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TWO-SCALE HOMOGENIZATION OF A STATIONARY
MEAN-FIELD GAME*

T
RiTA FERREIRA, DI0GO GOMES* AND XIANJIN YANG

Abstract. In this paper, we characterize the asymptotic behavior of a first-order stationary mean-
field game (MFG) with a logarithm coupling, a quadratic Hamiltonian, and a periodically oscillating
potential. This study falls into the realm of the homogenization theory, and our main tool is the
two-scale convergence. Using this convergence, we rigorously derive the two-scale homogenized and
the homogenized MFG problems, which encode the so-called macroscopic or effective behavior of the
original oscillating MFG. Moreover, we prove existence and uniqueness of the solution to these limit
problems.

Mathematics Subject Classification. 91A13, 35F21, 35B27.

Received July 9, 2019. Accepted December 30, 2019.

1. INTRODUCTION

Mean-field games (MFGs), introduced by Lasry and Lions [18, 19] and by Huang et al. [16, 17], model the
behavior of rational and indistinguishable agents in a large population. When the number of elements in the
population goes to infinity, the Nash equilibrium is characterized by a system of two partial differential equations
(PDEs), a Hamilton-Jacobi (HJ) equation and a Fokker-Plank (FP) equation. The HJ equation determines the
cost of a typical agent, and the FP equation gives the evolution of the agents’ distribution.

Here, we characterize the asymptotic behavior of a stationary first-order MFG that has rapidly periodically
oscillating terms. More precisely, the MFG whose (homogenization) limit we study is stated in the following
problem.

Problem 1.1. Let T¢ be the d-dimensional torus and let Y be the set [0, 1)%. Let P € R, let V : T x Rd7—> R
be a smooth function, Y%periodic in the second variable, and let € > 0 with % € N. Find (ue,me, He) €
C>(T4) x C>=(T4) x R, with m, > 0, solving

P+Vue@l 4 y(y 2) = In(m,(2)) + He(P), in T7,
—div(me(x)(P + Vu(x))) =0, in T¢, (1.1)
Jpa ue(x)dz =0, [, me(z)dz =1.
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2 R. FERREIRA ET AL.

Stationary MFGs as in Problem 1.1 describe a MFG where agents seek to minimize an infinite horizon cost
[2, 18, 20] and appear in the large-time behavior of time-dependent MFG [6, 7]. Here, with a rapidly periodically
oscillating potential, V', Problem 1.1 models the behavior of agents in the world with e-periodic heterogeneities.
This potential determines the spatial preferences of each agent, whose parameters, (z, Z), provide the spacial
information of an agent at the macroscopic and the microscopic scales separately. For instance, in the traffic-flow
problem, a car may travel through a very long road with periodically distributed hills or low speed areas, such
as populated areas, or bad road conditions like construction areas. In this model, V may give the cost of a
typical car according to the location, given by x, of the car on the road and to current road conditions, indexed
by . Another example would be agents moving on a grid of regularly spaced obstacles such as a forest or a
minefield.

We further mention that, in Problem 1.1, P determines the preferred direction of motion, u. : T4 — R gives
the cost of a typical agent at the state x € T?, m. : T — R is a probability measure determining the agents’
distribution, and H., is a real number depending on P that is required to ensure that the normalization condition
Jpa me(z)de = 1 is satisfied.

Our goal is to study the asymptotic behavior of the solutions to Problem 1.1 as ¢ — 0, where, we recall, €
represents the length-scale of the heterogeneities characterizing the MFG under study. This analysis falls into the
realm of homogenization theory, aimed at describing the macroscopic or effective behavior of a microscopically
heterogeneous system. A typical homogenization problem involves two scales; a microscale associated with the
size of the heterogeneities of the system, and a macroscale associated with the size of the state-space of the
system. The goal is to replace equations with microscales, which are hard to resolve numerically, by averaged
macroscopic equations that are easier to solve and whose overall properties approximate well those of the
initial oscillating equations. The problem comprising the macroscopic equations is the homogenized problem
and encodes the macroscopic or effective behavior of the initial microscopically heterogeneous problem. In the
context of Hamilton—Jacobi equations, the homogenization problem was first studied in [21]. We refer to [9] for a
comprehensive introduction to the theory of homogenization and for an overview of the different homogenization
methods to derive the homogenized problem.

To the best of our knowledge, apart from the works [4, 8], little is known on the characterization of the
effective behavior of MFGs with rapidly periodically oscillating terms. In [4], the authors consider a second-
order, time-dependent MFG with a local coupling and a quadratic Hamiltonian. Using (formal) asymptotic
expansion techniques, they derive and study the associated homogenized problem. Moreover, for a particular
class of initial-terminal conditions, they rigorously justify their asymptotic expansion procedure. In [8], the
authors provide some qualitative descriptions and some numerical results regarding the MFG introduced in [4].
There are a number of important differences between the present work and the aforementioned references. First,
we rely heavily on the variational characterization. In contrast, the previous works use tools that rely more on
PDE aspects. In particular, their methods can address second-order and time-dependent MFGs. Our approach,
however, has the advantage of providing a more detailed picture for stationary first-order MFGs.

Here, we consider a first-order, stationary MFG with a logarithmic coupling and a quadratic Hamiltonian
with rapidly periodically oscillating terms. From a modeling point of view, the logarithmic assumption is a
natural one; agents strongly prefer empty regions and, paradoxically, this preference prevents such regions from
arising. We study the effective behavior of this MFG using the two-scale convergence method. The notion of
two-scale convergence was first introduced by Nguetseng [23], and further developed by Allaire [1], to provide a
rigorous justification of formal asymptotic expansions used in periodic homogenization problems.

Besides providing a rigorous derivation of the effective behavior, the two-scale convergence method takes full
advantage of the periodic microscopic properties of the system, enabling the explicit characterization of its local
behavior encoded in the so-called two-scale homogenized problem. This problem accounts for the asymptotic
behavior of the original problem at both macroscopic and microscopic levels, through the two space variables x
(the macroscopic one) and y (the microscopic one), and through two unknowns v and u; (see Problems 1.5 and
1.8). Then, using an average process with respect to the microscopic variable y of the two-scale homogenized
problem, one obtains the homogenized problem (see Problems 1.7 and 1.10). Typically, this problem only involves
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the macroscopic space variable x, has ug = fyd u(+,y)dy as solution, and its coefficients are determined by an
auxiliary problem, called the cell problem (see Problems 1.6 and 1.9).

As pointed out in ([1], Rem. 2.4), in spite of doubling the variables (z and y) and unknowns (u and wuq),
in most cases, the two-scale homogenized problem is of the same form of the original one, sharing the same
existence and uniqueness properties. In contrast, in several cases, the homogenized problem has complicated
forms by involving, for instance, integro-differential operators and non-explicit equations. Consequently, the
homogenized problem may belong to a class for which an existence and uniqueness theory is not available.
Hence, both problems, the two-scale homogenized and the homogenized, have their own advantages, and one
should not be discarded in favor of the other.

To use the two-scale convergence method to study the asymptotic behavior of Problem 1.1 as ¢ — 0, we take
advantage of its variational structure, revealed in the next problem.

Problem 1.2. Under the same assumptions of Problem 1.1, find uc € C*(T?) satisfying [1, uc(z)dz = 0 and

I [uc] = inf I [u], (1.2)
uecl(rd)
Jpa u(z)dz=0

where
Ie[u] :/ eIP+v2u(z)|2+V(m,f)dx_ (13)
Td

Remark 1.3. Problems 1.1 and 1.2 are equivalent. In fact, by using the first equation in (1.1) to eliminate m.
from the second equation, we obtain the Euler—Lagrange equation in its standard form. Because of the convexity
of I, any smooth solution of the Euler-Lagrange equation is a minimizer. Conversely, given a smooth minimizer
of I, u., we have that the corresponding Euler-Lagrange equation holds. Hence, defining

H.(P)=1InI[u] (1.4)
and

P4 Ve (2)]2 z\_FF
me=e B +V(z,2) He(P)7 (1.5)

we conclude that (u.,me, H.) solves Problem 1.1.

Remark 1.4. There is a unique solution to Problem 1.1. To see this, we first observe that because % is integer,
V(z, %) is a smooth function on T<¢. Therefore, it suffices to check that the Hamiltonian

(p,x) — 7|P—i2-p|2 +V (x7 %)

satisfies assumptions (1.3)-(1.6) in [10] and then apply Theorem 5.2 in that same reference.

We observe that in contrast with the majority of the variational homogenization problems in the literature,
the integrand in (1.3) does not admit a polynomial upper bound with respect to the gradient variable. This
fact prevents us from mimic the arguments in, for instance, [1] to derive the two-scale homogenized functional.
Problems with non-standard growth conditions were studied in [5] using I'-convergence. However, here we use a
distinct approach based on two-scale convergence that, as we mentioned before, is known to take full advantage
of the periodic structure of the problem, enabling us to provide an explicit characterization of both the two-scale
homogenized and the usual homogenized problems.
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In what follows, we use the subscript # to refer to functions defined on R? that are Y%periodic; for instance,
Cx (VY = {u € C>°(R?) : u is Y%-periodic}. Moreover, given p € (1,+00), W;f'()}d) denotes the closure of
cy (V%) with respect to the WP ()?)-norm.

Next, we introduce the two-scale homogenized problem that, as stated in Theorem 1.12, provides a
characterization of the effective behavior, at both macroscopic and microscopic levels, of Problem 1.1 as € — 0.

Problem 1.5 (Two-scale homogenized problem). Under the same assumptions of Problem 1.1 and for some
e (o, 1) find ug € C(T9) with [, updz = 0, uy € C®(T%CL(VY)/R), m € C®(T4CL*(Y)) with
de fyd x,y)dydz = 1, and H € R satisfying

\P+Vuo(w)-gvyu1(l7y)\ +V(z, y) In(m ( )) ( )7 in T x yd7
—divy ([ya m(z,y) (P + Vuo(x) + Vyus (o, )) y) =0, inT?x Y (1.6)
—divy(m(z,y)(P + Vug(x) + Vyui(z,y))) =0, in T¢ x Y.

Next, we introduce the usual homogenized problem, together with the associated cell problem that, as stated
in Theorem 1.12, characterize the effective behavior of Problem 1.1 as ¢ — 0.

Problem 1.6 (Cell problem). Suppose that the assumptions in Problem 1.1 hold. For some « € (0,1) and for
cach z € T% and A € R?, find w € Ci’“(yd)/R, m € C;g“(yd), and H € R, depending on z and A, such that

(@, m, H) solves

W9, AnE |y (y y) = iz, A,y) + H(x, A), in V9,
—div, (m(z, A, y)(A+ Vya(z,A,y))) =0, in Y4, (1.7)
Jya (@, A, y)dy = 1.

Problem 1.7 (Homogenized problem). Suppose that the assumptions in Problem 1.1 hold and that (w,m, H )
solves Problem 1.6. Find uy € C°°(T%) with de updz = 0, my € C*(T?) with mo > 0, and H € R satisfying

H(z, P+ Vuo(x)) = In(mo(x)) + H(P ), in T,
—div (mo(z)DaH (z, P+ Vug(z)) =0, in T, (1.8)
Jpa moda = 1.

The proof of our main result, Theorem 1.12, is strongly hinged on a variational analysis based on the
equivalence between Problems 1.1 and 1.2. For this reason, we now introduce the variational formulation of
Problems 1.5, 1.6, and 1.7. We start with the variational formulation of the two-scale homogenized problem,
Problem 1.5.

Problem 1.8 (Variational two-scale homogenized problem). Fix p € (1,+00). Under the same assumptions
of P?oplem 1.1 and for some « € (0,1), find up € C*°(T%) with [1, updz =0 and uy € C>(T% C’i’a(yd)/R)
satistying

T[ug,u1] = inf I[u, w),
uewlvp(wdyde wdz=0
weLP(THW,, P (V4)/R)

where T : W1P(T?) x LP(T4, W;P(yd) /R) — R is defined, for all (u,w) € WP(T%) x LP(T%; W;P(yd) /R), by

_ [P+ Vu(e)+Vyw(z,y)|?
Iu, w] =/ / e 7 V@Y dydz.
Td Jyd
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Finally, we introduce the variational formulation of the homogenized and its associated cell problems,
Problems 1.6 and 1.7.

Problem 1.9 (Variational cell problem). Fix p € (1,+00) and suppose that the assumptions in Problem 1.1
hold. For some a € (0,1) and for each x € T¢ and A € R?, find w € Cia(yd)/R, depending on z and A,
satisfying

Iz, A 0] = inf Iz, A w), (1.9)
weW P (Y4)/R

where I[z, A;-] : W#p(yd)/R — R is defined, for all w € W;’p(yd)/R, by
~ w 2
Iz, Asw] = / e V) qy, (1.10)
yd

Problem 1.10 (Variational homogenized problem). Fix p € (1,400) and assume that the assumptions in
Problem 1.1 hold. Let H : T% x R* — R be defined, for each € T% and A € R%, by

H(z,\) =InI[z, A; @), (1.11)

where w solves Problem 1.9. Find ug € C°°(T9) satisfying de updz = 0 and

~ ~

Tluo] = T, (1.12)

inf
ueWL.p(T4), [1.4 udz=0

where T : WLP(T?) — R is defined, for all u € WP(T4), by
f[u] _ / oH (@, P+Vu(2)) 4.
Td

Remark 1.11. As what we stated for the relation between Problem 1.1 and Problem 1.2, Problem 1.6 is
equivalent to Problem 1.9. More precisely, (1.7) is equivalent to the Euler-Lagrange equation of (1.10). This
can be seen by using the first equation in (1.7) to eliminate m in the second equation to obtain the Euler—
Lagrange equation in its standard form. Moreover, if (zﬂ,ﬁ@,ﬁ ) solves Problem 1.6, then the convexity of the
functional gives that w is the minimizer for Problem 1.9. Conversely, if w is a solution to Problem 1.9, it solves

~ _ A+V 5|2 ~
the corresponding Euler—Lagrange equation. Hence, by defining H as in (1.11) and m = el 7 Civen , We see

that (w,m, ﬁ) solve Problem 1.6. Similar arguments hold for Problem 1.7 and Problem 1.10 and for Problem 1.5
and Problem 1.8.

