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NECESSARY CONDITIONS OF PONTRAYGIN’S TYPE FOR
GENERAL CONTROLLED STOCHASTIC VOLTERRA INTEGRAL
EQUATIONS*

TIANXIAO WANG**

Abstract. This article is addressed to giving a solution to a unsolved problem, i.e., to establish
the necessary optimality conditions of Pontraygin’s type for controlled stochastic Volterra integral
equations (SVIEs) when the control region is non-convex and the control variable enters into the
diffusion. This problem has been open since [J. Yong, Stochastic Process Appl. 116 (2006) 779-795]
obtained the analogue result for the case of convex control region. The key is to introduce a pair of
suitable second-order adjoint processes (SOAPs). It is found that the usual way of using only one SOAP
in the maximum condition for the classical setting of controlled stochastic differential equations does
not work here.

Mathematics Subject Classification. 93E20, 60H20, 49K45.

Received June 5, 2019. Accepted December 23, 2019.

1. INTRODUCTION

Suppose T' > 0 and n,m € N are given, (92, F,F,P) is a complete probability space, W (-) is a one-dimensional
Wiener process which generates the filtration F = {F; }o<;<7. In this paper, we shall study an optimal control
problem for stochastic Volterra integral equations (SVIEs), where the state equation is

X(t):go(t)—l—/o b(t7s7X(s),u(s))ds+/0 o(t, s, X(s),u(s))dW(s), te[0,T], (1.1)
and the cost functional is
T
J(u(.)):E[h(X(T)>+/O I(s, X (5), u(s))ds]. (1.2)
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2 T. WANG

Here u(-) is a control process taking values in U C R™, and X(-) is the corresponding state process in R™,
0 [0,T]x Q=R bo:[0,TPxOAXxR*"xR™ - R", h:QxR* = Rand [:[0,7T] x 2 x R" x R™ — R are
given functions (satisfying suitable conditions to be given later). Under certain conditions (Protter [12]), for
any u(-) € Ugq (to be defined later), (1.1) admits a unique solution X (-) such that J(u(-)) is well-defined. The
optimal control problem considered next is stated as follows:

Problem (SVIEs): Find u(-) € U,q such that

J(u()) = oot J(u(-))-

In the above, we call % an optimal control, X an optimal state process, and (X, ) an optimal pair.

Stochastic optimal control problems for SVIEs have many applications. Here we present a stochastic epidemic
prevention model as an example. Suppose there is a population suffered from one infected disease during [0, 77,
where T is the time when there is no infective individual, and 0 is the time when the infective group are separated
and received medical treatment. At ¢ € [0,T7], let X (¢) be the population of infected people (including the ones
who received vaccines before recovering), u(t) the amount of vaccines provided by the local government. Suppose
any infected individual is likely to die at a future time. Hence we define a random variable &; as his/her life
length with density function my(+). For s € [0, ], the infective population at ¢ — s is X (¢ — s). After s (i.e. at t)
the dying population becomes X (¢t — s)m(s)ds. Then, the total number between [0, ¢] is

; X(t—s)my(s)ds = ; X(s)mq(t — s)ds.

We shall observe that the infected people in different stage (or time period) respond to the vaccine in distinctive
ways. Therefore, it is reasonable to introduce the efficiency index a(-) depending on time. As a result, at ¢ there
are a(t)u(t) amount of people whose scenarios become stable. For this group, we define a random variable &; as
the duration of recovering completely with density ma(-). At ¢t — s, the amount of vaccines is u(t — s), and the
population with stable physical condition is a(t — s)u(t — s). After s, there are a(t — s)u(t — s)ma(s)ds amount
of people healing from the disease. Thus the total number between [0, ¢] is

/0 "t — syu(t — s)ma(s)ds = /  a(6)ulo)malt — o)ds.

0

To sum up, the increment of infected individuals at time ¢ is

AX(t) = [f /O t ma(t — 5)X (s)ds — /0 t ma(t — s)a(s)u(s)ds| At.

Observe that the efficiency coefficient a(-) can be easily influenced by other random factors, like the individual’s
physical quality, the epidemic situation in global group, the improvement of the vaccine, etc. Consequently, we
may replace a(t) with a(t) -+ W (t), where W (-) represents the white noise. Then for ¢ € [0, 7], F;(r) :=P{& <r},

X(t)=z0— /O [Fi(t — r) X (r)+Fa(t — r)a(r)u(r)]dr— /O Fy(t — r)u(r)dW (r). (1.3)
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We emphasize that the introducing of functions F; and F is inspired by Arrow [2]. Suppose the local government
wants to find a suitable @(-) to minimize

T
J(u()) = E / (G1(X(5)) + Ga(u(s))) ds, (1.4)

where G1(-) is the daily cost of living for infected people, Gz(-) represents the research and development cost
of vaccines. Hence we arrive at an optimal control problem for (1.3) with the cost functional (1.4).

Pontryagin’s maximum principle for (deterministic) controlled ordinary differential equations (ODEs) was
established in Boltyanski et al. [5]. Since then, maximum principles of optimal controls have been developed
extensively. Later, people attempted to extend them into the stochastic (diffusion) case, e.g., Bensoussan [3],
Bismut [4], Kushner [11], and so on. When the control region is non-convex and the state equation is an It&’s
stochastic differential equations (SDEs)

X(t)= x0+/0 b(s,X(s),u(s))ds—i—/O o(s, X (s),u(s))dW (s), te[0,T], (1.5)

the corresponding maximum principle was established by Peng [13]. We refer to the monograph of Yong-Zhou
[21] for more details. On the other hand, in the real world, there are many models that cannot be simply
described by ODEs but by (deterministic) Volterra integral equations (VIEs), such as the optimal capital policy
problems in ([2], Sect. 2, pp. 23-25). For the optimal control theory for VIEs, Friedman [7] was one of the
earliest literature along this line. Later in 1969, Vinokurov [15] investigated the case with o = 0 in (1.1) and
constrained state processes. Recent works in the deterministic framework can also be found in Lin-Yong [9], and
SO on.

Clearly, optimal control problems for both SDEs and VIEs are special cases of our Problem (SVIEs). In
this paper, we will establish a Pontryagin-type maximum principle for Problem (SVIEs) via the technique of
spike variation when the control region U is non-convex and the control variable u(-) enters into the diffusion
term. Such a problem has been open since Yong [19] obtained the corresponding result for the particular convex
control region case in 2006.

In contrast with the existing literatures, there exist some essential obstacles to handle the general case. In
fact, when the control region is convex, the corresponding maximum principles were established in Yong [19, 20]
and Shi et al. [14]. For the case that U is open, Agram-Oksendal [1] presented some investigations by means
of Malliavin calculus. Recently, Wang-Zhang [18] obtained some necessary optimality conditions for the case
of closed control region by set-valued analysis. In this paper, the control region is allowed to be an arbitrary
non-empty subset of R™. By the spike variation with a parameter € > 0, we obtain the following quadratic
functional &(g) with respect to the solution X7 of first-order variational equation (i.e. a linear SVIE),

£(e) = %E{ /0 b0 Hea (6) X2 (1)1 (1) ]t 4 [ (T) X0 (D) X0 () ]}, (1.6)

where H,,(-), hyr(T) are some functions (to be defined later). To the best of our knowledge, the above &(¢)
appears in the literature for the first time. The duality ideas in [1, 14, 18-20] do not work here. On the other
hand, &(¢g) is also different from that of SDEs [13], where X; satisfies a linear SDE. Actually, to study the
corresponding & (¢), Peng [13] first derived a linear SDE of X1 (-)X;(:)" via Itd’s formula, introduced a suitable
linear bounded operator, and obtained the analogue second-order adjoint process (SOAP), denoted by (P, Az),
by Riesz’s representation theorem. Using again It6’s formula, Peng proposed a second-order adjoint equation
(SOAE), i.e., alinear backward stochastic differential equation (BSDE) for (P, A3) (see Sect. 3.1 for the involved
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notations below):

AP (t)=—[ba(t) " Pa(t) + Pa(t)ba(t) + 64(t) T Aa(t) + A2 (t)5,(t)
FHoo(t) + G,() T Po(t)3, ()] dt + Ax(8)dW (¢), t € [0,T], (1.7)
Py(T) = hay(T).

Notice that the aforementioned arguments heavily depend on Itd formula. However, due to the general non-
dif ferential structure of SVIEs, we cannot directly follow the above approach. For example, in our case it is
impossible to obtain a linear SVIE for X (-)X;(-)" by the Ito formula, not to mention mimicing the following-up
procedures in the SDE setting.

