(t)ua ()] dWa(t).
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Comparing (2.7) with (2.4), we have

and

ki(t) = —Pi(t) [A1(£)2"1" () + Ba(t)ui(t) + Co(t)ua(t)] — Bu(t),
ka(t) = —Py(t) [Az ()1 (t) + Ba(t)ui (t) + Ca(t)ua ()], (2.8)
ks(t) = —Py(t) [A3(t)x“1’“2 (t) + Bs(t)ui(t) + Cs(t)ua(t)] — Bs(t),

3
t)q(t) + Z Ai(t)ki(t) — Qu(t)x"1 (t)

(2.9)
= Pi(t)z 12 (t) + P(t) Ao (t)z 142 (t) + Py(t)Bo(t)u} (t) + Py (t)Co(t)ua(t) + au(t).
Taking E[-|G}] on both sides of (2.5), (2.8) and (2.9), we get
g(t) = —Pu()a" " (1) — d(), (2.10)

and

ka(t) = —Pr(t) [As(£)2" % (t) + Ba(t)ul(t) + Ca(t)aa(t)], (2.11)

3
8a(t) + Y Au(t)ki(t) — Qu(t)E 12 (1)
=1

= Py(t)Z"012 (t) 4 Py(t) Ag(t)E"12 (1) + Py (t) Bo(t)ui (t) + Py(t)Co(t)a(t) + a(t).

(2.12)

Applying Lemma 2.1 to (1.8) corresponding to uj(-) and (2.4) with E[-|G}], we derive the follower’s optimal
filtering equation

dati (1) = [A(1)a" “2( )+ Bo(®ui(t) + Co(t)a(t)] dt
£ 3 [Aa o) + Bibwi ) + Cyaa(d)]awio)

i=1,3
3
~dq(t) = [Ao(0d(t) + Y ADk(t) — QuOF2(1)]dt — ka (1AW (1) ks ()W (1), ¢ € [0.7],

FU2(0) = 2,  G(T) = —Gra"1"2(T).

(2.13)
Putting (2.10), (2.11) into (2.3), we get
5 ~1
uj(t) =— [Nl(t) +Y Bl ()P (t)Bi(t)} { [ )+ Z Bl ()P (t )] it s (g)
- (2.14)

+ B (P + BL WA + B ( (ZBT OROCO) ) |
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where we have assumed tha‘c3
(A2.2) Ni(t):=Ni(t)+ > B/ (t)Pi(t)Bi(t) > 0, Vt € [0,T].
i=1

Substituting (2.10), (2.11) and (2.14) into (2.12), we obtain the Riccati’s type equation
) 3
Pi(t) + Pi(t)Ao(t) + A (t) Py (t) + Z Al ()PL(t)Ai(t) + Q1(2)

i=1

3 L 3 2.15
— | Pi(t)Bo(t) + Z Al ()P (t)Bi(t>]W; (t) [B()T(t)Pl(t) + Z B (t)Pi(t)As(t)| =0, 219

P (T) = Gy,

which is similar to (7.60) of Chapter 6 in Yong and Zhou [36]. The solvability of it can be guaranteed under
some additional conditions or in some standard cases, and we will not discuss the detail in this paper.
From the above, we then have

at) = =Lo()$(t) — L1 (1)B1(t) — La(t)Bs(t) — La(t)ia(t), (2.16)

where (¢ is omitted for simplification)

3

Lo =N, <P180 +3 AZPlBi>BOTP — A,
=1
1 3
Ly =N, (PiBo+> Al PB)B] — A5, j =13, (2.17)
1=1
— 3 3 3
L4 Z:Nl <PlBO + ZAZTP131> (ZBszlcz) - P100 - ZA;rpch
=1 =1 =1

Applying Lemma 2.1 again to BSDE (2.6), we have

—do(t) = [Lo(t)(t) + L1(t)B1(t) + L (t)Bs(t) + La(t)tia(t)]dt
— Bi(t)dWi(t) — B3 (t)dWs(t), t € [0,T), (2.18)
o(T) = 0.

For given us(-), (2.18) admits a unique G!-adapted solution triple (¢(-), 31(-), 3s(-)) by the standard BSDE
theory (see, for example, El Karoui et al. [9]). Putting (2.14) into the forward equation in (2.13), we get
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aative ) = { [ao(o) - Bo(: () (B +Zﬁ‘a At)) a0
BT B P05 B0 OB O30 B0 OB 0t

+ [Oo(t) — Bo(NL (1) ( 23: B (t)Pl(t)Ci(t))}ﬁg(t)}dt
- (2.19)
+ 3 { a0 - mowy o (55 +ZE‘H A0)]# )

i=1,3
— Bi(t)Ny (t)BJ ()P (1)d(1) — Bi(t)N l(t)Bl(t)ﬂl(t)
— BN, } , telo,T],

242 (0) = 20,

which admits a unique G}-adapted solution #%1:%2(-), from (2.18). In fact, for given uy(-), we can verify the
solvability of (2.13). The optimal control uj(-) is expressed by (2.14).
We summarize the above argument in the following theorem.

Theorem 2.2. Let (A2.1),(A2.2) hold and Py (-) satisfy (2.15). For chosen uz(-) of the leader, let ui(-) be an
optimal control of the follower, then it has the feedback representation of (2.14), where (#%1%2(-), ¢(-), B1(-), B3(+))
is determined by (2.18) and (2.19).

Remark 2.3. In Yong [35] (also Lin et al. [15]), the explicit optimal cost and the sufficient conditions of the
optimality (verification theorem) was proved via the completion of squares method. However, in our overlapping
information (including partial and asymmetric information) problem, we need to take the conditional expectation
E[-|G}] during the computation of the optimal cost of the follower. This approach is invalid when the conditional
expectation is taken with respect to the term such as (z%1:%2(.), z%1:%2(.)), since the variance estimates of the
state process x“i””(-) has to be investigated. Up to now, there are no explicit results for this.

However, since the problem in this paper is the LQ case, if we assume additionally that
(A2.3) Ny(t) >0, Vte[0,T],
then it is easy to check that the concavity/convexity conditions in the verification theorem of Proposition 2.2
of Shi et al. [23] hold, and uj(-) given by (2.14) is really optimal.

2.2. Problem of the leader

In this subsection, since the follower’s optimal control u}(-) by (2.14) is a linear functional of 2%1:%2(-), ¢(-),
B1(+), B3(+) and ds(+), the leader’s state equation now writes

a2 (t) = [Ao(t)x"* (t) + Lo1 (t)3"* (t) + Loa(t)(t) + Los(t) 1 (t) + Loa(t)Bs(t)

3
+ Co(B)ua(t) + Los(t) dt+z[ £) + Li (£)3% (t)

i = (2.20)
+ Lia(t ) b(t) + Lis(t)B1(t) + Lia(t)B3(t) + Ci(t)ua(t) + Lis (t)iia(t) | dWi(t),

) + L1( £)B1(t) + Ls(t)B3(t) + La(t)ta(t)]dt — By ()dWi () — B3(t)dWs(t), t € [0, T,
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. - )
where we denote z%2 = x"1 %2 g%2 = g%1>%2 and for j =0, 1,2, 3,

3
-1 -1 -1
Ly == BN, (B P+ Y B PiAi), Liy=~B;N, B P, Lys:= —B;N, 'BJ,
=t , (2.21)
— 1 -——1
Lit:== BN, 'B], Lis:= -B;N, (. B/ AiCy).
The problem of the leader is to select a GZ-adapted optimal control uj(-) such that the cost functional
Jo(ua(-)) = J2(ui (), ua())
(2.22)

B ;E{/o (<Q2(t)x“2 (t),z"2(t)) + <N2(t)u2(t)7uQ(t)>)dt+ (Gox"*(T),z"*(T))

is minimized.

This subsection is devoted to the necessary and sufficient conditions for the observable optimal control of the
leader. We introduce the following assumptions.
(A2.4) Qg(t) > O,Ng(t) >0, Vte [O,T}, and Go > 0.

Now, suppose that there exists a GZ-adapted optimal control uj(+) of the leader, and his optimal state is

(2*(-), " (), B2(), B5() = (@2 (-), 6*(-), B (-), B5(+)). Next, we will derive the necessary condition for u3(-), by
a direct calculation of the derivative of the cost functional. We define the leader’s Hamiltonian function

H2(t7xuz u27¢ ﬁlaﬁfﬂ;p?valeQ»ZS)
= (y, Ao(t)z"* + Lo1 (t)&"* + Loz(t )b + Loz (t)B1 + Loa(t) B3 + Co(t)us + Los(t)az)

+ <p, Lo(t)(i + Ll (t)Bl + LS( )63 + L4 ’U,2> + = < ( )IuQ,l‘u2> + %<NQ(ﬁ)U2,UJ2> (223)

+ Z 2iy A ()72 + Liy ()32 + Lio(t)d + Liz(t) 1 + Lia(t)Bs + Co(t)uz + Lis(t)az),

where the Fi-adapted process quintuple (p(-),y(:), 21(-),22(:), 23(-)) € R® x R® x R™ x R™ x R"™ satisfies the
adjoint equation

dp(t) = [Loa (0y(1) + Lo(t)p +2Lﬂ Jailt)] at

+ [L03(t) (t) + Li(t)p(t) + ZLm zi(t :|dW1( )
+ |:L()4( ) ( )+ L3 —|— ZLM Zz :|dW3( ) (224)
3 3
—dy(t) = [Ao(t) () + Lor ()9(t) + Z Ai(0)z(t) + Y Lia(£)2:() + Qo)™ (1) | dt

— zl(t)dV[/l( ) — Zg(t)dWQ t_) ( )de(t)_ t e [O,T],
p(0) =0, y(T) = Gz™(T).
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Without loss of generality, let 29 = 0, and define the perturbed optimal control u3(-) + eus(-) for sufficiently
small € > 0, with any wua(-). From the linearity of (2.20), the solution to it is x*(-) 4+ ex*2(-). First we have

1 T
J(€) = Ja(u3(-) + eua()) = 515/0 [(Qz(t)(x*(t) +ex™ (1)), 2" (t) + ez (1))

+ (No(t) (u3 (£) + eun(t)), ub(t) + eu2(t)>} dt + %E(Gz(z*(T) + e (T)), 2% (T) + ez (T)).

Hence

0J (€)
Oe

T
) /O [<Q2(t)x*(t),xuz () + <N2(t)u§(t),u2(t)>} dt + E(y(T), 22(T)).

