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OPTIMAL CONTROL THEORY AND ADVANCED OPTIMALITY
CONDITIONS FOR A DIFFUSE INTERFACE
MODEL OF TUMOR GROWTH

MATTHIAS EBENBECK AND PATRIK KNOPF*

Abstract. We investigate a distributed optimal control problem for a diffuse interface model for tumor
growth. The model consists of a Cahn-Hilliard type equation for the phase field variable, a reaction
diffusion equation for the nutrient concentration and a Brinkman type equation for the velocity field.
These PDEs are endowed with homogeneous Neumann boundary conditions for the phase field variable,
the chemical potential and the nutrient as well as a “no-friction” boundary condition for the velocity.
The control represents a medication by cytotoxic drugs and enters the phase field equation. The aim is
to minimize a cost functional of standard tracking type that is designed to track the phase field variable
during the time evolution and at some fixed final time. We show that our model satisfies the basics
for calculus of variations and we present first-order and second-order conditions for local optimality.
Moreover, we present a globality condition for critical controls and we show that the optimal control
is unique on small time intervals.
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1. INTRODUCTION

The evolution of cancer cells is influenced by a variety of biological mechanisms like, e.g., cell-cell adhesion or
mechanical stresses, see [4]. Although cancer is one of the most common causes of death, the knowledge about
underlying processes is still at an unsatisfying level. Due to the complexity of the evolution, experimental and
medical research may not be sufficient to predict growth and to establish general treatment strategies. Thus,
it is of high importance to develop biologically realistic and predictive mathematical models to identify the
influence of different growth factors and mechanisms and to set up individual treatment.

In the recent past, diffuse interface models gained much interest (e.g., [23, 29, 33, 34]) and some of them seem
to compare well with clinical data, see [1, 4, 21]. Typically, these models are derived from balance equations for
mass and momentum and they incorporate exchange of mass and momentum between the phases. Mechanisms
like chemotaxis, necrosis, angiogenesis and apoptosis can be included or effects due to viscoelasticity and stress,
see e.g. [15, 28, 40].
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In general, living biological tissues behave like viscoelastic fluids, see [11]. Since relaxation times of elastic
materials are rather short (see [25]), it is reasonable to consider Stokes flow as an approximation of those tissues,
see e.g., [19]. Indeed, many authors used Stokes flow to describe the tumor as a viscous fluid, see [20, 22]. In
classical tumor growth models, velocities are modeled with the help of Darcy’s law. In these models the velocity
is assumed to be proportional to the pressure gradient caused by the birth of new cells and by the deformation of
the tissue, see [8, 32]. Brinkman’s law is an interpolation between the viscous fluid and the Darcy-type models,
see e.g., [42, 53].

1.1. Introduction of the model

In this paper, we consider the following model: Let Q@ € R? with d = 2,3, be a bounded domain. For a fixed
final time T > 0, we write Qr := Q x (0, 7). By n we denote the outer unit normal on 9Q and 9,9 := Vg-n
denotes the outward normal derivative of the function g on I'. Our state system is given by

div(v) = (Po — A)h(p) in Qr, (1.1a)

—div(T(v,p)) +vv = (p+ xo)Vep in Qp, (1.1b)

Orp + div(ev) = mAp + (Po — A — u)h(yp) in Qrp, (1.1¢)
p=—eAp+e 1 (p) — xo in Qr, (1.1d)

(CHB) —Ao +h(p)o =blog — o) in Qr, (1.1e)
Onpt = Onp = Ono =0 in ', (1.1f)
T(v,p)n=10 in I'p, (1.1g)

©(0) = o in Q, (1.1h)

where the viscous stress tensor is defined by
T(v,p) == 2nDv + Mdiv(v)I — pI, (1.2)
and the symmetric velocity gradient is given by
Dv = (Vv + Vv').

In (1.1), we denote by ¢ the difference of volume fractions of tumor tissue and healthy tissue where
{zx € Q: p(x) = 1} represents the region of unmixed tumor tissue, {x € Q : p(x) = —1} stands for the sur-
rounding healthy tissue. The volume-averaged velocity of the mixture and the pressure are denoted by v and p,
respectively. The tumor consumes an unknown species o € [0, 1] acting as a nutrient like e.g. oxygen or glucose.
Furthermore, p denotes the chemical potential associated with ¢. The mobility is represented by a positive
constant m, the diffuse interface thickness is proportional to a small parameter € > 0 and the constant v > 0 is
related to the fluid porosity. The shear and bulk viscosities are given by a positive constant n and a non-negative
constant A, respectively. The non-negative constants P, A and y represent the proliferation rate, the apoptosis
rate and the chemotaxis parameter, respectively. By op, we denote the nutrient concentration in a preexisting
vasculature and b is a positive constant. Hence, the term b(cp — o) models the nutrient supply from the blood
vessels if op > o and the nutrient transport away from the domain for op < . The term —ul(p) in (1.1c)
models the elimination of tumor cells by cytotoxic drugs and the function u will act as our control. Since it does
not play any role in the analysis, we set e = 1.
We investigate the following distributed optimal control problem:

. (0.%) x1 K
Minimize  1(p, 1,0, v,p,) = “o(T) ~ o5l + 2l ~ galliaian) + o lulagar)
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subject to the control constraint
ueU:={ueL*L? ’ a(z,t) < u(z,t) < b(x,t) for almost every (z,t) € Qr} (1.3)

for box-restrictions @, b € L?(L?) and the state system (1.1). Here, oy, ®; and & are nonnegative constants.

The optimal control problem can be interpreted as the search for a strategy how to supply a medication
such that a desired evolution g4 and a therapeutic target ¢ are achieved in the best possible way without
causing harm to the patient (expressed by both the control constraint and the last term in the cost functional).
The ratio between the parameters o, &; and x can be adjusted according to the importance of the individual
therapeutic targets.

In the case when h(—1) = 0, the term —uh(y) models the elimination of tumor cells by a supply of cytotoxic
drugs represented by the control w. This specific control term has been investigated in [18] and also in [27] where
a simpler model was studied in which the influence of the velocity v is neglected. However, in some situations
it may be more reasonable to control, for instance, the evolution at the interface and one has to use a different
form for hh(-), see Remark 2.2. Therefore, we allow h(-) to be rather general.

1.2. Summary of our main results

In Section 3, we prove the existence of a control-to-state operator that maps any admissible control u € U
onto a corresponding unique strong solution of the state equation (1.1). Furthermore, we show that this control-
to-state operator is Lipschitz-continuous, Fréchet differentiable and satisfies a weak compactness property. In
particular, we establish the fundamental requirements for calculus of variations.

In Section 4, we investigate the adjoint system. Its solution, that is called the adjoint state or the costate, is
an important tool in optimal control theory as it provides a better description of optimality conditions. We prove
the existence of a control-to-costate operator which maps any admissible control onto its corresponding adjoint
state. Then, we show that this control-to-costate operator is Lipschitz continuous and Fréchet differentiable.

Eventually, in Section 5, we investigate the above optimal control problem. First, we show that there exists at
least one globally optimal solution. After that, we establish first-order necessary conditions for local optimality.
These conditions are of great importance for possible numerical implementations as they provide the foundation
for many computational optimization methods. We also present a second-order sufficient condition for strict
local optimality, a globality criterion for critical controls and a uniqueness result for the optimal control on
small time intervals.

1.3. Comparison with the results established in [18]

We want to outline the main features and novelties of our work, especially compared to the results in [18].
The main difference lies in the equation for the nutrient concentration. In [18] the equation

— Ao+ h(p)o =0 in Qp, Oho=K(1—-0) onlp (1.4)

was used where K denotes some positive boundary permeability constant. However, in this paper, we use
equation (1.le) endowed with a homogeneous Neumann boundary condition (as studied in [27]) to describe the
nutrient distribution.

Apart from the fact that (1.1e) might be more reasonable in some situations from a modeling point of view, it
provides some advantages with regard to analysis and optimal control theory. In particular, Lipschitz continuity
and Fréchet differentiability of both the control-to-state operator and the control-to-costate operator can be
established in much better function spaces. As a consequence, we can prove that the cost functional J is twice
continuously differentiable which was not possible in [18]. This enables us to establish second-order conditions
for (strict) local optimality.

Finally, we want to comment on the fact that active transport is neglected in (1.4). In principle, it is possible
to decouple the effects of chemotaxis and active transport, see, e.g., [29]. If the ratio between nutrient diffusion
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and active transport timescale is quite small, a non-dimensionalization argument together with the decoupling
justifies the fact that active transport may be neglected, cf. [26].

Moreover, as mentioned above, we present a globality criterion for critical controls as well as a uniqueness
result for the optimal control on small time intervals. These new conditions have neither been established in
[18] nor for related models in the literature. However, we are convinced that analogous conditions could also be
proved for the optimal control problem in [18].

1.4. Related results in the literature

Finally, we want to mention further works where optimal control problems for tumor models are studied.
Results on optimal control problems for tumor models based on ODEs are investigated in [39, 41, 43, 49]. In
the context of PDE-based control problems we refer to [5] where a tumor growth model of advection-reaction-
diffusion type is considered. There are various papers analyzing optimal control problems for Cahn—Hilliard
equations (e.g., [12, 35, 44-46]). Furthermore, control problems for the convective Cahn—Hilliard equation where
the control acts as a velocity were investigated in [14, 31, 51, 52] whereas in [6, 24] the control enters in the
momentum equation of a Cahn—Hilliard—Navier—Stokes system. As far as control problems for Cahn—Hilliard-
based models for tumor growth are considered, there are only a few contributions where an equation for the
nutrient is included in the system. In [13], the authors investigated an optimal control problem consisting of
a Cahn—Hilliard-type equation coupled to a time-dependent reaction-diffusion equation for the nutrient, where
the control acts as a right-hand side in this nutrient equation. The model they considered was firstly proposed
in [33] and later well-posedness and existence of strong solutions were established in [23]. However, effects due
to velocity are not included in their model and mass conservation holds for the sum of tumor and nutrient
concentrations. A similar model has been analyzed in [10] both from the viewpoint of optimal long-term and
finite-time treatment of medication. Furthermore, we want to cite the paper [27] about an optimal control
problem of treatment time where the control represents a medication of cytotoxic drugs and enters the phase
field equation in the same way as ours. Although their nutrient equation is non-stationary, some of the major
difficulties do not occur since the velocity is assumed to be negligible (v = 0). Lastly, we want to mention the
work [48], where the authors tackled an optimal control problem for a Cahn—Hilliard-Darcy model describing
tumor growth in two space dimensions. However, this model neglects the influence of nutrients and poses a
compatibility condition for the source term in the divergence equation resulting from a different boundary
condition for the velocity. In particular, the source term does not depend on additional variables such as (.

2. PRELIMINARIES

At first, we want to fix some notation: For any (real) Banach space X, its corresponding norm is denoted by
Il - lx- We write X* to denote the dual space of X and (-,-)x to denote duality pairing between X* and X. If
X is endowed with an inner product, this product is denoted by (:,-)x. The scalar product of two matrices is
defined by

d
A:B = Z ajkbjk for A = (aij)lgi,jgd, B = (bij)lgi,jgd S RdXd.
7,k=1

For the standard Lebesgue and Sobolev spaces with 1 < p < co and k > 0, we use the notation L? := LP()) and
WHP .= WFP(Q). Their corresponding norms are denoted by || - || z» and || - [[yyx.». If p = 2 we write HF = W2
and || - || grx = || - [lyyr.2. Sometimes, we will also write | - ||, instead of || -||1r(zr). Moreover, we write L?, W
and H” to denote the corresponding spaces of vector or matrix valued functions. For Bochner spaces, we use
the notation L?(X) := LP(0,T; X) for any Banach space X and p € [1,o0]. For the dual space X* of a Banach
space X, we define the (generalized) mean value by

1/ . 1
vg=-— [ vdx forvel', wv)=-—(@wlx forveX".
19 Jo 0]
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Furthermore, we define the following function spaces:
LE={we L? wq=0}, (HY:={fecH): f5=0}, H2:={we H?: dyw=0on dQ}.