According to the previous analysis, we need to introduce new idea to solve Problem (SVIEs). To this end,
let us carefully revisit the pioneer work [13]. According to the arguments in ([13], pp. 971-974), the pointwise
maximum condition of optimal controls can be established merely by a pair of first-order adjoint processes
(FOAP), and the first part of SOAP, i.e., P(+). Similar phenomena has also been observed and used essentially
to handle optimal control problems for stochastic evolution equations (e.g., Du-Meng-2013, Fuhrman-et-al-2013,
Lv-Zhang-2015). This reminds us to think about such a problem: Can we directly introduce the analogue of FOAP
and SOAP (without SOAE) for Problem (SVIEs)?

We will give a positive answer to the above problem in this article. To obtain the desired SOAP, we observe
that the classical approach in [13, 21] depends on It6’s formula and therefore, it does not work here. To see this,
let us first return to the SDE case. For any 7 € [0,T7], &; € L%_—T (4 R™), i =1,2, by, 64, Hyp, hey in Section 3.1,
we define

Yi(t)=§i+/ Bw(s)Yi(S)ds‘F/ .(s)Yi(s)dW(s), i=1,2,

) (1.8)

J(1,61,6) = IET/ Y1(8) " Hyp(5)Ya(s)ds+E, [Y1(T) " hyo (T)Ya2(T)].

T

One can prove that there exists a measurable, continuous, F-adapted, R™*"-valued process Z(-) such that
J(1,&1, &) = & P(7)&. On the other hand, applying I[td’s formula to Y;" P, Y; on [7, T, we see that & Py (7)€ =
J(7,&1,&). The arbitrariness of ; and the continuity of P and & lead to

P{P(r) = Py(7), V7 € [0,T]} = 1. (1.9)

Unlike [13, 21], for our Problem (SVIE) we need to avoid the use of It6’s formula and the equation for
X1(-)X1(-)T. We shall develop a new approach to derive the corresponding SOAP to deal with the above
&(e) in (1.6).

The rest of this paper is organized as follows. In Section 2, some notations and assumptions will be given.
Section 3 includes four parts. The first part is to illustrate how to obtain (1.6), as well as its relation with
maximum principles. The second part and third part are devoted to treating (1.6). In the fourth part, the
desired maximum principle will be established and several special cases will be discussed. Section 4, some
concluding remarks will be presented. Finally, a few key lemmas will be given in the Appendix.
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2. PRELIMINARIES
For H :=R,R",R"™™ etc., 0 <s<t<T,p>1, we define

L% (G H) = {X :Q — H | X is Fy-measurable, E|X |7 < oo},
Cr([s, t]; L (% H)) ::{X: [s,¢] x @ — H | X(-) is continuous from [s,t] to

L*(Q; H), and measurable, F-adpated, sup E|X(r)]F < oo},

rEls,t]
¢
L% (st H)::{X: [s,t] x Q— H|X(-) is measurable, E |X(r)|pdr<oo}

L?(s,t; L3 (s, t; H)) ::{Z :[s,t]* x Q= H| Z(-,") is measurable, Z(u, -) is F-adapted
t et
we st 126, s =B [ 120 0)Pdudu < oo},

Let Li(s,t; H) be the set of F-adapted process in L% (s,t; H), and L>(s,t; Lg°(s,t; H)) be the set of bounded
process in L?(s,t; L(s,t; H)). We introduce separable Banach space B := R™ x L*(0,T;R™). Obviously there
exists numerable dense subset By and

B, ::{Zkiai; ki €Q, o' € By, nEN}CB,

i=1

where Q, N is respectively the set of rational number, integer number in R. We denote B’ := R™ x L3 (0, T;R™),
L(H'; H") the space of linear bounded operators between Banach spaces H' and H”,

L= {A L[0,T) x Q  L(B; LF (0, T;R™)) | for any b € B, a(-) € L*(0, T;R"),

T

T 2 2

A(,)b] (s)ds € LE(0, T; R), E|lA(t . <oop,
/Oa(S) [A(,)b] (s)ds € Li( ) S MO 503 0 7me) }

Ly = {.A: [0, 7] x Q@+ L(B;R") | sup E||A(t)||%(B;Rn) < o0, and for any
t€[0,T)

a(-) ER™, beB, a [A(,)b] € Lg(o,T;R)}.

In this paper, K is a generic constant which varies in different context. For FSVIE (1.1), we introduce the
following assumptions.

(H1) Given k > 0, suppose ¢(-) € C([0,T]; L***(;R™)), and for U C R™, u(-) € Uya, where

Upg = {u() :[0,T] x Q — U is measurable and F-adapted, sup E|u(t)|*™" < oo}7
te[0,T]

b,o:[0,T]?> x R" x U x  — R™ are measurable such that s (b(t, s,x,u),0(t, s, x, u)) is F-adapted, b, o are
linear growth of x, u, twice continuously differentiable of z with bounded first, second order derivatives,

|f(ta Sax7u) - f(t/,S,SC,’LL)| < p(‘t - tl|)[1 + |1’| + |’U,”, t,t/,S € [O’T]’ f = ba U7bmaam>
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with continuous modulus p(-). Moreover, (s, z,u)> by (t, 8, 2, u), 024 (t, s, x,u) are continuous uniformly in ¢ €
[0, T7].
Based on these assumptions, we give the well-posedness of (1.1), the proof of which is straightforward

adaptation of the counterparts in e.g. [14, 17].

Lemma 2.1. Let (H1) hold. Then there exists X(-) € Cr([0,T]; L***(Q;R"™)) satisfying (1.1) such that for
absolute constant K,

t
sup E|X(t)[*TF < K[ sup E|p(t)[*T" 4+ sup ]E/ b(t, 5,0, u(s))|*"ds
t€[0,T] t€[0,7) t€[0,T] 0

t
+ sup IE/ |a(t,s,0,u(s))\4+“ds].
t€[0,T] 0

For the involved functions h and [ in (1.2), we make the following assumption.

(H2) Let h :R*"x Q > R, [:[0,T] x R” x U x Q — R be measurable such that  — h(x), (z,u) — (s, x,u)
are twice continuously differentiable with

[he (@) + lla(t, 2, )] < L1+l + Jull, [[hea(@)] + [loa(t, 2, u)|] < L.

3. MAXIMUM PRINCIPLE FOR CONTROLLED SVIEs

This section is devoted to obtaining maximum principle of Problem (SVIEs) wvia spike variation. Without
further statement, let w € U, 7 € [0,T), € > 0 be sufficiently small such that 7+¢ < T,

E;c:=[r,7+¢], v(:):=ulp, (-)+ u(:)jo1)/E, () (3.1)

3.1. First-order variational equations and related quadratic functional

In this part, we derive one quadratic functional of the solutions for first-order variational equations. The
appropriate procedures of treating this functional, which are of course not necessary with convex control region
[14, 19, 20], are indispensable in establishing our maximum principles.

Inspired by the SDEs case in e.g. [13, 21], we introduce the first-order variational equations which include
two linear SVIEs as follows,

X1(t) :/ Ez(t,s)Xl(s)der/ [G4(t,8)X1(s) + 6 (t,s)|dW (s),
0 0 (3.2)

Xo(t) zgpg(t)—F/O Bx(t,s)Xg(s)ds—F/o T (t, 8) Xa(s)dW (s).

Here t € [0,T], and for f :=b, o, 0., we make the following conventions,

palt) = [ [3buat,)X3(5) +80(t, )]t [ [3000(t,5)XE(5)+80,(8,5) (5)] AW (),
Foltos) = fult, s, X (s),a(s)), 6f(t,s) = f(t,5,X(s),u"(s)) — f(t,5,X(s), uls)), (3-3)
_ T
Foalt $)X3(5) = ({26, 9) X2 () X2 () T 0 S (1 9) X ()X () T} )
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Inspired by Lemma 1 of [13], we give the following estimates. Since the proof is standard in SVIEs theory, we
choose to give a sketch for readers’ convenience.

Lemma 3.1. Suppose (H1) holds true, (X, u) is an optimal pair, X¢ is the state process associated with u¢ in
(3.1). Then

sup E|X;(t)]> < Ke, sup B|XE(t) — X(t) — X1(t) — Xa2(t)]> < o(e?). (3.4)
te[0,T] te[0,T]

Proof. For notational simplicity, suppose n = 1. The multidimensional case can be obtained similarly.

For any k € [2,4 + k], and t € [0,T7], it is a direct calculation that

t k _
IE’/ o(t,5)AW(s)| < K[ sup EIX(@)* + Ela(n)] +1] %,
0 t€[0,T]

As a result, using (2.2) in Lemma 2.1, we then derive the estimate of X;(:) in (3.4).

