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FINITE ELEMENT ANALYSIS OF THE CONSTRAINED DIRICHLET
BOUNDARY CONTROL PROBLEM GOVERNED BY THE
DIFFUSION PROBLEM*

THIRUPATHI GUDI™ AND RAMESH CH. SAU

Abstract. We study an energy space-based approach for the Dirichlet boundary optimal control
problem governed by the Laplace equation with control constraints. The optimality system results in a
simplified Signorini type problem for control which is coupled with boundary value problems for state
and costate variables. We propose a finite element based numerical method using the linear Lagrange
finite element spaces with discrete control constraints at the Lagrange nodes. The analysis is presented
in a combination for both the gradient and the L? cost functional. A priori error estimates of optimal
order in the energy norm is derived up to the regularity of the solution for both the cases. Theoretical
results are illustrated by some numerical experiments.
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1. INTRODUCTION

The study of the optimal control problems governed by the partial differential equations has been a major
research area in the applied mathematics and its allied areas. The optimal control problem consists of finding
an optimal control variable that minimizes a cost functional subject to a partial differential equation satisfied
by the optimal control and an optimal state. There are many results on the finite element analysis of optimal
control problems, see for example the monographs [23, 25, 30] for the theory of optimal control problems and
their numerical approximation. In an optimal control problem, the control can act on the system through either
a boundary condition or through an interior force. In the latter case, the control is said to be a distributed
and in the former case, the control is said to be the boundary control. The choice of the boundary condition
leads to several types of boundary controls, e.g., Dirichlet, Neumann or Robin boundary control. There is a lot
of work related to the approximation of distributed and Neumann boundary control problems, it is difficult to
cite all them here, but we refer to some articles and the references therein. We refer to [6, 17, 19, 22, 27] for
the work related to distributed control and to [8, 9, 18] for the work on Neumann boundary control problem.
A framework for a priori and a posteriori energy norm error analysis for Neumann and distributed control
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problems by discontinuous Galerkin discretization can be found in [11, 15] for biharmonic and Stokes problem
respectively.

The study of Dirichlet control problems posed on polygonal domains can be traced back to [7], where a control
constrained problem governed by a semilinear elliptic equation posed in a convex polygonal domain is studied.
There are various approaches proposed in the literature. One of the approaches is to seek the control from the
Lo (T)-space, where T' is the boundary of the domain . In this approach, the difficulty arises in formulating
the weak formulation of the given partial differential equation. The difficulty is addressed by introducing an
ultra weak formulation by using the transposition method, see [14, 26]. In the case, if the boundary is of certain
smooth, the control is shown to have additional regularity and subsequently the standard weak formulation is
recovered. In general, the solution may not be smooth and hence the standard weak formulation can not be
recovered. This leads to an irregular solution and hence suboptimal rates of convergence for the corresponding
numerical solution. The other approaches based on singular perturbation through Robin condition or using
H'Y2(I') or HY(T") can be found in [3, 10, 20, 21, 28].

In the recent paper [28], the authors discussed a finite element analysis of Dirichlet boundary control problem
where the control is chosen from a subset of H'/ 2(T')-space. In that paper the continuous and the discrete
problems are defined by using the Steklov-Poincaré operator arising from the harmonic extension and then
the optimality system is written as an H'/?(T") -space variational inequality on the boundary. The numerical
method in [28] is converted into a system of equations defined in the interior of the domain using harmonic
and continuous extension operators. Recently in [12], the authors have proposed another approach for posing
the Dirichlet boundary control problem and derived optimal order error estimates. In [28], the Steklov-Poincaré
operator was used to define the cost functional with the help of a harmonic extension of the given boundary
data. But in [12], the control has been sought in the H*(£2) space and the resulting control is a harmonic function
without this being explicitly imposed and this leads to the optimality conditions in a system of PDEs posed
over the domain (2. Based on this formulation, the authors proposed a finite element numerical method and
derived its corresponding optimal order error estimates in the energy norm and in the L?-norm in the absence
of point-wise control constraints. In this article, we study the Dirichlet boundary control problem governed by
diffusion equation with point-wise control constraints and two cost functionals one is the L2-cost functional and
another one is the gradient cost functional. Here we sought the control from a closed convex subset of H!(£2)
with point-wise constraints on the boundary. In [12], the control was taken from the whole of the H!(Q) space
and hence the control ¢ satisfies the following Neumann problem:

—Ag=0 in Q
dq  0¢
P o = o on 0f),

where ¢ is the adjoint variable. In the present article, the control is chosen from a subset of H'(§2) and hence
we obtain a variational inequality for the optimal control which resembles a simplified Signorini problem (for
L?-cost functional):

—pAg=0 in €,
q=0 on I'p,
Ga<q<q on Ic,

and further the following holds for almost every = € T'¢:
. 0
if g, < gq(z) < g then [p-———-|(z)=0, (1.1)

. 5] 0
<o) <a ten (550~ 22)(0) 20 (12)
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. 0 0
<o <a e (p30- )@ <o (13)

where ¢ is the adjoint variable and ¢, , ¢, are scalars and I'c, I'p are subsets of 9. Due to this inequality
nature, we need to handle in error analysis an integral on I'c of the following form:

{/rc (pgfl B gi) (P — Q)dS} %.

If we appeal to the standard error analysis for the above term, we will get the order of convergence hats

(0<e<1)whengqge H2%€(Q). This order of convergence is not optimal since the regularity of p% — % is
then not utilized properly, see [16] for the optimal error analysis for the Signorini problem. We adopt the ideas

in [16] to estimate the term pg—z — % to improve the order of convergence to h%“, which is optimal. The error

analysis is developed in an abstract framework so that it can be applied to both the L? and the gradient cost
functionals. Our analysis makes use of auxiliary systems of PDE to derive optimal order error estimates for the
state, the control and the adjoint state variables in the energy norm. Numerical experiments are performed to
illustrate the theoretical results.