We remark that the Neumann-Laplace operator —Ay: HY N L2 — (H')j is positive definite and self-adjoint. In
particular, due to the Lax-Milgram theorem and the Poincaré inequality, its inverse operator (—=Ay)~1: (HY)§ —
H'' N L% is well-defined and we write v := (—Ay)~Lf for f € (H')§ if vg = 0 and

—Av=finQ, Jyv =0 on 0.

The embeddings H2 — H' — L? ~ (L*)* — (HY)* < (H2)* are continuous. Therefore we can identify
(uv) g = (u) 2, (uw) gz = (uw) g for allu € L2, v € H and w € H2.
Eventually, we introduce the function spaces

V1= (H'(L*) N L™ (H?) N L*(HY)) x (L™ (L*) N L*(H?)) x L™(H?) x L}(H?) x L*(H"),

Vy == L3(L?) x L¥(H') x L*(L?) x (L>(L?) N L*(H?)) x L=(L?),

Vs = (H'((H")*)NL™®(H")YNL*(H?)) x L*(H") x L*(H?) x L*(H?) x L*(H"),

Vyi=H' x L*(L%°) x L*(HY) x L*(L?) x L*(H') x L*(L?),

endowed with their standard norms.

Moreover, we make the following assumptions which we will use in the rest of this paper:

Assumption 2.1.

(A1) The domain Q C R? d = 2,3, is bounded with C*—boundary T' := 9. Moreover the initial datum
o € H2 and o5 € C([0,T]; L?) are given functions.

(A2) The constants T, n, v, m, b are positive and the constants P, A, A, x are nonnegative.

(A3) The non-negative function h belongs to C3(R), i.e., h is bounded, three times continuously differentiable
and its first, second and third-order derivatives are bounded. Without loss of generality, we assume that
|h| < 1.

(A4) 1 is the smooth double-well potential, i.e., ¥(s) := +(s?> — 1)? for all s € R.

1
1
Remark 2.2.

(a) In principal, it would be possible to consider more general potentials ¢(-). However, since the double-well
potential is the classical choice for Cahn-Hilliard-type equations (apart from singular potentials like the
logarithmic or double-obstacle potential) and to avoid being too technical, we focus on the above choice
for 1) in this work.

(b) For the function h(-), there are two choices which are quite popular in the literature. In, e.g., [26, 29], the
choice for hh is given by

h(p) = max {O,min {1,531+ ¢)} } Vo € R,

satisfying lh(—1) = 0, (1) = 1. Other authors preferred to assume that I is only active on the interface,
i.e., for values of ¢ between —1 and 1, which motivates functions of the form

h(p) = max {O, 11— @2)} or h(p) = %(cos (7 min {1, max{y, —1}}) + 1),

see, e.g., [34, 36]. Surely, we would have to use regularized versions of these choices to fulfill (A3).
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(¢c) We want to point out that the analysis for singular potentials is quite delicate, even for the uncontrolled

version of (1.1), since source terms are present. In contrast to, for example, [46] where the estimates for
u are obtained from the energy due to an additional regularization term ad;p (with o > 0) in (1.1c), our
analysis is based on an estimate for the mean value of . Clearly, if ¢(+) is singular, such an estimate is quite
hard to obtain. Following the arguments, for instance, in [7], it is crucial to prove that Iﬁl\ Jo e(t) dz e
(—1,1) for almost every t € (0,T).
Since our model does not have the property of mass conservation for the phase field ¢, we would require
additional assumptions on the source terms and an argument such as used in [30]. However, this argument
does not work when using source terms, for example, as in [34, 36] (see (b)) in combination with the double
obstacle potential, which can be seen as follows: If there was a solution to (1.1) that fulfills (p(t.))q =1
for some t, € (0,T), then (¢(t))q =1 for all ¢t € [t., T].

3. THE CONTROL-TO-STATE OPERATOR AND ITS PROPERTIES

We consider the system (1.1) as presented in the introduction. The first step is to define a set of controls that
are admissible for our problem. Then we show that each of these admissible controls induces a unique strong
solution (the so-called state) of the system (1.1). Thus, we can define a control-to-state-operator which maps any
admissible control onto its corresponding state. We show that this operator has several important properties that
are essential for calculus of variations: It is Lipschitz-continuous, Fréchet-differentiable and weakly compactness
in some suitable sense.

3.1. The set of admissible controls

The set of admissible controls is defined as follows:

Definition 3.1. Let a,b € L?(L?) be arbitrary fixed functions with @ < b almost everywhere in Q7. Then the
set

U:={ue L*(L?) | a(z,t) < u(a,t) < b(z,t) for almost every (z,t) € Qr} (3.1)
is referred to as the set of admissible controls. Its elements are called admissible controls.

Note that this box-restricted set of admissible controls U is a non-empty, bounded subset of the Hilbert space
L?(L?) since for all u € U,

lullzzz2y < @l zzezy + 10l L2 (z2) + 1 =: R. (3.2)
This means that
UCUg with Ug:={ue L*(L?) | |ullz2z2) < R}. (3.3)
Obviously, the set U is also convex and closed in L?(L?). Therefore, it is weakly sequentially compact (see [50],
Thm. 2.11).
3.2. Strong solutions and uniform bounds
We can show that the system (1.1) has a unique strong solution for every control u € Ug:

Proposition 3.2. Let u € Ug be arbitrary. Then, there exists a strong solution quintuplet (Qu, s Ous Vu, Pu) €
V1 of (1.1). Moreover, every strong solution (pu, f, Ou, Vu, Pu) Satisfies the following bounds that are uniform

1(us thws 0w, Vas pu) vy < Ch, (3-4)

where Cy > 0 is a constant that depends only on on R, Q) and T and the system parameters.
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Proof. The assertion follows with slight modifications in the proof of ([18], Thm.4). We will sketch the main
differences in the following:

Step 1: Testing (1.1e) with o, using (1.1f), the non-negativity of h(-) and Hélder’s and Young’s inequalities,

we obtain
b
/ |Vo|? dx—l—b/ o|?dx < 7/ lo|?> + |op|? dz,
) Q 2 Jo

meaning
lollar < Cllosl| e (3.5)
Then, with exactly the same arguments as in ([18], Proof of Thm. 4) it follows that
el () ynre (aynraz)nre sy + ol + [pllceEnncsee)
+ (| div(ev) |l L2 (z2) + ||V||Lg(H1) +Ipllz2z2) < C, (3.6)
with a constant C' depending only on the system parameters and on €2, T and R.

Step 2: Now, we want to establish higher order estimates. Using elliptic regularity theory, the assumptions
on h(-) and op, (1.1e)—(1.1g), (3.5) and (3.6), it is easy to check that

||U||Loo(H2) S C. (37)
Together with the boundedness of h(-) and the Sobolev embedding H? C L, this implies
o]l oo (noey + I div(V) [ oo (o) + [|(Po — A)(@) || oo (1) < C. (3.8)

Testing (1.1c) with A2%p, (1.1c) with mA3¢p, integrating by parts and summing the resulting identities, we
obtain

%% /Q |Ap|? dz + m/Q |A%p]? do = /Q (Po — A —u)h(p) — div(pv)) A%pdz
+ / mA@ (p) — xo)A%p dz. (3.9)
Q

Due to Hélder’s and Young’s inequalities and (3.6)—(3.8), the Sobolev embedding H* C L° and elliptic estimates,
it follows that

m
< Ollullz + Cllolln (1 +1A¢]172) + leﬂzwlliz-
(3.10)

/Q (Po — A —u)h(p) — div(pv) — mxyAc)A%p dz

Now, we observe that

AW (9)) =" (©)IVel* + 9" (9) Ap.

Using Holder’s, Young’s and Gagliardo-Nirenberg’s inequalities, the assumptions on (-), elliptic regularity
theory and (3.6), this implies

m
/QmAW(sO))A%d:v <O+ llelze + lelz=1Velis) 1+ [AglZ:) + 5 1A%

m
<C(1+llelis) A+ 1A¢l7:) + 1A% 7. (3.11)
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Using (3.10)—(3.11) in (3.9), recalling (3.6) and using elliptic regularity theory, a Gronwall argument yields

lell oo 2y + ol L2(are) < C. (3.12)

Then, a comparison argument in (1.1d) yields
l[ell Lo (L2)nLe 2y < C. (3.13)
A further comparison argument in (1.1c) yields
0kl 222y < C. (3.14)

Using (3.6)—(3.8), (3.12)—(3.13), the assumptions on h(-) and Gagliardo-Nirenberg’s inequality, it is easy to
check that

[(Po — A)h(o)|| s (1) < C, (1 + x0) Vel sz < C.
Due to ([16], Lem. 1.5), this implies
IVIlLsz) + [Pl Lscary < C, (3.15)
which completes the proof. O

By means of interpolation theory, we can conclude that the ¢-component of a strong solution quintuplet has
a representative that is continuous on Q7.

Corollary 3.3. Let u € Ug and pg € H2(Q) be arbitrary and let (pu, fy, Tu, Vu, Pu) denote the strong solution
of the system (1.1). Then, @, has the following additional properties:

pu € C([0, T H?), ¢y € C(Qr) with |ulloqoruzyncan) < Co
for some constant Cy > 0 that depends only on the system parameters and on R, Q, I' and T'.

Proof. The assertion can be established by an interpolation argument. The proof proceeds completely
analogously to the proof of ([18], Cor. 5). O

Furthermore, we can show that any control u € Ug induces a unique strong solution of the system (1.1):

Theorem 3.4. Let u € Ur and @o € H2(Q) be arbitrary and let (pu, fiu, Vu, Tus Pu) denote the corresponding
strong solution as given by Proposition 3.2. Then, this strong solution is unique.

Proof. Let u,u € Ug be arbitrary and let C' denote a generic nonnegative constant that depends only on R, 2,
I' and T and may change its value from line to line. For brevity, we set

(@,M,V,U,p) = (@uauuyvumauypu) - (gpﬂvuﬁ7vﬁaaﬁapﬁ)~

where (Yu, thu, Vu, Ou, Pu) and (va, tba, Va, 0a, Pa) are strong solutions of (1.1) to the controls v and @. In par-
ticular, this means that both strong solutions satisfy the initial condition (1.1h), i.e., @, (-,0) = @a(-,0) = o
holds almost everywhere in €.

