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SPECTRA OF OPERATOR PENCILS WITH SMALL

PT -SYMMETRIC PERIODIC PERTURBATION

Denis Borisov1,2,3 and Giuseppe Cardone4,*

Abstract. We study the spectrum of a quadratic operator pencil with a small PT -symmetric periodic
potential and a fixed localized potential. We show that the continuous spectrum has a band structure
with bands on the imaginary axis separated by usual gaps, while on the real axis, there are no gaps
but at certain points, the bands bifurcate into small parabolas in the complex plane. We study the
isolated eigenvalues converging to the continuous spectrum. We show that they can emerge only in
the aforementioned gaps or in the vicinities of the small parabolas, at most two isolated eigenvalues in
each case. We establish sufficient conditions for the existence and absence of such eigenvalues. In the
case of the existence, we prove that these eigenvalues depend analytically on a small parameter and
we find the leading terms of their Taylor expansions. It is shown that the mechanism of the eigenvalue
emergence is different from that for small localized perturbations studied in many previous works.
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1. Introduction

It is well-known that adding a small localized perturbation to a differential operator can generate isolated
eigenvalues emerging from the edges of the continuous spectrum. This phenomenon was studied in all details for
many models and cases, including very simple ones like Schrödinger operators perturbed by localized potentials,
see, for instance, [23, 25, 36, 41] rather complicated models describing various perturbations of quantum waveg-
uides like in [3, 7, 12, 17, 18, 20, 22, 29–31] and even perturbed non-self-adjoint operators [5, 6, 9, 10, 15]. The
main features of these models is that the localized perturbation keeps the continuous spectrum unchanged and
can generate only isolated eigenvalues (or resonances) near its edges. A case of a small periodic perturbation was
much less studied. Of course, there is a simple case of a Schrödinger operator with a small periodic potential and
with no other potential. The continuous spectrum of such model is calculated easily via the standard Floquet-
Bloch theory since the latter leads one to a regular perturbation of an appropriate operator on a periodicity
cell. This was done, for instance, in [4]; a more complicated case of a quasi-periodic potential was successfully
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2 D. BORISOV AND G. CARDONE

treated in [32]. A more interesting problem is to consider operators with a small periodic potential and a fixed
localized potential, for instance,

− d2

dx2
+ V + εγ in L2(R), (1.1)

where V is a localized potential, γ is periodic, and ε is a small parameter. The continuous spectrum of this
operator is independent of V and in general, it has small gaps. The localized potential can generate isolated
eigenvalues in these gaps and it is an interesting issue to study the existence and the behavior of such eigenvalues.
To the best of the authors’ knowledge, this was done only in [4] in the case when the periodic potential εγ
is replaced by a fast oscillating potential. It was shown that such operator had small gaps in the continuous
spectrum running to infinity and in certain cases, there could be isolated eigenvalues inside these gaps appearing
exactly due to the localized potential.

Our interest to the operators with a small periodic potentials is stimulated by numerous studies of linear
and nonlinear PT -symmetric equations motivated in particular by interesting applications in modern optics and
recent studies of non-self-adjoint linear operators, see, for instance, [1, 9, 11, 13–16, 19, 21, 26–28, 33–35, 37, 40].
In particular, papers [9, 15, 33, 34] were devoted to studying a perturbed one-dimensional Klein-Gordon equation

utt − uxx + εγ(x)ut + F (u) = 0, t > 0, x ∈ R. (1.2)

The perturbative viscous-like term εγut describes loss and gain in the system and these gain and loss are
balanced in the sense that the function γ is odd. The system itself is parity-time-symmetric, namely, the change
of variables x 7→ −x, t 7→ −t keeps equation (1.2) unchanged. The function F describes a non-linearity in the
equation and it is assumed that the equation

−vxx + F (v) = 0, x ∈ R,

has a static kink solution vkink = vkink(x) obeying the identity lim
x→±∞

F ′(vkink(x)) = κ, where κ ∈ R is some

constant. The issue on stability of this kink, namely, on considering a small dynamical perturbation in the form
u(x, t) = vkink(x) + eiλtψ(x), λ ∈ C, and linearizing then equation (1.2) for small ψ, gives rise to the operator
pencil

− ψxx + V + κ + (iελγ − λ2)ψ = 0, x ∈ R, (1.3)

where potential V is defined as V := F ′(vkink)−κ and it is localized in the sense that it vanishes at infinity. This
rises a natural question on the structure of the spectrum of the latter operator pencil. The case of a localized
function γ was studied analytically in [15] and in [9] for a two-dimensional operator, when the second derivative
was replaced by the Laplacian. The case, when γ is a periodic function, was not studied rigorously. At the same
time, the numerical studies for equation (1.2) with a periodic function γ indicated many interesting phenomena
and this is a good motivation for studying the structure of the spectrum of the operator pencil in (1.3).

The operator pencil in (1.3) probably looks quite specific and if we are interested in the main phenomena we
could simplify the problem replacing it by studying the spectrum of the operator

− d2

dx2
+ V + iεγ in L2(R). (1.4)

In a pure periodic case, that is, as V = 0, such operators were studied, for instance, in [1, 11, 35, 38, 39].
It was shown that the continuous spectrum can bifurcate into the complex plane [35]. The mechanism of the
appearance of the complex-valued spectrum was studied quite well [38, 39]. The cited works also provided
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Figure 1. Approximate shape of the continuous spectrum and possible isolated eigenvalues
converging to the continuous spectrum. The dotted lines at zero indicate that here the structure
of the spectrum requires further studies not made in the present paper.

conditions ensuring the reality of a considered zone in the continuous spectrum. To the best of the authors’
knowledge, operator (1.4) was not studied before for V 6= 0.

The above overview of the current state-of-art motivates the study of spectra of Schrödinger operators with
a small periodic potential and a fixed non-zero localized potential. As an appropriate model, we can choose one
of operators (1.1), (1.4) or the operator pencil in (1.3). In this paper our choice is the operator pencil in (1.3);
there are several reasons for this. The first is that this operator pencil arose in recent studies in nonlinear
PT -symmetric equations. The second reason is that a small PT -symmetric potential does make the continuous
spectrum to bifurcate into the complex plane. And in contrast to the usual spectral problem for operator (1.4),
the continuous spectrum of the operator pencil in (1.3) has a richer structure. The third reason is that our
technique can be easily adapted also for studying operators (1.1), (1.4). So, it is natural to study the problem
with most interesting and richest results, that is, the spectral problem for operator pencil in (1.3); let us denote
it by Hε(λ).

Our main results are as follows. We study in details the spectrum of Hε(λ). We show that the residual
spectrum is empty and there is only the continuous and point components. We prove that the spectrum of Hε(λ)
converge to that of the limiting operator pencil H0(λ) obtained by letting ε = 0. The continuous spectrum of
the unperturbed operator pencil is the union of two rays on the real line and it can also contain a finite segment
on the imaginary axis. We find that the perturbation by iεγ creates small usual gaps but on the imaginary axis,
while on the real axis, the continuous spectrum bifurcates into the complex plane as small parabolas opening
no gaps, see Figure 1. The most part of the paper is devoted to the isolated eigenvalues converging to the
continuous spectrum as ε → +0. We show that these eigenvalue can emerge only in the aforementioned small
gaps or near small parabolas. We provide sufficient conditions ensuring the existence of such eigenvalues as well
as conditions guaranteeing the absence. It turns out that there can be at most two eigenvalues in each gap and
in the vicinity of each small parabola, see Figure 1. Their existence is determined by the scattering data of the

operator − d2

dx2 +V at certain points and by the potential γ in a highly non-trivial way. The emerging eigenvalues
are shown to be holomorphic on ε and we calculate explicitly the leading terms in their Taylor expansions.
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In conclusion we also note that the considered phenomena are in a sense one-dimensional. Namely, for multi-
dimensional operator the bands in the spectrum usually overlap and it is rather exceptional to have two bands
with a common end point. A small periodic perturbation can open a small gap only at such end points. Once
such points are absent, we have no small gaps and no isolated eigenvalues in these gaps. Rare examples of
multi-dimensional operators, in whose continuous spectra small periodic perturbation can open small gaps,
are operators in waveguide structures, see, for instance [8]. But the mechanism of the gaps opening in these
models is again one-dimensional. The mechanism of the eigenvalues emergence also employs the features of the
one-dimensional scattering. This is one more motivation for an independent study of the one-dimensional case
presented in this paper.

2. Problem and main results

We introduce the self-adjoint Schrödinger operator

H0 := − d2

dx2
+ V,

in L2(R) on domain H2(R). Here V = V (x), x ∈ R, is a real piecewise continuous function decaying at infinity:
|V (x)| 6 Ce−ϑ|x|, x ∈ R, where C, ϑ are some positive constants independent of x. The main object of our
study is the quadratic operator pencil

Hε(λ) := H0 + iελγ + κ − λ2 in L2(R).

Here γ = γ(x), x ∈ R, is a real odd 2π-periodic piecewise continuous function, κ ∈ R is a fixed constant. The
domain of Hε(λ) is the Sobolev space H2(R). In this paper we are interested in the behavior of the spectrum
of operator pencil Hε(λ) as ε→ +0.

We define the resolvent set of Hε(λ) as the set of λ such that there exists a bounded inverse operator H−1ε (λ)
in L2(R). The spectrum σ(Hε) of Hε(λ) is the complement to the resolvent set. The point spectrum σp(Hε)
is introduced as the set of eigenvalues, and an eigenvalue of Hε(λ) is a number λ ∈ C such that the equation
Hε(λ)ψ = 0 has a non-trivial solution called an eigenfunction. The continuous spectrum σc(Hε) is defined in
terms of the characteristic sequences. Namely, λ ∈ σc(Hε) if there exists a sequence ψn ∈ H2(R), which is
bounded and non-compact in L2(R) and Hε(λ)ψn → 0 in L2(R) as n → ∞. The residual spectrum σr(Hε) is
defined as

σr(Hε) := σ(Hε) \
(
σc(Hε) ∪ σp(Hε)

)
.

Let T be the operator of complex conjugation in L2(R): T u = u. Then it is obvious that the operator pencil
Hε(λ) is T -self-adjoint in the following sense:

(Hε(λ))∗ = Hε(−λ), T (Hε(λ))∗ = Hε(λ)T .

In particular, it implies immediately that
(
Hε(−λ)

)−1
= T

(
Hε(λ)

)−1T and

(
σ(Hε)

)†
= −σ(Hε),

(
σp(Hε)

)†
= −σp(Hε),

(
σc(Hε)

)†
= −σc(Hε), (2.1)

where the superscript † denotes the complex conjugation of a set: M† := {λ : λ ∈ M}, and we also denote
−M := {−λ : λ ∈M}. If, in addition, the function V is even, then

P(Hε(λ))∗ = Hε(λ)P, PT Hε(λ) = Hε(λ)PT ,
(
Hε(λ)

)−1
= PT

(
Hε(λ)

)−1PT ,
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where (Pu) := u(−x), and in this case

(
σ(Hε)

)†
= σ(Hε),

(
σp(Hε)

)†
= σp(Hε),

(
σc(Hε)

)†
= σc(Hε). (2.2)

We stress that we do not assume that V is even and our results are true for a general function V obeying the
aforementioned conditions.

To formulate our main results, we first describe the spectrum of the operator H0. Thanks to the assumptions
for V , this is a self-adjoint lower semi-bounded operator in L2(R). Its residual spectrum is empty, the continuous
spectrum is σc(H0) = [0,+∞) since the potential V (x) tends to zero as x→ ±∞. Since the potential V decays
exponentially fast at infinity, the discrete spectrum σp(H0) consists of finitely many simple discrete negative
eigenvalues. Hence, the residual spectrum of the operator pencil H0 +κ−λ2 is empty and the discrete spectrum
consists of finitely many simple isolated eigenvalues.

