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INTERNAL NULL CONTROLLABILITY OF THE GENERALIZED
HIROTA-SATSUMA SYSTEM*

NicoLAS CARRENO!, EDUARDO CERPA! AND EMMANUELLE CREPEAU**

Abstract. The generalized Hirota-Satsuma system consists of three coupled nonlinear Korteweg-de
Vries (KdV) equations. By using two distributed controls it is proven in this paper that the local null
controllability property holds when the system is posed on a bounded interval. First, the system is
linearized around the origin obtaining two decoupled subsystems of third order dispersive equations.
This linear system is controlled with two inputs, which is optimal. This is done with a duality approach
and some appropriate Carleman estimates. Then, by means of an inverse function theorem, the local
null controllability of the nonlinear system is proven.
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1. INTRODUCTION

In the eighties, Hirota and Satsuma introduced in [15] the set of two coupled Korteweg-de Vries (KdV)
equations,

Up — iumm = Juu, — 6o, (L1)

1
(e 3Vzzx = _37“]17

describing the interaction of two long waves with different dispersion relations. They studied the existence of
soliton solutions and conserved quantities. Later, in [22] the same authors introduced a new system, coupling
now three KdV equations,

Up — Lgee = Suty — 6V, + 3wy,

1
1

Ut + SVzge = —3U, (1.2)
1

Wt + FWarge = —3UWy.
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This set of equations was called in the literature the generalized Hirota-Satsuma (HS) system and has attracted
the attention of many researchers mainly interested in soliton or explicit solutions. See for instance [13, 23] and
the references therein.

As far as we know, there is no studies of the control properties of this kind of coupled systems. Thus, in this
article the goal is to fill this gap focusing on the null controllability with distributed controls. An important
point is that we obtain our results on the control of this three-equation system using only two control inputs.

Let us precise which system we will control. We can see that the first equation in (1.2) is of KdV type
with a negative dispersive term whereas the two others have positive dispersive term. Considering these facts,
we propose to study equations (1.2) on a spatial domain [0, L] with the usual boundary conditions for KdV
equations, as for instance in [19],

u(t,0) = u(t, L) =0, uy(t,0) =0,
v(t,0) =wv(t,L) =0, vy(¢t,L) =0, (1.3)
w(t,0) =w(t, L) =0, wy(¢t,L) =0,
and the initial conditions
u(0,x) =wuo(x), v(0,2) =wvo(x), w(0,x)=wo(x). (1.4)

As mentioned previously, we consider here the internal control case. Thus, we study the following system, with
T>0and Q= (0,T) x (0, L),

Up — iumm = 3uu, — 6vv, + 3wy, (t,z) € Q,
v + %Umx = —3uv, + pl,, (t,z) € Q,
wt + %wmm = —3uw,; + ql,,, (t,z) € Q,
u(t,0) = u(t, L) =0, u,(t,0) =0, te(0,7), (1.5)
v(t,0) = v(t, L) =0, v, (¢, L) =0, te(0,7),
w(t,0) =w(t, L) =0, wy(t, L) =0, te (0,7),
u(0,2) = uo(x), v(0,2) = vo(x), w(0,z) = wo(z), x € (0,L),

where p = p(t,z) and ¢ = ¢(t, x) are the distributed controls acting on two subdomains v and w with v C (0, L)
and either w = (a, L) or w = (0, a) for some 0 < a < L. From now on, we only consider w = (a, L) but everything
can be done in similar ways for the other case.

The control of dispersive equations is an active research field. The first results for single KdV equations with
internal controls were presented in [20, 21] where periodic domains were considered. Also in this framework we
found the paper [16]. More related to this paper we can cite [5] where the authors study the internal control of
a KdV equation on a bounded domain with the same kind of boundary conditions than here. They use duality
arguments and a Carleman estimate to prove an observability inequality.

Regarding dispersive systems, we find papers dealing with the boundary controls of either KdV systems on a
bounded domain [6-8, 17] or KdV equations posed on a network [2, 9]. Concerning the internal control of disper-
sive systems, the closest works are [18] where Ingham theorems are used to prove some observability inequalities
for Boussinesq systems and [3] where a Carleman estimates approach is used to get the null controllability of a
linear system coupling a KdV equation with a Schrodinger equation.

Summarizing the links with the existent literature, in this paper we follow the same methods than in [3, 5]
to study the null controllability property of a dispersive system with less controls than equations.
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Let us go back to the control of system (1.5). The first step in our strategy is to linearize the system (1.5)
around the origin, getting the linear system

Ut — %Uxxx = f1 + 3wy, (t )
v + %vazww = f2 +p]l'*/a (t,(E) S Qa
(t, )

Wy + $Waze = f3+ qlo, ,x) €Q,
u(t,0) = u(t, L) = 0, u.(t,0) = 0, te(0,7), (1.6)
v(t,0) = v(t, L) =0, v, (¢, L) =0, te(0,7),
w(t,0) = w(t,L) =0, w,(¢t, L) =0, t e (0,7),
u(0,2) = up(x), v(0,x) = vo(x), w(0,z) = we(x), x € (0,L),

where f1, fo and f3 will play later the role of the nonlinearities. In order to study the null controllability of
(1.6) we apply a duality approach that leads us to prove that the solutions of the adjoint system

—¢¢ + %(brzz = g1, (t, )

—tr — 3Yuee = g2, (t,x) € Q,
Nt — Naze = g3 — 30a, (t,z)

o(t,0) = ¢(t, L) =0, ¢, (t, L) =0, te
Y(t,0) =9(t, L) =0, ¢,(¢,0) =0, te
n(t,0) = (t L) =0, n,(t,0) = 0, te
o(T,z) = ¢r(x), Y(T,z) = ¢Yr(z), n(T,z) = nr(z), z€

satisfy an appropriate observability inequality. This is realized proving a Carleman estimate for system (1.7)
where functions g1, g2 and g3 are useful to get information on the solutions of (1.6) when using duality arguments.

Finally, the last step in our strategy is to go back to the original nonlinear system by using an inverse function
theorem. In this way we will get our main result, stating the local null controllability of (1.5).