Then, the following equations are satisfied:

div(v) = Poh(py) + (Pog — A)(l(py) —h(pa)) in Qr, (3.16a)
—div(T(v,p)) + vv = (u+ x0)Veu + (ta + xoa)Ve in Qr, (3.16b)
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Opp + div(pyv) + div(pva) = mAp + Polh(e,) + (Pog — A)((ew) — h(ea))

- (UIh(QDu) - 'a]h(@ﬁ)) in QT, (3.160)

p=—Ap+ 1 (pu) =¥ (pa)) — xo in Qr, (3.16d)

—Ac +bo + h(py)o = —ou(h(p,) —h(pa)) in Qp, (3.16¢)
Onft = Onp =0Ono =0 in I'r, (3.16f)
T(v,p)n=0 in I'p, (3.16g)

0(0) =0 in Q. (3.16h)

Now, we will show that ||(¢, u, v,o,p)|ly, = 0 if u = 4. The argumentation is split into two steps:

Step 1: In [18], it has been shown that the following inequalities hold: For any 6 > 0 and all u, @ € U,

| (ul(eu) — h(pa).p) | < Cllu—allfz + Cllellis + C llall 2ol (3.17)
| (ub(pu) — @(pa),Ap) .| < CO7" lu— a7 + Co~1 [allizllellzn + 201 Ael7: +6VAQ[E..  (3.18)

Now, multiplying (3.16e) with o, integrating by parts and using (3.16f), it follows that

[ 1Vaf 4 b0 + hip)lof dz =~ [ aahie) - Biga))o de.
Q Q

Using the assumptions on h(-), Proposition 3.2 and Holder’s and Young’s inequalities, it is therefore easy to
check that

lollzr < CllellLe- (3.19)
Then, we can follow the arguments in ([17], Sect. 5) to deduce that

el ((myynpe vynczusy + |pllezyy + llollezny + [VIicz@y + Iplleez) < Cllu — aflp2z2). (3.20)

Step 2: We now prove higher order estimates. Using elliptic regularity theory, Proposition 3.2, (3.19)—(3.20)
and the assumptions on h(-), it is easy to check that

loll Lo 2y < Cllu — [ L2(12). (3.21)
Multiplying (3.16¢) with A% and inserting the expression for u given by (3.16d), we obtain
3 186 dom [ 8% do = [ (Pobie) + (Pos — A)Iap) ~ b(ea)) A% do
- /Q (div(g@uv) + diV((pVa))AQQO dx
+ m/Q AW (pu) = ¥ (pa)) — x0) A%p d
- [ (ah(on) — ahien) A% do (322)
where we used that

/8t<pA2godx—E§/|Ago|2 de Yo € H* (L)) NL*(H*), 0Onp = 0nlAp = 0.
Q



10 M. EBENBECK AND P. KNOPF

Using Proposition 3.2, (3.20)—(3.21) together with Holder’s and Young’s inequalities, it follows that

/ (Poh(py) + (Pog — A)(h(py) — h(pa)) — div(p,v) — div(pva) — myAs)A%p dx
Q
m
< C (vl + el Ivalite + ol + lelze) + S 1A% (3.23)

Using the continuous embedding H? C L*, Proposition 3.2, (3.20), the assumptions on h(-) and the elliptic
estimate

el < Clgllez + 1A¢l2) Vo € H,

we obtain

/Q (uh(py) — h(ps))A2p dz

/Q ((u— D)(pu) + a(B(pa) — hlpa))) A% da

< C(llu—llzz + a2 (Iellze + |1 Ael L)) A%l 2
~ ~ m
< C(lu—allze + lalz=(lellz: + [1Aelz2)) + Z 1A% 7. (3.24)

Now, we observe that

AW (pu) =¥ (0a)) = ¥ (Lu) Ap + Apa (V" (pu) — " (@a))
+ 9" (ou) (Vou + Vu) (Vou — Vea) + (@ (u) — ¢ (0a)) [Veoal*.

Due to the assumptions on () and because of Proposition 3.2, it is straightforward to check that
/Q 9" (0u) Apl* +[Apa (¥ (0u) = ¥" (0a))]* dz < C ([lellZ2 + |A¢ll72) ,

where we used the continuous embedding H? C L® and elliptic regularity theory. With similar argument, using
the Sobolev embedding H! C L8 and the assumptions on %(-), we obtain

A 19" (ou) (Vou + V) (Veou = Vou) 2+ (0" (pu) = 9" (9a) P Veal* dz < C (lell2 + [[Ap]172) -
From the last two inequalities, we obtain

1AW (0u) = ¥ ()2 < C (llellZe + 1A0]72) - (3.25)

Therefore, we have
m
[ A ) = ) A% | < C (1ol + 1861:) + 5 18% 1. (3.26)

Plugging in (3.23)—(3.26) into (3.22), we obtain

d N .
a4 / Apf? dz +m / D202 da < (]2 + a2 l0l2s + Va2 lellZn + o2 + V]2 + - al2.)

dt
+C (1+ [[alg2) Az (3.27)
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Invoking Proposition 3.2 and (3.20) and using elliptic regularity theory, a Gronwall argument yields

ol zr () ynLe (m2ynL2 a3y + [|1A@l L2 g2y + [[pll L2y + 1ol Lo a2y + VI @) + IPllz2z2)
§ CHU*fLHL2(L2)- (3.28)

Using (3.25) and (3.28), a comparison argument in (3.16d) implies
[l oo (r2ynrz 2y < Cllu =l L2 L2y (3:29)
Again using elliptic theory, from (3.16d), (3.16f) and (3.29) we obtain
Il (1) < Cllu = |2 (r2). (3.30)
A further comparison argument in (3.16¢) together with (3.29) yields
[0kl r2(r2) < Cllu — @l p2(r2).- (3.31)
Summarising (3.28)—(3.31), we obtain
lloll a1 (p2ynne (m2)nn2 ey + |l Lo (22ynr2 a2y + 1ol pe a2y + VI @y + Pl 22y < Cllu =l 2222 (3.32)

Together with the assumptions on h(-) and Gagliardo-Nirenberg’s inequality, it follows that

[div(v)llLs () < Cllu —allz2(z2), (3.33)
(1 + x0)Vou + (ha + xX0a) Vel sz < Cllu — allL2(r2). (3.34)
Then, an application of ([16], Lem. 1.5) yields
IVlizs @) + lIpllzsay < Cllu —allL2z2). (3.35)
Together with (3.32), this implies that
1(2; 1,0, v, p)llvy < Cllu—alL2(z2). (3.36)
Hence, setting u = u completes the proof. O

Due to Proposition 3.2 and Theorem 3.4, we can define an operator that maps any control v € Ug onto its
corresponding state:

Definition 3.5. For any u € Ug we write ((py, iy, 0u, Vu, Pu) to denote the corresponding unique strong solution
of (1.1) given by Proposition 3.2. Then the operator

S: Ur = Vi, ur S) = (Qu, lus Tu, Vu, Pu)

is called the control-to-state operator.

Remark 3.6. The control-to-state operator is defined not only for admissible controls but for all controls in
Ug. This will be especially important in subsection 3.4 because Fréchet differentiability is merely defined for
open subsets of L?(L?). Unlike the open ball Ug, the set U is closed and its interior is empty. Therefore it makes
sense to investigate the control-to-state operator on the open superset Ug instead.

In the following subsections, some properties of the control-to-state operator will be established that are
essential for the treatment of optimal control problems.
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3.3. Lipschitz continuity

The proof of Theorem 3.4 does actually provide more than uniqueness of strong solutions of (1.1). In fact,
we have showed that the strong solution depends Lipschitz-continuously on the control.

Corollary 3.7. The control-to-state operator S: Ug — Vy is Lipschitz continuous, i.e., there exists a constant
L1 > 0 depending only on the system parameters and on R, 0, T' and T such that for all u,u € Ug:

18(u) = S(@)ly, < Lallu—allp2z2).- (3.37)

Proof. The assertion follows directly from (3.36). O

3.4. A weak compactness property

As the control-to-state operator is nonlinear, the following result will be essential to prove existence of an
optimal control (see Sect. 5.1):

Lemma 3.8. Suppose that (up)ren C U is converging weakly in L?(L?) to some limit @ € U. Then

Yup = @a  in H' (L) N L*(HY), ¢u, = va nC(0,T;W")NC(Qr), r € [L,6),

fhuy, — pig in L*(H?), Vu, — Vg in L*(H?),

Ou, — 0g in L2(H?), Puy, — pa  in L2(HY),
after extraction of a subsequence, where the limit (@a, la, Oa, Va, Pa) 1S the strong solution of (1.1) to the control
uel.
Proof. The assertion follows with exactly the same arguments as the proof of ([18], Lem. 8). O
Remark 3.9. This result actually means weak compactness of the control-to-state operator restricted to U since

any bounded sequence in U has a weakly convergent subsequence according to the Banach-Alaoglu theorem.
However, this property can not be considered as weak continuity as the extraction of a subsequence is necessary.

3.5. The linearized system

We want to show that the control-to-state operator is also Fréchet differentiable on the open ball Uz (and
therefore especially on its strict subset U). Since the Fréchet derivative is a linear approximation of the control-
to-state operator at some certain point u € Ug, it will be given by a linearized version of (1.1):

div(v) = Poh(p,) + (Po, — AW (¢u)p + Fi inQr, (3.38a)
—div(T(v,p)) + vv = (py + xX0u)Veo + (+ x0)Ve, + F in Qrp, (3.38Db)
O + div(p,v) + div(evy) = mAp + (Poy, — A — uw)h'(p,)p
+ Poh(p,) + Fy in Qr, (3.38¢)
(LIN) p=—Ap+9"(pu)p —xo + F3 inQp,  (3.38d)
—Ac —bo + 1 (p,)po, +h(p,)o = Fy in Qr, (3.38¢)
Onpt = Onp = Ono =0 in I'p, (3.38f)
T(v,p)n=20 in I'p, (3.38g)
0(0)=0 inQ,  (3.38h)

where F; : Qp - R,1<i<4 and F: Qp — R3 are given functions that will be specified later on. A strong
solution of this linearized system is defined as follows:
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Definition 3.10. Let u € Ug be arbitrary. Then a quintuplet (o, i, o, v, p) is called a strong solution of (3.38)
if it lies in V; and satisfies (3.38) almost everywhere in the respective sets.

Existence and uniqueness of strong solutions to this linearized system is established by the following lemma:

Proposition 3.11. Let u € Ug be any control and let (p, u, 0, v,p) denote its corresponding state. Moreover,
let (F, Fy, Fy, F5, Fy) € V5 be arbitrary. Then the system (3.38) has a unique strong solution (p, u,0,v,p) € V1.
Moreover, there exists some constant C' > 0 depending only on the system parameters and on R, Q, I' and T
such that:

H((pva Uavvp)”\h < C||(F7 Flv FQaFSa F4)||V2~ (339)

Proof. The proof can be carried out using a Galerkin scheme by constructing approximate solutions with respect
to ¢ and p and at the same time solve for o, v and p in the corresponding whole function spaces. For the details,
we refer to ([18], Sect. 3.5). In the following steps, we will show a priori-estimates for the solutions. All the
estimates can be carried out rigorously within the Galerkin scheme. In the following approach, Holder’s and
Young’s inequalities will be used frequently.