The continuous spectrum of H0 + κ − λ2 is a pair of curves ±
√
κ + t, t ∈ [0,+∞). If κ > 0, these are just

two half-lines σc(H0 + κ − λ2) = (−∞,−
√
κ] ∪ [

√
κ,+∞). As κ < 0, the continuous spectrum is a cross in the

complex plane:

σc(H0 + κ − λ2) =
{
λ = it : −

√
|κ| 6 t 6

√
|κ|
}
∪R.

Now we are in position to formulate our first main result.

Theorem 2.1. The residual spectrum of Hε(λ) is empty. The spectrum of Hε(λ) satisfies the relation

σ(Hε) ⊆

{
λ ∈ C : dist(λ2 − κ, σ(H0)) 6 ε|λ| sup

[−π,π]
|γ|

}
. (2.3)

By Br(a) we denote the ball Br(a) := {λ : |λ − a| < r} and we let λ
(m)
0 :=

√
m2

4 + κ signm, m ∈ Z \ {0}.
Our next result describes the continuous spectrum of Hε(λ).

Theorem 2.2. For each R > 0 there exists ε0 > 0 and c > 0 such that for all 0 < ε 6 ε0 the continuous

spectrum of Hε(λ) located inside the ball BR(0) is as follows. Outside the balls Bcε(λ
(m)
0 ), m ∈ Z+, and Bcε(0),

the continuous spectrum of Hε(λ) coincides with that of H0 + κ − λ2. Inside the balls Bcε(λ
(m)
0 ), λ

(m)
0 6= 0,

λ
(m)
0 ∈ R, the spectrum is a continuous arc in a complex plane with the following approximate parametric

description:

λ = λ
(m)
0 ± iε

2λ
(m)
0

√
(λ

(m)
0 )2α2

0(m)− s2m2 +O(ε2)

+
ε2

4λ
(m)
0

(
2κs2

(λ
(m)
0 )2

− α2
0(m)

2
+ (λ

(m)
0 )2α1(m)

)
+O(ε3),

(2.4)

α0(m) :=
1

2π

π∫
−π

γ(x) sinmxdx,

α1(m) :=
1√
π

π∫
−π

γ(x)

(
u+(x,m) cos

mx

2
+ u−(x,m) sin

mx

2

)
dx,
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where m ∈ Z+ and u± are the solutions to the boundary value problems

(
− d2

dx2
− m2

4

)
u+(x,m) =

1√
π

(
γ(x) cos

m

2
x− α0(m) sin

m

2
x
)
, x ∈ (−π, π),(

− d2

dx2
− m2

4

)
u−(x,m) =

1√
π

(
γ(x) sin

m

2
x− α0(m) cos

m

2
x
)
, x ∈ (−π, π),

u±(−π,m) = (−1)mu±(π,m),
du±
dx

(−π,m) = (−1)m
du±
dx

(π,m),

(2.5)

orthogonal to cos m2 x and sin m
2 x in L2(−π, π). Inside the balls Bcε(λ

(m)
0 ) with a non-zero pure imaginary

λ
(m)
0 6= 0, the continuous spectrum of Hε(λ) is pure imaginary. If α0(m) 6= 0, this part of the continuous

spectrum contains a gap
(
β−m(ε), β+

m(ε)
)

with the end-points obeying the asymptotics:

β±m(ε) = λ
(m)
0 ± iε|α0(m)|

2
− ε2

4λ
(m)
0

(
α2
0(m)

2
+ |λ(m)

0 |2α1(m)

)
+O(ε3). (2.6)

The operator pencil Hε(λ) can also have eigenvalues converging to the continuous spectrum as ε→ +0. These
eigenvalues emerge only as ε > 0 and in what follows they are referred to as emerging. Our next main result
describes such eigenvalues. In order to formulate this result, we first introduce additional notations.

Given k ∈ C \ {0} with | Im k| < ϑ
6 , we define the Jost functions Y1 = Y1(x, k), Y2 = Y2(x, k), x ∈ R, as the

solutions to the equation

− Y ′′ + V Y − k2Y = 0, x ∈ R, Y±(x, k) = e±ikx +O
(
e−

ϑ
3 |x|
)
, x→ ±∞. (2.7)

The functions Y1, Y2 are related by the identities ([2], Chap. 2, Sect. 2.6.5, Eqs. (6.61), (6.67”)):

Y±(x, k) = ∓b(∓k)Y∓(x, k) + a(k)Y∓(x,−k), (2.8)

where a(k), b(k) are the transmission and reflection coefficients, respectively. As k ∈ R \ {0}, these coefficients
satisfy the identities

a(−k) = a(k), b(−k) = b(k), |a(k)|2 − |b(k)|2 = 1. (2.9)

For real k we represent a(k) as a(k) = |a(k)|eiθ(k), 0 6 θ(k) < 2π, and we denote ar(k) := Re a(k), ai(k) :=
Im a(k), br(k) := Re b(k), bi(k) := Im b(k).

We fix m ∈ Z \ {0} and by ζ± we denote the roots of the equation

∣∣a (m2 )∣∣ cos
(
2ζ + θ

(
m
2

))
− br

(
m
2

)
= 0, ζ± = −1

2

(
θ
(m

2

)
± arccos

br
(
m
2

)
|a
(
m
2

)
|

)
. (2.10)

We introduce the functions

X±(x,m) := eiζ±Y+

(
x,
m

2

)
+ e−iζ±Y+

(
x,−m

2

)
. (2.11)
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It is easy to confirm that these functions solve equation (2.7) with k = m
2 and behave at infinity as

X±(x,m) = 2 cos
(m

2
x+ ζ±

)
+O

(
e−

ϑ
3 |x|
)
, x→ +∞,

X±(x,m) = −2
Υ±

Υ̃±
sin
(m

2
x− ζ±

)
+O

(
e−

ϑ
3 |x|
)
, x→ −∞,

(2.12)

Υ± :=
1

4m
+ bi

(m
2

)
Υ̃±, Υ̃± :=

1

4m|a
(
m
2

)
| sin

(
2ζ± + θ

(
m
2

) ) . (2.13)

We denote

κ(λ) =
√
λ2 − κ, ρ0(k) :=

2π∫
0

γ(x)
sin k(π − x)

k
dt,

ρ̂ :=

2π∫
0

dx

x∫
0

γ(x)γ(t) sinm(x− t) dt, (2.14)

K± :=
mρ0(m) sin 2ζ±

2π
lim

N→+∞

(
−

4πN∫
−4πN

X2
±(x,m) dx+ 8πN

(
1 +

Υ2
±

Υ̃2
±

))

+ lim
N→+∞

(
(−1)m

4πN∫
−4πN

γ(x)X2
±(x,m) dx+ 4Nρ0(m) sin 2ζ±

(
Υ2
±

Υ̃2
±
− 1

))

+
ρ0(m) sin2 2ζ±

π

(
1−

Υ2
±

Υ̃2
±

)
,

(2.15)

L± :=
1

4π

(
ρ̂

m
+
m

π
ρ0(m)ρ′0(m) sin2 2ζ±

)(
4mbi

(m
2

)
Υ̃± cos2 2ζ± + 1

)
− m

2π
ρ0(m)Υ±K± cos 2ζ± −

ρ20(m)

32π2

(
4− m2(

λ
(m)
0

)2
)

sin2 2ζ±,

(2.16)

M± :=
4

m
Υ̃±bi

(m
2

)
ρ̂ sin 4ζ± − 4ρ0(m)Υ±K± sin 2ζ±

− ρ0(m)ρ′0(m)

π

(
4mbi

(m
2

)
Υ̃± sin2 2ζ± − 1

)
sin 4ζ±,

(2.17)

where the branch of the square root in the definition of κ(λ) is fixed by the condition
√

1 = 1. We observe that
all just introduced constants except for κ(λ) are real and

ρ0(m) =
1

m

2π∫
0

γ(t) sinm(π − t) dt =
(−1)m+1

m

2π∫
0

γ(t) sinmtdt =
2(−1)m+1π

m
α0(m).

Now we are in position to formulate our next main result.

Theorem 2.3. All isolated eigenvalues of the operator pencil Hε(λ) converging to the continuous spec-

trum converge to λ
(m)
0 , m ∈ Z. Namely, for each compact set Q in the complex plane obeying Q ∩ σp(H0 +

κ − λ2) = ∅, there exists a function %(ε) → +0 as ε → 0 such that for sufficiently small ε the set
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λ ∈ Q : |λ− λ(m)

0 | > %(ε), m ∈ Z \ {0}, |λ±
√
κ| > %(ε)

}
contains no isolated eigenvalues of the operator

pencil Hε.
Assume that λ

(m)
0 6= 0, ρ0(m) 6= 0 for some m ∈ Z\{0}. Then the operator Hε(λ) can have at most two eigen-

values λ±(ε) (counting multiplicities) converging to λ
(m)
0 as ε→ +0. If such eigenvalue exists, it is holomorphic

in ε and the leading terms of its Taylor expansions are

λ±(ε) = λ
(m)
0 + iε

α0(m) sin 2ζ±
2

+ ε2λ
(m)
0 L± +O(ε3) (2.18)

for one of ζ± with constants L± defined by (2.16). The associated eigenfunction can be chosen so that it becomes
holomorphic in ε in the norm of the space H2(−r, r) for each fixed r > 0 and the leading term of its Taylor
expansions reads as ψ±(·, ε) = X± +O(ε).

Fix one of ζ±. Under the conditions

M± < 0 if λ
(m)
0 is real

(−1)m+1 Imλ
(m)
0 ρ0(m) cos 2ζ± < 0 or

cos 2ζ± = 0 and ρ0(m)Υ±K̃± sin 2ζ± < 0
if λ

(m)
0 is pure imaginary

(2.19)

the operator pencil Hε has the corresponding eigenvalue λ±(ε) satisfying (2.18). Under the conditions

M± > 0 if λ
(m)
0 is real

(−1)m+1 Imλ
(m)
0 ρ0(m) cos 2ζ± > 0 or

cos 2ζ± = 0 and ρ0(m)Υ±K̃± sin 2ζ± > 0
if λ

(m)
0 is pure imaginary

(2.20)

the operator pencil Hε has no corresponding eigenvalue λ±(ε) satisfying (2.18).

Let us discuss briefly the main results of the work. Theorem 2.1 states the convergence of the spectrum σ(Hε)
to the spectrum of the unperturbed operator pencil H0 + κ − λ2. Relation (2.3) provides explicitly a domain,
in which the spectrum σ(Hε) is located.

According Theorem 2.2, outside small balls centered at λ
(m)
0 , m 6= 0, and at zero, the continuous spectrum of

Hε(λ) remains unchanged and coincides with the continuous spectrum of H0(λ). In the vicinities of λ
(m)
0 , m 6= 0,

the continuous spectrum feels the perturbation. In the imaginary axis small gaps are opened with the end-points

described approximately in (2.6). As λ
(m)
0 is real, the continuous spectrum looks even more interesting. Provided

α0(m) 6= 0, it bifurcates into the complex plane as an additional continuous curve. The shape of this curve is
approximately a parabola described in (2.4), see Figure 1. If α0(m) = 0, the leading terms in asymptotics (2.4)
turn out to be real but this still does not guarantee that λ is real.