0=

T
- E/ [<Q2(t)x*(t),xu2 (1)) + <N2(t)u§(t),u2(t)>}dt+E<G2x*(T)7xU2 )
e=0 0

(2.25)

Applying It6’s formula to (y(t), 242 (t)) — (p(t), $(t)), noticing (2.20) and (2.24), we derive

dfy(t), 2" () — d{p(t), &(t)

= (00, [Z0r (05" (0) + Cole)un(e) + Lon(0)ia(o)] e + Z (A2 (1) + La @ ()

+ Lio()p(t) + Lis(£)B1(t) + Lia(t)Bs(t) + Ci(t)ua(t) + Lis(t)iia (t)} dw; (t)>
3 3
- <x“ (1), [Lon(3(0) + 3 L (D2:(1) + Qa()a (1)]dt = 3 z(1)dWs (t)>
3

3

+ B1 () AW (t) + B3 (t)dWa(t) — <é(7ﬁ), [L03(t)y(t) + Li(t)p(t) + Y Li3(t)zi(t)} dW (1)

[ttt + 23000 + 3 Lt 0)ai(0).

Therefore,

T
E(u(T).a"(T)) = —E | (@0 ()" (1) + (Na(0)3(0). wa(0) ]
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4 T
—E /O <y(t)’ [Loi (t)@"2(t) + Co(t)us(t) + L05(t)ﬂg(t)]dt> +E /O (p(t), La(t)ao(t)dt)
3

_ ]E/OT <x“ (1), [Lor(3(t) + 3 Lin(0)2:(8) + Qs ()27 (1) dt>

=1

3

+ Z E/o (2i(t), (La (12" (t) + Ci(tyua(t) + Lis(t)a(t))dt).

i=1
Noticing that

T

T T T
E / (E[€1G3], m)dt = E / (€ Ef|gi)dt, E / (E[£1G2], )t = E / (&, Bly| G2t

0

for any Fi-adapted random variables £, 7, we have

T T
0= E/o (N2 (t)usz(t), ua(t) )dt + ]E/o <y(t)7 [Co(t)ua(t) + Los(t)ﬁz(t)}dt>
3 T T
+ ;]E /0 <zi(t), [Ci(t)ua(t) + Li5(t)a2(t)]dt> +E /0 (p(t), La(t)ita(t)dt)
~E [ (a0 uaw)at+E [ (L7080 + CF (ule) + L 00

3 3
+3 T (D2t + Y LE(0)2:(1), uz (t)>dt.
i=1 i=1

This implies that

3 3
us(t) = =Ny ' (t) [LI (OB(t) + Cq ()(t) + Los(0)5(8) + D CF ()it + Y L (t)%(t)] ;

i=1 i=1
where we have used that

T
0

E /O (€ mdt =E /O E[(¢,n)|?]dt = E / (E[€1G2], n)at

for any Fi-adapted random variable ¢ and G?-adapted random variable 7.

13

(2.26)
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In the following, we need to derive the filtering equations for p(-), (), Z(-) and p(-), 7(-), Z(-). Applying again
Lemma 2.1 to (2.24) and (2.20) corresponding to u3(-) with E[-|GZ], and putting (2.26) into it, we obtain

di*(t) = {Aog'c* + Loy#* + Load* + LosBt + Loa3s — CoNy [sz +CJ i+ Ly + ZCT

+ZL 5(0)] ~ LosNs ! [LT5+ (Co + Los) § + 23:0+LJ5 ZJ}}dt

+ Z {A i* 4 Lya* +L12¢ +L1351 +Ll4ﬂ3 C;iN. {L4P+C gj+L05y

1=2,3

3
+ZOT+Z@%}»waﬁH%Hmﬁ Zc+@@4bwm
3 3
dp(t) = [LOQQ + Lop + Z Li22i:| dt + [Lo4:l] + L3p + Z Li4éz} dWs(t),
i—1 i—1

X x x x . . 3
_dé*(t) = {LO¢* + Llﬂik + Lgﬁg — L4N51 {Lzﬁ + (C() + L05 Q Z C + LJ5) Z]} }dt — 53dW3( )

3
Z (A; + Lj1) % + Qod” }dtf,szWQ( ) — 25dWs(t), t € [0, 7],

ﬂwzm,mmzaé<> §(T) = Goi*(T),
o (2.27)
where the nine tuple (&*(-), $*(-), 81 (-), 85 (-), 5" (-), 4% (-), 1 (-), 3 (-), 25 (-)) satisfies
dz*(t) = {(Ao + Loy )" + Lozé* + Lo:aéf + L04é§ (Co+ Los) Ny ™! [ + (Co + Los) i
3 g y §
+ Z (CZ + Lis)Téz} }dt + {(Ag + L31>CE'* + LSQ(ZB* + L3331* + L34B§
i=1

— (C3+ L3s) Ny [L4p+(co+Lo5 ?jJrZ (Cs + Lss) 23}}dW3()

dp(t) = [Lo §+ Lop + Z Lz222:| de + [Lo4y + Lsp + Z L14Z2:| dWs(t),
i=1 =1

3
Lip+ (Co+ Los) Zj Z (Ci + Lis) 27}}dtB3dW3()

3
—dy(t) = [(Ao + Lo1)y + Z (A; + Lin) % + Qo2 ]dt—égdwg(t), te[0,7],

ww>{m&+m@+m@mm*

—

i*(0) =z0, p0)=0, ¢*(T)=0, g(T)=Gaz"(T).

(2.28)
Up to now, we have obtained the optimal control u3(-) of the leader by (2.26). However, this representation

relies on the solvability of filtering equations (2.27) and (2.28). In the following, we will derive the state estimate



STOCHASTIC LINEAR QUADRATIC STACKELBERG DIFFERENTIAL GAME WITH OVERLAPPING INFORMATION 15

feedback representation of (2.26), via some Riccati type equations. And the solvability of the above filtering
equations will be solved as a corollary.
For this target, first we rewrite the optimal state of the leader as

3
da*(t) = {on* + Lo1#* + Lo2¢* + Lozt + Loaf35 — CONS! [ 1D+ Cy i+ Lisy + chzj
j=1
3
+ ZLMJ] — LosNy ! [L;{ﬁ +(Co+Los) G+ {A o* + Lin@* 4 Ligg* + Lizf;
i=1
+ LBt — CiNy [L4 p+Cg i+ Lisy + Z Clz+ Z LJ5ZJ}
=t =t (2.29)
~ ~ 3 ~
—Li5N2_1{LIZa+(CO+LO5 g+ Z C +L]5 2:|}dW()
) R R ) 3
_dd)*(t) = {L0¢* —|—L1,8T +L36§ — L4N_ [ 4p+ (CO +L05 Q Z C +LJ5 Z]} }dt

— BidWa(t) — B3dWs(t), t € [0,T],
z*(0) =z, ¢*(T)=0.

Now, inspired by [35], let

v (D) (3)a(3)m (3) 2 (5) e

then (2.29) and (2.24) can be rewritten as

AX (t) =(AoX + A X + AgX + BoY + CoV + CoV + BY Zy + B] 7y + CoZy + B] Zo + B} 7

w

+ ﬁonz + B;Z3 + @TZ + goZZ;g)dt + Z (AzX + le\zX + jz)é + B,)Y + ng + EZ{/
=1

+ BiZy +CiZ1 +CiZ1 + DiZo + DiZo+ DiZo + EZs + E: 25 + 5123>dwi(t), (2.31)
X ~ —TX ~ —T X PN — T X
—dY (t) =(QaX + Hu X + AoY + HoY + A)Y + N\ Zy + H3Zy + Ay Z1 + AsZo + Ay Zs + A,y Zy

+ A3 Z35 + A323 +ZJZX3)dt — ZldWl(t) — ZQdWQ(t) — Zg(?lVVz;(LL)7 te [O,T],
X(0) = Xo. Y(T) = GX(T),

o _(Q © (G2 0 [0 0

(0)’92'_<0 0>’g2'_<0 0)7H1‘_<0 —L4N;1LI)’
L L()l O . Lll 0 o A() 0 L

HQ._( o LO>,H3.—< g Ll),AO._(O LO)

A
— (0 —(Co+Los)Ny'L] . 0 Loz _( =CoNS'Cq 0
Ay = ( 0 0 , By = e 0 ) Co := ,

where

IS
i
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6o e [ —(CotLos)Ny ' (CotLos)" 0\ & . ( =CoNy'Lis = LosNy '(Ci + L1s) " 0
' 0 0 )" 0 0 )’
B —CoN;y'Lys — LosN; ' (Ca + Las) T 0 5 . —CoNy 'Lis — LosN; ' (C5 + L3s)T 0
0 0 0 ) 0 - 0 0 )

(A0 ~ ( Lu 0 — (0 —(Cy+Lis)Ny'L] o 0 Lo
Al_(o L1>’A1‘_<0 0)’“41'_(0 0 =L 0 )
5o *C1N27100T 0 = . [ —(Ci+ L15)N{1(Co +L05)T 0 L 0 Lis
Bl - ( 0 0 ) Bl = 0 0 ) Cl = L13 0 )
5. —CON'CT 0 5o —CiNg'Lis = LisNy (Ci+ Lis)T 0 (0 0
! 0 o)t 0 0)> 7" T\ Ly 0 )
= —611]\72_162r 0 . —01N2_1L25 — L15N2_1(CQ + .[/25)-r 0
Dii= < 0 0 ) D= 0 0 )’

(0 L = [ —CiNS'Cd 0 = _  —CiNy'Lss — LisN; ' (Cs + L3s)T 0
81 = ( L33 O ) 5 51 = ( 0 0 5 51 — 0 0 ’

(A0 ~ (Lt 0\ — (0 —(Co+4 Las)N;'L{ (0 Ly
Az.—(o 0),A2—< 0 0),.42.—(0 0 , By = 0 0 ,
~ [ —CyN;'Cy 0 = —(C2+4 Las)Ny*(Co + Los)T 0 (0 Lo
BZ*( 0 0 ) B2i= 0 0 ) %=Lo 0o )
Cy = ( —Cz]\g;lClT 8 ) = ( —CyNy L5 — Lzé,Ng_l(Cl + Lis) " 8 ) , Dy =0,
~ [ —C.N;'Cd 0 = ._ [ —CaNj'Las — LasNy '(C2 + Las)" 0
Dz = ( 0 0 ) P2i= 0 0 )’

_ 0 Loa o —C2N;10; 0 r —CQN;1L35 — L25N51(03 + L35)T 0
52'—(0 0>’52_( 0 0 ) &2 0 0 )’

(A3 0 ~ ([ Lz 0 — (0 —(C3+Lss)Ny'L] (0 Lz
A3—<0 Lg),Ag._( 5 0),A3._(0 o Be=( )
5o —C3N2710(—)r 0 B . —(Cg + L35)N;1(CO —|—L05)T 0 L 0 L33
83 - ( 0 0 ) 83 — 0 0 9 C3 — L14 0 )
5 . —CgNz_lclT 0 . —C3N2_1L15 — L35N2_1(C1 +L15)T 0 L 0 0
C3 — ( 0 0 ) C3 = 0 0 ) D3 o L24 0 )
~ [ —C3N;'Cy 0 = . ( —C3N;'Laos — L3sNy *(C2 + Las) T 0
Pai= ( 0 0 ) D= 0 0 )’

