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MINIMAL TIME SLIDING MODE CONTROL FOR EVOLUTION
EQUATIONS IN HILBERT SPACES

GABRIELA MARINOSCHI"

Abstract. This work is concerned with the time optimal control problem for evolution equations in
Hilbert spaces. The attention is focused on the maximum principle for the time optimal controllers
having the dimension smaller that of the state system, in particular for minimal time sliding mode
controllers, which is one of the novelties of this paper. We provide the characterization of the controllers
by the optimality conditions determined for some general cases. The proofs rely on a set of hypotheses
meant to cover a large class of applications. Examples of control problems governed by parabolic
equations with potential and drift terms, porous media equation or reaction-diffusion systems with
linear and nonlinear perturbations, describing real world processes, are presented at the end.
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1. PROBLEM PRESENTATION

The purpose of this paper is to study the time optimal control for a family of evolution equations in Hilbert
spaces. In time optimal control the optimality criterion is the elapsed time. Here, by the time optimal control
problem we mean to search for a constrained internal controller able to drive the trajectory of the solution from
an initial state to a given target set in the shortest time, while controlling over the complete timespan.

Minimum time control problems have been initiated by Fattorini in the paper [12] and developed later in the
monograph [13]. A list of only few titles dealing with this subject, in special for problems governed by parabolic
type equations includes [16-18, 20-22]. In what concerns problems governed by abstract evolution equations, we
cite [2] and the monographs [3, 4, 7]. In [2] the existence and uniqueness of a viscosity solution was provided for
the Bellman equation associated with the time-optimal control problem for a semilinear evolution equation in a
Hilbert space, while in [5] the time optimal control was studied for the Navier-Stokes equations. The existence of
the optimal time control for a phase-field system was proved in [20] for a regular double-well potential, by using
the Carleman inequality and the maximum principle was established by using two controls acting in subsets
of the space domain. The asymptotic behavior of the solutions of a class of abstract parabolic time optimal
control problems when the generators converge, in an appropriate sense, to a given strictly negative operator
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was studied in [19]. For a large class of problems and aspects related to this subject we refer the reader to the
recent monograph [23].

From the perspective of applications, many processes in engineering, physics, biology, medicine, environmental
sciences, ecology require solutions relying on time optimal control problems. The theoretical results in this paper
aim to cover models governed by parabolic equations with potential and drift terms and various reaction-diffusion
systems with linear or nonlinear perturbations, or nonlocal control problems, presented in the last section.

Especially of interest in applications is to control a system using a controller whose dimension is smaller than
that of the state system. In this case the initial datum is steered not into a point, but into a linear manifold of
the state space, situation which is relevant for the sliding mode control (for some references see e.g., [8, 9, 11]).
The solution to such a problem, which is more challenging from the mathematical point of view, is a central
point in our theoretical approach.

We prove the existence of the time optimal control and the first order necessary conditions of optimality in
relation with the evolution equation on a Hilbert space H,

y'(t) + Ay(t) = Bu(t), t > 0, (1.1)

y(0) = yo. (1.2)

Here, A is a nonlinear and unbounded operator over a Hilbert space H, B is a linear operator from a Banach
space U to H, u is a controller constrained to belong to U and y is the solution to (1.1) corresponding to the
initial datum yo and controlled by Bu. The following minimization problem is studied:

Minimize {J(T,u) :=T; (T,u) € Usa, Py(T) = Py"*"} (P)
where y is the solution to (1.1)—(1.2) and
Upg = {(T,u); TeER, T >0, ue L>0,T;U), |u(t)|, <pae t>0} (1.3)

As it will be further explained, P is an algebraic projection of the solution from H to H or to a subspace of it,
y'9" is a prescribed target for the state and p is a positive constant at our choice.

Relying on certain hypotheses ensuring the well-posedness of (1.1)—(1.2) and on the hypothesis of a not
empty admissible set, the existence of optimal controls is proved. A maximum principle is first provided for
an intermediate approximating problem. This generates a sequence of approximating optimal solutions which
converges to a precise optimal pair to (P), whose characterization is a central point of the paper.

The results are more relevant in the case of states with many components. That is why, for the sake of
a clearer explanation and for a simpler notation, let us first assume that the state y in (1.1)-(1.2) has two
components, y = (y1,y2) € H = H; X Hy and v = (uy,us) € U = Uy x Uy, where H; are Hilbert spaces and U;
are Banach spaces, i = 1, 2.

We focus on two problems. The more challenging case is to steer, by the action of only one control Bu =

(Bjuq,0), only the first component y;(t) of the state y(t) from its initial value into a manifold S, within a

minimal time 7. In this case, the target manifold is y; = y%arget. This action may be realized using effectively

one controller acting in the first equation. Thus, the state is forced to reach the manifold S = {y; y1 = y%arget}

on which it may continue to slide, for ¢ > T, possibly under supplementary conditions and by performing a
controller slight modification after the time 7. This turns out to be in fact the sliding mode control and it will
be detailed for a reaction-diffusion model in Section 6, Example 3.
Another possibility is to control both state components, forcing them to reach a prescribed point target
tar = (yfarget, ygarget% by employing two controllers, with Bu = (Bjuq, Baus).
Because the intention is to simultaneously prove the objectives stated before, these are formalized by means
of the minimization problem (P) involving a mapping P € L(H, H) covering each of the following situations:

Y



MINIMAL TIME SLIDING MODE CONTROL FOR EVOLUTION EQUATIONS IN HILBERT SPACES 3

target target
1 B 7y2 S )

(1) P(y1,y2) = (y1,¥2) € Hi X Ha, B(u1,u2) = (Biui, Baug), y"" = (y = Py'", in the case

when both state components are controlled by two controllers;
.. target . . .
(i7) P(y1,v2) = (y1,0), y1 € H1, y2 € Ha, B(u1,u2) = (Byug,0), Py'" := (y; & ,0), in the situation when
only the first component is controlled by one controller.
With this notation, (1.1) can be rewritten

yi (1) + (Ay(#)1 = Brui(t), yo(t) + (Ay(t))2 = Baua(t), a.e. t >0
in the case (¢) and
y1(t) + (Ay(t)1 = Brua(t), y5(t) + (Ay(t))2 =0, ae. t >0

in the case (i7), where Ay(t) = ((Ay(t))1, (Ay(t))2).

Actually, in case (i7), P is an algebraic projection of H into Hy x {0} C H, mapping y = (y1,y2) into its
first component y; which is the only one controlled in this case. For the second component of Py corresponding
to the second equation which is not controlled we set the value zero, in order to ensure a compact notation
consistent in the calculations (e.g., of the type |Pv|; < C||Bvl||y) with the value Bus = 0.

In both cases we agree to use the same notation y**" in order to allow a compact writing. In the first case,
1" contains the targets for each state component. In the second case, the essential role is played by the first
component of Py*" while the second component of y**" plays no role. We can set the latter zero, even if this
is not a target, because its action, as well as that of the second component of Py will be cancelled in the
calculations by the second zero component of Bu.

This explanation can be extended to the case with the state y having n components, either when all n compo-

nents are controlled by n controllers, or when only k trajectories (y1,...,yx) are led into (yfarget’ . ,ylzarget),
by using k controllers, via Bu = (Byus, ..., Brug,0,...,0). We note that we can change the notation, indicating

the vector (y1,...,y) of the first k& components still by y; and the vector (yx41,...,yn) by y2 and we can use
a similar notation for u and B. So, the general case can be reduced to that with two state components. To
conclude, for the writing simplicity, we shall refer in the sequel to the case with two state components.

The paper is organized as follows. The theoretical results rely on a set of hypotheses, (a1) — (ag), (b1), (¢1),
listed in Section 2. For the passing to the limit proof in Theorem 5.5, Section 5.3, there are necessary some
technical assumptions (dy) — (ds), including the hypothesis (2.14). This is essential for the characterization
of the controller if only one state is controlled (P # I, Bu = (Bjuy,0)), which may be the more relevant in
applications. This is one of the novelty of this paper, besides the results characterizing the controller for evolution
equations with some general nonlinear operators. Section 3 includes some results of existence, beginning with the
well-posedness of the state system (1.1)—(1.2), in Theorem 3.2. The existence of the minimum time is provided
in Theorem 3.3. In Section 4, we employ an approximating problem (P) indexed along a small parameter &
occurring in some penalization terms of the functional J. After giving a basic result in Theorem 4.1 for the
existence of a solution to (P.), the convergence of (P.) to (P) is proved in Theorem 4.2. This result is strong
by asserting that if one fix an optimal pair (T*,u*) in (P), the sequence of optimal pairs in (P.) tends exactly
to (T*,u*). The necessary conditions of optimality for (P.) are determined in Proposition 5.4 at the end of an
extremely technical procedure, while in Theorem 5.5 the necessary conditions of optimality for (P) are obtained
as the limit of the previous ones, as € — 0, after sharp estimates for the approximating solution. A particular
case for U, usually encountered, is treated in Corollary 5.6. Applications of these results, including a detailed
example of minimum time sliding mode control, are presented in the last section. In the Appendix we provide
some definitions and general results necessary in the paper.
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2. FUNCTIONAL FRAMEWORK AND BASIC HYPOTHESES

2.1. Functional framework

Let V; and H;, @ = 1, 2, be Hilbert spaces and consider the standard triplet V; C H; = H C V;*, with compact
embeddings, where V;* is the dual of V;. Let U, ¢ = 1,2, be Banach spaces with the duals U} uniformly convex,
implying that U} and U; are reflexive (see e.g., [6], p. 2). Let us denote

V=VixVe, H=Hy x Ho, V*=V"x VS, U=Uy x Uy, U*=U7 xUj.

We recall that the operator P was defined in the introduction (see (i)—(i7)), but as a matter of fact we can
define it on any space X = X; x Xy, where X; can be V;, H;, V;*. Also, we use the same symbol P for X; = U;.
Thus,

P: X=X xXy— X PelL(X X),
and it is defined as

Py = (y1,92) or Py = (y1,0), for y = (y1,%2) € X.

It can be easily seen P? = P and ||Pyl|x < |yl -

Let A:V — V*. We denote by Ay : D(Ap) C H — H the restriction of A on H defined by Ay = Ay for
y€ D(Ag) ={y €V; Ay € H}. In the sequel, I : V' — V* is the duality mapping from V to V* and 'y is the
restriction of T" to H (see A.15).

Let A € CY(V,V*). The Gateaux derivative of A is the linear operator A’(y) : V — V* defined by

A'(y)z = lim —A(y +Az) — Ay

lim 3 strongly in V*, for all y,z € V

and A’ (y) is the restriction of A’(y) to H (see (A.1)—(A.2)). Properties of these operators are given in the
Appendix.

Notation. Let X and Y be Banach spaces. By LP(0,T; X) we denote the space of p-summable functions from
(0,7) to X, for 1 <p < oco. WHP(0,T; X) = {f; f:[0,T] — X, absolutely continuous, f, df/dt € LP(0,T; X)}.
C(X,Y) and C*(X,Y) are the spaces of continuous and differentiable Gateaux, respectively, operators from X
to Y. L(X,Y) is the space of linear continuous operators from X to Y. We denote the scalar product and norm
in the space X by (-,-)x and |||, respectively.
We shall denote by C, C;, «;, v, i = 0,1,2,.... positive constants that may change from line to line.

Some other notation and definitions related to the hypotheses below can be found in the Appendix.

Hypotheses (a1), (a2), (b1), (c1)
(a1) A:V — V* is demicontinuous, A0 =0,

(Ay— AT,y =Ty > an ly—FI% — oz ly— 7%, forall y, 7€V, a1 >0, (2.1)
A is bounded on bounded subsets of V, (2.2)

(Ary,Tuy)a = as |Tayly — adlyli, for ally € Dy. (2.4)
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(b1)
B e L(U, H).

(c1) For each y'" € H, and p positive large enough, there exists T, > 0 and u € L*®°(0,T;U) with
supys [|u(t)||; < p, such that Py(T.) = Py'®", where y is the solution to (1.1)-(1.2).

Hypotheses (a1), (az2), (b1) are necessary to prove the state system well-posedness and the existence of the
solution to (P), in Section 3. The minimization problem (P) is relevant if the set U,q on which Py(T) = Py'*"
is not empty. Hypothesis (¢1) ensures this fact and it is used in the proof of the control existence. We specify
that the proof of the controllability of (1.1)—(1.2) is beyond the objective of this paper. However, for the reader
convenience, the existence of a least a pair (T, u) in the admissible set, or equivalently an example of proving
the controllability of (1.1)—(1.2) in some cases, is given in Appendix, Proposition A.4. Next, in the Examples,
the reliability of (¢;1) is commented in each case.

Hypotheses (a3) — (ag)

(a3) A€ CHV;V*) and Ay € C*(Dy; H).

(aq) A'(y) and A%y (y) defined by (A.1) and (A.2) respectively, satisfy

1A (y)z]ly~ < Cllzlly (1+ Chllyll5), for all y,z € V, some k € R, k>0, (2.5)

1A% W)zl < Cllzllp, 1+ Cullylly), for all y, 2 € Dy, £ > 0. (2.6)

(as) A’ is strongly continuous from V to Ls(V,V*), (see (A.3)) and A% (y) is strongly continuous from V' to
L(Dy, H), namely

[ A% (yn)¥ — A ()¢l g — 0 for all ¥ € Dy, yn,y € Do, (2.7)
as Yy, — y strongly in V.

