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ON CLOSED-LOOP EQUILIBRIUM STRATEGIES FOR MEAN-FIELD
STOCHASTIC LINEAR QUADRATIC PROBLEMS*

TIANXIAO WANG**

Abstract. This article is concerned with linear quadratic optimal control problems of mean-field
stochastic differential equations (MF-SDE) with deterministic coefficients. To treat the time incon-
sistency of the optimal control problems, linear closed-loop equilibrium strategies are introduced and
characterized by variational approach. Our developed methodology drops the delicate convergence pro-
cedures in Yong [Trans. Amer. Math. Soc. 369 (2017) 5467-5523]. When the MF-SDE reduces to
SDE, our Riccati system coincides with the analogue in Yong [Trans. Amer. Math. Soc. 369 (2017)
5467-5523]. However, these two systems are in general different from each other due to the conditional
mean-field terms in the MF-SDE. Eventually, the comparisons with pre-committed optimal strategies,
open-loop equilibrium strategies are given in details.
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1. INTRODUCTION

Let (Q,F,F,P) be a complete filtered probability space with the filtration F = {F;}+>0, on which a one-
dimensional standard Wiener process W(-) is defined such that F is the natural filtration generated by W (-).
We define the set of initial pair

T = {(taf)’ t € [0,T), & is Fi-measurable, E|¢|* < oo}.

For any (¢,£) € .#, let us first consider the following stochastic differential equation (SDE):

(1.1)

{ dX(r) = [A(’I’)X(T’) + B(r)u(r)]dr + [C(T)X(T) + D(T)u(r)]dW(r), ret,T],
X(t)=¢,

where A,C : [0,T] — R™*", B, D :[0,T] — R"*™ are proper functions. In the above, X(-) : [¢,T] x @ — R",
uw() : [t,T] x Q — R™, are called the state process, control process, respectively. We define the set of admissible
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2 T. WANG

control processes on [t,T| by

T
Ut,T) = {u L [t,T] x © — R™|u(-) is F-progressively measurable, E/ lu(s)[?ds < oo}.
t

Under suitable conditions, for any u(-) € % [t, T}, (1.1) admits a unique solution X (-) = X (-;¢,&, u(-)) such that
the following cost functional is well-defined,

1 T
Tt X(0) = 58 [ [(QUIX(). X))+ (Rls)uls).u(s) Jds + (GX(T). X(1)) |, (12

with @ : [0,T] — R™*" R :[0,T] — R™ ™ and G € R"*" E;(-) := E[-|F]. We then state the classical
stochastic linear quadratic (SLQ) optimal control problem as follows.

Problem (SLQ) Given (¢, X(t)) € .#, and (1.1), (1.2), find a u(-) € Z[t,T) such that

J@()it, X(8) = essinf  J(u();t, X(2)).

For given initial pair (t,§), u(-) € Z[t,T] is called an optimal control, X () is called an optimal state process,
and (X (-),a(+)) is called an optimal pair.

Ift =0, & = 29 € R", above (1.1) and (1.2) reduce to

{ dX(r) = [A(?“)X(?“) + B(r)u(r)}dr + [C(’I‘)X(T) + D(r)u(r)]dW(r), (1.3)
X(O) = 2o,
and
17 1 1.4
J(u(-);0,20) = 51{3/0 [(Q()X(5), X(s)) + (R(s)u(s) u(s)) Jds + SE(GX(T), X(1)).  (14)

In this case, Problem (SLQ) reduces to the following form.
Problem (SLQg) For any 2y € R™, find a a(-) € Z[0,T] such that

() — inf - )
J@(:0.m0) = b J(u():0.30)

To see the connections between static Problem (SLQo) and dynamic Problem (SLQ), suppose (-) is an
optimal control of the former one, X (-) := X (-;0,z0) is the associated state process. For any ¢ € [0,T), it is
standard that [25]

J@()], g5t X (1) = LSt T(u()st, X(t)). (1.5)

In other words, the restriction @(-)|,, .. of %(-) on [t,T] is an optimal control of Problem (SLQ) with corresponding

- [t,T]
(t, X(t)) € .#. In the literature, it is referred as the time consistency of Problem (SLQ).

Stochastic linear quadratic problems have been extensively studied in the literature, for which we refer the
readers to Bismut [2], Chen et al. [8], Tang [17], Wonham [20], Yong and Zhou [25], and the rich references
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therein. Moreover, there are lots of extensions for the above SLQ problem. For example, by adding EX (-), Eu(-),
which is named as mean- field terms, into the diffusion and drift of (1.3), we arrive at

A(i)EX(s)JrB(s)u(s)+B(5~)Eu(5)]d5
+[C(5)X (s)+C(s)EX (s)+ D(s)u(s)+D(s)Eu(s)|dW(s), s€[0,T], (1.6)

(oW
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Given suitable maps A, C, /I, C: [0,T] - R*™™™ B, D, E, D: [0,T] — R™™ under mild conditions, (1.6) admits
a unique solution X (+). Such a system is referred as linear mean-field (forward) SDE, which is historically called
the McKean-Vlasov SDE. Mean-field SDEs, which were suggested by Kac [13] in 1956 and later initiated by
McKean [15] in 1966, can describe particle systems in the mesoscopic level, and are of great importance in
applications, see Huang et al. [12], Dawson [9], Buckdahn et al. [4], and the reference therein. On the other
hand, for the above SLQ problem, sometimes one needs to keep the variation of state process X (-) as small as
possible (see e.g. the formulation of mean-variance portfolio selection problems). Therefore, a natural form of
the cost functional could be the following,

T ~
J(u(-);0,20) = %E{/O [(Q()EX (), EX(5)) + (Q(5)X(s), X (5) ) + { R(s)u(s), u(s) ) ]ds

+(GX(T), X(T)) +( GE[X(T), E[X(T)]) },

(1.7)

for some Q : [0,7] — R™ ", and G € R"*™. Then given state equation (1.6), cost functional (1.7), the associated
Problem (SLQy) is referred as a special case of mean- field SLQ problem. Notice that optimal control problems
of mean-field SDEs were received a lot of attention, and they were carried out in Andersson-Djehiche [1],
Buckdahn et al. [5], Meyer-Brandis et al. [16], Yong [23], Carmona et al. [7], and so on.

Returning back to the above Problem (SLQ), it is curious to ask: how to formulate a similar dynamic mean-
field SLQ problem with conditional expectation? Inspired by the comparable roles of E;, E in (1.2), (1.4), one
could replace expectation operator in (1.7) by conditional expectation operator E.. Obviously, one can adopt
the same trick to mean-field SDE (1.6). To sum up, for any ¢ € [0,7'), in this paper we consider a controlled
mean-field SDE

dX(s)= [A(S)X(s)+E(i)1EtX(s)+B(s)u(s)+§(s~)Etu(s)}ds
+[C ()X (8)+C(s)Es X () + D(s)u(s)+D(s)Eeu(s)| dW(s), s € [0,T7], (1.8)

and a conditional cost functional

J(u(-);t, X (1)) =

N =

B [ [1QX(9. X)) 42(5(X(5)u(e)) + (R)u(s) u(s))

(Q()EX (5)], B [X (5)]) +2 ( S()Ea[X ()], Ee[u(s)]) (1.9)

+ s
+ (R(s)Ey[u(s)], Bafu(s)]) |ds + (GX(T), X(T)) + (GE[X(T)], E[X(T)]) }.
In the following, E;X, E;u appearing in (1.8), (1.9) are referred as the conditional mean-field terms. Under

some mild conditions, for any zo € R", u(-) € % [t, T}, equation (1.8) admits a unique solution X(-), and the
cost functional J(u(-);t, X (¢)) is well-defined. We pose the mean-field SLQ problem.
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Problem (MF-SLQ). Given t € [0,T], zg € R™, find a u(-) € Z[t, T] such that

O XW) = nf ()t X () (1.10)

Unlike the above Problem (SLQ), the optimal control 4(-) depends on the parameter ¢. Therefore, our Problem
(MF-SLQ) is time-inconsistent in the sense that the optimal control 4(-) in general does not satisfy the previous
condition (1.5). That is to say, an optimal control obtained for the current initial pair (¢,£) will barely keep
optimal as time goes by. Although the time-consistency of optimal control problem is a good feature, in real
world, it is a little too ideal and rarely exists. Instead, most, if not all, practical models that people encounter
are not time-consistent. For example, if there exists hyperbolic discounting function, which is a fundamental
notion in economics, in the cost functional, the time inconsistency obviously arises (see Wei et al. [21]). In
our setting, the time inconsistency is caused by the appearance of conditional mean-field terms in both (1.8)
and (1.9). To treat the time inconsistent optimal control problems, in the literature people choose to seek
time consistent equilibrium control within game-theoretical framework. We first look at the case when (1.8)
reduces to a controlled SDE, while the time inconsistency comes from the cost functional. In this scenario, there
are mainly two kinds of equilibrium controls: (linear) closed-loop equilibrium controls (CLECs) and open-loop
equilibrium controls (OLECs). When the cost functional includes the non-exponential discounting functions or
conditional variance of terminal state process, two classes of time inconsistent SLQ problems were investigated
in Yong [22], Bjork et al. [3], respectively. To explicitly represent the corresponding CLECs, they introduced
different Riccati systems. On the other hand, Hu et al. [10, 11] introduced the notion of OLECs by spike
variation. They obtained the existence and uniqueness of the linear closed-loop representations of OLECs by
a new Riccati system. Wang [18] discussed CLECs, OLECs, and the closed-loop representation of OLECs in
a unified manner, and established the corresponding characterizations, respectively. Now let us return back to
the general Problem (MF-SLQ). Yong [24] introduced a class of linear CLECs and a class of Riccati system by
the multi-person differential games ideas. They also discussed the solvability of Riccati system under proper
conditions. As to the case of OLECs, Wang [19] established the characterizations of OLECs, and the closed-loop
representations of OLECs, respectively, which extended the corresponding results in [18].