(0 Lu = [ —CsN;'cd o = _ —C3Ny'Lss — L3sN; ' (Cs + L3s)T 0
53_<L34 0 )’53‘_< 0 0 ) &= 0 0 )"

And (2.26) can be rewritten as
~ ~ 3 3 ~
uj(t) = =Nyt [L;[X(t) +CosY (1) + LY (1) + D CLZit) + Y c;zi(t)] , (2.32)
=1 =1

where

.c4:=(L°4 ) ciszz(c" ) ﬁiszz(L(;B ) i=0,1,2,3,

We have the following theorem and its proof is left in the appendix.
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Theorem 2.4. Let (A2.1) — (A2.4) and (A2.5) — (A2.8) in the appendiz hold. Let (P1(-), Pa(-), P3(-), Pa(:))
satisfy the following system of Riccati equations

0="P1+Prhdo + AoP1 + PiBoP1 + P1 (Bl S1 + Bs X2 + B3 B3) + A151 + AeXs + AsDs + Qa,
0 =P + PrAo + APz + HiP1 + HiPa + Pa(Ao + Ao) + P1BoPs + P2BoPr + PaBoPa
+P1(BI S+ BY 52 + BsSs) + Pa[Bl (51 + 51) + Ba (5o + 52) + B3 (S5 + 5s)]
+ A8+ AsSs 4 AsSs + As(Sa + S9) + As(Ss + 55),
0 ="Ps + PsAo + AoPs + P1BoPs + P1Co(P1 + P2) + Ps(Bo + Co) (P1 + Ps3)
+ Py (B;ril + B35y + B;;ris) + (7)11?{1'— +PsB] + PSBT)(Zl +31) + A+ A%
+ AsZs + (P1B3 + PsBs + PsBa )(Z2 + 52) + (P1B3 + PsBs + PsB3 ) (Is + 2s),
0= Pa + Pa(Ao + Ao + Ao) + AoPs + HaPs + HaPs + P3(Ao + Ao) + Ps(Bo + Co) (P2 + Pa)
+P1 Ao+ Hi + [Ag +Pa(Co + Co) + PsCo + Pa(Bo + Co + Co)| (P1 + Pa + Ps + Pa)
+ (AL +PiBY)S1 + (A2 + PiBy ) + (As + PiB3 ) S5 + PaBy (B1 + %1)
+ (As 4+ P2B) ) (S2 + 52) + (A3 + P2B3 ) (S2 + 52) + (P1B] +PaBl + PsB) ) (51 +30)
+ (P1B3 + PsBs +PsB3 ) (52 + 2) + (P1B3 + PsBs + PsBy ) (S5 + Ta)
+ [A] +PiCo +P2(B] +Co) +PsCo+ Pa(B] + B3 +Do)|(S1+ 1+ +50)
+ m; + P1Do -l-’Pz(lg’;r + Do) + PsDo +734(B2T + B3 + Do)](S2 + So + T2 4 T2)
+ m; + P1&o +'Pz(l§;;r +&0) + PsEo + Pa(Bs + By +&0)] (35 + $3+ 55 + %),
Pu(T) = G2, Po(T) =0, P3(T) =0, Pa(T) =0,

(2.33)

where X;, ii, ii,ii in the above depend on P; for i =1,2,3,4 (The definitions of them are in the appendiz.).
Let X (-) be the G} N G2-adapted solution to
d)?(t) = [«40+.20 + Ao + (50+C0+C~())(771 + P2+ Ps+ Pa) + (BlT +g1T Jra))(zl +§1 + 3 +§1)

+ (B + B3 +Do)(S2 + 52 + 52 + 52) + (B + By + E0)(Ss + S + S5 + )| X (1)t

+ [Aa-i—./zl\g + As + (Bs + Bs + B3)(P1 + P2 + Ps + Pa) + (Bs + C3 + C3)(Z1 + E1 + 1 + )

+ (D3 4+ D3 + D3) (22 + So + %, +30) 4 (E3 4+ E+E3)(Zs + S5 4 %5 +§3)])Z((t)dw3(t)y t€0,7],

X(0) = Xo,
g (2.34)
X (-) be the G2-adapted solution to
dX(t) = {[«40 + (Bo + Co)(Pr + P3) + (Bi + B1) (21 + 1) + (Bo + B2) T (32 4 %)
+ (Bs + Bs) " (23 + £3)] X (£) + [Ao + Ao + (Bo +Co) (P2 + Pa) + (Bi + B1) " (Z1 + 1)
+ (Ba+ B2) (82 + T2) + (Bs + B3) T (£3 + T3) + Co(Py + P2 + Ps + Pa)
+50(21 + 21 + ih +§1) +50(22 + iz + iz +iQ) +§0(23 + is + is +§3)])?(t)}dt
+ Z {[.Az +(B; + gz‘)(Pl +P3) + (B: + @)(21 + fh) +(D; + 51)(22 + iz) (2.35)

i=2,3
+ (& +E)(Ds + is)]X(t) + I:A\z + A; 4 (Bi 4 Bi) (P2 + Pa) + Bi(P1 + P2 + Ps + Pa)
+ (B: +5z)(§1 +i1) + (Di + 51)(§2 +§2) + &+ gz)(ia +§3) +6i(21 + 3\31 + fh +i1)

£ Di(B2 + So + So + To) + Ei(Ss + S + g +i3)]X(t)}dWi(t), te [0, 7],

X(0) = Xo,
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X () be the Gt-adapted solution to

axX(t) = {[Ao + Ao + Bo(Py + P2) + Bl (B1 + 1) + B3 (S2 + 52) + B (35 + 5)] X (¢)
+ [Ao + Bo(Ps + Pa) + Bl (Z1 + %1) + Bs (Z2 + 2) + B (S5 + 3)
+ (Co+Co)(Pr+ P2+ Ps + Pa) + (Bl +B; +B5 +Co)(S1 + 51+ X1 + 1)
+Do(S2 + 5o+ 5o+ ) + Eo(Ss + S5 + 55 +§3)])x((t)}dt

+ > { [Ai + A + Bi(P1 + P2) + Bi(Z1 + 1) + Di(S2 + 52) + E(Ts + £3)] X (1) (2.36)

i=1,3

+ [Ai + Bi(Ps + Pa) + Bi(S1 + 1) + Di(S2 + Ta) + Ei(Ss + Ta)

+ (Bi + Bi)(P1 + P2+ Ps + Pa) + (Ci + Ci)(B1 + S1 + 51 + 1)

+ (Di + D) (B2 + o + S+ 52) + (& + &) (T3 + 55 + S5 +ig)p’((t)}dwi(t), te 0,1,
X(0) = Xo,

and X (-) be the Fy-adapted solution to

AX () = {(.Ao + BoP1 + B] 51 + B %a + BY 3) X () + (Ao + BoP2 + B] 51 + B S5 + By 53) X (1)
+ [BoPs + Co(P1 + Ps) + B B1 + By Ea + B3 S5 + By (S1 + 1) + By (82 + 52)
+ B3 (S5 + 23)] X (t) + [Ao + BoPs + Co(P2 + Pa) + Co(P1 + P2 + Ps + Pa)
+ B S 4+ B S + B3 S5+ B (S1 4+ 50) + B3 (52 + 52) + By (85 + T3)
+Co(S14 514 514 1) + Do(B2 + Sa + Ba + 3a) + Eo(Ts + s + s +§3)})X((t)}dt

3
+ Z {(Az + B;P1+ BiX1 +D; X0 + 5¢23)X(t) + (./Zz + BiP2 + Blil + Diiz =+ 5123))2(75) (237)
i=1

+ [BiPs + Bi(P1 + Ps) + BiZ1 + DiZ2 + E:3 + Ci(S1 + B1) + Di(S2 + B2) + E:(Ss + i3)]X(t)
+ [Ai + BiPa + Bi(P2 + Pa) + Bi(P1 + P2 + Ps + Pa) + BiZ1 + DiZ2 + £33

+Ci(E1 +T1) + Di(B2 +T2) + E(E5 + T3) + Ci(S1 + Z1 + B1 + )

+Di(S + Sa + S + Ta) + E(Ss + S + 5o + T9)] X (1) Jawi(v), ¢ € 0,7,

Then the feedback representation for the optimal control u(-) of the leader is given by

3
) == 5 O [CR P+ P + Y CRE: + B0] X0+ [T + P+ o)
, =t , (2.38)
+D CHE +T0) + Los(Pr+Pa+Ps+Pa)+ Y L5+ 5+ 3 +Ei)]f((t)}.
1=1

i=1

Remark 2.5. In the literature [15], the explicit optimal cost was given in (2.36) by the solution to some
Riccati equations. However, as mentioned in Remark 2.3, in our overlapping information, the completion of
squares method is invalid. Up to now, there are no explicit results about this.

However, since the problem in this paper is the LQ case, by (A2.4) it is easy to check that the concav-
ity /convexity conditions in the verification theorem of Proposition 2.4 of Shi et al. [23] hold, then uj(-) given
by (2.38) is really optimal.
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Finally, the optimal control uj(-) of the follower can also be represented in a “nonanticipating” way. In fact,
by (2.14), noticing (2.38), (2.30), (A.1) and (A.21) (in the appendix), we obtain

ui(t) = — [Nl(t) + iBI(t)Pl(t)Bi(t)} _1{ [ )+ 23:37 )Py (E) As (¢ )} i 1)
+BIORW (0 + BT (05 (0) + BT ¢ +[iB: R 0C])is0)

[Nl + ZBiT(t)Pl(t)Bi(t)}_l{ ( By (t)Py(t) + 233 B (t)Py(t)Ai(t) 0 )X(t)

i=1

(0 BI(WPi(H) ) V() + (0 BI(t) ) Zu(t)+ (0 B (1)) Zs(t)

3
- (ZBJ (PLOCH() ) N3 ()| Co(P1 + Ps) + 2 C(Ti+ %) + L1 +Cis(Pa +Pa)
+Zc $0) + L5 (P1 + Py + Ps + Py) +Z£ iﬁiﬁzi)}f@)} (2.39)
i=1

__ [Nl(t) +ZBZ-T(t)P1(t)Bi(t)}71 [( By (t)Py(t) + éBiT(t)Pl(t)Ai(t) 0 )

+ (0 By@)Pi(t) )(P1+P2)+ (0 Bj(b) )(21+i1)+( 0 Bj(t) )(23+§]3)]X(t)

3

[M(t)+ZBJ<t>P1<t>Bi<t>}_l{(o BEOPL(t) ) (P +Pa) + (0 B (1) ) (51 +3)
+(0 B{(1) ) (Cs+%a) - (ZBT JPLOCH(H)) [ £+ (Cos + Los) T (Py + P

3 g
+ P34+ Py) + Z(Cm L) (Zi+ T+ 5 Jrii)} }X(t)a
1=1

which is observable for the follower.
Up to now, the Stackelberg equilibrium strategy (uj(-),u3(-)) is obtained, which is represented as the state
estimate feedback form in (2.39) and (2.38).