To prove the second result in (3.4), we need two preparations. First, we observe that
— t ~ —
XE() - X () = / [5b(t, 5) + b (£, 5) X" (5) — X (s)]]ds
0
t
+ / [0 (t, 5) + 3o (t, 8)[X=(s) — X (s)]]dW(s),
0
where for example,
~ 1 —
bi(t,s) = / Aby(t, 8, A X (5) + (1 — N)X®(s),u®(s))dA.
0

For any [ € [2,4 + k], by estimate (2.2) and the assumed integrability of (X(-),u(-)), we deduce that

B t 1 t 1
sup E|X(t) — X ()] gK{ sup E[/ \5b(t,s)|ds} + sup ]E[/ |6a(t,s)|2dsr} < Keb. (3.5)
t€[0,T] t€[0,T] 0 t€[0,T] 0

As to the second preparation, we need to estimate Xy(-) := X°(-) — X(-) — X1(-), where
Xo(t) = 1n (t):r /0 by (t, s)Xa(s)ds + /0 T (t, 8)Xa(s)dW (s)
+/ [604(t, s)[X*(s) — X(s)] + %am(t, $)[X°(s) — X (s)]?]dW (s).
0
In the above,
0r(8) = [ 8Bt X (9) = X6+ Ghar 69X (3) = X + Gb(t, )]s,

~ 1 —
fauz(t,s) := 2/0 Maa(t, 8, AX (s) + (1 = N)X5(s),u’(s))dA, f:=b,0.
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Since o4 (-), 04 (-) are bounded, for the last stochastic integral term in ./'?2(~)7

sup IE’/ [604(t, 5)[X=(s) — X(s)]+%5m(t,s)[X5(s)—X(s)}z]dW(s)‘p < KeP.
te[0,T]

The boundedness of b (-), by (-) and the assumption of b in (H1) yield that

sup Eliy (B)]P < K [P +£7].
t€[0,T)

Consequently, with the additional help of Lemma 2.1, one immediately derives that

sup E|2?2(t)|p < KeP. (3.6)
te[0,T)

Now we return back to X(-) 1= X&(:) = X(-) — X1(-) — X2() which is described as

/Gltsds+/G2tde /bts ds—i—/oam(ts)()dW()

Here

Gr(t, 5) = 0ba (1, s)[XE(s)—)_((s)]+%gm(t, $)[X*(s)— X (s)2— %bm(t, $)X2(s),
1

Ga(t, s) := do,(t, S)Xg( )+ 25m(t, $)[Xe(s) — X(s)]2 — — G0y (t, s)X%(s)

Since b,,, o, are bounded, for the first term in G1, G5, we respectively obtain that

t _ 2 5
sup E / b1, 9)[X*() ~ X(s)]lds] < K&,
te[0,T]

t
sup E/ |60, (t,5)[X5(s) — X(s) — X1(s)]|?ds < Ke®.
t€[0,T) 0

By virtue of (3.5), (H1) and dominated convergence theorem, one obtains that

_ 2
sup —E / ’bm t,8) — byg(t, s) “XE — X(s)|*’ds| —0, €—0.
t€[0,T7] o

We observe that
1X5() = X = X1()? = [()] + 2X1(-) X2 ().

Therefore by above (3.6) and the previous obtained estimate of X;(-),

_ 2
sup E / |bas (£, 8)|[(X=(s) — X (s))? — 12(8)|ds] < K[e® + &Y.

t€[0,T
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One can use similar ideas to treat the terms of o. At last, thanks to (2.2) in Lemma 2.1,

~ 2
sup E|X(t)]> < sup ]E / |G1(t, s |ds + sup E‘/ Go(t,s)dW (s)| = o(e?).

t€[0,T) te[0,T] t€[0,T

O

Thanks to Lemma 3.1, by following the same procedures as Lemma 2 in [13], one sees that

T — —
ofe) < B [ 1) [¥as) + Xas)]ds + B[ (T) (X(T) + Xa(T))]

(3.7)

/ Sl(s)ds + = / Xi(s X1 (s)ds + 2Xl(T) hm(T)Xl(T)}

where for example,

l_r() =l (- X(),ﬁ()), l_zm() 1= lya (s X( s a(-)), BI(T) = hm(X(T)), (3.8)

haw(T) = hao(X(T)), 01(-) = 1(- X (),u() = 1(, X (), a())-

To treat the first two terms on the right hand of (3.7), we need two preparations. First, we introduce first-order
adjoint equation of

Y(t) =1(t)" +b.(T,t) " he(T) + 5,(T,t) " 7(t) + /T ba(s,t) Y (s)ds

T T (39)
+/ 6m(s7t)TZ(s,t)ds—/ Z(t,s)dW (s),
and the Hamiltonian function
H(t,x, X(),Y (), Z(-,t),u) == E (T, t, 2, u) "he (T) + (T, t,z,u) 7 (t)]
(3.10)

T
+(t, z,u) —HEt/ b(s, t,z,u)" ds—|—/ o(s,t,z,u)" Z(s,t)ds.

Here h,(T), 7(-) of (3.9) satisfy the following relation,

B T
ho(T) = Ehy(T) + /O 7(s)dW (s).

The existence and uniqueness of 7(-) € L2(0,T;R") is guaranteed by martingale representation theorem.
Observe that (3.9) is a linear backward stochastic Volterra integral equation (BSVIE) which admits a unique
pair of solution (Y'(-), Z(-,-)) € H?(0,T;R"™) = L2(0,T;R™) x L*(0,T; L2(0,T;R™)) such that

Y(t)IESY(t)+/tZ(t,r)dW(r), sel0,t], te0,T). ae.

The above (Y, Z) is named as M-solutions of BSVIEs. We refer to e.g. [14, 17, 20] for more details.
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As the second preparation, we need the dual principle established in [20]. For readers’ convenience, we
demonstrate it as follows.

Proposition 3.2. Suppose A;(-,-) € L>(0,T;Lg°(0, T;R™™)), (i = 0,1), (-) € LE(0,T;R"), and (-) €
L3 (0,T;R™). Let X(-) € L§(0,T;R™) be the solution of FSVIE:

X(t) = o(t) + / t Ag(t, s)X (s)ds + / t Ai(t, $)X (s)dW (s), te[0,T], (3.11)
0 0
and (Y (-), Z(-,-)) € H2(0, T;R™) be the adapted M-solution to the following BSVIE:
T T
V(1) =)+ / [Ao(s. )Y (5) + 41 (5,0) Z(5,0)] ds — / Z(t, )W (s), te[0,T]. (3.12)
Then the following relation holds:
]E/O (X(t),w(t)>dt:IE/O (o(E), Y (1)) dt. (3.13)

Further, suppose Ay(T,-), As(T,-), o(T) are well-defined, o(T), n € L% (%R™). Let (Y(-),Z(-,-)) €
H2(0, T;R™) be the adapted M-solution to the following BSVIE:

T
Y (t) zz/)(t)—I—AO(T,t)Tn—I—Al(T,t)T(j(t)+/ [Ao(s,8)TY (s) + A1 (s, 1) Z(s,t)]ds

; (3.14)
—/ Z(t,s)dW(s), tel0,T],
where ((-) € L%(0,T;R™) is the unique process that satisfies
T
n=FEn+ /0 C(t)dW (t). (3.15)
Then the following holds:
T T

E{ (X)) + [ (XO.00)at} =E{ (D)) + [ (o0 V(@) ae}. (3.16)

Now we make the following conventions

t

o(t) ::/0 [%I_)m(t, s)X%(s)—}—éb(t, 5)]d5—|—/0 [%5zx(t,s)X12(s)+6am(t,S)Xl(s)+5U(t,s)]dW(s),

Ao(t, 5) = l_)z(tv 5)7 Al(tv 5) = 5m(t7 5)7 qu}(t) = l_:b(t)v n:= Em(T)a C(t) = ﬁ(t)a
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and apply Proposition 3.2 into our problem. Recall the notations in (3.3), we observe that

T 4 - T
E{p(T),n) = IE/O <§6M(T,5)X12(5)+50x(T, $)X1(s) + 9o (T, s),Eh,(T) Jr/o 7(r)dW (r) ) dW (s)

-HE/OT(

T
B [ S 1(00a (L) X(5).7(5)) + (Bea(T25) XE(5) (1) ds
0

beo (T, 8)X2(8)+0b(T, 5), he(T) ) ds

N | =

T T

+E/ <5U;C(T,$)X1(S),ﬁ'(8)>dS+E/ [<5U(T75)7ﬁ'(5)>+<6b(T75), x(T)>]dS
0 0

Similarly,
4 1 (T T
IE/O (o(t),Y(t))dt = 5JE/O / [(Ba (£, 5) X3 (5), Y (1)) + (G (£, 5) X2 (5), Z(t, 5) ) ] dtds
T T T T
+E /0 / (00s(t, ) X1(5), Z(t, ) ) dtds + E /0 / [(6b(t, ), Y () )+ (50 (t, ), Z(t, ) ) ] dtds.