Theorem 1.1. Lety C (0,L) and w = (a, L), with a € (0,L). Assume that (ug, vy, wo) € [L (O,L)] Then, for
every T > 0 there exists § > 0 such that if || (uo,vo, wo)||[£2(0,)2 < 8, there are controls p € L*(0,T; L*(v)) and
q € L?(0,T; L?(w)) such that the solutions u,v,w € C([0,T]; L?(0,L)) N L?(0,T; H*(0, L)) of (1. ) satisfies

uw(T,z) =v(T,z) =w(T,z) =0 in (0,L).

The organization of this paper is the following. We start giving in Section 2 the well-posedness framework in
which we work along this paper. Then, Section 3 is devoted to the proof of a Carleman estimate that is used
to prove an appropriate observability inequality. Section 4 contains the control results for both the linear and
nonlinear systems. Finally, we end this paper with some comments and related open problems.

2. WELL-POSEDNESS RESULTS

In this section, we give the functional framework and some well-possedness results for the KdV equation.
Additionaly, we present some regularity results for the system (1.6).
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2.1. Functional spaces

We introduce the following functional spaces:

Xo:=L*0,T; H2(0, L)), X;:=L*0,T;HZ(0,L)),

Xo := LY0,T; H(0, L)), X;:=L'0,T;H?(0,L)N H0, L)), 21
and
Yo := L*(0,7; L*(0, L)) N C([0,T]; H~'(0, L)), (2.2)
Yy = L2(0,T; H*(0, L)) N C([0, T); H3(0, L)). '

These spaces are equipped with their usual norms. Moreover, we define for each 6 € [0, 1] the interpolation
spaces (see [4]):

X(,\ = (Xo,Xl)[g], X@ = (Xo,Xl)[g] and Yg = (Y(),Yl)[g].

A sample of spaces that will be often used in the following is

Xi/4 = L*0,T; HY(0,L)), X4 = L'(0,T; L2(0, L)),
Yijs = L2(0.T: H'(0,2)) N C(10,T]; L2(0, L)).
2.2. Regularity results for a single equation
We first consider a single KdV equation with a source term:
Xt + Xzzz = 9, in Q7
X(t,O) = X(ta L) = Xr(t7L) =0, in (OvT)a (23)
x(0,2) = xo(x), in (0,L).

For this equation we have the following known results.

Proposition 2.1. ([14], Sect. 2.2.2). If xo € L*(0,L) and g € G with G = X4 or G = X1/4, then system (2.3)
admits a unique solution x € Yi,4. Moreover, there exists a constant C' > 0 such that

IXllyi,a < Clglle + [Ixoll£2(0,1))- (2.4)

Proposition 2.2. ([14], Sect. 2.3.1). If xo € H?(0, L) is such that xo(0) = xo(L) = x((0) = 0 and g € G with
G = X, or G = Xy, then system (2.3) admits a unique solution x € Y1. Moreover, there exists a constant C > 0
such that

Ixlly, < Clllglle + lIxollm2(0,1))- (2.5)

Proposition 2.3. ([14], Sect. 2.3.2). Let 6 € [1/4,1] and xo = 0. If g € G with G = Xy or G = Xy, then system
(2.3) admits a unique solution x € Yy. Moreover, there exists a constant C > 0 such that

Ixllve < Cllglle- (2.6)
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Notice that the same results are valid for the (backward-in-time) adjoint equation

=Xt — dXazz = 9, in Q,
X(t, O) = X(t, L) = Xx(ta O) =0, in (07 T)v (2'7)
X(Tv ZE) = Xo(x)a in (Ov L)7

and the reverse-in-space equation,
Xt — AXzzz = G, in Q,
X(ta 0) = X(ta L) = ng(t, 0) =0, in (07 T)) (28)
X(O’x) = XO(‘T)’ in (O’ L)7

for any dispersive coefficient d > 0.

2.3. Regularity results for the linear system

We first consider the linear system (1.6). Taking advantage of its cascade structure, notice that we can apply
the results for a single equation in order to get the solutions v and w (Prop. 2.1, for instance). Then, we can
see the term 3w, as a source term in the equation satisfied by u. Therefore, we can easily obtain the following
result.

Proposition 2.4. Let (ug,vo,wo) € [L2(0,L))%, p € L?(0,T;L3(%)), q € L*(0,T; L*(w)), and (f1, f2, f3) € G
with G = X454 or G = Xy 4. Then, system (1.6) admits a unique solution (u,v,w) € (Y1/4)3. Moreover, there
exists a constant C' > 0 such that

[[(w, v, w)[ (v, )2 SC(H(UmUo,wo)H[L?(O,L)P +[1(f1; f2, f3)llas

Pl oriaze + lalzorzen ). (2.9)

The regularity p € L?(0,T; L*(v)) and g € L?(0,T; L?*(w)) is enough to be sure that pl., and ¢l belong to
both L2(0,T; H=1(0, L)) and L'(0,7T; L?(0, L)). Consequently they can be seen as appropriate source terms in
Proposition 2.1.

This result can be applied to the adjoint system (1.7) with appropriate functions g1, g2, and gs. To do that
we only need to perform a change of variable in space x ~ L — x and time ¢t = T —t.

2.4. Regularity results for the nonlinear system

In this section we apply a fixed point argument in order to establish the well-posedness of the nonlinear
system (1.5). First of all, we prove the following lemma inspired from [19].

Lemma 2.5. Let y,z € L?(0,T;H'(0,L)). Then yz, € LY(0,T;L*(0,L)) and the map (y,z) €
(L%(0,T; HY(0,L)))? v yz, € L*(0,T; L?(0, L)) is continuous.
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Proof. Let (y,z) and (§,%) in (L2(0,T;H*(0,L)))?, and let us denote by K the norm of the embedding
H'(0,L) = L*(0, L). We then have

T T
ly2e — Tl s orz20.0y) < / 1y — )7l 2o.0ydE + / 1z — 2)all 20,0y dt
0 0
T T
S/ ||y—f‘?HLw(o,L)HzxHL?(O,L)dt+/ 190l o 0,2 1(z = 2) || 2(0,)dt
0 0

T T
<K </o ly = gllm 0.0 1211 0,2)dt +/O 91 10,12 — 5||H1(0,L)dt>
< K|(y: 2)ll 20,1300 0,002 | (¥ = G5 2 = D)l (£2(0,1; 187 (0,1.)))2
which proves Lemma 2.5. O
We can now prove the following well-posedness result.