Our main result is stated in the following theorem. We refer to Section 3 for the definition and some properties
of the notion of two-scale convergence.

Theorem 1.12. Let (uc,m., H.) € C°°(T?%) x C>(T<) x R solve Problem 1.1. If d > 1, we assume further that
V is separable in y; that is, there exist smooth functions, V; : T x R — R, where 1 < i < d, such that for all
r€T andy € R, y = (y1,..-,¥i,---,Ya), we have

Viw,y) = _ Vil ). (1.13)
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Then, there exists a € (0,1) and there exist ug € C*°(T?) with [, uo(x)dz =0, uy € C°°(T% Ci’a (YH/R), m €
C>=(T% C;“(yd)) with [1., fyd m(z,y)dzdy = 1, and H(P) € R such that (Vu.). weakly two-scale converges
to Vug + Vyuy in LP(T% x Y?) for all p € [1,00), (me)e weakly two-scale converges to m in L*(T* x %), and
(Hc(P))e converges to H(P) in R. Moreover, (ug,uy,m, H) is the (unique) solution to Problem 1.5, and (ug,u1)
is the (unique) solution to Problem 1.8.

Furthermore, setting mg = fyd m(-,y)dy, we have that (uc). weakly converges to ug in WP(T?) for all
p € [1,00), (m)e weakly converges to mq in LY(T<), (ug,mo, H) is the (unique) solution to Problem 1.7, and
ug is the (unique) solution to Problem 1.10. In addition,

T[uo) = T[ug, u1] = lim I[u] (1.14)

and H(P) = InT[ug, uy] = In I[ug).

Remark 1.13. The term V,u; in the two-scale limit of (Vue). in the previous theorem may be regarded as
the gradient limit at the microscale y. This extra information on the oscillatory behavior of a bounded sequence
in WP is one of the key features of the two-scale convergence (see Prop. 3.12).

Remark 1.14. The function V, defined by

d
V(z,y) = Zsin(?wyi)ﬁm € T¢ and y € RY,
i=1

satisfies (1.13).

Theorem 1.12 shows that Problems 1.5-1.10 provide the effective behavior of Problems 1.1 and 1.2. Before
proving Theorem 1.12, we first illustrate in Section 2 how the asymptotic expansion method heuristically leads to
the two-scale homogenized and the homogenized problems. Then, in Section 3, we recall the definition and some
properties of the notion of two-scale convergence, which is our main tool to prove Theorem 1.12. In Section 4,
we establish uniform bounds in € of the solutions to Problems 1.1 and 1.2 that yield the compactness properties
stated in Theorem 1.12. Next, in Section 5, we derive and explicitly solve the two-scale homogenized problem
as stated in Theorem 1.12 by explicitly solving Problem 1.1 using the current method introduced in [15]. In the
one-dimensional case, the arguments in Section 5 constitute an alternative to those in Section 7, where, using
the lower semi-continuity of convex functionals with respect to two-scale convergence and the regularity of the
minimizer to Problem 1.8, we prove Theorem 1.12 in any dimension. We establish the existence, uniqueness,
and regularity of solutions to Problem 1.8 in Section 6. To this end, we first use the continuation method to
prove the existence, uniqueness, and regularity for the solution to Problem 1.6. Thus, equivalently, Problem 1.9
admits a unique solution. For Problems 1.7 and 1.10, the well-posedness follows directly by Evans’ work [10]
after checking that H satisfies the assumptions in [10]. We then conclude that Problems 1.5 and 1.8 admit a
unique solution.

Notation. Throughout this manuscript, € stands for a small parameter taking values on a sequence of positive
numbers converging to zero. Besides, given p € (1, 4+00), p’ represents the real number satisfying 1/p+1/p’ = 1.
We denote the transpose of a vector v by v”. For simplicity, we use the Einstein notation; that is, when an index
appears twice in a single term, it means that we sum that term over all the values of the index. For example,
we write Zi:l ai;v; as a;;v; for short, where a;; and v; are real values indexed by 1 < ¢,j < d. For a measure
space X and a Banach space Y, the set LP(X;Y) is the LP-space on X with values in Y. Next, we denote by
C>*(X;Y) the space of smooth functions on a smooth manifold X with values in the Banach space Y. If X is
a Banach space of real-valued functions, we denote X/R the quotient space consisting of equivalent classes and
each class contains elements in X, which only differ from each other by a real number. We denote by C’;f(yd)
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the space of C™ functions on R? that are Y% periodic. The spaces C’;’a()}d), with £k € N and a € (0,1), are
defined analogously. Moreover, given p € (1, 400), W;’p (¥?) denotes the closure of Cy (¥%) with respect to the

WhP(Y?)-norm. Similarly, Li (yd) is the space of Y-periodic functions with finite L?-norm in Y. Finally, | 4]
stands for the Lebesgue measure of the set A.

2. ASYMPTOTIC EXPANSIONS

In this section, we review the asymptotic expansion method and find its relation with two-scale convergence.
The key step of the asymptotic expansion method is to introduce an ansatz for the solution of (1.1) and expand
(1.1) in Taylor series. Then, by matching asymptotic terms in the resulting equations, we find the homogenized
system.

Here, we postulate the following forms for u. and m.:

{ue(w) = g (x) + €ty (x, £), (2.1)

me(x) = mo(z)(ma(z, ) + ema(, 7)),

where mg, 1, and mq are positive, and use (2.1) in (1.1). Then, we collect the terms containing different powers
of € to obtain a sequence of equations, which are of the form F(z,x/€¢) = 0. Next, we separate the scales by
denoting y = x/¢ and using the formal assumption that F(z,y) = 0 holds for all z € T? and y € Y. Finally,
we study the behavior of the system E(z,y) = 0 for z € T and y € Y% More precisely, at order €” in the first
equation, we get

|P + Vig(z) + Vyup (z, £)|? A ~ A —
5 + V(x, E) = Inmg(z) + lnm;, (x, ;) +H. (2.2)
Denote A = P + Viig(z), y = 2, and
H(z,A) =Inmg(z) + H. (2.3)
Then, (2.2) becomes
A u 2 o
AEVBEDE Ly (2, y) = s e,) + A, ), (2.0

2

which we assume to hold for all z € T¢ and y € Y% The terms of order €” in the expansion of the second
equation of (1.1) give

— div, (o ()M (z,y) (A + Vi1 (z,9))) =0, (2.5)
which we assume to hold for all z € T¢ and y € Y. Then, integrating (2.5) over y, we obtain
—divg (ﬁzo(x)/d(ﬁzl(x,y)(f\ + Vyua (z, y)))dy) =0. (2.6)
y
Meanwhile, at order e~! in the expansion of (1.1), we get

— div, (o ()i (z,y) (A + Vi (z,y))) =0,
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which we assume to hold for for all z € T¢ and Yy E V4. Since mg > 0, we have
— div, (i (2, y)(A + Vi (2,y))) = 0. (2.7)

Thus, considering (2.3) and (2.6), the expected homogenized system of (1.1) is

ﬁ(m,P+va3(x)) = Inmo(z) + H, (2.8)
— div (mo(2)b(z, P + Vig(z))) = 0, ‘
where
bz, A) = | i (2,9) (A + Vi (2, y)dy (2.9)

yd

and (ﬁ,ﬂl,ﬁll) solves (2.4) and (2.7), called the cell system; that is, for fixed z € T¢ and A € R, (H, @y, i)
solves

1A+V i (z9) [ — Inin H(z, A
{ : + V(z,y) = Inm(z,y) + H(z, A), (2.10)

—divy, (1 (2, y) (A + Va1 (2,9))) = 0.

Finally, we differentiate the first equation of (2.10) with respect to A and get

(A+vyin) + (A + vym)T V, (Viin) = ngl + V.

Multiplying both sides of the prior equation by 7; and integrating the resulting equation over J?¢, we obtain
~ > ~ ~ g ~ T ~ ~ ~ s
/ m (A + Vyul) dy +/ m (A + Vyul) Vy (V;\«ul) dy = / Vimidy +/ m1Vz Hdy. (2.11)
yd yd yd yd
Using integration by parts and the second equation of (2.10), we get
~ g ~ T ~
/ i (K+9,i0) "V, (Vi) dy = 0. (2.12)
yd
Besides, assuming that fyd midy = 1, we have
/ Vimidy = 0 and / ﬁzlvxf[dy = V;\ﬁ. (2.13)
yd yd
Combining (2.11), (2.12), and (2.13), we conclude that
Vil = / i (R -+, ) dy,
yd

which implies that VKFAI = b according to the definition of b in (2.9).
Therefore, the homogenized system in (2.8) found by the asymptotic method is consistent with (1.8) in
Problem 1.7 and the cell system (2.10) corresponds to (1.7) in Problem 1.6.
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3. TWO-SCALE CONVERGENCE

Because functions on T? can be viewed as Z%periodic function on R?, the results on two-scale convergence
for functions on bounded domains can be easily adapted to those on T?. Here, we review some essential results

from [22, 24, 26]. Throughout this section, p € (1,+00) and p’ = 5.

Definition 3.1. Let ¢ € [1,+0c]. We say that a sequence, (w), in LI(T%) weakly two-scale converges to a
function w € LI(T x Y?), written as w, — w in LI(T¢ x Y7), if for all ¢y € C>°(T¢; C (Y1), we have

e—0

lim » we(x ) (m, %)dx = /11‘d /yd w(zx, y)Y(z,y)dydz. (3.1)

Furthermore, we say that (w, ). strongly two-scale converges to w, denoted by w, 2 win L(T9 x Y1), if w, 2w
in LI(T? x Y9) and

lim f[well Lacray = [[w]| La(raxye)-

Remark 3.2. If it exists, the two-scale limit is unique.

Remark 3.3. Assume that (w.), is a bounded sequence in LP(T%). Then, a density argument shows that (3.1)
holds for all ¢ € C>°(T¢; C’;f(yd)) if and only if it holds for all ¢ € LP(T9; Cx(Y?)).

The next proposition relates the usual strong and weak convergence with the two-scale counterpart. In
particular, it shows that the two-scale weak limit contains more information on the periodic oscillations of a
sequence than the usual weak limit in LP. This is because the usual weak limit equals the average over the
periodicity cell Y2 of the two-scale weak limit.

Proposition 3.4 (cf. [24], Thm. 1.3). Let (w). be a bounded sequence in LP(T%) and w € LP(T? x Y%). Then,
2 . p(md d - p (md
we = w in LP(T% x Y*) = we — w(-,y)dy in LP(T?).
yd

Moreover, if w does not depend on y or, in other words, w € LP(T?), then
2 - rp(md d . rpmd
we = w in LP(T* x Y*) & w. — w in LP(T?).

Next, we give a necessary and sufficient condition for two-scale strong convergence.

Proposition 3.5 (cf. [26], Def. 4.3 and Lem. 4.4). Let (w.). be a bounded sequence in LP(T%). Then, w, 3w
in LP(T? x Y4) for some w € LP(T¢ x Y?) if and only if

e—0

lim » we(x)de(x)da = /Td /yd w(x, y)o(z,y)dydz

for any bounded sequence (¢c)e € L¥' (T?) and any function ¢ € L¥' (T4 x %) such that ¢, EN ¢ in LP' (T4 x Y.

Below, we state a compactness result for the two-scale convergence. This result asserts that bounded sequences
in LP(T?) are pre-compact with respect to the weak two-scale convergence in LP(T9).

Proposition 3.6 (cf. [22], Thm. 14). Let (w.). be a bounded sequence in LP(T?). Then, there exists a function,
w € LP(T? x Y?), such that, up to a subsequence, w, 2w in LP(T4 x Y9).
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The next result asserts that Proposition 3.6 holds for p = 1 under an additional equi-integrability assumption.

Proposition 3.7 (cf. [3], Thm. 1.1). Let (w.). be a bounded sequence in L*(T9). Assume further that (w.). is
equi-integrable; that is, for all § > 0, there exists T > 0 such that

sup/ |we|dz < 6
c JE

whenever E C T is a measurable set with |E| < 7. Then, there exists a function, w € L'(T? x V%), such that,

up to a subsequence, we — w in L (T x Y4). In particular, we — Jyaw(- y)dy in LY(T%).

The LP-norm is lower semi-continuous with respect to the weak topology in LP. The next proposition shows
that a similar result holds with respect to weak two-scale convergence.

Proposition 3.8 (cf. [22], Thm. 17). Let (w.). be a bounded sequence in LP(T%) such that w, 2w in LP(T? x
V%) for some w € LP(T? x Y4). Then,

limin el o rey > 0]l ooy > H [ wtw
=0 yi Lv(T4)

Next, we recall the notion of Carathéodory functions. These functions are used to provide an important
example of sequences that two-scale converge, as stated in the subsequent proposition.