3. A SPECIAL CASE: CONTROL INDEPENDENT DIFFUSIONS

In this section, we consider the problem for the special n = 1 case with control independent diffusions and
constant parameters. In this case, the problem can be solved and the system of Riccati equations has a decoupling
structure.

We consider the scalar state process x*1:%2(-) which satisfies the linear SDE

dg¥r2 (t) = [onul’HQ (t) + Bou1 + CQUQ ]dt + A1$u1’u2 (t)dWl (t)
+ Agx¥¥2? (t)dWQ( ) + Agp¥tv? (t)de(t), t e [0, T], (31)

"2 (0) = xo.
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Here u; () and usy(-) are both scalar-valued and Ag, Bg, Co, A1, As, A3 are constants. We define the admissible

control sets Uy, Us as in Section 2.
In step 1, for any chosen us(-), the follower wishes to select a uj(-) € Uy to minimize the cost functional

Ji(ui(+), u2()) = ;JEUOT <Q1|x“1’“2 0 + Nluf(t))dt + G|z (T)|2]. (3.2)

Here Q1,G1 > 0,N; > 0 are constants. In step 2, after the follower’s optimal control uj(-) is announced, the
leader would like to choose a u3(-) € Uz to minimize

Ja(ui(+),u2(+)) = ;EUOT (Q2|xu¥»u2 o + Nzug(t))dt + Go|zuie (T)ﬂ, (3.3)

where Q2,G2 > 0, Na > 0 are constants. We wish to find the Stackelberg equilibrium strategy (ui(-),u3(:)) €
Lﬁ X UQ.

3.1. Problem of the follower

For given control us(-), let uj(-) be a G}-adapted optimal control of the follower, and the corresponding
optimal state be z%1%2(-). Now the follower’s Hamiltonian function (2.2) writes

1 1
Hi (t, @, u1,us,q, k1, ko, k3) := q(Aox + Bouy + Coug) + Arki1z + Askox + Agksz — §Q1I2 - §N1U%- (3.4)

And (2.3) yields that
0 = Nyuj(t) — Boq(t), (3.5)
where the F-adapted process quadruple (g(-), k1(-), k2(+), k3(+)) satisfies the adjoint BSDE

7dq(t) = [Aoq(t) + Alkl + AQ]CQ + A3k’3 - leui‘,uz (t)] dt — kldwl (t)
— k‘QdWQ(t) — kgde,(t), te [0, T], (36)
¢(T) = = Gra"12(T),

which is a special case of (2.4). Repeating the same approach as in Section 2.1, we obtain the following theorem.

Theorem 3.1. Let P(-) satisfy

{ P(t)+ (240 + A3 + A3 + A3)P(t) — Ny 'B3P2(t) + Q1 =0, t € [0, 7], 51

P(T) = G,.

For chosen us(-) of the leader, ui(-) defined by the following is a feedback representation for the optimal control
of the follower:

wi(t) = =Ny 'Bo[P(t)"12(t) + ()], (3.8)
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where (£U142(-), ¢(-), B1(-), B3(:)) is the unique G}-adapted solution to

di"12(t) = [(Ag — Ny 'BEP(t)) a2 B2o(t) + Cotia(t)] dt
+ AR (AW (1) + Agd'D “2( )dWs( ):
—do(t) = [(A4o — Ny 'B3P ))Qg( ) + A1 (1) + AsBs(t) + P(t)Cotia (1)) dt (3.9)
— Bi(t)dWi () — Bs(t)dWs(t), t € [0,T],
F2(0) =z, ¢(T) =0.

3.2. Problem of the leader
The leader keeps in mind that the follower takes uj(-) by (3.8), then his state equation (2.20) writes

da2(t) = [Aoz"2(t) — Ny ' BEP(1)3"(t) — Ny ' Bio(t) + Cous(t)] dt
A (AW (E) + Asz ™ (£)dWa () + Az ()dWs (1),
«d&wzﬂm—Nﬂ%ﬂmaﬂ+&&@+@&m+Pw%m@%t (3.10)
— Bi(t)dWr (t) — B3(t)dWs (1), ¢ € [0, T,
z"2(0) = xo, o(T)=0.

The problem of the leader is to select a GZ-adapted optimal control uj(-) such that the cost functional

1 T
Ja(uz(+) = 2E|:/0 [Qa]22 (£)[? + Nou3(t)]dt + Galz2(T)[? (3.11)

is minimized.
Suppose that there exists a GZ-adapted optimal control uj(-) of the leader, and his optimal state is
(2 (), ¢*(-), B1(), B5()) = (z¥2(+), 0*(+), BF(+), B3 (-)). Now the leader’s Hamiltonian function (2.23) reduces to

Hg(t,$u2,U2,¢, /31763319,?4721,22723) = Z/[‘A()xu2 - N 1BOP< )Au2 - Nl_lBCQJ(lg_F COUQ:I +p{A1ﬁAl

. N 1
+ Asf3 + [Ao — N;lng(t)}¢ + P(t)CO’fLQ} + 21 A12"% + 29 Aox™? + 23A32%* + 5 [Q2|£L'u2 ‘2 + N2u§]7
(3.12)
where the F-adapted process quintuple (p(+), y(+), 21(+), 22(+), 2z3(-)) satisfies the adjoint equation

ap(t) = { = N7 Biy(t) + [Ag — NTUBEPW)]p(t) pdt + Arp(t)aWa (1) + Agp(t)dWs(0),

—dy(t) = [Agy(t) — Ny "B§P()§(t) + Arz1(t) + Asza(t) + Aszs(t) + Qox™ (t)]dt (3.13)
— 21 (t)dWl (t) — ZQ(t)dWQ(t) — Zg(t)de(t), te [0, T],
p(0) =0, y(T)=Gaz™(T),

which is a special case of (2.24). Similarly, we have

u3(t) = =Ny ' Co[y(t) + P(6)p(t)], (3.14)
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di™(t) = [Agz*(t) — Ny 'Bg P(t)2™(t) — Nlegaxﬁ*(t) — Ny 'CRu(t) — Ny 'CEP(1)p(t)] dt
Ag* () AW (t) + Azx*(t)dWs(t),

+
ap(t) = { = NTUB3p(0) + [Ao — NTUBEP()]5(1) bt + Asp(t)aWs(t),

—dg(t) = [Aoii(t) — Ny ' BIP()§(t) + Arz1(t) + AsZa(t) + AsZs(t) + Qo™ (¢)]dt
— 5 (t)dWa(t) — Z5(t)dW3(), (3.15)
—dg" () = { [A0 — NTUBP()]6" (1) + A1 () + As By (1) — Ny CEP(1)i (1)
— Ny L CEPA(0)5(1) fdt — B3 (0)AWs (0), ¢ € [0, 7],
#(0) =0, B(0) =0, §(T)=Gai"(T), &"(T) =0,
ai*(t) = { [Ao = NI BEP()] 2 (1) = NI B3O (1) — Ny CRi(t) — Ny CRP((t) fat
+ Asz* (t)dWs(t),
ap(t) = { = N7 BRI() + [Ao — N7 BSP()](1) it + Asp()d (1), 5.16)

—dj(t) = { [Ao = N BEPWO]I(E) + Ara(8) + AaZa(t) + AsZa(t) + Qad" (1) pat

— Z3(t)AWs(t), t € [0, ],
F5(0) = 2o, p(0) =0, H(T)=Gaz*(T).

The solvability of (3.13), (3.15) and (3.16) will be analyzed in the following context. As in Section 2, we will
proceed to represent uj(-) of (3.14) as the state estimate feedback form, via some Riccati type equations.
First, we rewrite the optimal state equation (3.10) as

da*(t) = [Aoz™ (1) — Ny ' BEP(t)a" (t) — Ny 'Bio™(t) — Ny 'Cy(t) — Ny 'CoP(1)p(t)] dt
+ Ax* (ﬁ)dWl (t) + Asx”® (t)de (t) + ij*(t)de (t),
—dg* (1) = { [Ao = N BEP()] 6" () + AuB1 (1) + As B3 (1) = Ny CEP(D(1) — N3 CRPA(1)(1) pat
= B(OAWA () = By(e)" dWs(), ¢ € [0.7],

x*(0) =z, o"(T)=0.
(3.17)

Define X,Y, Z1, Z5, Z3 as (2.30) and

Ao 0 (A0 _ (A 0
AO—NllBgP(t))’Al'_( 0 A1>’A2'_( 0 0)’
N

0 —-N;'B3 ) By < —N;'B3P(t) 0 >
— P . O Y

2
0
~-N;'Cy 0 G (0 —N;'C2P(1) & 0 0
0 0/ \o 0 PO\ =N teRp() 0 )
Gy 0
0
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then we have
wi(t) = —Ngl[( Co 0)Y(t)+( CoP(t) 0 ))E(t)}, (3.18)
and
dX(t) = [AoX (t) + BoX(t) +C 5(( t) + BoY (t) + CoY (t)] dt + Ay X (£)dW (2)
+ A X (1) dWa(t) + A3 X (t)dWs(t),
—dY (£) = [QuX () + AoY (t) + BV (£) + CoY (£) + CoX () + A1 Zy (£) (3.19)

+ Ao Zo(t) + A3 Z3(t)|dt — Z1dWy (t) — ZodWa(t) — ZzdWs(t), t € 0,7,
X(0) =Xo, Y(T)=GX(T),

where the equations for X (-), X(-), )Z(() are

(t) + BoY (£) + CoV (£)]dt + A, X ()W, (t) + A X (£)dWs(2), t € [0, T,

——
(oW
ES>
I
S
S
_|_
oy
N
i?
N
+
Q
X)(

(3.20)
{ dX () = [AoX(t) + (Bo + Co) X () + (Bo + Co)Y (1)]dt + Ao X (t)dWs(t) + A3 X (t)dW(t), t € [0, T,

(3.21)

{ dX(£) = [(Ao + Bo + Co)X () + (Bo + Co)Y ()] dt + As X (£)AWs(#), t € [0, T, 5

X(0) = Xo,
respectively. Defining P1(-), P2(-), P3(:), Pa(-) as (A.1) in the appendix, by Itd’s formula we obtain

dY(t) :{ (731 + P1Ag + 7)1807)1))(@) + [772 + Po (Ao + Bo) + P1Bo P2 + P2 BoP1 + PaBogPo + 7)1?0] X(t)
+ [P3 +P3Ag + Ps (BQ + Co)(Pl + 7)3) + P1BoPs + P1CoP3 + 'P1C0'P1} X(t)
+ [P1+ Pa(Bo + Co)(P1 + P2 + P3) + (P1 + Pa + P3)(Bo + Co)Ps + Pa(Ao + Bo + Co)
+ P4(Bo + Co)P4 + (P1 + 7)2)50 + P1Co P2 + PoCoP1 + PoCoPo + PalBogPs + P3ByPa
+ P2CoP3 + Ps (Eo + 50) + PjC(]PQ] )E(t) }dt + [P1A1X(t) + ’PzAlX(tﬂ dWi (t)
+ [PrAX (1) + P3A X (1) dWa(t) + [PrAs X (t) + PoAs X (t) + PsAs X (1) + Puds X (t)]dWs(t)
=— {(Qz + Aopl)X(t) + (./40732 + BoPy + EOPQ)X(t) + AOP3X(t) + [./40734 + BoP3 + BoPs + Co
+Co(Py + Py + Ps + 7’4)])1((75) + A1 Z1(t) + A2 Z5(t) + A3ZS(t)}dt + Z1(t)dWi (t)
)

+ Zo(t)dWa(t) + Zs(£)dWs(2).
(3.23)
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Comparing the diffusion terms on both sides of (3.23), we directly get

{ Z1(t) = PrALX () + Po Ay X (1), Zy(t) = PLAX () + Ps A X (1), (320

Zs(t) = PLAsX () + PaAs X (£) + PoAs X (£) + Pads X (2).