The last theorem, Theorem 2.3, is devoted to the emerging eigenvalues. Such eigenvalues can exist only

in the vicinities of points λ
(m)
0 or of zero. In the paper we consider the eigenvalues in the vicinities of λ

(m)
0

with m 6= 0. There can be at most two eigenvalues and these eigenvalues are holomorphic in ε. Each of these
eigenvalues is associated with the roots ζ± of equation (2.10) in the sense of asymptotics (2.18). To check the
existence or absence of such eigenvalues, for each of roots ζ± we just need to check conditions (2.19) or (2.20).
If condition (2.19) is satisfied for a fixed root, then the operator pencil has the eigenvalue associated with this
root in the sense of (2.18). If opposite condition (2.20) holds, then the operator pencil has no the associated
eigenvalue. Hence, the possible options are no eigenvalues, one simple eigenvalue or two simple eigenvalues/one
double eigenvalue. The case of a double eigenvalue is surely excluded if sin 2ζ+ 6= sin 2ζ− or if sin 2ζ+ = sin 2ζ−
but L+ 6= L−. As λ

(m)
0 is pure imaginary, all such eigenvalues are also pure imaginary and they are located

inside the above discussed gaps in the imaginary axis, cf. (2.6) and (2.18). For real λ
(m)
0 , these eigenvalues
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are located in the vicinities of the aforementioned small curves, see Figure 1. Formulae (2.13), (2.16), (2.17)
for constants Υ±, M±, K±, L± determining the existence and the asymptotics of the emerging eigenvalues
are very explicit and we only need to know the scattering data at m/2 and the functions X±. We stress that
these formulae are not easily predictable in comparison with the known results on the emerging eigenvalues and
the same concerns equation (2.10) and functions (2.11). The main reason is that here the eigenvalues emerge
as a result of interaction between the scattering at the localized potential and a small periodic potential εγ.
The mechanism of the eigenvalues emergence in our case is rather different in comparison with the case of the
eigenvalues emergence due to a small localized perturbation. While the eigenvalues emerging in the gaps on
the imaginary axis still resemble the eigenvalues created in spectral gaps by small localized perturbations like
in [5, 6, 41], the eigenvalues near the real line emerge from interior points in the continuous spectrum. The
latter phenomenon in a sense similar to a phenomenon recently observed numerically in [40] for the spectra of
PT -symmetric operators.

We also observe the following interesting fact. As ε = 0, the eigenvalue equation for the operator pencil
Hε(λ) becomes equation (2.7) with k replaced by λ. Its solutions, the Jost functions, determine constants ζ±
via (2.10). And these constants appear only in the term of order ε in asymptotics (2.18) and not in the leading
term. The potential γ is involved only in formulae for L±, that is, this potential influences only the term of
order ε2 in asymptotics (2.18). This is quite unusual since one could expect that solutions to equation (2.7)
should determine the leading term in asymptotics for the emerging eigenvalue and the potential γ should be
involved in the formula for the coefficient at ε. Instead of this, we see a “shift” of the expected situation by one
power of ε.

3. Examples

In this section we discuss two examples of the potentials V and γ and apply to them our main results. We
let κ := −1 and we mostly consider the simplest example of step-like potentials:

γ(x) =


1, x ∈ (0, π],

0, x = 0,

−1, x ∈ [−π, 0),

V (x) =

{
1, x ∈ [−π, π],

0, otherwise.

As m = ±1, the functions u+(x,±1) and u−(x,±1) can be found explicitly and we have

λ0 = ± i
√

3

2
, α0(±1) = ± 2

π
, α1(±1) =

4(π2 + 2)

π2
.

Formulae (2.6) become

β±1 (ε) =
i
√

3

2
± iε

π
+

iε2

2
√

3

3π2 + 8

π2
+O(ε3), β±−1(ε) = − i

√
3

2
± iε

π
− iε2

2
√

3

3π2 + 8

π2
+O(ε3). (3.1)

We skip the values m = ±2, since λ
(±2)
0 = 0 and consider m = ±3,±4,±5, . . . Then

λ
(m)
0 =

√
m2

4
− 1 signm, α0(m) = − 2

πm
for even m, α0(m) = 0 for odd m.
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We also have α1(m) = 0 for all m and this identity is based on explicit calculations of the functions u±(x,m).
Formulae (2.4) cast into the form:

λ = λ
(m)
0 ± iε

2λ
(m)
0

√
m2 − 4

π2m2
− s2m2 +O(ε2)− ε2

2λ
(m)
0

(
4s2

m2 + 4
+

1

π2m2

)
+O(ε3) for even m,

λ = λ
(m)
0 ∓ ε

2λ
(m)
0

√
s2m2 +O(ε2)− ε2s2

2(λ
(m)
0 )3

+O(ε3) for odd m.

We proceed to the emerging eigenvalues. We first choose m = 1. It is straightforward to check that

Y+

(
x,±1

2

)
=



e±
i
2x, x > π,

± i cosh

√
3

2
(x− π)− 1√

3
sinh

√
3

2
(x− π), |x| 6 π,(

1√
3

sinh
√

3π ± i cosh
√

3π

)
cos

x+ π

2

−
(

cosh
√

3π ± i
√

3 sinh
√

3π
)

sin
x+ π

2
,

x < −π,

Y−

(
x,

1

2

)
= Y+

(
−x, 1

2

)
, a

(
1

2

)
= cosh

√
3π +

i√
3

sinh
√

3π, b

(
1

2

)
= − 2i√

3
sinh
√

3π,∣∣∣∣a(1

2

)∣∣∣∣ =
(4 cosh2

√
3π − 1)

1
2

√
3

, θ

(
1

2

)
= arctan

tanh
√

3π√
3

, ζ± = −1

2
arctan

tanh
√

3π√
3

∓ π

4
.

Then we get:

ρ0(1) = 4, ρ′0(1) = −4, ρ̂ = 2π, Υ± =
1

4
± sinh

√
3π

2
√

3(4 cosh2
√

3π − 1)
1
2

, Υ̃± = ∓
√

3

4(4 cosh2
√

3π − 1)
1
2

.

We see easily that

cos(2ζ±) = ∓
√

2 sinh(
√

3π)√
1 + 5 cosh(2

√
3π)

and condition (2.19) is satisfied for ζ+, while condition (2.20) holds for ζ−. Hence, we have just one eigenvalue

near λ+(ε) near i
√
3

2 . The formulae for constants K+, L+ here become too lengthy and this is why we find them
numerically:

K+
∼= 151653.7844, L+

∼= −6030.514687.

The asymptotics of λ(ε) is given by (2.18):

λ+(ε) = i

√
3

2
− iε

π

√
3 cosh 2

√
3π + 3√

4 cosh 2
√

3π + 2
+
iε2
√

3L+

2
+O(ε3). (3.2)

Since the spectrum is symmetric with respect to the real axis, we also have the only eigenvalue converging to

−i
√
3
2 and its asymptotics is obtained by complex conjugation of (3.2).
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We proceed to the case m = ±4,±6, . . .. The case of odd m is not considered since then ρ0(m) = 0 and
Theorem 2.3 is not applicable. For each even m = 2n we denote qn :=

√
n2 − 1 and we have:

Y+(x, n) =



einx, x > π,

(−1)n
(

cos qn(x− π) +
in

qn
sin qn(x− π)

)
, |x| 6 π,

(−1)n
(

cos 2πqn −
in

qn
sin 2πqn

)
cosn(x+ π)

+ (−1)n
(qn
n

sin 2πqn + i cos 2πqn

)
sinn(x+ π),

x < −π,

Y−(x, n) = Y+(−x, n), a(n) = cos 2πqn − i
2n2 − 1

2nqn
sin 2πqn, b(n) = − i

2nqn
sin 2πqn,

θ(n) = π − arctan
2n2 − 1

2nqn
tan 2πqn, ζ± =

1

2
arctan

2n2 − 1

2nqn
tan 2πqn −

π

2
∓ π

4
,

ρ0(2n) =
1

n2
, ρ′0(2n) = ρ̂ = 0, Υ̃± = ∓ 1

2n|a(n)|
, Υ± =

1

2n
± sin 2πqn

4n2qn|a(n)|
.

To check conditions (2.19), (2.20), now we have to calculate all constants K±, M± and the formulae for these
constants turn out to be lengthy. This is why we restrict ourselves by the case m = 4 and we find the needed
constants numerically:

K+
∼= 0.3303, L+

∼= 0.0132, M+
∼= 0.0079, K− ∼= −0.9560, L− ∼= −0.0382, M− ∼= 0.0305.

In both cases M± > 0 and there is no eigenvalues converging to λ
(4)
0 as ε→ +0. Since the spectrum is symmetric

with respect to the imaginary axis, we also conclude that there is no eigenvalues converging to λ
(−4)
0 .

The above analytic results are demonstrated in Figures 2. Here we show the picture generated by the above
obtained asymptotic formulae, namely, by their leading terms neglecting the error terms. In the figures, we
choose ε = 10−6 and the explanation of such choice is that this is the largest scale, for which the value of the
asymptotics in (3.2) is located between similar values in (3.1). The left figure provides the general picture of
two gaps on the imaginary axis with the eigenvalues inside and two parabolas corresponding to m = ±4. These
gaps and parabolas turn out to be too small and are not properly visible. This is why on the right figure we
magnify their vicinities and show a fine structure of the gaps and parabolas and the location of the isolated
eigenvalues. We have also tried to find the spectrum numerically and this has produced the same picture.

The constants M± are very sensible to the choice of the function γ. Namely, keeping the same function V as
above, let us replace the function γ by the following one: γ(x) := sin 4x, x ∈ (−π, π). Then the constants K±,
L±, M± for m = 4 read as:

K+
∼= 5.5981, L+

∼= −0.7294, M+
∼= −0.4032, K− ∼= −7.6822, L− ∼= 0.8659, M− ∼= −0.7415.

Here in both cases M± < 0 and there exist two eigenvalues converging to λ
(4)
0 =

√
3 as ε→ +0; their asymptotics

read as

λ±(ε) =
√

3± ε 3i√
144 + 147 tan2 2

√
3π

+ ε2L± +O(ε3).

And since the spectrum is symmetric with respect to the imaginary axis, the same situation holds in the vicinity

of λ
(−4)
0 = −

√
3. Figure 3 demonstrates the structure of the essential spectrum and the location of the isolated
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Figure 2. Left figure shows the general picture of the spectrum for step-like potentials. Right
figure demonstrates at a small scale the pieces of the spectrum spectrum inside dotted ellipses.
In both figures we choose ε = 10−6. Black lines represent the essential spectrum, small rhombus
show the location of small parabolas, while the circles indicate the locations locations of the
isolated eigenvalues.

Figure 3. Spectrum for γ(x) = sin 4x and the step-like potential V as ε = 10−3 in the vicinity

of λ
(4)
0 . Black curves represent the essential spectrum, while the black circles indicate the isolated

eigenvalues.
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eigenvalues in the vicinity of λ
(4)
0 =

√
3 as ε = 10−3. The magnified graph inside a boxed panel shows the fine

structure of the essential spectrum at a small scale.

4. Convergence of spectrum

In this section we prove Theorem 2.1. We begin with the absence of the residual spectrum. As in ([24],
Chap. I, Sect. 1.1), we get σr(Hε(λ)) = −σp(H∗ε)† \ σp(Hε) and by (2.1) we conclude that σr(Hε) is empty.