Step 1: Multiplying (3.38¢) with o, integrating by parts and using (3.38f), the boundedness of h'(yp,) €
L>(Qr), 0y € L®(L*) and the non-negativity of I(-) yields

IVollg: +blolz: = ‘/Q (Fs =1 (pu)poun)o du| < dillollin + Co, (lellze + I Fall72)

for 6; > 0 arbitrary. Choosing dg = %min{l7 b}, this implies that
lollm < C(llellpz + |Fallr2) - (3.40)

Then, using exactly the same arguments as in [18], it can be shown that
el oo (ynrzcasy + el L2y + lollzcany + [IvILz @y + Ipllzzz2)

4
<C <||VF3|L2(L2) + 1Fll L2z + ZHFZ'||L2(QT)> : (3.41)

i=1

Step 2: We want to establish higher order estimates for ¢, u and o. With (3.38¢)—(3.38f) and elliptic regularity
theory, it follows that

lollmz < C (Ih'(eu)poullre + [|Fallz2) -
Due to the assumptions on h(-), using Proposition 3.2 and (3.41) implies
3
oL () < C (llVF3|L2(L2) FIF 2@ + I _IFl2or) + ||F4||L<>°(L2>> : (3.42)
i=1
We now multiply (3.38¢) with A%y, integrate by parts and insert the expression for p given by (3.38d) to obtain

d1
ai/ |Ag|? dz + m/ |AZp)? do = / (Po, — A—w)'(pu)p + Poh(p,) + F2) A%p da
Q Q Q
- / (div(puv) + div(evy)) A%p do
Q

+ m/Q AW (pu) — xo + F3) A%p da. (3.43)
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Using Proposition 3.2, the assumptions on h(-), (3.42)—(3.43) and the continuous embeddings H! c L% H! C
L%, H? Cc L™, we have

[ ((Pow = W o)+ Pabio) + Bz = div(puv) + div(pv,)) A% do
Q
m
< O (1 Ivallzz) lelz: +C (lollze + Vg + 1F2]72) + T IAIZ.. (3.44)
Furthermore, it is straightforward to check that

m
\m [ A= xo+ R A% daf < C (Il + 1Rl) + 18% 1 (3.45)

Now, using elliptic regularity theory, the Sobolev embedding H? C L, the assumptions on h(-) and
Proposition 3.2, we calculate

m
< Clullpzlleluz A%l < Cllullze (lelze + 1A¢172) + T 1A% 7. (3.46)

/ ul’ (o) pA%p dz
Q

Next, we observe that

AW (0u)p) = VW (00)[Veu20 + ¥ (0u) A + 20" (0u)Vou - Voo + 1" (0u) Ap.

Using the Sobolev embeddings H' C L% H? C L>, H' C L, the assumptions on (), Proposition 3.2 and
elliptic regularity theory again, we obtain

IA@" (pu)@)llZz < C (llZe + 1 AvllZ:) (3.47)

Consequently,

‘m/QA(w”(sﬁu)sa)A% dz

m m
< ClAW (eu)p)lzz + T IA%elT < C(llellZ + [A¢]72) + T IA%] Tz (348)

Plugging in (3.44)—(3.48) into (3.43), we obtain

d1 m
3 18 dr+ G [ 1826 d < O (14 Ivalle) el + € (ol + VI + P2l + [ Falle)
+ O (1+ [[ull2) (lell7e + 1Agll72) -

Integrating this inequality in time from 0 to 7', using (3.41)—(3.42), Proposition 3.2 and elliptic regularity theory,
we end up with

ol oo (rr2ynrz(ars) + A% 0l 22y + [l L2y + o]l noe a2y + (VI 2y + [Pl p2cze)

2
<C <|F|L2(L2) + ) IFil L2 ) + 1Fsll 22y + ||F4||L°°(L2)> ~ (3.49)
i=1

Now, using elliptic regularity theory and (3.38d), (3.38f), (3.47) and (3.49), we deduce that

2
ull 2 aey < C <|F|L2(L2) + ) IFil L2 r) + 1Fsll 22y + ||F4||L°°(L2)> - (3.50)
i=1
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Furthermore, using Proposition 3.2, the assumptions on () and (3.49), a comparison argument in (3.38d)
yields

[ullLo(r2) < CCF (3.51)
where
2
Cp = <||F||L2(L2) + > IIFl 2 ) + 1Pl e (Lynzz a2y + ||F4||Loo(L2)> ~ (3.52)
i=1
Now, using elliptic regularity, Proposition 3.2, the assumptions on t(-) and (3.47), (3.49), one can check that
1" (eu)ellL2(m2) < C Chr.
Hence, using elliptic regularity theory again and recalling (3.49)—(3.50), from (3.38d) we deduce
lllz2(zey < C Cr. (3.53)
A further comparison in (3.38¢c) together with (3.49)—(3.53) yields
0eoll 1222y < CCF. (3.54)
Summarising (3.49)—(3.53), we showed that
el mr(z2ynne (m2)nr2 a4y + il o (z2)np2 2y + o llnoe a2y + IVIz2 @y + |l z2(22) < CCF. (3.55)

Step 3: Now, we also want to prove higher order estimates for v and p. Using Proposition 3.2, the assumptions
on h(-) and (3.55), a straightforward calculation shows that

[Poh(py) + (Poy — AW (pu)pll sy < CCr. (3.56)
Using Gagliardo-Nirenberg’s inequality, we have the continuous embedding
L>®(H"Y N L*(H?) — L¥(L™).
Together with Proposition 3.2 and (3.55), this implies that
(1 + x0u) Vo + (1 + x0)Veull sz < CCr. (3.57)
Using (3.56)—(3.57) and recalling (3.55), an application of ([16], Lem. 1.5) to (3.38a)—(3.38b), (3.38g) yields
(e, 1y 0,v, D)y, < CI(F, Fy, Fy, Fs, Fy)|v,, (3.58)

hence we showed (3.39).

Step 4: Due to (3.58), we can pass to the limit in the Galerkin scheme to deduce that (3.38) holds. The initial
condition is attained due to the compact embedding H'((H)*) N L>=(H') — C([0,T]; L?) (see [47], Sect.8,
Cor. 4). Moreover, the estimate (3.39) results from the weak-star lower semicontinuity of the V;-norm. Finally,
uniqueness follows from linearity of the system together with (3.39). O

3.6. Fréchet differentiability

Now, this result can be used to prove Fréchet differentiability of the control-to-state operator:

Proposition 3.12. The following statements hold:
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(i) The control-to-state operator S is Fréchet differentiable on Ug, i.e., for any u € Ug there erists a unique
bounded linear operator

S'(u): L*(L*) = V1, hw S'(u)[h] = (@l oy, Vi a0l [R],
such that

[S(u+h) = S(u) = S'(w)[h]v,
12l > (z2)

—0 (ZSHhHLQ(Lz) — 0.

For any u € U and h € L*(L?), the Fréchet derivative (!, p,, v, 0%, pl,)[h] is the unique strong solution
of the system (3.38) with

Fi1,F5,F, =0, F=0 and Fy;=—hh(p,).
(ii) The Frechet-derivative is Lipschitz continuous, i.e., for any u, i € Ur and h € L?(L?), it holds that
IS" (W) [] = S" (@[l ezz2ym) < Lallu — @l 222y, (3.59)
with a constant Lo > 0 depending only on the system parameters and on Q, T, R.

Proof. Let C denote a generic nonnegative constant that depends only on R, 2 and T and may change its value
from line to line.

Proof of (i): To prove Fréchet differentiability we must consider the difference

(90, ,LL,O',V,p) = (Sﬁu+h7,uu+h7vu+h7 Uu+h7pu+h) - (Sﬁu7,l/4u,0'u7vu,pu)

for some arbitrary u € Ug and h € L?(L?) with u+ h € Ug. Therefore, we assume that [|2]|12(z2) < 0 for some
sufficiently small 6 > 0. Now, we Taylor expand the nonlinear terms in (1.1) to pick out the linear contributions.
We obtain that

h(pu+n) —h(pu) = B (0u)p + R,
Tuthh(Putn) — ouli(py) = ol(py) + oul’(0u)p + Ra,
(u+ h)h(putn) — uh(py) = ulh’(pu)p + hh(p,) + Rs,
(Huth + XOurh)VOurh = (u + X0u)Vou = (pu + X0u) Ve + (11 + x0)Viou + Ra,
div(QutnVutn) — div(eyve) = div(pvy,) + div(e,v) + Rs,
V' (Purn) = V' (pu) = ¥ (0u)p + Re,

where the nonlinear remainders are given by

Ri = 31"(Q)(utn — pu)?,

Ra = (Outn — ou)(W(purn) —Th(py)) + %Uu]hH(C)(QPu+h - ‘PU)2a
Ry = 5ul”()(purn — ¢u)? + h(B(urn) — hipu)),

Ry := [(Nu—O—h — ) + X(Outn — Uu)] (Vourn — Vou),

Rs :=div [(Sﬁquh = ou)(Vuth — Vu)]»

Ro = 59" (€)(Purn — Pu)®

with ¢ = Yputn + (1 — ey and £ = Opyyp + (1 — 0)p,, for some 9,60 € [0, 1]. This means that the difference
(¢, p, 0, v, p) is the strong solution of (3.38) with

F1:PR2—AR1, F:R4, FQZPRQ—ARl—Rg—R5—h]h((pu), F3:R6, F4:—R2.
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By a simple computation, one can show that these functions have the desired regularity. Now, we write
(ol ul vl ol ph) to denote the strong solution of (3.38) with

F’l,l*—}g,]*—h:()7 F=0 and ngfh]h(gﬁu)
and (@l pl vl ol plh) to denote the strong solution of (3.38) with

Fy=PRy— ARy, F=Ry, Fy=PRy— AR, —Rs—Rs, F3=Rs, Fi=—TRo. (3.60)

Because of linearity of the system (3.38) and uniqueness of its solution, it follows that

h h h h , h h h h h h
(@u+h7ﬂu+h7vu+ha0u+hapu+h) - (@uvuuaauvvuapu) - (@uauu7vuaau7pu) = (@va’LvaRaaRva)'

We conclude from Proposition 3.2 that ¢ and £ are uniformly bounded. This yields
1 (Olpe@r <€ Vi<i<4,  and [hD(()llr=(@,) <C V1< <3,
Moreover, since h(+) is Lipschitz continuous, it holds that
Ih(purn) = h(pu)llze@r) < Cllpurn — CullLe@ry < CllhllL2(z2)-
Together with the Lipschitz estimates from Corollary 3.7 we obtain that

||Ri||L2(L2) < OHh”iQ(L2)7 (&S {1727376}7
||Ri||L°°(L2) < OHh||2L2(L2)7 1€ {1,2,6}

Moreover, we have

[(Voutn = Vou)(Vurn — Vu)llz(r2) < IVoutn — Voul Lo r3) [Vutn = VullL2(rs)
< Clloutn — @ullLomy [Vutn — VL2 (3.61)

and then Corollary 3.7 yields

IR5ll22(22) < Cllousn — PullLe(@r) [Vurn = VullLzay + CIl(Vourn — Vou) (Vurn — va)llL2(12)
< C|hll72(z2)-

Due to the continuous embedding L (H')N L?(H?) — L¥(L°) resulting from Gagliardo-Nirenberg’s inequality,
an application of Corollary 3.7 gives

IRalls w2y < CllAlI72(12)- (3.62)
Furthermore, we have
IVR6lz2(22) < CNIVEl Loy lPurn — Pullie oy + CIVPutn — VoullL2(L3) lutn — ©ullLoe (L)

< ClIVEll e ) Putn = Pullioe ey + C llowsn — eullLzae) [Purn — @ull Lo a)
< C|hll7 (2

and
[AR6 | L2(z2) < C (1 + ||§||2Loo(H2)) [ utn — Pullfoo (rr2y < C IhlIT2(12)-
From the last two inequalities and elliptic regularity theory, we infer that

|R6llL2(m2) < C Hh||2L2(L2)'
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Now, we first observe that

HVR1||L8(L2) < \|]h(3)(C)V§ (Putn — %)2\|L8(L2) + ||2H1H(<)v(‘:0u+h = u) (Puth — @u)HLS(L?)
< C||VC||L°O(L6)||<Pu+h||%oc(L6) + C||V(<Pu+h - @u)||L°°(L6)H<Pu+h - SDu||L°°(L3)
< ClhlZ2 L2y