It is worth pointing out that, comparing with the four steps in the control-dependent case of Section 2, the
current case is rather simple to obtain (3.24). Similarly, we obtain

0="P1 + PrAo+ AgP1 + A1PrAL + AyPrAy + AsPrAs + P1BoPr + Qa,
0="P, + Pa( Ao + Bo) + (Ao + Bo)P2 + A1 Pa Ay + A3sPaAs + P1ByPa + PaBoPy
+ P2ByPa + P1Bg + BoPx,
0= P34+ P3Ay + AgP3 + Ay PsAs + A3P3As + Ps3(Bo + Co)P1 + P1(Bo + Co)Ps
+ P3(Bo + Co)P3 + P1CoPr, (3.25)
0= P4+ Pa(Ao + Bo +Co) + (Ao + Bo + Co) Ps + AsPsAs + Pa(Bo + Co) (P1 + P2 + P3) + (Py
+ Py + P3)(Bo + Co)Pa + Pa(Bo + Co)Pa + P3(Bo + Co) + (Bo + Co)Ps + P2BoPs + PsBoP
+ P2CoPs + PsCoPa2 + (P1 + P2)Co + Co(P1 + Pa) + PiCoPs2 + PaCoP1 + P2CoPs + Co,
P1(T) = Ga, P2(T) =0, P3(T) =0, Py(T) =0.

In this case, the above system of Riccati equations is decoupling! So we can solve firstly Py (+), then P(-), thirdly
P3(+) and finally P4(-). However, since the first equation for P;(-) is not standard, we still leave the solvability
of (3.25) open in this paper.

We have the following theorem.

Theorem 3.2. Let (Pi(-), P2(-), Ps(-), Pa(:)) satisfy (3.25), )E’() be the G} N G2-adapted solution to

dX(t) = [Ag + Bo + Co + (Bo + Co) (P1 + Pz + Ps + Pa)| X (1)dt + Az X (£)dWs (t), t € [0, T, 520
X(0) = Xo, '
X(+) be the G?-adapted solution to
AX(t) = {[AO + (Bo + Co) (P + P3)]| X (£) + [Bo + Co + (Bo + Co) (P + Pg)})x((t)}dt
+ Ao X (£)dWs (t) + As X (£)dWs(t), t € [0,T], (3.27)

X (0) = X,
X () be the G} -adapted solution to

dX(t) = { [Ao + Bo + Bo(P1 + P2)] X (t) + [Co + Bo(Py + P2) + Co(Py + Po + Ps + m)]ff(t)}dt
+ AL X (£)dW4 () + A3 X (£)dWs(t), ¢ € [0,T], (3.28)
X(O) = X07



STOCHASTIC LINEAR QUADRATIC STACKELBERG DIFFERENTIAL GAME WITH OVERLAPPING INFORMATION 25

and X (-) be the Fi-adapted solution to

dX(t) = {(AO + BoP1) X (t) + (Bo + BoP2) X (t) + [BoPs + Co(Pr + P3)] X(t) + [Co + BoPa
+Co(Py + Py)] )?(t)}dt + ALX (AW (L) + Ao X (£)dWa () + As X () dWs(8), ¢ € [0,7], (3-29)

Then the feedback representation for the optimal control u3(-) of the leader is given by

us(t) = =Ny ' (( CoP(t) 0) (PL+P3)X(t)

X 3.30

=N [((GoP(H) 0)(P2+Pa)+ ( CoP() 0)]|X(). (3:50)

Proof. The conclusion is easily obtained from (A.1), (3.20), (3.21), (3.22), (3.19), (3.18). O
Finally, for the follower, by (3.8), noticing (2.30) and (A.1), we obtain

wi(t) = — Ny 'Bo[P(t)*(t) + ¢*(t)] = —Nfl[( BoP(t) 0 )X+ (0 B )Yf(t)} a0

:_Nl—l[( BoP(t) 0)+ (0 By )(7’14—7?2)})3(15)—]\]{1( 0 By ) (Ps+P)X(1).

4. A CONTINUOUS-TIME PRINCIPAL-AGENT PROBLEM

This section is devoted to studying the continuous-time principal-agent problem with overlapping information
(Example 1.1 of Sect. 1), which naturally motivates the research for the problem in previous sections. The
financial framework is a generalization of the work by Williams [31].

In order to apply the results in Section 3, we define X := (y,m)" and then

{ AX(t) = [FX(t) + Be(t) + arc(t) + azs(t) + azd(t)]dt + 1dWy (£) + 52dWa(t) + G3dWs(t), t € [0, T,

X(0) = Xy € R?,
(4.1)

and

(4.2)

where
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For the follower (agent)’s problem, first the leader (principal) announces his control s(-), d(+). Following the
step in Section 3.1, we have

e*(t) = BT[P()X(t) + ®(1)], ¢*(t) = —a] [P()X(t) + ®(1)], (4.3)
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where 2 x 2-matrix-valued function P(-) satisfies

P(t) + P(t)F + 7' P(t) + P(t)(BB" —a1a{ )P(t)" + Gy =0, t €[0,T], P(T) = G, (4.4)
and R2-valued, G}-adapted process quadruple (X(-), ®(-),II;(-), II5(-)) satisfies

AX(t) = { [F+ BB P(t) — ara] P()] X(t) + (BB — axa] )®(t) + a2d(t) + agd(t)}dt
+ 51 AW () + G3dWa(t),
—do(t) = { [F+ BB P(t) — ana] P(£)]B(t) + P(t)ani(t) + P(t)agcf(t)}dt (4.5)
—IIy (8)dWy (t) — T3(¢)dW3(t), t € [0,T],
X(0) = Xy, ®(T)=0.

For the leader (principal)’s problem, the state now writes

dX(t) = {?X(t) +(BBT — a1a] )P X(t) + (BB — ana] )®(t) + azs(t) + agd(t)}dt
+ o1dWy (t) 4 ood Wy (t) + 53dW3(t),
—do(t) = { [F+ BBTP(t) — ara] P(1)]|®(t) + P(t)asd(t) + P(t)agd(t)}dt (4.6)

—IIy (t)dWy (t) — T3 (¢)dWs(t), t € [0,T],
X(0) =Xy, ®(T)=0.

Following the step in Section 3.2, we introduce R2-valued, F;-adapted process quintuple (p(-),%(-), 21(-), z2(-),
z3(+)) which satisfies the adjoint equation

ap(t) = { (BB = axal )ii(t) + [T + BBTP(t) + asa] P(0)](1) pat,
—dy(t) = [Fg(t) + (BB — ara] )P()y(t) + G2 X*(t)]dt — 2 (£)dW, (¢) @7)

— Zg(t)dWQ(t) - Zg(t)de(t), te [0, T],
p(0) =0, F(T)=GoX*(T),
then

$*(t) = —ani(t) — as P(E)II(E), d"(£) = asi(t) + asP()j(t), (4.8)

Letting
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7 0 A4, .— ( BBTP(t) —aiaf P(t) 0
0 7+ BBTP(t)—aiaf P(t) ) 7° 0 0 )’

By = 0 BBT —aia] G, o= [ 2 P
7\ BBT —aiaf 0 2= )W T= Lo )

and

then we have
dX(t) = [AgX () + AgX (1) + BoY (t) + Gos™ (t) + azd™(t)] dt
+ S1dW () 4 DadWa(t) + SadWs(t),
—dY (t) = { [GoX (1) + AoY () + AgY (t) + @28" (1) + ad* (t) }dt (4.10)
— I (1) dWh (t) — Ts(t)dWs(t), t € 0,77,
X(0) =Xy, Y(T)=GaX(T).

As Section 3.2, letting Y (t) = Py ()X (t) + Pa(t)X (t) + P3(t) X (t) + Pu(t )Qé(t), then we get

{swﬂ — (@3 Py + &3 Ps) X (t) — (&3 P2 + a3 Pa+ a3 (4.11)

d*(t) = (a3 Py + a3 Ps) X (t) + (@ Py+%1u+aﬂiK)
where 4 X 4-matrix-valued functions Py (-), Pa(-), Ps(-), Pa(-) satisly

0="P1+PirAy+AJP1 +PiBoP1 + G, Pi(T) = Go,
0 = Py + Pa(Ao + Ao) + (Ao + Ao) TPa + Py ByPa + PoByPy + PaBoPz + Py A + Ay P, Pa(T) =
0= Ps+ Aj Ps + PsAg + P1 (Bo + Gisdiy — Gady )Ps + Ps(Bo + sy — diadiy ) Py
+ P3(Bo + azay — azdiy )Ps + Py (asay — asay )Pr, Ps(T) =0,
0 =Py + Pa(Ao + Ao) + (Ao + Ag) Py + Po(dsay — g ) + Pa(P1Bo — Prdiady + Piaisdg
+ P2By — Padiadiy + P2043043,— — Taliy + @ azag ) (BOP1 — Galiy P1 + azas 3 P1+ BoP2 — G2dig Pa
+ Q3@ Po — Gody + aza; )P4 + Pa(Bo — Qolly + G3dig )P4 — P18ady Py + Prasds Po
— Poliadiy P1 + Podisdg P1 + Pa(Bo — Gady — A3y )P3 — Padindy Po + Padizdiy Po — Prantiy

T
+ P1a3a3 PQO[QO{Q + 7)2043043 — OéQOQ 731 + @ a3a3 731 — 042&2 Pg + @ a3a3 PQ — OéQOéz P3