Proposition 2.6. Let L > 0 and T > 0. There exist ¢ > 0 and C > 0 such that for every (ug,vo,wg) €
[L*(0,L)]?, p € L*(0, T; L*(v)), q € L*(0, T; L*(w)), such that

[l (w0, vo, wo)ll 220,231 + IIPllz20,1522(7)) + el z2(0,7522(0)) < €
there exists a unique solution (u,v,w) € (Y1,4)* of the nonlinear equation (1.5) that satisfies
s, 0)ll 3,9 < € (11 tt0, v0, w) 20,215 + Ipllzz(o, 75222 + lall 20, msn2(w) )
Proof. Let (ug,vo,wo) € [L?(0,L)]3, p € L?(0,T; L?(%)), q € L*(0,T; L?(w)), such that

Il (w0, vo, wo)lliz2(0,y2 + 1Pl 22(0,7;22(+)) + 12l 20,702 (0)) < €

where ¢ will be chosen small enough later. Let (u,v,w) € (Y1/4)3 and consider the map ® : (Y1/4)3 — (Y1/4)3
defined by ®(u,v,w) = (@, 0, w) where (&, 0, W) is the solution of the linear problem,

Uy — $lgpe = 3uty — 6V, + 3y, in Q,
Ut + 3000 = —3uvy + ply, in Q,
Wy + $Waze = —3uwg + Lo, in @,
@W(t,0) = d(t, L) = 0, fiy(t,0) = 0, in (0,7),
o(t,0) =9(t,L) =0, v,(t, L) = 0, in (0,7),
@(t,0) = @(t,L) =0, wy(t, L) =0, in (0,7),
(0, ) = ug(x), 9(0,x) = vo(x), W(0,x) = wo(z), in (0,L).

By Proposition 2.4 we have

H@(u,v,w)H(YlM)s = ||(ﬁ,@,1D)H(y1/4)s < C(||(u0,vo,w0)||[L2(07L)]3 + || (Buu, — 6vv,, —3uv,, —3uwz)||(5(1/4)3

+ Ipllz2o 720 + lallzzozieon )- (2.10)
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By Lemma 2.5, we obtain,

1@ (u, v, w) (v, 92 = 1@, 0, D) 3,000 < C (Il (w0, v0, wo)lliz2o,zy2 + (v, w)IFy, 0
/

+ Il 220,152 () + ||Q||L2(O,T;L2(w)))- (2.11)
We also have, for any (u1,vi,w1) € (Y1/4)® and (uz,v2,ws) € (Y1,4),

||(I)(u17 V1, wl) - (P(UQ) V2, wQ) H(Y1/4)3

< (o0 w0 + 2wz, w2l g0 ) |00, w1) = (s vz, w2) i e (212)

Thus, if we restrict ® to a closed ball B(0, R) = {(u,v,w) € (Y1/4)*, [[(w, v, 0)|l(y,,5)2 < R} where R > 0 will
be chosen later, we have the estimate,

||<I>(u,v,w)||(y1/4)3 < C(e+R?) and ||®(u1, vy, w1) *@(UQ,U27U)2)||(Y1/4)3 < 2CR||(u1,v,wy)— (uz,vg,w2)||(yl/4)3.

Then if we take R and ¢ such that R < % and € < %, we can apply the Banach fixed point theorem and ®
admits a unique fixed point, which ends the proof of Proposition 2.6.

O

3. CARLEMAN INEQUALITIES

This section is dedicated to Carleman estimates. First, we present a general estimate for a KdV equation
with observation in an interior domain. Then, we will prove a new Carleman estimate for the whole adjoint
system (1.7).

3.1. Carleman weights

Let wo = (ag,bo) C (0,L), and set ¢y = (ap + bo)/2. Consider the weight functions defined in [3], namely for
K1, Ky >0, let

pola) = Ky(L = e ) 1 6(0) = sy (3.1)
and
o(t, z) == &(t)po(). (32)
Notice that, for any K, K5 > 0, we have
»>0in (0,7) x [0, L], (3.3)
| >01n (0,7) x ([0, L] \ @), (3.4)
0z(t,0) <0, @, (t, L) > 01in (0,T). (3.5)

Furthermore, K1 and K5 can be chosen such that

Yz < 01in (0,7) x ([0, L] \ @), (3.6)
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and
56(t) > 554(t) in (0,T), (3.7)

where @(t) := min_¢(¢,2) and ¢(t) := max p(t, ).
z€[0,L) z€[0,L]

Indeed, property (3.6) holds for

Now, let us notice that

and

¢(t) = max{p(t,0), p(t, L)} = £(t) max{eo(0), po (L)},

since the extremum of the interval where the maximum is achieved depends on the location of ¢g. Thus, if we
call

C(K3,co) = max{l — e K20 1 — ¢~ K2(L—e0)*y
then, it suffices to take K; = (110 C'(Ka,cp))~" for (3.7) to hold.

3.2. Carleman estimate for a single KdV equation

In this section, we establish a Carleman estimate for the general backward in time KdV equation of the
following type, for v € R*:

Yt + VYzza = G, in @,
y(t,0) = y(t,L) = n (0,7),

(757 + Dya(t,0) + ( —1y.(t,L) =0, in (0,7), (3:8)
y(T,z) = yr(z), in (0,L).

To begin, we recall a Carleman estimate for the linear KdV equation (3.8) obtained in ([3], Thm. 3.1) and
([5], Prop. 3.1). Their results are obtained in the case v > 0, but they can easily be converted in the case v < 0
by using the change of variables x — L — x. We can rewrite that estimate as follows.