(ag) The adjoint operator (A’(y))* : V — V* satisfies the condition

* l
(A W)z T2y v = Tzl =2 215 (0495 llylly) = 7, (2.8)
for all y,z € V, some [ > 0, 1,72 > 0, where I',,, v > 0, is the Yosida approximation of I', see (A.17).

Hypotheses (a3) — (ag) are necessary for the proof of the existence of the system in variations, the adjoint
system and the determination of the approximating optimality conditions.

Hypotheses (d;) — (ds)

Assume that U # H and that there exists o € (0,1) such that

(d1)
Hpr;ﬁ/?vHH < C||B*vl,., veH. (2.9)
(d2) (A (y))* satisfies the relations
—Q 2
(A ) v Tt = G [T = Calolf 1+ Ca i), (2.10)

for all y,v € Dy, some [ > 0, and

(A (). Do) i > C1 o3 — Co||vll3 (1 + Cs |lyll5,)- (2.11)
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(ds)
|Pully. < C* B v|l,. , for v € H. (2.12)

(ds4) Let Py = (y1,0) and let p be sufficiently large. For each v € L*>°(0,00; U), with ||u(t)|, < p there exists
7z, possibly depending on u, such that

(t) = (yfarget, 2) ev (2.13)
and it satisfies
(Ay(t) = AG, P(y(t) =)y v = =5 [|Py(t) = §)ll7 (2.14)
forally € V, and t € (0,7, 4 ¢), with the choice
p>p1, p1:=C"|[Auylly - (2.15)
(ds) Let P = I, assume

p>p1, pri=C*||Auy" |, , (2.16)

and relation (2.14), where 7 is replaced by y'" = (y‘farget7 y‘;arget).

We specify that C* in (2.15) and (2.16) is exactly the constant C* occurring in (2.12), depending on the
domain  and B, T, is the time specified in the controllability hypothesis (¢1), ¢ is arbitrary and y(t) is the
solution to (1.1)—(1.2) corresponding to w.

Assumption (2.14) is a basic statement in the proof of the characterization of the controller in the case when
only one state is controlled by one controller. This is the case when the state is allowed to reach a sliding
manifold.

We also note that if By = By =1 or By = I and By = 0 and the spaces are such that V C U or H C U, then
(2.12) is automatically satisfied. The case U = H will be treated in Corollary 5.6.

Immediate consequences of the previous hypotheses are:
The operator AI + A, for A positive large enough, is coercive and Ag is quasi m-accretive on H x H, implied

by (al)‘
The operator A’(y) satisfies the estimate

(A'(y)z, 2)ye vy > 1 Hz||%/ —agyl?, forall z € V. (2.17)
The operator A'(y)|; = Ay (y) is quasi m-accretive for each y € V' and
(s ()2, 2 = an 21 — Iyl for all y, = € D, (215)
By (2.5) we have

AW Lvve) < CA+Crllylly)- (2.19)

3. EXISTENCE RESULTS

In this section we provide the proofs of the existence of the solution to the state system and of a solution to
the minimization problem (7). All over in this section, we assume (a1), (az), (b1), (c1). Let

Xr =C([0,T]; H)ynWh2(0,T; H) N L>(0,T;V) N L*(0,T; Dg). (3.1)
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Definition 3.1. A strong solution to the Cauchy problem (1.1)—(1.2) is a continuous function y : [0, 7] — H,
which is a.e. differentiable and satisfies (1.1) a.e. t € (0,T) and (1.2).

Theorem 3.2. Let T >0, u € L*(0,T;U), yo € V. Then, (1.1)-(1.2) has a unique strong solution y € Xr,
satisfying

t t t
2
Ly + / lAmy ()| dr + / (IS, dr + / Iy (I dr (3.2)
<C (HyoH%, —|—p2T) eCT .= Cp, for allt € [0,T],

with C' a positive constant. Moreover, for two solutions y and y corresponding to (u,yo) and (u,yy) we have

t
=2+ [ 16 =D dr < (oo =500 + lu =z, - foralte 0T (33)

Finally, if u, € L>(0,T;U), u, — u weak-star in L>°(0,T;U), then the solution y, corresponding to u, tends
to y, the solution corresponding to u, namely

Yn — y weakly in W52(0,T; H) N L*(0,T; Dy ),
weak-star in L>(0,T;V), strongly in L*(0,T; H), (3.4)
yn(t) = y(t) strongly in H, uniformly in [0,T].

Proof. We recall that Ag is quasi m-accretive on H x H. Assume first that the right-hand side of (1.1), f = Bu
is in WHY(0,T; H) and yo € Dy = D(Ap). In this case we obtain a unique solution y € W (0,T; H) N
L>(0,T;Dg) (see e.g., [6], p. 151, Theorem 4.9), implying that Ay € L°°(0,T; H). A first estimate is obtained
by testing the equation (1.1) by y(¢) and integrating it over (0,¢),

1 t
3 WOl +a [ ol ar
1 5 t 5 t
< 5 Il + s [ Iy dr + [ 1But) g (o)l o

which yields

t T
L% + / LIl dr < © (nyon?q + / ||u<t>||zdt> Ot (3.5)

Then, we multiply (1.1) in H by T'yy(t), use (2.4) and integrate over (0,t), obtaining

2 t
[mi2weo], + s [ Iyt ar
0
172 |2 ! ¢ 2
<[], + [ 1B ayoly dr +as [ ol ar

o 1 [ 2 4 2 ‘ 2
<llly +3 [ ICauar+Cr [ Il at+Ca [ o) ar
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Using (3.5) we get

t T
ly()IIy +/O T sy (r)l|7 dr < © (”yOH\Q/ +/O ||u(t)|?1dt> et < Cr, (3.6)

for all t € [0,T], T > 0. We note that Cr is continuous and increasing with respect to T, but it can vary from
line to line via the constant C'. This implies that

T T
/ ly()I,, dr < Cr and / |Amy(r)|1% dr < Cr. (3.7)
0 0

By comparison with (1.1) we deduce that fOT ||y’(T)HiI dr < Crp. By gathering all estimates we obtain (3.2).

To prove (3.3) we consider two solutions corresponding to (yo,u) and (¥, u), write the difference of the
equations for these solutions, test it by (y — 7)(¢), integrate over (0,t) and apply the Gronwall lemma.

We proceed further by a density argument. We take yi € Dy and u, € WH1(0,T;U) such that y§ — 3o
strongly in V and w,, — u strongly in L?(0,T;U), the latter implying Bu,, — Bu strongly in L?(0,T; H). It
follows that the solution to (1.1) with Bu, instead of Bu and with the initial datum y{ has a unique strong
solution y, € W1>(0,T; H) N L*>(0,T; Dy ), satisfying (3.2) and (3.3). From here, it follows that v, — ¥
strongly in C([0,T]; H) N L?*(0,T; V), as n — oo, and the estimate (3.3) for y,, is preserved at limit. The right-
hand side of (3.2) is bounded and so Agy, — Agy weakly in L?(0,T; H), since Ag is strongly-weakly closed,
and y!, — ' weakly in L?(0,T; H). The estimate (3.2) is preserved at limit by the lower weakly continuity of
the norms.

Let u,, € L>=(0,T;U), u, — u weak-star in L>°(0,7;U). Then, (1.1)—(1.2) has a unique solution y,, satisfying
(3.2). Since the estimates are uniform, on a subsequence we get the convergences in the first line of (3.4). The
strongly convergence follows by the Aubin-Lions lemma and the last one by the Arzela-Ascoli theorem. Passing
to the limit in (1.1)—(1.2) written for y, we get (1.1)—(1.2) corresponding to y. O

We observe that by (3.4) we deduce that y € C,([0,T]; V), that is, except for a subset of zero measure, y
is a weak continuous function from [0,7] in V. We recall that y € C,,([0,T]; V), if when ¢, — t, as n — oo, it
follows that y(t,) — y(t) weakly in V. Indeed, in the proof of Theorem 3.2 we have for ¢,, — ¢, that y(¢,) — y(t)
strongly in H. On the other hand, ||y(t,)||,, < Cr and so y(t,) — & weakly in V. But the limit is unique and
so & =y(t) eV, forallt > 0.

Similarly, we deduce that Ay € C\,([0,T];V*). By (2.2), || Ay(t,)|ly ~ is bounded, since |ly(t,)|,, < Cr and
so Ay(tn) — ¢ weakly in V*. On the other hand, Ay(t,) — Ay(t) strongly in D3, the dual of Dy because
y(tn) = y(t) in H. Thus, ¢ = Ay(t) € V*, for all t > 0.

Now we prove the existence of the minimum in (P). Recall that y%" := (yfargetyyﬁarget) if P=1 and
yhor = (yfarget, z) ceHifP#I
Theorem 3.3. Let
yo €V, Py'®" € P(H), Pyy # Py"".

Then, problem (P) has at least one solution (T*,u*) with the corresponding state yTou" =y,

Proof. We recall that we have assumed (c;) asserting that the admissible set U,q # @. The functional J(T',u) =
T is nonnegative, hence it has an infimum. We denote inf J(T,u) = T* > 0. Let us consider a minimizing
sequence (Ty,, uy,),

T, >0, u, € L®(0,00;U), sup |lun(t)|ly; < p, Py (T,) = Py,
te(0,00)
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where y7m"U» is the solution to the state system corresponding to (T}, u,), such that
T* §J(Tn,un):Tn§T*+%, n > 1. (3.8)
On a subsequence it follows that
U, — u* weak-star in L*°(0,T;U), Bu, — Bu* weak-star in L*°(0,T; H), for all T > 0. (3.9)
We see that T,, — T™* and passing to the limit in (3.8) we get that J(T™,u*) = T™*. The state system correspond-
ing to each T' > 0 and u,, has a unique solution y?*“» satisfying (3.2). In particular, this is true for T' = T,, and

T = T*. We note that the restriction of the solution y%» to (0,T*) is in fact the solution y” *». We have by
(3.2)

"
T un

2 " 2 2 2
Xpe T HAHyT B P g™ ey, + 148y 2o 7,0y < O < e,

v

where Cr depends continuously and increasingly on T' (see (3.2)). Therefore, by selecting a subsequence and
recalling (3.4) we have

yT o gt o= 77" weakly in Wh2(0,7*; H)n L*(0,T*; Dy),
weak-star in L>(0,7*; V) and strongly in L?(0,T*; H), (3.10)
Ay " — Apy* weakly in L?(0,T*; H),
since Apy is strongly-weakly closed. By Ascoli-Arzela theorem we still get
yT () — y*(t) strongly in H, uniformly in ¢ € [0,T%]. (3.11)

Also, by the last assertion in Theorem 3.2 we infer that y* is the solution to the state system corresponding to
(T*,u*). We show next the convergence of yZm%» to y* as n — co. For any v € H we have

Ty T* Ty T*
/O (4™ (1), 0) e — / (v" (£), )t | < / (5™ (1), v) e — / (5™ (8), 0) et

H

T* T*
+/O (5™ (£), v) rdlt — / (v (1), v) et

+

-
/O (5™ (1) — y* (8), )t

/ T - yo.0)

because [|y7nn (t)HLOO(O,Tn;H) < Cr, < Cr+11 and by (3.4). We took into account that yZ=“» restricted to

(0, T*) coincides with yT"%n In a similar way, we can prove the weak convergences of the other sequences, that
is (yImun) — (y*), AgyT% — Apy* weakly in L?(0,7*; H) and that yZ=%» — y* strongly in L?(0,T*; H).

Ty
/ (5T (1), 0) st

*

<y

) |T, — T + — 0,

LW(O»Tn?
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It remains to prove that Py*(T*) = Py'®". We have
[Py (Tn) —y™ (Tl < 1P (T0) =y (T[] + | PG (T) =y (T)]]
_ ‘ / " (PyTmun)dt

* + |[P" @) =y )|
 VETT NG [P0 )|

H

H

which tend to zero since || P(yTnn < Cr+41 and by (3.4). Hence

) ||L2(O,TH;H)

lim Py’m""(T,) = Py"" = Py*(T").

n—oo
From here, we also deduce that T* > 0. Otherwise, we would have Py*(T*) = Py*(0) = Pyy, that is Pyo = Py'*"
which contradicts the hypothesis that Pyy # Py'". Thus, we have obtained T* > 0, u* with the restriction
[ oo 0,7+, < P, and J(T™,u*) = T™*. We have got that T is the unique infimum time at which Py*(1T™) =
Pyt This ends the proof.

O

4. THE APPROXIMATING PROBLEM

Let € be positive and consider the problem

Minimize {J.(T,u) T >0, u € L>(0,00;U), ess sup |u(t)|, < p}, (P-)

te(0,00)

subject to (1.1)—(1.2), where
1 ar 2

Jo(Tyu) =T+ o | Py(T) — Py*||, (4.1)

2

dt.
U

e [T ) 1 /T
+f/ HPu(t)HUdt—i-f/
2 Jo 2 Jo

Theorem 4.1. Let yo € V, Py'e" € P(H), Pyo # Py . Then, problem (P.) has at least a solution (T, u}),
with the corresponding state y'e " := yr.