In this paper, we adopt the variational approach to study CLECs of Problem (MF-SLQ). To represent the
CLECs in a linear feedback manner, we introduce closed-loop equilibrium strategies (CLESs) and appropriate
closed-loop equilibrium state. If we directly follow the ideas in [18] by using the solution of (1.8) as the equilibrium
state, the constructed control process will unavoidably depend on the additional parameter ¢ and is obviously
not a candidate for equilibrium control. As a result, we need to properly introduce a new controlled linear SDE
as auxiliary state equation (e.g. [19, 24]). In contrary to single state equation case in [18], a system including
a SDE and a conditional SDE is actually required here. This double feature also happens to be true for the
Riccati system. Actually, in [18] the Riccati system contains two backward ODEs, while our corresponding
system turns out to be the scenario with four equations. We emphasize that the derived Riccati system in some
sense has specific hierarchical feature, and several delicate and subtle techniques are thus demanded. We refer
to Lemma 3.6 for more details. The main result of this article is the characterization of CLESs, which includes
first-order equilibrium condition and second-order equilibrium condition (see Thm. 2.3). In contrast with
[24], our introduced Riccati system differs from theirs, and our obtained second-order equilibrium condition is
new. In addition, the complicated convergence arguments, which are indispensable in [24], are dropped here.
Some careful comparisons with the pre-committed optimal strategy, open-loop equilibrium controls, and the
existing closed-loop equilibrium controls are carried out. Eventually, several interesting facts are revealed as
follows.

— Notice that our definition of CLECs via spike variation has similar spirit to that via multi-person differ-
ential games in [24]. However, according to our study, the obtained Riccati system in these two articles
are quite different, which implies that these two CLECs actually do not equal to each other. However, in
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some special cases, such as A=B=C=D-= 0, they actually coincide with each other. This indicates
the non-triviality of conditional mean-field terms in (1.8).

— In the same mean-field scenario, our CLECs are different from the closed-loop optimal strategies (CLOS)
in [14]. However, when there are no mean-field terms in the state equations (1.8) and the cost functional
(1.9), our CLECs are the same as CLOSs. This in some sense reflects the meaningfulness of CLECs.

The article is organized as follows. In Section 2, we introduce some useful spaces and notions, present the
main result, and compare our study with existing papers in details. In Section 3, we give the proof of the main
result. Section 4 concludes this paper.

2. PRELIMINARY NOTATIONS

Given S™*™ the set of symmetric m x m matrices, we first introduce the following hypothesis.

(H1) For the coefficients in (1.8) and (1.9), suppose

A, A, C, CeL™0,T;R™™), B, B, D, D€ L*(0,T;R™™),
Q. Q€ L>(0,T;8™"), S, S€ L®(0,T;R™"), G, GeS™", R, ReL®(0,T;S™™).

In the following, we make the conventions that

o =A+A, B:=B+B, €:=C+C, 9:=D+D,
#=R+R 2:=0Q+Q, 9=G+G, S=5+8.

For 0 <s<t<T, H:=R" R"" etc., we define the following spaces.

L%, (G H) = {X : Q — H, Fi-measurable, E|X|? < oo,}

L>®(s,t; H) := {X : [s,t] = H, measurable, essentially bounded,}
t 2
LA(Q; LY (s,t; H)) := {X i [s,t] x Q@ = H, F-adapted, measurable, E{/ |X(r)|dr] < oo,}

t
Li(s,t; H) := {X : [s,t] x Q@ — H; F-adapted, measurable, E/ |X (r)]2dr < oo,}

L3 O([s,t]; H)) := {X : [s,1] x Q@ — H, F-adapted, measurable, continuous, E sup |X(r)]* < oo,}
rEls,t]

Cr([s, t]; L*(Q;R™)) := {X i [s,t] x Q@ — H, F-adapted, measurable, zwL[lpt}Il:L‘|X(7“)|2 < oo.}
rels,

According to the Introduction, the time inconsistency of Problem (MF-SLQ) essentially comes from the
t-dependence of optimal controls. In other words, we shall look for some proper equilibrium control process
without such reliance. Thanks to the linear-quadratic framework, we also hope the desired control process to
be the feedback form. L

Before introducing the notions for Problem (MF-SLQ), let us look at the particular case of A= B =C =
D = 0. In other words, (1.8) reduces to a controlled SDE of

{ dX(s)=[A(s)X (s)+B(s)u(s)]ds + [C(s) X (s)+ D(s)u(s)|dW (s), s € [0,T], (2.2)
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For any t € [0,T), v € R™, ¢ >0, and © € L?(0,T;R™* ™), we define
u(s) := O(s) X (s), u(s):=0O(s)X(s) + v} 4 (s), s€[0,T], (2.3)

where X ¢ satisfies (2.2) associated with u®. The following definition comes from [18].

Definition 2.1. ©*() is called a closed-loop equilibrium strategy, if for any x € R™, ¢t € [0,T), € > 0, v € R™,

) J([©*X® +vI[t7t+e t, X*(t)) — J([@*
lim

e—0 3

t, X*(t))

|[tT]’ ’[tT]’

> 0. (2.4)

u* = O*X* X* is respectively called a closed-loop equilibrium control, a closed-loop equilibrium state.

The expression of u* = ©*X™* tells us two important features. First, there is no t-dependence on u* which
makes it a candidate for equilibrium control. Second, u* has the linear feedback form of X* which is the solution
of state equation (2.2).

We return back to our Problem (MF-SLQ). Because of the mean-field terms in (1.8), the solution X obviously
depends on parameter t. Therefore, if we simply mimic the technique in SDEs case and construct u := ©X as
above, the resulting u also relies on ¢ and is of course not a suitable candidate for equilibrium control. To
overcome this problem, we introduce the following controlled SDE as auxiliary state equation,

(2.5)

{dﬁ&”(s) = [ (s) X (5)+B(s)u(s)]|ds + [€(s) Z (s)+ Z(s)u(s)|dW (s), s€[0,T],
%(0) = Zg.

Consequently, we end up with a system containing (1.8), (2.5).! We look for candidate equilibrium control of
the form v := ©.2", with 2" being the candidate equilibrium state. Notice that such a u not only drops the
t-dependence, but also at least satisfies: indicating the importance of the mean-field terms in (1.8), covering the
controlled SDEs case in e.g. [18]. Eventually, we point out that similar treatments on u, £ also appeared in
19, 24].

If we plug u := ©Z into (1.8), (2.5), we then arrive at

dZ (s ) = (A (s) + B(s)O(s)) Z (s)ds + (F(s) + 2(s)O(s)) X (s)dW (s),
dX (s) = [A(s)X (s) + A(s)E; X (s) + B(s)O(s) 2 (s) + E(s)@(s)Et%(s)]ds
+W@X@+é@mx@ D( (s) + D( (
2(0) = X(0) =

(2.6)

where s, t € [0,T]. Unlike X (), 2°(-) does not rely on ¢. Moreover,
Plw e Q; 2 (s,w) = X(s,w), Vs € [0,t]} =1, E,Z2 =E,X

1We emphasize that the idea of adding a proper equation and then constructing a new system also appeared in [6] where another
different topic was carried out.
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In the following, we may omit the reference to the time variable whenever necessary. To define CLESs, we also
need the perturbations of 27, X, i.e. , Z'¢, X¢ that are described by

d2° = [(& + BO)LE + Bvlyiie|ds+ (€ + 20) X + Dol | dW (s),
dX® = [AX® + AEX® + BOZ® + Bul} 1o + BE,OZ ] ds

+[CX® + CEX® + DO + Dvly i + DEOZF]dW (s),
2°¢(0) = X°(0) = 0.

(2.7)

Here ¢t € [0,T) is fixed, v € R™, ¢ > 0.

Definition 2.2. ©*(-) € L?(0,T;R™*™) is called a closed-loop equilibrium strategy (CLES) of Problem (MF-
SLQ), if for any x € R®, t € [0,T), ¢ > 0, v € R™,

TR0 X)) = T Ol X ()

e—0 e

>0, (2.8)

where u* 1= ©* 2", uj 1= O*2° + vl 4., X*, X° are respectively the solution of (2.6), (2.7), associated
with (¢, zg,u*), (t,20,u). Here 27* is called a closed-loop equilibrium state, u* is called a (linear) closed-loop
equilibrium control.

Now we state the main result of this paper.

Theorem 2.3. Suppose (H1) holds and (2.1) is given. ©*(-) € L*(0,T;R™*") is a CLES if and only if
(i) for almost all s € [0,T), the following equality holds,

(Z(s) + D(5) U3 (5)2(5))O" (5) + L () + B(s) U (5) + 2(s) U (s)€(5) = 0, a.s. (2.9)

(ii) the following inequality holds,

H(s)+ D(s) Us()2(s) >0, ae. secl0,T]. as. (2.10)

In the above, Uy, Us satisfy

AUy = — [(ﬂ + BO)TUT + Ui (o + BO*) + (€ + 20%) U3 (€ + 20%) + 2
+770 + [0 7 + [07] %0"|ds,
Uy = — [(d + BO*) Us + Ui (o + BO*) + (€ + 20°) U (€ + 20%) — [A+ Bo*] 'U;
~[U3]" [A+ BO*] — (C + DO*) U (¢ + 20*) — (¢ + 207) " [U;] ' (C + DO")
+(C+ DO U;(C+ DO") +Q+ 570" + [0°] 'S + [0] 'RO*|ds, (2.11)
aU; = — [ATU;; U (o + BO™) + CTUL(E + 20%) — CTU; (C + D)
+Q+STO —U(A+ Ee*)}ds,
U = — [ATU: YUIA+CTUIC + Q} ds,
UH(T)=G+G, UNT)=G, UiT)=G, U(T)=G.
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The previous (2.9), (2.10) are called the first-order, second-order equilibrium conditions for Problem (MF-

SLQ).