Definition 3.9. A function ® : T¢ x R? — R is a Carathéodory function if ®(-,y) is continuous for a.e. y € R?
and ®(z,-) is measurable and Y¢-periodic for every z € T9.

Proposition 3.10 (cf. [26], Lem. 4.5). Let ® : T¢ x R? — R be a Carathéodory function such that |®(z,y)| <
o (y) for allz € T, for a.e. y € Y, and for some ®q € Li(yd). Lete >0 andx € T, and set . (x) = ®(x, 2).

Then, ®. = ® in LP(T¢ x Y9).
The next proposition allows us to extend the class of test functions in the definition of two-scale convergence.

Proposition 3.11 (cf. [26], Lem. 4.6). Suppose that (w.). C LP(T?) is such that w, 2w in LP (T x Y4 for
some w € LP(T? x Y¥). Let ® be as in Proposition 8.10 with p' in place of p. Then,

e—0

lim we(x)q’(x,E)da::/ / w(z,y)®(z,y)dydz.
Td € Td Jyd

Next, we recall the characterization of the two-scale limit of bounded sequences in WP,
Proposition 3.12 (cf. [22], Thm. 20). Let (w.). be a bounded sequence in W1P(T?) such that w, — w for some
w € WHP(T?). Then, w. 2w in LP(T% x Y4) and there exists a function wy € LP(TY, W;’P(yd)/m) such that,
up to a subsequence, Vw, — Vw + Vywy in [LP(T? x y4))2.

The next proposition, which provides a simple generalization of ([26], Thm. 7.1), entails the lower semi-
continuity of certain convex functionals with respect to the two-scale convergence (also see [25], Prop. 3.1(iii)).

Proposition 3.13. Let (w,). be a bounded sequence in [LP(T%)]% such that w. A win [LP(T? x Y] for some
w € [LP(T4 x Y¥)]9. Suppose that f : R x R? — [0, +o0] is a Borel function, Y%-periodic in the first variable
and such that for each fized y, f(y,-) is convexr and lower semi-continuous on R? and f(y,0) = 0. Then, for all
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¢ € C(T4, C’;f(yd)) with ¢ > 0, we have

X

lim inf » f(z,we(x))qﬁ(% %)dx > /W . fly,w(z,y)o(z,y)dydz. (3.2)

e—0

Proof. The proof is a simple adaptation of the proof of Theorem 7.1 in [26], which corresponds to (3.2) with
¢ = 1. We first recall the main arguments in [26], after which we describe how to adapt these arguments to the
present setting.

In what follows, f* is the convex conjugate of f; that is, for all (y,n) € R? x R4,

F*(ym) = sup{n" ¢ — f(y, )}
£eRE

The proof in [26] is done in two steps. In the first step, one assumes that for all (y,¢) € R? x R? and for some
co > 0, f satisfies

f(y,€) = col€l” (3.3)

Due to the preceding condition, f* is continuous in 7. Let w. and w be as in the claim. A key estimate in [26]
follows from the definition of f*; more precisely, for any v € [C°°(T¢; cy (Y))]4, we have

$(Ente) > (i 0(e ) - (ol 2)) o

Then, (3.2) with ¢ = 1 is obtained by integrating (3.4) over T¢ and letting ¢ — 0 as follows. For the first term
on the right-hand side of (3.4), it suffices to use the definition of two-scale convergence. Regarding the second
term, we first set ®(z,y) = f*(y, ¥ (x,y)) for (z,y) € T¢ x RY. Then, the continuity of f* in 7, which is implied
by (3.3), gives that ® is a Carathéodory function. Thus, it suffices to use Proposition 3.10 to pass the (integral
over T? of the) second term on the right-hand side of (3.4) to the limit as e — 0. As in [26], the conclusion then
follows by taking the supremum of the right-hand side of the resulting equation over ¢ € [L? (T x Y%)]¢, the
definition of the convex conjugate of f*, denoted by (f*)*, and (f*)* = f implied by the lower semi-continuity
of f and f(y,0) =0.

The second step in [26] consists in proving (3.2) with ¢ = 1 without assuming (3.3) on f. To do that, the
author uses the function g defined, for all (y,¢) € R? x R? and for a positive real number § > 0, by

9, €) = f(y, &) +d|¢P. (3.5)

Since g satisfies the conditions in the first step, (3.2) with ¢ = 1 holds for g. Then, it suffices to let 6 — 0 to
conclude.

To obtain (3.2) for all ¢ € C>°(T% C;f(yd)) with ¢ > 0, we can proceed exactly as in [26]. More precisely,
we assume that f satisfies (3.3) first. From (3.4), we get

1(Gw)o(e7) > (oo 7)ol 7) - 1 (Fro (7))ol )

for ¢ € C‘X’(Td X yd) with ¢ > 0. Thus,

e L T B CA R Y TR (Y At o) M TR
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Because ¢ is smooth and does not depend on &, setting ®(z,y) = f*(y,¥(x,y))¢(z,y) for (z,y) € T¢ x Y4,
we can use the definition of two-scale convergence and properties of f* to pass (3.6) to the limit as ¢ — 0.
Then, as in the case ¢ = 1, using the definition and properties of (f*)*, we conclude that (3.2) holds under the
assumption (3.3) on f. To remove this assumption, we use the previous case applied to g in (3.5) as in [26].
Letting § — 0, we obtain (3.2). O

Remark 3.14. In [26], the condition f(y,0) = 0 is used only to guarantee that (f*)* = f. We observe that
this identity holds if f(y,-) is a real-valued and convex function, bounded from below on R?. Hence, it can be
checked that Proposition 3.13 holds for Borel functions f : R? x R? — R bounded from below by some constant,
yd—periodic in the first variable, and convex in the second variable.

Finally, we discuss two-scale convergence for the composition of a strongly two-scale convergent function with
a Lipschitz function (also see [25], Prop. 3.1(ii)).

Proposition 3.15. Let f : R — R be a Lipschitz function and (w). be a bounded sequence in LP(T?) such that

we > w in LP(T? x Y4 for some w € LP(T¢ x Y?). Then, f(w,) EN f(w) in LP(T4 x Y9).

Proof. Let (¢c)e be a sequence in LP' (T4) such that ¢, N LY (T4 x Y9) for some ¢ € LP' (T x Y%). We
prove that [, f(we(z))¢e(x)dr = [ [y f(w(2,y))¢(z, y)dyde and, hence, by Proposition 3.5, we establish
the claim.

Let (wy,), C C°°(T%; cy (%)) be a sequence that strongly converges to w in LP(T? x Y?). For z € T4, define
Wn,e(T) = wp(x, Z). We have

\ [, fwdnedona - [ [t ot i

<| [ swdonoais = [ st (oo

+

F (e () e () de — / F(wn (2, 9))d(a y)dydz

- ‘ /Td y fwn(z,9))o(x, y)dyda — /w . Flw(z,y)é(z, y)dyde

For (z,y) € T? x R?, let ®,(z,y) = f(wn(x,y)). From the Lipschitz continuity of f, we have that ®, is
continuous and there exists a constant C' such that

(@ (2, 9)| = |f(wale,y)| < C(1 + fwn(,y)]) < C(1+ suplwa(z,y)]) € R.

x,y

Thus, we use Proposition 3.11, with ®,, in place of ®, to conclude that

iy [ fnceNoce)e = [ [ st p)ote paye (3

e—0 Td

Because w,, strongly converges to w in LP(T? x Y?), the Lipschitz continuity of f and Hélder’s inequality yield

n—oo

im [ [ st mote i = [ ] oot vy (3.9
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Similarly, we have

[ stwepoan = [ ftn a)6u(ote] < Cllu = wol oo loc] ey

As shown in ([22], (33) in the proof of Thm. 18), using Clarkson’s inequalities, we have

lim sup lim sup ||we — Wy el Lo (re) = 0.
n—oo e—0

Thus, recalling that (¢¢). is bounded in L?'(T%), from (3.10), we obtain

imsuptinsup | [ {60t~ [ la)on(olaa

n— 00 e—0

Therefore, letting € — 0 first and then n — oo in (3.7), we conclude that

lim =0
e—0

[ s@noaar— [ st ot pya

from (3.8), (3.9), and (3.11). Hence, f(w.) = f(w) in LP(T¢ x ¥) by Proposition 3.5.

=0.

13

(3.10)

(3.11)

O

Remark 3.16. A simple modification of the arguments above shows that Proposition 3.15 still holds if f is

locally Lipschitz and w. and w take values on a compact subset of R.

4. BOUNDS FOR SOLUTIONS TO PROBLEMS 1.1 AND 1.2

In this section, we examine uniform bounds in e for the solution to (1.1). By Remarks 1.3 and 1.4, there

exists a unique smooth solution to Problems 1.1 and 1.2.

Proposition 4.1. Let u. € C>°(T?) solve Problem 1.2 and H. be as in (1.4). Then,

_ P2
inf V(z,y) < H(P) < sl +  sup  V(z,y).

(z,y) €T x Y4 2 (z,y)€Td x Y4
Moreover,
/ |V (z)2de < 2( sup  V(z,y) — inf V(x,y)).
Td (z,y)€Tdx Y4 (z,y)€TEx Y

Proof. Choosing v = 0 in (1.2) and using the definition of H, in (1.4), we have

T 22 1V (2,2) |P?
H((P)<In[ e e dxéT—i—supV(x,y).

T T,y

By Jensen’s inequality, we get

H.(P)=1Inl[u]= ln/

T 2

o) 2 . P ()2
V@) g > / (| L + V(l‘» x)>dx > inf V(z,y).
d Td € T,y
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Thus, (4.3) and (4.4) yield (4.1). Besides, combining the first inequality in (4.4) with (4.3), we obtain

2 2
/ de < H (P)—infV(z,y) < % +sup V(z,y) —inf V(z,y),
Td x,Y

2 z.Y T,y
which gives

P> or
— +P Vue(z)dz +
2 L

|P?

2
[Vue(@)l dz < +supV(z,y) —inf V(z,y).
Td 2 2 z,y T,y

Since [, Vue(x)dz = 0, we have

2
/ de <sup V(z,y) —inf V(z,y).
T T,y

2 z,y

Therefore, we conclude that (4.2) holds. O

Proposition 4.2. Let (u.,me, H.) solve Problem 1.1 and q € [1,00). Then, there exist positive constants,
C=C(P), Cy=C(q,P), and C. = C(e, P), such that

sup [|ue ||l w.o(ray < Cy, (4.5)
l<infm < supme < C (4.6)
C X T e X po e X Ug, .
and
() In(m, () < 2 Viey) - it V() (47)
su me(z) In(me(x))de < —— su z,y) — in z,y). .
ep T 2 (I,y)eﬂrgxyd Y (z,y)ETIx Y 4

Proof. The estimate in (4.5) follows by Lemma 2.1 in [10]. Regarding the estimates in (4.6), we first observe
that from the first equation in (1.1) and (4.1), we get, for all z € T,

xT

_ P|?
mm@>V@nyMm>MV@w—mW@w—LL
z,Y z,y

2

€

Thus, for all z € T¢,

2
inf V(z,y)—sup V(x,y)f%
me(z) = e™? =y

Besides, by Theorem 5.1 in [10], suppa me < C. for some positive constant C, depending on € and P. Hence,
we conclude that (4.6) holds.

Finally, multiplying the first equation in (1.1) by m. and the second equation by u, and then integrating
over T? the difference between the resulting equations, we obtain

[Vue(z)[? _ " PP x
» me(x)#dx + » me(z) In(me(z))de = —H(P) + 5 + » me(a:)V(x, 7>dz,
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where we used the condition [, mc(x)dz = 1. Using this last condition once more and Proposition 4.1, we
conclude that

[Vue(z)[? |[PI? ,
me(x) ——————dx + me(z) In(me(z))de < — + su Viz,y) — inf Viz,y). 4.8
[ ) [meomonpar < EE o vy - e Ve 1)
Because the first term on the left-hand side of (4.8) is nonnegative, we obtain (4.7). O

Proposition 4.3. Let (uc,me, H.) solve Problem 1.1 and q € [1,00). Then, there exists a € (0,1) and
there exist ug € C%* N WHI(T?Y) with [p,uodz = 0, uy € Lq(Td;W;q(yd)/R), m € LYT? x Y4) with
Jpa fyd m(z,y)dydz = 1, and H(P) € R such that, up to a subsequence,

ue — ug i L(TY),  wue — ug in WH(T?), (4.9)
Vue 2 Vug + Vyuy in [LY(T x Y4, (4.10)
me = m in LY T4 x Y1), me —my = /d m(-,y)dy in LY(T?), (4.11)
H.(P)— H(P) in R. ’ (4.12)

Proof. The existence of ug € C%*NW4(T?), for some o € (0, 1), with [1., updz = 0 and satisfying (4.9) follows
from the uniform estimate in (4.5) together with Morrey’s embedding theorem and the condition de uedz = 0.
Then, from Proposition 3.12, we conclude that there exists u; € L9(T% W;’q(yd)/R) for which (4.10) holds.

