ESAIM: COCV 26 (2020) 48 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2019053 WWW.esaim-cocv.org

SECOND-ORDER DERIVATIVE OF DOMAIN-DEPENDENT
FUNCTIONALS ALONG NEHARI MANIFOLD TRAJECTORIES

VLADIMIR BOBKOV!?* AND SERGEY KOLONITSKII®

Abstract. Assume that a family of domain-dependent functionals Eq, possesses a corresponding
family of least energy critical points u; which can be found as (possibly nonunique) minimizers of Eq,
over the associated Nehari manifold V' (€2;). We obtain a formula for the second-order derivative of Fq,
with respect to ¢ along Nehari manifold trajectories of the form ay(uo(®; " (y)) + tv(®; (y))), y € O,
where @, is a diffeomorphism such that ®;(Q0) = Q¢, a; € R is a N(£;)-normalization coefficient, and v
is a corrector function whose choice is fairly general. Since Eq, [u¢] is not necessarily twice differentiable
with respect to ¢t due to the possible nonuniqueness of u;, the obtained formula represents an upper
bound for the corresponding second superdifferential, thereby providing a convenient way to study
various domain optimization problems related to Eq,. An analogous formula is also obtained for the
first eigenvalue of the p-Laplacian. As an application of our results, we investigate the behaviour of the
first eigenvalue of the Laplacian with respect to particular perturbations of rectangles.
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1. INTRODUCTION

To outline an idea of the paper, let us start with a discussion of the model Lane-Emden problem

~Apu = |ul"?u in Q,

1.1
u=>0 on 09, (1.1)

where Apu := div (|Du|p*2Du) stands for the p-Laplacian, 2 < p < ¢ < p*, and 2 C R” is a bounded domain
with the boundary 02, N > 2. Here p* = NN—_pp for p < N, and p* = 400 for p > N. It is well-known (see, e.g.,
[12]) that (1.1) has infinitely many (weak) solutions, among which we will be interested in the so-called least
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2 V. BOBKOV AND S. KOLONITSKII

energy solutions (also known as ground states). Such solutions can be defined as minimizers of the problem

Q):= inf FE
M( ) 11)61./r\lf(§2) Q[’lU]

(see, for instance, [15]), where Eq : Vi/pl(Q) — R is the energy functional associated with (1.1):

1 1
Eqlw] = ;/ | Dw|P dx — 6/ |w|?dx,
Q Q

and N () is the corresponding Nehari manifold:
N(Q) = {w e WH\ {0} : Ehw]w = o}.

A natural class of optimization problems related to (1.1) consists in optimizing the value of p(§2) over a set
of admissible domains. For instance, the generalized Faber-Krahn inequality (see, e.g., [7]) can be employed to
show that p(Q2) > u(B) if B is a ball of the same volume as €. Moreover, the equality u(2) = p(B) holds if
and only if = B. That is, B is a global minimizer for p(£2) among the set of all domains with equal volume.
Somewhat opposite situation occurs if we consider a class of spherical shells ; = Br \ B, where R > r and
t € [0,R — r) is the distance between centres of the balls Bg, B, of radius R,r, respectively. In this case,
w(0) > () and p(9;) strictly decreases with respect to ¢, see [5]. That is, the concentric spherical shell
is the global maximizer for x(€;) among ¢ € [0, R — r). We refer the reader to [2, 3] for the analogous result for
the first eigenvalue of the p-Laplacian and for relevant references.

In the proof of the latter optimization result, the following Hadamard-type estimate for u(Q2) was used.
Consider a smooth perturbation ®;(f2) of the domain  driven by a family of diffeomorphisms

®,(z) =z +tR(z), ReCYRY,RY).

If u is a minimizer of () and o; € R is chosen in such a way that ayu(®; *(-)) € N (®:()), then

lim sup (P (1) — (&) < 8E¢t(9)(atu(¢;l(')))
t—0+ t ot

p—1

Pl (R,n) do, (1.2)

t=0

provided 0f2 is sufficiently regular, where n is the outward unit normal vector to 0f), see Theorem 1.1 of
[5]. Notice that p(®:(2)) is continuous but can be nondifferentiable with respect to ¢ since the corresponding
minimizer is not necessarily unique (see [9, 16, 20] and a discussion in Rem. 3.5 of [5]). Hence, in general, only
estimates of p(®:(2)) through the finite differences as in (1.2) are possible.