With similar arguments, it follows that

IV (0uh” (C)(Putn = u)?) s@ay < IVouh” () (@urn — 0u)?llLswe) + 1200 VR | L5 w2y
< CVoull Lo wo)llputnll i zsy + Clloull o @ VR L3 (w2
< Cllhll72(z2)-

From the Lipschitz-continuity of h/(-), we deduce that
IV ((urn — 0w) (W(@urn) = h(pu)) 5wy < Cllowsn — oull Lo @) |0urn — Pull Lo a2y < CIhlT2 12y

The last two inequalities imply

IRill sy < CllRlZ2 ), i€ {12}
This finally yields

[(F, Fi, Fo, By, Fa)|lv, < O lhl[72(12),

where F; denote the functions given by (3.60). Hence, due to (3.39) we obtain that

1%k 1R, o Vi PR )by < ClIRIZ(L2),
which completes the proof of (i).
Proof of (ii): In the following, we write

(s 11,0, v,p) = (uus s 00y Vo ) (1] = (Pl 1 0%, Vs ) (B

Then, using the mean value theorem, a long but straightforward calculation shows that

div(v) = Poh(py) + (Poy, — AL (¢u)p + Fi in Q7, (3.63a)
—div(T(v,p)) + vv = (ptu + x0u)Vo + (1t + x0)Ve, +F in Qr, (3.63b)
Orp + div(p,v) + div(evy) = mAp + (Po, — A —u) ()
+ Poh(p,) + Fo in Qp, (3.63¢
p=—Ap+¢"(pu)p — xo + F in Qr, (3.63d
—Ao —bo + I (¢u)poy + h(py)o = Fy in Qr, (
Onpt = Onp = Ono =0 in I'p, (3.63f
T(v,p)n=0 in I'p,

(
©(0) =0 in Q, (3.63h
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where

Fy = Pog[h)(h(pu) — h(pa)) + (Poa — A)pg [ (€)(wu — wa) + Pyg[hl(0w — 0a)h' (pu),
F = Q0] ((ttu + x0u) — (a + x0a)) + (a[h] + xo5[h) (Veu — Vea),
Fy = F1 — @i [h](u — @)/ (@y) — alh' (&) (wu — a) — h(h(pn) —h(pa))
— div((pu — pa)vilh]) — div(gg[h] (Ve — va)),
Fz = @ [hY" (6)(pu — va),
Fy = —op[h](h(pu) — (pa)) — 5[] ((0u — 0a)'(wu) + oalt’(§) (0u — @a))-

Using the Lipschitz-continuity of h(-) together with (3.4), (3.37) and (3.39), a straightforward calculation shows
that

||Fi||L2(L2) S C||h||L2(L2)Hu — 11”[/2([/2), 1 S 7 S 47
||FHL2(L2) S C”hHL?(L?)HU — ﬂHL2(L2)~ (364)

With similar arguments, it follows that

[F1llzs 2y < Cllhll2 ez llu — @l L2 (r2).- (3.65)
Now, using Gagliardo-Nirenberg’s inequality, we have the continuous embedding

L>®(HYYNL*(H?) — L¥(L™).

Therefore, be (3.37) and (3.39), it follows that

IFllzswe) < CllAllL2we) lu = @l 2z2). (3.66)
Using the assumptions on h(-), (3.4), (3.37) and (3.39), we obtain

IVF| s ey < Cllhlz2p2)llu — @l 2(r2)- (3.67)
From the Lipschitz-continuity of h(-) and the boundedness of I'(+), applying (3.4), (3.37) and (3.39) yields

[ F4ll Lo z2) < Cllog bl 2y low — allLe@r) + CleablllLe ) (low — oallLe @) + leu — @allLe@r))
< C|lhllz2eyllu — @l L2 (z2)- (3.68)

It remains to estimate the term F3. Using the boundedness of ¥ (§) € L™ (Qr), (3.37) and (3.39), we deduce
that

15| oo 22y < CllalPlll o (@) lou — allLe @) < Cllhll22yllu — @l 2 (2. (3.69)

Using the assumptions on (-) and the Sobolev embeddings H' C LP, H' C LP, p € [1,6], thanks to (3.4),
(3.37) and (3.39) we have

IV Esl 122y = Vi[RI () (0u — ©a) + @ h™ () VE(ou — pa) + @alh]v" (§)V(eu — va)ll L2 @2
< Cllpalh]ll Lo (a2 llow — @allLe (m2)
< Clhllpzee llu = afl 22y (3.70)

With similar arguments, it follows that

IAF3|| 22y < Cllhll L2 2y llu — @l 212y (3.71)
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Hence, from (3.64), (3.69)—(3.71) and elliptic regularity we obtain

15l oo (r2)nrz(m2) < Cllhllz2re)llu = @l L2 (z2).- (3.72)
Finally, using (3.64)—(3.68) and (3.72), an application of Proposition 3.11 yields

10 110, v, P)Ivy < CllhllL2(z2)l[u = all L2 (22),

hence (3.59) holds. This completes the proof. O

Remark 3.13. Since the Fréchet derivative §’(u) maps again into the space V; and is also continuous with
respect to the operator norm on £(L?(L?);V;), we conjecture that the procedure of Proposition 3.12 can be
repeated arbitrarily often provided that v, h, ¢g, op and I' are smooth. Then, it were possible to show that
the control-to-state operator is actually smooth.

Assuming that the control-to-state operator were at least twice continuously Fréchet differentiable, we could
use this property in Section 5.3 to derive an alternative second-order sufficient condition for local optimality.
However, we decided to use a different approach which is based on Fréchet differentiability of the control-to-
costate operator (see Sect. 4) as we preferred the resulting optimality condition.

4. THE ADJOINT STATE AND ITS PROPERTIES

In optimal control theory, it is a standard approach to use adjoint variables to express the optimality condi-
tions suitably. They are given by the adjoint system which can be derived by formal Lagrangian technique. It
consists of the following equations:

div(w) =0 inQp, (4.1a)
—nAwW +vw = —Vq + ¢, Vo inQpr, (4.1b)
Od+ vy Vo =—(Po, — A—u)l'(pu)¢ — W (pu)oup — " (pu)T + AT
+ V(pou + x0u) - W+ (Poy, — AN (0u)q — o1 (9u — Pa) inQrp, (4d.1¢)
T =V, w+mAg¢ inQp, (4.1d)
(ADJ)Y Ap —h(pu)p — bp = —x7 + Ph(pu)d + xVeu-w — Ph(p.)q inQp,  (4.1e)
On®=0ap=0 on I'p, (4.11)
0= (2nDw — ¢qI + @, ¢I)n onTr, (4.1g)
OnT = ¢vy -1 — (ly + XOu)W - 1 onT'r, (4.1h)
(1) = axo(pu(T) — ¢y) in €. (4.10)

4.1. Existence and uniqueness of weak solutions

A weak solution of this system, which is referred to as an adjoint state or costate, is defined as follows:

Definition 4.1. Let v € Ugr be any control and let (¢, fiy, Ou, Vu, D) denote its corresponding state. Then
(¢, 1, p,w, q) is called a weak solution of the adjoint system (4.1) if:

(i) The functions ¢, 7, p, w and ¢ have the following regularity:

¢ H' ((H"))NL>H")NL*(H?), 7€ L*(H"), pe L*(H"), we L*(H"), g€ L*(L?).
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(ii) The quintuplet (¢, T, p, w, q) satisfies the equations

&(T) = ao(pu(T) — <,Df) a.e. in €,
div(w) =0 a.e. in Qp

and
/ 2nDw:Vw + vw-w — ¢div(w) dx :—/ PV pu-W + ¢, div(w) dz,
Q Q

<6t¢a (£>H1 = /Q [(Pau —A- U)h/(¢u)¢ + ]h/(@u)o'up + wﬂ(@u)T
— (Poy — AW (pu)q — ddiv(va) + a1 (pu — pa)| & da

+/ [¢Vu*(‘uu+XJu)W*V’T] ~ng~5 dz,
Q
/T%dx:/Vgou-w%—mVQS'V%dx,

Q Q

—/Vp-Vﬁdx—b/ pﬁd5=/ [ = X7 + Ph(pu)é + xVeu - w
Q Q Q ~
— Ph(pu)q +h(pu)p]p da

for a.e. t € (0,7) and all ¢,7,p € H', w € HL.

To prove existence and uniqueness of solutions for (4.1), we will use the following Lemma:

21

Lemma 4.2. Let u € Ug be any control and let (pu, fhu, Ou, Vu, Pu) denote its corresponding state. Furthermore,
let (Go, G1,G2,G3,G1,Ga) € Vy be arbitrary. Then, there exists a unique solution (¢, 7,p,w,q) € Vs solving

div(w) =0 a.e. in Qr,
—nAwW +vw = -Vqg+ ¢, Vo + Gy a.e. in Qp,
7=V, W+ mA¢d+ G a.e. i Qp,
Ap —bp —h(pu)p = —xT + Ph(pu)p + XV, w — Ph(py)q + G3 a.e. in Qp,
On® =0np=0 a.e. onI'p,
0= (2nDw — gL + p,¢I)n a.e. onT'p,

o(T) = Gy a.e. in §2,

and

<at¢7 95>H1 = _/Q [(Pa'u o u)]h/(@u)gb + hl(‘ﬂu)gup + 1/’"(%)7
— (Poy — AW (pu)q — ¢div(vy) + G1] ¢ d

+/ [¢vu—(uu+xau)w—VT+G2] V¢ dz,
Q

for a.e. t € (0,T) and all & € H'. In addition, it holds that

(&7, 0, W, q)|lvs < Cll(Go, G, G2, G3, G1, Ga)llv, -

(4.8h)

(4.9)



22 M. EBENBECK AND P. KNOPF

Proof of Lemma 4.2. The proof is a straightforward modification of the proof of ([18], Thm. 16). We will only
sketch the main differences. Testing (4.8h) with ¢ = A¢ — ¢, we have to estimate the terms

— [ Gi(Ad— ¢) da, Gs - V(Ad — ¢) da.
Q Q

Using the continuous embedding H! < LS together with Young’s and Hélder’s inequalities, these two terms
can be controlled via

\A—Gl<A¢—¢>+Gz-v<A¢—¢> de

m
< C (1013 + G112 g + G2l ) + T2 (1AI2: + 7 AG]E2)

The last two terms on the right-hand side of this inequality can be absorbed into the left-hand side of an energy
inequality whereas the first term on the right-hand side can be controlled through a Gronwall term. The terms
involving G; and G enter the inequality (4.9). Apart from these arguments, the remaining estimates can be
carried out with straightforward modifications of the proof of [18, Thm. 16] O

Corollary 4.3. Let u € Ug be any control and let (Yu, fy, Ou, Vu, Du) denote its corresponding state. Then,
there exists a unique weak solution (G, Ty, Pu, Wu, qu) € V3 of (4.1) in the sense of Definition 4.1.

Proof. This follows from an application of Lemma 4.2 with the following choices:
G, =0, Gy =0, Go = oo(pu(T) — vy), G1 = o1 (Pu—pa), Ga =0, Gz =0.

Since ¢, € C(H?), it follows that ¢,(T) € H' with bounded norm. Hence, it is easy to check that
(Go, G1,G2,G5,G1,Ga) € V4 with bounded norm. Moreover, using (4.8a)—(4.8g), it is straightforward to check
that (4.2)—(4.4) and (4.6)—(4.7) are fulfilled. This completes the proof. O

Similar to the definition of the control-to-state operator, we can define an operator that maps any control
u € Ug onto its corresponding adjoint state:

Definition 4.4. We define the control-to-costate operator A: Ugr — V3 as the operator assigning to every
u € Ug the unique weak solution (¢, Tu, pu, Wu, gu) € Vs of the adjoint system (4.1).