Next, we observe that the map ¢t € Rt — tInt is bounded from below and lim;_, L?t = o0o. Hence, the

existence of m € L1(T? x Y?) satisfying (4.11) follows from Proposition 3.7 and the uniform estimate in (4.7)
together with the de la Vallée Poussin criterion for equi-integrability (see [11], Thm. 2.29). We observe further
that the condition [i, me(z)dz =1 yields 1 = [, mo(z)dz = [14 [},0 m(z, y)dydz. Finally, (4.12) follows from
the uniform estimates in (4.1), which conclude the proof. O

5. TWO-SCALE HOMOGENIZATION IN ONE DIMENSION

In this section, we consider the two-scale homogenization of (1.1) in one dimension, for which we have an
explicit solution. Here, we denote T! = T and ! = ), and we identify T with [0,1]. If d = 1, (1.1) becomes

(Polucle)a)® 4y (g, 2) = 1nm6( )+ H.(P), inT,
—( e(z )(P+(ue( Na))e = in T, (5.1)
fouE dﬂz:—Ome6 dx—l

5.1. The current formulation

To find the explicit solution of (5.1), we use the method introduced in [15]. Let (u,me, He) € C*°(T) x
C>(T) x R, with m, > 0, solve (5.1), and set

Je = me(P + (ue)x) (52)

The second equation of (5.1) gives (j.). = 0. Then, j. is a constant independent of x. Thus, the first equation
n (5.1) becomes

2

27;3503) +V(£a%) :hlme(.l?)-i-ﬁs(P), in T. (53)
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Next, we find the explicit formulas for u., me, H,, and their two-scale limits, ug, mo, and H, whose existence
is asserted in Proposition 4.3. We discuss the P = 0 case first, and then the general case.

Proposition 5.1. Let (ue,m., Hc(0)) € C(T) x C(T) x R, with m, > 0, solve (5.1), let j. be given by
(5.2), and let ug, m, and H(0) be given by Proposition 4.3, with P = 0. Then, for all x € T, uc(x) =0,
me(z) = V@ E)—HO) H_(0) = In fol eV @ dx, and j. = 0. Moreover, for all z € T and y € Y, ug(x) = 0,

m(z,y) = eV@V=HO) and H(0) = In fol fol eV @V dydz. Furthermore, me = m in LP(T x Y) forallp € (1,00).

Proof. By (5.2) with P =0, we have j. = m.(ue),. Because u, € C*>°(T) and fol uedz = 0, there exists x. € T
such that (uc),(zc) = 0. Hence, recalling that j. is independent of x and m, > 0 in T, it follows that j. = 0 and
(ue)z = 0 in T. This last condition together with the fact that fol uedzr = 0 yields u, = 0 in T. Consequently,
also ug =0 1in T.

Next, using (5.3) with P =0 and fol me(z)dz = 1, we get

- 1
me(x) = eV @D7HO) for all 2 € T, and H,(0) = 1n/ V@) g,
0

Since V is smooth, ®(z,y) = " (*¥) satisfies the conditions of Proposition 3.10 for any p € (1, 00). Accordingly,
setting ®.(z) = ®(z, £), we have ®, 2 @ in LP(T x Y) for all p € (1,00); in particular,

1 11
lim [ eV®)dzr = / / eV @Y dyde,
0 0o Jo

e—0

which yields H.(0) — H(0) in R. Moreover, using the uniqueness of two-scale limits, m(z,y) = eV @¥)~HO) for

all (z,y) € T x Y and m, 2 min LP(T x Y) for all p € (1,00). O

Next, we examine the general case, P € R.

Proposition 5.2. Let (uc,me, He) € C°(T) x C°(T) x R, with m, > 0, solve (5.1) and j. be given by (5.2).
Let F, : Rt — R be the function defined, fort > 0, by

j2
Then, for all z € T,
) P
Je (5.5)

and

ue(z) = /01 m{?s)ds —Pr+ P — /01 /OZ mzzs)dsdz. (5.7)

Furthermore, there exists j € R such that, up to a subsequence, jo — j as € — 0.
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Proof. We start by observing that F, belongs to C*°(R™) and is a decreasing and convex function in R*. Then,
(5.3) yields

Moreover, by Jensen’s inequality,

% —F(1) = F(/O1 me(x)dx) < /01 Fu(me(2))dz = /01 (F(P) =V (2.5))dz.

This estimate, Proposition 4.1, and the smoothness of V imply that j. is uniformly bounded; thus, up to a
subsequence, j. — j in R for some j € R.

On the other hand, from (5.2), recalling that m,. > 0 and fol ue(x)dz = 0, we obtain (5.7). Moreover, by the
periodicity of u, we have u(0) = u.(1), which implies that

b
/ ¢ dz—P=0.
0 me(x)

Therefore, (5.5) holds. O

Let j be the limit of j. given in Proposition 5.2, and let F': RT™ — R be the function defined, for ¢ > 0, by

-2
It (5.8)

Ft) = 5

Note that F belongs to C*°(R™") and is a decreasing and convex function in RT.

Lemma 5.3. Let F-! and F~! be the inverse functions of F. and F defined in (5.4) and (5.8), respectively.
Then, F., F-1, F, and F~1 are Lipschitz continuous on any nonempty, closed, and bounded subinterval, [a, b]

with a < b, of their domains and the corresponding Lipschitz constants on [a,b] are bounded uniformly as e — 0.

Proof. By the definition of F,, we have, for all 0 < a <t < b < +00,

2 2 2
Je 1 _ Je 1 je 1
= -—-<F{t)=—%--< -5 —=-<0.
a® a () 3t
Since j. is convergent by Proposition 5.2, we have that F! is uniformly bounded on [a, b]. Hence, F, is Lipschitz
on [a,b] and the corresponding Lipschitz constant is bounded uniformly as e — 0. By the inverse function
theorem, a similar statement holds true F.-1. Moreover, analogous arguments hold for F and F~!. O

Lemma 5.4. Let F.' and F~! be the inverse functions of F. and F defined in (5.4) and (5.8), respectively,
and let —0o < ¢ < d < +00. Then, there exists a subsequence of (F-1). that converges uniformly to F~! on
[c,d] as e — 0.

Proof. By Proposition 5.2, we have, up to a subsequence that we do not relabel, jo. — j in R. Then, using the
definitions of F' and F,, we obtain, for any 0 < a <t < b < +0o0,

! F.(6) — F@)| =1 Je I | iy U =T 59)
imsup sup |F.(t)— F(t)| =limsup sup |[=% — < lim =< =0. 5.9
€0 te[a,b] =0 tefa,b] 22 2t2 e—0  2a?

Thus, (F,). converges uniformly to F on every compact subset of RT.
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Fix —oo < ¢ < d < +00, and set a = F~!(d) and b = F~!(c). Then, by the uniform convergence just
established, there exist ¢ < ¢ and d’ > d such that F¢([a,b]) C [¢/,d'] for all € > 0 sufficiently small. Moreover,

by Lemma 5.3, there exists a constant Cos ¢ > 0 depending on ¢/, d’, and ¢, and uniformly bounded as ¢ — 0,
such that

|E71(2) = F7N2)| < Coarelz — 2| forall 2, 2/ € [, d].

€

Hence,

sup |F7'(2) = F~'(2)| = sup [FT(F(F7'(2)) — F~'(2)| = sup [FZ'(F(1)) —t]

z€[c,d] z€[c,d] t€(a,b]
= sup [FZH(F(t) = FZH(Fe(t)| < Coare sup |F(t) — Fe(t)]
tela,b] t€la,b]

for all € > 0 sufficiently small. Thus, by (5.9), we conclude that (F. 1), converges uniformly to F~1 on [c, d] as
e — 0. O

Proposition 5.5. Let (uc,m., H.) € C(T) x C>(T) x R, with m > 0, solve (5.1) and let m and H(P) be
given by Proposition 4.3. Then, for all (z,y) € T x Y, we have

m(z,y) = FTH(H(P) = V(z,y)). (5.10)

Moreover, (m¢). is uniformly bounded in L>=(T) and m. 2 min LP(T x Y) for allp € (1,00).

Proof. For z € T and y € Y, set we(x) = He(P) — V(z, %) and w(z,y) = H(P) — V(x,y). By Proposition 3.10,
(4.12), and the smoothness of V', we have

we > w in LP(T x Y) for all p € (1, 00) (5.11)

and there exists ¢ € R, independent of €, such that |w.(x)| < ¢ for all z € T. On the other hand, by Lemma 5.4,
there exists ¢ € R, independent of ¢, such that F!([—¢,c]) C [~¢,¢]. Recalling (5.6) and the lower bound in
(4.6), we conclude that & < m.(z) < ¢ for all z € T. Then, by Proposition 3.5, to show that m. N F~1(w) in
LP(T x Y) for all p € (1,00), it suffices to show that

lim [ (@)oo (@)de = lim | F=(w.(2))ée(x)de = /T d /y F M w(,9)0(r, y)dyde (5.12)

e—0 Td e—0 Td
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for any bounded sequence (¢,). C L? (T) and any function ¢ € L' (T x ) such that ¢, A ¢ in LY (T4 x Y4).
Fix any such sequence (¢.)c, and let ¢y = sup, [|¢<| 1 (r). Then, we have

' / (e () e () — / / 1)6(z, y)dydz
\/ <>dxf/F<<>>¢e<>
‘ / (o (@) () — / / 1))l y)dyda

) -

€

‘/ Ywe(2))pe(x dx—/ / y))o(z, y)dydz|.

By Lemma 5.4, F~! converges to F~! uniformly on [—c, ¢]. Moreover, F~! is locally Lipschitz by Lemma 5.3,

which together with (5.11) and the boundedness of w, and w, yields F'~!(w,) 2 p1 (w) by Proposition 3.15 (also
see Rem. 3.16). Consequently, letting e — 0 in (5.13), we obtain (5.12). Finally, we observe by the uniqueness

of two-scale limits, we have m(x,y) = F~1(w(z,y)) = F7L{(H(P) — V(z,y)). O

Proposition 5.6. Let (uc,m¢, H.) € C(T) x C®(T) x R, with m, > 0, solve (5.1) and j. be given by (5.2).
Let ug, uy, and m be given by Proposition 4.3 and j by Proposition 5.2. Then, for (x,y) € T x Y, we have

(5.13)

, P
J= 17 , (5.14)
fO fO m(alc,y)dz"ld'r
z rl ] 1 rz pl ]
uo(x) = / / dyds — Pz + P —/ / / dydsdz, (5.15)
o Jo m(s,y) o Jo Jo m(s,y)
and
Yo
— 5.16
we) =m0+ [ —das—y [ I (516)
Proof. We first observe that for all (z,y) € T x ), we have
J

Note that m > 0 in T x ) by Proposition 5.5. Let ¢ € C*°(T; CZ(Y)), and set pc(z) = p(z, {) for x € T. By
Propositions 3.10 and 5.2 and by (5.2), we have

/ / je(z,y)dedy = hm/ / Jetpe( diU_l%/lAlmg(x)(P—l—(ue)z(x))gog(x)dx. (5.18)

We claim that

11 11
lim/ /0 ms(x)(PJr(us)w(x))aps(x)dx:/o /0 m(z,y) (P + (uo)e(z) + (w1)y(z,y))p(z,y)dzdy,  (5.19)

e—0 0



20 R. FERREIRA ET AL.

which, together with (5.18), yields (5.17). To prove (5.19), we first observe that (m.p.). is a bounded sequence
in L>°(T), and thus in LP(T), by Proposition 5.5; next, we observe that (P + (u¢)s). is a bounded sequence in
LP (T) that weakly two-scale converges to P+ (ug)s + (u1), in L? (T x ) by Proposition 4.3. Hence, if we show

that mep. 2 me in LP(T x V), then (5.19) follows by Proposition 3.5. To prove this last convergence, we first
note that if (¢)e C LP' (T9) is a bounded sequence such that ¢, EN ¢ in LP (T x Y) for some ¢ € LP (T x V),
then ¢. = ¢, defines a bounded sequence in L?’ (T9) such that be 2 dpin LP (T x Y) by Proposition 3.11 and
Definition 3.1. Then, Proposition 3.5 and the convergence m. 2 min LP(T x )), established in Proposition 5.5,

yield mpe 2 me in LP(T x V). Hence, (5.19), and consequently (5.17), holds.
Integrating (5.17) over ) and using the periodicity of u;(z,-), we get

_ [t N
(uo)mf/o m(-,y)dy P. (5.20)

Integrating (5.20) over T and using the periodicity of wug, we conclude that (5.14) holds. On the other hand,
integrating (5.20) on [0, z] and using the condition fol uo(z)dz = 0, we obtain (5.15). Finally, we observe that
from (5.17) and (5.20), we get

. 1 .
J / J
ur)y(z,y) = - dy,
( 1)9( ) m(x’y) 0 m($7y>
from which we deduce (5.16) by integration over [0, y]. O

Remark 5.7. Note that if P = 0, then j = 0 (see (5.14)), and the formulas for ug, u1, H, and m in Propo-
sitions 5.5 and 5.6 reduce to those in Proposition 5.1. Moreover, the smoothness of V' combined with the
smoothness on F~! on compact sets yield m smooth. Hence, so is ug; also, choosing an appropriate representa-
tive, we may assume that u; is smooth. Moreover, one can check that P + Vug(z) + Vyui(z,y) = —2—; from

- (zy)’
this identity, (5.8), and (5.10), we conclude that (ug,u1,m, H) solves Problem 1.5.