/ Pu(r) — u* (r))dr
0

Proof. Since J.(T,u) is nonnegative, there exists d. = inf J.(T,u) and it is positive. Indeed, we note that if
Jo(T,u) = 0, each term should be equal with 0. This implies that in the second term of J.., P(y(T = 0)) — Py*" =
0 which is a contradiction with the fact that Pyg # Py'*". We conclude that the optimal T* must be positive.

We consider a minimizing sequence (77*,u) with 77" > 0 and [[ul(t)||, < p, satisfying

1
de. < J (T ul) <d.+ — > 1. (4.2)

Hence, T* — T, as n — oo. Then, for any § > 0 there exists ns such that T* > T —§, with § arbitrarily
small, for n > ngs. On a subsequence

ul = ul, Pul — Pul weak-star in L*°(0,T;U), Bu! — Bu weak-star in L>°(0,T; H),

for all ' > 0. Then, the state system corresponding to any 7' and «] has a unique continuous solution yTue

satisfying (3.2) on (0,7T), and it tends, as n — oo, to the solution corresponding to (T, u}). In particular, this
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happens for T' =T} — §, with § arbitrary small. Then, on a subsequence denoted still by n, we have

yTe —oue 7o =0 strongly in L2(0, T — 6; H), (4.3)
weakly in W'2(0, TS — §; H) N L*(0, T — 6; Dyr), and weak-star in L>(0, T — 6; V),

ApyTe —0ue 5 T2 =040 weakly in L2 (0, T —6; H), (4.4)

yTe =oue () — T ~0u (¢) strongly in H, uniformly in ¢ € [0, T7]. (4.5)

Next, we proceed in a similar way as in Theorem 3.3 to show that 37 4 — yTeue .= yZ in the corresponding
spaces and that

PyTeun (1) — PyT:’“: (T7) strongly in H. (4.6)

These imply that y* is the solution to the state system corresponding to (T2, u?).
Let us denote

0 :/O P(u® —u*)(r)dr, t > 0.

Taking ¢ € U* we have

</0tP(u? - u*)(T)dT,1/)> — /Ot (P — u*) (1), ¥y s dT =

U, U~

/Ot (Puz —u")(7), )y p- dT = </0tP(U: - U*)(T)dﬂl/)> , for all t > 0.

U,U*

So, we get that h”(t) — hX(t) weakly in U, for all ¢ > 0 and

hi(t) = /o P(ul —u*)(1)dr. (4.7

Passing to the limit in (4.2) we get on the basis of the previous convergences and of the weakly lower

semicontinuity of the norms, that J.(T),u}) = d., that is (T, u}) is an optimal controller in (P:).

O

Theorem 4.2. Assumeyo € V, Py'™" € P(H), Pyo # Py'". Let (T*,u*,y*) be optimal in (P) and (T, u’,y¥)
be optimal in (P:). Then,

T — T, ul = u* weak-star in L>°(0,T*;U), Bul — Bu* weak-star in L°°(0,T™; H), (4.8)

y* — y* strongly in L*(0,T*; H), (4.9)
weakly in WH2(0,T*; H) and weak-star in L>(0,T*; V),

Ayr — Ay* weakly in L*(0,T*; H), (4.10)

yX(T*) — y*(T*) strongly in H, Py*(T*) = P"". (4.11)
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Proof. Let (T, uf,yk) be optimal in (F;). Then,

o qu (4.12)

* * * 1 * * ar
‘]E(T U ):TE +27€HPys(Ts)_Pyt

e [Tt ) 1 [Ts t 2
Jr*/ | PuZ(t)|;; dt + 7/ / P(ul(r) —u*(r))dr|| dt
2 /o 2 Jo 0 U
1 ar 2
< J(Tou) = T+ o |[Py(T) = Py"|[
e (T ) 1 [T t 2
+= / | Pu(t)||;; dt + = / / P(u(t) —u*(7))dr|| dt,
2 0 2 0 0 U

for any 7' > 0 and u € L>(0,00;U), ||u(t)||, < p a.e. t > 0, where y! is the solution to the state system
corresponding to (T, u?) and y is the solution to the state system corresponding to (T, u). Let us set in (4.12),

T =T* and u = u*, an optimal controller in (P). Thus, the second and the last term on the right-hand side of
(4.12) are zero and

* * * 1 * * arl|? € TE* * 2
JE(TE’U’E):Ta +276HPya(Ta)_Pyt HH+7/ ||Pu5(t)HUdt (413)
0

2
1 [T
5/
Then, T} — T** and T} > T** — ¢, with ¢ arbitrarily small, and selecting a subsequence indicated still by ¢,
we have

2

¢ T*
/ P(ul(r) —u*(r))dr|| dt<T*+ %/ ||Pu*(t)||[2] dt.
0 0

U

ur — u™ weak-star in L>(0,T5U), [[u™(t)|l, < p,
Bu® — Bu** weak-star in L*(0,T; H), for all T > 0.

The solution y! satisfies the estimates
* (12 %12
||ye||XTE* + ||AHye||L2(0,T;;H) < Crs, (4.14)
where X7 := C([0,T], H) N L>=(0,T;V) N W42(0,T; H), and y — y** := y7 ~%*" in the spaces Xz-_s

defined on (0,7** — ¢), for § arbitrary. As in the previous proof we show that the convergences take place also
in the spaces defined on (0, 7**). Also, we have

lyz(T2) = y™ (T = )|y < VT2 =T + 51 Il 20,100y + 192 (15 = 8) =y (T = )|y
implying that ||y (T}) — y**(T"*)||; — O, strongly in H, as € — 0. By (4.13) we have
2 ”
|Puz(z) = Pyer |y < 261 [ lpu o)
0

and so Py*(T) — Py'*" strongly in H, implying the relation Py**(T**) = Py'*". Again by (4.13),

.
9

7<) <75 [ P

0
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whence we get at limit that 7** < T™*. Now T™** and u** satisfy the restrictions required in problem (P), that is

T >0, [[u**(t)|,; < p, and Py**(T**) = Py"®", and since T™* is the infimum in (P) it follows that T** = T*.
Recalling (4.7) we define

B.(T)= [ '

We have by (4.13) that

2

t T
/ Plur — u*)(r)dr|| dt :/ B2 ()2 dt, for all T > 0.
0 U 0

-
T4 BT < () <704 5 [Pl ar
0

and so T** + limsup E.(TX) < T*, hence

e—0
T T t 2
lim sup/ ||h:(t)||é dt = lim sup/ / P(ul —u*)(r)dr|| dt=0. (4.15)
e—0 0 e—0 0 0 U
Therefore,
h: — 0 strongly in L(0,7*;U), as e — 0. (4.16)

On the other hand, we know that u* — u** weakly in L?(0,T*;U), so that
t
/ (P(u™ —u")(7),¢)yy-dr =0, forall t € (0,T7), ¢ € U",
0

implying that «** = u* on (0,7%).
For a later use we prove that

RZ(T}) — 0 strongly in U. (4.17)

We write

T

RE(TY) — hi(t) = / E P(ul —u*)(s)ds, for all t € [0,T/].

t
Then,
—

1A (TN < IRz @®ly +/t [1P(uz = u)(s) |y ds < [|R2(®)]ly + 2p(TZ = 1).

Let us take ¢t € [T — 7, T}] with 7 > ¢, and integrate the previous inequality along with ¢ in this interval. We
have

T

Pl < [

*
e T

TE* Ts* 1/2
|2 () dt + 207 g/o I dt + 207 < ﬁ(/o ||h;(t)||2Udt> +2pr.

Let us make € goes to zero and get by (4.15) that

lim sup ||2 (7)), < 2,
e—0
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which yields (4.17), since 7 is arbitrary. On the basis of (4.13) we write that
* 1 * * tar||2 * ok * € r * 2
TEJF%HPye(Te)*Py ||HSJ€(T6’U‘5)§T +§ o HPU (t)”Udt

whence

0. (4.18)

. 1 * * ar||2
fmsp [Py (1) — Py | =

g 17

We conclude that lir% J(Tr* ur*) = T = J(T**,u**) and so (T"*,u**) is optimal in (P). But, T™ is also
e—

optimal and unique and it follows T** = T* and u™* = u* a.e. on (0,7*). Eventually, we also have obtained
(4.9)—(4.11), as claimed. O

5. THE MAXIMUM PRINCIPLE

In this section, besides (a1), (az2), (b1), (c1), we assume (a3) — (ag).

5.1. The system of first order variations and the dual system

Let us introduce the Cauchy problem

Y'(t)+ A'(y:(t)Y (t) = Bo(t), ae. t >0, (5.1)
Y(0) =0,

where v € L>(0,00;U), |lv(t)||, < C, ae. t>0.

Proposition 5.1. Problem (5.1) has a unique solution

Y € C([0,T]; H) nWh2(0,T; V*) N L*(0,T; V), for all T > 0. (5.2)

Proof. We recall that A’(yZ(t)) is continuous from V to V*, for all ¢ > 0, and has the properties (2.17) and
(2.5), A (y2(1)z[ly« < C 2|y, due to |lyZ(t)|l,, < Cr, by (3.2). Then, the result claimed in the statement is
ensured by the Lions theorem. O

Let (T, u}) be an optimal controller in (P.). For A > 0, we set
u} = Pu’ + v, where v = P(7 — u}), 1T o0 (0,0050) < P- (5.3)

In this way we can give variations to both controllers, if P = I, or to the first component in the case P # I.

Ak
We define Y), = Y%= where y2 is the solution to the state system (1.1)-(1.2) corresponding to u2 and T>*.
Proposition 5.2. Let Y be the solution to (5.1) and let T > 0. We have

v —y:

=Y strongly in C([0,T); H) N L*(0,T;V), as A — 0, (5.4)

lim
A—0

which ensures that (5.1) is just the system of first order variations related to (1.1)-(1.2).
Proof. Let us define
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We write the equation for y2 subtract the equation for y*, divide by A and subtract the equation (5.1). The
equation verified by () reads

. A A Au* . A%
G+ A (y2)on + -y <o, (5.5)
¢\ (0) = 0.
Now, we can represent the third term as
1
A = Ayt = [ (A2 + (1=~ ) (56)
0
and so, the equation becomes
1 y)\ _ y*
G A6+ [ W+ (=) = ) P =0, (57)
0

We test (5.7) by (x\(t), integrate with respect to ¢, and get, by (2.17) and (2.5) that

1 t t
3160 +an [ IG@IR ar < as [ 1ol ar

1 t Ak
o[ (@ - a =) - aenEE o.am)
t 1 4T A
Saz/o ||C>\(T)||?gd7’+/o /0 14 (2 + (1= 2)52) () = A G| ey Ye Aye (r) VdT.
By Gronwall’s lemma we obtain
61+ [ Il ar (5.8)

1/2

1 T
<cr [ ( / 1|A'<<uyg+<1—u>y:><7>>—A'(y:v))\!i(‘/y*)df)

T 9 1/2
X / dr dv.
0 %

We recall that by (3.2), we have ||yX(t)|l,, < e“T (||y0||%, + pQT) < Cr, for all t € [0,T7], and

A %

T
lz®l, <c <|yo||2v + / ||uk<t>!|?]dt> T < T (|lyolly, + p°T) < Cr.

Here, C7 may change from line to line. Moreover, by (2.19)

1A WD vy < A+ CllyZ(DIly) < Cr, and

1462 + @ =) ey < W+ C 62 + Q=) @D][5) < COr.
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We also recall (3.3) which yields, for all ¢ € [0, 7], that

t
* 2 * 2 112
62 )OI+ [ 162 =i dr < €l =2 gy < O (59)
and so
t y)\ _ y* 2
/ £ 2 (7)|| dr < CTp?, for all t € [0,T].
0 A v
Therefore,
y> =y strongly in C([0,T]; H) N L?(0,T;V), as A\ — 0 (5.10)
and
vyl + (1 —v)y? — y? strongly in C([0,T]; H) N L*(0,T;V), as A — 0, (5.11)
for v fixed, implying that
(vy2 + (1 — v)y2)(t) — yi(t) strongly in V, a.e. t € (0,T). (5.12)

This yields that
A'((vy? + (1 = v)y2)(1) = A'(yZ (1)) strongly in L(V, V"), a.e. t € (0,T)
by (a4) and (A.3). We denote fx(t) := || A" ((vyd + (1 — v)y2)(t)) — A’(y:(t))Hi(V’V*) and infer that fy(t) — 0
a.e. t € (0,T), and that | f)(¢)| < C. This implies, by the Lebesgue dominated convergence theorem, that fy — 0
in L2(0,T). Thus, by (5.8)
¢ — 0 strongly in C([0,T); H) N L*(0,T;V), as A — 0.
This proves (5.4). O

Now, we introduce the adjoint system

= pe(t) + (A (2 (1)) pe(t) = 0, ace. t € (0,T7), (5.13)

po(TY) = Z(PY:(T2) — Py'™). (5.14)

Proposition 5.3. Let Py'®" € P(Dy) and assume (2.8). Then, for each € > 0, problem (5.13)-(5.14) has a
unique solution
p. € C([0,TF]; H)ynWh2(0, T H) N L*(0,TS; D). (5.15)

yte y e

Proof. By Theorem 3.2 we deduce that p.(T) € Dy, since P(y}(T}) — y'*") € P(Dy). If P # I, the second
component of p, is 0 € Dy. We use the transformation t — T — ¢ and so (5.13)—(5.14) transforms into a forward
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equation. The operator (A’(yX(t)))* is continuous from V to V* for all ¢ > 0 and satisfies the properties of Lions
theorem, such that we can deduce, as in Proposition 5.1, that (5.13)—(5.14) has a unique solution

p- € C([0,TF); H) N Wh2(0, TS V) N L2(0, T V). (5.16)

s den

A first estimate is obtained by testing (5.13) by p.(t) and integrating over (¢,7.). Using (2.17), this yields

t
Hm®@+AWMﬂ@MSCMﬂﬁ@,MMHEMﬁL (5.17)

To prove the additional regularity we multiply (5.13) by I',p.(t), integrate over (¢,77) and use (2.8). We have

t
@wmmamwy+m4ummmﬁﬂf

<

1
2
1 K 2 1
< 5 Pe(T2), Lope(T2)) - v +72/0 lp<(T) Iy (143 [lyZ (7) Iy, )dT.