+ @3dy Ps + AO P3 — Gotlg + asdy, Pa(T) =0,
(4.12)

R*-valued, GZ-adapted processes X (-) satisfies
d/'e(t) {[.AO + (Bo — OQOQ + asag ) (’Pl + 7)3)] )+ ro + (BO - a2a2 + azag ) (PQ + P4)
— Gya) + asag | At )}dt 4 o dWa(t) + SadWs(t), ¢ € [0,T],

‘)E(O) = XO,

(4.13)
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and R*-valued, G? N G?-adapted processes X (+) satisfies

dX(t) = [Ao + Ao + (Bo — Gadiy + a3 ) (Pr + Pa + Ps + Pu)
— Gom) + Gsag | X ()dt + SsdW(t), t € 0,7, (4.14)

For the follower, by (4.3), noticing (4.9), we obtain

) =BT POX W +e )] =[( BPw) 0)&0+(0 BT )V
=[(B7Pw 0)+(0 BT )(Pi+P)|2@®)+ (0 BT ) (Ps+Pi)R®),
¢ (1) = —af [POX" )+ @ ()] = [( ~alP@) 0) &M+ (0 —af )V ()]
= [(=alP®) 0)+(0 —al )(Pi+P)| RO+ (0 —a ) (Ps+Py)X(),

(4.15)

where R4-valued, G}-adapted process X(-) satisfies

d/’%(t) = { [.Ao + Ao + Bo (Pl + PQ)} .)E(t) + [Bo (Pg, + 734) (aga; — Q304 )(Pl + Py
Py + Pa) (1) — G + g Jdt + SadWi (1) + SedWa(t), ¢ € [0, 7], (4.16)
X(0) = .

And the optimal state equation of the leader is

aX(t) = { (Ao + ByP1) X (t) + (Ao + BoP2) (1) + [(Bo — @26i] + ] ) Py
— (b — a3a§)7>1]2€(t) + [(Bo + dady — dsdy )Py — (G20 — sy )Pa
— @ya] + ] (E) fdt + DadW (1) + DadWa(t) + SedWa(h), ¢ € [0, 7],
X(0) = Xp.

(4.17)

Finally, we rewrite the above Stackelberg equilibrium strategy (e*(-),c*(:),s*(:),d*(:)), with respect to the
asset of the principal y(-) and that of the agent m(-). In fact, let

P = (73/?j)4x4,k =1,2,3,4, and P = (Pi’j)sz,



STOCHASTIC LINEAR QUADRATIC STACKELBERG DIFFERENTIAL GAME WITH OVERLAPPING INFORMATION 29

where P/, P%J denotes the elements of the matrices. Then by (4.11) and (4.15) we have

s5(t) = (= PP+ PP =Pyt PIN g + (= Pyt Py =Pyt PRt
+ (= PP PP =Py 4 PY)in(t) + (= Py? + Py = Py 4 PEY)n(t)

. . . T
—PP 4 prt Pyt PRt )
N —pyt Pt Pyt Pt p(t)
—P,° + PP — Pyt 4 PP — PL 4 pL2 pt) ]’

Pyt + Py =Pyt 4 P — P2 P22
d*(t) = —(Py" + Py )i(t) — (P + Pyt)g(t) — (P + Py?)im(t)

P173+P1,3 T
1 3 -
1.4 1,4 D
_(pl2 1.2y 5 Py 4+ Py 2(t)
(Pema P = | propralp || 5oy )

Pyt + Pyt + P2
e*(t) = B(PY + PP + Py )g(t) + B(Py' + Ph)g(t) + B(PY? + PY2 + P2 )r(t)

3 ) , ) ) , St
FB(PI 4 PRl + B (PR 4P PR PR PP Pl pi ) ( 2 ) ,
p
c(t) = (P21 + PP+ Pyl )g(t) + (Pt + Pl o) + (P22 + PE2 + Py?)i(t)

; >(t
+ (P32 + PLAYm(t) + ( PEE+ Py PH PPt PR 4Pt Pt 4Pt ( P ) ,
p

where (ﬁ(t),ﬁz(t),;%(t)) = ./'\:’(t) satisfies (4.14), (§(t),m(t),p(t)) = X (t) satisfies (4.16) and (y(t),m(t), p(t)
X (t) satisfies (4.13).

5. CONCLUDING REMARKS

In this paper, we have discussed the stochastic LQ Stackelberg differential game with overlapping information.
This kind of game problem possesses two attractive features worthy of being highlighted. First, the game
problem has the asymmetric and overlapping information between the two players, which was not considered
in Yong [35], Oksendal et al. [19] and Bensoussan et al. [2]. Stochastic filtering technique is introduced to
compute the optimal filtering estimates for the corresponding adjoint processes, which perform as the solution
to some nonstandard stochastic filtering equations. Second, the Stackelberg equilibrium is represented in its state
estimate feedback form, under some appropriate assumptions on the coefficient matrices in the state equation
and the cost functional. Some new system of Riccati equations are first introduced in this paper, to deal with
the leader’s problem.

Many interesting and important problems remain open. The solvability of the system of Riccati equations
(2.33) (even for its special case (3.25)) is a challenging problem. It is worthy to study the numerical approxima-
tion of its solution. The problem with random coefficients is interesting. In fact, when A(t) is a deterministic
function for any ¢, it can be obtained that E[A(t) X (t)|F:] = A(¢)E[X (t)|F:]. Throughout our paper, this fact
has played an essential role. However, it will be no longer valid if A(¢) is a random matrix for any ¢. Therefore,
for the case of random coefficient case, one might have to find a different approach. The problem is still under
investigation. Problems with time delay (Xu and Zhang [33], Xu et al. [34]), with partial observation (Huang
et al. [11], Wang et al. [27], Shi et al. [23]) and of mean-field type (Wang et al. [28], Moon and Basar [17], Lin
et al. [15]) which are important and reasonable for applications and more technically demanding in its filtering
procedure, are highly desirable for further research. These topics will be considered in our future work.
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APPENDIX A. PROOF OF THEOREM 2.2
We wish to decouple FBSDE (2.31). For this target, let

Y (t) = Pu(t)X (1) + Pa(t) X (8) + Ps(t) X (1) + Pa() X (2), (A1)

where Pi(+),P2(+), P3(+), P4(+) are all differentiable, deterministic R?" x R?" matrix-valued functions with
P(T) = Ga, Po(T) =0, Ps(T) = 0, P4(T) = 0. From (2.31), the equations for X(-), X(-), X(-) are

dX () = [(,40 £ A)X + Ao X + BoY + (Co+Co)Y +BJ 21 + (B +Co)Z1 + BY Zs + (B + Do) Zs
+BJ Zs + (By +EO)§3} dt+ » [(Ai + AKX + (A + A)X + BY + (B + B)Y
i=1,3

Y CiZy 4 (Ci+C) 21 + Dy 2o+ (Dy + D) 2o + & 25 + (& + E5) 23| dWi(t), t € [0, T,

X(0) = Xo,

dX(t) = A()X + (./Zl\o -‘rjo))? + (BQ + Co)Y + 50{/ + (Bl + gl)TZl +éonl + (BQ + g )T V2 —‘rfg 2

'.<(
w\
L<)(

+ (B + Ba)  Zs + EoZs|dt + Y [(Ai + A)X + (A + A)X + (B + By)
1=2,3

+(Ci +Ci) 2y Y CiZi+ (D + D) Zo +@22+(&+&-) 3+ziZXg]dWi(t), t €10,7],

X(O) - XO;
(A.3)
and
dX(t) = {(Ao + Ao+ Ao)X + (Bo + Co + Co)Y + (B +BJ +Co)Z1 + (B} + By +Do)Zs
+ (By 4 Bs+&o) }dt+ [ (As + As + As +Z3))?+(Bg+l§3 +B3)f/ (a4
+(Cs +Cs +C3) 21 + (D3 + Ds + D) Zz + (€3 + & + Es) Z3 | AWs(1), t € [0, T,

X(0) = Xp.
Applying 1t6’s formula to (A.1), we obtain

dy (t) = {(7'>1 +PrAg + PiBoP1) X + [Po + PrAg + Pa(Ag + Ag) + PiBo P2 + PaBoPr + PaBByP2] X

+ [Pg + P3Ag + P1BoPs + PiCo(Pr + P2) + Ps (Bo + Co) (7)1 + Pg)]X + [P4 + Py (.Ao + ./zl\o + Zo)
+ P1Ag + P2 Ao + Py (Bo +Co + 50) (Pl + P2+ Ps + 7)4) + P1BoPs + P1Co (Pg + 7)4)
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+P1Co(P1+ P2 + Ps + Pa) + Pa(Co + Co) (P1 + Pa + Ps + Pa) + PaBBo(Ps + Pa) + Ps(Ap + Ap)
+Ps(Bo + Co) (Pa+ Pua) + PoCo(P1 + Pa + Py + Pa)| X + PiB] Zy + PoB] 1 + (PLB] + PoBB]
+ P3B] ) 21+ PiBy Zo + PoBBy Zo + (P1By + PaBy + PsBy ) Zo + PiBB3 Zs + PalBy Z3
+ (PuBY + PsB] + PsBY ) Zs + [PrCo + Pa(B] +Co) + PsCo + Pa(Bl + Bl +Co)] 21
+ [P1Do + P2 (B + Do) + PsDo + Pa(BY + B] +Do)] Zs
+ [Pr€0 + Pa(B] + Eo) + PsEo + Pa(By + B +§0)]23}dt

+ {(P1A1 +PiBIP)X + [PrA; + Po (A + A1) + PiBiPs + PolBy (Py + P2)| X
+ [PiBiPs + PiBy (P1 + P3)| X + [PrAL + PiBiPs+ PiBy (P + Pa)
+ PiBi (P14 Po+ Ps + Pa) + Po (A1 + A1) + PoBBi (P + Py)
+Py(By + By) (Py + Py + Py + Pa)| X + PiBi Zy + PoCyZy + PrCi 2y + PrD1 2
+PyD1 2y + PiDy 2y + PrE1 Zs + Pabr Zs + Pr&1 75 + (PiCy + PaCy + PaC1) 21
+ (PyDy + PoDy + PaD1) 2y + (P1E1 + Pafy + Pzél)ég}dwl(t)

+ {(771/12 + P1ByP1) X + (PrAz + PiBaP2) X + [P1BaPs + P1Ba(Py + Ps)
+ Pa(Ag + Az) + P3(Ba + Bo) (Pr + P3)] X + [PrAs + PiBaPy + Pr1B2(Pa + Pu)
+ P1Ba(P1 + Py + P + Pa) + Ps(Az + Az) + P3(Bz + Bz) (P + Pa)
+P3Bay(Py+ P2+ Ps + 734)])1( + P1BaZy + (PiCa + PsCa + P3Ca) Z1 + PiDaZs
+ (P1D2 + P3Da + P3Ds) Zo + P12 Zs + (P1Es + Paa + Pabs) Zs
+ (P1Ca + PsC2) Z1 + (PiDa + PsD) Za + (PrE2 + PsEa) Zs }sz (t)