6. THE HOMOGENIZED PROBLEM

To obtain the two-scale homogenization of Problems 1.1 and 1.2 in higher dimensions, we need to exam-
ine in detail the existence, uniqueness, and regularity of the solution to the two-scale homogenized problem,
Problem 1.8.

To do that, we study two subproblems: the cell problem, Problem 1.9, and the homogenized problem,
Problem 1.10. The two preceding problems are analyzed separately in Sections 6.1 and 6.2.

6.1. The cell problem

Here, we study Problem 1.9. We stress that Problems 1.9 and 1.6 are equivalent (see Rem. 1.11). Thus, if we
prove existence and uniqueness of the solution to Problem 1.6, Problem 1.9 admits a unique minimizer.

6.1.1. Uniqueness

Here, we prove uniqueness of the solution Problem 1.6.

Proposition 6.1. For each x € T¢ and A € R?, Problem 1.6 admits at most one solution.
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Proof. Here, we use the Lasry-Lions monotonicity argument. For each z and A, we assume that (wy,mq, H 1)
and (wsq,ma, Hy) are two solutions of Problem 1.6 as in the statement. Then, we have

2

Al Vel — n iy — Inig + Hy(w, A) — Ha(z, A), 6.1)
— diVy (ﬁll (A + VM&)&)) + diVy (ﬁ’Lg(A + vng)) =0.

Multiplying the first equation by (m; — ms), subtracting it from the second equation multiplied by (w; — ws),
integrating by parts, and using fyd midy = fyd mady = 1, we get

1 ~ ~ - ~ ~ o\~ ~
3 / (1 + M) | Vw1 — Vs ?dy + / (Inmy —Inmgy)(my — me)dy =0,
yd yd

which implies m; = mo and V,w, = V,ws. Thus, using (6.1), we see that f[l = ﬁg. Meanwhile, since w1, w9 €
O;;O‘(yd) /R, V,w = V,w, implies that w; = w,. Therefore, we conclude that there exists at most one solution
to Problem 1.6. O

6.1.2. A priori estimates

We say that solutions to a PDE are classical if they have enough smoothness to solve the PDE. To prove
existence of the solution to Problem 1.6, we use the continuation method, which is similar to the argument in
[10]. For that, we begin by assuming that Problem 1.6 admits a classical solution, (w,m, H). Then, we establish
various uniform bounds for @, m, and H.

Proposition 6.2. Let (w,m, ﬁ) solve Problem 1.6. Then, for any x € T? and A € R?, H s coercive in A; that
18,

AP ~ |A]?
5 +inf V(z,y) < H(z,A) <supV(z,y) + 5 (6.2)
z,y T,y
and
/ IV, i0(z, A, y)|*dy < 2<sup V(z,y) — ian(ac,y)). (6.3)
yd T,y x,y

Proof. As stated in Remark 1.11, H in (1.11) is the same as H in the solution to (1.6). Thus, for cach z € T¢
and A € R% choosing w = 0 in (1.9) and using the formulation of H in (1.11), we get

~ 2 A 2
H(x,A) < ln/ e%ﬂ/(m‘y)dy < % +sup V(x,y). (6.4)
yd .Y

Using Jensen’s inequality and the periodicity of w, we obtain

[A+Vy@(x,Ay)]2
2

H(z,A) = ln/ e
yd
AJ? — V,w(z, A, y)|?
> u _|_/ ATVyw(x, A, y)dy +/ Mdy +inf V(z, )
2 yd yd 2 xz,Y

A 2 ~ A 2 A 2
2 yd 2 vy 2 oy

VEady > /

A+ Vyw(z, A y)l?
yd

5 + V(x,y)>dy
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Thus, the preceding estimate and (6.4) yield (6.2). Furthermore, combining the second to last equality in the
preceding estimate with (6.4), we get

/ %dng_%_infvgsupV—ian.
yd,

z,y T,y x,y

Therefore, we conclude (6.3). O
The above estimates combined with the first equation of (1.7) immediately gives us a lower bound for m.

Corollary 6.3. Let (w,m, .FNI) solve Problem 1.6. Then, for any x € T* and A € R and for any y € V¢,

; 1A%
inf V(z,y)—sup V(z,y)— =
@,y

e, Ay) > e

Proof. Using the first equation of (1.7), we get for any x € T¢ and A € R? and for any y € Y,

A+ @ (z,A,y)|2 =
Tl A y) = e EEE AV @)= HA)

Using (6.2) and the boundedness of V', we get

1A2
inf V(z,y)—sup V(z,y)— 55—
2y z,y

iz, A, y) > ¢V @y)—H@A) 5 oo

O

Next, we obtain an upper bound for m. To do that, we get an upper bound on the norm of m in L? for some
0 < § < 400. Then, we use Moser’s argument to bound m in LP* by the norm of m in LY for all p; satisfying
0 < p1 < +o0. Finally, we consider the limit p; — 400 and conclude that m is bounded.

Proposition 6.4. Let (w,m, f[) solve Problem 1.6. Define 6 = % if d = 3 and any positive number if d = 2
or d=1. Then, there exists a constant, C, independent of x and A such that

7
( m9+1dy> <C. (6.5)
yd

Proof. We define
K=A+V,w (6.6)
and denote each component of K by K*, where 1 < i < d. Let

_ A+ vy

h
2

+V.

Then, the second equation in (1.7) becomes — div,(mK) = 0. Next, we use Einstein’s notation; that is, we are
summing over repeated indices. Multiplying both sides of the identity — div,(mK) = 0 by A,w and integrating,
we get

0= / div, (mK)A,wdy = / (MK")y, Wy, y,dy = /
yd yd

Ya (mKi)ijyiyjdy = /yd(myjKi +mK:Zj)@yiyjdy' (6'7)
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From the first equation in (1.7), we get m,, = mh,,. Using this identity in the last equality in (6.7), we obtain
OZAJW%W+ﬁ@m%w®.
Because hy; = K'Wy,y, +V,; and K, = w,,,,, we have

/y il dy + /y Ty, By Ay = /y iy, Vi, dy:

Using a weighted Cauchy’s inequality and the smoothness of V', we conclude that there exists a constant, C,
independent of x and A such that

/ m|V,h|*dy < C.
yd
Since Vym = mV,h and [, mdy = 1,
12 1.2 1_ 9~
(}Vym‘l} + (m?) )dy = <fm|Vyh| + m)dy < C
yd yd 4
Using Sobolev’s inequality, we obtain

(/ m”ﬂ@ech/mOVﬁﬁf+Mﬁfym<C, (6.8)
yd yd

where 6 = d% for d > 3 and any positive real number for d = 2. If d = 1, Morrey’s inequality gives

sup m?2 gC/ (]vym%]2+(m%)2)dy<(}. (6.9)
y y
Thus, for d = 1 and any 6 > 0, we also have (6.8). Therefore, we conclude that (6.5) holds. O

Next, we use Moser’s iteration method to obtain an upper bound of m.

Proposition 6.5. Let (@,fﬁ,f[) solve Problem 1.6. Then, there exists a constant, C, such that for any xr and

A

J

supm(z,A,y) < C (6.10)
y

and

sup [A + Vyw(z, A, y)| < C + A (6.11)
y

Proof. First, we show that (6.10) implies (6.11). Assume that there exists a constant, C, such that for any =

~ |A+Vy@|2 =
and A, (6.10) holds. Using the first equation in (1.7), we have m = e~ =2 +V—H

, we obtain
A+ V,w|?

5 +V_-H=Inm<InC.
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Then, using Proposition 6.2, we have

sup |A + Vyw| < C+ [Al.
y

Thus, we conclude that (6.11) holds. Next, we prove (6.10). If d = 1, (6.10) follows by (6.9) in the proof of

Proposition 6.4. Thus, in what follows, we suppose that d > 2.

As before, we define K as in (6.6) and use Einstein’s notation. Multiplying the second equation in (1.7) by

—divy (m?K) for ¢ > 0 and integrating, we get

0= [ divy (k) div, (B )y = [ @R, (), dy = [ (I, (@K, dy
% yd

yd
z/ qm® iy, my, KUK dy + miT K} K] dy
yd Y T
+ / (my, KK}, + qmim,, K, K’)dy = / Ardy + / Aody + / Asdy,
yd N yd yd yd

where using (6.6),

Ay = g Vi, iy, KK = g™ |(V,m) T K|,

_satlyei g ~atle= o~ —qhlg2~)2
Ay =mTT K K = M Wy, Wy, = mAT V0],
and

Ag = my,m K K] + qmm,, K, K/ = (q+ 1)m%m,, K'K],
= (¢ + i (my, K'y,,) = (¢ + D (Vym)" Vi (A + V).

Combining (6.12)—(6.15), we have

/yd (g~ |(Vym) K> + mH V2w + (g + 1)m(Vym) " Vaio(A + Vyw))dy = 0.

Differentiating the first equation in (1.7) with respect to y, we get

_ _ Vi
Viw(A + Vyw) + V,V = 5{1 :

Then, multiplying both sides in the prior equation by (g + 1)m?V,m, we obtain

(¢ + Dm?(V,m)"V2w(A + V) + (¢ + Dm(Vym)"'V, V = (¢ + Dm?™ [V, m|>.

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)
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Combining the previous identity with (6.16), we get

/yd (qmd~|(Vym) K[> + mTTH V2@ + (g + 1)m | Vym|®)dy

q+1 qg+1

< /yd (g + 1)m?(Vym) 'V, V|dy < mi~ |V m|?dy + 2/yd mit v, V|dy,

yd

where we use Cauchy’s inequality in the last inequality. Since the first two terms on the most left-hand side of
the preceding inequalities are positive, we have

mq*1|vym|2dy</ mq+1|vyV\2dy<sup|vyV|2/ matdy. (6.17)
yd yd x,y yd

Let 0 = ﬁ if d > 3 and 0 any positive number if d = 2. By Sobolev’s inequality and (6.17), there exists a

constant, C, independent of x and A such that

_1
( m<q+1><1+9>dy> <o (]vy (@) + mq“)dy
yd yd

<C(g+ 1)2/

, mi |V, m|*dy + C/d miTdy < C(q+ 1)2/ mitdy.
Y y

yd

Let 8= (1+ 9)% > 1. Using Holder’s inequality, we obtain

1 1
2 82 B
( mlath)A dy) T <O(q+1)? | mrtidy < C(g + 1)2< m@“)ﬁdy) :
yd

yd yd

Thus, letting

y=(qg+1)8= 8, (6.18)

we get

1

B

( ﬁﬂﬁdy) < Oy?P m7dy. (6.19)
yd yd

Then, we use Moser’s method. We choose a sequence (gs)s such that ¢ = 0 and ¢s41 = (¢s +1)8 —1 for s € N

and s > 1 and let vs = (¢s + 1)B8. Then, by (6.18), vs4+1 = B(gs+1 + 1) = B(gs + 1)8 = vs0. Hence, v, = 5°.
Using (6.19), we have

1

_ Tor1 28 N s
(/ m75+1dy) gc%,ysw </ m'sty) .
yd ye

Iterating the preceding inequality, we get

1

— s 1 s 2t Q2 sz

il sy < €7 F s ([t
yd
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Letting s — oo and using 8 = (1 + 0)% and Proposition 6.4, we get

1
oo oo _2s B2
17| Loo (yay < (% f’%ﬂZQ po—t ( %ﬁzdx) <C.

yd

Therefore, we conclude that (6.10) holds.

O

Next, we examine the Holder continuity of w. To do that, we consider the regularity of V,w. First, we rewrite

(1.7) as

AV y @2

~div, (¢ V(A V@) =0

(6.20)

We stress that (1.7) and (6.20) are equivalent as explained in Remark 1.11. More precisely, suppose that w

satisfies (6.20), we define for any z € T¢ and A € R?

~ [A+Vy () @|?
H(z,A)=In / I g,
yd

and for any y € )¢,

_ [A+Vy@(x.A,9)]2
m(x, A7 y) =e 2 +V(z,y).

Then, (@, M, H) solves Problem 1.6.
Denote v = w,,, where [ =1, ..., d. Differentiating (6.20) with respect to y;, we get

[A+V @2

A+ Vy@) (A + V@) + 1) Vo) = div, (¢ 2 VY, (A + V,8)),

A4V w2

— divy (e

where I is the identity matrix. For simplicity, we denote

[A+V @2
= e 2

V(A + V@) (A+ V@) +1)

[A+Vy @2
a4
2 Vi,

and p =e (A + V,w). Then, (6.23) becomes

— divy (AV,v) = divy ¢.

By the definition of A, for any ¢ € R?, we have

A4V, 5|2
2

TAc=e V(A + V) (A +Vw) ' +1)¢

[A+Vy 5|2

+V|(A+Vy{[})T€|2+672 +v|§|2 > 6ian|£|2.

AV, 5|2
=e 2

Let 7 = ™V, The preceding expressions yield

nlé? < €T A€, vE e RY

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)
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From Proposition 6.5, we know that there exists a positive constant cj independent on = such that

[l oo (vay < ea (6.26)

and
Al o o) < ca- (6.27)

In the rest of this section, Cy denotes any positive real number depending on A and ¢y and independent on x,
whose value may change from one expression to another and is uniformly bounded in A on compact sets; that
is, if (Ay)n is a bounded sequence, so is (Cy,, )n.