Therefore, using again (3.16), we have

T
IE/O Lo(s) T [X1(s) + Xa(s)]ds + E[ho(T) T (X1(T) + X2(T))]

= 58 | {(00alT ) XE0).7(0)) + (el X2(5) (D)

T —

+/ [(baa(r, $)XT(s), Y (1)) +(G0u(r, 5) X7 (s), Z(r, s))]dr}ds (3.17)
S B T

—HE/O [<6U(T, 8),m(8))+ (6b(T,s),h(T)) —|—/ [(5()(7", $),Y(r))+(do(r,s), Z(r,s) >]dr} ds

—I—IE/OT{(6UZ(T7S)X1(S),7T(S)>+/ST <5UI(r,s)X1(s),Z(r,s)>dr}ds,

Because of Lemma 3.1, we have

E/OT { (00, (T, 8)X1(s),7(s) )+ /ST (00 (r,8)X1(8), Z(r,s)) dr}ds = o(g). (3.18)

Plugging (3.17) into the above (3.7), and taking consideration of (3.18), we arrive at

o(1)< IIE/TAHE(t)dtJr &(e), (3.19)
€ Jo
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where AHS(+), &(e) are defined as

&(e) = IE{ /OTtr[H ()Xl()Xl(t)T]dt+tr[i’z”(T)X1(T)X1(T)T]}, (3.20)

To give the maximum principle, in the following two subsections we deal with &(¢) in (3.19).

3.2. The limit of &(¢)

In order to obtain maximum principle, we first explore the limit of & () ase — 0.
To begin with, given optimal pair (X (-), (")), u € U, we define

5 (t,7) = o(t, 7, X(1),u) — o(t,r, X (1), a(r)),

4 (3.21)
AG(,T) = (66( ,7'),(56(-,7)), t, T €[0,T].
Under (H1), one has 65(-,7) € Cr, ([0,T]; L*T(Q; R™)).
For by (+), 62(-), hex(T), Hyr(+) in (3.3), (3.8), (3.20), we introduce
T
Fo%:99 (1) .=, / X(8) " Hyw(5)X(s)ds + E, [X(T) " heo (T)X(T)],
(3.22)

=06a(t,7) / b, (t, s)X ds—l—/ 7. (t,s)X(s)dW (s), Vte [r,T].

Thanks to (H1) and Lemma 2.1, (3.22) admits a unique X(-) € Cp([7, T]; L***(Q; R™)).

In this section, we aim to prove F' 99,99 () is the limit of &(e,) for some subsequence {&,}. To get more
intuitive feelings, let n =1, by(-,-) = Gx(+,-) = 0. Given deterministic Q(-), by Fubini theorem and X;(-) =
fq— 66('7S)I[T,T+s] (S)dW(S)7

1 (" )
gE/ Q(t)’Xl( :4@/ / Q(1)[85 (¢, 5)[2dtds.

For 7 € [0,T), a.e., by Lebesgue differentiation theorem,

hmlE/ ‘Xl ‘dt /Q (t)[85 (¢, 7)[2dt = /Q VX ()2 dt. (3.23)

e—=0 ¢

Above (3.23) indicates certain asymptotic connection between X;(-) and X(-). We use this basic idea in our
framework and present the following result.
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Lemma 3.3. Suppose (H1), (H2) hold true, (X(-),u(-)) is optimal pair. Then there exists {e,}n>1 satisfying
en — 0 as n — oo, such that for almost 7 € [0,T)

J}%g / X (s )Xl(s)ds+E[X1(T)TBM(T)X1(T)H
_E/ X(S) Hgm( )X( )dS—I—E[X(T) BI(E(T)X(T)] = EF9%° 66( )

To prove Lemma 3.3, we take a closer look at X;(-) in (3.2
rewrite X (-) as,

). Actually, according to its definition, one can

0, telo,],
Xl(t): [_Bw(t,S)X1<s>dS+/ =

[G2(t, ) X1(s) + 65(t,s)|[dW (s), t € [1,7 + €]

(3.24)

t t

p1(t) —|—/ bz(t,s)Xl(s)ds—l—/ 0.(t,8)X1(s)dW(s), t € [t +¢,T]

T+e T
where p;(-) € C([T +¢,T); L*(;R)) is F, 1 .-measurable defined as
T+e T+€
p(t) = / b (t, 5) X1 (s)ds + / [64(t, 5) X1 (s) + 6 (¢, )] dW(s), =7 +¢
For small € > 0, we introduce Y1(-) on [T +¢, T
t t
MO =0+ [ LEViedst [ ot NEaw ), (3.25)
T+e T+e

where o1() := e~ 305(-, 7) (W(T o)

We claim that o1(-) € Cr, ([T +¢,T], L4(Q,R”)). Therefore, thanks to Lemma 2.1 and (H1), (3.25) admits
a unique solution Yi(-) € C]F([T +¢,T], L*(Q;R")). In fact, since @(-) € Uyg, from Lemma 2.1 and (H1)
sup E|X(7)|**" < oo, and

T7€[0,T]

sup E[6a(t, )" < L{1+ sup E|X(7)|*™ + sup E|ﬂ(7)\4+"} < 0.
t€(0,7] T€[0,T] 7€[0,T]

Consequently, by virtue of Holder inequality and Jensen’s inequality of expectation

sup  Eloi(¢)|* <
te(r+e,T|

G L (Y jee
tE[ilJlrIE),T] [E|50’(t )|+ ] [22[17 Rl <) ] < o0. (3.26)

Here p := 4&
(2k)!

, [p] is the integer part of p, and we used one formula on Brownian motions: E|W(t)
seert”, keN, .

ions: t |2k =
t € RT. Moreover, for ty € [T +¢,T], tlintl E|o1(t) — 01(to)|* = 0. Hence the conclusion of g ()
—to
is obvious.
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For notational simplicity, we denote

1 T _ _
H(e, X1) := E]E{ / X1(s) T Hyo(5) X1 (5)ds +X1(T)Thm(T)X1(T)],
T+e

H(e, Y7) ::IE[/

T+€e

, (3.27)

Yi(8)T Hyn(s)Yi(8)ds + Yi(T)  huw(T)Y: (T)} .

Lemma 3.4. For X1(-), Y1(-), H(e, X1), H(e, Y1) in (3.2), (8.25), (3.27), there exists {en}n>1 such that

lim ¢, =0, lim [H(En,Xl) - H(ngl)] =0.

n—oo n—oo
Proof. At first, for any € > 0 we make the following observation

H(e, X1) = E / ) [éXl(S)T Hyo(5)X1(5) — Yi(s)T Hua(5)Yi ()] ds
(3.28)

= Hl(E) + H(E, Yl) + Hg(E).
We first treat Hj (€). An easy calculation shows that

T T

1
1

[l x3(s)|* + [¥a(s) [ as]

1

’Hl(s)‘ < K[]E/ e~ 5 X, (s) Yl(s)|4ds]‘1‘[E/T

T4e +e

where we use the fact: |aa” —bb'| < |a — b|[|a| + |b]], with a,b € R™. From (3.24), (3.25) and Lemma 2.1, we
immediately have

_1 4 _1
sup Ele 32X, () — Vi)' < K sup  EleEp(t) — o1 (1)
te[r+e,T] te[r+e,T]

T+e 2 T+e
<keB[ [ (Ps] +Ke? sw B[ [ (do(ts) - do(t. s
T te€lr+e,T) T

2

For the first term, denoted by G;(¢), on the right hand, we obtain liH(l) G1(e) = 0 by Lemma 3.1. As to the second
e—
term, Go(e), thanks to Lemma 2.5 of [10], there exists {e,, },>1 such that

En+T

Ga(en) < 5;11@/ 165+ 5) — 65(, T)i&ommmds = 0, 1= oo,

T

Consequently, for such {e,}, we conclude that

lim sup E En_%Xl(t) - Yl(t){4 =0.

N0 te[r4e,,T)

As a result, lim ’Hl(an) = 0. Similarly we prove that lim ’Hg(En) = 0. The conclusion is established via
n—o00 n—o0
(3.28). O
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To treat Yi(:) in Lemma 3.4, for g2(+) := 67 (-, 7), we need Ya(+) on [t + &, T,

¢ ¢
Ya(t) = 02(t) —|—/ be(t,s)Ya(s)ds +/ 0. (t,8)Ya(s)dW (s). (3.29)

T+e T+e
The solvability of Ya(-) € Cr([7 + &, T]; L**(£;R™)) is followed by that of Y;i(+) in (3.25). Moreover, by the

uniqueness of solutions in Cr([7 + ¢, T]; L*(;R)), we see that

Vi() = 2 (W(r +¢) - W(r)Ya(),
H(e, Y1) = E[5_1|W(T +e)—W())? F7%% (r + 5)},

where
' Ya(s) T Hya(s)Ya(s)ds + YQ(T)TBM(T)YQ(T)} .