+{(PrAs + PBsP) X + [PLAs + PiByPa + PalAs + As) + PolBs(Py + P2)| X
+ [P1BsPs + P1Bs(Py + Ps) + Ps(As + As) + Ps(Bs + Bs) (P1 + P3) | X
+ [7)1]3 + P1Bs Py + P1Bs (P + Ps) + PiBs(Pr + Pz + Ps + Pa) + Pa(As + As)
+ PaBs(Ps + Pa) + Pa(Bs + Bs) (P + Pa + Ps + Pu) + Ps(As + As)
+ P3(Bs + B) (Pa + Pa) + PsB3(Py + Po + Py + Pa) + Pa(As + Az + Az + A3)
+Py(Bs + By + Bs) (P + Pa+ Ps + 734)])‘( +PiBsZy + PaCsZy + (PrCs + PsCs
+ P3C3) Z1 + PiD3Zo + PoD3Zs + (P1Ds + PsDs + PsD3) Zo + P1E3Zs + PobsZs
+ (P18 + PsEs + PsEs) Zs + [PiCs + PaCs + PaCs + PsCs + Pa(Cs + Cs + Cs)] 21
+ [P1D3 + PyDs + P2D3 + P3Ds + Py(Ds + D3 + Ds)] Zs
+ [P1€3 + Pols + Pals + PsEs + Pa(€s + &3+ E3)] 23}dW3(t)

= —{(Q2 + AP)X + (AoPs + HyPy + HiPo)X + APy X + [H1 + AgPy + HPs

+ HoPa+ Ay (Pr+Po+ Ps+ Pa)| X + A2y + AL Zy + A Zy + Ay Zoy + Ay 7o
+ AsZs + AsZs + ﬁ;ZX:;}dt + Z0 AW (t) + ZodWa(t) + Z5dWs(t).
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Comparing the diffusion terms dWi(t), dWs(t), dW3(¢) on both sides of (A.5) respectively, we have

Z1(t) = (PrAL + PiBiP) X + [PrA; + Pa(Ar + Ay) + PiBiPy + PolBy (P + P2) | X
+ [PiBiPs + PiB1 (P1 + P3)| X + [PrAL + PiBiPs+ PiBy (Pa + Pa)
+P1B1 (P + P2+ Ps + Pa) + Pa (A1 + A1) + Py (Ps + Pa)
+ Py (B +By) (Py + Ps+ Py + Pa)| X + PiB1 2y + PoCi 21 + PiCi 2y + PiD1 2y
+ PoyD1Zo + PrD1 2y + Pr&r Zs + Pai Zs + Pr&1 Zs + (PiCh + PoCr + PoCa) 24
+ (PiDy + oDy + PaD1) Za + (Pi&1 + Poki + PoEi) Za,

Zs(t) = (PrAs + PiBoP1) X + (PrAs + PiBaPo) X + [PiBoPs + PiBa(Py + Ps)
+ Py (A + Az) + P3 (B + B) (P + P3) | X + [PrAs + PiBaPs + P1B2(Ps + Py)
+ P1Ba(P1 + P2+ Ps + Pa) + Ps(Az + Az) + P3(Bs + B2) (P + Pa)
+ P3By(Py +Pa + Py + Pa)| X + PiBaZs + (PiCa + PsCa + PsCa) 71 + P1DaZo
+ (P1Da + P3Da + P3Do) Zs + Pr1&2Z3 + (P1&o + P3Ea + P3E2) Z3
+ (P1Ca + 77362)211 + (P1D2 + 77352)22 + (Pi&2 + 733?2)213,

Zs(t) = (PrAs + PiBsP1) X + [Prds + PiBsPa + Pa(As + Az) + PaBs(P1 + P2)| X
+ [P1B3Ps + P1Bs (P1 + Ps3) + P3(As + As) + P3(Bs + Bs) (Py + P3)| X
+ [P + PuByPy + PLBs (P + Pa) + PiBy (Pr + Po + Py + Pa) + Po(As + Ay)
+ PaBs(Ps + Pa) + Pa(Bs + Bs) (Pr + Pa + Ps + Py) + Ps(As + As)
+Ps(Bs + Bs) (P2 + Pa) + PsBs(P1 + Pa + Ps + Pa) + Pa(As + As + Az + As)
+ Py (Bs + By + Bs) (P + Pa+ Py + 734)])? + PuBsZy + PaCsZy + (PrCs + PsCs
+ P3C3) Z1 + PiD3Zo + PoD3Zs + (P1Ds + PsDs + P3D3) Zo + P1E3 73 + PobsZs
+ (P1Es + PsEs + Pa€s) Zs + [PiCs + PaCs + Pals + PsCs + Pa(Cs + Cs + Cs)| 21
+ [P1D3 + PyDs + P2Ds3 + P3Ds + Pa(Ds + D3 + Ds)] Zs
+ [P1€s + Palis + Pols + Psls + Pu(Es + &3 + £3) Zs.

Next, we wish to represent each Z;(-) and its filtering estimates as functionals of the “state” X(-) and its
filtering estimates, from (A.6). For this target, we need the following four steps.

Step 1. Taking E[E[|G7]|G}] on both sides of (A.6), we derive

éi(t) = Miof((t) + Milél(t) + Migég(t) + Migég(t), i=1,2,3, (A.7)

where

Mio = Pi(Ar + A1 + A) + Pa(Ar + A1+ As + A + (Py 4 P2)(Bi + By + By) (Pr + Pe + Ps + Pa),
Mo := P1(Az + Az + Az) + Ps(Az2 + Az + Az + A2) + (P1 + P3) (B2 + Bz + Ba) (P + P2 + Ps + Pa),
M3 := Pi1(As + As + A3) + (P2 + P3 + Pa)(As + As + As + A3)

+ (P1 + P2+ Ps + Pa)(Bs + Bs + Bs) (P1 + P2 + Ps + Pa),
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May == P1Bi + PaCi + PiCy + PiC1 + PaCi + PaCi, Maz := PiDy + PaDy + PiDy + PiDy + PoDi + P2Dy,
Mz i= Pi€1 + Paby + Pr&s + Pr€1 + Pai + Pal1, Mar = P1Bs + P1Ca + PsCa + PsCa + PiC2 + PsCa,
Moz := P1Ds + P1Ds + PsDz + PsDa + PiDa + PsDa, Mas := Pia + P1E2 + PsEa + P&z + P1€2 + Ps&a,
Masy = P1Bs + PiCs + P1Cs + (P2 +P3 + P4)(Cs + Cs + Cs), M3z :=P1Ds+ P, Ds + P, Ds

+ (P2 + P3 + Pa)(Ds + Ds + D3), Mas := P1E5 + P1Es + P1Es + (P2 + Ps + Pa)(Es + & + E3).
We rewrite (A.7) as

Iy =My =M —Mas Zl (t) Mg\
Mo Iy — Mz —Moas Zo(t) | = | Mao | X(2). (A.8)
Mg Mgz I — Mss Zs(t) Mo

If we assume that
(A2.5) the coeflicient matrix of (A.8) is invertible, for any ¢ € [0, T7,
then by Cramer’s rule, we have

>¢

(1) = (—1)"7 1 (Ny) T [MyoMy; — MagMy; + MM X () := N ()X (£), i = 1,2,3, (A.9)

where N is the determinant of the coefficient of (A.8), and M7%(¢) is the adjoint matrix of the (j,i) element in
(A.8), for j,i = 1,2, 3.
Step 2. Taking E[/|G?] on both sides of (A.6), we get

Zi (t) = MmX(t) + Mlo)é(t) + ./T/ljz'l Zl (t) + mﬂZXl (t)

B o o o (A.10)
+ Mo Zs(t) + Mo Zo(t) + Mz Z3(t) + M3 Zs(t), i =1,2,3,

where

Mg := PrAs + Pi(Bi + B1) (P + Ps), Mo = Pi(Ar + A1) + Pa(Ar + A1 + Ar + Ar) + Pr(By + Br) (P2 + Pa)
+ (P1B1 + PaBy + PaBi + PaBi) (P1 + P2 + Ps + Pa),

Moo = PrAz + P3(Az + Az) + (P1 + Ps)(Bz + Ba)(P1 + Ps),

Mao := (P + Ps)(Az + A2) + (P + Ps) (B2 + Ba2) (P2 + Pa) + (P1 + P3)Bz(Pr + P2+ Ps + Pa),

Mo := PrAs + Ps(As + As) + (P1 + Ps)(Bs + B3)(P1 + Ps),

Mo := (P1 + Ps)(As + As) + (P2 + Pa)(As + As + As + As) + (P + Ps)(Bs + Bs) (P2 + Pa)
+ [(P2 + P2)(Bs + Bs + Bs) + P1Bs + 77333} (P14 P2+ Ps + Pa),

Mii = PiBi + PiC1, My = PoCi + PiCy + P2Ci + PoCi, Mz :=PiDy + PiDy,

Mz :=PyD1 + PiD1 + PaDy + PaDy, Mg = Pi&s + Pi&1, Mus = Pa&s + Pi&1 + Paky + Pali,

Moy :=P1Bs + P1Ca + PsCa + PsCa, Ma1 = PiCa + PsCa, Maz :=P1Ds + P1Dz + PsDa + PsDa,

Moz :=P1Da + PsDa, Mas :=P1&s + P1&s + Ps&s + PsEs, Mas 1= P1Es + PsEa,

May := P1Bs + P1Cs + PsCs + PsCs, Ms = (P1 +P3)Cs + (P2 + Pa)(Cs + Cs +Cs),

Mag := P1Ds + P1Ds + PsDs + 77353, Maz := (P1 + P3)D3 + (P2 + Pa) (D3 + Ds + Ds),

Meas := P1Es + P1Es + Pals + Pss, Mas = (P14 P3)Es + (P2 + Pa)(Es + & + E3).
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Putting (A.9) into (A.10), we get

Z'(t) = MiOX(t) + [mio + My N1+ Mis Ny + ﬂi?)f\/‘:a})x((t) + Milzl (t) + MQZ?(t) + Mi323(t)

. 3 , < . . . (A.11)
= MO X () + N (OX(t) + Mt Z1 () + Mia Zo(t) + Mz Z5(t), i = 1,2, 3.
We rewrite (A.11) as
In _/:/;\—/lvll _MB —,/;\;lilg Zjl(t) ng(t) +N10)§v(t>
—/\421 I, —,i\/lzz —Mg %2 ) | = MxpX(®) + Nzo)j((t) . (A.12)
—Msz; ~Mszy I — Ms3 Z3(t) MvgoX(t) —i—NgoX(t)
Similarly, if we assume that
(A2.6) the coeflicient matrix of (A.12) is invertible, for any ¢ € [0, T7,
then we have
Zi(t) = (1)L (Ny) [(/\7105((15) + N0 X (8)) My — (Moo X (1) + Nao X (£)) My,
+ (M30X(t) + Nso(t))x((t))ﬁm]
(A.13)