To get the regularity of v in (6.24), we consider (6.24) restricted to a small ball, B(yg, R), with a radius
R > 0 around the point, yg € Y?. After obtaining estimates on B(yo, R), the compactness of ¥ implies bounds
on the whole Y?. First, we split v into two parts. Let v = v 4 z, where 1) solves

— div, (AV,y) = divy ¢, Yy € B(yo,2R) (6.28)
and 1 = 0 on the boundary of B(yo,2R), denoted by dB(yo,2R), and z solves
— div,(AV,2) = 0, ¥y € B(yo, 2R) (6.29)

and 2|9B(y,,2R) = V|0B(yo,2r)- TO get the boundedness of 1) and the oscillation of z and v, we proceed as in the
proof of Theorem 8.13 in [12].

Proposition 6.6. Let ¢ be a weak solution to (6.28) with v = 0 on OB(yo,2R). Suppose that A satisfies (6.25)
and (6.27) and that ¢ satisfies (6.26). Then, there exist a constant, Cy, and a number, § > 0, such that

1]l Lo (B(yo,2r)) < CAR’,

where d =1 ifd>2and0<d<1lifd=2ord=1.

Proof. For a function ¢, we denote by ¢T the nonnegative part of ¢. Multiplying by (6.28) (¢ — k)*, where
k € N, and integrating the resulting equation over B(yq, 2R), we get

/ (V)T ATV (1 — k)*)dy = / 8TV, (6 — B )dy,
B(y0,2R)

B(yo,2R)

taking into account that (¢ — k)™ = 0 on dB(yo,2R). Thus,

(V07479 vty = [ —6TV,udy. (6.30)

‘/B(yO,QR)ﬁ{w>k} B(yo,2R)N{>k}

For simplicity, we denote
E(k) = B(yo,2R) N {4 > k}.

Using (6.25), (6.26), and (6.30), we get

. / IV, 0Pdy < / (V)" ATV iy = / TV < e / IV, 9ldy.
E(k) E(k) E(k) E(k)

k
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Then, by Cauchy’s inequality, we obtain
2
[y < i), (6.31)
E(k) n

Let § = +X+ if d > 2 and 6 any positive number greater than 2 if d = 2 or d = 1. For any a > k, there exists a
2 d
constant C7 > 0, independent on R, x, and A, such that

(a — K| B(a)>/* = ( /| e k)f’dy) "< ( / (- k)*)edy) " ( / - k)*)ady) .

< cl/ IV, — k) Py = 01/ IV, 2dy.
B(yo,2R) E(k)
(6.32)

The second to last inequality in the prior expressions follows by Sobolev’s inequality. Combining (6.31) and
(6.32), we get

n’(a—k)°
We denote C) = Clg 4 /n? and define
~ 2\ =
M = (CA|E(0)|%*129%> " (6.33)
Furthermore, let (k) be
1
bo = M(1— 50). (6.34)
Then, we obtain
5/\ 0 . 20(n+1) 0
|E(knt1)] < Tk )0|E(lcn)|2 < CAW|E(kn)|z. (6.35)
We claim that
E(0
|E (k)| < |27(w)|, (6.36)

where v = %. We prove this claim by induction. For n = 0, kg = 0. Hence, (6.36) is trival. Suppose that (6.36)
2
holds for some n € N, n > 0. Then, using (6.33), (6.35), and (6.36), we get

. 20(n+1)
[Bkni)| < Ca " |

_ 5A29(n+1)—nu0/2 ‘E(O) |%
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Thus, we conclude (6.36). As n — +o00, we see from (6.34) that k,, — M. Hence, letting n — 400 in (6.36),
we get |[E(M)| = 0. From (6.33), there exists a constant C such that

M = C,|B(0)[27% < Ca|B(yo,2R)[2 7% < CARIG™H).

Therefore, letting § = d(1 — ), we have [|¢)|| 1 (B(yo.2r)) < CAR’. O

Next, we bound the oscillation of the solution, z, satisfying (6.29).

Proposition 6.7. Let z solve (6.29). Then, there exists a constant, 0 < p < 1, such that

R
osc (yo, 2 z) < posc(yo, R, 2),
where osc(yo, R, z) = SUPB(ye,R) Z — inf gy, R) 2-
Proof. The claim follows directly from the DeGiorgi-Nash-Moser estimate ([13], Thm. 8.22). O

Corollary 6.8. Let v solve (6.24) and z solve (6.29). Then, there exists a constant Cy > 0 such that

R R
osc (yo, T v) < CAR? + osc (yo, T z) < CAR + posc(yo, R, v), (6.37)

where § is given in Proposition 6.6.

Proof. Since v = 1) + z, we have

R
osc(yo, —, v) = sup (Y+2)— inf (Yp+2)< sup ¥+ sup z— inf ¢ — inf 2.
4 B(yo, &) B(yo, %) B(yo, &) B(yo, %) B(yo, ¥) B(yo, %)

By Proposition 6.6, there exists a positive constant C, such that

sup ¢ — inf ¢ <2[¥llLeBo2r) < CaAR’.
GO Vit (B(yo.2R))

Using Proposition 6.7, we obtain

R
0sC (yoa 1 Z) < posc(yo, R, 2).

Therefore, the above estimates give (6.37). O

Proposition 6.9. Let v solve (6.24). Then, there exist constants Cp > 0 and 0 < 8 < 1 such that for any
0 < R <1, osc(yg, R,v) < CARP.

Proof. Let 0 < 8 < min{ — lnp 6}, where § is given in Proposition 6.6 and p in Proposition 6.7. For n € N, we

nd>
set
osc(yo, T, v)
Tn= sup ———F—. (6.38)
T <r<gr "
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Let 1 <~ <min{4°~#, L1 and 5,\ be the constant given in Corollary 6.8; that is,
4P p

R ~
0sC (yo7 T v) < CAR® + posc(yo, R, v). (6.39)
Then, we claim that there exists a large number 7" > 0 such that
T, <T~™". (6.40)

We prove (6.40) by induction.
Because the prior choice of v implies 47 py < 1, there exists a real number 7T satisfying

max {4%+B||U|‘Loo(yd), Crdd + p4ﬁT’y} <T.
Thus, for any n € N, we have

~ n+1
CA45(46%ﬁ) 4 pdPTy < T.

When n = 0, we have

osc(yo, 7, v)

rB < 4P osc(yo, 1,v) < 4%+B||U||L°°(yd) <T

To = sup
%grgl

Next, we assume that (6.40) holds for some n > 0. Then, using 6.39, we get

‘ Car? 5 ~ 1\6-8
Thi1 = sup %ﬁ,r,v) < su 4P AT a po;c(yo,r,v) < CpdP (7) +4°T,p
<<y 7 FrTSr<z r 4
~ 1 6—pB ~ n+1
< Cpd? (4—"> 48Ty = (Cp4? (7467_[3) + AP Ty )y~ (D) < Ty (D),

Thus, we conclude that (6.40) holds. For any 0 < R < 1, we can find n € N such that 4"% <R 4%. Hence,
using the definition of 7, in (6.38), we obtain

osc(yo, R,v) < R°T,, < R°Ty™™ < TR®. O

Proposition 6.10. Let w solve (6.20). Then, there exists a constant, Cy, such that ||ﬁ|\cz,/a(yd) < Ch, where
#
B is given in Proposition 6.9.
Proof. By Proposition 6.9, we conclude that for any compact subset Y{ of ¢, there exists a constant Cy > 0 such
that HU”C&‘*(W) < Oy, where v =w,, for I =1,...,d. Then, HVyUNJHCS%,g(yd) < Ch. Because (6.24) is uniformly
elliptic, the Schauder estimate in [12, Theorem 5.20] gives that ||U||C#;a(yd) < Cy. Then, ||1EHCQ,/3(W) <Cp. O
#

6.1.3. The existence of the solution to the cell problem

Here, we use a continuation argument similar to the one in Chapter 11.3 of [14] to prove existence of
the solution to (6.20). The key difference is that we work in Hoélder spaces instead of Sobolev spaces. Let
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0 < a < 8 <1, where 3 is as in Proposition 6.10. Thus, C;’B (%) is compactly embedded in C’i’a()}d), denoted
by C37(¥?) cc C3*(V). We define F : C5% (V%) x [0,1] x T¢ x R? — C* (V) by

L2
F(@, A 2, A) = div (ei'wzy SV (@) (A 4 V). (6.41)
For fixed z € T% and A € R?, we define
S={Xe[0,1]: 3w € C3*(V*) such that F(a@, \,z,A) = 0}. (6.42)

If we establish that S is not empty and both open and closed in [0,1], we have solutions for all A € [0,1].
Thus, F(w,1,z,A) = 0 admits a solution in Ci’a(yd), which in return gives the existence of a solution to
Problem 1.6.

Clearly, when A = 0, for any « € T¢ and A € R¢, @ = 0 solves F = 0. Thus, S is not empty. Next, we prove
that S is open.

Let L : Cf;“(yd) — nga(yd) be the linearized operator of F' with respect to w. For v € Cia (Y?), we have

A+Vy @2
2

L(v) = div (e FAVED) (A + V@) TV v(A + V) + Vyv)). (6.43)

It is sufficient to prove that £ is invertible. We define

and endow H with the norm
2 _ 2
”UH”H - ||U||W;v2(yd)'
For v,w € H, and m € S, we define B: H x H — R as
M+AV ~\T ~ T
Bv,w] = e 2 (A+V,w)' ' Vyu(A+ V) + Vo)) Vywdy. (6.44)
yd

Proposition 6.11. Let B be the bilinear form in (6.44). Then, B is bounded; that is, for all v, € H, there
exists a positive number Cy such that |Blv, w]| < Callv||x ||| -

Proof. Using Proposition 6.5 and Holder’s inequality, there exists a constant Cy such that
|Blv, @]| < CA/d IVyollVywldy < Callvllnll@ |l O
Yy

Thus, by the Riesz Representation theorem, there exists a linear continuous injective mapping, A : H — H,
such that, for all v,w € H,

Blv,w] = (Av, w)y. (6.45)
Proposition 6.12. Let A be the operator defined in (6.45). Then, there exists a constant Cy > 0, such that

[Aw|% 2 Callwlx (6.46)
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for allw e H.
Proof. We prove the result by contradiction. Suppose that (6.46) does not hold. Then, there exists a sequence,
(@Wn)n, in H such that ||w,|ly =1 and Aw, — 0. Then,

[A+Vy @2
2

|Awy ||y = Blwn, wn] = / e V(A + V@) Vywa (A + V@) + Vywn))TVywndy

yd
A+Vy 5|2 .
= / e V(A + Vyw)TVywn)2 + |Vy@n|?)dy — 0.
yd
y@? . .
Since V is smooth, e%‘*’\v(z’y) does not vanish. Thus, fyd |Vy@,|?dy — 0. Since fyd wpdy = 0, by
Poincaré’s inequality, we conclude that w, — 0 in H, which contradicts the identity ||, |l% = 1. O
Corollary 6.13. Let A be as in (6.45). Then, the range of A, R(A), is closed in H.

Proof. Let (v,)n C R(A) be a Cauchy sequence and (), C A such that Aw, = v,. By Proposition 6.12,
we know that w,, is Cauchy. Thus, there exists w in H, such that w, — w. By the continuity of A, we have
Aw,, — Aw. Since Aw € R(A), v, converges to an element in R(A). Therefore, R(A) is closed. O

Corollary 6.14. Let A be as in (6.45). Then, R(A) = H.
Proof. Suppose that R(A) # H. Since R(A) is closed in H, there exists @ € H such that @ L R(A). Then, we
have

0 = (Aw, @) = Blw,w] = / ¢RI (A + V@) V@) + [V w]?)dy.
yd

[A+V @2
Due to the smoothness of V, e FAV (@) g strictly positive. Thus, fyd |V, @|?dy = 0. Since fyd wpdy =0,
by Poincaré’s inequality, we conclude that @ = 0. Hence, R(A) = H. O

Proposition 6.15. Let B be the bilinear form given in (6.44) and L as in (6.43). For any vy € nga(yd), there
exists a unique v € H such that Blv,w] = <v0,w)L2#(yd) for all w € H. Moreover, v € C’ia(yd) and solves
L(v) = vg.

Proof. Let vg € C;’a (¥%). By the Riesz representation theorem, there exists a unique o € H such that for all
w € H,

(o, @) = {vo, w>L2#(yd). (6.47)

By Corollary 6.14 and the injectivity of A, A is invertible. Thus, defining v = A~!o and using (6.45) and (6.47),
we obtain

Blv, w] = (Av, @)y = (0, @) = (v0, @) 12, (ya)-

Therefore, v is a weak solution of

A+V, 3|2
2

div (e FAV (z,y) (A + V,0)"Vyu(A+ V) + Vyv)) = vp.

By Schauder’s estimate (see [12], Thm. 5.20), since all coefficients are in ng“(yd), we see that v € C’i’a(yd). O
Proposition 6.16. S defined in (6.42) is open.
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Proof. According to Proposition 6.15, L : Ci“(yd) — C;é’a (¥?) is an isomorphism. Let A € S. By the implicit

function theorem, given z € T¢ and Ae R?, there exist a neighborhood U of A and a unique solution w €
Oi“(yd) to F(w, \,z,A) = 0 for any A\ € U. Thus, S is open. O

Remark 6.17. In the proof of Proposition 6.16, the implicit function theorem also gives that w is smooth in
A, o, and A.