Fléa,éa(T + 6) = ET+E |:/
T+€

Lemma 3.5. Given X(+), Y1(-), H(e, Y1) in (8.22), (3.25), (3.27), we have

’ (3.30)

lim F(e, Y1) = E/ X(8) " Hya(8)X(s)ds + E[X(T) "o (T)X(T)].

T

Proof. Recalling F%7:97(.) in (3.22), we shall derive the conclusion if

lim E

e—0

e W+ 2) = WP [F7 (7 + ¢) = F79(r)] | =o.

To obtain this result, using similar ideas as in (3.26), we only prove

o o 24+ k)
LimE F50,5(7 _F‘;Uvég bo _ = ——= 1,2).
liB|F () PO =0 m =S e 1)

To this end, by defining

O1(t+¢) = /T Ya(s) " Huu(s)Ya(s)ds 4+ Yo(T) " haw (T)Y2(T),

T+e
Oy(7) == / X(s) " Hpp(8)X(s)ds + X(T) " hye (T)X(T),

we deduce that
]E}FI‘S&"S&(T +e) — F*7%(1)|” = E[Er4.01(7 +¢) — E,Oz(7) [P
< KE|Oy(7 +¢) — Oo(1)|[™ + KE|E,1.0s(7) — E,O2(7)|"".
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We prove the terms on right hand approach to zero as € — 0. We observe that

E|©1(1 +¢) — O2(7)|”
T PO T PO
[ )T =R P [ [ i Pas] )

+e +e
PQ

+KE{ [ / TH \X(S)X(S)T\st] * [ / m |Hm(s)|2ds} 7}

T

< KIE{

+KE{ [Va(T)Ya(T) T = X(T)X(T) T P [y (T | (3.31)

<xfs [ [me+ o] e[ e -]

.
+[E/TT+6HM(S)|2C13F : [E(/ |x(s)\4ds)p3}

PO 2-pg
2 4

BIYa(D)] + (X)) P BV () -X@) ] o,

2—pg
2

T+€

+K[Ela (T

Po
2—po

In the above, p§ := > 1, and we use the result of

sup  E|Ya(r) — X(r)[***
relr+e,T]
T+e T+e 44k
<K sup E / bw(t,s)X(s)ds—&—/ 7. (t, $)X(s)dW (s) —0, ¢—=0.
te[r+e,T) T -

Our remaining aim is liIr(l)E’]ET+5®2 (1) — ET@2(7)|pO = 0. By Lemma 2.1
E—r

T

BlOx(r)" < KE[ [ [X(5) Haus)lds]” + KE[JK(T)P oos (1)

T

2—pg 2—pg
2

+ K[]E|56—(T, T)|ﬁ%o} < .

< K[E/Two—(s,ﬂp“l?ods}

Because E;;.03(7) — E.O2(7), a.s., € — 0, and for any r € [, T,

E[E,O:(7)|" <E sup E,|0y(r)P> < 2

E|Os(7)[P° < 0.
re[r,T] po—1 [©:2(7)|

One has the desired conclusion by dominated convergence theorem. O

Now it is time for us to show the proof of Lemma 3.3.

Proof. By above (3.24), (3.27), one has,

é[]E / X1 (8) T Hyg ()X, (s)ds + E[X3 (T) T (1) X ()]

0
= 1E/T+E X1(8) T Hyp(8) X1 (s)ds + H(e, X1).

3
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For the first term on right hand, denoted by Q(e, X1), from Lemma 3.1 we see that, 1in(1) Q(e, X1) = 0. We thus
e—

derive the conclusion by Lemma 3.4 and Lemma 3.5. O

3.3. Representations of some quadratic functionals

In this part, as a continuation of Lemma 3.3, we represent the above F°7:9%(7) by duality ideas.
First we discuss a special case of 65 (-, 7) = 05 (7). A sufficient condition to verify this assumption is given in
Remark 3.13 later. For heo(T), Hya(-), we define A() := E. [heo(T)], (-, ) := E.[Hya(+)], which satisfy

B T
Fras (T) = A(r) + / Ga(s)AW (s)

' (3.32)
H,.(s) = Z(r, s) +/ Mg (s, 7)dW(r), se€[r,T].
With unit matrix I, xn, for any t € [, T], r € [, t], we introduce
= Lnxn —I—/ be(t,s) ds+/ T (t, 8) 2 (s)dW (s),
(3.33)

T

X(r )= Inen +/ Bu(t, 5) 2 (s )ds+/ 5ot 5)2 (5)dAW (s).

Due to (H1) and Lemma 2.1, there exists a unique 2 € Cp(0,T; L*T%(2;R™)). With above notations, we
introduce process & as follows,

P(1) =E, /T Hp(r)dr + A7) + E, /T [///2(7“) + /T //ll(s,r)ds] dr, (3.34)
where

M (1, 8) = X(r,8) " E(r, 8)by(s,7) X (r) + Z T (r)b] (s,7)E(r, s)X(r, 5)
+X(r,s) Mg (s,7)5:(s,7) 2 (r) + 2 T (r)a, (s,7) Mg (s,7)X(r, s)
+ 27 (r)a, (5,7)E(r, 8)04(s, ) (r),

AMo(r) = X (r, T) Aoy (T, r) 2 (r) + 2T (r)by (T, 7)A(r)X (r, T)
+X(r,T) G (oo (T,r) 2 (r) + 2 T ()5, (T, )G (r)X (r, T)
+ 21 (r)a, (T, r)\(r)a. (T, r) 2 (r).

Notice that & is continuous and F-adapted, and depends on optimal pair (X, ).

Lemma 3.6. Suppose (H1), (H2) hold true, §6(-,7) = 66(7), (X(-),u(-)) is optimal. Then for P(-) in (3.84),

one has
F7:%9 (1) = 65(7) T 2 (1)06 (1), a.s. T€0,T). (3.35)
Proof. Recall that Z(-,-) := E.[H,,(-)]. By It6’s formula, we have

d[x(r, $)TE(r, s)X(r, s)| = A (s,7)AW (r) + A (r, s)dr, (3.36)
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where

N (r,s) = [X(?", s)THH(s, r)X(r,s) + X(r, s)TE(r, 8)T.(s,m)Z (1)

+ 2T (Ve (s,r)E(r, )X (r, .s)] .

Therefore,

T B T T T
ET/ [%(S)THM(S)%(S)]dS —ET/ H,,(s)ds = ET/ / M (s, r)dsdr.
Similarly, one has
T
E,[2/(0) he (1) 2/(1)] ~ A7) = E, / Mo(r)dr.
To sum up,
T — —

]ET/ (2 (s) " Hya(s) 2 (5)]ds + E, {%(T)Thm(T)%(T)] = 2(71).
Since X(t) = Z'(t)da (), X(T) = Z (T)é5(7), it is easy to see the conclusion. O
Remark 3.7. Suppose b, o are independent of ¢t. Then 2°(:) = X(-,¢), and

M (ry8) = %(T)T{E(r, $)be (1) + b} (1)ZE(r, 8) + Mg (s, )7, (r)
(1, 5)0.(r)ds } 2 (1),

(1]

4+, (rdg(s,r) +a, (r)
Ao(r) = 2 ()T {o] (AT (1) + A7) + B (AT
+Gi ()7 () + 0] (G ()} 2 ().

If we define

T T
Pi(r) := Ar) Jr/ E(r,s)ds, Q1(r) := (5 (r) +/ M5 (s,r)ds,

then by (1.9) and Lemma 3.6, we obtain a new representation of Py(-) in (1.7) as follows,

Py(t) = Pi(1)+ ET/ %(T)T{ﬁx(T)TPl(rﬁz(r) + Py(r)by ()

+b, (r)T.Pl (r)+ Q1(r)a.(r) + 7, (T)TQl(T)}%(r)dr.

(3.37)

In a nutshell, in the SDEs scenario, we have obtained two equivalent ways, i.e. equation (1.7) and representation
(3.37), to describe Py(-) that appears in maximum principle.
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Next we treat the general case when assumption 6G(-,7) = da(7) is dropped.