We proceed to proving (2.3). Since the operator H0 is self-adjoint, we have

‖(H0 + κ − λ2)−1‖L2(R)→L2(R) =
1

dist(λ2 − κ2, σ(H0))
, (4.1)

where ‖ · ‖L2(R)→L2(R) stands for the norm of a bounded operator in L2(R). Thanks to the identity

(
Hε(λ)

)−1
= (H0 + κ + iελγ − λ2)−1 = (H0 + κ − λ2)−1

(
I + iελγ(H0 + κ − λ2)−1

)−1
,

the inverse operator for Hε(λ) is well-defined as a bounded operator in L2(R) provided

ε|λ|‖γ(H0 + κ − λ2)−1‖L2(R)→L2(R) < 1.

In view of (4.1), this inequality holds true if ε|λ| sup
[−π,π]

|γ| < dist(λ2 −κ, σ(H0)), i.e., such λ are in the resolvent

set of operator pencil Hε(λ). The opposite inequality leads us to (2.3).

5. Continuous spectrum

In this section we prove Theorem 2.2. In order to describe the continuous spectrum of Hε, we employ the
Floquet-Bloch theory. Namely, we introduce an auxiliary operator pencil:

Qτε (λ) := Q0(τ) + κ + iελγ − λ2,

where

Q0(τ) :=

(
i

d

dx
+ τ

)2

, τ ∈ R,

is a self-adjoint operator in L2(−π, π) subject to periodic boundary conditions. Its domain is a subspace in
H2(−π, π) formed by the functions satisfying the periodic boundary conditions. For future purposes, it is
convenient to choose the Brillouin zone as follows: τ ∈ [− 1

4 ,
3
4 ).

Lemma 5.1. For each ε and τ the continuous and residual spectra of Qτε (λ) are empty, i.e., σ(Qτε ) = σp(Qτε ).
The continuous spectrum of operator pencil Hε(λ) is symmetric both w.r.t. the real and imaginary axes. It is
given by the formula

σc(Hε) =
⋃

τ∈[− 1
4 ,

3
4 )

σp(Qτε ). (5.1)

Proof. In the same way as in the proof of Theorem 2.1, we check easily that the residual spectrum of the
operator pencil Qτε (λ) is empty for each fixed ε and τ . The continuous spectrum of Qτε is also empty. Indeed, if
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λ ∈ σc(Qτε ) and up is an associated characteristic sequence, then

‖iu′p + τup‖2L2(−π,π) + iελ(γup, up)L2(−π,π) − λ
2‖up‖2L2(−π,π) → 0, p→∞.

Thus, up is also bounded in W 1
2 (−π, π) and by the compact embedding of W 1

2 (−π, π) into L2(−π, π), the
sequence up is compact in L2(−π, π). This contradicts the definition of the continuous spectrum. Hence,

σ(Qτε ) = σp(Qτε ). (5.2)

We introduce an auxiliary operator pencil:

H̊ε(λ) := − d2

dx2
+ iελγ + κ − λ2 in L2(R),

which is the operator pencil Hε(λ) in the case V ≡ 0. Let us show that

σc(Hε) = σc(H̊ε) =
⋃

τ∈[− 1
4 ,

3
4 )

σp(Qτε ). (5.3)

The proof of the first identity reproduces literally the proof of Lemma 2.3 in [5]. To prove the second identity,
we observe that H̊ε(λ) is a periodic operator. Then we employ Floquet-Bloch theory to see that the operator
H̊ε(λ) has a bounded inverse in L2(R) provided λ is not in the spectrum of Qτε , or, thanks to (5.2), λ is not an
eigenvalue of the operator pencil Qτε (λ) for some τ ∈ [− 1

4 ,
3
4 ). This proves identity (5.1) in the case V ≡ 0. Due

to the proven identity, for each λ ∈ σ(H̊ε), there exists τ ∈ [− 1
4 ,

3
4 ) and a function φ ∈ W 2

2 (−π, π) satisfying
periodic boundary conditions such that λ and φ are an eigenvalue and an associated eigenfunction of Qτε (λ). We
continue the function φ periodically on the entire axis. Multiplying then the function eiτxφ(x) by an appropriate
sequence of cut-off functions, we construct easily a characteristic sequence for H̊ε associated with λ and this
proves the second identity in (5.3).

It is obvious that if λ is an eigenvalue of Qτε and φ(x) is an associated eigenfunction, then λ is also an
eigenvalue of Qτε with the associated eigenfunction φ(−x). We also observe that −λ and φ(x) are an eigenvalue
and an associated eigenfunction of Q−τε .

We proceed to studying the structure of the continuous spectrum. Reproducing almost literally the proof of
Theorem 2.1, one can check easily that the eigenvalues of the operator pencil Qτε converge to those of Qτ0 as
ε→ 0.

Let λ(τ, ε) be an eigenvalue of Qτε located close enough to the imaginary axis and separated from the origin
by a distance Cε with a sufficient large positive constant C. We normalize an associated eigenfunction φε in
L2(−π, π). Then we multiply eigenvalue equation (5.5) for λ(τ, ε) by φε, integrate by parts over (−π, π) and
calculate the imaginary part of the obtained identity:(

ε(γφε, φε)L2(−π,π) − 2 Imλ(τ, ε)
)

Reλ(τ, ε) = 0.

Since Imλ(τ, ε) is close to some non-zero constant for sufficiently small ε→ 0, the expression in the brackets is
non-zero for sufficiently small ε. Hence, Reλ(τ, ε) = 0 and λ(τ, ε) is pure imaginary.

We choose n ∈ Z \ {0} and we take the eigenvalues and the associated eigenfunctions

λ+(τ) :=
√

(n− τ)2 + κ signn, λ−(τ) :=
√

(n+ τ)2 + κ signn,

φ+(x) :=
1√
2π
einx, φ−(x) :=

1√
2π
e−inx,

(5.4)
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of the operator pencil Q0(τ), where τ ∈ [− 1
4 ,

1
4 ]. The functions λ±(τ) range in a same segment on the real line

and we assume that zero does not belong to this segment.
We consider the eigenvalue equation(

Q0(τ) + κ + iελγ − λ2
)
φε = 0, (5.5)

for sufficiently small ε and λ in the complex plane close to the range of functions λ±(τ). For such values of λ,
the resolvent of Q0(τ) + κ satisfies the representation:

(
Q0(τ) + κ − λ2

)−1
f =

(f, φ+)L2(−π,π)

λ2+ − λ2
φ+ +

(f, φ−)L2(−π,π)

λ2− − λ2
φ− + L1(λ2, τ)f, (5.6)

where L1 is a bounded operator from L2(−π, π) into W 2
2 (−π, π) jointly holomorphic in the considered values

of λ2 and τ . We apply the resolvent
(
Q0(τ) + κ − λ2

)−1
to equation (5.5) and use representation (5.6). This

leads us to the equation

φε +
iελ(γφε, φ+)L2(−π,π)

λ2+(τ)− λ2
φ+ +

iελ(γφε, φ−)L2(−π,π)

λ2−(τ)− λ2
φ− + iελL1(λ2, τ)γφε = 0. (5.7)

Thanks to the aforementioned properties of the operator L1, the operator L2(λ, τ, ε) :=
(
I + iελL1(λ2, τ)γ

)−1
,

where I stands for the identity mapping, is well-defined as a bounded operator in L2(−π, π) and it is jointly
holomorphic in λ, τ , and ε. We apply this operator to equation (5.7):

φε +
iελ(γφε, φ+)L2(−π,π)

λ2+(τ)− λ2
L2(λ, τ, ε)φ+ +

iελ(γφε, φ−)L2(−π,π)

λ2−(τ)− λ2
L2(λ, τ, ε)φ− = 0. (5.8)

We multiply this equation by γ and calculate the scalar products with φ± in L2(−π, π). This gives a system of
linear equations for (γφε, φ±)L2(−π,π):

(γφε, φ±)L2(−π,π) +
iελ(γL2(λ, τ, ε)φ+, φ±)L2(−π,π)

λ2+(τ)− λ2
(γφε, φ+)L2(−π,π)

+
iελ(γL2(λ, τ, ε)φ−, φ±)L2(−π,π)

λ2−(τ)− λ2
(γφε, φ−)L2(−π,π) = 0.

The operator L2 satisfies the representation

L2(λ, τ, ε) = I − iελL1(λ2, τ)γL2(λ, τ, ε)

= I − iελL1(λ2, τ)γ − ε2λ2L1(λ2, τ)γL1(λ2, τ)γL2(λ, τ, ε),
(5.9)

and thanks to the parity of γ and the definition of φ±, we have

(γL2(λ, τ, ε)φ±, φ±)L2(−π,π) = −iελS±±(λ, τ, ε),

S±±(λ, τ, ε) :=
(
γL1(λ2, τ)γL2(λ, τ, ε)φ±, φ±

)
L2(−π,π)

,
(5.10)

where S±± are jointly holomorphic in λ, τ , ε. We also denote

S±∓(λ, τ, ε) :=
(
γL2(λ, τ, ε)φ±, φ∓

)
L2(−π,π)

(5.11)
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and these functions are jointly holomorphic in λ, τ , ε.
In view of equation (5.8), the scalar products (γφε, φ±)L2(−π,π) do not vanish simultaneously since otherwise

we immediately get φε = 0 and this can not be an eigenfunction. By Cramer’s rule this gives an equation for
the sought eigenvalues of Qτε :

det

(
λ2 − λ2+(τ)− ε2λ2S++(λ, τ, ε) −iελS−+(λ, τ, ε)

−iελS+−(λ, τ, ε) λ2 − λ2−(τ)− ε2λ2S−−(λ, τ, ε)

)
= 0. (5.12)

We calculate the determinant and solve the obtained equation as a bi-square one with respect to λ. This leads
us to an equivalent pair of equations:

λ2 = F±(λ, τ, ε), (5.13)

F± :=
(1− ε2S−−)λ2+ + (1− ε2S++)λ2− − ε2S+−S−+ ±

√
F∗

2(1− ε2S−−)(1− ε2S++)
,

F∗ :=
(
(1− ε2S−−)λ2+ − (1− ε2S++)λ2−

)2
− 2ε2

(
(1− ε2S−−)λ2+ + (1− ε2S++)λ2−

)
S+−S−+ + ε4

(
S+−S−+

)2
,

where the branch of the square root is fixed by the condition
√

1 = 1. As it follows from the definition of the
function F∗, the function (λ, τ, ε) 7→

√
F∗(λ, τ, ε) is jointly holomorphic in λ, τ , ε as |λ2+(τ)−λ2−(τ)| > Cε2 for a

sufficiently large fixed C and all sufficiently small ε. The latter inequality is true provided Cε 6 |τ | 6 1
4 and for

such values of τ the left hand side of equation (5.13) are jointly holomorphic in λ, τ , ε. Hence, since λ±(τ) 6= 0,
by the inverse function theorem, each of equations (5.13) possesses exactly one root Λ±(τ, ε) converging to λ±(τ)
as ε→ 0 and this root is jointly holomorphic in τ and ε. Thanks to the above discussed symmetry properties
of the eigenvalues of Qτε , the same is true for Λ±(τ, ε). And as it was shown above, if λ±(τ) is pure imaginary,
the eigenvalues Λ±(τ, ε) are also pure imaginary.

We proceed to the case of small τ . Namely, we consider |τ | 6 Cε for sufficiently large C. We rescale τ as
τ = εs, |s| 6 C and we are going to study the solvability of equations (5.13) in this case. We observe that

λ+(0) = λ−(0) = λ
(m)
0 with m := 2n.

We first prove the solvability of equation (5.12) in the considered case.

Lemma 5.2. In the vicinity of λ
(m)
0 , equation (5.12) has exactly two roots Λ± = Λ±(s, ε) counting multiplicities.

These roots converge to λ
(m)
0 as ε→ +0 uniformly in s and they are jointly continuous in ε and s.