The rest of the article is organized as follows. In the Section 2, we formulate the Dirichlet boundary control
problem with point-wise control constraints. Therein, we prove the well-posedness of the model problem and
derive the optimality conditions in a general setting for both the L? and gradient cost functional problems. In
the Section 3, we define the discrete control problem and deduce the existence and uniqueness of the discrete
solution. Further, we derive a priori error estimates for both the problems with the L? and the gradient cost
functionals. Section 4 is devoted to the numerical experiments and finally the Section 5 concludes the article.

2. CONTROL PROBLEM FOR THE DIFFUSION EQUATION

In this article, we study the Dirichlet boundary control problem governed by the following diffusion problem:

—Au=f in Q (2.1)
u=0 on I'p,
u=g¢q on I¢, (2.3)

where 2 C R?, be a bounded polygonal domain with boundary 92 consists of two non-overlapping open subsets
I'p and I'c with 9Q =T'p UT¢.
We make the following assumptions on the data:

— The interior of I'p and I'¢ in the induced topology are pairwise disjoint and the one dimensional measure
ITc| # 0 so that the model problem does not degenerate to a boundary value problem. Further, for the
simplicity we assume that I'c is a straight line segment. Such an example of a domain is shown in Figure 1.

— The interior force f € L?(12).

In the above model problem, the Dirichlet data function ¢ is the control variable and its admissible space will
be defined in the subsequent description. Let V := HE(Q), where H}(Q) is the closure of C* functions with
compact support (in ) in H'(Q). Define the admissible control space by

Q:={pec H(Q):v(p) =00nTp},

where 7o : H' () — L*(I") is the trace operator whose range is H'/?(T). For the setting of the problem, assume
that the function ¢ in (2.3) is the trace of some function in @, which will be denoted again by ¢. The weak
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FIGURE 1. An example of domain §2.

formulation for (2.1)—(2.3) can be written as follows: find u € H'(Q) such that

u=w+gq, weV,
a(w,v) =L(v) —a(q,v) Yv eV, (2.4)

where
a(u,v) = (Vu, Vo) and £(v) = (f,v),

with (-,-) denoting the L?(Q) inner-product.

Here and throughout, the L?() norm is denoted by || - || and || - ||x(k > 1) denotes the standard norm on the
Sobolev space H*((2), see for example [13]. The Lax-Milgram lemma [5, 13] implies that for given q € Q, there
exists a unique solution w of (2.4). Using this observation, we define the following solution map:

Definition 2.1. For given g € Q, define S(f,q) := u, where u = w + ¢ and w solves (2.4).

The associated quadratic cost functional J : H*(2) x Q@ — R for the Dirichlet boundary control problem is
defined by

1 .
J(w.p) = IV (w = uw) |’ + 5IVpl? we H'(Q), peqQ. (2:5)

where i = 0,1, p > 0 is the regularizing parameter and ug € H*(Q) is a given target function with the notation
that HO(Q) := L(9).
The control will be sought from the constrained set defined by

Qad ={p€Q:¢a <(p) <qpae onTc},

where ¢4, q, € R satisfying ¢, < gp. Furthermore, whenever I'p is non-empty, we assume for consistency that
qe < 0 and ¢, > 0 so that the admissible set Q)4 is nonempty.

Dirichlet control problem: The model control problem consists of finding (u,q) € @ X Quq such that

J(u,q) = i J(w,p), 2.6
(u,q) o (w, p) (2.6)

subject to the condition that w = S(f,p).
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Define the reduced cost functional j : @ — R by

) 1o p
i(p) = SIIV'(S(f.p) = wa)I* + SIIVPI®, P € Quar p>0. (2.7)
It is easy to check that the derivative of the reduced cost functional j is given by

i@ = lim Jla+ tpt) —3J(q)

= (VI(S(f,q) — ua), V'S(0,p)) + palg,p)-

The following proposition establishes the existence and uniqueness of the solution of control problem and the
first-order optimality condition:

Proposition 2.2. There ezxists a solution (u,q) € Q X Qua for the Dirichlet control problem (2.6). Further,
there exists an adjoint state ¢ € V' such that for i = 0,1, there holds

) =L(v) —a(g,v) VveV,
a(v,¢) = (Vi(u —uq), Vo) Yo €V,
pala,p—q) > a(p = ¢,¢) — (V'(u—ua),V'(p— q)) VYp € Qua. (2.10)

Moreover, when [I'p| > 0 (i.e., in this case T'c C 9Q), we have the uniqueness of the above solution; and if
I'c = 09, then we have only the uniqueness of the above solution for the L? cost functional problem but solution
s unique upto a constant for gradient cost functional problem.

Proof. The proof is split into two cases.

Case I: the set I'p has positive measure. Since the set (0,4 is a closed and convex subset of () and the cost
functional j is strictly convex, the standard theory of optimal control problems ([30], Thm. 2.14, [29], p. 22)
implies that there exists a unique solution (u,q) € Q X Quq to (2.6) for L%-cost functional and gradient cost
functional problem respectively. By the first-order optimality conditions, we find that

(Vi(u —uq), V'S(0,p —q)) +palg,p—q) >0 ¥p € Qua-
Define ¢ € V' to be the solution of the adjoint problem
a(v,d) = (Vi(u —uq), Viv) Yo € V. (2.11)
Since S(0,p —q) — (p — q) € V and a(S(0,p — q), ¢) = 0, we note that

(Vi (u—uq), V'S(0,p — q)) = (V' (u—ua), V(S(0,p — q) — (p — 9))) + (V' (u—ua), V'(p — q))
= (Vi(u—uq), Vi(p—q)) —alp — q.$).