Lemma 3.8. Suppose (H1), (H2) hold true, (X(-),u(-)) is optimal. Then
o T
F3999 (r) =6 (T, 7) By (1) Ag (-, 7)) + / 5(s,7) T (Ba(r)AG (-, 7)) (s)ds, (3.38)
0
where By € % and By € L) satisfy (see (2.1) for the definitions of %),

[”Bl(T)HL(B?R") + ”B2(T)”L(B;L%(O,T;R”))}

T 1 1 (3.39)
< K[ET/ |Hm(s)|2d5} : +K{]ET|EM(T)\2} ' as. T[0T,
If there exists (By, Bs) satisfying (3.38), (3.39), then
P(w € gl(r, w) = Bi(r,w)) =P(w € Ba(r,w) = Ba(t,w)) = 1. (3.40)
Remark 3.9. For fixed 7, n:= (n1,72(:)) € L% (9 B), if we define
T
{81(7’)7]} = {/\(7') +IET/ //lg(r)dr}m,
Ban] () i= {B-Houl() 4 B, [ (s )ds T ),
then it is easy to By € %, Bs € 4. In other words, (3.35) is indeed a special case of (3.38).
To prove Lemma 3.8, for o := (a1, 2(:)) € B, 7 € [0,T], ¢t € [1,T], we consider
t ¢
X*(t) = as(t) +/ A(t,s)Xo‘(s)ds—i—/ B(t,s)X“(s)dW(s), a.e.
T i’ (3.41)
T T
XNT) = +/ A(T,s)X”(s)ds+/ B(T,s)X“(s)dW(s).
Moreover, for &, a € B, 7 € [0,T], we define
- ~ T _ ~ — ~
&3 (r) = E, / X%s)TQ(s)X%(s)ds + E, [X¥(T) " GX¥(T)]. a.s. (3.42)

(H3) Q € L§(0,T;R™™), G € L% (% R™ ™), A, B:[0,T]* x Q — R™*"™ are bounded measurable processes
such that for ¢ € [0,T], s — A(t,s), B(t,s) are F-adapted, and with modulus function p(-),

At s)| +1B(t,s)]] < K, |A(t,s) = A(t',s)| +|B(t,s) — B(t', 5)| < p([t = 1']).
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Remark 3.10. Under (H3), (3.41) is solvable with X*(-) € Li(7, T; R™), X*(T) € L%, (; R™). It is meaningless
to discuss X*(T) if aa(+) € L*(0,T;R™). Hence we introduce X*(T) and o; € R™ in (3 41). The appearance of
both as(-) and «; explains the introducing of space B.

In the following, for 7 € [0,T], we denote L% (€;B) the set of F,-strongly measurable B-valued random
variable ¢ such that E[|¢||3 < oo, and

MG (1) .= [ET /TT| Q(s)| dsf [ET|GPF, a.s. Yre0,T]. (3.43)

Lemma 3.11. Suppose (H3) holds. Then for any T € [0,T], £ := (£1,&(:)), n:= (m,m2(")) € Ly (4 B),

P(r) = & [Bi(r / &a(s 2(7)n] (s)ds, a.s. (3.44)

where By € %, Bo €2, and for (t,w) € [0,T] x Q,

1B (7 0)ll ey + [1Ba(m,)] | < kMG (r,w). (3.45)

L(B;L5 (0,T;R™))
The uniqueness also holds in the similar spirit of (3.40).

Proof. For reader’s convenience, we separate the proof into two steps.

Step 1: We prove the above conclusion when &, n € B.
At first, we prove the existence of B) € .4, By € %. For any t € [1,T], &, @ € B, M@C(.) in (3.43), it
follows from (3.41) and Gronwall inequality that

%) < KM@Y (7)|alsllalls.  a.s. (3.46)

For &',a%, &, € By, k,l € Q, we define N=N(a%, a*,a,a,k,1,Q,G) and N as,

N = {(T,w) €[0,7] x | % (r,w)| S KMPC (1,w) |alls - |de,
fmlﬂaz’a(ﬂw) f ¥(r,w) + lff‘2’a(7, w),
P 0 ) = P () U () (347
N=N(G,Q) = ﬂ N(a', @', a,d,k1,Q,G).
a,a€B; & IS0

Notice that [)\ X ]P’} (N) =T, [)\ X IP’] (N) =T, where X is the Lebesgue measure. In addition, by inequality
(3.46), for any 7 € [0, 7], one has P(N;) = 1 with N} := {w € @ (r,w) € N'}. For any (1,w) € N, it is easy
to see that f;"(1,w) : By x By — R is a bounded bilinear map in the sense of (3.47). According to Lemma A.3,
there exists a unique linear bounded functional B :1(7,w) : B — R™ and a unique linear bounded operator
Biao(t,w) : B Lé(O7T; R™) such that for a, 5 € By,

T
f"ﬁ(T, w) = af (Bi1(r,w)B) Jr/o az(t) T (B12(7,w)B) (t)dt. (3.48)
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For any 7 € [0, T}, recalling P(N;) = 1, we know that (3.48) holds almost surely.
Given a := (a1, as(+)), 8 := (b1, B2(+)) € B, and any (7,w) € N, let

T
B(r,w) = o] [Bu(r,w)B] + / an(t)T (Bya(r.w)B) (£)dt.

By (3.48), as well as the denseness of B; in B, we see that () is measurable, adapted process. At this moment,
we define two processes B;(7,w) on [0,T] x £ as

Bi(r,w):=B11(1,w)In(T,w), Ba(r,w):=B12(7,w)In(T,w). (3.49)

For any a; € R", by choosing o := (1,0), it follows from (3.49) that of [Bi(7,w)B8] = B(1,w)Ix(7,w). It is
then easy to see the measurability of (7,w) — o (81 (7, w)ﬁ), as well as the adaptness. Similarly one can obtain
the case of By(-, ).

For any T € [0, 7], we prove (3.44) when £, n € B. In fact, for any 7 € [0,7] and w € N, (3.48) holds true
with any «a,,, B, € B;. Moreover,

T
B, [ X0 (0) = X/ (O] dt + B (D)~ X (D) < Kl fu ~ Sl [ = 6.

As a result, lim ’ff‘ﬂ(T) — fmaln ()| = 0. Consequently,
n—oo

T
2Pr) = B(1) = af (By,1(7)8) +/0 as(t) " (Bi2(1)B) (t)dt. a.s.

Our conclusion then follows from the relation between B4 ;(-,-) and B;(-,-) in (3.49).

Eventually, we discuss the integrability and uniqueness of B;. For (t,w) € N, by Lemma A.3, we have

(1B11 (7. )y + 1B a(m, )] | < KM2C(r,0).

L(B;LS (0,T;R™))
Hence (3.45) is lead by (3.49). From (3.46), sup E[f®”(r)]? < co. Hence, let o := (ay,0) € B, we have
T€[0,T]

sup E|a] (Bi(7)B) |2 < oo. Similarly, we derive the case of Ba(-). The uniqueness of B;(+) is obvious to obtain.
T€[0,T]

Step 2. We prove (3.44) when &, 7 € L‘}T (;B).
We begin with the simple random variable case where

¢(w) = inlAi(w), n(w) := ZyjIBj (w), weQ, A;, BjeF,, wz, yjc<b.
i=1 j=1

From Lemma 3.11, as well as the definitions of &, 1, we conclude that,
n m T
1) = 0 (B [ X797 QX ()ds + B (471G (1)) - L T

i=1 j=1
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For the general case of £, ) € L% (€;B), there exist {&n}n>1, {7n}n>1 such that ||k — k|7, (@p) — 0,1 — 00,
T - - Fr AT
k:= ¢, n. Therefore, when n — oo,

T
E / 3P (1) = XF(0)[1dt + BJA* (T) = XX (T)[ < Kk = Fllds_ ) = 0,

k := &, n, which implies that for any 7 € [0, 7], lim E|fS7(r) — f5m (1)) = 0.

On the other hand, by the estimates in Lemma 3.11, and the above conclusion of the simple random variables
case,

BlE) - 1Bl - [ )T (B 0] =o.
which obviously indicates the conclusion. O

Now we give the proof of Lemma 3.8.

Proof. Given §5(-,7), Ad(-,7) in (3.21), X(-) in (3.22), like (3.41) we introduce

X7(T) = 65(T, ) + / b, (T, )X ds+/T 5.0 (T, )X (s)dW (s).

We also introduce f1727(7)

2789 (r) = E, /T X(5) " Hyo(5)X(s)ds + Er [X7(T) " By (T) X7 (T)].
By virtue of Lemma 3.11, there exist By (-, ), Ba(-, ) satisfying (3.39) and
0997 (1) = 55(T,7) T (Ba(r) / 66 (s,7) " (Ba(7)AG (-, 7)) (s)ds.