4.2. Lipschitz continuity

In the following, we show that the control-to-costate operator is Lipschitz-continuous:

Proposition 4.5. There exists some constant Lz > 0 depending only on R, Q and T such that for all u,u € Ug,
[A(@) = A(u)llv, < Lallt — ullz2(z2).- (4.10)
Proof. We first define
(0,70, W, q) = S(a) — S(u) = (Pa: Tas Pas Was i) — (Bus Tus Pus Was Q)
and introduce the variable

= q — ¢a(pa — Pu)-
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Then, the quintuplet (¢, 7, p, w, ) fulfills (4.8) with

G1 = —0aV(pa — pu),
Ga = ¢a(va — Vi) — Wa((ﬂa +x0a) = (fu + XUu))>
Go = xo(pa(T) — ¢u(T)),

Gi = ¢al(P(oa — 0u) — (@ —u)) 1 (py)] +¢u( oa — A —a) (I (pa) —'(pu))
+ Pa (]h/(QOu)(Uu ou) + Uu(]h/(@u ®u)) ) d’//(@ - (‘Pu)) Ta
— qa[P(oq — 0u)l'(pu) + (Pog — A)( ( @) — ' (pu))] — (Pow — AW (0u)dalpa — ou)

— ¢adiv(va — vy) + &1 (i — @u),

G2 = V(pa — 0u) - Wa,

Gs = pa(h(pa) —h(pw)) + Poa(b(ea) —hpw)) + XV(pa — ¢u) - wa,
— Ph(pu)dalva — ou) — Paa(l(pa) — hipw)).

Using (3.4), (3.37) and the mean value theorem, it is easy to check that
19" (pa) — " (u)llL= (=) < Cllea — @ullLe@e), [0 (va) = ' (@u)llLe ey < Clloa — OullLoo (L)
Then, using Proposition 3.2, Corollary 3.7 and Corollary 4.3, a straightforward calculation shows that
[(Go, G1,Ga, G3, G, Go)lly, < Clla — ullp2(r2)-

Consequently, the estimate (4.9) implies that

(&, 7, p, W, )|y < Cll(Go, G, G2, Gs, G, Go)lv, < Cllt — ul|2(12). (4.11)
Recalling the definitions of m and Vs, it remains to show that

¢a(pa — eu)llLz) < Clla — ull2(r2).-
However, this is another easy consequence of Corollary 3.7 and Corollary 4.3. Therefore, it follows that
(&7, 0w, )lvs < Clla = ul[L2(r2), (4.12)

which completes the proof. O

4.3. Fréchet differentiability

We can also show that the control-to-costate operator is continuously Fréchet differentiable:
Proposition 4.6. The following statements hold:

(i) The control-to-costate operator A is Frechét-differentiable on Ug, i.e., for any u € Ug there exists a unique
bounded, linear operator

AI(U’>: LQ(L2> — V3, hw— A/(u)[ ] (¢u77—u7pu7 uuCIu)[hL

such that
[A(u+ h) — A(u) — A'(u) [A][| v,

2l L2 (22

—0 as ||h||L2(L2) — 0.
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For any i € U and h € L*(L?), the Fréchet-derivative (¢, 7., pl,, W' , @.,)[h] is the unique solution of (4.8)
with
Go = oy, [h](T),
Gi = (Poy — A —uw)h"(pu)¢y,[h¢u + I (pu) (Po,[h] — h) ¢,
+ (W (9ol [A] + 1" (0u) @l [Blow) pu + 0 (00) ol BT
- (PU;[h]]h/(qu) + (Po'u - A)]h”(ﬁau)w;[h])(h - d)udlv(v;[h]) + 0‘1%[}1],
Gy =V [h] - wy,
Gz = W' (pu)ulblpu + Ph'(@u)ey [ ¢u + XV, [h] - W — P (0u) @, ] qu,
G1 = ¢, [M]Véu,
G = duvy[h] = (uu[h] + xoy, [R])w

and (4.8f) replaced by
(2nDw — gL + ¢, ¢ + ¢! [h]p,D)n =0 a.e. on T'r. (4.13)
(ii) The Frechet-derivative is Lipschitz continuous, i.e., for any u, i € Ur and h € L?(L?), it holds that
[A" (W) [] = A (@) [l ez z2yvs) < Lallu — @l 2222y, (4.14)
with a constant Ly > 0 depending only on the system parameters and on ), T, R.

Proof. The proof proceeds similarly to the proof of Proposition 3.12.

Proof of (i):
Step 1: Existence of a solution to (4.8) with the above choices for (Go,G1,G2,G3,G1, G2) follows from a
simple pressure reformulation argument. Indeed, let us define

CN"'l = —gbquOL[h], él =Gy — (Poy, — A)]h/(gou)@;[h]qﬁu,
G3 = G3 — Ph(p,)@,[héu, Go=Go, Go=Ga, Gy=Go.

Using  Proposition 3.2, Proposition 3.12 and Lemma 4.2, it is straightforward to check that
(Go, G, Ga, Gy, Gy, G3z) € V4 with bounded norm. Therefore, there exists a unique weak solution (¢, 7, p, w, 7) €
V3 of (48) according to (Go, Gl, Gz, G3, Gl, GQ) = (Go, G1, GQ, G37 Gl, Gg) S V4. ‘We now define

q =7+ ¢y [h]dy.

Using Proposition 3.2 and Lemma 4.2, it follows that ¢} [h]¢, € L*(H') with bounded norm. Therefore, it
follows that (¢, 7, p,w,q) € V5 is a weak solution of (4.8) with (G, G1, G2, Gs,G1,G2) as above and (4.8f)

replaced by (4.13). Uniqueness of solutions of this system follows due to linearity of the system and estimate
(4.9).

Step 2: In the following, we define
(s T Pos WiRs @) = (Puths Tuthis Puths Wauths Gut i) = (Dus Tus Pus Wau @) — (91, [B, 74 [1], pi,[B, Wi [R], g, [).
Then, we can check that (¢, 7%, pl, wh, git) is the solution of (4.8) with

Go = ook (T),

G = (Poy — A=) W)l + 3 BO@) (usn — 00| du + PohI (2)6

+ [P(owsn = ou) = B0 (purn) — I (o)) pu
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+ (¢u+h - ¢u) [(Pa'u —A-— u)(]hl(QOquh) - ]h/((Pu)) + (P(Uu+h —0y) — h)]h/<90u+h)]

+ P [h”<wu>¢%au + 31h<3> (©)(Purn — pu)? 0w+ 1 (pu)olk + (0 (purn) — B (u) (Gurn — ou)

+ (Pusn — pu) [(In (¢u+h) /(QO ))ou + ]hl(ﬂpu+h)(a'u+h —0y)]
+ Tu |: (3)(<Pu YR+ ( 4)( )(‘Pu-ﬁ-h - @u) } + (Tu+h - Tu)(w//(wu'i‘h) - w”(@u))

e
~(Pou—d) |:]h// Pu) ‘PR =+ h(g)(g)(@u+h - ‘Pu)2:| Qu = Pa%lh,(‘ﬁu)‘]u

= P(ousn — 0u) (0 (0utn) — B'(0u))qu
— (quah — qu) [(Pou, — A) (]h/(@u-i-h) - ]hl(QOu)) + P(outn — Uu)]h/(ﬁpu-i-h)]
- ¢udiV(V%) — (Pusn — Gu)diV(Vurn — Vi) + 0‘1‘/’?@

Gy = v@% “Wo + V(@urn — 0u) - (Wupn — Wy),

Gs = [0 () + 2B(€)(Pen — 20l + (b(2ucn) ~ B2)) (s — )

+ P (pu)olk + 50O (Pun — o) (00 — @)

+ P(1(@utn) — () [(Gurn — du) = (@usn — @u)]

+ XV - (Wuth — Wa) + XV (Puth — 0u) - (Wasn — Wa),
G1 = ¢ Vou + (Push — Pu)V(Push — Pu),
Gz = ¢uVip + (usn — bu) Vusn — Va) — (1l + xolo)w

— [(pusn + XOusn) — (e + XO) (W — Wy)

and (4.8f) replaced by

(2nDwW — g1 + @i dL + Pk duI + (Pusn — Pu)(Pusn — du)I)n =0 a.e. on I'r.

We now introduce a new pressure

7T7h3 = q;lz + @%(bu + (Purh = Pu)(Purn — Pu)

and we define

= —0uVek = (Durh — 0u)V(Pusn — u);

Gy — (Po, — Al (py) [Sﬁ%éﬁu + (Putn — Pu) (Pusn — u)] ,
= G3 — Ph(pu) [¢%hdu + (Puth — 0u) (@usn — ¢u)]

0=Go, Ga=Gs Gz=Go.

1

Qz E_))z Qr 91
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(4.15)

Then, we can check that (¢f, 75, plb, wh 7h) is a solution of (4.8) according to (Go,G1,Ga,Gs, G1,Gsa) =

(Go,G1,Ga,G3,G1,Gy).

Step 3: Using Proposition 3.2, Corollary 3.7, Proposition 3.12, Lemma 4.2 and Corollary 4.3, it can be checked

that

(D% 12 iy Whe, T2 ) vy < C(Go, G, G, G, G1, Ga)llv, < ClIB]172(12)-

(4.16)
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Using this inequality together with Corollary 3.7, Proposition 3.12, Lemma 4.2 and Corollary 4.3, recalling the
definition of V3 and the expression for 71'%, it follows that

g% ll2qry < Imillzzcmny + ldullLe €%kl m2) + [durn — Gull Lo )| Putn — Pull L 12)
< OllblZ2(z2)-
In summary, we obtain
‘|(¢%7T7gvp%vw%7Q%)||V3 < OHh’H%P(L?) (417)
Proof of (ii): Since the operator S’(-)[h]: Ur — V; is Lipschitz-continuous for all h € L?(L?), the proof follows
with similar arguments as the proof of Proposition 4.5. O
5. THE OPTIMAL CONTROL PROBLEM
In this section we analyze the optimal control problem that was motivated in the introduction: We intend to
minimize the cost functional

Xo (051 K
I(p,u) = 7H<P(T) —orll7e + 7||<P — @all72(z2) + 5”“”%2(L2)

subject to the following conditions:

— u is an admissible control, i.e., u € U,
- (¢, p,0,v,p) is a strong solution of the system (1.1) to the control w.

Using the control-to-state operator we can formulate this optimal control problem alternatively as
Minimize J(u) s.t. weU, (5.1)
where the reduced cost functional J is defined by
J(u) :==I([S1(w)]1,u) = I(py,u), uel. (5.2)

A globally /locally optimal control of this optimal control problem is defined as follows:

Definition 5.1. Let u € U be any admissible control.

(a) @ is called a (globally) optimal control of the problem (5.1) if J(u) < J(u) for all u € U.
(b) @ is called a locally optimal control of the problem (5.1) if there exists some § > 0 such that J(@) < J(u)
for all w € U with |Ju — @[ z2(z2) < 0.

In this case, S(@) is called the corresponding globally/locally optimal state.

5.1. Existence of a globally optimal control

Of course, the optimal control problem (5.1) does only make sense if there exists at least one globally optimal
solution. This is established by the following Theorem:

Theorem 5.2. The optimization problem (5.1) possesses a globally optimal solution.