Case II: T'¢ = 09Q. For the L? cost functional problem the cost functional j is still strictly convex and hence
the optimal control problem (2.6) has a unique solution. But for the gradient cost functional problem the cost
functional j is only convex, solution is unique upto a constant. This completes the proof. O

Remark 2.3. The solution ¢ of the adjoint problem satisfies
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For L2-cost functional, For gradient cost functional,
—Ap=u—ug in €, —A¢p=—-A(u—uyg) in Q
¢=0 on 09, ¢=0 on 09,

and the optimal control ¢ for the L?-cost functional is the weak solutions of the following variational inequality
correspond to the simplified Signorini problem:

—pAg=0 in €, (2.12)
q=0 on Ip, (2.13)
%a<qg<g on Ic, (2.14)

further the following holds for almost every x € I'¢::

: 0 0
if g, < q(x) < gy then (paz - Z) (x) =0, (2.15)
. dq 0¢

< e > .
if g, <q(z) < ¢ then <p8n 871) (z) >0, (2.16)
. 0 0
if ¢, < q(z) < ¢ then <paz - 62) (z) <0. (2.17)

The optimal control ¢ for the gradient cost functional is the weak solutions of the following variational
inequality correspond to the simplified Signorini problem:

—pAg=0 in € (2.18)
g=0 on Ip, (2.19)
%<qg<q on Ic, (2.20)
and for almost every = € I'c:
. dq  9¢  O(u—ua) _
if go < g(x) < ¢, then (pan ~ o + o (x) =0, (2.21)
. 9q 09  O(u— uq)
< — > .
if g, <g(x) <qy then ( 5 " Bn 5 (x) >0, (2.22)
: 9q 09  O(u—uq)
< 94 99 <0. :
if go < g(z) < q then (pan 7 + o () <0 (2.23)

We assume that the solution u € H21¢(Q), ¢ € H2¢(Q) and ¢ € H31¢(Q) where 0 < € < 1 for both the L?
and the gradient cost functional problem. The definition of fractional order Sobolev space is given below

Definition 2.4. Let Q C R? be a domain and 0 < s < 1. We define the space

H(Q)={uce LQ(Q)|W e L2 (Q x Q)}.

The norm on H?*() is defined by

|u(z) — u(y)]

||UH5,Q = ||UHL2(Q) + |z — y[s+1

L2(QxQ) '
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Remark 2.5. The variational inequality (2.10) is equivalent to the strong Signorini problem (2.18)—(2.23) as
soon as ¢ € H2T¢(Q), u € H2T¢() and ¢ € H27¢(Q) where 0 < ¢ < %. This type of regularity assumption is
not so abstract, one can achieve this regularity for the model problem (2.6), which we considered in this article
for example on a convex polygonal domain. The regularity of the solution of Signorini problem gets impaired
due to some reasons, for example regularity of the data and the Signorini condition which generates singularities
at contact-noncontact transition points. The first kind of singularity does not depend on the second kind. So,
we quote the results on the singularity due to Signorini condition from [2, 4]. Let us first consider the portions
of the unilateral boundary (I'¢) that are straight line segments. Let m be a contact-noncontact transition point
in the interior of a line segment in I'¢, then ¢ € H?(V4y,) for all o < g and Vi, is an open neighbourhood of m
(see [2], Section 2.3 and [4], Section 2 for details). Now let m be a vertex on the boundary with an aperture of
angle w € (0,7) (because of the convexity of the domain €2). Then three situations arise. First, both the edges
connected to the point m are portions of I'c. Now for this case the singularity arises at m is similar to the
previous one (i.e., the contact-noncontact transition case) and hence q € H?(Vyy) for all o < 3 and Vi is an
open neighbourhood of m ([2], Section 2.3). Second, one edge connected to m is in I'c and another is in I'p
and if there is a neighbourhood V},, of m in  such that ¢ vanishes on Vi, NT'¢, then by the regularity theory of
Dirichlet boundary value problem on a convex domain, we have ¢ € H?(Vyy,) (2], Section 2.3). Now if ¢ does not
vanish on Vi N, then m be a transition point similar to the contact-noncontact type and hence ¢ € H? (Vi)
for all ¢ < 5 ([2], Section 2.3). Third, if both the edges connected to m are in I'p, then from the second case
we have ¢ € H?(Vp,) ([2], Section 2.3). Now in the rest part of the domain we know that the Signorini solution
is sufficiently regular and hence we can conclude that the control ¢ will have H ge regularity and consequently
we have desired regularity (H21¢) for the state and adjoint state variables.

Lemma 2.6. Let the domain Q be a convex polygon and I'c = 0. Then for the L? and gradient cost functional
problem (i.e., for i = 0,1) the solutions u € H?(Q), ¢ € H*(Q) and g € H*(Q).

Proof. For the L? cost functional problem: Choosing p = ¢+ v € Quq for v € V in the variational inequality
(2.10) and using (2.9) we get a(q,v) = 0 for all v € V. Then from the equation (2.8), we get a(w,v) = £(v)
for all v € V and have w € H?(Q2) because of the convexity of the domain. Now u € H*(Q) as ¢ € H*() and
w € H2(Q). Since ug € L?(Q), we have u — ug = w +q —ug € L*(2) and hence from the equation (2.9) we have
¢ € H?(Q). By using ([28], Thm. 2.2) we can conclude that ¢ € H?(Q). Hence the optimal state u € H?(£2)
since u = w + gq.