Remark 2.4. Given ©* € L?(0,T;R™*™), let us carefully look at the solvability of (2.11). The fourth equation
with respect to U happens to be the classical second-order adjoint equation in stochastic LQ optimal control
problem. Therefore, the solvability of Uy € C([0, T]; R"*™) is easy to obtain. Considering ©* € L?(0, T; R™*"),
we thus derive the solvability of Uy, UJ, Uy one by one. It is worthy mentioning that U, U5, U are symmetrical,
while U3 is not.

As to condition (2.10), let us compare it with that in the existing literature. First, if A= B=C = D =0,
then (2.10) reduces to the second-order equilibrium condition in [18]. Second, such conclusion has not been
obtained in [24] where the closed-loop equilibrium strategies for Problem (MF-SLQ) were given by multi-person
differential games approach. Third, it is also essentially different from the second-order necessary conditions of
open-loop equilibrium control for Problem (MF-SLQ) in [19]. We will demonstrate more related details in the
next three subsections.

2.1. Equilibrium strategy vs. optimal strategy

In this part, we make some comparisons with the pre-committed optimal strategy in the existing literature
(e.g., [14, 24]).

~ 2
To begin with, let us recall some notions. For any ¢ € [0,T), (60,0) € (L2 (t,T; Rmxn)) is called a closed-

loop strategy of Problem (MF-SLQ) on [t,T] if for given £ € L% (Q;R™), the following SDE admits a unique
solution X € LZ(Q; C([t, T);R™)

AX = [[A+ BOIX + [A+ B6 + B(6 + B)[E. X ds
+ [[C +DOJX +[C + DO + D(6 + é)]Etx] AW (s), s € [t,T), (2.12)
X(t) =¢,

such that u(t, ) :== [OX + éEtX] € Li(t, T;R™). (&, é’) is called a closed-loop optimal strategy if
J(t,60'X' + O'EX'(-) < J(t,&ul())

for any u € % [t,T]. Here X' is the solution to (2.12) associated with (€', ©").
2
Given (©,A) € (LQ(O,T; Rmx”)) , let us consider the following system on [0, T,

P = — [PA +ATP+CTPC+Q+ (PB+C"PD+ ST)@} ds
dI1 = —[H%+MTH+Q+‘@”TP%+ [Hﬁ+%TP@+yT]A]ds, (2.13)
P(T) =G, I(T)=G+G.

By [14], we have
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- 2
Lemma 2.5. Suppose (H1) holds. Then (6',0’) € (LQ(t,T; Ran)) is a pair of closed-loop optimal strategy
of Problem (MF-SLQ) if and only if

R+D'PD>0, #+92"P'9 >0,
(% + 2T P'2)O +86)+ [%’TH’ +ITPE+ y} =0, (2.14)
(R+DTP'D)O + [BTH/ +DTPC+ S] —0,

where (P',IT) is the solution to (2.13) associated with (©,0' + ©'). In this case, v’ :== O'X' + O'E, X’ is a
pre-committed optimal control of Problem (MF-SLQ).

Let us make some comments on pre-committed optimal strategy (6, o’ ) and closed-loop equilibrium strategy
O*. First, the former strategy contains a pair of functions, while the later is concerned with one function. Second,
the pre-committed optimal control v’ has the linear feedback form of (X', E;X’) and a parameter ¢, while the
closed-loop equilibrium control u* is feedback with respect to 2 *. Third, system (2.13) includes two coupled
equations while our (2.11) has four equations. Fourth, the previous two inequalities in (2.14) are comparable
with our (2.10). Even when R =0, D=0 and these two conditions merge into one, it is still different from
(2.10). Fifth, it is obvious to see that the last two equalities in (2.14) are comparable, yet different from our
(2.9). Eventually, we mention that (2.9), (2.10) will coincide with (2.14) when Problem (MF-SLQ) reduces to
classical SLQ problem.

2.2. Equilibrium strategy: open-loop vs. closed-loop

To seek linear open-loop equilibrium controls with closed-loop representation, the author [19] introduced
open-loop equilibrium strategy, which is comparable with our closed-loop equilibrium strategy, for Problem
(MF-SLQ). In this part, we discuss in details the connections between these two notions.

To begin with, for given © € L2(0, T; R™*™), we introduce (2, X),

2 (s) = (o (s) + B(5)0(5)) Z (s)ds + (€ (s) + 9(8)(:)&9))5(8)6114/(8)»
AX () = [AG)X(5) + ASEX () + Bs)O(s) 7 (5) + Bo)B(5)ET (5)]ds 2.15)
+[C(s)X () + C()E X (5) + D(5)0(5) Z (5) + D(5)O(s)E, 2 ()] dW (s),
7(0) = X(0) = wo
We also introduce the following perturbations of 2, X, i.e. , 2°¢, X¢ that are described by
dZ° = [.!Zf%s +BOX + z@’u[[t,tJ’,E]]ds + [%%‘E + 907 + @’l}[[t,t+5]]dW(s),
dXxe = [AXE + AE,X° + BOZ + PBolg iy + EEtéﬁg]ds (2.16)

+[CX® + CEX® + DOZ + Dvljy 4. + DEOZ AW (s),
2°¢(0) = X°(0) = wo.

O(-) € L(0,T;R™*™) is called a linear open-loop equilibrium strategy (OLES) of Problem (MF-SLQ), if for any
x€eR™ t€]0,T),e>0,veR™,

>0, (2.17)

lim
e—0 €
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where @ := 02, uf 1= OZ + vl 1a, (2,X), (2°°,X°) are the solution of (2.15), (2.16), associated with
(t,zo,u), (t,zo,u’), respectively. Here 2" is called an open-loop equilibrium state, u is called an open-loop
equilibrium control with closed-loop representation.

For later convenience, we introduce

dp, = [P (of +BO) + TP, +Q+<5Tp2(%+9@)]ds
APy = — [P (o + BO) +ATP2+CTP2<<5+@@)+F1+F2@}(1 (218)
dP; = [P A+ ATP+CTPC - Q] ds,
P(T)=[G+G], P(T)=G, Ps(T)=-G,
where the non-homogeneous terms Fy, Fy are defined as,
—[Q+CTPC + PsA], F,:=[C'PsD+ PB]. (2.19)

The following characterization of open-loop equilibrium operator was given in [19].

Lemma 2.6. Suppose (H1) holds with S = S=0.Then® € L?(0, T; R™*™) is an open-loop equilibrium strategy
of Problem (MF-SLQ) if and only if

%+ D TP, 2|0+ B P+ D PE =0, #—P P3P >0, (2:20)

where (Py, Py, P3) is the solution to system (2.18) associated with ©.

According to [19], system (2.18) is called the Riccati system to represent equilibrium strategy ©, and the two
conditions in (2.20) are named as first-order, second-order equilibrium conditions, respectively.
To carry out comparisons, we start with several differences.

— By definition, the way of defining u§ in (2.8) is obviously different from that of u® in (2.17), which implies
that the solution (£°¢, X¢) to (2.7) also differs from the analogue solution to (2.16).

— In our case, the Riccati system (2.11) is much more complex, and contains four backward ODEs with
three of them coupled, while in (2.18) it is simpler, and only includes three equations with two of them
depending on each other. Moreover, our Uy, UJ, Uy in (2.11) are symmetrical while the analogue (Py, P»)
n (2.18) are not.

— As to the first-order equilibrium conditions (2.9) and that in (2.20), even though they have the same
structure, they are still different because of Riccati system (2.11) and (2.18).

To summarize, closed-loop equilibrium strategies are in general different from open-loop equilibrium
strategies. However, the following example shows that they actually equal for some mean-field SLQ problems.

Example 2.7. Suppose m=n=1,G >0, Q(-) >0

~ If A= B =D = 0, then the Problem (MF-SLQ) reduces to classical SLQ problem. According to Example
3.2 in [18], there exists a unique open-loop equilibrium strategy ©, a unique closed-loop equilibrium
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strategy ©%, such that ©* = © = 0. In addition, U} = P, = 0, U} = P, which reduces to

{dEw)z—PA@ﬁH$+Q@ﬂ@)Semﬂm (2.21)

Py(T) = G.

— For the general mean-field SLQ problem, it is easy to see there exists a closed-loop equilibrium strategy
©* = 0. Moreover, Uy = 0,

avs = — [MU; 24U + Q} ds
AU =~ |AU; + 7/U; - Q - AUj |ds

(2.22)
au; = — {QAU;; - Q} ds
U;(T) =G, U;(T)=-G, U;(T)=-G.
In contrast, there also exists an open-loop equilibrium strategy © = 0. Moreover, P; = 0,
dpg :—[JZ{PQ—i-APQ—i-Q—f—AVPg}dS,
dpg = — 2AP3 — Q:| ds (223)

Hence we have the following equalities,
0" =0, (Uy,Us;,Uf) = (P1, P2, Ps).

Moreover, if A= 0, then Uy = U; = P».

We also give an example where both open-loop equilibrium strategy and closed-loop equilibrium strategy
exist uniquely. Moreover, they are equal to each other.

Example 2.8. Supposen:mzl,S:§:O,A:g:0,BZEZO,RZEZO,Q207G>O.

—Let C =0,D=0,C =D = 1. Then Problem (MF-SLQ) reduces to a SLQ problem. We see that ©* = —1
is a closed-loop equilibrium strategy, and Uj satisfies

T
U;(t)=G+/ Q(s)ds, te[0,T). (2.24)

To explain the uniqueness, suppose O’ is another closed-loop equilibrium strategy. By Theorem 2.3,
Ujy(©" + 1) =0, where

auy = — {(1 + 02U, +Q|ds, sel0,T),
U4(T) = G.