Proof. In view of the definition of λ± and the properties of the functions S±±, S±∓, we can rewrite
equation (5.12) as

(
λ2 − (λ

(m)
0 )2

)2
= εh(ε, s, λ), (5.14)

where h is a holomorphic function of its variables. In the vicinity of λ0, the function λ 7→ (λ22 − λ20)2 has exactly
one double root λ = λ0. Since the right hand side in (5.14) is multiplied by the small parameter, by the Rouché
theorem we obtain that for each positive δ > 0, equation (5.14) has exactly two roots (counting multiplicity)
inside the circle |λ− λ0| < δ for all values of s provided ε is small enough. This proves the lemma.

Let us find the asymptotics for the roots of equation (5.12). In order to do this, we again rewrite (5.12)
as (5.13) and study the behavior of the function F± as ε→ 0.

First of all we stress that apriori we do not know which of the equations in (5.13) is solved by each of the
roots Λ±(s, ε) or probably both these roots solve one of the equations in (5.13). This is why we denote by Λ(s, ε)
one of the roots Λ±(s, ε) assuming that it solves one of the equations in (5.13).
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Since in the considered case λ2±(εs) =
(
λ
(m)
0

)2± εsm+ ε2s2, it follows immediately from (5.13) that Λ(s, ε)−
λ
(m)
0 = O(ε) uniformly in s. The definition of the operator L1(λ2, τ) and the identities (γφ±, φ∓)L2(−π,π) =
±iα0(m) imply that the functions L1(λ20, 0)γφ± are orthogonal to φ+ and φ− in L2(−π, π) and solve the
equations(

Q0(0)− m2

4

)
L1(λ20, 0)γφ± =

1√
2π

(
γ cos

m

2
x− α0(m) sin

m

2
x
)
± i√

2π

(
γ sin

m

2
x− α0(m) cos

m

2
x
)
.

Hence, L1(λ20, 0)γφ± = 1√
2
(u+ ± iu−), where u± were introduced in (2.5). The function u+ is odd in x and u+

is even. Therefore, by (5.9), (5.10),

S±±(Λ, εs, ε) =
α1(m)

2
+O(ε), (5.15)

uniformly in s. In the same way by employing (5.9), (5.11) we obtain:

S±∓(Λ, εs, ε) = ±iα0(m)− iελ
(m)
0

2
√
π

π∫
−π

γ(x)
(
u+(x,m) cos

m

2
x− u−(x,m) sin

m

2
x
)

dx+O(ε2)

uniformly in s. We substitute these formulae and (5.15), (5.4) into (5.13) and we get:

Λ2 =
(
λ
(m)
0

)2 ± iε√(λ(m)
0

)2
α2
0 −m2s2 +O(ε2) + ε2

(
s2 +

(λ
(m)
0 )2α1(m)

2
− α2

0(m)

2

)
+O(ε3).

This leads us to asymptotics (2.4) for the roots Λ±. As identities (2.2) show, the roots Λ±(s, ε) are complex
conjugate. Hence, the sign ‘±’ in (2.4) corresponds to different roots Λ±(s, ε) and this proves (2.4).

If λ
(m)
0 is pure imaginary, the roots Λ±(s, ε) are pure imaginary and

(
λ
(m)
0

)2
α2
0(m)− s2m2 < 0 for all values

of s provided α0(m) 6= 0. Asymptotics (2.4) can be simplified and we arrive at

Λ±(s, ε) = λ
(m)
0 ∓ ε

2λ
(m)
0

√
m2s2 + |λ(m)

0 |2α2
0(m)− ε2

4λ
(m)
0

(
2κs2

|λ(m)
0 |2

+
α2
0(m)

2
+ |λ(m)

0 |2α1(m)

)
+O(ε3).

Since s ranges in a fixed interval, the extrema of the leading terms in the above asymptotics are attained at

s = 0. This implies the existence of the gap
(
β−m(ε), β+

m(ε)
)

in the spectrum around the point λ
(m)
0 as well as

asymptotics (2.6).
The case

∣∣τ − 1
2

∣∣ 6 1
4 can be studied in the same way; we only need to let m = 2n − 1 and to replace

formulae (5.4) by

λ+(τ) :=
√

(n− τ)2 + κ signn, λ−(τ) :=
√

(n− 1 + τ)2 + κ signn,

φ+(x) :=
1√
2π
einx, φ−(x) :=

1√
2π
e−i(n−1)x.

As n = 0 and |τ | 6 1
4 , the formulae in (5.4) are to be replaced by the following ones:

λ+(τ) :=
√
τ2 + κ, λ−(τ) := −

√
τ2 + κ, φ+(x) = φ−(x) :=

1√
π
.
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If the range of such functions λ±(τ) does not contains 0, we have λ−(τ) 6= λ+(τ) for all |τ | 6 1
4 . Proceeding then

as above, one can check easily that there exist one eigenvalue of Qτε converging to λ−(τ) and one eigenvalue
converging to λ+(τ). If λ±(τ) are real, the same is true for the corresponding perturbed eigenvalues. And if
λ±(τ) are pure imaginary, the perturbed eigenvalues are pure imaginary as well.

6. Convergence of emerging eigenvalues

In this section we provide the first part of the proof of Theorem 2.3. Namely, first we reduce the eigenvalue
problem to an equation on a finite segment. Then we prove the first statement of the theorem on the convergence
of the emerging eigenvalues. We begin with the periodic equation corresponding to the case V = 0.

6.1. Floquet theory

In this subsection we study the fundamental solutions of the periodic equations

− u′′ + (iελγ − κ2(λ))u = 0, x ∈ R, (6.1)

where λ is assumed to range in a compact set in the complex plane.
By W [u, v](x) we denote the Wronskian of functions u = u(x), v = v(x):

W [u, v](x) = det

(
u(x) v(x)
u′(x) v′(x)

)
.

According the Floquet theory for ordinary differential equations, we consider solutions Φε = Φε(x, λ), Ψε =
Ψε(x, λ) to equation (6.1) with f = 0 satisfying the initial conditions

Φε(0, λ) = 1, Φ′ε(0, λ) = 0, Ψε(0, λ) = 0, Ψ′ε(0, λ) = 1.

We introduce the matrices

Aε(λ) =

(
Aε

11(λ) Aε
12(λ)

Aε
21(λ) Aε

22(λ)

)
:= Pε(2π, λ), Pε(x, λ) :=

(
Φε(x, λ) Ψε(x, λ)
Φ′ε(x, λ) Ψ′ε(x, λ)

)
and we observe that

det Pε(x, λ) ≡ 1, det Aε(λ) = 1. (6.2)

Employing the latter identity, we find the eigenvalues of the matrix Aε(λ):

µε±(λ) =
1

2

(
Aε

11(λ) + Aε
22(λ)± z

√
(Aε

11(λ) + Aε
22(λ))2 − 4

)
, (6.3)

µε+µ
ε
− = 1, µε+ + µε− = Aε

11 + Aε
22, µε− − µε+ = −z

√
(Aε

11 + Aε
22)2 − 4, (6.4)

where the branch of the square root is fixed by the condition
√

1 = 1 and z = +1 or z = −1. Here z is an
auxiliary parameter describing which branch of the square root is chosen in (6.3). We could hide this sign inside
the square root but for future calculations, it is more convenient to fix the branch of the square root as above
and to move the sign into the parameter z.
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We choose the eigenvectors of the matrix Aε as

eε+(λ) =

(
eε+,1(λ)
eε+,2(λ)

)
:=

(
i
(
Aε22(λ)− µε+(λ)

)
− κ(λ)Aε

12(λ)
κ(λ)

(
Aε

11(λ)− µε+(λ)
)
− iAε21(λ)

)
,

eε−(λ) =

(
eε−,1(λ)
eε−,2(λ)

)
:=

(
κ(λ)Aε12(λ)− i

(
Aε

22(λ)− µε−(λ)
)

iAε
21(λ)− κ(λ)

(
Aε

11(λ)− µε−(λ)
)) ,

and by the well-known theorem on fundamental solutions for periodic ordinary differential equations, we can
choose fundamental solutions for equation (6.1) as

ψε±(x, λ) := eε±,1(λ)Φε(x, λ) + eε±,2(λ)Ψε(x, λ), ψε±(x, λ) = ex lnµε
±(λ)ψε±,per(x, λ), (6.5)

where ψε±,per are 2π-periodic functions in x.
In what follows, we shall make use of several properties of the functions Φε, Ψε and of the matrix Aε(λ).

The first property is the holomorphic dependence on ε and λ. It is clear that the functions Φε, Ψε are jointly
holomorphic in ε and λ in the sense of the norm in H2[b1, b2] for each bounded segment [b1, b2] ⊂ R. Their
Taylor expansions are

Φε(x, λ) =

∞∑
j=0

(iελ)jΦj(x, κ(λ)), Ψε(x, λ) =

∞∑
j=0

(iελ)jΨj(x, κ(λ)), (6.6)

where Φi, Ψi are the solutions to the Cauchy problems

Φ′′0 + κ2Φ0 = 0, Ψ′′0 + κ2Ψ0 = 0, Φ′′i + κ2Φi = γΦi−1, Ψ′′i + κ2Ψi = γΨi−1, x ∈ R,
Φ0(0, κ) = 1, Φ′0(0, κ) = 0, Ψ0(0, λ) = 0, Ψ′0(0, λ) = 1,

Φi(0, κ) = Φ′i(0, κ) = 0, Ψi(0, κ) = Ψ′i(0, κ) = 0.

These problems have explicit solutions:

Φ0(x, κ) = cosκx, Ψ0(x, κ) =
sinκx

κ
, (6.7)

Φi(x, κ) =

x∫
0

γ(t)Φi−1(t, κ)
sinκ(x− t)

κ
dt, Ψi(x, λ) =

x∫
0

γ(t)Ψi−1(t, κ)
sinκ(x− t)

κ
dt. (6.8)

As κ = 0, the above formulae should be understood in the sense of the limit as κ→ 0; for instance, Ψ0(x, 0) = x.
Since the function γ is 2π-periodic and odd, we have:

Φ1(2π, κ) =

2π∫
0

γ(t)
sin 2πκ+ sin 2κ(π − t)

2κ
dt = ρ0(2κ),

Φ′1(2π, κ) =

2π∫
0

γ(t) cosκt cosκ(2π − t) dt = 0,

Ψ1(2π, κ) = 0, Ψ′1(2π, κ) = −ρ0(2κ).
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Hence,

Aε
11(λ) = cos 2πκ(λ) + iελρ0(2κ(λ))− ε2λ2ρ(2)11 (κ(λ)) +O(ε3),

Aε
12(λ) =

sin 2πκ(λ)

κ(λ)
− ε2λ2ρ(2)12 (κ(λ)) +O(ε3),

Aε
21(λ) = −κ(λ) sin 2πκ(λ)− ε2λ2ρ(2)21 (κ(λ)) +O(ε3),

Aε
22(λ) = cos 2πκ(λ)− iελρ0(2κ(λ))− ε2λ2ρ(2)22 (κ(λ)) +O(ε3),

(6.9)

ρ
(j)
11 (κ) := Φj(2π, κ), ρ

(j)
12 (κ) := Ψj(2π, κ), ρ

(j)
21 (κ) := Φ′j(2π, κ), ρ

(j)
22 (κ) := Ψ′j(2π, κ). (6.10)

The second property we shall need is an estimate for the growth rate of Φε and Ψε at infinity. Thank to the
obvious identities

Aε(λ) =
(
eε−(λ) eε+(λ)

)
diag

(
µε−(λ), µε+(λ)

)(
eε−(λ) eε+(λ)

)−1
, Pε(x+ 2nπ, λ) =

(
Aε(λ)

)n
Pε(x, λ)

as x ∈ R, n ∈ Z, and (6.4) it is straightforward to check that for sufficiently small ε we have the estimate:

|Φε(x, λ)|+ |Φ′ε(x, λ)|+ |Ψε(x, λ)|+ |Ψ′ε(x, λ)| 6 cµε(λ)|x|µ|x|ε (λ), |x| > 1, (6.11)

µε(λ) := max{|µε−(λ)|, |µε+(λ)|},

where c is a constant independent of x, λ, ε.