For the gradient cost functional problem: Similarly, Choosing p = ¢+ v € Quq for v € V in the vari-
ational inequality (2.10) and using (2.9) we get a(q,v) =0 forall v € V. Now from the equation (2.8), we
get a(w,v) = £(v) for all v € V and have w € H?(Q2). The right hand side of (2.9) becomes (V(u — ugq), Vv) =
(V(w+q—uq), Vv) = (V(w — ug), Vo) since a(q,v) = (Vg, Vv) = 0. Hence the adjoint equation takes the form

a(v,¢) = (V(w —uq), Vo) forallv e V. (2.24)
Using the fact that w, ug are in H?(Q), we can conclude that A(w — ug) € L?(Q). Now, from the equation

(2.24) we have ¢ € H?(Q) due to the convexity of the domain. Then using the splitting that u = w + ¢ in the
equation (2.10), we obtain

(p + 1) a(qvp - q) > a(p -4, ¢) - (V(w - ud)v V(p - q)) vp € Qada
which in the strong form is given by the following:

—(p+1)Ag=0 in Q,
q=0 on Ip,
da<q=<gq on Icg,
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and for almost every x € I'¢c:

if g, < q(z) < g then <(p+ 1)8—3A _ % + 8(w_ud))(azz) =0,

0 on on
. 0 0 o(w —
if g, < q(z) < g, then ((er 1)8—2 - 8—2 + (wan ud))( ) >0,

0 0 o(w —
if go < q(x) < gy then (<p+1>&3—ajj+W)<x>go.

Since all the data in the above Signorini problem are in H?(f2), we can conclude using ([28], Thm. 2.2) that
q € H?(Q). Hence the optimal state u € H?(Q) since u = w + q. O
3. DISCRETE CONTROL PROBLEM

In this section, we define the discrete control problem and derive corresponding a prior: error estimates. Let
Tr, be a regular triangulation of the domain €, see [5, 13]. A typical triangle is denoted by T" and its diameter
by hr. Set h = maxreT;, hr. Let V3, denote the set of all the vertices of the triangles in 7. Let V,’LD denote the
set of vertices on I'p and V,? denote the set of vertices interior to I'c.

Define the discrete state space Vj, C V by

Vi ={v eV :vlr eP(T) VT € Tp},
and the discrete control space Qp C Q by
Qn:={q€Q:qlr € P(T), VT € Tp},

where P (T') is the space of polynomials of total degree less than or equal to one restricted to the triangle T
The discrete admissible set of controls is defined by

de ={q€Qn:q.<q(z) <qforall z € V,?}
It is easy to check that QZd C Quq-

Throughout the article, we assume that C' denotes a generic positive constant that is independent of the
mesh parameter h.

The discrete control problem finds (wp, qn, ¢n) € Vi x Q" x V}, such that

Up = Wh + G,

a(wp, v) = L(vy) — algn,vn) Yop € Vi, (3.1)
a(vh,th) = (Vi(uh — ud),Vivh) Yoy, € Vy, 2)
pa(gn,pn — an) > alph — an, ¢n) — (Vi(un —ua), Vi(ph —an)) Vpn € Q. (3.3)

We note that in the above discrete problem gp|r. is the required discrete control, uy, is the discrete state and
¢, is the discrete costate.

Proposition 3.1. The discrete control problem (3.1)—~(3.3) admits a unique solution.

Proof. The standard theory of optimal control problem [30] can be employed to deduce the existence and
uniqueness of the solution to (3.1)—(3.3). O
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3.1. A priori error analysis

In this section, we derive optimal order @ priori error estimates in the energy norm. First we note that there
hold

a(w —wp,vp) = —a(q — qn,vn) Yop € Vp, (3.4)
and
(l(’Uh, ¢ — th) = (Vl(u — uh), Vivh) Yun € Vi (35)

The error analysis becomes simpler and cleaner, if we use some auxiliary projections. Introduce the projections
Prw and Pp¢ by

a(Pyw,vp) = L(vp) — alg,vy) Yop € Vi, (3.6)
and
a(vp, Prd) = (V' (u — ua), Vivp) Vo, € V. (3.7)
It is immediate to see from (3.6)—(2.8) that
a(Pyw —w,vp) =0 Yo, € Vy, (3.8)
and that from (3.7)—(2.9),
a(vn, Phgp — @) =0 Yo, € V. (3.9)

Using the Galerkin orthogonality defined in (3.9) we have | V(¢ — P,¢)|| < C'infy, ev;, V(¢ — vp)| . Choosing
vy, = o, we have

V(6 = Prg)|| < Chte [10ll2 e (3.10)
similarly using (3.8) we have the following estimate

IV(Puw — w)]| < Ch< |lwlls ., o (3.11)
and by using Aubin-Nitsche lemma [13], (3.11) and the assumed regularity of ¢ we have

|Phw — wll < CR> Jully,, 0 (3.12)

In the above we have taken 0 < € < %
The following lemma subsequently facilitate the derivation of error estimates:

Lemma 3.2. There holds

a(q = qn, on — Prno) = (V'(u = up), V(w — wp)) = (V' (u — up), V' (Phw — w)).
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Proof. The subtraction of (3.1) from (3.6) and the subtraction of (3.2) from (3.7) yields

a(Prw — wp,vp) = —alq — qp,vr)  Yop € Vi, (3.13)
a(vh, Ph¢ —¢p) = (Vi(u —up), Vivh) Yoy, € Vj,. (3.14)

Now substituting v, = Pré — ¢y, in (3.13) and vj, = P,w —wy, in (3.14) and subtraction of the resulting equations
yields

a(q = qn Prp — ¢n) = —(V'(u — un), V' (Pyw — wy))
and finally, we have
a(q — qn, Pndd — én) + (Vi(u — up), Vi(w — wy)) = —(Vi(u — up), Vi (Pyw — w)).
This completes the proof. O

We derive below a lemma that gives the first error estimate.