The integrability of X(-) and 65 (-, 7) yield ET‘X§(T) - X(T)‘4 =0, as., 7€[0,7T].
As a result, the conclusion (3.38) follows immediately. O

3.4. Maximum principles of optimal control problems for SVIEs
Given d5 (T, t), Aa(-,t) in (3.21), B1(-), Ba(:) satisty (3.39), (3.40), #(-) in Lemma 3.6, v € U, we define

H(t,u) == AH(t) +

We present the main result of this paper.
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Theorem 3.12. Let (H1)-(H2) hold and (X (-),u(-)) be an optimal pair. Then

min S (t,u) = (¢, u(t)) =0, P—a.s., t€[0,T]. ae. (3.51)

ueU

If 66(-,7) = da (7). Then we have

mm%(t u) = t,ut) =0, P—as., t€][0,T]. ae. (3.52)

uclU

Proof. Given optimal control @(-), we introduce the perturbation u®(-) as in (3.1), first-order variational equation
(3.2), first-order adjoint equation (3.9), Hamiltonian function (3.10).
By the arguments from (3.7) to (3.19), and the optimality of @(-), we have

im {5 [ CamE £} 20, (3.53)
€ Jo

e—=0

where AH®(-), &(¢) are defined in (3.20). Now we treat the two terms on the left hand respectively.
The definition of AH¢ implies that, for almost 7 € [0, 7],

lim E/ AH®(t)dt = lim E/ AH(t)dt = EAH(7).

e—=0 ¢ e—=0 ¢

Here AH(+) is defined in (3.50).
On the other hand, from Lemma 3.3 and notations in (3.22), there exists a {e,, } such that for almost 7 € [0, T,
hm 28 (e,) = EF%9:99 (7). Using Lemma 3.8, we have

En—

Jim £(e,) = %E{da—(T,r)T(Bl( JAG(-, / 53(s,7) T (Ba(r)Aa (7)) (s)ds . (3.54)

To summarize, we have

1 T
E[AH(T) n 5{55@ T)T(Bl(T)Aa(-,T))JF/ 55(5,T)T(BQ(T)Aa(-,T))(s)dsH >0
0
The arbitrariness of u € U implies (3.51). The result of (3.52) can be obtained similarly. O

If we carefully look back at (3.51), it is indeed pointwise with respect to (t,w). By, Bs are called the operator-
valued second-order adjoint process (SOAP) of Problem (SVIEs). Frankly speaking, we can not continue to
derive the explicit forms of By, B2 at this moment. However, the answer becomes positive if 67 (-, 7) degenerates
into a random variable, see Remark 3.9. In this case, &?(-), which is shown explicitly in Lemma 3.6, is referred
as the R"*"-valued SOAP.

Remark 3.13. Let o(t,s,x,u) := o1(t, s,2) + oa(s, x,u), with proper o1, oo. In this case, for 65 (¢, 7) defined
n (3.21), we have

0a(t,7):=0(t, 7, X(7),u)—0o(t,7, X(7),u(r))=d5(7), u e U. (3.55)
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Remark 3.14. We make some comments about the two cases in Theorem 3.12.

For the special case, we only need one SOAP £(-) which is R™*"-valued, continuous, and can be explicitly
expressed in Lemma 3.6. The It6’s formula also works. Nevertheless, it is used with respect to X(-,+) in (3.33),
but not the £7(+). This is totally different from the case of SDEs or stochastic evolution equations ([6, 8, 10, 13]).
As a tradeoff, it is too special to cover the result in e.g., Section 3.4.1 next.

For the general case, we need two SOAPs By(-), Ba(-) which, however, are operator-valued processes and
implicit. The It6’s formula loses powerfulness. However, it covers the discussion in Section 3.4.1 later.

Remark 3.15. We point out some interesting aspects.

If there is no terminal cost in (1.2), according to the proof of Lemma 3.8, Lemma 3.11, it is unnecessary to
introduce SOAP Bi(-), and B reduces to L*(0,T;R™). However, if (1.2) only contains terminal term, then we
may still need two SOAPs By (-), Ba(-) as the above.

If the diffusion satisfies d5(-,7) = d(7), then we only need one SOAP in the maximum condition. For the
general case, we may have to rely on two SOAPs. Such necessity is obvious to see in Subsection 3.4.1.

If 65 (-, 7) # 0a(7), and there is terminal cost A(X (7)) in (1.2), then according to the previous discussion,
we need two SOAPs in the maximum conditions.

Remark 3.16. As to the maximum principle of SVIEs, we choose to use SOAP, the idea of which is similar to
that in [6, 8, 10].

For the exploration of second-order adjoint equations (SOAE), at this moment it is quite challenging to show
explicit forms along this line. We hope to present more details in future.

3.4.1. State-independent diffusion and drift terms

Suppose b(o)(t, s, z,u) does not depend on x. Then for u € U, Hy,(t, 2, X(-),Y (), Z(-,t),u) is bounded. We
define two operator-valued processes B}, B5, i.e. for t € [0,T], s € [0,T],

By(t)AG (-, t) = Ei[hao(T)]65(T, t), [By(t)AG(,t)](s) := Ei[Hqa ()05 (s, t) I 1y(s).

It is a direct calculation that B and B satisfy (3.39) and (3.38). By the uniqueness in (3.40) and Theorem 3.12,
for any u € U,

AH(t)—i-%éa(T, 8T By (T)]65(T, t)+% / (5. ) TEy Hon ()65 (5, )ds 0. s, (3.56)

Corollary 3.17. Suppose both b(t,s,z,u) and o(t,s,z,u) do not rely on x, and (X(-),u(-)) is optimal pair.
Then for almost t € [0,T], (3.56) holds true.

Remark 3.18. If b, 0 : [0,7] x 2 x U — R", according to Remark 3.7, E.h,,(T) and E. H,,(-) will merge
into SOAP P»(+). However, according to (3.56), in the SVIEs case, they are separated in general. This point
explicitly explains the reasonability of two, rather than one, SOAPs in (3.51).

As to the optimal control problem of SDEs with state-independent diffusion and drift terms, we define one
linear BSDE (1.7) as the second-order adjoint equation. However, for the analogue case of SVIEs, we have to
use two BSDEs which are shown in (3.32). Obviously, there is no way to combine them together due to the
dependence of §&(t,-) on t. Nevertheless, they can reduce to BSDE (1.7) with b, = &, = 0.
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3.4.2. The convex control region

Suppose (H1), (H2) hold with convex U, I, by, o, are continuous. For t € [0,T], a.e. w € Q, a.s., we define
v:=a(t) + e[u — a(t)] with u € U. The convexity of U shows that v € U. We have,

H(t,v -

0< c ) §<Hu(taX(t)’X(),Y()v Z(',t)aﬂ(t) + QE(U - ﬂ‘(t)))v u—= ﬂ(t) >+K(t)€7

with some process K(-), 0 < § < 1, partial derivative H,. Let € — 0, one has
(Hy(t, X (), X(-),Y ("), Z(-,t),u(t)),u —u(t)) > 0. a.s. (3.57)

Corollary 3.19. Let (H1), (H2) hold and (X(-),a(-)) be optimal with convex U. Then there exists a pair of
(Y(-), Z(-,-)) satisfying (3.9) such that for almost t € [0,T], u € U, (3.57) is satisfied.

The above particular convex region case was studied in e.g. [19, 20]. Next we give one example to indicate
some interesting role of second-order adjoint process.

Example 3.20. Letn=m=1,0=0,b=0,T =1, h(z) = 2%, o(t, 5, 7,u) = D(t,8)u, l(s,z,u) = 2% + R(s)u>
with deterministic and bounded function R(-), D(-,-). In this case,

H(t, 2, X(), Y (), Z(8),0) = (& + R(t)u?) + [D +Et/1D Z(s,1)ds]u.
X(t) = t D(t,s)u(s)dW(s), te]0,1], )_(( )+ ' 77(25
0 0

Moreover, if we plug X () into .J(u(-)), and define 2(-) := [*|D(s,-)|2ds + |D(1,-)|?, then

J(u() =E /O 1 [.@(r) + R(r)} u?(r)dr. (3.58)

(i) Let U = [-1,1], R(r) = —19(r) < 0. Then @ = 0 is an optimal control, # = 0, ¥ = 0, Z = 0. Since
R(-) <0, the following function is concave with respect to u,

H(taX(')7X(')a Y()v Z(a t)’u) = R(t)u2'

Hence mig H(t,u) = H(t,u(t)) does not hold true. However, after a calculation, #(t,u) = 3%(t)u®. The con-
ue
vexity naturally leads to mi(rjl H(t,u) = H(t,a(t)). Thus the introducing of second-order adjoint processes turns
ue
the concave function u — H(t, X(-), X(-), Y (), Z(-,t),u) into convex function u ~ S (t,u).
(ii) Let U = [0,00). According to (3.58), a sufficient condition of & = 0 being optimal is R(:) + Z(-) > 0
Conversely, if 4 = 0 is optimal, the above (3.57), see also [20], is trivially true, and no further information can

be obtained. Nevertheless, according to our study, #(¢,u) = [R(t) + 2(t)]u?, and R(-) + Z(-) > 0 becomes an
optimality necessary condition.
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3.4.8. The linear quadratic case.