Taking into account (5.17) and (3.2), that is ||yZ(7)|l,, < Crx < Cr-41, we obtain

2 t
[rp], + [ Impeolar (518)

< Cllp=(T) g ITap= (T + 1) < C (T g lpe (T p,, +1)

for all ¢ € [0,7¢], since [Tup.(r)l,; = [p-(7)l p, -
Here, we used the relation |T',pe(T5)|| g < ITape(TS)||y for p-(T) € Dy. Now, we can pass to the limit as
v — 0 and obtain

T,p. — Dyp weakly in L?(0,TS; H), weak-star in L>(0,T; V),

y e 1 €ED

and so by (5.18) we get

t
Hmamé+1]mevﬂ@dT§OmmuﬁmexﬁwbH+n,mrmtemﬂﬂ.

Thus, p. € L2(0,77; Dg) N L*(0,T*; V). For a.a. t € (0,TY) we still have

1A W) POl < llpe(®)lp,, X+ ClyZ(Oy)-

By (5.13) it follows that p. € L?(0,T; H) and so (5.15) is proved. O

yLen

5.2. Approximating optimality conditions

Let us introduce the sets
K={weU; |uw|y <p}, Kr={z€ L*0,T;U); 2(t) € K ae. t € (0,T)},
and denote the normal cone to K at w by

Ni(w) ={CeU"; ((,w—W)y.; 20, forallw e K}, (5.19)
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and the normal cone to K at w by
T
Nicp(w) = {X € L*(0,T;U"); / x@), (w—w)(t))y- pdt =0, for all w € ICT} . (5.20)
0

We recall (see e.g., [4]) that x € N, (w) iff x(t) € N (w(t)) a.e. t € (0,T).
We denote by F : U — U* the duality mapping of U (see (A.4) in the Appendix) and recall that h%(t) was
defined in (4.7), hi(t) = [5 P(ui —u*)(1)dr.

Proposition 5.4. Assume
yo €V, Py'"" € P(Dy), Pyo # Py™™". (5.21)
Let (T, ul) be an optimal control in (P.) with the optimal state y*. Then,
T;
Pu’(t) = —(eF + Ng)~* (B*pg(t) +/ F(h:(T))dT) , for allt €]0,T], (5.22)
t
and
B p.(t) + / F(hZ(r))dr 4 eF(Pul(t))
¢

P + (Anyz(t),pe(t) g

U*
T
N * * € * 2
+ [ P PO dr+ 5 1P
1 * %\ (12 *
:]‘+§HhE(TE)HU’ le [OaTsL (523)
where p. is the solution to the adjoint equation (5.13)—(5.14). Moreover, t — wi(t) turns out to be continuous
on [0,T2].

Proof. Let (TX,u}) be an optimal controller in (P.). We shall compute separate variations with respect to T
and u}. By the condition of optimality for u} we have

Je (T ul) < Jo(T,u), for all u(t) € K, |ju(t)|, < p, a.e. t>0.

g7 e

In particular, replacing u by u} = Pu’ + M with v = P(u — u}), u(t) € K, and performing some calculations,
recalling (A.11) we get

1 e
(2P = Py py) e [ PO o) (5.24)
H 0

+ / " <F<h:<t>>, / t v(s)ds>U*’Udt >0.

Observing that

[ (rozo. | tv<s)ds>U*7U at= [ [ 020,06 (52
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we obtain

1 T T
—(Py*(T¥) — Py'™"), E* ur RI(T))dr,v dt > 0.
(2P - pyvn) + [ <eF<P o+ [ Fem) <t>> 120

¢ Us,U

19

(5.26)

Here we used that P2 = P and the fact that (Pw, Pw)y is the same with (Pw,w) when Pw = (wy,0). We test

(5.1) by p.(t) and integrate over (0,77). By a straightforward calculation we obtain

T
| @y @) = p oy ) e+ [+ W POV W)y
T
- / (Bu(t), pe(t)) .
0
Using again the adjoint system, this equation reduces to
1 T
(Frze) - Piny@) = [T @

H

We recall that v = P(@ — u}). Replacing the left-hand side of (5.27) into (5.26) we deduce that

T*

€

7 7
/ (Bp-(t), (1)) - ¢t + / <6F(Pu:(t))+ / F(h;(T))dT,v(t)> dt >0,
0 0 t

U*,Uu

for all w(t) € K, that is u(t) € U, |[u(t)||, < p a.e. t > 0. This yields
T s
/ < B0 —eF0) - [ POz Putle) - Pu<t>> ar=0,
0 t
for all w(t) € K, a.e. t € (0,T7), and implies, by (5.19), that
T
2e(t) := —=B*p(t) — eF(Pul(t)) — / F(hi(7))dr € Nk (Pul(t)), a.e. t € (0,T),
t
or, equivalently,

Put(t) = (eF + Nic)~! (—B*ps(t)— /t E*F(h:(r))d7>, ae. t € (0,T).

(5.27)

(5.28)

(5.29)

(5.30)

Moreover, relation (5.30) implies that ¢t — wu*(¢) is continuous, because (¢F + Nx)~! is single-valued and
Lipschitz continuous, the integral is continuous and p. belongs to C([0,T]; H), so that (5.30) is true for all

t € [0,T7]. We also note that

F(hi(r)) = F </0 P(u? — u*)(s)ds) = PF (/O Pu? — u*)(s)ds) .

We recall by (4.14) that Agy(¢t) € H, (y2)'(t) € H ae. t € (0,TF). Also, y* € Cp([0,T7];V) and Ay €
Cw([0,T];V*) (see the observation after Thm. 3.2). By the state equation we have (y*)' = —Ay? + Bu* €
Cw([0,T7];V*). Indeed, y(T7F) € V, so Ay:(T}) € V* and BuX(T) € H. Thus, (y}) (T}) € V*, for all ¢ > 0.

Recalling (5.14) and that Py} (T*) — Py'*" € P(Dpg), we deduce that p.(T)) € Dy, for all € > 0.
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Next, we keep u* fixed and give variations to T2*. Since T realizes the minimum in (P.) we can write
J(T2F ul) < J(TF + Mul), A>0,

g1 e

that is,

* * * 1 T:,u: * ar 2
J(T2ug) = T2+ o | P e @) - pyn)|
T Tr
£ e N 2 1 e
45 [Cipcla g |
0 0

1 . .
< JTE A ug) = T2+ A+ oo [P T2+ 0) = Py

1 T:+)\
+3 /

In these calculations we took into account that u} and the solution to the approximating state are continuous
with respect to ¢t € [0,00). Then, the solution y?“’“: (t) calculated for t € (0,7 + ) and u?, restricted to
(0,T7) coincides with Yl e (t) the solution calculated on (0, T:), which was denoted by y*(t). Performing some
calculations we get

2

dt
U

[ P -

2 € T:+)\ 9
= Pul(t)|7, dt
Iy R LT

2

dt.
U

/ P(u(r) — u*(r))dr
0

1 * * * * ar 1 * % (12 € * *\ 112
1+ g <(ya),(Ts)vaa(Ta) - Pyt >V*,V + 5 ||hs(Te)||U + 5 ||PUE(T5 )HU Z 0.

Doing the same for T — X\ and observing that the solution Y e e (t), calculated for t € (0,T) and u}, restricted

to (0,7 — X) is in fact yET:#"u: (t) the solution calculated on (0,7 — X), we get the reverse inequality. Finally,
we obtain

1 * * * * ar 1 * * € * *
T = (W) (T2), PUE(TE) = Py )y o+ 5 RS + 5 I Pus(T2) 7 =0, (531)

Then, using the state system (1.1) for ¢ and the final conditions of the adjoint system, we can express the term

1 * * * [k ar * vk ® (% *
g <(y5)/(T6 )7Pye(T5 ) - Pyt >V*,V = <BU’E(TE) - Aya (Ta )7pE(TE )>V*,V .

Plugging this in (5.31), we obtain
* * * * * * * 1 * *\ |12 € * * |2
1+ <u€(TE )7B pE(TS )>U,U* - <AX5 (Te )’pE(TE )>V*,V + 5 ||hE(T€ )”U + 5 ||Pu€ (TE )HU =0. (532)
We replace Pu?(T;) from (5.30),
Pul(T}) = (eF + Nk )~ H(=B*p.(T7)),
which can be still written

eF(Pus(T2) + 22(T7) = —B*p.(T?), where 22(T7) € Nic(PuZ(T7)). (5.33)
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By using this and (A.9) we obtain for the second term in (5.32)
(u(T2), B*pe(T2)) - = — (wi(T2), eF(Pu(T7)) + 2:(T2)) y y-

* %\ (12 * *
= —€||[PuZ(T7)|ly — plI2Z(T)ly-

* %\ |12 * * * *
= —¢||Puz(T7)l; — p | B*pe(T7) + eF(PuZ(T7))|

U* -

Therefore, (5.32) becomes

L= p||B*pe(T7) + e F(Pu(T7))]

* *\ |12 * * *
U* € HPU’E(Ts )”U - <Ays(T5 )7p€(T5 )>V*7V
Lo g2 | € w e (|2
5 2@ + 5 1Puz ()3 =0,
which finally can be written

p 1B p=(T2) + e F(PuZ(T7))|

* * * E * * 1 * %

The next calculation can be performed due to the supplementary regularity of p., that is p. € L2(0,T; H),

) g

given by (5.15). We multiply scalarly the state equation by p.(t), add with the adjoint equation multiplied by
(y2)'(t), getting

(Aryz(t),pL()m + (A (yZ ()P (), (42) () a = (Bul(t), pe(t))u,
a.e. t € (0,T7), that reduces to
(Aryz (), p= (1)) = (Wi(t), B*pL())yy- » ae. t € (0,T7).
We integrate on (¢,7.) and obtain

T+

€

(Aryz(T2),p(T2))m = (Amyz (8), p(t)) i = / (uZ(s), B*pL(s))yp- ds (5.35)

t

T Tz '
:/ <PUZ(S), (B*ps(8)+/ FULZ(T)MT)) > ds
t s U,U*

)

_/tT: <Pu2(s), (/ST; F(hZ(T))dT)>/> ds,

uU-
since (uZ(s), Pk(s))y - = (PuZ(s), Pk(s))y - where k(s) is either pc(s) or fsT; F(h%(7))dr, both containing P
in their expressions. Denoting

T*

€

C(t) = —B*p.(t) - / F(h:(r))dr

t

we see by (5.30) that (. (¢) = (¢F' + Nk )(Pul(t)). By (A.14),

3G ) = 5 IPuz Ol + pllz(0) - (5.36)

9 2 T
3 1Puc@)lly +p B*ps(t)Jr/t F(hz(r))dr + eF(Puz (1)) ¢ €[0,T].

rT€

U*
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Thus, we can express (5.30) as

PuZ(t) = (eF + Nk )71 (C) = (97) 71 (¢-(1) = 952 (C-(1)), (5.37)
(see (A.10)—(A.14)). Then, the integrand of the first term on the right-hand side in (5.35) becomes

<Pu§(t)7 (B*pg(t)—k / ’ F(h;(T))dT> >
t UU*

)

= - <Pu:<t>, (—B*pe(t) - F(h:m)dr) >
t UU*

OG0, O = -2 ().

Plugging this in (5.35) we get

(Aryz (T2),p(T2)) y + Jz (G(T2)) (5.38)
-

€

= (Amyz (@), pe(t)) g + 32 (G (1) + ) (Puz(s), F(hZ(s)))y,u- ds,

for all ¢ € [0, T*]. By comparison with (5.34), we obtain

T*

€

(Anye (8),pe () + 57 (Co(8)) + / (Puz(s), F(R(5)))y.r- ds

t

1 * * * * * *
= 1t 5 BTG = p I1B*pe(T2) + eF(Pu(TY)|

E * * ok *
U* 5 ||Pu€(TE )”?—I +]E (<€(T5 )) .