6.2. Reduction of eigenvalue equation

In this subsection we reduce the eigenvalue equation for the operator pencil Hε to some differential equation
on a finite interval with Robin boundary conditions.

Since the potential V decays exponentially fast at infinity, there are fundamental solutions of the equation

− ψ′′ + V ψ + (iελγ − κ2(λ))ψ = 0 (6.12)

on x ∈ R coinciding at infinity with ψ±ε (x, λ) up to an exponentially small term. Let us study the properties of
such solutions.

We fix arbitrarily C > 0 and we let Qδ := {λ ∈ C : |λ| < C, | Imκ(λ)| 6 δ} for some δ ∈ (0, ϑ6 ). In what
follows we assume that λ ∈ Qδ. For each positive r > 0, we introduce the Banach spaces

S±r :=

{
u ∈ C1(J±r) : ‖u‖S±r

:= sup
J±r

e−
ϑ
5 |x|(|u(x)|+ |u′(x)|) <∞

}
,

where J−r := (−∞,−r], Jr := [r,+∞). On these space we define the integral operators

(
L±3 (λ, ε)u

)
(x) :=

x∫
±∞

(
Ψε(x, λ)Φε(y, λ)− Φε(x, λ)Ψε(y, λ)

)
V (y)u(y) dy. (6.13)

Thanks to estimates (6.11), it is straightforward to check that for a large enough and independent of ε, the
operators L±3 are well-defined and contracting in the spaces S±a. Thanks to the holomorphic dependence on ε
and λ of the functions Φε and Ψε discussed in the previous section, the operators L±3 are also holomorphic in ε
and λ.
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In view of the definition of the operators L±3 and (6.5), we see easily that the unique solutions Z± = Z±(x, λ, ε)
of the equations

Z± − L±3 (λ, ε)Z± = ψε±, Z± =
(
I − L±3 (λ, ε)

)−1
ψε±, (6.14)

are exactly the sought fundamental solutions of equation (6.12) on the intervals J±r coinciding asymptotically
with ψε± as x→ ±∞:

Z±(x, λ, ε) := ψε±(x, λ) +O(e−
ϑ
3 |x|), x→ ±∞. (6.15)

We substitute expansions (6.6) and definition (6.13) into (6.14) and we see that

(
I − L±3 (λ, ε)

)−1
Φε =

(
I − L±3 (λ, 0)

)−1
Φ0 +O(ελ),(

I − L±3 (λ, ε)
)−1

Ψε =
(
I − L±3 (λ, 0)

)−1
Ψ0 +O(ελ).

(6.16)

Employing identities (6.7) and the definition of the operator L±3 (λ, 0), it is straightforward to check that

((
I − L±3 (λ, 0)

)−1
Φ0

)
(x, λ) =

Y±(x, κ(λ)) + Y±(x,−κ(λ))

2
,((

I − L±3 (λ, 0)
)−1

Ψ0

)
(x, λ) = ±Y±(x, κ(λ))− Y±(x,−κ(λ))

2iκ(λ)
.

(6.17)

Let λ be an eigenvalue of the operator pencil Hε. We choose z in formulae (6.3) so that Re lnµε−(λ) =
−Re lnµε+(λ) > 0. Then an associated eigenfunction ψ solves differential equation (6.12) coinciding with Z± up
to a multiplicative constant as x→ ±∞. The latter condition is equivalently written as the boundary conditions

(
Z±ψ

′ − Z ′±ψ
)∣∣∣
x=±r

= W [Z±, ψ](±r) = 0. (6.18)

This is why in what follows, instead of dealing with the eigenvalue equation, we seek non-trivial solutions
to problem (6.12), (6.18) on (−r, r). While studying this problem, one of the key ingredient is the following
auxiliary lemmata.

Lemma 6.1. For each C > 0 there exists δ > 0 such that for k ∈ C \ {0} obeying |k| < C, | Im k| < δ the
boundary value problem

−u′′ + V u− k2u = f, x ∈ (−r, r), (6.19)

W [Y±(·, k), u](±r) = f±, (6.20)

is uniquely solvable. The solution is represented as

u = L4(k)f + L5(k)(f−, f+), (6.21)

where L4(k) : L2(−r, r)→ H2(−r, r), L5(k) : C→ H2(−r, r) are bounded operators holomorphic in k.

Proof. The functions Y± are holomorphic in k in the norm in H2[−r, r]. Thanks to the embedding H2[−r, r] ⊂
C1[−r, r], they are also holomorphic in the norm in C1[−r, r]. The Wronskian of the functions Y± is equal to
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2ika(k); the function a(k) is also holomorphic. Thanks to identity (2.9), the function a(k) is non-zero provided
δ is small enough. Now the statement of the lemma follows the explicit formula (6.21), where

(
L4(k)f

)
(x, k) =

1

2ika(k)

 x∫
−r

Y+(x, k)Y−(y, k)f(y) dy +

r∫
x

Y−(x, k)Y+(y, k)f(y) dy

 ,

(
L5(k)(f−, f+)

)
(x, k) =

Y+(x, k)f− − Y−(x, k)f+
2ika(k)

.

Given m ∈ Z \ {0}, we denote

U±(x, ζ,m) := eiζY±

(
x,
m

2

)
± e−iζY±

(
x,−m

2

)
,

where ζ is a complex parameter, |Re ζ| 6 π, | Im ζ| 6 C, C = const.

Lemma 6.2. The boundary value problem for equation (6.19) as k = m
2 , m ∈ Z \ {0}, with the boundary

condition

W [U±(·, ζ,m), u](±r) = f± (6.22)

is uniquely solvable for all ζ 6= ζ−, ζ 6= ζ+, where ζ± are defined in (2.10). The solution is represented as

u = L6(ζ)f + L7(ζ)(f−, f+), (6.23)

where L6(ζ) : L2(−r, r)→ H2(−r, r), L7(ζ) : C2 → H2(−r, r) are bounded operators holomorphic in ζ 6= ζ±. At
ζ = ζ±, these operators have simple poles

L6(ζ) =
X±

ζ − ζ±
L±8 + L±9 (ζ), L±8 f := Υ±

r∫
−r

f(x)X±(x,m) dx, (6.24)

L7(ζ) =
X±

ζ − ζ±
L±10 + L±11(ζ), L±10(f−, f+) := iΥ̃±f− + Υ±f+, (6.25)

where L±9 (ζ) : L2(−r, r) → H2(−r, r), L±11(ζ) : C2 → H2(−r, r) are bounded operators holomorphic in ζ close
to ζ±.

Proof. Employing identities (2.9), it is straightforward to check that the Wronskian of the functions U+ and
U− reads as

W [U+, U−](x, ζ,m) = G(ζ,m) := −2im
(∣∣a (m2 )∣∣ cos

(
2ζ + θ

(
m
2

))
− br

(
m
2

))
.

The solution to problem (6.19), (6.22) is given explicitly by formula (6.23), where

L6(ζ)f =
1

G(ζ,m)

 x∫
−r

U+(x, ζ,m)U−(y, ζ,m)f(y) dy +

r∫
x

U−(x, ζ,m)U+(y, ζ,m)f(y) dy

 , (6.26)

L7(ζ)(f−, f+) :=
f+U−(x, ζ,m)− f−U+(x, ζ,m)

G(ζ,m)
. (6.27)
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We see immediately that these are bounded operators L6(ζ) : L2(−r, r)→ H2(−r, r), L7(ζ) : C2 → H2(−r, r)
meromorphic in ζ with poles at the zeroes of W (ζ,m).

The zeroes of the function W (·,m) can be found explicitly and they are given by (2.10). Thanks to

identity (2.9), we have |br(n)|
|a(n)| < 1 and therefore, the zeroes of W satisfy the inequalities 2ζ± + θ(n) 6= 0,

2ζ± + θ(n) 6= π. This yields

G′(ζ±,m) = 4im|a
(
m
2

)
| sin

(
2ζ± + θ

(
m
2

) )
6= 0 (6.28)

and therefore, ζ± are simple zeroes. Hence, the function G−1(·,m) has a simple pole at ζ±.
Since G(ζ±,m) = 0, the functions U+(x, ζ±,m) and U−(x, ζ±,m) are linearly dependent and we also have

|a
(
m
2

)
|ei(2ζ±+θ(

m
2 )) − b

(
m
2

)
= i
(
|a
(
m
2

)
| sin

(
2ζ± + θ

(
m
2

) )
+ bi

(
m
2

) )
.

Employing this identity and (2.8) and comparing the behavior of U+(x, ζ±,m) and U−(x, ζ±,m) as x→ +∞,
we obtain that

U−(x, ζ±,m) = i
(
|a
(
m
2

)
| sin

(
2ζ± + θ

(
m
2

) )
+ bi

(
m
2

) )
U+(x, ζ±,m). (6.29)

Expanding now formula (6.26) as ζ → ζ± and employing then the above identity, (6.28) and X±(x,m) =
U+(x, ζ±,m), we arrive at (6.24), (6.25).

6.3. Convergence

In this subsection we prove that all isolated eigenvalues near the continuous spectrum are localized in ε-

neighbourhoods of the points λ
(m)
0 , m ∈ Z \ {0} or converge to ±

√
κ as ε→ +0. By Theorems 2.1, 2.2 we know

that the distance of all possible eigenvalues of Hε to the continuous spectrum of H0 + κ − λ2.
We choose a constant C > 0 and by Lemma 6.1 we find a corresponding δ. Then we choose a sufficiently

small constant C1 > 0. Let Qε be a set of λ ∈ C defined by the conditions

|κ(λ)| < C, | Imκ(λ)| < δ, dist
(
κ(λ),

m

2

)
>

ε

C1
, m ∈ Z \ {0}, dist

(
κ(λ), 0

)
> C1.

For λ ∈ Qε, we fix z in (6.3) by the condition z
√
− sin2 2πκ(λ) = i sin 2πκ(λ) and then due to (6.9) we have

µε±(λ) = e2πiκ(λ) +O(ε), Aε11(λ)− µε+(λ) = µε−(λ)−Aε22(λ) = −i sin 2πκ(λ) +O(ε). (6.30)

Since by the definition Imκ(λ) > 0, thanks to (6.14) and the above identities we conclude that the functions
Z± decays exponentially as x→ ±∞ and boundary condition (6.18) corresponds to the eigenfunctions of Hε.
Identities (6.16), (6.17), (6.30) allow us to describe the behavior of the functions Z± as ε→ 0:

Z±(·, λ, ε) = 2 sin 2πκ(λ) (Y±(x, κ(λ)) + h±(·, λ, ε)) , ‖h± + ‖C2[−r,r] 6 cC2
1 ,

where c is a constant independent of ε, λ, C1. Hence, we can rewrite boundary condition (6.18) as (6.20) with
u = ψ and

f± := h̃±ψ(±r), |h̃±| 6 cC2
1 , (6.31)
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where c is a constant independent of ε, λ and C1. Thanks to Lemma 6.1, we can rewrite problem (6.12), (6.18)
on (−r, r) as the following operator equation in H2(−r, r):

ψ + iελL4(κ(λ))γψ + L5(κ(λ))
(
h̃−ψ−(−r), h̃+ψ+(r)

)
= 0.