Proof. The assertion can be proved by the direct method in the calculus of variations using the basics established
in Section 3. A very similar proof can be found in ([18], Thm. 17). O
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5.2. First-order necessary conditions for local optimality

Obviously, Theorem 5.2 does not provide uniqueness of the globally optimal control @. As the control-to-
state operator is nonlinear we cannot expect the cost functional to be convex. Therefore, it is possible that
the optimization problem has several locally optimal controls or even several globally optimal controls. In the
following, since numerical methods will (in general) only detect local minimizers, our goal is to characterize
locally optimal controls by necessary optimality conditions.

Since the control-to-state operator is Fréchet differentiable according to Proposition 3.12, Fréchet differentia-
bility of the cost functional easily follows by chain rule. If @ € U is a locally optimal control, it must hold that
J'(@)[u — @] > 0 for all u € U. The Fréchet derivative J'(#) can be described by means of the so-called adjoint
state that was introduced in Section 4.

In the following we characterize locally optimal controls of (5.1) by necessary conditions which are par-
ticularly important for computational methods. The adjoint variables can be used to express the variational
inequality in a very concise form:

Theorem 5.3. Let @ € U be a locally optimal control of the minimization problem (5.1). Then 4 salisfies the
variational inequality that is

J'(w)u—u] = /Q [kt — ¢g h(pa)](u— 1) d(z,t) >0 for allu € U. (5.3)

Proof. The assertion is a standard result from optimal control theory. It can be proved by slight modifications
of the proof of ([18], Thm. 17). O

As our set of admissible controls is a box-restricted subset of L?(L?), a locally optimal control % can also be
characterized by a projection of %gbﬂ h(¢a) onto the set U.

Corollary 5.4. Let u € U be a locally optimal control of the minimization problem (5.1). Then u is given
implicitly by the projection formula

1
U(7,t) = Pa(zt) b)) </€ ¢a(z,t) ]h(gou(x,t))) for almost all (x,t) € Qr, (5.4)
where the projection P is defined by

P[C’g] (8) = min {ga maX{C, 5}}7 S € R,
for any ,& € R with ( < &. This constitutes another necessary condition for local optimality.

Since this is a well-known inference of the necessary optimality condition provided by the variational
inequality, we omit the proof. For a similar proof we refer to ([50], pp. 71-73).

Remark 5.5. The necessary optimality conditions (5.3) and (5.4) are equivalent (cf. [50], pp. 71-73).

5.3. A second-order sufficient condition for strict local optimality

We also want to establish a sufficient condition for (strict) local optimality. Since the control-to-state operator
S : Ug — V; and the control-to-costate operator A : Ug — Vs are continuously Fréchet differentiable, so is the
cost functional J due to chain rule.

Therefore we can easily establish a sufficient condition for strict local optimality: Let @ € U satisfy the
variational inequality (5.3) (or the projection formula (5.4), respectively) and we assume that J” (@) is positive
definite, i.e.,

J"(@)[h,h] > 0 (5.5)
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for all directions h € L?(L?)\ {0}. Then @ is a strict local minimizer of .J on the set U.

However, this condition is far too restrictive as it suffices to require (5.5) only for a certain class of critical
directions. Such a condition for optimal control problems with general semilinear elliptic or parabolic PDE
constraints was firstly established in [9]. Meanwhile, it can also be found, for instance, in the textbook ([50],
pp- 245-248). We proceed similarly and define the cone of critical directions as follows:

Definition 5.6. For u € U, we define the set
C(a) := {h € L*(L?) | h satisfies condition (5.7)} (5.6)

where condition (5.7) reads as follows:
For allmost all (z,t) € Qp: h(z,t) ¢ <0, @

This set C(a@) is called the cone of critical directions.

Now, we can use the cone C(%) to formulate a sufficient condition for strict local optimality:

Theorem 5.7. Let @ € U be any control satisfying the variational inequality (5.3). Moreover, we assume that
J"(@)[h, h] > 0 which is equivalent to

/Q (@alh)B(pa) + da b (0a)@ih]) b d(x,t) < 6llAl722)  for all h € C(a)\ {0} (5-8)

Then u satisfies a quadratic growth condition, i.e., there exist 6,0 > 0 such that for all uw € U with
|lu —@l|L2(z2y <9,

., 0 _
J(u) > J(U)+§HU*UH%2(L2). (5.9)

In particular, this means that @ is a strict local minimizer of the functional J on the set U.

Proof. The second-order Fréchet derivative of J is given by
J"(@)[h1, ho] = K (b vh2) ey — / (¢ulha]h(ea) + ¢a b (0a)@ylha]) he d(z, t) (5.10)
Qr

for all hy, hy € L?(L?). Thus, condition (5.8) is equivalent to
J"(a)[h,h] >0 for all h € C(u) \ {0}. (5.11)

Studying the proof of ([9], Lem. 4.1) carefully, we find out that our theorem can be proved analogously if the
following assertions can be established:

(i) For any sequences (ux) C U and (hy) C L*(L?) with ux — @ and hy, — h in L*(L?), it holds that
J' (ug)[hi] = J'(w)[h] as k — oo. (5.12)
(ii) For any sequence (hy) C L?(L?) with hy — h in L?(L?), it holds that

B(hy, hy) — B(h,h)  ask — oo (5.13)
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up to subsequence extraction where the bilinear form B is defined by

B:L*(L%) x L*(L*) —» R, (hy,hy) — i (¢a[P1] h(pa) + ' (pa) @l [ha]) ha d(z,1).

Proof of (i): Let (ux) C U and (hg) C L?(L?) with uy, — @ and hy, — h in L?(L?) be arbitrary. Recall that
the first-order Fréchet derivative of J is given by

J'(u)[h] = /Q [ku — ¢y h(py)| hd(z,t),  uweU, he L*(L?). (5.14)

Since ki — ¢z h(pg) lies in L?(L?) it directly follows that J'(@)[hi] — J'(@)[h]. Furthermore, we can use the
Lipschitz estimates from Corollary 3.7 and Proposition 4.5 to conclude that

Kug — Guy, W(pu,) — K — ¢ah(pg) in L2(L?) as k — oco.
Now, since (hg) is uniformly bounded in L?(L?), we obtain that
| (ug)[hi] = T (@) [h]| < ||wun — duy, (pu,) — KU+ ¢a ]h(<pﬂ)||2 Hthz —0 ask — oo.
Consequently,
J' (ug)[hi] — T (@)[h] = T (wp)[h] — J'(@)[he] + T (@) [hi] — J'(@)[h] =+ 0 ask — oo

which proves (i).
Proof of (ii): The proof is very similar to the proof of (i). Let (hx) C L?(L?) with hy — h in L?(L?) be
any sequence. As ¢4 [h]h(pa) + ¢u ' (a)py[h] lies in L2(L?), we have B(h,hi) — B(h,h). Moreover, due to
Proposition 3.12, Proposition 4.6 and the compact embeddings

HYL?*)NL>®(H?*) < C(Qr) and HY((HY)*)NL?*(H?) < L*(L?),
we obtain that

| elhe] — oalh]||l . — 0 and ||¢g[hr] — @lh]||, = 0, ask — oo,
after extraction of a subsequence. Hence, we can conclude that

Sulhi] h(pa) + da b (pa)eulha] — ¢ulhlh(pa) + dal'(va)ehlh] i L*(L?) as k — oo

by means of Holder’s inequality. As (hy) is a bounded sequence in L?(L?), it follows that

< ||¢:3[hk] h(pa) + ¢a ' (va)eylhe] — dg[h] hea) — éa ]h/(<p,—t)<p%[h]||2 Hthz — 0 ask — o

and thus
B(hg, hi) — B(h,h) = B(hg, hi,) — B(h, hg) + B(h, hy) — B(h,h) = 0 ask — oo

which proves (ii). O
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5.4. A condition for global optimality of critical controls

Even if a control w € U satisfies the sufficient optimality condition from Theorem 5.7 it is absolutely not
clear whether this control is globally optimal. However, in this section, we will establish a globality criterion for
controls which satisfy the variational inequality or the projection formula, respectively. In the following, these
controls will be referred to as critical controls.

The technique we are using was firstly introduced in [2] for optimal control problems constrained by a general
semilinear elliptic PDE of second order. Recently it has also been adapted for optimal control of the obstacle
problem, see [3]. Our globality condition will be proved similarly and reads as follows:

Theorem 5.8. Suppose that o1 > 0 and k > 0 and let C; and Ly denote the constants from Proposition 3.2
and Corollary 3.7. Moreover, we set

ri= suplpulloo < Cr.
uelU

We assume that the control u € U satisfies the variational inequality (5.3) (or the projection formula (5.4),
respectively) and that one of the following conditions holds:

(G1) It holds that

g > [H(Poa — A) (P — qu) — Tapa — TﬂbaHl I || oo (m) L
o Wil I e oy 23 + ol [0 oo ey L | (5.15)
(G2) There exists a real number 6 > 0 such that
260 > ||¢ullF~ I"[| oo (R) (5.16)

and

& > ||(Poa — A)(¢a — qa) — oapa — ﬂéf)aHOOHHlHHLN(R)

2 , ) (5.17)
"
+ l7alloo 1™ | oo (=) + Olldall o I o0 (g) -
Then @ is a globally optimal control of problem (5.1).
In addition, the globally optimal control u is unique if one of the following conditions holds:

(U1) Condition (G1) is satisfied and (5.15) holds with “>" instead of “>".
(U2) Condition (G2) is satisfied and (5.16) holds with “>" instead of “>".

Remark 5.9.

(a) Of course, for the double-well potential ¢, we have ¥"'(s) = 6s and thus [|[¢"’|| e (=) = 67

(b) The conditions (G1) and (G2) will be satisfied if the adjoint variables ¢g, 74, pz and ¢z are sufficiently
small in the occurring norms.

(c) Since the state and adjoint variables are sufficiently regular, the right-hand side of (5.15) is at least always
finite. However, is seems very difficult to verify the condition (G1) by numerical methods as the Lipschitz
constant L; which depends on the domain €2 has to be determined.

(d) Condition (G2) has the advantage that all occurring quantities except for [|[¢"’(| Lo (|—,]) can be computed
very easily. However, the constant r can hardly be determined explicitly.

To overcome this disadvantage, one can use a modified version 15 of the double-well potential such that
15 € C°(R) with ¢ = 95 on [—4, §] for some ¢ > 1 and 9§’ bounded (cf. Example 5.10). It is not difficult
to see that all other results in this paper remain true after this replacement (cf. Rem. 2.2(a)).
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Of course, if § > r the values of the state and costate variables will not change if 1 is replaced by 5.
Various numerical results for the Cahn—Hilliard equation have shown that 1 < r < 2 can be expected,
i.e., T is usually very close to one (see, e.g., [33]).

The strategy to verify (G2) is as follows: First, find € such that (5.17) holds with equality because then 6
is chosen as large as possible. Then check whether (5.16) is satisfied.

In light of Remark 5.9(d) we demonstrate a possible construction of such a potential 15 in the following
example.

Example 5.10. It is well known that the function

0, if s <0,

:R—R, s—
¢ {exp(—s_Q), ifs>0

is smooth. For any ¢ > 1, we define the function

1, if s <9,
& :[0,00) = R, s> <C(1+s—08)C(1+6—19)/¢(1)?, ifd<s<d+1,
0 ifs>d+1.