Recalling (5.36), this yields

B*p(t) + /f PR (r))dT + eF(Pul(t)

(Any: (), p- () + 5 1PUZ )7 +

U*
T
[ P PR o)) ds
t
1 * *\ (12 * * * * € * *\ (12
= ]' + 5 ||h€(T5 )HU - p ||B pE(TE ) + gF(Pua(Te ))”U* - 5 HPUE(TE )HH
-
5 * * * * N * * *
+5 [1Pug (T2 )i +p||B Pa(Ta)Jr/T F(hZ(7))dr + eF(Pul(T7))
1= U*
and so we obtain (5.23), as claimed. O

5.3. Optimality conditions for (P)

In order to ensure the passing to the limit in the approximating optimality conditions (5.22)—(5.23) we
complete the hypotheses (a1) — (ag), (b1), (¢1) with (dy) — (ds).

Theorem 5.5. Let

Yo €V, Py"" € P(Dy), Pyo # Py"™". (5.39)
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Let (T*,u*,y*) be an optimal pair in (P). Then, the first order necessary conditions of optimality are

Pu*(t) € (Ng)™ ' (=B*p(t)), a.e. t € (0,T%), (5.40)

p B p(t)]

e + (Ay* (), p(t) g =1, ace. t € (0,T7), (5.41)

where y* is the solution to the state system (1.1)-(1.2) corresponding to (T*,u*), and p is a solution to

—p'(t) + (A (y"(1))"p(t) =0, a.e. t € (0,T7), (5.42)
p(T*) e V*. (5.43)

Proof. First, we prove that
1B*pe(TH)|ly- < C, (5.44)

with C independent of ¢.
Let us begin with the case P(y1,y2) = (y1,0), B(ui,us) = (u1,0). We recall that in this case y**" =

(y‘fargetj z), Vz € H, and Py'*" = (y‘lcarget’ 0). We start from (5.34) and express the third term on the left-hand
side as

* * * 1 * * * * ar
<Ay€ (Ts)apa(Ts )>V*,V = g <Ay€ (TE )7Pyg(T ) - Pyt >V*,V

m

= (AT = AT PYL(T) = Py + 2 (AT P2 (T) = PY"),,
where §j = (yfarget’ E) set by (2.13), satisfying (2.14), with the choice (2.15). We note that
Py:(17) = Py = (Py:(T2) = y*5,0) = Py.(12) - Py (5.45)
Then, by (5.34), we can write
p 1B pe(T7)] - T (AyZ(T7) — Ay, Pe(T:»v*,v (5.46)

1 2 * (o
< 14 S DTG+ ep | F(Puz(T2))

v- T 1Ay, p=(T7))
* *\ (12 * ~ * % |2 * ~|
<1+ WETHG +ep® + |(Pp=(T2), Aul)y- v | < 1+ BTN + 20 + |1 Ppe(T)|ly- | AuTlly -

Here, we took into account that
* 1 * tar 1 * tar *
pe(T2) = Z(Pye(T2) — Py™") = —P(Py.(I7) — Py™") = Ppe(12). (5.47)
Now, we use (2.14) which is assumed to take place for ¢ € (0,7 + 0), with T} the time specified in the control-

lability hypothesis (¢1), with T, > T*. Recall that T — T*. Hence, for ¢ sufficiently small, 7. € (0,7* + 9) C
(0, Tx 4+ 6), with § arbitrary small and it follows that relation (2.14) can take place also for ¢t = T, that is

* (% -~ * 1 * (i ~ * ~
<Ays (Ts ) - Ay7p6(Ts )>V*,V = g <Ay6 (Ts) - Aya P(yE(TE ) - y)>V*7V

Cs . 2 Cs « target ||?
> = IPy(T2) = Pl =~ |[Poa(T) =™
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Here we used (5.45). Then,

~ * 2
Audlly + Cs |lp (T3

~ C * ar
Andlly = ||Pye(T2) = Py'

* * * *\ (12 *
pIB*p(T) - < 1+ [RE(TE)Ilgr + ep® + | Pp=(T7))]

< 1+ TG +ep? + C* || B p(T7)]

V*

e

U=

where we took into account (2.12). We recall (4.18),
. 1 * * tar||2
lim sup % | Pyz(TZ) — Py HH =0,
e—0 €

and so, by (2.15), we can write

p || B pe(T7)|

ve <1+C+p1|[|B*p(T7)]

U

because ||h;(TE*)||[21 +¢ep? — 0. The convergence of the first term is due to (4.17). This yields

(p = p1) |1B™p=(TZ)]

ur <14+C,

and choosing p > p; we finally get (5.44).
As a matter of fact, in the proof of (5.44) the second component z of § can be generally set as the second
component of the approximating state solution.

If P = I, we proceed in the same way, and use that y'*" = (y‘farget7 y?rget) and (ds) and take Ay'e" instead
of Ay. We have

1
(Ayz(T2) = Ay pe(T2)) . o =  (AYZ(TZ) = Y™™ 9 (1) =4 )y

C
> — 2 ||y (T7) — ytar

- — 2 1Py = Pyl

I% =
H
which tends to zero by (4.18). Here, Py.(T)) — Py'®" has both nonzero components.

We recall the adjoint system given by (5.13)—(5.14). Since the final data is bounded in U*, according to
(5.44), we expect to obtain at limit a solution with a weaker regularity. We are going to obtain some uniform
estimates for the solution p,.

A first estimate is obtained by multiplying scalarly (5.13) by I‘I_les(t) and integrating from ¢ to 1

*

2 Te 1 2
Vot [ () B T () dr = 5 I

t

2 ()

where the first term on the right-hand side was obtained by using the properties of the duality mapping (A.15).
According to (2.11) and (2.12) for v = p.(T2) € V*, we successively get

T*

T: 1 . e « 1
vt O [ Il dr < @+ Co [ IR (1 Gl )ar

& (1)

[T )12 T 2
< SIB Tl + € [ Il ar
t
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Here, we used (3.2). By Gronwall lemma and (5.44) we obtain

T
lpe(8)]2. + / Ipe(r)| dr < C, for all ¢ € 0,17, (5.48)
t

independently on ¢.
Next, we multiply scalarly (5.13) by I';*p.(t) (where « is chosen by (2.9) and (2.10)) and integrate from ¢
to T. Applying (2.10) and (2.9) we obtain

1 2 T Cu 2
3 HF_Q/2pE(t)HH +Cl/ I’g )/QPE(T)HHdT (5.49)
t

2
U* -

.
c * 1 * *
<Co [ a0l (14 CallgZ (DY) + 5 I1B°p(22)
t

Recalling (5.48) we obtain Hrgfoz)hpg

< C, that is
L2(0,T;H)

”pEHU(O,T;;D(FS*W?)) <C. (5.50)

To use further these estimate we have to modify the functional framework in the following sense. We extend
the operator (A% (yX(t)))* to H, for all t € [0, T], namely we define A%, (y:(t)) : H C D3 — Dj; by

(e, = @ (A WEO)¥)a, for v e H, v € Dy, for all ¢ € [0,T7).

HaDH

The norm on D3; is defined by |6

by, = || (Al (42(£))) 70| ,;- We have, by (2.6)

*

'<A9{<<y:<t>>v,w> o = 10 A 0)0) ] < ol 14 (0 ()3

< Cllolly 1M, @+ lyz@®ly) < Cllollg 14l p,, -

which yields for v = p,,

| A% (w2 )

sy~ C Welizorem <€

since ||yZ(t)]|;, < C. By comparison in the adjoint equation (5.13) we obtain

||P;||L2(0,T;-D;,) <C. (5.51)

)

We recall that T — T™* and so T* — § < T, with § arbitrary, so that the estimates are true also on (0,7 — §).
By (5.48) and the latter, selecting a subsequence, denoted still by e, we have

pe — p weakly in L?(0,T* — §; H), weak-star in L>(0,T* — §; V*),

pL — p' weakly in L*(0,T* — §; D).

Because ¢ is arbitrary, the previous convergences take place on Ny, (0,7 —6) = (0,7%).
Since D (F(}}ﬂl)/z) is compact in H and H C D%, we have by Aubin-Lions lemma that

pe — p strongly in L?(0,T*; H). (5.52)
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Then, using the convergence y7(t) — y*(t) strongly in V a.c. ¢, and the continuity (2.7), we have
(An 2o = A0 00)

= (A ) = Ay )P0, 00) 4+ (A ) (p-(0) = pl1), (1))

HvDH

= (pe(t), (A (y2) = A (y" )P () g + (pe(t) — p(1), A (V" )P(1) g

for 1 € L?(0,T; Dy ), which implies by the previous convergences that

D}, Du

A}I(y;)pg — A}I(y*)p weakly in L?(0,T*; D3), ase — 0.
We also have
B*p. — B*p strongly in L*(0,7%;U*). (5.53)

By these convergences we obtain (5.42) in the sense of distributions and a.e.
We go back now to (5.22), and recall (5.29) which can be equivalently written

T
Nicp: (Pug) 3 2e = =B'p. — eF(Pu;) — / F(hZ(r))dr.
We pass to the limit as € — 0 and have

uf — u* weakly in L?(0,T*;U), B*p. — B*p strongly in L*(0,T*;U*),

F(h%) — 0 strongly in L2(O,T*; U*),

by (4.16), and
T
/ F(hi(T))dr — 0, strongly in U*, for all ¢t € (0,7)).
t

Therefore,

T*

€

ze = —B*p. — eF(Pu}) — / F(hX(7))dr — —B*p strongly in L*(0,T*;U*).

But Ng,. is maximal monotone from L2(0,T*;U) to L*(0,T%;U*), that is weakly-strongly closed and since
Pu? — Pu* weakly in L2(0,7%;U), we get —B*p € Ni... (Pu*), or equivalently (5.40).
Finally, we have to pass to the limit in (5.23). For this, we integrate (5.23) from s to s’, 0 < s < s’ < T* and

get
g/

S
’
S
S

T

B*p.(t) + /t F(hI(1))dr + eF(Pul(t))

dt+ / (A ()9 (0)

U*

T s
N * * € *
[P PO g drde+ S [ 1PN

(s —s) (1 s ||h:<T:>2U) -



MINIMAL TIME SLIDING MODE CONTROL FOR EVOLUTION EQUATIONS IN HILBERT SPACES 27

We recall that Ay* — Ay* weakly in L?(0,7*; H) and note that
T
/ (PuZ(r), F(hi(T)))y - dr — 0, for all t € (0,77).
t
Finally, ||h*(T2)||7, = 0, by (4.17). We pass to the limit as & goes to 0 and get

[ 1Bl + (g7 0, p0) ) = (o — ).

Dividing by (s’ — s) and passing to the limit as s — s’ we obtain (5.41), for a.e. t € (0,7*).

In the case when U = U* = H we have a particular result for which we assume the hypotheses (a1) — (ag)
and replace (d1) — (ds) by simpler ones.

Corollary 5.6. Let U =U* = H and assume (5.39), (2.14), and

(A ) v,0)m = Crlollg = Ce |lolly (L+ Cs llylly,), for ally,v €V, 120, (5.54)
|Pvl|l,; < C*||B*v|y, forve H, (5.55)
p>p1, pri=C"[|[Auyl g, (5.56)

(instead of (2.12)). Then, (5.40)-(5.42) take place and p(T*) € H.
Proof. We resume the proof of the estimate for ||[B*p.(T7)||; in Theorem 5.5 and have now in (5.46)
pIB p(T2) |y + (Ayz(T2) = Ay, p=(T2))y- v

< T+ RET) G + 2p” + [(AuG, pe(T2)) |
ST+ CHPp(T) g 1AuYl g < Cr 4 pr (1B p=(T2) || -

Since U* = H we get ||B*p(T))||; < C, which will ensure a more regular solution for p. We multiply (5.13)
by pe(t), integrate from ¢ to T and use (5.54) to obtain

T
Hm@@+l (7} dr < C, for all t € [0,T7]. (5.57)

Then,

T Ts
/O (A (2)) pe (1[5 dt < /O Ip= ()13 (1 + Cs ||y (1)][3,)de < ©

and by (5.13) we infer that

N
€ 2
A\Mwmﬁéa
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On a subsequence we obtain
pe — p weakly in L2(0,7%; V)N W12(0,T*; V*), weak-star in L>(0,T*; H),
strongly in L?(0,T*; H),
where p turns out to be the solution to (5.42). The rest of the proof can be led as in Theorem 5.5. O

Remark 5.7. Consider the case P = I and y'%" = 0 and assume that, for each y € C([0,T]; H) N L%(0,T;V),
the linearized problem

Y'(t) + A'(y)Y (t) = Bu(t), ae. t >0, Y(0) =Yy

is exactly null controllable in the following sense: for each Yy € H with ||Yy||; < 1, there is v € L?*(0,T;U), with
10l 220,707y < 7, such that Y/(T') = 0. Then, Theorem 5.5 remains true, without assuming (d1) — (ds). Here there
is the argument. By the above controllability hypothesis, we get for the dual equation, —p’(t) + (A’ (¥))*p(¢t) = 0,
the following observability inequality:

- 1/2
Ip(O)|l 5 <~ (/0 IB*p(t)||7- dt)

and therefore

- 1/2
Il 5 < (/t |B*p(T)|[7- dT> :

Then, substituting in (5.23) we get ||p-(t)|lz < ™ ftT; ||B*p€(T)||?]dT +C(e)+C < Cy, for all t € [0,TF] and
then fOTE - ||p5(t)||i1 dt < Cs, 6 > 0. Thus, we may pass to the limit in (5.13)—(5.14) to get (5.40)—(5.42).