Lemma 3.3. There holds for i = 0,1 that

V(g = an)lI? + IV (u—up)|? < C(alg,pn — q) — alpr — q,0) + (V' (u — uq), V' (pr — q)))
+C (|IV(g=p)I? + V(¢ — Puo)|” + IV (Prw — w)]|?)
+CIVi(pr — )%,

for all py, € Q1.
Proof. Setting p = ¢ in (2.10), we find

palg,an — ) = alan — 4,¢) = (V'(u — ua), V'(qn — ). (3.15)
Using (3.3), we write
palan, g —an) = palan.a —pu) + alpn —an, 1) — (V' (un — ua), V' (pr — an))  Vpu € Qua. (3.16)
Adding the equations (3.15) and (3.16), we find for any p;, € Q", that

palq—qn,qn —q) = palan, ¢ — pr) + a(pn — an. én) + alan — ¢, ¢) — (V(u — uq), V' (qn — )

— (V'(un = ua), V' (pr — an))

> pa(gn,q — pn) + a(prh — ¢, ¢n) + al(q — qn, dn — @)
F IV (= up)l® = (V' (w = un), V' (w — wp)) = (V' (un — ua), V' (pr — q))

> palqn,q — pr) + a(ph — ¢, én) + alqg — qn, Pnd — ¢)
+ IV (u = up) I = (V' (un = ua), Vi(pr — )
+a(q — qn, ¢n — Pu) — (V' (u— up), V' (w — wp))

> palqn,q — pn) + a(ph — ¢, ¢n) + alq — qn, Prdd — ¢)
+ IV (u = un) I = (V' (un — ua), Vi(prn — @) + (V' (u = up), VI(Pow —w)).  (3.17)
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Therefore by rearranging the terms, we obtain

pa(q— qn.q — qn)+ Vi (u—un)* < palgn, pn — @) — alph — ¢, ¢n) + (V' (un — uq), V' (pn — q))
+algn — q, Pap — ¢) — (Vi(u — up), VY (Phaw — w))
< palg,pn —q) — alph — ¢, 8) + (V' (u — ug), V(pr — q))
+palgn — ¢;pn — @) — alph — ¢, — ) + (V' (up, — u), V'(pr — q))
+algn — 4, Puo = ¢) — (V'(u — up), V' (Phw — w)). (3.18)

Using (3.5), we note that

V(@ = n)ll < C (IV(¢ — Puo)|| + V' (w — un)]) - (3.19)

Now using the Cauchy-Schwarz inequality and (3.19), we find

V(g —an)|* + IV (u—up)||® < Calg, pr — q) — alpn — ¢,¢) + (Vi(u— ua), Vi(pr — q)))
+C(IV(g—pn)|? + V(¢ — Puo)|* + |V (Prw — w)]|?)
+C|IVi(pn - a)|* (3.20)

This completes the proof. O

The right-hand side of the estimate in Lemma 3.3 contains terms corresponding to the interpolation errors
except for the term in the first parentheses. We derive two lemmas one each for ¢ = 0 and ¢ = 1 estimating those
terms. We begin with estimation for i = 0, i.e., for the L?-cost functional. Before going to derive the estimates,
we will prove the following lemma which will be useful in the analysis.

For a fixed triangle T" which shares an edge with I'¢, define

Sye={zeTnNTc: qu <q(x) <q}
and
Sc={zeTnNTl¢: q(z)=q.tU{x e TNl qlz) =q}.
Since q|r. belongs to H!T¢(T'¢), Sobolev embedding theorem ensures that ¢|r. is a continuous function on I'c.

The sets S¢ and Syc are measurable because they are inverse images of Borel sets by a continuous function.
We denote by |Sc|, |Sne| their measure in R. Now we are ready to state the lemma.

Lemma 3.4. Let, h, be the length of the edge T NT¢ and |Sc|, |Snc| are defined as above. Assume that
|Sc| >0, |Snc| > 0. The following L? and L' -estimates hold for o,, and q':

1 1te
||Un| 0,TNCc < W hé |Un|e,TﬁFc7 (3-21)
Scl'? 1t
lonllzr(rare) < [Swoll h2" Jonle e, (3.22)
1 14
||C]/HO,TQFC < W h2'e ‘q’|€,TOFcy (3.23)

, ISnal'? v,
4"l 2 (rare) < TooprE e ¢, 70 (3.24)
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where oy = pa—n — —n and q' is the (tangential) distribution derivative of ¢ on TNT .

Proof. First to find the L2- estimate of ,,, consider

2
loullrnre = [ on(s))?ds
TN'e

:/ (0n(5))2ds  (0n =0 on So)

/ / (on(8) — o, (t))?dt ds
\SNC| So Jsne

(on(s) = an(t))?
< sup sft\HQe/ / n( dt ds
\SNcl SexSne Se JSne \3 - t|1+25
1
S ‘SNC| hé+26 |U’fl|e TN

which completes the proof of (3.21). The proof of (3.22) is derived as

/ o] :/ |Un|=
TN ¢ Sc

< 1Sc"? oullo,se -

< |SC|1/2 ||Un||0,TnFc ’
‘SC|1/2

1—0—6
= |Sne|/? hé

|Un|e,TﬂFc~

Next, we will proof the L?- estimate of ¢/. A mnontrivial result of Stampacchia, see e.g. [24], implies that if
v € H'(wp) and v = constant a.e. on some E C wy, then Vo = 0 a.e. on E. In the present study since v = ¢ is
continuous on wy = I'c(C R), then the level set can be understood in the classical sense. Since S¢ is a level set,
we have ¢’ = 0 a.e. on S¢. Therefore we have the following;:

115 = [ (@)
- /S (¢(s)ds (¢ =0 on 5c)

\SC\ /SNC /SC '(t))dt ds

< sup |s — |1+2€/ / . 5))2 dt ds
‘SC‘ ScxSnc Snc JSe S_t| tae

1 1
+2
< het= \q e,TNlc"

1Sc|

This completes the proof of (3.23). Then the estimate in (3.24) can be obtained by using the Cauchy-Schwarz
inequality as it is done in the proof of (3.22). O

Now we will turn to prove the error estimate for i = 0, i.e., for the L?-cost functional. We first prove the
following lemma.
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Lemma 3.5. (For L?-cost functional) There holds

€ 2 2
(ala.pn — a) ~ alon — 4.9) + (u— ua.pn — )] < CH** (gl + 1612 ) -
Proof. Using the integration by parts, we find that

dq 09

a(g,pn —q) — alpn — ¢, ¢) + (v — ug, pr — q) = /F (pan - aﬂ) (pn — q)ds. (3.25)

Set g, := pg—z — g—i, and choose py, = Z,q € Qp, where 7}, is the Lagrange interpolation operator. Then the RHS

of (3.25) reads as and equals

[ o@a-ais=3 [ ouiag-ads
T'c TET TN

Therefore it remains to estimate the following:

/ on(Zng—q)ds T € Th. (3.26)
TNI'c

Let T be a fixed triangle and h. be the length of the edge e = T N ' and obviously |S¢| + |Sne| = he.
There arises two cases:

(i) either |S¢| or |Sne| equals zero,
(ii) both of |S¢| and |Sy¢| have positive measure.