Tt is easy to see U} = U, © = —1 = ©* which implies the uniqueness of closed-loop equilibrium strategy.
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—Let C=0,D =0, C=D=1 Then ©* = —1lisa closed-loop equilibrium strategy, and the correspond-
ing Uj(-) satisfies (2.24). To discuss the uniqueness, suppose ©’ is another closed-loop equilibrium strategy.
According to Theorem 2.3, U5(©' 4+ 1) = 0, where U} satisfies

AUy = = [2(1+ ©/2U4 + (1+ €20} + Q| ds,
AU4 = Qds,

AU} = —Qds,

ULT) =G, ULNT)=—G, ULT)=G.

By calculation, Uj + Uj = 0 and Uj > 0 imply that

T
UL(t) = G + /t [(1 + O (1)UL (r) + Q(r)} dr. (2.25)

Since US(T) = G > 0, U4(-) is continuous, hence there exists 6 > 0 such that for r € [T'— §,T], Uy (r) > 0. This
indicates that for almost r € [T' — 0,7, ©'(r) = —1. Plugging it into (2.25), for any ¢ € [T — §,T], we have
Us(t) = Us(t). Hence Uy(T — ) > U4(T) = G > 0. By induction, we have Uj > 0, ©' = —1. This implies the
uniqueness of closed-loop equilibrium strategy.

—Let C=0,D=0,C=D=1.1t is easy to see © = —1 is an open-loop equilibrium strategy, and the
corresponding P, equals to Uj in (2.24). The uniqueness is also easy to check.

2.3. Comparisons with the existing closed-loop equilibrium strategy

In this subsection, we assume that S = S =0 for simplicity. To begin with, let us recall the closed-loop
equilibrium strategy introduced [24].
— First, they introduced partition A := {() =to<ti < <tny= T} on [0,7], and the following equation

dX2(s) = [A(S)Xﬁ(s) + B(s)u®(s) + E(s)EpA(s) [(X2(s)] + E(S)EpA(s) [UA(S)]}dS
+ {C(S)XA(S) + D(s)u®(s) + 5(3)]EpA(s)[XA(s)} + f)(s)EpA(s) [UA(S)]}dW(s), (2.26)
XA(O) = Zo,

N-1
where p2(-) := kZO tillty 1) (), and

uB(s) 1= O2(5) X2 (5) + [O2(s) — ©2(5)|E,pa (o [X2(5)], s€[0,T].

Recall that in Section 2.1, there is additional parameter ¢ in the optimal state equation and pre-committed
optimal control, see e.g. , (2.12) and Lemma 2.5. To get rid of this ¢t without breaking the original structure, the
author in [24] used the above partition A to introduce function p®. This also partially explains the appearance
of (u®, X2), (02,02).

— Second, for any bounded Iy, -measurable v, they defined control ukA

,U

on [tg, T] as follows,

up™(s) == vl +O2 ()X (s) + [02(5) — O2(8)|Epare [Xe ()], s € [t T).

trytht1)
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Here XkA’” is the solution of (2.26) on [t;,T] associated with ( ¥ XA(t1)). Then the A-equilibrium strategy
pair (©4,04) is defined by

T(XA0),u (st X2 () < J(XAC),uY ()st, X2 (),
where ¢ € [0,T], (X (), u(-)) satisfies (2.26),
TXC),ul)it, X2 (1)
= uf / [(Q()X(5), X(5)) + (R(s)us), uls) ) + (Q()E:[X ()], B[ X (s)])
+ (R(S)E[u(s)), Exfu(s)]) [ds + (GX(T), X(T)) + ( GE[X (D) EX(T)]) }.

We emphasize that J(X(-), u(-);t, X2(¢)) differs from J(u(-); ¢, X(t)) in (1.9), even though they have the same
form.
— Third, if there exist (©,0) € C([0, T]; R™*") such that

Jim [l6® —ej+ 6% - 8] =0, (2:27)

then (O, (:)) is called the closed-loop equilibrium strategy of Problem (MF-SLQ). For this O, they introduced
4= ©X, where

In this case, u, X , are called closed-loop equilibrium control, closed-loop equilibrium state, respectively.

<)

= [o/ + #O]|Xds + [€ + 28] XdW (s),
(0) = Zo.

(2.28)

=y &

We first point out several relations between the way of defining the above (@7@) and our ©*. By the
convergence in (2.27), as well as the definition of p, we can regard X2, u®, as the discrete version of our 2,
u:= 02", with £ in (2.6). Secondly, to define the closed-loop equlhbrlum strategy, a class of A- equlhbrlum
btrategy was introduced in [24] by a new functional J. Notice that this .J, which is given with respect to (X, u)

n (2.26), differs from our J, which is a functional of (X, u) in (1.8). Thirdly, to obtain closed-loop equilibrium
strategy (e, @) some complex and delicate convergence arguments are required for (02, @A) In contrast, by our
variational approach (e.g. [3, 10, 11, 18, 19]), there is no partition involved, which saves us from the complicated
convergence procedures. Eventually, there are technique consistency between [24] and ours. For example, the
above perturbation uﬁ"” is similar as u§ in Definition 2.2. In addition, equation (2.28) is comparable with our
(2.6).

Let us make comparisons between [24] and ours from the view of Riccati systems which are used to represent
the equilibrium strategy. In [24], they introduce the following

dpP, = — [(,@f + #0)" P + Pi(o + BO) + (€ + 20)  Po(€ + 90) + 2 + [O] T%@} ds,
ab, — — [(,ef + B0) Py + Py + BO) + (¢ + 20)  By(€ + 28) + Q + [6] TR@} ds, (2:29)
P/(T) = (G+G), P(T)=G,
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where the equilibrium strategy O satisfies

(%(s) + D(s)T Py(s)2(5))O(s) + B(s) T Py(s) + 2(s)" Pa(s)€(s) = 0. a.s. (2.30)

It differs from our system (2.11). In fact, from our system (2.11), the mean-field terms in the state equation
(1.8) not only play important roles in Uy, Uy, but also make the Riccati system further couples with U3, UJ.
To summarize, for the same MF-SLQ problem, two different approach lead to different Riccati systems and the
resulting CLESs. The following example shows another interesting result: by means of variational approach,
there exist another MF-SLQ problem that share the same Riccati system as in [24].

Example 2.9. Given (2.5), suppose the optimal control problem is to find proper @(-) satisfying

S@()t, 2 () = mf - Z(u();t, Z(1).

u()EX[t,T)

Here #(u(-);t, Z (t)) has the same form as (1.9) with X replaced by £ . For simplicity, we assume that
S =8 =0. According to [18], the corresponding closed-loop equilibrium strategy ©* satisfies

(#(s) + 2(5) U3 (5)2(5))0" (s) + B(s) "U (s) + Z(s5) U3 ()€ (5) = 0, (2:31)

where (U, Uy) are described as,

AUy = — [(mf + B0°) UL + Ui (o + BO*) + (€ + 20%) U3 (¢ + 20%) + 2 + [07] T%@*] ds,
;3 = —[( + BO") U3 + U3 (o + H6") + (€ + 96") U5 (€ + 26") + Q + [0*] "RO*[ds,  (2:32)
UL (T) = (G+G), Us(T)=G.

Notice that (2.30), (2.29) are the same as (2.31), (2.32), respectively.

To conclude this part, we present several examples.

Example 2.10. We give two cases when the Riccati systems (2.29) and (2.11) coincide with each other.
— Suppose S = S = 0, and the state equation (1.8) reduces to a linear SDE, i.e. A B=C =D =0. Then
both (2.29) and (2.11) become

dU; = — [(A +BO*) U + U (A+ BO*) + (C + DO*) U3 (C + DO*) + 2 + [0*] ' %07 |ds,

[E—1

dU; = — [(A +BO")'U; + Us (A + BO*) + (C + DO*) U3 (C + DO) + Q + [@*]TR@*]d& (2.33)
UI(T) = (G+G), Us(T)=G,

where ©* satisfies
(Z(s) + D(s)"Us(s)D(s))0*(s) + B(s) " U; (s) + D(s) " U; (5)C(s) = 0. (2.34)

Notice that such system was also obtained in [18].
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— Suppose G =0, Q =0, S = S = 0. Then both (2.29) and (2.11) reduce to

vy = — [(ng +BO*) U + Ut (o + BO*) + (€ + 20%) U (€ + 20%) + Q + [07] T%’@*} ds
AUz = — [(% + BO0*) U3 + Uy (o + BO*) + (€ + 20%) U3 (¢ + 20%) + [0*] TR@*} ds,
Ui (T) = (G +G), Us(T)=0.

The following example shows some interesting features caused by the mean-field terms in (1.8).

Example 2.11. Suppose G > 0,

C+C=0, D+D=0, A=0, B=0, S=S=0, Z>4>0. (2.35)

Then (2.9) becomes Z0* + BTU; = 0, where

AU = —[(A+ BO") UL + Uh(A+ BO") + 2+ [0"] #6"|ds
Ui (T) = (G + G).

(2.36)

— In contrast with the SDEs case in Example 2.10, because of the special relation between C and 5, the
coupling relation between UT, U as in (2.33) breaks. Moreover, unlike (2.34), Uy becomes useless even though
D #0.

— Under condition (2.35), we see that (2.29) also reduces to (2.36), which indicates another coincidence between
our work and [24]. Moreover, according to Theorem 4.5 in [24], (2.36) is solvable and closed-loop equilibrium
strategy exists.

Remark 2.12. For problem (MF-SLQ), the mean-field terms appear in both the cost functional (1.9) and the
state equation (1.8). In order to see the interesting role of /I E 6’ ]5 let us suppose that G= 0, R= 0, Q =0,
S = 0. For the pre-committed optimal control case, the mean-field terms in (1.8) shall transform the traditional
Riccati equation into the Riccati system. For the time consistent equilibrium control case, it is easy to check
that such a change also happens for system (2.11). However, it is not the case for (2.29). From this sense, the
time inconsistency caused by the mean-field terms in the state equation can be well revealed by our variational

approach.