Proposition 6.18. S given in (6.42) is closed.
Proof. Let (A,)n be a Cauchy sequence in S converging to A € R. Moreover, we take (W), C C;;’O‘(yd) such
that

F (W, A\, 2z, A) = 0. (6.48)

According to Proposition 6.10, w, is uniformly bounded in Ci’ﬁ(yd). Since Ciﬂ(yd) cC C;;O‘(yd), there exists

a function w € C;;O‘(yd) such that, up to a subsequence, w,, converges to w in Ci’o‘ (¥%). Thus, considering the
limit of (6.48), as n — 400, we conclude that F'(w, A, z, A) = 0. Therefore, S is closed. O

Then, we have existence of the solution to (1.7).

Proposition 6.19. There ezists a unique function w € C>(R? x T C’ia()}d)/ﬂ%) such that for A € R? and
z €T, w(x,A,-) solves (6.20). Moreover, let i be defined in (6.22) and H be given in (6.21), then (@, m, H)
solves Problem 1.6. Accordingly, w(x, A, ) is the unique minimizer to Problem 1.9.

Proof. By Propositions 6.16 and 6.18, S in (6.42) is open and closed. Thus, for F' as in (6.41), F' = 0 has a
solution in w € C;’“(yd) when A = 1. Thus, let 7 be as in (6.22) and H be as in (6.21), then (@, m, H) solves
Problem 1.6. By the uniqueness in Proposition 6.1, we conclude that (1.7) admits a unique solution. According
to Remark 6.17, w depends smoothly on A and z. Thus, w € C*°(R?% x T¢; Ci’a(yd)/R). O

6.1.4. Lower bounds for m

Next, we prove a uniform lower bound for m, which is used to prove the existence of solutions to Problem 1.10.
According to Corollary 6.3, it is sufficient to prove a lower bound for m as |A| — oco.

Proposition 6.20. Let (w,m, ﬁ) solve Problem 1.6. If d > 1, we assume further that V satisfies (1.13). Then,
there exists a constant C' > 0 such that m > C for all x € T,y € Y?, and A € RY.

Proof. For d =1, we use the current method introduced in [15] to get an explicit formula for the solution of
(1.7) as in Section 5. According to the second equation in (1.7),

Jj=m(A+V,w) (6.49)
depends only on x. Integrating the prior equation and using fyd mdy = 1, we get
ji=A —|—/ mVywdy.
yd
By Propositions 6.2 and 6.5, there exists a constant C' > 0, independent on x, such that

mVywdy < C'/ |Vywldy < C.
yd y
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Thus,
IAl—C <|j| <A+ C. (6.50)

Using (6.49), the first equation of (1.7) becomes

32 ~
—~—— +V=lnm+H.
2m?2

According to (6.50) and Proposition 6.2, we rewrite H= % + Ig'l, where H, € R and H; is bounded as l7] = oo.
Thus, when j # 0, we divide both sides of the prior equation by j2 and get

1 1 1 - 1
TQ—F,*QVZ?IH’ITL-{-*

1 ~
—H,. 6.51
2m J j 2 + 42 1 ( )

We consider the Banach space

B= {mEC#(yd):/ydmdy:O}

and its subset

1
B = {me C#(yd) 1m > —g mdy = 0}.

yd
Then, (6.51) inspires us to define G : T¢ x [0, +00) x By — Cx(V?) as

1 _ 1
s +eV —eln(m+1)— .

G(z,e,m) = m 5

1 — 0. Differentiating G with

For given x € T¢ and € = 0, we see that m = 0 solves G(z,0,mm) = m -5

respect to m, we obtain
oG 1 1

om~ (m+1)? ‘m+l

Then, g—% # 0 when € = 0 and 7@ = 0. By the implicit function theorem, there exists a neighborhood, U C B, of
2 and a positive number, €j, such that for any 7 € U and 0 < € < ¢q, there exists a unique function m € B such
that G(Z,€,m) = 0. Moreover, for € small enough, M is bounded uniformly below by —%. Thus, given x and

when j in (6.51) is large enough, by the uniqueness of the solution to (6.51) given in Proposition 6.19, H; = 0
and m is uniformly bounded by below in j. In particular, using the compactness of T¢, it is possible to choose
€o that is valid for all z. Thus, combining the previous arguments with Corollary 6.3, which gives a uniform
bound of m when j is small, we see that m is uniformly bounded by below for all x € T,y € V, and A € R.

For d > 1. We assume that V satisfies (1.13). In this case, the solution (m,w, H) of (1.7) is separable in y
and can be written as

d d d
m(z,y) = Hmi(xvyi)a w(z,y) = Z{Ei(xayi)v ﬁ(%A) = Zﬁi(xyAi)v (6.52)
i=1 i=1 i=1
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where m; : T¢x Y - R, w; : T* x Y — R, and fIZ : T4 x R — R are defined for all i = 1,...,d. Accordingly,
(1.7) can be split into one-dimensional systems; that is, for each i = 1,...,d, we have

A+ (Wi (2,y:))y, |
Bl Dl 1 V(2 y) = (e, o) + Hiw, o),
(i (, i) (As + (@i(mayi))yl)) =0,
1~
Jo milz,y:)dy = 1.
By the above arguments, m; is bounded below as |A;| — oo for each ¢ = 1, ..., d. Therefore, m satisfying (6.52)
is uniformly bounded by below. O

Remark 6.21. When d > 1 and V is non-separable, the lower boundedness of m is still unknown. Here,
we prebent the difficulty we faced. Let A = AI', where A € Ry, I' € R%, and |T| = 1. Besides, let ¢ =  and

H=X%+H 1. Then, multiplying both sides of the first equation in (1.7) by € and rearranging, we get

Similarly, the transport equation of (1.7) becomes
vy + e(Vym" Vyw + mA,w) = 0.

Thus, we can define an operator F' such that

. (17vy w+e(M+V—1nm—ﬁ1)
F(e,w,m) = Y 2 .

r'vym+ e(V,m* 'V, + mA,w)
The linearized operator of F with respect to (w, m) when ¢ = 0 is given by
E{E,ﬁm(va :U/) = (FTvyv7 FTvy,U/)a

which fails to be an isomorphism. Therefore, in this case, we cannot use the implicit function theorem as we
did for the one-dimensional case.

6.2. The homogenized problem

Here, we study existence of minimizers for Problem 1.10. Since (1.12) is considered in [10], we only need to
check that the Hamiltonian H satisfies the assumptions in [10] and apply the results there directly. First, we
give uniform bounds for derivatives of H with respect to A and z. For simplicity, we use Einstein’s notation
and remark that all the constants denoted by C' are independent on x and A.

Proposition 6.22. Let (@,m,fi) solve Problem 1.6. Then, there exists a positive constant C such that
|H,,| < C.

Proof. Differentiating the equations in (1.7) with respect to x;, we obtain
(Ai + Wy, )Wy, + Vo, = =

= (e, (A + @y,) + Mby,a,), =0, (6.53)
fyd my,dy = 0.

Mg
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Multiplying the first equation in the prior system by m, integrating the resulting terms, and using fyd mdy =1,
we get

i, :Ld(Aﬁwyi)@Wﬁder/yd V%mdy—/yd i, dy

(6.54)
_ 7/ (A + @,)iT0), @, dy +/ V., ifdy — / g, dy.
yi v yi yi
From the second equation of (1.7), we know that
/ ((Ai + @y )i @, dy = 0. (6.55)
Y Yi
The third equation of (6.53) gives that
/ g, dy = 0. (6.56)
yd
By the smoothness of V', the positivity of m, and fyd mdy = 1, there exists a constant C such that
‘/ szffldy‘ <C. (6.57)
yd
Therefore, (6.54)(6.57) yield |H,,| < C. O

Proposition 6.23. Let (w,m, I:T) solve Problem 1.6. Then, there exists a positive constant C' such that

/ —m2 der/ mw y<C. (6.58)
yd m i

Proof. Multiplying the first equation in (6.53) by m,,, integrating the resulting terms in V¢, and using
fyd Mg, dy = 0, we get

P ~ 1
A}d(Al+wy1)wyz$]m$de+Ad ijmwjdy:/:);d %mijdy (659)

Multiplying the second equation of (6.53) by w,; and integrating by parts, we obtain

/y iy (A By, ),y /y iy T,y = 0. (6.60)

Subtracting (6.60) to (6.59) and using Cauchy’s inequality, we have

L, ~ ~o ~ Ly ij ~
=My, dy + MWy, dy = Vi, Mg, dy < S= My, dy + —Imdy.
yd m yd yd yd 2m yd 2

Thus, by the smoothness of V' and fyd mdy = 1, there exists a constant C' such that

1
/ xdy—|—/ mwyldyéC. O
ydm J J
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Proposition 6.24. Let (@,ﬁz,f[) solve Problem 1.6. Then, there exists a positive constant C' such that
|Hy,e| < C.

Proof. Differentiating (6.53) with respect to x;, we get

~ ~ o~ 1~ =~ 1~ 7
Wy, 2, Wy;z; + (Ai + wyi)wyiszz + Voo = =732 M, Ma; + 5 Maj, + Hyjay,
— (Mg, (Ni + Wy,) + Mg, Wy, + Mgy Wy, + mwyﬂjml)y =0, (6.61)

fyd ﬁlzjmldy =0.

Multiplying the first equation in (6.61) by m, integrating the resulting terms, and using fyd mdy = 1, we have

by ~ ~ ~ ~ ~ ~ ~ ﬁl:ﬂ mw ~
Hﬂﬁjﬂﬁl = mwyﬂzwyirjdy Jr/ (AZ + wyi)wyﬂjzzmdy +/ Vrlemdy Jr/ #dy 7/ mrjszdy~
’ yd : yd yd : yd m yd :
(6.62)
From (6.61), we know that
/y ity = . (6.63)
By the smoothness of V', the positivity of m, and fyd mdy = 1, there exists a constant C' such that
’/ Vwﬂlﬁady‘ < C. (6.64)
yd
Using Holder’s inequality and (6.58), we get
: :
‘ ﬁz@ym@yi%dy‘ < ( ﬁuﬂzmdy) ( ﬁnﬂiﬂjdy) <C (6.65)
yd yd yd
and
i e, w2, NP MR\
———dy| < —dy —dy | <C. (6.66)
yd m yd m yd m
From the second equation of (1.7), we obtain
/y (A Ty By iy = /y (A ), By = O (6.67)

Therefore, (6.62)—(6.67) give that |I§mm| <C. 0O

Proposition 6.25. Let (w,m, f[) solve Problem 1.6. Then, there exists a positive constant C' such that

~ 2
w2, d "N gy < 6.68
ydmwyiAJ Y+ e y < Cl (6.68)
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Proof. Let gij =1ifi=j and gij =0 if ¢ # j. Differentiating (1.7) with respect to A;, we obtain

(Al + wyb)(glj + wyiAj)~:

1
—(ﬁlAj (Az =+ @yq) + ﬁl((sij +w
fyd 771,/\3. dy = 0.

(6.69)

Multiplying the first equation of the prior system by m, ;, integrating the resulting terms, and using fyd my,dy =

0, we get

~2

~ o\~ ~ My,
d(Ai + wyi)wyiAijjdy = /yd mJ dy

/ (A +@yi)&jm1dy+/
yd Y

Multiplying the second equation in (6.69) by w,, and integrating by parts, we have

fn, (Aq + Wy, )W, y,dy + /y ) (855 + Wy, )W,y dy = 0.

yd
Subtracting (6.71) to (6.70) and rearranging, we obtain
)
~ ~9 mAj ~ AT o~ ~T o~
/ mwyiAjdy+/ — dy:/ (Ai—i—wyi)éijm,\jdy—/ MO WAy, dy
yi ya m yd yd

:/yd Aigijﬁl/\jdy—i-/yd ’wyi&'jﬁl/\jdy—/yd mgiijjyidy.

Since fyd ma,dy = 0, we have
/ AigijﬁLA]. dy =0.
yd

By Young’s inequality, (6.58), and Propositions 6.2 and 6.5, there exists a constant C' such that

~ 92 ~ 92
- T o~ 1 . 1 my 1 my
‘/ wyiéijm/\jdy‘g/ mw;dy—i—f/ NA’dng—I—f/ NAde.
yd 2 yd ’ 2 ya M 2 ya M
Using Young’s inequality again, we get
o m W3 M W3 M
/ MWy, |dy < / —dy —|—/ —= dy < C +/ —I=—dy.
yd ' yd 2 yd 2 yd 2

Thus, (6.72)—(6.75) yield

~2
w2, d ™ gy < C
MWy, A, Y+ —dy < C.
yd yd m

(6.70)

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

O

Proposition 6.26. Let (w,m, fI) solve Problem 1.6. Then, there exists a positive constant C such that |I§Aj\ <

C(1+A]).
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Proof. Multiply the first equation in (6.69) by m, we get
(A + ’[Dyl)(éw + @ULAJ)T% = 7’711\]. + HAjﬁ”L.

Integrating the preceding identity over V¢ and taking into account that fyd mdy = 1 and fyd ma,dy = 0, we
obtain

iy, = /y (i )3y + /y (i )y, oy, (6.76)
Multiplying the second equation of (1.7) by wx, and integrating by parts, we have
/y (i By, )il iy = . (6.77)
By Proposition 6.5, there exists a constant C' such that
‘ /yd(Ai + ayi)&jmdy‘ < C(1+]A)). (6.78)

Therefore, (6.76)(6.78) give |Ha,| < C(1 +|A]). O

Proposition 6.27. Let (@,T?L,ﬁ) solve Problem 1.6. Then, there exists a positive constant C' such that
[Ha;n | < C.