For the case (i), it is easy to check that the integral term in (3.26) vanishes. So we need to estimate (3.26)
for the case (ii). We will derive two estimates of the same error term (3.26): The first one depending on |Sn¢]|
and the second one depending on |S¢|.

The estimate of (3.26) depending on Sy¢: Using the Cauchy-Schwarz inequality, estimate (3.21) in
Lemma 3.4, and a standard error estimate of Z;, gives

/ on(Tng — 0)ds < lowllo rrry 1T0a — dllo rrr
TN

1
‘SNC|%

3426
1Svel? he (‘UHE,THFC + \q/|§,TmFC)- (3.27)

1
14
hZ"|onlerare P T e rere

<C

<C

Estimate of (3.26) depending on S¢: This estimate is obtained in a different way. We now use the standard
error estimate on Zy, (see [13]) and bounds (3.21), (3.24) in Lemma 3.4 to find

/ on(Zng — q)ds < ”Un”o,Tch 1Zrhg — (I”(),Tml‘c
TN'c

1
< Cllonllorare hé ||q/HL1(TﬂFc)

1 §+2
S |é hé 6(|Un E,anc + |q/|§,:mrc)~ (3.28)
C

<C
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We conclude by noting that either |Sy¢| or | S| is greater than or equal to he /2 and by choosing the appropriate
estimate (3.27) or (3.28), we have

/ on(Ing — q)ds < C’hé+26(|0n\f’T0FC + Iq’lf,mrc)~
TN
By summation and using the trace theorem, we get
2 2
/F o0(Tng — q)ds < Ch***(jo, [, + |¢')2r,,) < h1T% (Ilq\|g+e,g + ||¢Hg+e,9) :
C

This completes the proof. O
Now we estimate for ¢ = 1, i.e., for the gradient cost functional.

Lemma 3.6. (For gradient cost functional) There holds

(alg,pn — q) — alpn — q,6) + (V(u — uq), V(pn — q))) < Ch'H>¢ (H‘I||2g+e,sz + ||ud||§,sz)

2 2
+ O (1181340 + ul3acn) -
Proof. Integration by parts yields

a(g,pn — q) — alpn — ¢, 8)+(V(u — ua), V(pr — q))
(e 00 0wy
- /rc <p6n an T on ) (pr — q)ds.
O(u—uq)

Set g, = pg—z — % + =——%. Then, the rest of the proof follows in the same lines as that of the proof of

on

Lemma 3.5. 0
In the following theorem, we derive the error estimate for the control:

Theorem 3.7. (Error estimate of control variable for L2-cost functional)
There holds

1 1
1V(a = @)l + Il = unll < C (B4 flally o+ BE 0l 34 + A5 0l g100) -

Proof. From Lemma 3.3, we have the following:

V(g — an)lI” + lu — unl? < Clalg, pr — @) — alpn — ¢, 8) + ((u — uq), (pr — q))) (3.29)
+C(IV(@=pn)II? + IV (¢ — Puo)|I? + | Paw — w|]?)
+ Cllpn — ql?,

for all py, € QZd.
For the first term in the RHS of (3.29), we have the following estimate from the Lemma 3.5:

(alg,pn — @) — alpn — ¢, ¢) + (u — ug, pr — q)) < Ch' T (HQ||2%+E,Q + ||¢||2g+e,g) :

For the second term in the RHS of (3.29), we take p, = Z;q and use the standard interpolation estimate
which are given by | V(¢ — Znq)|| < Chzte llls e and [lpn — gl < Chéte 9]l 3 4 o- An estimate for the third
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term in (3.29) has already been done in (3.10) and is given by HV(gi) — Pro)| < Chzte ||¢>||%+€7Q. Furthermore
from (3.12), we have ||P,w — w|| < Chi+2e |5 je.- Putting all the above estimates together we obtain the
proof. O

Theorem 3.8. (Error estimate of state and adjoint state variable for L2-cost functional)
There holds

1. 1. 1.
9 (= un) |+ 1906 = o)l < C (W5 gl + B 10l son+ B ol )
Proof. For the energy error in the state, we have by our splitting, u = w + g and up = wy, + g, hence, we have
IV (u—un)l| < [[V(w = wn)[ + [IV(g — an)l

It remains to estimate the first term of the above equation. By the triangle inequality we have ||V (w — wp,)|| <
|V(w — Poyw)|| +||V(Pyw — wy)| - Also we know that a(Pyw — wp, vp) = a(qn — ¢, vn) Vv € V3, by subtracting
(3.1) from (3.6). Putting v, = Pyw — wy, in above equation yields ||V (Prw — wp)| < ||V(g — qr)|| . Hence we
have

IV(u—=un)| < [IV(w = Paw)ll +2([[V(g = an)ll - (3.30)
Now, for the energy error in the adjoint state, by using the triangle inequality, we have

IV(6 = on)ll < [[V(6 = Puo)[| + |V (Puop — ).
We need to estimate the second term of the above equation. We have by subtracting (3.2) from (3.7) that

a(vn, Pnop — én) = (u — up,vp) Yup, € Vi, By taking vy, = P,¢ — ¢y, in this equation and applying Cauchy-
Schwartz inequality we find ||V(Pr¢ — ¢4)|| < [|u — un| . Hence we have

V(@ = én)ll < [|V(6 — Puo)|| + lu— unl| (3.31)
Adding (3.30) and (3.31) we have
IV (u = un)ll + V(6 — dn)l| < [|V(w = Pow)|| + [|V(¢ = Pug) || +2[V(q — gn)ll + lu — unl|.