Remark 2.13. As shown in [24], the multi-person differential games method works well when the coefficients
@, R in the cost functional depend on both s and ¢. In contrast, we emphasize that the developed variational
techniques can also be used to treat such a case. We hope to report relevant results in the future publications.

3. PROOF OF THE MAIN RESULT

In this section, we give the proof of Theorem 2.3.
Given (2.6), (2.7), we define 2§ := 2°¢ — 2", X§ := X¢ — X on [0,T], which are described as

A2 = [(Ag + Ag) 2§ + Bulyi12]ds + [(Co + Co) 2§ + DI}y 4s0] AW (s),
AX§ = [AX§ + AgE X§ + BOZE + Buly i1 q]ds

+[OX5 + CoEe XE + DOZE + Dljy ] dW (s),
X5(0) = Z5(0)=0

(3.1)
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In the above, we used the fact that E,X§ = E;Z; and notational convention
Ag:=A+BO, Ay:=A+BO, Cy:=C+DO, Cy:=C + DO. (3:2)

Remark 3.1. Let us point out two useful facts as follows.
—IfA=B=C=D=0, then Z7 = X§ := X° — X, and

{ 42 = [ (A + BO)Z + Buly,.a]ds + [(C + DO)ZE + Duljyyia]dW (s),
25 (0) =

It corresponds to the one used in [18].
— It is easy to see the following estimates,

E sup |25(0))*+E sup |X5(r)|* < Ke.
re(t,t+e] re(t,t+e]

Lemma 3.2. Suppose O(-) € L2(0,T;R™*™). Then

Jf () t, X (1) = J(u(-);t, X (t)) = Ji(t) + Ja(t) + E, /HE (0T% + .Y, 25 ) ds, (3.3)
where
I() = Ef / (P XE) + (Foy 26) +( By, 00y ) |ds + (GX(T) + GEX(T)], X5(T)) |,
T ~
Ta(t) = %]Et/t (P XG)+ (F5, 2 ) |ds + %Et<GX§(T) + GEX§(T), X5(T)),
and

=QX+QEX +ST02 +STOE,2,
R=0"SX+0"SE,X +0"ROZ + O ROE, 2

~ ~ 1
Fy=SX + SE.X + ROZ + ROE, 2 + S %v, (3.4)
Ff = QX5 + QR X5 + 5 025 + 5 OR.2¢,
=0'5X; + O SE,X; +0"ROZS + O ROE, 2.

Proof. By the definitions of X, X* and X§, we deal with the terms in the cost functional one by one. First let
us treat the term associated with @,

(QX%,X7) —(QX, X) = 2(QX, X5) + (QX5, X5 ) -

By the definitions of u and u®, we have

(SXeu®)—(SX, u)
=(STO25, X5)+(X5,8T[02 + vl ] )+ (25, 0TSX )+ (SX, vl siq) -
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We also have

(Ruf,u® ) — ( Ru,u)
=(0TROZs, 25 )+ (ROZ5, 02 + vl 1ia )+ (Roly iy, 025 )
+{(Rvljf 110, OZ 4+ v 44q) +(OTROZ, 25 )+ (ROZ vl 4ye))
=(0'ROZS, 25 )+ (25,0 R[202 + vl 11q] )
+(Roly 42,025 ) + (R(2OZ +v), vl 14e) -

Similarly one can obtain the terms involving @, S, R as,

(QEX® E,X°) — (QE,X,E X )

=2 (QE.X,E, X5 ) + (QE, X5, B, X5 ),

(SEX®,Euf ) — ( SE X, Equ)

— (STOR, 25, B X5 ) + (X5, ST [OE. 2 + vl i 4])
(B 26,07 SEX )+ (SE X, v}y 144),

(EEtuE,EtuE ) — (]TEEtu, Eiu)

= (0 ROE, 25, B, 25 ) + (B, 25,0  R[26E,. 2" + vl 11 q])
+(Rul 10 OB, 25 ) + ( R(20E, 2+ v), vl 14) -

At last we look at the terms associated with G and G,

(GXS(T), X*(T)) —(GX(T),X(T))

=2(GX(T), X5(1)) +(GX5(T), X5(T)),
(GEX*(T), B X*(T)) — (GBX(T), B X (T))

= 2(GEX(T),E:X5(T) ) + ( GEX5(T), B X5(T) ) -

To sum up, one then obtains (3.3). O

3.1. A decoupling method to conditional mean-field FBSDEs

In order to equivalently transform Ji(¢) and Jo(t) of Lemma 3.2 into the desired forms, we need to decouple
the following forward-backward system

d2 = (H\Z + Hy)dr + (H3 2" + Hy)dW (r),
dX = [A1X + AsE X + As 2 + AR 2 + As]dr
+[BlX + BQEtX + Bg% + B4Et% + B5} dW(T),

dy = — [cly 4 COE,Y + CsZ + CuEyZ + Os X + CoEy X (3.5)

+Cr X+ CRELZ |dr + ZdW(r),
X(O) =z, %(0) = .’17/, Y(T, t) = DlX(T) + D2EtX(T).

In other words, we will represent (Y, Z) by means of (£, X) and a new system of BSDEs. The involved
procedures are inspired by e.g., [10, 23], and the obtained result fully covers Lemma 4.2 in [18].
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(H2) For H := R™, R", R"*" etc., let Dy, Do, x, o’ € H, A;, B;, C;, H; € L*(0,T;H), i = 1,2,3,4,
j = 1727 H27 H4a A5a BS S L%(07T7 H)

For t € [0,T), s € [t,T], suppose that

Y (s,t) = P1(s)X(5) + Pa(s)Er X () + EePs(s) + Pals) + Ps(s) 2 (s) + Pe(s)Ee 2 (s) (3.6)

where P1(-), Pa2(-), Ps(-), Ps(-) are deterministic, Ps(-), P4(-) are stochastic processes satisfying

{ dpl(s) = Hi(s)dsa i=1,2,5,6, Pl(T) = Dy, PQ(T) - D27 P5(T) - PG(T) =0,
dP;(s) =U;(s)ds + L;(s)dW (s), j=3,4, P3(T) =0, Pa(T)= Ds.

Here II,(-) are to be determined. It is easy to see

dE; X = [(A1 4+ A2)Ee X + (A3 + ANEZ + As)dr, dE. 2 = [H{E, 2 + H)dr.

Using It0’s formula, we derive that

A[PiX] = [ILX + Py (A X + 4B X + Ag 2 + AiB, 2 + A3)|ds

+P1(B1X + BoEy X + B3 Z + B4E, 2 + Bs)dW (s),
A[PE X] = {ToE, X + Pa[(A1 + A)EX + (g + ADE.Z + As] Jds,
A[Ps 2] = (52 + PsHy 2 + PsHa|ds + Ps[Hy 2 + HidW (s),
A[PeB, 2] = {TGE. 2 + PoH\E, 2 + PoHy |ds.

As a result, we have

dY = {[H1 + P1A1] X + (PrAs + o + Po(Ay + A2))Ei X + (P1As + 15 + Ps H ) 2
+[P1As + P2(As + Ay) + PeHy + 116 | E, 27
+E¢ [IT3 + P2 As + PgHz| + Iy + P1As + P5H2}d3
+[PUBX + PLBEX + (Py By + PoHy) 2+ PiBAE, 2 + Py Bs + La + Ps Ha AW (5)

Consequently, it is necessary to see

Z =P1B1 X +P1BE. X + (PlBg + 'P5H3)% + P1B4JELZ + P1Bs + L4 + PsHy.

In this case, from (3.6), (3.7), we see that

E)Y = (P1 + P)E.X +E, ['P:’) + P4] + (Ps +Ps)E 2,
E:Z = (P1By + P1B2)E: X + (P1Bs + PsHs + P1B4)E+ 2
+E, [PlB5 + L4+ 7)5H4] .
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On the other hand, by the previous representations,

- [011/ + CoRY + CsZ + OB Z + Cs X + CoEy X + Cr 2 + CsE 2
= fCl{PlX 4 PoEX + EPs + Py + Py 2 + PGIEtEK}
—Co{ (P + POBX + By [Py + Pa] + (Ps + Po)E.2 |
—C3 [PIBIX + P1BoEy X + (P1Bs + PsH3) Z + P1B4E: 2
+P1Bs + L4+ 7>5H4} —Cy [(73131 + P1By)E X

+(P1Bs + PsHs + P1By)E; 2 + B [P1Bs + L4 + 7’5H4”
—Cs X — CeE X — Cr & — CsE 2.

At this moment, we choose II;(+) in the following ways,

0=1II + P1A1 + C1P; + C3P1 By + Cs,
0 =15 4+ P1As + P2(A1 + As) + C1Py + Co(P1 + Pa) + CsP1 By + Cs + C4P1(B1 + Ba),
0 =114 + P1As + PsHy + C1Ps + C3[P1Bs + L4 + PsHy|,
0 =15+ P1As + PsH1 + C1Ps + C3(P1Bs + PsHs) + C7,
0=1Tlg + P1Ay + Pa2(As + Ay) + PsHy + C1Ps + C2(Ps + Ps)
+C5P1By + Cy(P1Bs + PsH3 + P1B4) + Cs,
0 =13 + P1Ag + P2As + PeHa + C1Ps + Co(Ps + Pa) + C4[P1Bs + L4 + PsHy).

Next we make above arguments rigorous. Given (2.1), for s € [0, 7], we consider

dP; = — |:P1A1 + 017)1 + CSPIBI + CV5:| dS,
dP, = _{772(141 + A2) + (C1 + C2)P2 + CoPy + P1Ag + C3P1 By + Co + C4P1(B1 + BZ)}ds’

dPs = — |(Cy + Co)Ps + PaAs + PeHy + CoPy + C4[P1Bs + La + P5H4]] ds + L3dW (s),

APy = —{017?4 + C3Ly + PrAs + PsHy + C3[Py B + Ps Hy }ds + LadW(s),
dPs = — _'P5H1 + C1Ps + C3PsHs + P1 A3 + C3P1Bs + 07} ds,

APs = — [PsHy + (C1 + C2)Pe + PrAs + Pa(As + Ay) + CoPs

+C373184 + C4(P1B3 + P5H3 + P1B4) + Ogi| dS,
P1(T) = D1, P2(T) = Do, P3(T) =P5(T) =Ps(T) =0, Pa(T) = 0.