Proposition 3.1. Let T > 0 and wy C (0, L) as in Section 3.1. There exist Cy > 0, and so > 0 such that for
any g € L*(0,T; L?(0, L)), yr € L?(0,L), and s > sq, the solution y of (3.8) satisfies

/Q [5€lyaal® + (€)1 2 + (s€)° 2] e~ 2% daat

T
< Cy (/Q 6*25“’|g|2dxdt+// [s5g5|y|2+sgym|2}e2wdxdt>. (3.9)
0 wo

The idea is to set the path for the Carleman estimate for the adjoint system (1.7). To this end, we will prove
from estimate (3.9) the following inequality with more regular right-hand side in (3.8).
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Proposition 3.2. Let T > 0 and wy C (0, L) as in Section 3.1. There exist Cy > 0, and so > 0 such that for
any yr € L*(0,L), and s > sg:
If g € L*(0,T; H'/3(0, L)), then the solution y of (3.8) satisfies

T

/Q €la* + (5l + (PlulPle 5ot + [ 6752yl 1
0
T ~
SC’/ 5356_25¢|g|2dxdt+0/ 55_36_2””9”%1/3(0 ydt
Q 0 ’
T - ~
+C// §2E8|y|2e 252 =62) 4t (3.10)
0 wo

If g € L?(0,T; H*/3(0, L)), then the solution y of (3.8) satisfies

T
R B e et A
0
T ~
<C [ S elgPdndt + C [ st e gl
Q 0 ’
T - -
+C / / s |y 2e 2549 =39) qpdt. (3.11)
0 wo
Proof. To begin the proof, notice that, from the properties of the weight function ¢, we can write from (3.9),

/Q[SﬁlywwIQ + (56)3 )y > + (s€)°|y|*Je” 2 dadt

T T
<y (/ 6725‘0|g|2dxdt+/ / 85£5|y|26725@d$dt+/ / s§|ym|2625¢’dxdt> . (3.12)
Q 0 Jwo 0 Jwo

We will now apply a bootstrap argument in order to eliminate the local term of y,, appearing in the right

hand-side of (3.12). Let
T <
I:= // sEe7 2%y, |2 dadt.
0 wo

Since ¢ does not depend on space, we have

T
I<s / €22y |2 -
0

Let p € (0,1] and £ > 0. Using an interpolation argument between the spaces H*#(wg) and L?(wy), together
with Young’s inequality, we have

T
= [ s R, Il G ar
0

H240 (w0) 1911 22 (wo)

0 . (3.13)
Se/o 55736725%"||y|\§{2+u(%)dt+CE/O s£1+8/“e*25[(1“/“)”*2/’“"]|\y||2L2(wO)dt.
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The idea is now to remove the first term in the right-hand side of (3.13). We follow the same arguments as in
[3, 5, 14] and adapt a technique of bootstrap. We define y; (¢, ) := 61 (t)y(t, z) with 6, (t) = s'/2¢'/2e=5%. Thus

91 is solution of the system,

Y1t + VYizex = f1 1= 019 + 01y in Q,

y1(¢,0) = y1(¢, L) =0, in (0,7,
(ﬁ + l)ylx(tvo) + (ﬁ - l)ylx(tvL) =0, in (O,T),
n(T,z)=0 in (0,L).

As |14 < Cs3/2¢5/2¢=5% we have for C' > 0 and all s > sq, that f; € L?*(Q) = X1/ and

1122 <C | sge %% gl?dzdt +C | s3 Se2s¢ y|*dxdt.
L2(Q)

Q Q
Then, from Proposition 2.3, we have that y; € Y7, and, in particular,

1910122 0.7:m2(0,09) < Cllf1l172(0)-

Now we take yo(t, ) := 02 (t)y(t, x) with 0y(t) = s'/2673/2e75%. Then, y, satisfies the system

Yot + Vozaw = fo 1= 029 + 02,07 'y in (0,T) x (0, L),
yg(ﬁ, O) = yQ(t, L) =0 in (O,T),
(ﬁ + 1)y2w(t7 0) + (ﬁ - 1)y2w(ta L) = 07 in (OaT)a
yo(T,2) =0 in (0,L).

(3.14)

(3.15)

Notice that since |02:0; | < C's, and if g € L?(0,T; H*(0, L)), we have that f, € L?(0,T; H*(0,L)). From

Proposition 2.3 (with = X4 /94,,/4), we deduce that
Y2 € Y191 ,/0 = L?(0,T; H**#(0,L)) N L>(0,T; H#(0, L)),
and,
||y2||§/1/2+w4 < C”f?”%?(O,T;HH(O,L))'
In particular,
T
—3 —2gp 2 2 2
2012207240 0,1)) < CS/O £ N gl 3n 0.yt + C?lly1ll 220 752 0.1

Then we get, from (3.14), (3.15) and (3.16)

T
Asﬁ%%wwnﬁmmmu

T
<0 [ (s olinny + €loliany) e Pt +C [ Fellyfedadr
0

(3.16)

(3.17)
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By combining (3.17), (3.13) and (3.12), together with a good choice of e, we get Carleman estimates (3.10)

and (3.11) taking p equal to 1/3 and 2/3, respectively.
O

3.3. Carleman estimate for the adjoint system

We now prove a Carleman estimate for the adjoint system (1.7). For this, we will use two weight functions.
Given wy = (a1, b1), and v1 = (ag, b2) two proper subsets of (0, L), we define ¢} and 3 as in (3.1) associated
to the subsets wy and 71, respectively. Then, for ¢ = 1,2, let

pilt, ) = E(t)pp(2),

T
Laly) = /Q [5€lya | + (€)% 2 + (5€)%]y]?] =29 dardt + / S€ e 2y 20 1
0

and

T
8/3(1) :=/Q[S£|ym|2+(S£)3|yxl2+(85)5|y2]e2Wfd:cdt+/ €272 [yl %ss o,y A1
0

The main result of this section is the following.

Theorem 3.3. Let w, and v subsets of (0,L) as in Theorem 1.1. Fixz wy and v proper subsets of w and
v, respectively, such that 1 C w and 41 C «y. Then, there exist Cy > 0, and so > 0 such that for any g1 €
L?(0,T; H?/3(0, L)), go € L*(0,T; H/3(0, L)), and g3 € L*(0,T; H/3(0, L)) and s > sq, the solution (¢,,1)
of system (1.7) satisfies

I33(0) + I3 5(¢) + I7/5(n)
T T
S C/ / 855256725(7@27&@2)|w|2dxdt_|_C¢/ / 85752216725(56951755@1)‘n|2dxdt
+ C/ QSW |gl||H2/3 0,L) dt + C/ G ”92”%11/3(0’[,)(175
+C’/0 sTe2e™ (890177@1)||g3||§11/3(0,L)dt’ (3.18)
where 1 and po are the weight functions associated to wy and 71, respectively.