Using the estimate for ||u — up| and [|[V(g — ¢r)|| from Theorem 3.7 and the projection error estimate in
(3.10) and (3.11), we complete the proof. O

We now derive error estimates for the gradient cost functional.

Theorem 3.9. (Error estimate of state and control variable for gradient cost functional)
There holds

1 €
19— an)ll + 1V (= w)l| < Ch¥* (llally 0+ luallzg + 18340+ Il 300) -

Proof. From Lemma 3.3, we have the following estimate:

V(g = an)lI> + IV (u—up)||* < C(alg,pn — @) — alph — ¢,6) + (V(u = ua), V(pr — q))) (3.32)
+C(IV(g = pu)I? + IV (¢ — Pruop)||* + [V (Paw — w)||?)

for all py, € Q1.



16 T. GUDI AND R.CH. SAU

For the first term in the RHS of (3.32), we have the following estimate from the Lemma 3.6:

(alapn — ) = alpn — 4,8) + (V(u = w2), V(pw — 0))) < CR2 (Jlal} ;. g + luallsq )

€ 2 2
+ OR 2 (1611340 + Iuld 1) -

For the second term in the RHS of (3.32), we take p, = Znq and use the standard interpolation estimate
V(g — Tng)|| < Chzte ||q||%+67Q7 and use (3.10) and (3.11) to complete the proof. O

Theorem 3.10. (Error estimate of adjoint state variable for gradient cost functional)
There holds

19(6 = on)ll < O3+ (Jlally srent Iwlsicn):

Proof. The proof follows the similar lines as that of the proof of Theorem 3.8. O

4. NUMERICAL EXPERIMENT

In this section, we illustrate the theoretical results by performing some numerical experiments. We conduct
two experiments with two model problems. In the first experiment, we test the validity of a priori error estimates
derived in Theorems 3.7 and 3.8. In the second experiment, we test the validity of the a priori error estimates
derived in Theorems 3.9 and 3.10. For this, we construct the model problems with known solutions. In order to
accomplish this, we slightly modify the cost functional J, denoted by J, by

~ 1 )
J(w,p) = 5|V (w = u) P+ £V —aa)l?. weQ, peQua

where g4 is a given function and ¢ = 0,1. Then the minimization problem reads: Find (u,q) € @ X Quq such
that

J(u,q) = i J(w,
(u,q) o (w,p)

subject to the condition that (w,p) € Q X Quq satisfies w = S(f,p). Then it is easy to check that the optimality
conditions take the form

uv=u'4+q, wev,
a(u’,v) = £(v) —a(g,v) Vv eV,
a(v,0) = (Vi(u —uq), Viv) Yo eV. YoV,
pa(g,p—q) > alp = ¢,0) — (V'(u = ua), V' (p = q)) + p alga,p — q)  Vp € Qaa-

Accordingly, the discrete control problem finds (u}, gn, ¢n) € Vi, ¥ di x V}, such that

up = uj, + qn,
a(up, vn) = L(vn) = algn,vn) Yon € Vi,
a(vn, ¢n) = (Vi(up — uq), Viop) Yoy € Vi,
pa(qnph — qn) = a(ph — qn. én) — (V(un — ua), V:(pn — qn))) + p a(qa, prn — an)  Vpu € Qly.
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TABLE 1. Errors and orders of convergence (order) for the Example 4.1.

h IV(u—up)|  Order  |[V(g—gn)| Order [[V(¢—¢p)l  Order

0.250000 0.202248 - 0.206402 - 1.281567 -

0.125000 0.103894 0.961003 0.104789 0.977964 0.668652 0.938581
0.062500 0.052462 0.985768 0.052614 0.993963 0.345636 0.952001
0.031250 0.026311 0.995583 0.026335 0.998458 0.175148 0.980672
0.015625 0.013167 0.998700 0.013171 0.999612 0.087964 0.993595
0.007812 0.006585 0.999627 0.006586 0.999902 0.044041 0.998053

TABLE 2. Errors and orders of convergence (order) for the Example 4.2.

h [V(u—wup)|  Order [[V(¢g—gn)| Order [[V(¢—¢n)|  Order

0.353553 0.895935 - 0.900064 - 3.563134 -

0.176776 0.486996 0.879483 0.490611 0.875448 1.769197 1.010051
0.088388 0.250146 0.961139 0.250817 0.967943 0.949273 0.898200
0.044194 0.126011 0.989217 0.126111 0.991931 0.484287 0.970959
0.022097 0.063130 0.997147 0.063144 0.997979 0.243405 0.992500
0.011048 0.031581 0.999261 0.031583 0.999494 0.121862 0.998109

First, we present a numerical example for L?-cost functional problem.

Example 4.1. (For L2-cost functional) For this example, the domain  is taken to be the unit square

(0,1) x (0,1), T = (0,1) x {0}, T'p = ONNI'¢c and set a =1, g, = —0.10, g = 0.25. We choose the data

of the problem as follows. Choose the state to be u(z,y) = z(1 — z)(1 — y) exp(y), the adjoint state to be

é(z,y) = sin’(7z) sin?(ry) and the control to be q(z,y) = 2(1 — z)(1 — y) exp(y). Then compute f = —Awu and

ug = u + A¢. The choice of ¢ leads to gq = q. We chggse U gnd q in such a way that u =qonT'c andu =¢ =20
(O —

99 _ 99 _ 99a _ — 5,99 _ 94 _ 0494
onl"Dandan—O,an—O,an—Oso,an—pan n pan—OonFC.