In view of the holomorphic dependence of the operators L4, L5 on κ(λ) and the estimate for h̃± in (6.31), we
conclude immediately that for sufficiently small ε and c1 the above equation has the trivial solution only. This
proves the desired statement.

7. Existence and asymptotics of emerging eigenvalues

This section is devoted to the proof of the rest of Theorem 2.3. Here we study the eigenvalues of Hε in the

vicinities of the points λ
(m)
0 , m ∈ Z \ {0}. We choose one of such points and redenote it by λ0. We observe that

λ0 can be either real (if m2

4 + κ > 0) or pure imaginary (if m2

4 + κ < 0). Throughout the subsection we assume
that λ0 6= 0, ρ0(m) 6= 0.

7.1. Equation for eigenvalues

In accordance with the results of Section 6.3, possible eigenvalues of Hε(λ) in the vicinity of λ0 satisfy the
inequality |κ(λ)− m

2 | 6 Cε for some sufficiently large C and this is why they can be represented as

κ(λ) =
m

2
+ iε

(−1)mλ0ρ0(m)ξ

2π
, m ∈ Z \ {0}, (7.1)

where ξ ∈ C is a new complex parameter parameter possibly on ε. We assume that |ξ| < C for some sufficiently
large C. We introduce such representation for κ(λ) since this simplifies significantly many technical details
below.

The spectral parameter λ is expressed via ξ as

λ = λ0

√
1 + (−1)m+1

iερ0(m)

2πλ0
ξ − ε2ρ20(m)

4π2
ξ2. (7.2)

We introduce new functions η = η(ξ, ε), ς = ς(ξ, ε) as

η(ξ, ε) :=

√(
Aε11(λ) +Aε22(λ)

)2 − 4(
Aε11(λ)−Aε22(λ)

)
ω(ξ, ε)

, ς(ξ, ε) :=
ξ

ω(ξ, ε)
,

ω(ξ, ε) :=

√
1 +

4Aε12(λ)Aε21(λ)(
Aε11(λ)−Aε22(λ)

)2 + ξ2,

(7.3)

where λ is given by (7.2). Thanks to relations (6.9) and the holomorphic dependence of Aεij on ε and λ, it
is easy to confirm that the functions ς and ω are holomorphic in ε and ξ, the function η is bounded and
ω(ξ, ε) = 1 + O(ε). The latter identity, the definition of ζ and the inverse function theory imply the ξ can be
uniquely recovered from ς for sufficiently small ε and ξ is holomorphic in ς and ε.

The identities (6.4) imply that η2 + ς2 = 1 and this is why we can parametrize η and ς as

η = cos 2ζ, ς = sin 2ζ, −π
2
6 |Re ς| < π

2
, | Im ς| 6 C, (7.4)
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where ζ is a new complex parameter, and C is a sufficiently large fixed constant. In formulae (6.3) for µε± we let
z = 1 since then the square root is replaced by (Aε11(λ)−Aε22(λ))ω(ξ, ε) cos 2ζ and the choice of the branch of the
square root is controlled now by cos 2ζ. We also observe that thanks to (7.1), (7.2) we have the representations:

κ2(λ) =
m2

4
+ εκ̃(ζ, ε), λ = ελ̃(ζ, ε), κ̃(ζ, 0) = i

(−1)mmλ0ρ0(m) sin 2ζ

2π
, λ̃(ζ, 0) = λ0, (7.5)

where κ̃ and λ̃ are jointly holomorphic in ζ and ε for sufficiently small ε.
The definition of the functions η and ζ, formulae (6.5), (6.9), (6.14), (6.16), (6.17), (7.3), (7.1), (7.2) imply

that for sufficiently small ε the functions Z± can be represented as

Z±(x, λ, ε) = ελ0ρ0(m)e∓iζ
(
U+(x, ζ, ε) + εZ̃+(x, ζ, ε)

)
, (7.6)

where Z̃± are jointly holomorphic in ζ and ε in the norm of C2[−r, r].
We substitute (7.6), (7.5) into (6.12), (6.18) and for u = ψ we obtain equation (6.19) with k = m

2 , f =

−ε
(
κ̃ + i(λ0 + ελ̃0)γ

)
ψ and boundary conditions (6.22) with f± = −εW [Z̃±, ψ](±r, ζ, ε). The solution to this

problem is given by (6.23) and this allows us to rewrite the obtained problem as an operator equation in
H2(−r, r):

ψ + εL12(ζ, ε)ψ = 0, (7.7)

L12(ζ, ε)ψ := L6(ζ)
(
iλ̃0γ − κ̃

)
ψ + L7(ζ)L13(ζ, ε)ψ,

L13(ζ, ε)ψ :=
(
W [Z̃±, ψ](−r, ζ, ε), W [Z̃±, ψ](r, ζ, ε)

)
∈ C2.

Here the values ψ(±r), ψ′(±r) are well-defined thanks to the embedding H2(−r, r) ⊂ C1[−r, r].
As ζ is separated from ζ± by a fixed positive distance, the operator L12(ζ, ε) is bounded in H2(−r, r) and

jointly holomorphic in ζ and ε. Hence, for such values of ζ equation (7.7) has the trivial solution only. Therefore,
the values of ζ, for which equation (7.7) has a non-trivial solution, converge to ζ− or to ζ+ as ε → +0. For ζ
close to ζ±, we employ the representations (6.24), (6.25) and we rewrite equation (7.7) as

ψ +
εL±14(ε)ψ

ζ − ζ±
+ εL±15(ζ, ε)ψ = 0, L±14(, ε)ψ := L±8

(
iελ̃(ζ±, ε)γ − κ̃(ζ±, ε)

)
ψ + L±10L13(ζ±, ε)ψ, (7.8)

where L±15 are bounded operators in H2(−r, r) jointly holomorphic in ζ close to ζ± and in sufficiently small ε.
Then the operator L±16(ζ, ε) :=

(
I +L±15(ζ, ε))−1 is well-defined, bounded in H2(−r, r) and jointly holomorphic

in ζ close to ζ± and in sufficiently small ε. Hence, for nontrivial solutions of equation (7.8) we necessarily have
L±14(ζ, ε)ψ 6= 0. Bearing this in mind, we apply the operator L±16(ζ, ε) to equation (7.8) and then we apply the
functional L±14 to the obtained identity. As a result, we see that equation (7.8) has a nontrivial solution for ζ
satisfying

ζ − ζ± + εL±14(ζ, ε)L±16(ζ, ε)X± = 0 (7.9)

and this nontrivial solution is

ψε = L±16(ζ, ε)X±. (7.10)
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By the inverse function theorem we immediately conclude that equation (7.9) possesses the unique root Ξ±(ε)
holomorphic in ε. The leading terms of its Taylor series are calculated straightforwardly by equation (7.9):

Ξ±(ε) = ζ± − εK̃± +O(ε2), (7.11)

K̃± :=L±14(0)X± = iλ0Υ±

r∫
−r

(
γ − (−1)mmρ0(m) sin 2ζ±

2π

)
X2
±(x) dx

+ iΥ̃±W [Z̃−(·, ζ±, 0), X±]
∣∣
x=−r + Υ±W [Z̃+(·, ζ±, 0), X±]

∣∣
x=r

,

(7.12)

where we have employed formulae (7.5) for κ̃(ζ, 0) and λ̃(ζ, 0), the identity

L±16(ζ, ε) = I +O(ε) (7.13)

and the definition of the operators L±8 , L±10. Our next step is to calculate the second term in (7.11) and this
will be done in the following subsection.

7.2. Asymptotics

We begin with calculating Z̃±(x, ζ±, 0). Expansions (6.6) and definition (6.13) of the operator L±3 (λ, ε) yield
that

L±3 (λ, ε) = L±3 (λ, 0) + iελL±17(λ) +O(ε2λ2)

uniformly in λ close to λ0. Here L±17(λ) is the integral operator in S±r:

(
L±17u

)
(x) :=

x∫
±∞

(
Ψ1(x)Φ0(y) + Ψ0(x)Φ1(y)−Ψ1(y)Φ0(x)−Ψ0(y)Φ1(x)

)
V (y)u(y) dy.

Hence, thanks to (6.17),

(
I − L±3 (λ, ε)

)−1
Φε =

Y±(x, κ(λ)) + Y±(x,−κ(λ))

2

+ iελ
Ŷ±(x, κ(λ)) + Ŷ±(x,−κ(λ))

2
+O(ε2λ2),

(7.14)

Ŷ±
(
·, κ(λ)

)
=
(
I − L±3 (λ, 0)

)−1 (L±17(λ)Y±
(
·, κ(λ)

)
+ Θ±(·, κ(λ))

)
,

Θ±(x, κ) :=

x∫
0

γ(t)e±iκt
sinκ(x− t)

κ
dt, Θ+ = Φ1 + iκΨ1, Θ− = Φ1 − iκΨ1.

We substitute expansions (6.6) into the Wronskian of Φε and Ψε and take into consideration that this
Wronskian is identically 1. This yields:

Ψ′1Φ0 + Ψ′0Φ1 −Ψ1Φ′0 −Ψ0Φ′1 ≡ 0.
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Thanks to this identity and formulae (6.7), (6.8) we immediately get that

(
d2

dx2
+ κ2(λ)

)(
L±17u

)
(x) = γ(x)

x∫
±∞

(
Ψ0(x)Φ0(y)−Ψ0(y)Φ0(x)

)
V (y)u(y) dy.

Now, using (6.17), it is straightforward to check that Ŷ±(x, k) solve the problems:

− Ŷ ′′± − k2Ŷ± + V Ŷ± = −γY±, ±x > r, Ŷ±(x, κ) = Θ±(x, κ) +O(e−
ϑ
3 |x|), x→ ±∞. (7.15)

In the same way we obtain

(
I − L±3 (λ, ε)

)−1
Ψ0 = ±

(
Y±(x, κ(λ))− Y±(x,−κ(λ))

2iκ(λ)
+ ελ

Ŷ±(x, κ(λ))− Ŷ±(x,−κ(λ))

2κ(λ)

)
+O(ε2λ2). (7.16)

In what follows we shall need an auxiliary lemma.

Lemma 7.1. The identities hold true:

ρ
(2)
11

(m
2

)
= ρ

(2)
22

(m
2

)
= (−1)m

ρ20(m)

2
, ρ

(2)
21

(m
2

)
− m2

4
ρ
(2)
12

(m
2

)
=

(−1)mρ̂

m
,

where ρ̂ is defined in (2.14).

Proof. We substitute formulae (6.9) into the last identity in (6.2) with κ(λ) = m
2 , λ = λ0 and equate the

coefficient at the ε2. This yields:

ρ
(2)
11

(m
2

)
+ ρ

(2)
22

(m
2

)
= (−1)mρ20(m). (7.17)

It follows from (6.7), (6.10) that

ρ
(2)
11

(m
2

)
− ρ(2)22

(m
2

)
=

4(−1)m+1

m2

2π∫
0

dx

x∫
0

γ(x)γ(t)
(

sin
m

2
x cos

m

2
t+ cos

m

2
x sin

m

2
t
)

sin
m

2
(x− t) dt

=
4(−1)m+1

m2

2π∫
0

dx

x∫
0

γ(x)γ(t)
(

cos2
m

2
t− cos2

m

2
x
)

dt.

Making the change of variables x 7→ 2π−x, t 7→ 2π− t and employing the oddness of γ, we arrive at the identity

ρ
(2)
11 (m2 )−ρ(2)22 (m2 ) = 0. This identity and two previous ones lead us to first required identity. The second required

identity can be checked by straightforward calculations.