Proof. We begin applying Proposition 3.2 to the equation in (1.7) satisfied by %, taking wy = 71, ¢ = @2,
v =1/2, and g = —gs. From (3.10), we obtain

T
By0) <C [ S gdudt +C [ 5662 galf g
Q 0
T
+C / / §7¢2em2(1927622) [y P dpdt.
0 Jv
Using the properties of the weight functions, we have

T T
13/3(w)§0/0 s%e‘zsi’?ngllip/a(o’L)dt+C/O/ s g2 2792 =602) |y | 2. (3.19)
Y
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Now, for ¢ we apply the second inequality of Proposition 3.2 with wy = w1, p = @1, v = —1/4, and g = —¢g;. In
this way, from (3.11) we get, after using the properties of the weight functions, the estimate

T T
181/3(¢)§C/0 8356_2S¢1||g1||§{z/3(07L)dt—|—C/O/ §P¢13em 2541 =301)| 124t (3.20)
w1

Lastly, we apply Proposition 3.2 to the equation in (1.7) satisfied by 7, with wyp = w1, ¢ = 1, v = 1/2, and
g = —gs + 3¢,. From (3.10), we obtain

T
I/35(n) SC/QSB&_%% |95 — 3¢, |*ddt + C/O s€ 7072 g5 — 3ull /s o pydt

T
+C// 855256_23(7¢1_6¢1)|’I7|2d.’17dt,
0 w1

from where we deduce

T
w1

T
I%/g(n)gc/o 8356_23@||93H311/3(0’L)dt+C’/O/ 35525e_23(7¢1_6¢1)|a7|2dscdt+CI§/3(¢). (3.21)

Putting together inequalities (3.19), (3.20) and (3.21), we have

T
I33(0) + 13 3(¢) + I73(n) < C/O s%€e™ 2| g1l[32/m(0,1ydt
T 5 T 5 T _ . .
+C/0 3356728502||92||§11/3(07L)dt+C/O s3§e’2s‘p1Hgg||§{1/3(07L)dt+C/0/ ¢ (12 =622) [y 2 dpdt
71

T T
+0// 555256*%(7@1*6@1)|n|2dxdt+o// §O¢18e 25401 =301)| 24zt (3.22)
0 Jw; 0 Jwr

To finish the proof of estimate (3.18), it remains to absorb the last term of this inequality. The idea is to
use the coupling of the equation satisfied by 1 in system (1.7) to express ¢ in terms of 7. However, since the
coupling is of first order, this cannot be done directly. Here, we will need the fact that w “touches” the boundary
of (0, L). Let us call

T
J::// 355136_23(4“51_3“31)|¢|2dxdt,
0 Jw;

and consider ws := (4, L), with 6 € (0, L) such that w; C wy C w, where all the inclusions are strict. Since
o(t, L) = 0, we have with Poincaré’s inequality that

T
J<C / / $P¢Bem 2 Un =320 g 2 dpdt.
0 w2
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We concentrate on this term. Let § € C*°([0, L]) a non-negative function such that 6(x) =0 for z € [0, L] \ w
and 0(x) =1 for € we. Then, using the equation satisfied by 7 in system (1.7), we have

T
J < C/ / O(z)s°EBe2s4P1=3¢1) ¢y 12dadt
0 Jw

c [’ o as 3.23
= g/ / 0(x)s*¢ e 2401321 (293 + Ny + 2y ) dadlt (3:23)
0 Jw
= Jy+ Jo + J3.
Let € > 0. We estimate each one of these terms. Using Young’s inequality, we have
Ji < C’E/ 575236725(8%77@1)|gg|2dxdt + €I§/3(¢>). (3.24)
Q
For Js, taking into account that ¢.(t, L) = 0, we integrate by parts in space:
o [T o c [T L e
ke _*/ / 0'(2)s°¢ e 202 =30 g dadt — */ / 0(x)s°¢" e P30y dardt,
6 0Jw 6 0 Jw
where we use Young’s inequality to obtain
T ~ -
Jy < Ce / / 7P 2B T | Pdadt + €18 5(9). (3.25)
0 Jw

The third and last term is the most difficult one. We integrate by parts once in time and space in the term
J3. We get

Jy = _7// ¢13 e~ 25(4¢1—3¢1) ) pondadt + 7// 55136_28(4¢1_3‘51)¢t(9(53)77)90(15“175

=: J31 + Ja32.
For the first term, since

’(5136—23(4¢1—3¢1))t’ < 085156—23(4@1—3@),
we have that
T - ~
J31 S Ce/ / 895276—23(8991—7%01)|n‘2dxdt_i_EISl/S(d)).
0 Jw

For the second one, we use the fact that ¢; = i(bmw — g1 and integrate by parts in space. This is:

J3o 77/ / 5513 o(4f1=301) (¢’I‘T’E - 491)(0(1')7])36(133(115
L [ et )
T

-/ / PG (0o, dadt+ 15 [ BB 1, Ly 1, L.
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We observe the following:

c [ s
—g//855136725(4@173%)91(G(I)U)mdfdt
0 Jw
T T o
<c [ [ SecmnigPanrsc [ [ e 5h T (2 4 g, ) dod
0 Jw 0 Jw

_c
12 J,

T
< 51;/3@5) + Ce/ / 595256725(8L’0177<’01)(|77|2 + ne|? + \nm|2)dxdt; and
0 Jw

T
/ 356136_28(4¢1_3¢1)¢zm (e(x)n)mzdxdt

C

T T
Ty [ SRS (4 Lyt L) < e(0) + C [ PER BT g .
0 0

Going back to the expression of J3, we obtain
T - ~
Js<C / s3¢e25%1 gy [2dadt + C. / 72BN |12, At + BT 5(9). (3.26)

Q 0
Let us gather what we have so far. Putting together estimates (3.24)—(3.26) in (3.23), we have

J SC/ 8356—2$¢1|gl|2d$dt+/ 875236_23(8¢1_7¢1)|gg|2dl‘dt

Q Q
T
29 —25(8¢1—T¢ 2 1
+ CE/O 7P BA o) 12 At + BeLd j5(9).

We estimate now the local term of 7. Regarding H?(w) as the interpolation of the spaces H'/3(w) and L?(w),
and Young’s inequality, we obtain

T T
—28(8¢1—T1 —25(8¢, —T¢ 12/7 2/7
Ca/ 89§29€ 25(8p1—Tp )HnH?p(w)dt < C/ 895296 25(8¢1 7801)||77HH7//3(U_;)||"7||L/2(0J)dt
0 0
T
<el}s5(n) + Cs/ $OTEP 2002175520 |1y 9, dt.
0
Then, finally, we get

JSC’/ 3358728L‘01|g1|2d$dt+/ §TEBem25(801=T1)| 9o 2dpdt
Q Q

T
+Ce /O / §7TEL 286215500 | 2t + eI 5 (1) + Beli 5(0).