6. EXAMPLES

We particularize our results to some equations and systems modelling various processes in physical appli-
cations. Let  be an open bounded subset of R?, d < 3, with a sufficient regular boundary 9Q and let v
be the outward normal to 9. Let L"(2) be the space of r-summable functions, y : Q@ — R, with the norm
lyll, = (Jq \y|rdx)1/7‘, 1 <7 < oo, and ||y, = esssup,cq |y(z)| for r = co. The spaces H"(Q) := W (1),
with 1 <7 < oo, and H}(Q) are the standard Sobolev spaces, and H~1(Q) is the dual of H}(Q).

Example 1. Diffusion equation with a potential and drift term. Let us consider the problem

Yt — Ay + ﬂ(y) + a1y — V- (by) = u, in (0,00) X Qv (61)
y(0) = yo, in £,
dy B
$+7y— 0, on (0,00) x 09,

where

B : R—=R,BeC(R),B(0) =0,
0<ag<pB'(r)<L(r|"+1), forallr e R, x €[0,2], (6.2)

a1 € L®(Q), be (WH°(Q))3, b-v=00n9Q, v L>®(09Q), v> v >0 a.e. (6.3)
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This problem characterizes the evolution of a diffusion process under the influence of a potential 8 and of a
drift term V - (by). For § = 0 the model can describe the diffusion with transport of a substance in a fluid. If
b=0, B(y) = y> and a; = —1 we note that this is the Allen-Cahn equation describing the phase transitions of
a material, which can exists in different phases, under the influence of a double-well potential. Such a problem

with different assumptions for S was treated in [3], Section 6.1.4.
We study problem (P) for u € L>(0, 00; L2(2)) with [lu(t)| 5z < p a.e. t > 0.

Proposition 6.1. Let yo € V, yt@9€t ¢ Dy d = — Aytarget o g(ytargety o o ytarget _ g (pytargety ¢ r2(q)
and p > ||d|| 2 (- Then, there exists (T"*,u*) solution to (P) satisfying (5.40)-(5.41), where p solves

pe—Ap+ B (y)p+ap+b-Vp=0, in (0,00) x £,

Op B
Y +9p =0, on (0,00) x 99,

p(T*) € H.

Proof. Let us set:

H=1%Q), V=HYQ), V*=(HY(Q))*, Dy = {y € H*(Q); % +~y =0on 89},

L:v—=vey Ty, ¢)y.y = / Vy - Vipdz —|—/ ~v(x)yydo, for ¢ €V,
Q o0

I'y:Dy CH— H, 'y =-A,

U=H B=1, A:V — V",
Ay, By y = /S (Ty+by) - Vi + /Q (B(y) + ary)dde + /8 (@),

Ag Dy CH — H, Agy=—-Ay+ B(y) + ary — V - (by).

We shall check first the hypotheses (a1) — (¢1) in Section 3. Since § is maximal monotone we have

(Ay — AG,y = )y vy > /Q(\V(y 9+ (By) - B@)(y — 7))z + /Q ar(z)(y —g)*de

+ bly —7) - V(y —y)de + /mv(x)(y —9)°do = Cily =73l - Cally = 9lls» 7€V,

implying that Al 4+ A is coercive for A large. Here, we used the trace theorem, ||y||L2(aQ) < Cur |lylly > with Cy,
is a constant.
By (6.2) it follows that |3(r)| < C|r|"*" +|r|, and so, for & € [0,2] we have that

18 <C /Q (1wl + 1yl?) dz < 1 (I3 + il ) -
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Let y, — y strongly in V. Since ||8(yn)||; < C it follows that 3(y,) — S(y) weakly in H because  is strongly-
weakly closed. Moreover, we have B(y,) — B(y) a.e. on Q, and so B(yn) — S(y) strongly in H, by Vitali’s
theorem. Therefore, it follows that A is continuous from V' to V*. Then,

(A, by < C lylly 161y + (5(0) + ary, O = (7 - (by), )y v
< Clylly el + 18- 19l + loylly 191, < & (Iolly + Tyl + 10l Il ) 16l

V*

hence [|Ayl|,. is bounded on bounded subsets.
Relation (2.4) is immediately verified, because

(-Ay+By) tary — V- (b )*Ay) > (| Ayl = laalloo IVollE = =2yl 1V - 09)]
1
§||FHy||H a1 [l V7317 — ZHbzvalell“HyIIH Clylly

i=1

since (B(y), —Ay) g > 0 by the monotonicity of j.
The controllability (¢;) follows by Proposition A 4.
Next we verify (a3) — (as) in Section 5.1. We introduce A'(y) : V — V*,

(A (9)2 By = /Q (V2 +b2) - Vopda + /

Q

(8'(W)z + ar2)gds + / y(z) 29do,

o0

then A% (y) : Dy — H, Aly(y)z = —Az + B (y)z + a1z — V - (bz), and

(Al 1))z = —Az + B'(y)z + arz — b- Vz with % 2= 0 on 00,

and provide first some estimates. Using the Holder inequality we have

1/q , 1/q'
B = 18wl < [ (™ +1)lsF dm<0( / |y|2%) ( JCs dx) Lol

< C (Iylizn, 1213, + 11215 ) , for y, 2 € D,

where 1/q+1/¢ = 1. Now, we recall the embedding W*™ () C L"(Q), where d > sm, m < r < 727 (see [1],
p. 217, Thm. 7.57) and apply it for m =2, r =2¢’, s =1 — a, for a € (0,1) to get

HY(Q) € W'™2(Q) = H'=*(Q) c L* (),
with ¢’ > 1. Then, [|y[|y,, < Cllylly if 2kg < 6. Thus, we obtain
= 18@)ella < € (Wl 1=l + 2l ) < C izl Qlly +1). (6.4)

To this end we must have 3 > 2(1 — «) which is satisfied for « € [0,1] and

6
2<2/ < ——— implying ¢ < .
=S50 o) PV =0,

In particular, these are true for k < 2, ¢’ > 3. Then

1A"(y)z|

ve S Crlzlly +18'(y)2|

v < Collzlly (L+ Cllylly), fory,z €V,
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1A% W)zl < Cullzllp,, 1+ Cllylly), for y,z € D

Moreover, y — A’(y)z is continuous from V to L(V,V*). Indeed, let y,, € V, y, — y strongly in V. Then, as
before, 5’'(yn) — 8'(y) strongly in H. Therefore,

1A' ()2 — A )2y = / (B (yn) — () ztpd — 0.

Similarly, let y,,, ¥ € Dy, yn — y strongly in V and z € Dy C C(Q). Then,
14" (yn)z — A'(y)zll iy = 108" (yn) — B'(y)) 2l — 0.
To prove hypothesis (ag), equivalently (2.8), we calculate
(FAz+B'(y)z+ a1z —=b-Vz,Tu2)y. g

2
> [Tzl = 18" ()2l ITvzll g = larllo 21 g 1Tzl g = 116 V2l g [Tzl
2 K 2
> Clllvzlly = Calllylly + D lIzlly » for z € V.

Here, we used the last inequality in (6.4) and the following relations

(T2, Tuz)yey > Tuzlf, 2 €V, (6.5)
ITazlly > ITvzlly s 2 € Dy, (6.6)
I2llp, =T azlly - (6.7)

Since U = H it remains to check the hypotheses (5.54),
(A @)z 2)m 2 IV2I5 = laall 1215 = 16 V2l 12l = Callzly = Ca 2l

and (5.55) which is automatically verified with C*, for p large enough. Thus, Corollary 5.6 can be applied.
O

We remark, that in virtue of Remark 5.7, Proposition 6.1 applies to equation (6.1) with an internal controller
yr — Ay + B(y) +a1y—V- (by) = lg,u, in (0700) X £,

where 2 is an open subset of Q and 1q, is the characteristic function of Q. Indeed, by [15], the corresponding
linearized system is exactly null controllable.

Example 2. Porous media equation. Let us consider the porous media equation

yr — AB(y) = u, in (0,00) x Q,

y =0 on (0,00) x 99, (6.8)
y(0) = Yo,
where
B :R—=R, gcC?R), B(0)=0, (6.9)

0<ag<pB'(r)<ci|r|"+co forr €R, c1,60 >0, 0< Kk < 1.
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The hypothesis for k places the equation in the slow diffusion case. We study problem (P) for u €
L*(0,00; H-(2)), [u(@)l -1y < P, a-e. t20.

Proposition 6.2. Let y!@9¢t ¢ HL(Q), AB(y1979¢t) ¢ H-1(Q), yo € HL(Q), JO B(s)ds € LY(R). Then,
there exists T*, u* and y* solution to (P) satisfying (5.40)—-(5.41), where U, H,V are chosen below and
p € Cyu([0,T*]; H-1(Q)) N L2(0,T*; L?(2)) is the solution to

—pe —A(B(y")p) = 0, in (0,T7) x
=0 on (0,T%) x BQ (6.10)
—

p(T ) Q).

Proof. The proof is led in three steps. First, we prove an intermediate result for 8 having the properties
0<ag<pB(r)< M, |B'(r) < My, for all € R. (6.11)

Then, we consider (6.8) by replacing 8 by the Yosida approximation (3, which has the properties (6.11) and
obtain the minimum time controllability for the approximating solution y,. Third, we pass to the limit as v — 0.
To this end, we choose

Dy = Hy(Q), V=L1*Q), H=H"'(Q) = (H(Q)", V"= (L*(Q)",
where (L2(Q2))* is the dual of L2(f2) in the pairing with H~1(Q) as pivot space. Moreover,

P=I,B=1,U=H'Q)=U*and Ty :Dy C H— H, Ty = —A.
We define the operator A : V — V* by

(Ay, )y v = (B(y), )y, fory, i € V = L*(),

and Ay : Dy C H — H by Agy = —AB(y).

The norm on V* = (L*())* is given by (6,0)v+ = [[¢/]72(q, where 6 = —Aq.
The controllability (¢1) follows by Proposition A.4. We begin to check the hypotheses of Corollary 5.6. First,

(Ay — A7y =Gy y = (BW) = B@)y ~ v = a0y~ .
which implies the coercivity, too. Then,
(A L) = (=8B0) ) p, = [ 7)o do > ao
We have A% (y)z = —A(B'(y)z) and (A'(y))*z = —A(B'(y)z), where ' (y)p € V = L?(Q). Next,

1A' W)zl = 18" (w)zlly < Mulizlly , fory,z € V = L*(Q),

and if y,, — y strongly in V = L?(Q), we have

1A (yn)z — A'(W)2lly- = 108" (yn) — B' (W)l L2 () — 0 a8 n — o0
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This follows by Lebesgue dominated convergence theorem since B'(y,)z — f'(y)z a.e. on Q and
|(8"(yn) = B'(Y)) 2|12y < 2Mi |2|. Then, since we can write 3(r) = aor + B1(r), with B;(r) > 0, we have

(A W)z T2y v 2 Tzl = B (1Y) Tuz)r20) = CrlTuzlly — Co 1201720 -

Finally, we have to check (5.54), that is

(AB'()2), 2)u = (AP (Y)2), 2)y- v = /QB’(y)Zde > ag 2]y

while (5.55) which is automatically verified. Thus, we get a minimum time and a controller satisfying the thesis
of Corollary 5.6.