Proof. Differentiating the first equation in (6.69) with respect to A;, we get

- o Fndin,
(61'1 + wyiAz)(éij + wyi/\j) + (AZ + wyi)wyiAjAL = - 7’%2 + m + HAjAL'

Multiplying both sides of the prior equation by 7, integrating, and using [y, Mma;a,dy = 0 and [}, mdy = 1,
we obtain

U Fon, i, _
(A + By, )y, 0,0y = — / AN Qy + Hy - (6.79)

/ (gil + ﬁyi/\z)(gij + ﬂjyil\j )’I%dy + /
yd yd m

y:i

We multiply the second equation in (1.7) by wa,4,, integrate by parts, and get
/ (Al —+ ﬁyi)@yi/\jAlmdy =0. (6.80)
yd '

By Young’s inequality and (6.68), there exists a constant C' such that

~ ~ ~9 ~2

TNA, TNUA . m MiA .
/ Mdy / A dy+/ YNy < C (6.81)
yd m yd 2m yd 2m

N

and

- ~ 1 I 1 ~ ~
/yd Wy, A, Wy, A, |Mdy < 3 /yl wziAlmdy + B /yd wthjmdy <C. (6.82)
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Therefore, combining (6.79)—(6.82), we conclude that |INIAJ.AZ| <C. O

Proposition 6.28. Let (@,ﬁz,ﬁ) solve Problem 1.6. Then, there exists a positive constant C' such that
|HAsz| < C

Proof. Differentiating the first equation in (6.53) with respect to A;, we get

~ ~ ~ ~ ~ ﬁlmﬁl\l ﬁl/\lf i
(6Zl + wyiAl)wyiwj + (A’L + wyi)wyil’j/\l = - 7%2 + ﬁl/ ! + HA[IJ"

Multiplying both sides by m, integrating, and taking into account that fyd mdy = 1 and fyd ma,z,;dy = 0, we
obtain

~ Mg, M ~ . o~ ~
Hpppy = ”’%Aldy + / (0i + Wy, A, )Wy, o, mdy + / (Ai + Wy, )Wy, o, 4, MdY. (6.83)
yd m yd yd

Using the second equation of (1.7), we have
/yd (A; + Yﬂyi)ﬁywﬂ\lﬁldy =0. (6.84)

By Young’s inequality (6.58) and (6.68), there exists a constant C' such that

~2

g, L fomg, 1 g
frtae g [ e [ G < o
y ye ye

and
L 1 5~ 1 o~
” | Wy, A, Wy, 2, |Mdy < 3 /o Wy, n,Mmdy + 3 ) Wy, mdy < C. (6.86)

Therefore, (6.83)-(6.86) yield |Ha,,,| < C. O

Proposition 6.29. Let (1]7,7717];7) solve Problem 1.6. Then, under the assumptions of Proposition 6.20, H is
uniformly convez; that is, for any € € RY, € = {&1,...,&4}, there exists a positive constant C' such that

& Ha,n& > CleP (6.87)
Proof. Using (6.79) and (6.80), we have

~ ~ ~ _ N MA, A,
HAjAl = / (6a + wyiAL)(5ij + quiAj)mdy + / #dy
yd yd

Then,

- TV ,",":LQ
EiHA A& =/ Md

w N ~ 2
» v+ €0+ Vi) + Viadmdy > /y |+ Ve dy,
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where I is the identity matrix. By Proposition 6.20 and Jensen’s inequality, there exists a constant C' such that

2
/ |(I + V, a0)EPmdy > C/ |(I + Vyaw)éPdy > C' / (I +Vyaw)édy| = Cl¢2
yd yd yd

Therefore, we conclude that (6.87) holds. O

Remark 6.30. In the proof of Proposition 6.29, the uniform lower bound of m is given by Proposition 6.20,
where we assume that the potential V' is separable when d > 2. Proposition 6.20 is the only point where we use
the structure hypothesis given by (1.13) to get the uniform convexity of H.

The next proposition gives a proof for existence and uniqueness of the solution to the homogenized problem.

Proposition 6.31. Suppose that V is smooth. Assume further that when d > 1, V satisfies (1.13). Then,
Problem 1.10 admits a unique smooth minimizer and Problem 1.7 has a unique solution.

Proof. By Propositions 6.22-6.29, H satisfies the assumptions required in [10]. Therefore, according to Remark
1.3 and Theorem 5.2 in [10], Problem 1.7 admits a unique smooth solution. Accordingly, Problem 1.10 has a
unique smooth minimizer. O

Next, we prove that Problem 1.8 has unique smooth minimizer.

Proposition 6.32. Problem 1.8 admits a unique minimizer, (uo,ul) where Uy € C>(T?) is the solution
to Problem 1.10 and Uy € C“(’]I‘d;Ci’a(yd)/R) Moreover, let T be given in Problem 1.10 and 1 be as in
Problem 1.8. Then, I[io] = 1[to, ).

Proof. As pointed out in Remark 1.11, Problem 1.5 and Problem 1.8 are equivalent. Thus, if we prove the
uniqueness of the solution to Problem 1.5, Problem 1.8 has a unique minimizer. To do that, we use a similar
argument to the one in the proof of Proposition 6.1. Assume that (ug,u;, m, H1) and (%o, u1,m, Hy) are two
solutions to Problem 1.5 such that ug, g € C>(T9), uy,u; € C(TY; ng“(yd)/R), m,m € C®(T4; Ct(Y9)),
H{,Hy € R, [,,updz = [, Tpdz =0, and [, fyd mdydz = [, fyd mdydz = 1. Then, we have

\P+Vu0+v u|®> |P+Vu0+V |2

=lnm—Inm+ H, — Ho,
—div, fydm P—i—Vuo—i—V u1)) + div, fydm P+ Vi + V1)) =0, (6.88)
—divy(m(P + Vug + Vuy)) + div, (m(P + Vg + V) = 0.

Multiplying the first equation by m — 7, subtracting it from the sum of the second equation multiplied by ug — @y

and the third equation multiplied by u; — 1, integrating by parts, and using [1, [}« mdydz = [r, [}, Mdyda =
1, we get

/ (m+m) |Vug + Vyus — Vi, — Va |* dydx+/ / (Inm — Inm)(m — m)dydz = 0.
Td Jyd ya

Thus, m = m and
VU() + Vyul = Vﬂo + Vyﬂl. (689)

We integrate (6.89) over V¢ and get Vug = Vug. Since de ugdxr = de uodx = 0, we have ug = ug. Thus,
according to (6.89), V,u1 = V,U;. Because u1,u; € C> (T Cia(yd)/R), we have uy = @;. Then, by (6.88),
H, = H,. Therefore, Problem 1.5 admits at most one solution. Accordingly, Problem 1.8 has at most one
minimizer.
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Next, we prove the existence of the minimizer to Problem 1.8. According to Propositions 6.19 and 6.31, we let
w € C®(R4 x T4 C’ia()}d)/R) be as in Proposition 6.19 and 1y € C°°(T?) minimize Problem 1.10. For = € T¢,

y € Y4, we define A = P + Viip(x) and Uy = w(P + Vig(x),x,y). Then, u; € C>(T%; ij(yd)/R). Recalling
the definition of I in Problem 1.8, we see that

inf Iu, w] < I[tg, U] (6.90)
uwewl,p(Td)
weLr(THW,, P (V4) /R)
Let T be given in Problem 1.10. Then, by the definition of 7y and %, we obtain

I[tio) = I[to, U1],

and

— [P+ Vg (2)+Vy iy (z,9)|?
Iy, ] :/ / e 2 V@ dyda
Td Jyd

[P+ Vu(z)+Vyw(z,y)l? (6'91)
= inf / inf / e R VeV dyde.
uweWbe(T) J1d weLr (T4W, " (V1) /R) J yd
For any u € W1P(T?) and w € LP(T¢; W#p(yd)/R), we have
inf / e\PJrVu(szVyw(r,y)\z_,'_V(w’y)dy < / e|P+Vu(a:)+2Vy1Tz(a:,y)|2+V(I7y)dy.
weLr (TLEW P (V4)/R) Jyd yd
Thus,
[P+ Vu(z)+Vyw(z,y)?
inf / inf / e R V@) dyda
WEWLP(T) Jrd weLr (THW, " (V) /R) J ye
e Gz, 6.92
< i / / e(\Pw (@)+9y 3¢ )')‘2+V(“”y))dydz. ( )
uewl,p(Td) Td Jyd
BELP (T4 WP (V4) /R)
By (6.91), (6.92), and the definition of I, we get
_ |P+Vig(x)+Vyag (z,9)]? _
Ifto, 1] = / / e B V@Y dyde < inf Iu, w].
Td Jyd uewl,p(1d)
weLP(THW P (V4) /R)
Combining the preceding equation with (6.90), we conclude that
T['/LL\(), ﬁl} = inf T[U, U}]
wewl,p(Td)
weLP (T4 WP (V4) /R)
Therefore, (g, u1) solves Problem 1.8. O

7. TWO-SCALE HOMOGENIZATION IN HIGHER DIMENSIONS

Here, we establish the asymptotic behavior of (1.1) in any dimension by proving Theorem 1.12.
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Proof of Theorem 1.12. Let (uc, m¢, H.) solve Problem 1.1 as in the statement. Meanwhile, let « € (0,1) and
q € [1,00), let ug € C¥* NWH(T?) with [, ugda = 0, m € L' (T? x Y?) with [1, [}, m(z,y)dedy =1, us €
L9(T% W, 4(Y4)/R), and H(P) € R be given by Proposition 4.3. Let (7o, @1) € C*(T%) x C**(T?; C3*(¥?)/R),
with f,ﬂ.d todz = 0, be the unique solution to Problem 1.8 provided by Proposition 6.32.

Using Proposition 3.13, Remark 3.14, the two-scale convergence (4.10), and the smoothness of V| we obtain

lim inf I [u, fhmmf/ / e eV @) dyde
Td Jyd

e—0 e—0

(7.1)

|P+Vug(x)+Vyug (z,y)|? - Fr~ A~

2/ / e B V@D dyde = Tlug, u1] = T[do, U1),
Td Jyd

where in the last inequality, we used that (%, 1) is the minimizer of T.
Let v € C*(T%), with fTi’ todz = 0, and 1 € C“(Td;Ci’a(yd)/R). For z € T4, set ¥ (x) = ¥o(z) +
eP1(x, 2), e = de Yedax, and 9. = Ve — ¢.. Because u. minimizes I[-] (see (1.2)), we have

. . ~ . |+ o (@) +eVavy (@, 8)+Vyr @ 82 0
lim sup I, [u.] < limsup I [¢ ] = hmsup/ e z V@D dg
e—0 e—0 e—0 Td
[P+ Vo (@) + Yy (z,9)|? -
— [ ] ; VD dydr = To, va).
Td Jyd
where we used Propositions 3.10 and 3.15 and Remark 3.16. Hence,
lim sup I [u,] < inf I[tpo, 1] < I[to, U] (7.2)
e—0 Yo €0 (1), [1.q Yoda=0
$1€0% (T4CL " (V) /R)
By (7.1) and (7.2), we conclude that
lim I [u.] = I[dg, u1] = I[ug,u1] = min I[u, w)].
e=0 wewbL.p(1d), [ ; udz=0 (7.3)

weLP(T4W P (V4) /R)

Using the strict convexity of the map £ € R? — ¢ PEE' , we conclude that the previous identities yield ug = g
and u; = u;. Hence, invoking Proposition 6.32 once more, we conclude that (1.14) holds. Moreover, recalling
(1.4) and (4.12), we have

H(P) = InTI[ug,us]. (7.4)
For (z,y) € T? x Y4, define
m(x,y) _ 6|P+Vuo(w)42rVyu1(I-,y)\+V(w)y)7ﬁ(P). (75)

Let ¢ € C=(T% C(Y?)) be such that ¢ > 0. By (1.5), (4.11), (4.10), (4.12), Proposition 3.13, Remark 3.14,
the smoothness of ¢ and V', and (7.5), we obtain

ue(x 2 - J—
/ / m(z,y)p(z,y)dydr = hm me(x)¢(x, E)daz: — lim [ 5 )Lev(w’?)_Hf(P)¢(;I;7 f)dx
Td Jyd —0 Td € €

e—0 Td

2/ / e\P+vUo(m)+2vyu1(m,y)‘ eV(m’y)fﬁ(P)¢($,y)dydx=/ / ﬁl(a:,y)(;ﬁ(a:,y)dydx.
Td Jyd 1d Jyd
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Thus,

/Td /yd m(z,y)é(x,y)dydz > /Td /yd m(z,y)o(z, y)dydz.

Because ¢ is an arbitrary nonnegative, smooth function, we have m > m almost everywhere. By Proposition 4.3,
Jra fyd m(z,y)dyde = 1. Meanwhile, by (7.4) and (7.5), also [, fyd m(z,y)dydz = 1. Hence,

/’er /yd(m(”” y) — m(z,y))dydz = 0,

which, together with m —m > 0, yields m = m almost everywhere. Finally, in view of (7.3),(7.4), and (7.5), we
conclude that (ug,u1,m, H) solves (1.6).

We conclude by observing that the uniqueness of solution to Problems 1.5, 1.8, 1.7, and 1.10 guarantees that
the convergences in Proposition 4.3 hold for the whole sequence (and not just for a subsequence). O
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