Going back to (3.22), we deduce (3.18) by choosing the biggest weight functions and e sufficiently small.
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4. CONTROL RESULTS

In this section, we establish an observability inequality for the solutions of system (1.7) and deduce a null
controllability result for the linear system (1.6). Moreover, we prove our main result getting the local null
controllability of system (1.5).

4.1. Observability inequality

The observability inequality will be deduced from Carleman estimate (3.18), but first, to be able to deduce
null controllability, we need to change the weight functions in such a way that they do not vanish at ¢t = 0.
Before that, let us deduce a somewhat simpler version of the Carleman estimate (3.18) which will be useful in
what follows.

Let

o— 1 2
(M = max { xren[g?](:} wp(), xfen[gb?z] SDO(CU)}

and
g = min{_min, (o). min (o)},

z€[0,L] z€[0,L

Notice that if we call $(t) := £(t)par and @(t) := £(¢)m, under the assumptions of Theorem 3.3 we can deduce
from (3.18) the following inequality:

/628353628¢(|¢z|2 + |1/11:‘2 + |771;|2)dmdt
T T
< O/ /555256725(7¢76¢)‘¢‘2d$dt+ C/ / 85752216728(5&;755@)‘77|2d1'dt
0 Jy 0 Jw
T - ~
+ O/O 575236725(&/}77@)(Hgl||§{2/3(o,L) + H92Hi[1/3(0,L) + ||93Hi11/3(0,1;))dt- (4~1)
Now, let 3 € C1(0,T) be defined by

%, ift € (0,7/2),
Bt) = 1

o frel2),

and let us call
a(t) == B(t)par and G(t) == B(t)@m-

Furthermore, we will assume also that g1, g2, and g3 in system (1.7) belong to L?(0,T; H:(0, L)). This will
make the analysis of the controllability of system (1.6) simpler later on.

Proposition 4.1. Let s be fized such that Carleman estimate (3.18) holds. Assume that gi1,92,93 €
L2(0,T; H}(0,L)). Then, every solution (¢,1,n) of system (1.7) satisfies
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L
/ (16(0,2)[* + [0, 2)* + |n(0, 2)[*)dz + /Q B2 (|gu)? + [l + 12 [*)ddt
0
+ ||51/2€_Sd¢||2mo(0,T;L2(0,L)) + Hﬁl/Qe_S&wH%‘”(O,T;L2(0,L)) + ||51/2€_Sd77||2m°(0,T;L2(0,L))

T T
< C/ /5256—23(7d—66¢)|w|2dmdt =+ C/ / 62216—23(5664—5507)|n|2dxdt
0 ¥y 0 w

e /Q B232555-T8) (6, 12 4 |(ga).|? + |(ga)e]2)dladl. (4.2)

Proof. Let A € C'([0,T]) be a non-negative function such that A\(t) = 1 if t <T/2 and \(t) = 0 if t > 3T/4.
Then, from the system satisfied by (A¢, A\, An) and the estimate in Proposition 2.1, we deduce that

[A() (o, 11[}’77)||[2L2(0,T;Hé(0,L))]3 + I (@, 0, M IFr e (0,722 (0,22
< ClIAE) (91, 92, 93) ITr2(0.7:22(0,58 + CIN )30, M1 Fr2(0.7:22 (0,172

from where

||(¢71/1777)H[2L2(07T/2;H3(07L))]3 + [1(8(0), 9(0), n(0)) 172 0,12
< CH(gla927g3>||[2L2(0,3T/4;L2(0,L))]3 + C”(¢7"/}777)H[2L2(T/2,3T/4;L2(0,L))]3'

Since e72%% > C > 0in (7/2,3T/4), the last term of this estimate can be bounded from above by the
left-hand side of (4.1). Thus, we get

L T/2 L )
/0 (16(0)[ + [(0)[2 + [9(0)[2)dx + / / 3255 (g, 2 + [, ? + [ |?)dardt
T . . T . .
SC/ /ﬂ25€_25(7a_6a)|w‘2dl‘dt+C/ /62216_25(56a_55a)‘7’]|2dl‘dt
0 vy 0 w

- C/ 528672565 (|(g,), 2 + [(g2)a? + |(g3)s?)dardt,
Q

where we have also used the fact that £ = 8 in (T/2,T). Actually, using this last property again, we see that

T L
[ nl ol o+ )t
T/2J0

is bounded from above by the left-hand side of (4.1).
To conclude, it suffices to apply the estimate of Proposition 2.1 to the equations satisfied by

(ﬂl/QB_Sd(b, ﬁ1/26_5&¢, ﬂl/QB_Sdn).
O

4.2. Null controllability of the linear system

Now, we are in position to prove the null controllability of the linear system (1.6). In the following, consider
the notation

L"(p(t)(0,T); H) :={y € L"(0,T;H) : p(t)y € L"(0,T; H)}, r€[l,+o0].
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Let E be the space of quintuples (u, v, w, p,q) such that

— (u,0,w) € [L(B?/2e5Ga=T9)(0,T); H=(0, L))]?,

- pl, € L2(B2/2e2786%)(0, T); 12(0, L)),

—ql, € L2(67221/265(56d755d)(0,T);Lz(O,L)),

= (u,v,w) € [LA(B7%/4e¥/20(0,T); Hg (0, L)) N L>=(B=%/%e>/24(0,T); L*(0, L)),

- (ut - %UZE:EI - 3w:v7 Ut — %Uzz:v - p]l’ya Wy + %wmrx - q]lw) S [L2(673/2€Sa(07T); H71(07L))]3'

Actually, the space E becomes a Banach space endowed with its natural norm.
The following result establishes the null controllability of the linearized system (1.6).

Proposition 4.2. Let ug, vy, wo € L*(0, L) and assume that

(f1, fo, f3) € [L*(B7*/2e°(0,T); H~1(0, L))]?. (4.3)

Then, there exist two controls p and q, such that the associated solution (u,v,w) to (1.6) satisfies (u,v,w,p,q) €
E. In particular,

wT,z) =v(T,z) =w(T,z) =0 in (0,L).