We discuss the case when U := R™,

b= [Al(ta 5):17 + By (tv S)U]v g = [AQ(ta s)x + BQ(tv S)U]a
1 1
h= ExTGx, = i[xTQerQuTSJ:—FuTRu].

Here A1, B, Ag, B2, @, S, R, G are bounded and random such that
|f(ta S) - f(tlvs)| S P(‘t - tl‘)v tvtl78 € [07T]7 f = A17B17A27327
with some modulus function p(-). For optimal (X, ), we define

H(t) = SHX(t) + Bi(T,t) "E,[GX(T)] +E, /tT Bi(s,t) Y (s)ds 550

T
FBy (T, 1) T7(t) + / Ba(s,t)T Z(s, 1)ds,
t

where (Y, Z,7) is in (3.9) accordingly. Next we consider two special cases.

Case I: Suppose 41 = A3 =0. For any v € R™, ¢t € [0,T], a.e., (3.56) becomes

u— a(t)] "4 (t)—i—%[uTR(t)u—a(t)TR(t)a(t)] +%[u—a(t)]T%(t)[u —a(t)] > 0, as.

where 7 (t) is in (3.59), B(t) := $1(t) + Ha(t),
P (t) == Bo(T, 1) [E,G] Ba(T 1), Ba(t) :=E, /T Bs(s,t) T Q(s)Ba(s, t)ds.

Here %, %> are F-adapted processes. By the arbitrariness of u € U, one has
JA(t)+ R(t)u(t) =0, R(t)+ A(t) >0, t€[0,T]. a.s. a.e.
Notice that these two condition were also obtained in [16] with distinct approach.

Case II: Suppose Bs(t, ) = Bs(+). Then 6 () = Ba(-)[u — u(-)]. By (3.52),

[w—a(t)] T A (L) + % [T R(t)u — u(t)T R(t)u(t)]

gl a(O] T Bo(t)T 2 (1)Balt)fu — u(t)] > 0,

where u € R™, J# (-) is in (3.59), Z() is in (3.34) accordingly. By the arbitrariness of u € R™, one then obtains
the following maximum condition

A + ROa(t) =0, R(t)+ Ba(t)T P()Ba(t) >0, t[0,T). ace. (3.60)

If Ay, Ay, B are further independent of ¢, then according to Remark 3.7, £(-) satisfies equations (1.7) and
(3.60) naturally reduce to the counterpart in SDEs case.
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4. CONCLUDING REMARKS

This article is devoted to general maximum principles of controlled SVIEs which is an open problem for more
than a decade. Some novelties are summed up as follows.

— Inspired by the pioneering work [13] in SDEs setting, we establish the maximum principles by introducing
appropriate second-order adjoint processes (SOAPs). Nevertheless, unlike [13] with only one SOAP, here
two operator-valued SOAPs are actually required in the maximum conditions. Moreover, under proper
conditions it is explicitly shown that just one SOAP is not sufficient, and two SOAPs are indeed necessary.

— With proper assumption on o, the previous two operator-valued SOAPs reduce to one continuous, F-
adapted, matrix-valued SOAP with explicit expression. In the particular SDEs case, this SOAP becomes
into the classical counterpart, the traditional maximum principle is fully recovered, and the developed
approach is essentially different from the existing one.

— To derive the maximum principle, we develop some techniques which are new in the literature. For example,
when dealing with optimal control problem of SVIEs, it is well-known that It6’s formula is not suitable
and useful as in the SDEs setting. However, here by making proper transformation of involved SVIEs, we
use [t6’s formula from a new standpoint and obtain the explicit SOAP aforementioned.

To obtain matrix-valued SOAP, we need some extra requirement on o, see e.g., Remark 3.13. Consequently,
it still remains its importance to drop such condition, and furthermore explore proper second-order adjoint
equations. We hope to discuss these topics in our forthcoming papers.

APPENDIX A.

This section is devote to the existence of operator-valued processes in Lemma 3.11. The first two results are
standard in functional analysis.

Lemma A.1. Suppose f : B — R is a bounded linear functional. Then there exists a unique y(-) = (y1,y2(-)) €
B’ such that

T
fa) = / ) Tya(dt + 2Ty, Ve = (er,a2() € B,

e = Dol = mx () [ [ oot )

n
Lemma A.2. Given Banach space X with numerable dense subset X, suppose X1 := { S aixy, a; €Q, x; €
i=1
Xo, n €N } with Q the set of rational number, f : X1 — Y is map to Banach space Y such that for constant
M >0,

1f@)lly < Mllz|x, Ve Xy, flax+by)=af(z)+bf(y), Ya,beQ.

Then there exists a unique bounded linear operator F : X +— Y satisfying
F(r) = f(x), zeXy, [[Fleexy) <M.

Lemma A.3. Given constant M > 0, suppose [ : By x By — R satisfies

”f(xuy)H SMHxHBI Hy”Bl’ vz, Yy e By, f(a:f + bi? y):af(‘fvy)"_bf(:fa y)7 (Al)
f(x,angrb@):af(x,gj)erf(:c,y ’ aab € Qa x,f,f,y,zj,fje IBL
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Then there exist a unique pair of linear operators By : B+ R™, By : B s L%(O,T; R™) such that ||Bi||zmrn) <

M. 11Bsll g1 4 0,70y S Mo and

T
fla,y) = /0 2() T [Bay] (B)t + o] [Buy], Ve, y € By.

Proof. Step 1: Fix y € By, for any = € Bq, we define ¢, (z) = f(z,y). Then
oy (7 +17) = gy (8) +19(®), |py(@)] < Mlialisllglls, k1€Q, 7.7 € By.

By Lemma A.2, there exists a unique @, : B — R such that

~

oy(®) = 0y (@), 1Pylleer) < My :=M|y|s, Vo eB.

Then from Lemma A.1, there exists a unique y*(-) = (7,94 (-)) € B’ such that

T
By (@) =27y + / w0 Ty, © = (21,22()) € B,
0

T 3
~ * % 4 1
|\<Py||L(B;R>:maX{Iy1I, [/0 |y (t)lgdt] }

Step 2 : For any y € By, let By := ([By]l, [By]g(~)), [Byl1 := vy, [Byl2(-) = y3(-). For k, 1 € Q, h, he B, we
claim that B(kh + k) = kBh + 1Bh.

In fact, since [kh + lﬁ] € By, by Step 1 there exists a unique linear bounded @kﬁﬂﬁ(-) : B — R such that
phaih = Priaun i Bi. Notice that kpy, +1%7 is another linear bounded functional on B such that [k&r +157] =
@i in Bi. By the uniqueness in Lemma A.2, ;& = [k@ﬁ + l@ﬂ.

From Lemma A.1, there exists [kﬁ + Z?L] "eR" x L3 (0, T;R™) such that,

o~ T T T
Bug i (v) = [[bh-+1R]; x1+/0 [[kR+1R](5)] wa(s)ds,
k@n(@) + 1y (x) = /0 )[R ) + T 0] e+ o] [k + 157,
By the arbitrariness of = (z1,22(+)) € B, we have the following linearity of B,
[kh+1R), = ks + 135, [kh+ 18]} =k} + 1.
Step 3 : We extend the definition of B into B. For any y € By, from Step 1,2, ||By[|lzr < M||y||s. Hence from the

linearity of B and Lemma A.2, there exists a unique linear B : B — B’ such that for « € By, B(x) = B(z), and

HBHL(B’L%(O’T;RM) < M. Therefore, for any z, y € By,

~

T
f(x,y) = py(x) = @y(x) = xlT (By)l Jr/o xz(t)T(gy)2(t)dt. (A.2)
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Step 4 : To see the conclusions of l§1, 3\27 for y € By, we define By : By — R", By : By — L%(O,T; R™) as
By = (By)l, (Bay) () = (By)2() Of course, both of them are well-defined. For k,1 € Q, h,h € By, by the
linearity of B, we obtain

Bi(kh +1h) = [B(kh + [h)], = k(Bh), + 1(Bh)

i 3’

i=1,2.

On the other hand, for any h € By, |B;h| < ||Bh|| < M|h|g, i = 1,2. Using again Lemma A.2, there exist a
unique linear bounded B; : B — R™ and a unique linear bounded By : B +— L (0, T;R™) such that Byy = By,
Boy = Boy with y € B;. As a result, from (A.2) we obtain the conclusion. O
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