We generate a sequence of meshes with mesh size h as shown in Table 1 by uniformly refining successively
each triangulation. We have used our in-house MATLAB code for the computations. The computed errors and
orders of convergence in H'-norm are shown in Table 1. The experiment clearly illustrates the expected rates
of convergence.

In the next example, we will consider the domain 2 to be L-shaped.

Example 4.2. (For L?-cost functional) For this example, the domain 2 is taken to be the L shape. The
contact boundary I'c = (0,1) x {0} U {0} x (=1,0), Tp = 9Q\I'c and set o = 1072, g, = 0, g, = 1. We choose
the data of the problem as follows. Choose the state to be u(z,y) = (1 — 22)2(1 — y?)? the adjoint state to
be ¢(z,y) = sin?(rx) sin®(7y) and the control to be g(x,y) = (1 — 22)%(1 — 3?)2. Then compute f = —Awu and
ug = u + A¢. The choice of ¢ leads to g4 = q. We choose u and ¢ in such a way that u =gqon'c and u =q¢ =10

9¢ _ — p0a _ 96 _ 044 _ _ 9 _
onFDandan—O,oncho,on—pan Fn — PP = an—OonI‘C.

Similarly, as we have done in Example 4.1, we generate a sequence of meshes with mesh size h as shown in
Table 2 by uniformly refining successively each triangulation. The computed errors and orders of convergence
in H'-norm are shown in Table 2. The experiment clearly demonstrates the expected rates of convergence.

Now we will present a numerical example for gradient cost functional problem.

Example 4.3. (For gradient cost functional) For this example, the domain 2 is taken to be the unit
square (0,1) x (0,1), e = (0,1) x {0}, ['p = 9Q\I'¢ and set o = 1072, ¢, = —0.15, g, = 1. We choose the data
of the problem as follows. Choose the state to be u(x,y) = sin(mz) cos(Fy), the adjoint state to be ¢(z,y) =
sin®(7x) sin®(7y) and the control to be ¢(z, y) = sin(rz) cos(Zy). Then compute f = —Au and Auy = Au— A¢.
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TABLE 3. Errors and orders of convergence (order) for the Example 4.3.

h IV (u— up)|| Order IV(g — gn)ll Order V(¢ — on)ll Order

0.250000 0.720803 - 0.736432 - 1.288014 -

0.125000 0.369862 0.962616 0.373585 0.979117 0.682163 0.916959
0.062500 0.186857 0.985048 0.187517 0.994409 0.348756 0.967897
0.0312500 0.093747 0.995087 0.093851 0.998580 0.175697 0.989125
0.015625 0.046921 0.998524 0.046937 0.999643 0.088049 0.996700
0.007812 0.023467 0.999574 0.023470 0.999910 0.044054 0.999043

TABLE 4. Errors and orders of convergence (order) for the Example 4.4.

h IV (u— up)|| Order V(g —aqn)ll Order V(¢ — on)ll Order

0.353553 0.876082 - 0.772173 - 2.900307 -

0.176776 0.447653 0.968684 0.392224 0.977244 1.803048 0.685767
0.088388 0.224819 0.993612 0.196920 0.994068 0.960270 0.908925
0.044194 0.112514 0.998658 0.098562 0.998503 0.487997 0.976566
0.022097 0.056268 0.999715 0.049293 0.999624 0.245000 0.994087
0.011048 0.028135 0.999940 0.024648 0.999906 0.122626 0.998518

The choice of ¢ leads to g4 = q. We choose u and ¢ in such a way that « = q on I'c and u =¢ =0 on I'p and
96 _ 9q _ 9¢ 944 9¢ _

a3, =0, onTgso,0n =pzl —5- —p3d =—5-=0onT¢.

The meshes are taken to be the same as in Example 4.1. The computed errors and orders of convergence in
H'-norm are shown in Table 3. The experiment clearly illustrates the expected rates of convergence.

In the next example, we consider the domain 2 to be L-shaped.

Example 4.4. (For gradient cost functional) For this example, the domain  is taken to be the L shape.

The contact boundary ' = (0,1) x {0} U {0} x (—1,0), ['p = 9Q\I'c and set o = 1072, ¢, = —0.10, g, = 1.

We choose the data of the problem as follows. Choose the state to be u(x,y) = cos(Fx) cos(5y) the adjoint state

to be ¢(z,y) = sin®(rz) sin®(ry) and the control to be g(z,y) = cos(Zx) cos(Zy). Then compute f = —Au and

Aug = Au — A¢. The choice of ¢ leads to ¢ = q. We choose u and ¢ in such a way that u = ¢ on I'c and
00 06 _ )01 _ 05 on .

d
u=q=0onIp and%:O,onFcso,an:p%—%—pan

The meshes are taken to be the same as in Example 4.2. The computed errors and orders of convergence in
H'-norm are depicted in Table 4. The experiment clearly illustrates the expected theoretical rates of convergence.

Remark 4.5. It is clear that in all the above numerical examples the solutions u, ¢, ¢ are in H?(Q) i.e.,
€= %, which implies that the theoretically predicted order of convergence is one which is also observed in all
the experiments.

5. CONCLUSIONS

In this article, we have studied an energy-space based approach for the Dirichlet boundary control problem
with control constraints. The optimal control problem is shown to have a unique solution and the optimality
system consists of a coupled simplified Signorini type boundary problem for the control variable. A finite element-
based numerical method is proposed by considering the linear Lagrange finite element spaces and posing discrete
control constraints at the Lagrange nodes. The corresponding a priori error estimates are derived which are
optimal in the H'-norm up to the regularity. Numerical experiments have been performed to illustrate the
theoretical results.
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