Under (H2), it is easy to see

’Pl(’)v PQ(')’ P5(')a Pﬁ() € C([O’T];Rnxn)a (’P33E3)7 (’P47£4) € L%(Q,C([O,T},Rn)) X leF(OaTv ]Rn)
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At this moment, for s € [0,T], and ¢ € [0, s], we define a pair of processes

Y (s,1) = [PIX + PoBy X + EyPs + Py + Ps 2 + PEr 2| (s), 59)

P (s,t) = [Plle £ PLBoE X + (PBy + PsHs) 2 + PLBEZ +P1Bs + Lo+ 7>5H4] (s).

By the results of P;(-), we conclude that
(Za(), Za() € Lg(Q C([0, T]; R™)) x LE(0, T;R™),

where (%4(s), Za(s)) = (¥ (s, s), Z(s,s)) with s € [0,T].
Lemma 3.3. Suppose (2, XY, Z) is the unique solution of (3.5), (¥, %) are defined in (3.9). Then for any
te[0,7T],

P{w €Q; Y(s,t) = (s,1), Vs€ [th]} =1 (3.10)

]P’{w €O Z(s,t) = Qf(s,t)} =1, seltT]. ae.
Proof. Given (3.27), it is easy to see that

E:% = (P1+ P2)E; X + Ei[Ps + Py] + (Ps + Ps)Es 2,
E; 2 =P1(B1 + B2)E; X + (P1Bs + PsHs + P1B4)Ey 2" + P1EBs + E Ly + EPs Hy.

Using It6’s formula, we know that

d[P1X] = [ — (CYPy + C5P1By + C5)X + Pr(AsE X + A3 2 + AJEe 2 + A5)] ds
+P1(B1X + BoEy X + B3 Z' + B4E, 2 + Bs)dW (s),

d[PEX] = { - [P1A2 4 Oy Py + Co(Py + P2) + C5Py By + C + CuPy(By + Bg)]EtX
+Py[(As + A)Ee 2 + By As] }ds,

d[Ps 2] = [ = [P1As + C1Ps + Ca(P1Bs + PsHy)| 2 + Ps Ho|ds + Po(Hs 2 + Hy)dW (s),

d[PeE, 2] = { - [P1A4 + Po(As + Ag) + C1Pg + Co(Ps + Pe) + CsP1By
+Cy(PyBy + PsHy + P1By) |[Ee 2 + PoBoHs s,

Consequently, after some calculations one has
AV = — O\ + OB + O3 % + CELZ + Cs X + CoBy X + Cr 2 + Cg]Et%] dr + ZdW(r).

Then for any t € [0,T], (#,2) € LA(;C([t, T];R™)) x LZ(0,T;R") satisfies the backward equation in (3.5).
By the uniqueness of BSDEs, we see the conclusion. O]

3.2. An equivalent transformation of J;

To obtain the characterization in Theorem 2.3, we need some equivalent transformation on Jj.
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Given processes %1, %> to be determined later, for ¢ = 1,2, suppose the following BSDEs admit unique pairs
of (Yi, Z;) € LA(Q; C([t, T); R™)) x L(t, T; R™), respectively,

{ AYi(s,t) = —Fi(s,t)ds + Zi(s,)YdW (s), s € [t,T],
Y1(T,t) = GX(T) + GEX(T), Ya(T,t)=0.

By It6’s formula,

AV, X)) =(—FL+ ATV +CTZ1, XS+ (AJ Yy + C Z1, B X()
(0 (B™Y1+D"2), 25 )+ (B "Y1+ 2" Z1, ] 44q)
+ (21, X5) + (Y1,CX§ + CoE X5 + DOZLE + Dol i) | AW (s).

Recall X§(t) = 0, we see that

T
Et<Y1(T),Xg(T)>+]Et/ (F1,X§)ds
t
T
:Et/ (~F1+ P+ AV, +CTZ) + AJEY, + Cf B Zy, X5 ) ds
t

T t+e
HEt/ (0" (B'"Y1+D"2y), 25 ) ds + ]Et/ (B Y14+ 2" Z,v)ds.
t t

Therefore, we choose

ay; = — [Fl +ATY1 4+ CTZy + AJ Y + 5‘,;F]EtZ1}ds + Z1dW (s) (3.11)
Yi(T,t) = GX(T) + GE, X (T),
and then
. T
E; (GX(T) + GE,X(T), X§(T)) +1Et/ (F1, X5)ds
¢ (3.12)

T t+e
:Et/ <@T(BTY1+DT21),%€>ds+Et/ (B™Y14+ 2" Z,v)ds.
t t

Under (H1), for given © € L?(0,T;R™*™), the wellposedness of (3.11) is easy to see. To obtain .%5, let us use
It0’s formula as follows,

A(Yo, 25 ) = (~Fo + (A + BO) Yo + (€ + 20O) Zo, 25 ) ds + (B Yo+ D" Zo,vI}; 11 ) ds
+[( 22, 25 ) + (Y, (€ + 90) 25 + Do) | AW (5).
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Consequently, recall Y2(T,t) = 0, Z§(t) = 0, we have

T
Et/ (0" (B'"Y1 + D" 7)) + F», 25 ) ds
t
T
:Et/ (—Fo+ (o +BO) Yo+ (€ +90) Zo+ 0T (BTYs + DT Z1) + Fo, 25 ) ds
t
T
+E, / (B Yo+ D' Zo, 0] 140 ) ds.
t

We thus choose

{ dy, = — [(ﬂ‘ + BO) Yy + (6 +20)" Zy + 0T (B'Y1 + D" Z)) + Fy|ds + ZodW (s), (3.13)

Yo(T,t) = 0.

Under (H1), for given © € L2(0,T;R™*"), the wellposedness of (3.13) is easy to see. Recall the above (3.12),
we have

T T
Et<Y1(T,t),X§(T)>+Et/ (Fl,X§>ds+]Et/ (Fy, 25 ds
t t

t+e
= Et/ (B (V1 +Y2)+ D (Z1 + Zo),v) ds.
t

By the definition of J; in Lemma 3.2, for any ¢ € [0,7T'), we arrive at

t+e
Ji(t) = Et/ (Fs+ B (Y1 +Y2)+ 2" (Z1+ Zy),v) ds. (3.14)
t

To summarize, we have
Lemma 3.4. Given © € L?(0,T;R™ ™), under (H1), we have (3.14).

Remark 3.5. If there is no mean-field terms in (1.8), i.e. | A=B=C=D-= 0, then

@i =~ [F + ATY; + CT 2y |ds + Z1aW (s),
dy, = — [(A +BO) Yo+ (C+DO) Zo +©T(BTY, + DT 7)) + Fy|ds + ZodW (s), (3.15)
YA(T,t) = GX(T) + GE, X (T), Ya(T,t) =0.

Taking YV :=Y1 + Ys, Z := Z1 4+ Zs, we conclude that
dy = —[A;,ry+cgz+ Q+STO+0TS+0 ROIX +[Q+S5TO

+07S + O ROJE, X |dr + ZdW(r), r € [t,T),
V(T,t) = GX(T) + GE, X (T).
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In addition, the following recovers the analogue study in [18]

t+e ~ . 1
Ji(t) = —E, / (BTY+DTZ+ (5 + RO)X + (5 + ROEX + _#0,v) ds.
¢
We continue to transform .Ji(t) of (3.14) into the desired form. To this end, we define
Y=Y, 2" :=(Z],2)), B":=(#",2"), D" :=(2",27), (3.16)
from which one has
T — — — —
Ji(t) =&, / (Fs+B'Y +D"Z,wlyq)dr (3.17)
t
To describe (Y, Z), we first extend 2", X, x into R?"-vectors 2, X, Z, i.e.,
2T =(270,), XT:=(XT7,0), 75 = (zg,0). (3.18)
By defining R?"*?"_valued functions H;, Hs,

H, = diag{Ag + AVQ,O}, H; = diag{C’g + 59, O}, (3.19)

from the first equation in (2.6) one has

dZ (r) = Hy(r)Z (r)dr + Hs(r) 2 (r)dW (r), r€[0,T], (3.20)
2 (0) = Zg
To treat X, we define
Al = dlag{A,O}, B = dlag{C,O}, Ay = dlag{A,O}v, B = d1ag{C,O},~ (3.21)
Ay = diag{B@, o}, By = diag{p@,o} Ay = diag{B@, o}, By = diag{D@,o}.
Consequently, by the second equation in (2.6), one has
dX = [A1X + A2]EtX + As I + A4Ete%7] dr
+[B1X + BBy X + BsZ + ByE,Z [dW (r), r€[0,T],
X(0) = 7.
Here it is worthy mentioning that
4 4
H, = ZA“ H; = ZBi' (3.22)
i=1 i=1

At last, to treat (Y, Z), we introduce
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AT, 0, ¢, 0,
OTBT, T +0THT } Cs ::{ eTDT, ¢T+0'7" } (3:23)