The proven lemma and formulae (6.9), (7.1), (7.3), (7.4) imply that

ω(ξ, ε) = 1 + iεq(ξ) +O(ε2), ξ = sin 2ζ + iεq(sin 2ζ) +O(ε2), (7.18)

q(ξ) := (−1)mλ0ξ

(
ξ2ρ′0(m)

π
+

ρ̂

m2ρ0(m)

)
.
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Employing these identities, (6.9), (7.1), (7.2), (7.3), (7.4) and Lemma 7.1 we obtain that

eε+,1(λ) = 2ελ0ρ0(m)e−iζ
(

cos ζ + εT+,1 +O(ε2)
)
,

eε+,2(λ)

κ(λ)
= −2ελ0ρ0(m)e−iζ

(
sin ζ + εT+,2 +O(ε2)

)
,

eε−,1(λ) = 2iελ0ρ0(m)eiζ
(

sin ζ + εT−,1 +O(ε2)
)
,

eε−,2(λ)

κ(λ)
= −2iελ0ρ0(m)eiζ

(
cos ζ + εT−,2 +O(ε2)

)
,

where T±,j = T±,j(ζ) are some explicitly calculated functions satisfying the identity:

(T+,1 + T−,2) sin ζ± − (T−,1 + T+,2) cos ζ± = i(−1)mλ0

(
ρ′0(m)

π
sin2 2ζ± +

ρ̂

m2ρ0(m)

)
cos 2ζ±. (7.19)

These relations and (7.14), (7.16), (7.1), (7.18) yield the formula for Z̃±(x, ζ±, 0):

Z̃+(x, ζ±, 0) = (T+,1 + iT+,2)Y+

(
x,
m

2

)
+ (T+,1 − iT+,2)Y+

(
x,−m

2

)
+ iλ0Û+(x, ζ±,m) +

i(−1)mλ0ρ0 sin 2ζ±
2π

U̇+(x, ζ±,m),
(7.20)

Z̃−(x, ζ±, 0) = (iT−,1 + T−,2)Y−

(
x,
m

2

)
+ (iT−,1 − T−,2)Y−

(
x,−m

2

)
+ iλ0Û−(x, ζ±,m) +

i(−1)mλ0ρ0 sin 2ζ±
2π

U̇−(x, ζ±,m),
(7.21)

Û±(x, ζ,m) := eiζ Ŷ±

(
x,
m

2

)
± e−iζ Ŷ±

(
x,−m

2

)
,

U̇±(x, ζ,m) := eiζ
∂Y±
∂κ

(
x,
m

2

)
∓ e−iζ ∂Y±

∂κ

(
x,−m

2

)
.

In view of the equations in (7.15), (2.7), the functions Z̃±(x, ζ−, 0) and Z̃±(x, ζ+, 0) solve the equations

−Z̃ ′′±(x, ζ, 0)− V Z̃±(x, ζ, 0)− m2

4
Z̃±(x, ζ, 0) = −iλ0

(
γ +

(−1)mmρ0(m) sin 2ζ

2π

)
U±(x, ζ), ±x > r,

where ζ = ζ− or ζ = ζ+. We multiply these equations by U±(x, ζ) and integrate by parts over (−r̃,−r) or over
(r, r̃), respectively, for some r̃ > r. Then we add the result to formula (7.12) for K± and we see that K± is
independent on the choice of r in its definition. Therefore, we can pass to the limit as r → +∞ and this will
give us the final formula for K±.

Let us calculate this limit in details. By (6.29) and (2.12), the functions U̇± behave at infinity as

U̇+(x, ζ±,m) = −2x sin
(m

2
x+ ζ±

)
+O

(
|x|e−

|ϑ|
3 |x|

)
, x→ +∞,

U̇−(x, ζ±,m) = −2ix cos
(m

2
x− ζ±

)
+O

(
|x|e−

|ϑ|
3 |x|

)
, x→ −∞,
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Hence, the following limit is finite:

lim
N→+∞

(
−

4πN∫
−4πN

X2
±(x,m) dx+

1

m
W
[
U̇+(·, ζ±,m), X±

]∣∣∣
x=4πN

+
iΥ±

mΥ̃±
W
[
U̇−(·, ζ±,m), X±

]∣∣∣
x=−4πN

)

= lim
N→+∞

(
−

4πN∫
−4πN

X2
±(x,m) dx+ 8πN

(
1 +

Υ2
±

Υ̃2
±

))
+

2

m

(
1−

Υ2
±

Υ̃2
±

)
sin 2ζ±.

(7.22)

It is straightforward to check that the functions Û have the differentiable asymptotics

Û+(x, ζ±,m) =
4

m

x∫
0

γ(t) cos
(m

2
t+ ζ±

)
sin

m

2
(x− t) dt+O

(
e−

ϑ
3 |x|
)
, x→ +∞,

Û−(x, ζ±,m) = −4i

m

x∫
0

γ(t) sin
(m

2
t− ζ±

)
sin

m

2
(x− t) dt+O

(
e−

ϑ
3 |x|
)
, x→ +∞,

and by (2.12) we obtain:

W [Û+(·, ζ±,m), X±] = −4

x∫
0

γ(t) cos2
(m

2
t+ ζ±

)
dt+O

(
e−

ϑ
3 |x|
)
, x→ +∞,

W [Û−(·, ζ±,m), X±] = −4iΥ±

Υ̃±

x∫
0

γ(t) sin2
(m

2
t− ζ±

)
dt+O

(
e−

ϑ
3 |x|
)
, x→ −∞.

Hence, in view of (6.29), the following limit is finite:

lim
N→+∞

( 4πN∫
−4πN

γ(x)X2
±(x,m) dx+W [Û+(·, ζ±,m), X±]

∣∣
x=4πN

+
iΥ±

Υ̃±
W [Û−(·, ζ±,m), X±]

∣∣
x=−4πN

)

= lim
N→+∞

( 4πN∫
−4πN

γ(x)X2
±(x,m) dx+ 4N(−1)mρ0(m) sin 2ζ±

(
Υ2
±

Υ̃2
±
− 1

))
.

We substitute the above formula, (7.22), (2.12), (7.21), (7.20), (7.19) into (7.12) and we arrive at the final
formula for K̃±:

K̃± =i(−1)mλ0Υ±K± + 2i(−1)m+1mλ0Υ±

(
ρ′0(m)

π
sin2 2ζ± +

ρ̂

m2ρ0(m)

)
cos 2ζ±,

where K± is defined in (2.15).
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7.3. Existence

According the results of two previous subsections, equation (6.12) on (−r, r) subject to boundary condi-
tions (6.18) has a non-trivial solution for λ determined by (7.2), (7.3), (7.4) with ζ = Ξ(ε) being the root
of equation (7.9) with asymptotics (7.11). The associated non-trivial solution is given by formula (7.10). We
continue this function outside the interval (−r, r) as

ψε(x) = C±(ε)Z±
(
x, λ̃(Ξ±(ε), ε), ε

)
, ±x > r, C±(ε) :=

ψε(±r)
Z±
(
± r, λ̃(Ξ±(ε), ε), ε

) ,
and this function is a non-trivial solution to equation (6.12) on the entire line. Thanks to (6.15), the function
ψε behaves at infinity as

ψε(x) = C±(ε)ψε±
(
x, λ̃(Ξ±(ε), ε)

)
+O(e−

ϑ
3 |x|), x→ ±∞. (7.23)

Let us prove that the constants C± are well-defined and non-zero. By (7.10), (7.13) we get immediately that

ψε = X± +O(ε) (7.24)

in the norm of the space H2(−r, r) for each fixed r. Definition (2.11) of the functions X± and asymptotics for
Y± in (2.7) imply that there exists a sufficiently large r± > 0 such that |X±(r±)| > c0, |X±(−r±)| > c0 for some
fixed c0 > 0. By (7.24), (7.6), (6.15) this yields that |ψε(r±)| > 1

6 ,

|Z+

(
r±, λ̃(Ξ±(ε), ε)

)
| > c0 > 0, |Z−

(
− r±, λ̃(Ξ±(ε), ε)

)
| > c0 > 0,

|ψε+
(
r±, λ̃(Ξ±(ε), ε)

)
| > c0 > 0, |ψε−

(
− r±, λ̃(Ξ±(ε), ε)

)
| > c0 > 0

for some fixed c0 independent of ε. Hence, the constants C±(ε) are well-defined and are non-zero for sufficiently
small ε.

Due to (7.23) and the second identity in (6.5), the function ψε belongs to H2(R) if and only if Re lnµε+ =
−Re lnµε− = ln |µε+| < 0, which is equivalent to |µε+| < 1. Let us find out the conditions ensuring or breaking
this inequality.

Formulae (6.3), (7.3), (7.4), (7.17) yield that

µε+(λ) =
Aε11(λ) +Aε22(λ)

2
+
Aε11(λ)−Aε22(λ)

2
ω(ξ, ε) cos 2ζ,

where λ = λ̃(Ξ±(ε), ε) and ξ is expressed via ζ = Ξ±(ε). Thanks to (6.9), (7.1), (7.2), (7.3), (7.4), (7.11), (7.12),
we can calculate the asymptotics of µ+

ε (Ξ±(ε)) as ε→ +0:

µ+
ε (Ξ±(ε), ε) = (−1)m + iελ0ρ0(m) cos 2ζ± + ε2

(−1)mλ20
2

(M± − ρ20(m) cos2 2ζ±) +O(ε3),

where the constants M± are defined by (2.19). Hence,

|µ+
ε (Ξ±(ε), ε)|2 = 1 + ε2λ20M± +O(ε3)

if λ0 is real and

|µ+
ε (Ξ±(ε), ε)|2 = 1 + 2(−1)m+1 Imλ0ρ0(m) cos 2ζ± + ε2(Imλ0)2(2ρ20(m) cos2 2ζ± −M±) +O(ε3)
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if λ0 is pure imaginary. The obtained asymptotics imply that the operator pencil Hε has no eigenvalue
associated with ζ± under conditions (2.20) and it has an isolated eigenvalue given by the formula λε =
λ̃(Ξ±(ε), ε) under conditions (2.19). In the latter case the asymptotics of this eigenvalue is calculated via
formulae (7.2), (7.3), (7.4), (7.11) and this leads us to (2.18). This completes the proof of Theorem 2.3.
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[20] P. Exner, P. Šeba, M. Tater and D. Vaněck, Bound states and scattering in quantum waveguides coupled laterally through a
boundary window. J. Math. Phys. 37 (1996) 4867–4887.

[21] L. Feng, R. El-Ganainy and Li Ge, Non-Hermitian photonics based on parity time symmetry. Nat. Photonics 11 (2017)
752–762.

[22] R.R. Gadyl’shin, On regular and singular perturbations of acoustic and quantum waveguides. C.R. Mech. 332 (2004) 647–652.
[23] F. Gesztesy and H. Holden, A unified approach to eigenvalues and resonances of Schrödinger operators using Fredholm

determinants. J. Math. Anal. Appl. 123 (1987) 181–198.
[24] I.M. Glazman, Direct methods of qualitative spectral analysis of singular differential operators. Israel Program for Scientific

Transl., Jerusalem (1965).
[25] M. Klaus and B. Simon, Coupling constant thresholds in nonrelativistic quantum mechanics. I. Short range two-body case.

Ann. Phys. 130 (1980) 251–281.
[26] V.V. Konotop, J. Yang and D.A. Zezyulin, Nonlinear waves in PT-symmetric systems. Rev. Modern Phys. 88 (2016) 035002.
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