In the second step we replace 3 by 3, in (6.8). Both £, and 3!/ are bounded by constants C,,, for each v > 0.
On the basis of the previous result we obtain that there exists T, u;, and y; satisfying

Pu’(t) € (Ng) ' (=B*p,(t)), ae. t € (0,T7), (6.12)

o Ipw @)l + / B (Opu(t)dz = 1, ae. t € (0,T7), (6.13)

*

where y* is the solution to the approximating state system (6.8) (with §,), corresponding to (7%, u%), and p,
is a solution to

—p,(t) = AB(y;)py) =0, ae. t € (0,T7), (6.14)
||pV(T:)||H—1(Q) <C. (6.15)

A first estimate for v reads
1951 e 0,722 ()L (0.1 13 (02)) < C (6.16)

where C' denote several constants. By multiplying the approximating equation (6.8) by 5, (v} (¢)) and integrating
on (0,t) we obtain

. ¢ 2 . ¢
Lo+ [ I9AGEON e dr < [ s+ [ )l o 1050 gy i

where 95, (r) = B,(r) and 9j(r) = B(r) for all r € R. This implies

[ vtz + [ 1985 < € ( JE T:pQ) | (6.17)

Since j(r) = [; B(s)ds and j(yo) € L*() it follows that the right-hand side in (6.17) is bounded independently
of v. This yields

Hﬂl/(y;)||L2(07T;;Hé((g)) <C. (6.18)

Then, we multiply (6.14) by p,(t) and integrate over (¢,T), getting

||pvHLOC(O,T;;H—I(Q))mLQ(mT;;L?(Q)) <C. (6.19)
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Next, we determine an estimate for A’(y)p, and begin by computing

/Q 1B (5 (Opu (D) dar < Cy ( / |py<t>|2dx)q/2 (( / (0 dx)”q/H)

< Ol (O% 0 Ul (DI, + 1), for ace. ¢,

where % =1-12, that is ¢ = Q—Eq, for 1 < ¢ <2 and k¢ = ;—f‘é < 2, meaning that g < %H, which is true if
k < 1. Therefore, by (6.16) and (6.19) we obtain
||5/u(yz)pu||Lq(o,T,j;Lq(Q)) <Gy, 1<g<2 (6.20)
This implies that
IIAﬁL(yZ)pulqu 0,7::x) T prjHLq 0,T%:X <Cs (6.21)
0,77:X) 0,77:X)

where X is the image of L(Q2) by the operator —A. More precisely, X is the completion of L9(£2) in the norm
Nwlllx = ||A*1w||Lq(Q). Moreover, applying the same argument as in Theorem 5.5 we can deduce that T} — T,

and on a subsequence, it follows that

yi — y* weakly in WH2(0, 7% H-1(Q)) N L2(0, T*; Hy(S2)), strongly in L2(0,T*; L*()),

Bu(y}) — B(y*) strongly in L(0,T*; L*(Q)),
since y, — y strongly, 8, (y%) — n weakly in L%(0,77; L?(Q2)) and j3 is strongly-weakly closed. Then,

P 78

p, — p weakly in WH2(0,7%; X) N L?(0,T*; L*()),
weak-star in L°°(0,7*; H~*(Q)), strongly in L*(0,T*; H'()), (6.22)

and
Bu(yi)py — ¢ = B'(y*)p weakly in LI(0,T*; L(Q)). (6.23)
Indeed, 3, (y5) — B'(y") ae., f3 1803 20y At < f)* 195030 At < € and so
Bi(yy) = B'(y*) weakly in L*(0, T*; L*(Q2)).
Then, by (6.22)
B, (ys)pw — B'(y*)p weakly in L'(0,T*; L' ()

and choosing ¢ € C§°((0,T) x Q) with T' > T™* we have

/ V /(@C(y;)pu — B'(y*)p)pdxdt — 0,
0 Q

which yields that ¢ = 8'(y*)p a.e. Thus, (6.23) holds true. Now, we can pass to the limit in (6.14) and (6.15) to
get (6.10) and in (6.13) to deduce

pIB ()|l -1y + (Ay" (1), p(1)) m-1(0) = 1, ae. t € (0,T7).
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Finally, we pass to the limit in (6.12), written as —B*p, € Ni.,. (Pu}), taking into account that Pu} — Pu*
weakly in L?(0,7%; H=*(Q)), —B*p, — —B*p strongly in L?(0,7*; H~*()), and Ni,. is weakly-strongly
closed. Here, Kp- = {w € L*(0,T*; H=1(Q)); [wE)lgg-1(0) < p ae. t}. O

Example 3. Sliding mode control for reaction-diffusion systems with nonlinear perturbations.
Let us consider the system

yr — D1Ay + f(y, 2) = u, in (0,00) x £, (6.24)
2t — D2AZ + g(yvz) = Oa in (0,00) X Q»

oy 0z

£y —@—O, on (0,00) x 09,

y(0) = yo, 2(0) =29, in Q.

For certain expressions of f and g, equation (6.24) can model different reaction-diffusion processes, as for
instance the diffusion, in a habitat €2, of two populations with the densities y and z, interacting between them
according to the laws expressed by f and g.

In some situations, (2.14) can be satisfied and so one can control the first component of the state y, with one
controller, letting z uncontrolled. In this example we shall focus on the situation when V' C U and prove the
minimum time sliding mode control for this system.

Case I. Let us consider that f, g are generally nonlinear, f, g € C?(R x R), such that

sup  (|Vf(r1,m2)| +|Vg(ri,m2)]) < M (6.25)
(r1,r72)ERXR

and D; > 0, i = 1,2. We study problem (P) with U = L*(£2). We set
H=L*Q) x L*(Q), V=H"Q) x HY(Q), V* = (H*(Q))* x (H*(Q))*,
D:{weHQ(Q); ‘;jjzo(mafz}, Dy =D x D,
U= (L'(Q), LY(Q)), U = (LY3(Q), L"*())), (B(u,uz) = (u,0),
P(y,2) = (5.0), v = ("8, 21) , a1 € L2(Q),

AV =>V* (Aly, 2), (1/1172/12)>V*,V =D / Vy - Vi dx + D2/ Vz - Viodx
Q Q
+/Q(f(y72)w1 +9(y, 2)b2)da, for (y,2) €V,

andAH:DHCH—>H,

s sraet RSS!

In this case,
I'y: Dy CH—H,Thr(y,z)=(I—-A)y,(I—A)z)=Tgy,Tyz),

with the homogeneous Neumann boundary condition. The controllability (c¢;) can follow as in [8]. Namely, first it

is proved that there exists a controller u € L>((0,00) x Q) and T, such that for p large enough y(7}) = yfarget,
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where T, depends on p. This controller belongs also to L>(0, c0; L*(Q2)) but the controllability follows with a
different p calculated from a relation between the norms in L*(Q) and L>°(). Moreover, the time T} is smaller

as p is greater.
Let K = {u € U = L) x L*(Q); llull, < p}-

Proposition 6.3. Assume (6.25) and yo € H*(Q), yfarget €D, Ayfarget € HY(Q). Then, there exists T*, u*
solution to (P) satisfying (5.40)—(5.41),

Pu*(t) € (Ng) ' (=p(t)), a.e t € (0,T*),

plp@lly- + (Aay™ (1), v(t)m =1, a.e. t € (0,T7),

where v = (p, q) is the solution to

—pt — D1Ap+ f,(y*, 2" )p+ gy (", 2")q = 0, in (0,00) x €,
—qr — DoAq+ f.(y*, 2" )p+ 9:(y",2")q = 0, in (0,00) x Q,
op 0q
5_5_0, on (0,00) x 09,

p(T*) e V*, ¢(T*) =0, in Q.

Moreover, y(t) = yfarget fort>T*.

Proof. Tt is obvious that A is continuous, monotone and coercive and (2.1)—(2.3), (az) are satisfied. We have for
wi= (y,2) and v := (p,q)

/ _ _D1A+fy(yaz) fz(yaz)

Ay (y,2) = |: gy(y72) —DoA + g.(y, 2) :| )
/ * _D1A+fy( 7Z) y( ’Z)

(Anly,2))" = [ f2(y,2) ’ ngyzA+gz(y,Z) ]

where fy, f., gy, g. denote the partial derivatives of f and g with respect to their arguments and they belong
to L*°(R x R). Then,

2 2 2
(Ar(y,2),Tr(y,2) g = CUITayll; + [Tazl; = Cill(y, 2y
and it is easy to see that (a3) — (as5) are satisfied. Regarding (ag) or (2.8) we have for v = (p, q),
(Al (y:2) 0. Tyv)y y 2 [Tl = ol Tl = C Tl = Caloly,

where T, (p,q) = (I'up,T'q).
Next, we verify the hypotheses in Section 5.3. Relation (2.12) is satisfied because

[|1Po]

ve = Ipll ey < € Ipllays = C* 1Bl

since HY(Q) C L*(Q) for d < 3. Also,

|Pra2o| = ]| < Clpllia-a@) < CLlpllays = CaIB*Ply- , for v e H,
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— 2 — —
(A% W), TH'v) = Clolly = 1y (s 20l (T3 2l — 9= (. 2)all g 105 all
2 2 2
> Cllolly = Ml [[vlly. = Culolly = Callvlly-

and
(A @) D), > C [0 — ol
where I';,*(y, 2) = (T';"y, ;" 2). Here we used the estimate
[T = 1oy < 0l

since L?(Q2) C H~%(Q). Moreover, D(F;a/z) = H~%(f), according to the characterization of the domains of
the fractionary powers of —A given in [14], Theorem 2, for a < 1.

Now, we have to check (2.15) and (2.14). To this end, we assume that Aygarget € H'(Q) and choose Z to be
exactly the second component z of the solution to (6.24). First, we prove that it has the necessary regularity.
We recall (3.2) and (3.6), that is

t
1 AXOI + 101 M srannsioon < € (Wm0l + [ Tl ar) e

for all t € [0,7], T > 0. Since y; € L*(0,T; H) we expect to have a more regular z. We consider the equation
Wt _DQAw+gz(yaz)w = _gy(yaz)ytv (626)

with %} =0 and w(0) = 2(0) = DyAzy — g(yo0,20) € P(V) = H(Q). This is computed directly from the
equation for z, observing that by the hypotheses for g and the initial data we have g(yoz0) € (I — P)(V) = H'(Q).
We note that (6.26) represents also the equation for z;, obtained by formally differentiating the equation in z.
Since in (6.26) all coefficients on the left-hand side are in L>(2) and g, (y, z)y: € L*(0,T; H), it follows that it
has an unique solution

w € Cyu([0,T; V)N L®(0,T; V)N L*(0,T; W) nW2(0,T; H)

and so we can deduce that w = z; and that z; belongs to the same spaces. Moreover, by multiplying (6.26) by
wy we obtain, by some calculations similar to those in Theorem 3.2, that

12 (2)]

where this constant depends also on 2,(0) € P(V'), namely on [|Az|,

Cw ([0,T];V)NL2(0,T;W)NW1:2(0,T; H) < C%» for all ¢ € [0, T,

Ch = C (Iwollfrs i + 18200110 + T?) 7.
Going back to the equation in z we have
—DyAz(t) + g(y(t), 2(t) = —z(t) €V,

because [|g(y(t), 2())[| g1 (o) < Cr. Indeed, e.g., ||gy(y(t),z(t))Vy(t)HHl(Q) < MCr, by (3.2). Next, in the same
way we see that if Ay‘farget € H'(), then f (y‘farget’ z(t)) € H'(Q2) and so 7D1Ay‘farget +f (y’farget, z(t)) €
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HY(€). Moreover,

|=Dr 2™ w0, 20 o+ I=D2820) + 90(0), 20)2 O] 10

< COp +Ch < C(Co+VTp)eCT, t>0.

Here, Co = [[yo|| 71 () + | A%0lly,- This implies that
HA (yfarget)z) HV < C(Co + VTp)efT

In order to satisfy (2.15) we have to impose that

p>C*C(Cy+VTp)eT. (6.27)
We can check that if
VTeT < % (6.28)
then
> % (6.29)

and consequently (6.27) are satisfied. We note that, for any positive constant C, the equation VTeCT = é has
a unique solution Tk, and so any T € [0, Ty, ) verifies (6.28). We can choose p sufficiently large, such that the
time T} in hypothesis (¢1) becomes smaller enough, such that to remain in (0, T}.). We have to check (2.14),
that is

(Al(e), =) = A (578 2) ,y =18

V=V
= D1 [V () -5 F(0),2(0) — £ (51775, 2)) (y(e) 512 ) da

L2 (Q) Q
target target
=) MCOREH | B FC I
> Dy ||V (y(t) =y Ly y(t) — @)
which is true for any ¢ > 0, in particular for t € (0,7} + 9).
Finally, we prove that Py(t) = y‘farget for t > T*. Let us denote the solution to (6.24) for ¢t > T* by
(y(t),z(t)). Then, it satisfies
- DAy + f(ga z) =u, in (T*7 OO) x €1, (630)
— DyAZ+g(y,2z) =0, in (T*,00) X Q,

with homogeneous Neumann boundary conditions and the initial data at ¢ = T, y(T™*) = yfarget’ Z(T*) =

z(T*). The second equation with § = target has a unique solution well defined. If w is replaced in (6.30) by
u*(t), t <T*
u(t) = { at), t>T*
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where u(t) = fDlAnyarget +f (y%argetv E(t)), then (y(t),z(t)) = (y%arget’ E(t)) verifies the first equation and

this proves that the solution slides on the manifold y‘lsarget for all ¢ > 0. Thus Theorem 5.5 can be applied to

obtain the conclusion of the Proposition 6.3. O

Case II. We can also put into evidence a particular case in which the choice of Z is independent of u, T' and the

system solution. Let us assume that y‘lcarget =0, and

f(0,2) =0 for all z, f(y,2)y >0 for all (y,2) € H. (6.31)

We have to check (2.14). We set § = (0,%), where Z in this case can be taken any value such that A(0,%2) € V,
in particular z = 0. We have

(A(y,2) = A(0,2), Y) vy = (=D1Ay + f(y,2),9))u = D1 |Vyl3; > 0.
A particular situation is f(y,2) = yf2(z), with f2(z) Lipschitz and positive, for example fa(z) = 7.
Case III. Reaction-diffusion systems with linear perturbations. Let us consider (6.24) with f(y,z) = a1y + b1z

and g(y, z) = asy + bez. The functional framework is the same as in the precedent example and all hypotheses are

satisfied. We shall check only (d4), by setting y = (y‘lcarget7 z), where z is the solution to (6.24) corresponding

to T and u. We have

<A(y7 Z) - A(?, 2)’ Yy — y>V*,V )
= (=DiAly -9 +arly -7 +bi(z—2),(y—=9))u = Cill(y =PIl > 0.
Case IV. FitzHugh-Nagumo reaction-diffusion model. For f(ri,ro) = agry + 1o, g(r1,72) = —ory + yre and

Dy = 0, the system (6.24) becomes the well-known FitzHugh-Nagumo model (studied e.g. in [16]). In this case,
the hypotheses are verified with the choice

H=L*Q) x L*(Q), V= H'(Q) x L*(Q), V* = (H*(Q))* x L*(Q),

Dy = {y € H*(Q); 4

: (’TZ =0on aQ} x L2(9).