Cy = diag{ﬁg, o}, Cy = diag{@j, o},

, 0, Q, 0,
05::{925’ 07}7 06:{625 0 }a

~ (3.24)
C -— ST67 07 C o ST®7 0,
T e're, o, [0 ) eTRe, o, [
G:= diag{G,O}, G = diag{é,O}.
Therefore, we have
dy = — {clY L OB + C37 + CuEeZ + Cs X + CsBeX + Cr % + CSEtgi] dr + ZAW (r),
Y(T,t) = GX(T) + GE, X (T).
To sum up, we have obtained a new forward-backward system of (%7 X, Y, 7),
dZ = Hy Zdr + H3:ZdW (r), r € [0,T],
dX = [AlX + AQEtX + A3<%/. + A4Et<%7] dr
+ [31X + BQEtX + Bgt%? + B4Etf%7} dW(T),
dY = — {01}7 + CQEtY + 032 + C4EtZ + C5X + Oﬁ]EtX (325)
YO T+ Cletgi] dr + ZdW (r),
X(0) = 2°(0) = 2o, Y(T,t)=(Y(T,1)",0)".
We apply decoupling technique to (3.25). Inspired by (3.8), we introduce
dpl = — -PlAl + Clpl -l—CgPlBl + Cs|ds,
dPp = _{P2(A1 + A2) + (C1 + 02)152 + CoPy + PiAy + C3P By + Cg + 04151(31 + B2)}d8,
dp5 = — >P5H1 + Clp5 + 03P5H3 + plAg + CgplBg + C7:| ds, (3 26)

dpﬁ = — >p6H1 + (01 + 02)p6 + p1A4 + pg(Ag + A4) + 02p5
+C3PBy + Cy(P1Bs + P;Hs + P1By) + 08] ds,
P(T)=¢G, PyT)=G, Ps(T)=P5(T)=0,

where the coefficients are defined above. Here we use the notation Ps, Pg, rather than P3, Py, to keep consistency

with that in (3.8).
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The solvability of (3.26) is easy to see. We emphasize that Py, P, Ps, Pg are R?"*%"_valued. For s € [0, T},
t € [0, s], we define

(1) = {P1X+P2Et)_(+]35e%7 + PR, 2|,

F(1) = [PlBlX + PiBoE.X + (PiBs + PsHy) % + PlB41Et%’} . %20
By the results of P;(-), we conclude that
(Za(-), Za()) € Lg(C([0, T; R™)) x Li(0, T;R™)
where
(Pa(s), Za(s)) = (¥ (s,5), Z(s,5)), s€[0,T].
According to Lemma 3.3, for any ¢ € [0,T),
]P’{w €0 Y(s,t) = (s,t), Vs€ [t,T]} =1,
]P’{w €Q; Z(s,t) = D@?(s,t)} =1, se[t,T]. ae.
As a result, we see that
B'Y+D"Z=(B"Pi+D"P,B))X +(B"P,+ D" P,B,)E; X
+[B"P5s+ D" (PBs + PsH3)| % + [B"Ps + D" P\B4|E. 2.
Since E; 2" = E. X, we thus have E;2 = E, X, and
t+e t4e
]Et/t (BTY+DTZ,U>dr:Et/t (WX ,v)dr, (3.28)
where we see the following by (3.22)
W =BT (P, + Pyt Ps+ Ps)+ DT [pl(Bl 4+ By+ B3+ By) + P5H3} (3.29)

= BT(P1 + P+ Ps + Pﬁ) +DT [Pl + PS]H3
For later notational simplicity, we define

MZ:P1+P2+P5+P6; N = p1+p5;
Uy =MD 4 M(zl); Uy := NI N(21); Us := N(H); (3.30)
Uy = Pl(ll) + P1(21); Us := Pl(ll).

We state the desired transformation of Ji () as follows.
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Lemma 3.6. Given © € L?(0,T;R™ ™), under (H1) we have

t+e t+e
Ji(t) = %Et/ <%v,v>dr+Et/ (2 + 97026 +.7 + BT+ 90| 2 0)dr, (3:31)
t t
where Uy, Uy satisfy

AUy = —[(Ag + Ag)TUL + Uy (Ag + Ag) + (Co + Cp) TU(Cy + Co) + 2+ 7 TO+0T.7 + eT%@] ds,
AUy = —[(Ag + Ag) TUs + Us(Ag + Ag) + (Cp + Co) TUs(Cy + Co) — Ag Us — Cyf Us(Cy + Co)

fz_fgﬁg —(Cy+Co)TUS Cy+CJUsCo+Q+STO+0OTS + @TRG] ds,

AUs = —[ATUs + Us(Ag + Ag) + CTU(Cy + Cy) — CTUsCop +Q + STO — Usia]ds,

AUs = —[ATUs + Us A+ CTUC + Q| ds,
U(T)=G+G, Uy(T)=G, Us(T)=@G, Us(T)=G.

(3.32)
Proof. For readability, we split the proof into several parts.
Step 1. We prove equality (3.31).
From (3.28), (3.30), (3.17), we have
t+e _ _ _
Ji(t) =K, / ((B"M + DTNH3)Z + F3,v)dr. (3.33)
t
Using the definitions of 2, Hs, and B, D, we further deduce that
B'MZ =2T MM + M2 =2T0,2, (3.34)

D'NH3Z = 9T [N + NCY)(Cy + Co) 2 = 2T Us(Cy + Co) 2,

where M := {M(ij)}gi,jgz’ N := {N(ij)}lgi,jgw M) NG js R"*"-yalued matrix. Recall the definition of
F3, we obtain that

T
_ ~ 1
Jl(t) = ]Et/ <SX + SE, X + ROZ + ROE, Z" + §%U,U1[t7t+g] >d’l’
t
T
+E, / ([B UL+ 2" Us(Co + Co)| 2, vt 41e) ) dr (3.35)
t

t+e t+e
- %Et/ <%v,v>dr+Et/ ([(%’+@TU2_@)®+Y+%TU1+@TUQ% X, v)dr.
t t

Step 2. We derive the equation of U; defined in (3.30).
Thanks to (3.26) and the definition of M in (3.30), it is a direct calculation that

{ dM = 7[(01 + Co)M + MH; + (C3 + C4)NH;s + C5 + Cs + C7 + Cg|ds,
M(T)=G+G.
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To obtain the equation of Uy, we first deal with the nonhomogeneous term in the above equation.
By the definitions of C, Cs, we see that

(1)
[(03 +Cy)NH3 + C5+ Cs + C7 + 08}

= (C+Cy) TN(Cy+Cp)+2+.770,

(21)
[@+@N%+@+@+@+@}

=[0'D'NIW (¢ +20) " NE]|(Cy+ Co) + 0.7 + 0T %0.

Moreover,

(11) ~ (21)
[(01 + Cg)M] = (A+ Ag)TMID, {(c1 + CQ)M} =0 BTMW ¢ (o + 20)T MCD,

(11) ~ (21) ~
[MHl} = M (4, + Ay), [MHl] — MY (4, + Ay).

Therefore,

dM) = [(A + Ag)TM(H) + MM (Ag + Ag) + (C + Co) TN (Cy + Cy) + 2 +.770|ds
dMeY = [@TBT + (o +BO)T M@ 4 MY (4, + Ay)
+[OTDTNID 4 (% 4+ 20) T NCY|(Cy+ Co) + 017 + @T%@} ds

Then our result is led by some direct calculations.

Step 3. Since U; depends on Us, we obtain the equation described by Us, Us defined in (3.30).
Thanks to (3.26) and the definition of N in (3.30), we have

AN = = [C1N + NHy + C3NHs — Pi(As + Ar) = CsPi(By + Ba) + Cs + Cr ds,
N(T)=g6.
By the definition of Cy, Hy, H3, we have

(11) (21)
[ClN} — ATNOD, [ClN} =0 BTN 4 (o7 + BO)TNCD,

1n)

(i1) ) - ~
[NE | = N (g + Ay), i=1,2, [CsNHs| = CTNO(Cy + ),

(21) -
[CBNH;,»} = [0TDTNMW 4 (% + 20) T NEV|(Cy + Cp).
As to the nonhomogeneous term in the equation of N, we have

(i1)

i1) 7 . ~ (11) ~
|:P1(A2 + A4):| = Pl( 1)A9a 1= 17 27 |:C3P1(B2 + B4):| = CTpl(ll)Cg,

_ (21) ~
(CsPu(B2+ By)| = (0TDTPM 4 (4 + 20)T P*)Co.
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To sum up,

ANCD = - [ATN“” + NOD(Ag + Ag) + CTNID(Cy + Cp) — PV A,
—CcTPMYCy +Q + STQ] ds,

ANCD = _ {@TBTN(“) 4 (o + BO)TNCY £ NCY (4, + Ay)
+(©TDTNI 4 (¢ + 20) TNV (Cy + Cp)
PPV A, — @ DTPM 4 (% +20) PPN, + 0TS + @TR@} ds.

By the definition of Us in (3.30), we immediately obtain the third equation of (3.32). As to Us, we have

dUs = — |:(A9 + ZQ)TUQ + UQ(A@ + Z@) + (Ce + GQ)TUQ(CG + 59) - ZJU3 - égUg(Cg + 69)

—UsAg — (Cyp+Co)TUCy+ CJUsCy +Q+STO+ 0TS + @TR@] ds, (3.36)
Us(T) = G.

Step 4. We obtain the equations of Uy, Us defined in (3.30).
By the definitions of Cy, Ay, C3, By, we have
(11) (21)
{clpl] = ATpPOD), {clp} =0 BTPU 4 (of + 280)T P,
(i1) , (11)
[PlAl} =pPWA =102, [cgplBl} = cTPWe,

(21)
(CsPiBy| " = (©TDTPM™ + (% + 90)TPPY)C.

Therefore, from the first equation in (3.26) we have

ap(!) = —[ATP(M 4 P A+ TP C + Qas,

dP* = —|0TBTP" + (o + 20)T PV + PV A
+©TDTPMY 4 (% + 20)TPPY)C + @Ts] ds,

r1my =a, PPY(T)=0.

By the definition of Us in (3.30), we immediately obtain the fourth equation of (3.32). As to Uy,

d{Pl(n) —|—P1(21)}
- [A;rpfl” +(Ag+ Ag)TPEY 4+ @+ (P + PP A+ [cf PMY 4 (Cy + Cp) PPV]C + @TS}
= —[(40+ Ap)T (P + PIV) — AT P + (P + PPV)A+Q+ 0TS

+(Co+ Co)T (P + PEY)C - CF P{C].
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As a result, we obtain the following equation of Uy

AU, = — [U4A + (Ag+ Ag) UL+ (Co+ Co)TULC - CJUsC+Q+ 0TS — E;%} ds,
U(T) = G.