= (-1t (Nz)_l {Mml\w/[h‘ — MagMa; + /W?)OM&}X@)

+ (N2)71 {Nwﬁu — NooMo; +N30M3¢]X(t) =N X(t)+ N X(t), i =1,2,3,

where Ny is the determinant of the coeflicient of (A.12), and Mji is the adjoint matrix of the (j,4) element in
(A.12), for j,i = 1,2,3.
Step 3. Taking E[|G}] on both sides of (A.6), we obtain

ZAl(t) = M\zoX(t) + ﬁlo)é(t) + /\//71'121(15) + ﬁille (t) + M\iZZZ(t) + ﬁiQéQ(t) + /\//YiSZAB(t) + ﬁiSZX?)(t)a
(A.14)
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1 =1,2,3, where
Mo := (P14 P2) (A1 + A1) + (P1 + Pa)Bi(Pi + Pa), Moo := Pi(As + Az) + PiBa(P1 + Pa),

Mo = (P + P2)Ar + Podi + (P + P2)Bi(Ps + Pa) + (Pi + P2)(Bi + B1) (P + P2+ Ps + Pa),
Moo = PiAs + Ps(Az + Ay + Ay + As) + P1Bo(Ps + Pa) + (P1Ba + P1 By + PsBa + PsBa

+ P3B3)(P1 + Pa+ Ps +Pa), Mso:= (P1+P2)(As + As) + (P1 + P2)Bs(P1 + Pa),
Mso 1= P1 As + Pa(As + As) + (Ps + Pa)(As + As + As + As) + (P1 + Pa)Bs(Ps + Pa)

+ [(P1 + P2)(Bs + Bs) + (Ps + Pa)(Bs + Ba + B3)| (P1 + P2 + Ps + Pa),
Miy = PiBr + PaCi, My i=PiCi + PiCi + PaCi + PaCi,  Mas :=P1Dy + PaDa,
12 1= P1D1 + P1D1 + PaDy + PaD1, Mas i=PiE1 + Palr, Mg = Pi&s + Pi&1 + Pabs + P&,
21 :=PiBs, Moa1 :=PiCs + PiCs + PsCa + PsCa + PsCa, Maz := PiDs,
22 := P1D2 + PiDsz + PsDa + PsDo + PsD2,  Mas := Prs, Mas := P18 + Pi€2 + PsEz + Ps&z + PsEa,
M1 := P1Bs + PsCs, Ma1 := (P1 + P2)(Cs + Cs) + (Ps + Pa)(Cs + Cs + C3), Maz := P1Ds + PsDs,
Mss = (P1 + Pa)(Ds + Ds) + (Ps + Pa)(Ds + Ds + Ds), Mas :=P1Es + Paks,
Mg := (P1 + Pa)(Es + E3) + (Ps + Pa)(Es + & + E3).
Putting (A.9) into (A.14), we get

Iz =l

<

Zi(t) = M\loX(t) + [Mjo + ﬁil/\/’l + ﬁﬁNQ + ﬁig./\/}, )X((t) + /\71»121 (t) + M\iQZQ(t) + /T/l\ing(t)

o - o o o (A.15)
= Mo X () + NigX (t) + Min Z1(t) + Mo Zo(t) + Mz Z3(t), i =1,2,3.
We rewrite (A.15) as
L, —//j/l\n —/T/l\/l_g —/213 Z:1 (t) Mo X (t) +E1o)i((t)
Moy I — Moy My ?2(0 = | MaX(t) +y20):((t) . (A.16)
Mz Mz I — Mss Z3(t) Mo X (1) + N3 X (1)
Similarly, if we assume that
(A2.7) the coefficient matrix of (A.16) is invertible, for any ¢ € [0, 7],
then we have
Zi(t) = (—1) " (Ng) " {(/\710)“((15) + N1oX () My; — (Mao X (£) + N oo X (£)) My,
+ (M\30X(t) + ﬁ?,of((t))ﬁ?n}
(A.17)

= (—l)i_1 (N3) - [/\//\lloﬁu - M\zoﬁm + ./\//\lg(]ﬁdz} X(t)

=+ (N3)71 {ﬁloﬁu - ﬁ20ﬁ2i +ﬁ30ﬁ31’:|)2(t) = /\A/;X(t) +NiX(t), i =1,2,3,

where Nj is the determinant of the coefficient of (A.16), and Mji is the adjoint matrix of the (j,7) element in
(A.16), for j,i = 1,2, 3.

Step 4. Putting (A.9), (A.13) and (A.17) into (A.6), we have

Zi(t) = Tio X (£) + Tio X (t) + Tio X (1) + Tio X (1) + PBiZy (1) + PiDi Zo(t) + Pi&iZa(t), i = 1,2,3,  (A.18)
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where

o :=P1A1 + PiB1P1, T :=PirAs+PiBoP1, T'zo:=Pi1Az+ PiBsPy,
Tio := PrAi + P2 (A1 + A1) + PiBiPs + PoBBi (Py + P2) + P2CiNt + PoDiNs + PoE1 NG,
T1o := PiBiPs + PiBi(Pi + Ps3) + PiCING + PiDiNs + Pi&Ns, T i= PrAz + P1B2Pe,
T10 := PrAL + P1B1Ps + Pi B (P2 + Pa) + P1B1(P1 + P2+ Ps + Ps) + P2 (-/Zl + A1)

+ PaBB1(Ps + Pa) + P2 (gl + B1)(P1+ P2+ Ps + Ps) + P2CN1 + PiCN,

+ PaDiNs + PiDIN2 + PoEi N3 + PiENs + (PiCi + P2Ci + PaCi) N,
a0 := P1B2Ps + P12 (P1+Ps3) + Ps(Az + -2(2) + Ps(B2 + gQ) (P1 + Ps)

+ (73152 + PsC2 + 77352)J\71 + (P152 + P3sD2 + 77352)/\72 + (77152 +Ps&2 + 73352)J\73,
Ta0 := P1As + P1BaPa + P13 (P2 + Pa) + Ps3 (,21\2 + Az) + P1B2(P1 + P2 + Ps + Pa)

+ P3(Ba + B2) (P2 + Pa) + P3Ba (P + Pz + Ps + Pa)

+ (7’152 + PsCa + P3C~2)N1 + (77152 + P3Ds2 + Paﬁz)/vz + (Pu‘t‘z + P3&a2 + P3<5~'2)N3

+ (P1C2 + P3C2) N1 + (P1D2 + P3D2) Nz + (P1€2 + Ps€2) N,
a0 := P1As + PiBsPa + Pa(As + As) + PaBs(Py + Pa) + PaCsNi + PeDs N + P2Es N,
T30 := P1BsPs + P1Bs(Pr + Ps) + Ps(As + As) + Ps(Bs + Bs) (P1 + Ps)

+ (77153 + P3Cs + 77353)/71 + (79153 + PsDs + 7)353)/\72 + (7)153 + P3&s + Psgs)/vs,
T30 := P1As + P1BsPs + P1Bs (P2 + Pa) + P1B3(P1 + P2+ Ps + Ps) + P2 (-/ZS + As)

+ P2Bs(Ps + Pa) + P2 (gs + Bs) (P1+ P2+ Ps + Pa) + Ps (23 + As)

+ Ps(Bs + ga’) (P2 + Pa) + P3Bs(P1 + P2+ Ps + Pa) + Pa(As + As + A + As)

+ Pa(Bs + Bs + Bs) (P1 + P2+ Ps + Pa) + PaCsN1 + PaDsNs + PaEsN

+ (77153 + PsCs + 77353)N1 + (77153 + PsDs + 77353)N2 + (73153 + Ps&s + P3g3)./v3

+ [P:Cs + PaCs + PaCs + PsCs + Ps (Cs + Cs + Cs)| M

+ [P1Ds + P2Ds + P2Ds + PsDs + Pa(Ds + Ds + Ds) | Na

+ [P1E5 + Pa&s + Pas + PsEs + Pa(Es + & + E3) | Ns.

We rewrite (A.18) as

In—PiBi  —PBy  —PibBs Z T10X () + T10X (8) + T1o X (1) + Tio X (1)
—P1D1 In - PIDQ _P1D3 ZQ = FgoX(f) + F20X<t) + onX(t) + fgoX(t)
P& P& In— P& Zs Ta0X () + Do X () + TaoX (£) + Tao X (1)

(A.19)

Similarly, if we assume that
(A2.8) the coeflicient matrix of (A.19) is invertible, for any ¢ € [0, T7,
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then we have
Zi(t) = (=1 (Ny) 7 [(er(t) + fmf((t) +TioX (1) + ThoX (£)) My
0X (1)) My,
0 X (6) Miyi(1)|
= (-1t (N4)_1{ [T10M;y; — T'ooMa; + FSOMSi]X(t) + [fmﬁu — TyoMy; + fBOMSi]X(t)

— (TooX (t) + Too X (t) + Tao X () +

><>( NM

)+
+ (T30 X (t) + T30 X (t) + D30 X (8) +
(A.20)

+ [flomu - fQOM% + fsoms.i] X(t) + [flomu — TyoMy; + F:aom?n‘] X(t)}
= DX (1) + S X () + 5.X () + X (1), i =1,2,3,

where Ny is the determinant of the coefficient of (A.16), and Mj; is the adjoint matrix of the (j,i) element in
(A.19), for j,i = 1,2, 3.
After these four steps, we have obtained that

Zi(t) = S X () + S X (1) + S X (1) + X (1), i =1,2,3. (A.21)

Now, comparing the dt term in (A.5) and substituting (A.21) into it, we obtain (2.33). Notice that
EZ,E“ZZ,ZZ in the above depends on P;,i = 1,2,3,4, so the solvability of the above complicated and cou-
pled system of Riccati’s type equations is very difficult to obtain. We will not discuss this problem at the

present paper for some technical reason and leave it open.
Finally, by (2.32), (A.1) and (A.21), we have

~ 3 ~
W0) = = 50| £ X+ GRY () + L7 0) +Zc 0+ Y L5

3

:—Nzl(){[COTg,(P1+P3)+ZCi Ti+ 50)| X(0) + [ £] +C (P2 + Py)
i=1

“‘ZC;(E %) + Lo5(P1 + Py + Ps + Pa) +ZE +5 4 EI—FEL)})X((t)}

=1 i=1

Thus (2.38) holds. And the optimal “state” X = (:r:*,p)—r of the leader admits (2.37), where X is determined
by (2.36), X is governed by (2.35), and X is given by (2.34). The proof is complete. O
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