Proof. We follow an approach introduced in [12]. Let Py be the space of triplets (¢,,n) € [C*([0,T] x [0, L])]?
such that:

- (b(t,O) = ¢( ) ¢z(t L) ¢a:a:m(t ) = ¢ma;ac( ) =0,
- w<t’0) = w( ) ( 0) wwww( 0) wzaﬂ( ) =0,
- n(tvo) = n(tvL) = 77;6( ) = nxxz(t L)

— = 3Meae (£, 0) + 30,(1,0) = 0.

Notice that the observability inequality (4.2) holds for every (¢,¢,n) € Py taking g1 = —¢ + 10saas

g2 = *Q;Z]t - %wmmxa and gs = —Mn — %nrxz + 3(;51
Let a : Py x Py — R be the bilinear form

a((¢, 0, 7), (6,1, 1)) = /Q B2 2T (G + Luna)a(—G1 + Fana)zdrdt
+/ /8236728(86477&)(*1[}1& - %szzm)m(fwt - %djzmm)mdxdt
Q
-|-/ 6236_25(86“_7&)(—7% - %f]wz$ + 3&1)@(_'% - %nwzw + 3¢w)wdxdt
Q

T T
+/ /ﬁ25e_25(7d_6d)zﬁwdmdt+/ /ﬂ2216_25(565‘_55‘3‘)7777dxdt,
0 y 0 w

and £ : Py — R the linear form
L
U ,m) = / (w06(0, 2) + vo(0, ) + won(0, 2))da
T
T / (F1,6) + Ufas ) + (fosm))dlt

where (-,-) denotes the duality product between H~1(0, L) and Hg (0, L).
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Thanks to Proposition 4.1, the bilinear form above induces a norm |-, := a(-,-)"/? in Py. Call P the
completion of Py with respect to ||-||o, which is a Hilbert space for the scalar product a(:,-). From assumption
(4.3) and using Cauchy-Schwarz inequality, we readily check that

0o, ,m) < (IIﬂ’S/Qes&(fl,f2,f3)||[L2(0,T;H 10,2 + | (w0, vo, wo)lliL2 (0,2 )||(¢ Oy)las

for every (¢,9,n) € P, from where we see that £ is bounded in P. Therefore, we deduce that there exists a
unique triplet (¢,1,7) € P such that

a(($,,9), ($,%,m)) = £(d,,m), for all (¢,4,n) € P. (4.4)

- U= ﬂ 23 725 8a-14) ( Qbf 492)7%%)7"1’

-V —5236_23(8a 7a)(_'(/}t - §'J)wwz>zxa

- w —5236725(8d77d)(_ﬁt - %ﬁxmm + 3¢Bx)xm7
—pi= —ﬁ25€_25(7di6d)w}1w

_ d: _,62216_23(56a_55a)ﬁ]1w-

actually the solution of (1.6) With p=pand g = q.Let (4,0, w) be the (umque) Weak solution of (1.6) assomated
to p = p and ¢ = ¢. This triplet is also the unique solution by transposition of (1.6), that is, it satisfies

L
/Q (g1 + Dgo + Wwgs)dadt :/ (upp(0, z) + v (0, z) + won(0, z))dx
0

T
+ / (F1 ) + (fos ) + (o))t (4.5)

T T
+ / / pydadt + / / qndzdt,
0 v 0 w

for all (g1, g2, 93) € [L*(0,T; H3(0, L))]3, where (¢,1,n) is the solution of

—¢r + tbuee = 91, in Q,

—t — $Vzaz = g2, in @,

1 — oze = g3 — 3bs, in Q,

o(t,0) = o(t, L) =0, ¢,(¢t, L) =0, te(0,T), (4.6)
Y(t,0) =(t, L) =0, ¥(t,0) =0, te€(0,7),

n(t,0) =n(t, L) =0, n,(t,0) =0, € (0,7),

o(T,z) = ¢(T,z) = n(T,z) = 0, in (0, L)

Actually, one usually takes (g1,92,93) € [L?(0,T;L?(0,L))]* in (4.5), but given the density of HZ(0,L)
in L2(0,L) (together with energy estimates for system (4.6)), these two ways of taking the g; functions are
equivalent. On the other hand, from (4.4), we see that

a((¢,,7), (6,0, 1)) = £(d, 0, m), for all (¢,%,n) € Py, (4.7)
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where (gZ;, 1[), 7)) € P is the unique solution of (4.4). Integrating by parts in space once, we find that

L
- / (u06(0, 2) + v0th(0, 2) + won(0, 7)) da
0 (4.8)

+ / (Uf1s @)+ (ot} + (fsrm))dt

T T
+ / / pdxdt + / / gndaxdt,
0 o 0 w

for all (¢,1,n) € Py. Using the density of Py in P with respect to the norm ||-||,, we show that (4.8) holds for all
(¢,1,m) € P. Therefore, the triplets (4, v, @) and (4, ?,w) must coincide, and (@, 0,) is the solution of (1.6)
associated to p and q.

Now, notice that

T T
/ 5723625(80(7700 H’a”?ﬁl—l(O,L)dt _ / ﬂ723625(8a77a) sup <ﬂ, y>2dt

0 0 HyHHé(o,L)Zl

T

:/ ﬁ236—23(80¢—7a) sup <_(_¢t+%¢xww)ww’y>2dt
0 HyHH[l)(oyL):l

2

T L
_ / 323¢—25(86-74) sup (/ (¢ + i(ﬁwm)xym dx) dt
0 llyll 0

H(l)(O,L):l
S / ﬂ23€728(8d77d)|(_¢;t + %Qngl)JIdedt
Q

< |[(d, 9, )2 < +oc.

Proceeding in the same way for © and W, we can prove that

T
B (o) 4 1903 00y + 10000y < 4o, (+9)
and, directly from the definition,

T T
/ /6_25625(7d_6d)‘ﬁ|2d$dt+/ //8—221625(5607—5502)‘qA|2d$dt<_’_OO. (410)
0 lo% 0 w

It only remains to check that

(u,v,w) € [L2(B73/4e*/2%(0,T); H3 (0, L)) N L>®(B3/*e%/2%(0,T); L*(0, L))]*.
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) = B3/%e%/2% (4, 6, 4). From (1.6), the triplet (@, v, w) satisfies the system

To do this, let (a,v,w

Ty — %azmx o 3wx _ 573/465/2df1 =+ (673/465/26(){&’ in Q’

Uy + $Vpae = B3/4e/20(fo + ply) + (B73/1e3/29),0), in Q,

Ut + 3 Wane = B34 2% (f3 + ql,) + (B73/4e5/2%),, in Q,

u(t,0) = u(t, L) =0, u,(¢,0) =0, t e (0,7), (4.11)
o(t,0) =0(t, L) =0, v,(¢t, L) =0, t e (0,7),

w(t,0) =w(t,L) =0, w,(¢t, L) =0, t € (0,7),
(@(0,z),9(0,z),w(0,z)) = B~3/%(0)e3/2O) (uy (), vo(x), wo(z)), in (0,L).