By comparison, we know that Us = U, , and we obtain the equation of U, in (3.32) by means of (3.36). O

3.3. An equivalent transformation of J;

In this subsection, we are devoted to J2(t) in Lemma 3.2, the basic ideas of which are similar as above.
To begin with, inspired by the procedures in deriving (3.11), (3.13), for ¢ € [0, T], we introduce the following
system of BSDEs,

1 ~ ~
dye = — [iFf + ATYF +CTZ8 + AJE,YE + CJEtZﬂ ds + Z5dW (s),
. - 1
dvg = — [(Ag + A0) Y5 +(Co+ Co)T 25+ T (BTYF + D7 Z5) + 5 F5 | ds + Z5dW (s), (3.37)
1 1~
1/Vls(Ta t) = EGXS(T) + §GEtXS(T)a YQE(Ta t) =0,
where Ag, Ag, Cy, Cy are defined in (3.2), X¢ is in (3.1), FE, F5 are in Lemma 3.2. Similar to Lemma 3.4, we

have

Lemma 3.7. Given © € L?(0,T;R™*™), we have

t+e
J(t) =E, / (BT(YE+YS)+ DT (Z5 + Z5),v) ds. (3.38)
t

For Z¢, X§ in (3.1), (Y, Z5) in (3.37), we extend them into R?"-vectors 2, X§, Y, Z5, where

Z§ = < X5 = X5 Ye .= \ Z° = Z .
0 0 Yy z5

To obtain the equation of 3&705, we define R?"-valued functions Hs, Hy as

H, ::{ @gj[t,t-i-e] }, H, ::{ 91(1)][1&,154-5] }

As a result, with Hy, Hs in (3.19), we have

dZs = [Hi Zg + Hp|dr + [Hs Zg + Hy)dW(r), r€[0,T],
Zg (0) = 0.

To treat X§(+), we use RZ"*2_valued A;(-), B;(+), i = 1,2,3,4 as in (3.21) and define
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Consequently, we have

ng = [AlXS + AQEtXS + Ag%os + A4Et%€ + A5] dT
+[B1X§ + BoEyX§ + B3 Zif + BuEy 5 + Bs|dW (1),
XE(0) = 0.

To treat (Y€, Z¢), we use C;(-), i = 1,2,3,4,5,6,7,8 as in (3.24). Therefore,

_ _ _ _ _ 1 _ _
ave = — [015/5 + OO,V + C52° + C4EtZ8} dr -3 [05)(6 + C4E, X¢

FOr T+ cgEtﬁfﬂ dr + ZEdW (r),
_ 1. 1> .
VeI, 1) = JGX*(T) + SORX(T).

To sum up, we derive the following forward-backward system

dZs = [H1 Zs + Ho|dr + [Hs Zg + H4|dW(r), r€[0,T],
dXOE = [Ang + AQEtXOE + Agz%g + A4Et<%7‘05 + A5} dT
+ [leg =+ BQEtXS + Bg%e —+ B4Et%5 —+ B5] dW(T),
_ _ _ _ _ 1 _ _
aye = — {clw + CoB Y + C32° + CUB Z° + 5 [C5 X5 + CoBi X
+Cr T + CsE, 3?06]} dr + Z=dW (r),
XS(O) = ‘%706(0) = To, YE(Ta t) = (YlE(T) t)T’O)T'

Moreover, using the previous defined BT, DT, we have
t+e o _ _
Jo(t) = Et/ (BTY®+ D" Z% v)dr. (3.40)
t
Next we decouple the above forward-backward system of (%‘E , X&,Ye, Z¢). To do so, we introduce

_ M= _ _ 1
dPl"::— PfAl +01P1€+C3PfBl+§C5:|d57
_ p — D D D D 1 2
aP; = —{ P (A1 + A2) + (C1 + Co)P5 + CoP; + P Ay + CyPf By + 5.Co + CuPf (By + Ba) s,
dP§ = —[(Cy + Cu) B + P5 A5 + Pi Hy + CoPf + Ca[P{ Bs + P§H4]]ds7
dP§ = =< C1P§ + Pf As + P£Hy + C3[P{ Bs + P H,y)| }ds’

—

_ r_ _ _ B B 1 (3.41)
dPf = — | PEH, + Oy P + C3PEH; + PF A3 + C3PEBs + 507} ds,

AP = — | PgHy + (C1 + Co) P§ + Pf Ay + P§ (A3 + Ay) + C2P%
_ _ _ _ 1
+O3PEBy + Cu(PEBs + PEHy + PEBy) + 508} ds,

1 _ 1~ = _ _ _
P{(T) = 30, P(T) = 3G, Bi(T)= P5(T) = P = P = (0,0)".
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In the above, since all the coefficients are deterministic, P§, P§ are described by backward ODEs, but not

backward SDEs. In addition, P§, P5, Pf, P§ are R*"*2"_valued, P5, P§ are R?"*"_valued, and their solvability
is easy to see with Pf = 1PZ, i=1,2,5,6. Recall (3.30), we then have

Py P54 P4 P — %M, Py pr = %N. (3.42)
If we define two R?"*™-valued functions 4., 2. as,
B = {B 11,0}, D0 :={D I;1414,0},
we know that Hy = B.v, Hy = .v, where v is R™-valued. We introduce a system of ODE
475 = f{cl D5 + (P + PE)B. + Cs [P + PE] .@E}ds,

A5 = ~[(Cy + Co) F5 + (Bs + F) B + Cos + Cul P + P5) 2] s, (3.43)
Z5(T) =0, Z5(T)=0,

which of course is well-posed. By the uniqueness of ODEs, P§ = Z5v, P§ = P5v.
For later usefulness, we define

M= P54+ 75, M = (M) AP, Ve =+, (3.44)

By (3.43) and (3.42), we see that

A :_[(cl+cg)/// civg 1 (03+c4)N@}

According to the definitions of C, %., Z., we have

A = [A+A Vo + M(1 VBl 14 + = (C+Ce)TN( Yo, t+s}d
@ = - |(BO) MY + (o + 20) .M + 2M DBl 1
1

+5[(DO)TNID + (% + 70) N 2y 1] s,
//fé”(:r):o, MENT) =0,

l\.’)

Consequently, for Uy, Us defined in (3.34),

dve = —[(A9+A9) VE 4+ Ulzlma] = (09+09) Uzgf[t,t+sﬂds,
VE(T) = 0.

Lemma 3.8. Given © € L?(0,T;R™ ™), and Uy in (3.52), we have

t+e
Jo(t) = %Et/ (2T U,Dv,v) dr + o(e). (3.45)
t
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Proof. To begin with, we give a new representation of Ja(t).
For s € [0,T], t € [0, s], and Pf in (3.41), we define a pair of processes

(1) = [pff(g + PSE,XE + B, PS + Pf + PE 2 + PEE, %O} : 16)
Fs (1) = | PEBAXG + Py BBy X5 + (P By + P Ha) 25 + PEBuE, 75 + P Bs + PEH . '
We see that
(5 (), 25 () € Lg(Q;C([0, T|; R™)) x L(0, T;R™),
where

(% (), Zi (5) = (%5 (5,9), Z5 (5,9)), s €[0,T).

According to Lemma 3.3, for any ¢ € [0,T),

P{w €0 Yo(s,t) = %5 (s,1), Vse [t,T]} =1,

P{w €Q; Z°(s,t) = Q%E(s,t)} =1, se[t,T]. ae.
Since E; Zy = E.X§, we thus have E; 5&708 = Et)_(g. Recall the notations in the above (3.44), we conclude that

t+e
Jo(t) :Et/ (B'Y®+D"Z% v)dr
t

t+e
- Et/ ( %(BTM + DTNHy) %5 + {BD//E + %DTNQE}’U,’U ) dr (3.47)
t
t+e 1 - _ 1
_ ]Et/ (5[ FTU+ DTUNCy + Co)) 25 + [BTVE + 59702 v,0) dr.
t

Now we treat the right hand of (3.47) one by one. First, by Remark 3.1, we see that

1 t+e _
gEt/ (BT, 25 + DT Us(Co + Co) 25 v) dr = o).
t

As to the second term of V, we have lim sup |V{?(r)| = 0. We then conclude that
€20 rc[t,t4e]

1 t+e
gIEt/ (BTVEv,v)dr = o(1).
t

To sum up, our conclusion (3.45) is implied by (3.47). O
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3.4. Proof of the main result

Proof. From Remark 3.1, we have

e—=>0Le

t+e
lim [ 2E, / (7% +7 )y, 25 ) ds| = 0.
t

Using Lemmas 3.2, 3.6, 3.8, ©* is closed-loop equilibrium strategies if and only if

1 t+e 1 t+e
Jim [7/ (% + DU D)o, 0) dr + fEt/ (2" v)dr] >0, (3.48)
e—0 L2e t € t
where
G = (R+2'Us92)0" + S+ B U +2"Us%.
A standard procedure leads to the conclusion in Theorem 2.3. O

4. CONCLUDING REMARKS

In this article, we investigate a class of time inconsistent stochastic linear quadratic problems for mean-field
stochastic differential equations in Markovian framework. We introduce the closed-loop equilibrium strategies
by variational ideas and establish their characterization by first-order, second-order equilibrium conditions. We
also make careful comparisons with various existing notions, namely, pre-committed optimal strategies, open-
loop equilibrium strategies, closed-loop equilibrium strategies, and reveal several new phenomena arising here.
There are some other interesting topics along this line, such as the solvability of Riccati system under proper
conditions, the uniqueness of CLESs, the corresponding study with random coefficients, and the investigation
with nonlinear state equation and cost functional. We hope to discuss them in the future publications.
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