Example 4. Phase field systems. Let us consider the phase-field system of Caginalp type, for the phase
function ¢ and the energy o written in the following form (see e.g., [8])

oy — kAo + klAp = f +u, in (0,00) x Q,

0 — vAp + B(p) + (@) = yo —7lp, in (0,00) x Q,

dp  Oo )
= 9 =0, in (0,00) x 09,

©(0) = o, (0) =09, in Q

and study (P) with U = (L*(Q), L*(Q)), Pu = (u,0), B(u,us) = (u,0) and the rest of the spaces as in
Example 3. Here 3(r) = r® and 7(r) = —r for r € R, the function 8 + 7 representing the double-well poten-
tial. The controllability hypothesis (¢;) can be proved in a similar way with the proof of [8] for the case
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u € L*(0,T; L*(Q)), |lu(t)|l, < p a.e. t. The regularity of the second state component ¢ is proved as in the
precedent example and so z := ¢(t) which is the appropriate choice for checking (2.15) and (2.14). We mention
that the proof of the minimum time for the Caginalp system with the singular logarithmic potential is considered
in [10].

Example 5. Diffusion with nonlocal controllers. We note that the theory works too if B is a nonlocal
operator. This is the case when Bju; # u;. Let us consider, for instance Example 1, where B : L?(Q;) — L?(Q)
is defined by

(Bu)(z) = 5 K(z,2)u(z)dz, z € Q

and K € L?(Q x Q). If the kernel K is such that

1Bl 20,y = 7 0]l 12y » for v € LA(€),
it follows that the controllability assumption holds and all conditions are satisfied. Here, B* : L?(Q) — L?(Q;)
is defined by B*v(x) = [, K(x, z)v(z)dz, because

(Bu,v)r2(0) :/v(x) K(z, 2)u(z)dzdz

Q o
:/ u(z)/ K(z,z)v(x)dzdz = (u, B*)2(q,)-
Q, Q

APPENDIX A

A.1 Some definitions and results related to operators in Hilbert spaces

Let H, V be Hilbert spaces, V* the dual of V, V C H C V* with compact injections. Let A : V — V*.
The operator A is demicontinuous if y,, — y strongly in V implies Ay,, — Ay weakly in V* as n — oo.
Let (-,-)y«  denote the pairing between V* and V. The operator A is coercive if

(Ay,y = y")

lim
llylly, —o0 lylly

= 400, for some y° € V.

Let A be an operator on the Hilbert space H. It is called m-accretive if it is accretive,
(Ay — A7,y —9)y >0, for all y, 7 € D(A)

and m-accretive if R(I + A) = H, where I is the identity operator and R is the range. The operator A is quasi
m-accretive if (A + A) is m-accretive for \ sufficiently large.

The operator Ay : D(Ay) C H — H is the restriction of A on H defined as Ay = Ay for y € D(Ay) =
{yeV; Ay € H}.

Let A : V — V* be single-valued, monotone, demicontinuous and coercive. Then, it follows that it is surjective
(see e.g. [6], p. 36, Cor. 2.2) and Ay is m-accretive on H x H.

Let A € CY(V,V*). The Gateaux derivative of A is the linear operator A’(y) : V. — V* defined by

A'(y)z = lim —A(y +Az) — Ay

strongly in V*, for all y,z € V. (A1)
A—0 A
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If Ay € CY(D(Ag), H) we similarly define (Ay)'(y) : D(Ay) = D(Ay) C H — H by

A —A
(An) ()= = lim AW A = Ay
A—0 A

strongly in H, for all y,z € D(Ap) (A.2)

and observe that (Ag) (y) = (A" )u(y), for y € D(Ap), so that in the paper we use the notation A’ (y).
Let X and Y be Banach spaces. The operator G : X — Y is said to be strongly continuous from X to
L (X,Y) if for y,, — y strongly in X, as n — oo it follows

1G(yn)¥ = G(Y)Y[ly — 0 for all ¥ € X. (A3)

A.2 Duality mapping

Let U be Banach spaces with the dual U* uniformly convex, implying that U* and U is reflexive (see e.g.,
[6], p. 2). Also, it follows that the norm in U is Gateaux differentiable.

Let F : U — U* be the duality mapping of U, which is single valued and continuous (see e.g., [6], p. 2,
Thm. 1.2). We recall that

(Fu,uyg. o = ullgy s 1Fully. = llully - (A4)
Let K = {u € U; |Jul|; < p}, let Ik be the indicator function of K and define
J:U =R, j(u) =Ig(u). (A.5)
Then,
. {AFu; A >0 lully =p
9j(u) = 0k (u) = Nk (u) = § 0, [ully <p (A.6)
9, [ully > p
where 0j : U — U* is the subdifferential of j, Nk is the normal cone to K in U* and A > 0. The first line in

(A.6) should be understood in the multivalued sense.
The conjugate of j is j* : U* — R,

7*(2) = swp { {200 o = i)} = s {2005 el < o} = plely- (A7)
Then,
o N1 -1 Flz "
0J"(2) = (09)H(2) = Nig' () = p =, 2 € U" (A.8)

Since U is reflexive, F'~! is just the duality mapping of U* and so D(F~1) = U*.
If 2 € Ng(u), then u € Ni'(2) and we have

(2, u>u*,U =pllzly- - (A.9)

Let ¢ be positive and define

je(w) = 5 Nullg + e (w). (A.10)
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We recall that the subdifferential
1 2
0 (2 ||u|U) = Fu, (A.11)
whence

0je(u) = eFu+ Nk (u), for all u € K. (A.12)

Then,

52(0) = sup {{¢vhe g = Ge0) ) = -

aup {1k @ + S 101} = (€00}

inf

veEK
€ €

= (eFve + z87v€>U*,U ) ||U6||12J D) HU;-:”%[ + <z67vE>U*,U'

We specify that in the lines before the infimum is realized at v. which is the solution to the equation e F'v. +
Nk (ve) 3 ¢, that is eFve + z. = (, where z. € Nk (ve). Therefore,

- 3 2 3 2
Je (€) = (eFve + Z€7UE>U*’U ) HUEHU = 5 HUEHU + <Z€7UE>U*,U7
implying by (A.9) that
ok € 2
Jz(Q) = B vl + ozl s 2e € Nic(ve).
Finally, if u € (eF + Ng)71(¢), it follows that

(94e)H(Q) = (eF + Nk) () = 942(¢) (A.13)

and

. 9
Je () = 5 HUsH%] +p ||ZE||U* , Ze € Nk (ue). (A.14)

A.3 The canonical isomorphism

Assume now that H and V are Hilbert spaces, and V' has the dual V*. The duality mapping, which we denote
by I': V. — V* is the canonical isomorphism of V onto V* (see e.g., [6], p. 1). We have

L e L(V,V*), (To,0)y.y = ol [P0l = [lvlly - (A.15)

In addition, Iy, the restriction of I' to H, is m-accretive on H x H, with the linear domain denoted Dy which
is densely, continuously and compactly embedded in V,

D(Ty) == Dy C V. (A.16)

For v > 0, we denote by I',, the Yosida approximation of I'y, that is

1
Loy = (= (I +vl) Yy =T +v0m) 'y, y € H. (A.17)
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A.4 Comments on the hypothesis of controllability

Hypothesis (c¢1) ensures that the admissible set for problem (P) is not empty. For example, in the case of
Caginalp phase field models the proof of the controllability was provided in [8]. Further, we shall argue for the
reliability of such an hypothesis, giving a brief proof of the controllability of (1.1)—(1.2) in some cases. First, let
us set

u(t) = —pSign (B"P(y(t) — y"*")),
where Sign: U* — 2 is defined by

””ﬁ)u* , y#0

B(O,p), y=0. (A18)

Signov = {

Here, B(0, p) is the ball of center 0 and radius p in U*. It is well known that v —Sign v is m-accretive on U*.
Let us consider the problem

y'(t) + Ay(t)) > —pBSign (B*P(y(t) — y'")), a.e. t € (0,7) (A.19)
y(0) = yo.
We refer to the case when one state component is controlled by one controller, that is
Py = (y1,0), U=Uy x Uy, Uy = Uy, B=(B1,0), By : Uy — Hy,
and assume
R(By) = H;. (A.20)

(Wher)l P =1, Bu= (Bju1, Bousg), we impose the condition R(B) = H. The proof is the same, by replacing H;
by H.

Hypothesis (A.20) implies, by the Banach closed range theorem (see [24], p. 208, Cor. 1) that (Bj)~! is
continuous from Uy to Hy and By ' € L(Hy,Uy). This means ||(B) 2| . < C|zlly, for z € Uy, or, equivalently

H
[wllg, < Cl|Biwl|y, forwe Hi. (A.21)
We also assume that
(Amy — Any'™, Ply —y"" )i > —C1||P(y — y'")|[3,, for all y € Dy, Py'™" € P(Dp). (A.22)

It is clear that when B; = I, then U; = H;. Otherwise, we have the situation in Example 5.

Proposition A.4. Let yo, Py'®" € P(Dg) and let (ay), (a2), (b1), (A.20), (A.22) and
p> || Auy' ||, + Co||Pwo — v,

hold. Then, there exists T, € (0,T) such that, for p large enough, Py(T.) = Py'®", where y is the solution to
(A.19).

Proof. The operator BSign (B*Pv) is m-accretive on Hi. Indeed, for v,o € H; we have

(BSign (B* Pv) — BSign (B*Pv),v —v) g, = (Sign (B*Pv) — Sign (B*Pv), B*(v — 7))y, > 0,
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because B* Pv = B*v, w —Signw is m-accretive and P? = P. For the m-accretivity let us consider the equation
y + pBSign (B*P(y —y'*")) = f € H (A.23)
which, by denoting z = y — y%%", is equivalent with z + pBSign (B*z) = f — y'%". We set B*z = v € U; and get
B~Y(B*)"'v + pSignv = B~ f; € U;. (A.24)

Denoting G = B~1(B*)~! we see that G € L(U,U;) and (Gv,v)y, = H(B*)_lvnz1 > ||11\|2U1 (because B* is
continuous, see (A.21)). Now, Signw is m-accretive on Uy x Uy, hence R(G+Sign) = Uy (see e.g., [6], p. 44,
Cor. 2.6).

Then, we prove that (A.19) has a unique solution.

Since Ay is quasi m-accretive and S = pBSign (B*P(y(t) — y**")) is m-accretive with D(S) = H; and
Dy N D(S) = Dy # @, it follows by that Ay + S is quasi m-accretive on H x H (see [6], p. 43, Thm. 2.6).
Therefore, (A.19) has a unique solution y € L>(0,T; Dy) N W1°°(0,T; H) satisfying estimate (3.2) (see the
proof of Thm. 3.2).

Now, we can justify the controllability assertion. Let us write (A.19) in the equivalent form

(y— 9" )+ Agy — Agy"™" + pBSign (B*P(y — y'"*")) 2 —Agy""

and multiply it by P(y(t) — y*"). By (A.22) we get

th H y'r) HH Cy || Ply(t) — y')||5, + p (BSign (B* P(y(t) — y*")), P(y(t) — 4" )i

< HAHy“”HH IIP y(®) =yl
Further, we obtain
1P =)Ly 2 PGt = )+ 0 |15 P - )]

< HAHy““"HHHP y(t —yt‘“">HH+Cl IPGe) =y -

Next, we use (A.21) for w = P(y(t) — y**") which implies || B*P(y(t) — y"*")|l;, > C [|[P(y(t) — y**")|| y, and so

d
G IPW® =y )y = Cul[Pw® =y )+ < [|Ary"" |

For p > ||Agy'®|;, this yields

_ tar
(p ||AH1/ ||H) (eClt _ 1)

||P(y(t) y'r) HH <t HP( y'r) HH Ch

Finally, we obtain that ¢ — ||P(y(t) — y"*")||;; is strictly decreasing, vanishes at t = T\ below and the previous
relation takes place for

t<T,=In Ay
N p = ([Ary* "l g + CollP(yo — y*") ] )

for p > | Auy™ ||z + C1 |P(yo — y**")|| - We also observe that T decreases as p increases and in fact T, — 0
as p — o0o. This end the proof. O
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