Since

|(5—3/4es/2d)t| < Cﬂ5/4es/2& < Cﬂ23/268(8d_7d),

we have from (4.3), (4.9) and (4.10) that the right-hand sides of the previous systems belong to
L2(0,T, H~1(0,L)). Then, from Proposition 2.1, we conclude that

(@, v, @) € [L*(0,T; HE (0, L)) N L=(0,T; L*(0, L))]°,

which concludes the proof of Proposition 4.2.

A similar controllability result holds if, instead of (4.3), we assume that
(f17 f2a f3) € [Ll(ﬁ_l/QeSd(ov T)7 LQ(Oa L))]3 (412)

Indeed, the proof is analogous to the one of Proposition 4.2 with a few changes:

— Take
L
Up,h,m) = /0 (uo#(0, ) +vo1(0, ) + won(0, x))dx + (f1, d) + (f2,¥) + (f3,m)

where (-, -) denotes the duality product between L°°(0,T; L*(0, L)) and L'(0,7T; L*(0, L)). From (4.2), we
check that £ is a linear bounded operator in P.
— Call F the space of quintuples (u,v,w,p,q) that satisfy the first four points of the space E above, and

replacing the last condition by
(ut - %uwza: - 3’UJ$, Ut — %waz - p]l’ya Wt + %wa::r:v - q]lw) S [Ll(B_I/QeS&(OaT); L2(07 L))]S

Then, we can establish the following controllability result for system (1.6).
Proposition 4.3. Let (ug,vo,wo) € [L*(0, L)]® and assume that (4.12) holds. Then, there exist two controls p
and q, such that the associated solution (u,v,w) to (1.6) satisfies (u,v,w,p,q) € E. In particular,

uw(T,z) =v(T,z) =w(T,z) =0 in (0,L).

4.3. Local null controllability of the nonlinear system

In this section, we prove the local null controllability of the Hirota-Satsuma system (1.5), that means
Theorem 1.1, using a local inversion argument. More precisely, we apply the following result (see [1]).
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Theorem 4.4. Let By and By be two Banach spaces and let F : By — By satisfy F € C*(By; Bs). Assume that
by € By, F(b1) = by and that F'(by) : By — By is surjective. Then, there exists 6 > 0 such that, for every b/ € By
satisfying ||b" — ba||g, < J, there exists a solution of the equation

F)=V, bebB.
Proof of Theorem 1.1. Let F : E — [L?*(873/2e5%(0,T); H~'(0, L) x L?(0, L))]* be an operator defined by

f(uavavaa Q) = ((ut - %uzmm — 3uu, + 6vv, — 3wmau(0> ’)7
v + %Ugm + 3uv, — pl,, v(0,-),
Wi + $Wean + Uty — qly, w(0,-)).

Recall that the space E is the Banach space defined at the beginning of Section 4.2.
We will check that the following two points are verified:

~ F' is an operator of class C* from F to [L?(373/2e5%(0,T); H~(0, L))]>.
— F(0): E — [L2(B73/2e5%(0,T); H-1(0, L) x L?(0, L))]? is surjective.
Then, since F(0) = 0, from Theorem 4.4 with By := E, and By := [L?(873/2e5%(0,T); H~(0, L) x L*(0, L))]?,
there exists 0 > 0 such that if ||(uo, vo,wo)l|[z2(0,2)2 < 0, there exists (u,v,w,p,q) € E such that
]:(ua v,w,p, q) = (07 Uo, 07 Vo, 0; wO)'

Let us check the two points above.

— F'is an operator of class C* from E to [L?(33/2¢5%(0,T); H=*(0, L) x L?(0,L))]>.
It is fairly clear to see that it suffices to prove that the bilinear terms in F are bounded. Indeed, let y and
z two functions in E. We have

”yzw”L2(6—3/2e5@(07T);H—1(07L)) < C”yHLQ(,B—?’/“eS/M(QT);H&(O,L))HZHLOO(ﬁ—3/4es/2&(07T);L2(O,L))
< Clyllellzlle-

~ F'(0): E — [L*(B~3/2e*%(0,T); H-'(0, L) x L*(0, L))]* is surjective.
Notice that

-F/(O) = ((ut - %Uamx — 3wy, U(O, ')7Ut + %U;wcx - p]lfy,U(O, ')awt + %wmﬁm - q]lw,w((), ))7

which is surjective thanks to Proposition 4.2. This completes the proof of Theorem 1.1. O

5. FINAL COMMENTS
We finish our paper with some comments and open problems.

— We have proven in Theorem 1.1 the local null controllability of the generalized HS system (1.5). Given
the strategy followed in this paper, we have done the best possible: to control the three-equation system
with two internal controls. This optimality is clear from the fact that when we linearize we obtain two
decoupled subsystems and consequently we need two controls to achieve our results.

— A very nice open problem is to get the control of the generalized HS system (1.5) using only one control
input. To do that, the strategy used here is not good enough as explained in the previous point. A possible
strategy is the use of nonlinear arguments as the return method as done for instance in [10, 11] for parabolic
systems and in [24] for hyperbolic systems. This strategy should be also useful to control the HS system
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(1.1) with only one control, for instance:

Uy — %umz = 3uu, — 6vv,, (t,z) € Q,
vy + %vmx = —3uv, +pl,, (t,z) € Q,
uw(t,0) = u(t,L) =0, u,(t,0) =0, te(0,7),
v(t,0) =v(t,L) =0, v, (t,L) =0, te(0,T),
u(0,2) = ug(z), v(0,2) = vo(z), x€(0,L).

— Other interesting open problem it is to study the boundary controllability of the generalized HS system,
trying to get some results when some equations are not directly controlled.
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