It is straightforward to check that &5 is smooth with 0 < &5 < 1. Now, we construct the approximate potential
s by

1 1 S x Yy
Y5 :[0,00) = R, s+ — — —8° +6/ / / z&s(|2]) dzdyde.
42 o Jo Jo

One can easily see that 15(s) — 9 (s) for all s € R as § tends to infinity. Of course, 15 is smooth with §’(s) =
6s&5(s) and it holds that ¢s = ¢ on [—6,0]. Thus, we obtain the bound

05" 1| oo ((=ryr) < 1905 | oo (m) < 6(0 +1).

This means that the term |[[¢)§’|| ~_r,}) in condition (G2) can simply be replaced by 6(d + 1) and thus,
explicit knowledge of the constant r is no longer required. The plots in Figures 1 and 2 show that s is a good
approximation to ¥ even if § > 1 is very close to one.

We will now present the proof of our theorem:

Proof of Theorem 5.8. To prove global optimality of the control @, we intend to show that J(u) — J(@) > 0 for
all u € U\ {a}. The proof is divided into three steps.

Step 1: Let u € U be arbitrary. Recall that
(kt,u— ﬂ)LQ(LQ) > —(¢ah(pa),u— ﬂ)LQ(LQ)
due to the variational inequality (5.3). Then, by a straightforward computation, we obtain that
J(w) = (@) = DlleulT) = pa(DllEe + S lleu = ealliairey + Sl —alfauey + R, (5:18)
where
R = (@ﬁ(T) — Pf ou(T) — @ﬂ(T))Lg + aq (@ﬁ —Pd s Pu — <Pﬁ)L2(L2) - (¢u h(pa),u — ﬂ)Lz(Lz)-
Our aim is to show that

X1 Y _ _
Rl < < llpu — pallgzpe) + S llu— ullf2pz) forallu € U\ {a} (5.19)
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if condition (G1) or condition (G2) is fulfilled. Then (5.18) yields J(u) > J(@) and global optimality of @ directly

follows.

Step 2: The idea is to express the remainder R by the adjoint variables. For brevity, we write
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the system (3.16) with the adjoint variables. Testing (3.16¢) with ¢z and integration by parts with respect to ¢
yields

0= /Q {315(,5 + div(p, V) + div(¢gva) — mAji — Péh(p,) — (Pog — A) (ﬂl(%) _ Ih(gaﬁ))
+ (ub(e,) — ah(pa)) | ¢ d(a.?)

= /Q div(puV) s + div(gva)ds — mAL ¢ — Pelh(oy)da — (Pog — A) (h(pu) — h(ea))da d(z,t)

T
+ /2 wh(pu)du — Th(ga)éa dz 1) + / H(T) $a(T) dz — / (Orbu . @) s .

Q

Now, the term (9:¢g , @) g1 can be expressed by (4.5) with test function q; = ¢. We obtain that

0= /Q div(pu¥)du — Poh(p)bn — (Pou — A)(B(pw) — higa))da + uh(pu)ds — ah(ps)ds d(x, 1)

T

+ Q*mAﬂ bu+ (Pog — A — w)h'(pa)dap + ' (0a)oapap + " (pa)Tap — (Pow — A)W'(¢a)qap d(z,t)

+ / x1(pa — pa)@ + (ba + x0a)Wa - Vo + Vi - Vo d(z, t) + / P(T) ¢u(T) da. (5.20)
Qr Q
Furthermore, testing (3.16b) with wy yields

0= / _diV(T({Gﬁ)) Wy UV Wy — (ﬂ + X‘})V@u Wg — (Mu + XUa)V§5 *Wg d(x, t)
Qr

= / 2Dwy : VvV +uv-wy — (i + X0)Vou - Wi — (pg + xoa) VP - wy d(x,t)
Qr

due to the definition of T'(v,p) and the fact that div(wgz) = 0. The term 2nDwg : V¥V can be expressed by
choosing w = v in (4.4). Thus,

0= div(¥V)ga — ¢aVou - V — puapudiv(v) — (i + x0)Vpu - Wa — (pa + x02)V@ - wg d(z, ). (5.21)
Qr

Proceeding similarly with the other subequations of (3.16) gives

0= Vou - wg i +mAjdg — V- Vg — (W(S"u) - w’(soa))m + x07q d(z,t), (5.22)
Qp

- /Q —div(9)ga + Poh(pu)ga + (Pow = A) (h(pw) — h(pa))ga d(z, 1), (5.23)

0= /Q —xTa0 + Ph(py)da + X6V - Wa — Poh(ou)qa — oapa (h(ew) — hips)) d(z, t). (5.24)
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Adding up (5.20)-(5.24), we ascertain that a large number of terms cancels out. We end up with
0= [ 6a()o(r) do+a [ o= pa) (1) + i (= Wl d(e )
/Q (Pow = )(bli) ~ blipe) ~ B (0)) (0 — 6u) diz: 1)
+ oupa(B(e) ~ hipe) ~ W (@03) A,
-/ (¥ =¥ (a) ~ " (pa)) i 1)
+ /QT i (h(pu) —h(ea) — ' (0a)@)da + (u— @) (h(pu) — h(pa))da d(z,t). (5.25)

Since ¢a(T) = a(pa(T) — ¢y), the first three terms on the right-hand side of (5.25) are equal to R. Moreover,
using Taylor expansion, we can find ¢, ¢, 6 € [0,1] such that

h(pu) — h(pa) = b'(pc)@? with ¢ = g + {(pu — @a),

h(pu) —h(pa) — ' (pu)@ = " (pe) &> with e = va + &(Pu — @a),

V() = V' (0a) — " (pu) @ = " (00)@” with g = 0a + 0(pu — ©a).

Hence, it follows that
R= | [(Pow— )03~ a) — oupa — ida| " ()2 d(w,1)
Qr
+/ Tat" (po) @ d(, 1) +/ (u—a)pah’(p¢)@ d(z, t). (5.26)
Qr Qp

Step 3: Now, we will use (5.26) to prove estimates in the fashion of (5.19). A simple computation gives
|R| < [H(Paa - A)(¢a — Qa) — Oapu — ﬂ¢aH1H]h”HL°C(R) L%
+ ||7allx W”/HLoo([—r,r]) L + [ pall2 | Lo (r) Ll] lJu — alf3, (5.27)
since ||pg|lco < r. Furthermore, using Young’s inequality with 6, the remainder R can also be bounded by
R| < [H(Paa — A)(ba — qa) — Tapa — ﬂéf)aHoothNHLx(R)
+ I7alloo 19" | oo (=) + 9||¢11Hc2>o”]h/”%°°(]1§)} 18122 L2y
+ gl el = (5.25)
Hence, if condition (G1) or condition (G2) is satisfied, we can use (5.27) or (5.28) to conclude that
Rl < ||<P||L2(L2) +5 ||U —l|32z2) (5.29)

and inequality (5.18) implies that @ is a globally optimal control. If, in addition, either condition (U1) or (U2)
is satisfied, it even holds that

x1 ., - K _
IR| < ?”90”%2@2) + 5”“ - U||2L2(L2)~ (5.30)
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Then (5.18) implies that
J(u) > J(uw) foralluwe U\ {a}

and uniqueness of the globally optimal control @ follows. O

5.5. Uniqueness of the optimal control on small time intervals

Finally, we present a condition on 7" which ensures uniqueness of the optimal control. A similar result was
established, e.g., in [37, 38]. The idea behind the approach is as follows: If we choose the final time T sufficiently
small, the state equation will differ only slightly from its linearization. In the case k > 0, a linearized state
equation would produce a strictly convex cost functional and the corresponding optimal control would be
unique. If T" is small enough, we can expect that this property transfers to our problem. On the other hand, if
the parameter k is large, the strictly convex part of the cost functional J will be more dominant. Thus, it is not
surprising that the size of the time interval on which the optimal control is unique will also depend on k.

In our theorem, we use the following notation: For any p € [1, 6], let co(p) > 0 denote a constant for which
Sobolev’s inequality

HUHLp(Q) < CQ(p) ||’U||H1(Q), for all v € HI(Q),

is satisfied.

Theorem 5.11. Suppose that k > 0 and let © € U be a locally optimal control of problem (5.1). Let p,q € [3, 6]
with % + % = % be arbitrary.

Moreover, we assume that

4/3
3
T < V3 . (5.31)
2(Ls + V2Lica(p) ca(a) || $all poo () I [| oo (=) )
Then, u is the unique locally optimal control.
Proof. Let us assume that there exists another locally optimal control w. Then, it holds that
t
lpu(®) — a7 < 2/0 10spu(s) = Ospa(s)lL2 [luls) — pals)| > ds
<2Vt |lpu — @allmr(2) ou — PallLoe (L) < 2LIVE[Ju — 17212y
Using integration by parts, we also obtain the estimate
t
IVeu(t) = Vea(t)|2: < 2/ 10spu(s) = Ostpu(s)lL2 [ Apu(s) — Apa(s)| L2 ds
0
< 2Vt |ou = pallaiz) lpu — wallie 2y < 2LEVE[u — |32 g2
Consequently, we have
2v/2
lou — <Pa||L2(H1) < \/\g L, T3/* l|lu — ﬁ||L2(L2)- (5.32)

In the same fashion, we derive the estimate

T
[pu(t) = Ga(®)|l7= = Q/t (0s0u(5) = Dsbul(s), Pu(s) — ¢uls))ur ds
<SVT =t du — ullmr((myey |6 — ballLoe () < 2LE3VT —t|lu — @72 (12
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and thus,

2
||¢u — ¢EHL2(L2) < ﬁ Ls T3/4 ||u — aHL?(LQ)- (533)

Furthermore, we know from Corollary 5.4 that both w and @ satisfy the projection formula (5.4). A
straightforward computation yields

1
lu(z, t) = a(z, )] < bl ) |du(@, ) = dale, )] + [dale, O B[] Loe @)l pu (e, ) = palz, t)]

for almost all (x,t) € Qp. Recall that |||z~ ®) < 1. Hence, using (5.32) and (5.33), we conclude that

_ 1 1
lu — | L2(L2) < ;H% — ballp2(z2) + EH%HL&(LP) L[| Lo () |00 — @allL2(L9)

1 1
< ;H% — Qallz(r2) + Ecﬂ(p)H‘bﬁ”Lm(Hl) 1’|l oo (&) ca (@)l — @allL2(ary

2

3K

IN

T3/ (Ls +V2L1ca(p) calq) | dall L= (i) H]h/nm(m) = | 2 12)-
However, if (5.31) is satisfied, we have

2
Von T3/4 (L3 +V2Lycq(p) ca(q)||dall Lo am) H]h/”LOO(]R)) <1

Therefore, the above inequality can hold true only if ||u — || z2(z2) = 0 which means uniqueness of the locally
optimal control. O

Corollary 5.12. Suppose that T > 0 and k > 0 satisfy the assumption (5.31) of Theorem 5.11. Then, there
exists a unique globally optimal control @ of problem (5.1).

In this case, each of the equivalent necessary optimality conditions (5.3) and (5.4) is a sufficient condition for
global optimality.

Proof. Theorem 5.2 ensures the existence of at least one globally optimal control @ € U. Of course, @ is also
locally optimal. Hence, since assumption (5.31) holds, Theorem 5.11 implies that @ is the unique locally optimal
control. It follows immediately that @ is the unique globally optimal control.

Moreover, @ satisfies the equivalent necessary optimality conditions (5.3) and (5.4). Because of Theorem 5.11 it
is also the only control satisfying these conditions. Hence, (5.3) (or (5.4), respectively) is a sufficent condition
for global optimality. O
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