However, in a variety of applications, consideration of the first-order approximation of p(£2) does not bring a
sufficient information to obtain an optimality or stability of the domain, and higher-order approximations have
to be studied. The main aim of the present paper is to provide an upper estimate for pu(®+(€2)) in terms of the
second-order derivative of Eg, (o) with respect to t along trajectories of the form ay(u(®; ' (y)) + to(®; 1 (y))),
y € &4(Q), where a; € R is a normalization coefficient such that a; (u(®; *(-)) + tv(®; () € N(®4(Q)), and v
is a corrector whose choice is unrestricted.

Note that the corrector v is reminiscent of the concept of material derivative @ of u [22] which appears in
exact formulas for the second-order domain derivative of various functionals whenever such derivative exists
(see, e.g., by no means complete list of works [4, 6, 11, 14, 21, 22]). Roughly speaking, if {U;} is a sufficiently
regular with respect to ¢ family of critical points of such a functional, then the material derivative Uy can be
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defined by
U(®4(z)) = Up(z) 4 tUs(z) + o(t), z € Q.

In fact, Uy can be seen as an optimal corrector. However, in order to use the exact formulas for the second-order
domain derivative in particular applications, one is forced to solve a boundary value problem to determine the
material derivative of u, which is usually a nontrivial task by itself (see Sect. 5 for a more detailed discussion of
this issue). The main idea pursued in this paper is that one does not need to find an optimal corrector if he can
guess its good approximation based on a physical or geometric intuition. A good approximation of the optimal
corrector would yield a good upper bound for the second-order finite difference of pu(®:(£2)). In particular, if
this upper bound is negative and the right-hand side of (1.2) equals zero, then p(®:(€2)) < () for sufficiently
small ¢, which implies the nonoptimality of 2.

Let us mention that the results of our paper are also applied to sublinear problems of the type (1.1), as well
as to problems with convex-concave nonlinearities [1] (for a suitable range of a parameter), since such problems
possess least energy solutions. Moreover, apart from problems of the type (1.1), we obtain in the same way a
second-order estimate for the the first eigenvalue of the p-Laplacian

P
() = min M (1.3)
wew 0oy JolwPdz
Note that A1 (®;(2)) is at least once differentiable with respect to ¢, see [13, 17]. Moreover, the first eigenfunction
of the p-Laplacian and least energy solutions of (1.1) are conceptually the same objects, see [15] for rigorous
results in this direction.

The present paper is organized as follows. In Section 2, we state our problem in the full generality and discuss
main results. In Sections 3 and 4, we treat the first-order and second-order estimates for p(®:(€2)), respectively.
Section 5 is devoted to the formal discussion of the concept of optimal corrector. In Section 6, we consider two
particular examples of the main result: the problem (1.1) and the first eigenvalue of the p-Laplacian (1.3). In
Section 7, we further simplify obtained formulas either in the planar case N = 2 or under additional assumptions
on the perturbation ®;. Finally, in Section 8, we apply our results to study the behaviour of the first eigenvalue
of the Laplacian in rectangles under specific perturbations. In some cases, we are able to compare values of the
second-order estimate for A\;(Q2) computed for optimal and nonoptimal correctors.

2. MAIN RESULTS

ConsideL a bounded domain Q C RY with the boundary 0, where N > 2. Let R and R be smooth vector
fields over Q. Define a deformed domain €; as Q; = ®4(Q2), where

1 5~
O (z) :=x +tR(x) + §t2R(x), |t| < o,

and § > 0 is sufficiently small.
We will work with a general energy functional E; defined by

Eyfu] :/Q L(w,Dw)dyE/QL(w(tbt(x)),Dw(CI)t(ac))-\Ilt(x))got(m) dz,

where D denotes the corresponding Jacobi matrix,

pi(x) = det(DPy(z)) and  Wy(x) = (D(27 ' (9)))ly=d,(x)- (2.1)
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We always assume that F; obeys the following set of assumptions:

(i) By € C2(W2(Q),R) for some p > 1, and E()[v(®} ()] € C2((~6,0), R) for any v € W}(Q).
(ii) E; possesses a nonzero least energy critical point, and any such critical point is a minimizer of E; over

the Nehari manifold

N () = {w € Wy () \ {0} ¢ Effw]w = /

((D,L(w, Dw), Dw) + L, (w, Dw)w) dz = 0} .
Q4

We will denote the corresponding least energy critical level as (), that is,

Q)= inf Fiw]. 2.2
p) = ot Eu] (22)

(iii) For any w € V%/]}(Q) \ {0} there exits a > 0 such that aw € N (Q). Moreover, if w € N'(Q2) and v € WI}(Q),
then there exist a(.), By € C*((—6,0), (0,400)) such that ap = 1, a (w(®; ' (-)) + tv(®; '(+))) € N(),
and By =1, Bs (w + sv) € N(Q).

(iv) There exists a nonzero least energy critical point u of Ey such that E{[u](u,u) # 0.

Remark 2.1. In Section 6, we show that E; with L(s,z) = %\z|p - %\s\q, where p,q > 2, g < p*, and q # p,
satisfies the required assumptions (i)—(iv). Such example of E; corresponds to the problem (1.1) and can be
kept in mind as the main model case.

Hereinafter, we will always denote by u € Vifpl () a least energy critical point of Ey which satisfies the
assumption (iv). Consider a family of functions

w(z) = ap(u(z) +to(z)), =z €Q, (2.3)
and its transposition to §2; defined by
Urly) = ue(® ' (y) = o (w(®7 ' (1)) + t0(P7 ' (1)), y €

Here, v € VT/Z}(Q) is an arbitrary function called a corrector, and oy > 0 is chosen in such a way that U; € N ()
(see the assumption (iii)). Thus, the family {U;} can be called a Nehari manifold trajectory emanating from wu.
After the change of variables, the Nehari manifold constraint on U; reads as

0 = E;[Ut]Ut = -/(DZL('LLt7 Dut . \I/t),Dut . \Ijt)QDt d.’ﬂ +/ Lu(ut, Dut . \Ilt)utgot de (24)
Q Q
Let us denote

MW=MW=AM%Mw%MM~ (2.5)

By the definition (2.2) of u(9;) and the assumption U; € N(€;), we have
W) =m(0) and p(%) <m(t) forall [t <.

Therefore, Taylor’s theorem applied to m(t) yields

() < () + m(0)t + @ﬁ + o(t?). (2.6)
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The first-order derivative m(0) in the model case of the Lane-Emden problem (1.1) with a sufficiently smooth
boundary 9 has the form (1.2). In the general case, we give the following result.

Proposition 2.2. Let (i)-(iii) be satisfied and let u € V(i/p1 (Q) be a least energy critical point of Eo. Then
m(0) = / L(u, Du) div(R) dz — / (D,L(u, Du), Du - DR) dx. (2.7
Q Q

Remark 2.3. Let 2 be of class C*. If either u € C*(Q) N C%(Q), or u € C*(Q) and L(s, ) is strictly convex for
any s € R, then the integrals in (2.7) can be expressed via the Pohozaev identity (see [10], Thms. 1 and 2) as
integrals over the boundary of 2:

1 (0) = /8 L0, Du) () do /8 (D-L(0, Dw), Du) (R, ) do, (2.8)

where n is the outward unit normal vector to 9S2.

The main aim of the present paper is to obtain a formula for the second-order derivative 7.(0), which allows
to estimate p(€2;) from above for sufficiently small [¢| provided 7 (0) = 0.
Let us introduce the symmetric bilinear form associated with the second-order variation of Ey:

(g, hYo = EL[ul (g, h) = /Q (D2, L(u, Du), Dg ® Dh) dz + /Q (D.L.(u, Du), Dg)hdz

+ /Q(DzLu(u,Du),Dh)g dz + /Q Ly (u, Du)ghdz, g,h € Vi/;(ﬂ), (2.9)
and the functional () defined by
Qh] = — /Q(D;L(u, Du), Dh® Du - DR)dz — /Q(DzLu(u, Du), Du- DR)hdz
- /Q(DZL(U, Du), Dh - DR)dz + /Q(DZL(u, Du), Dh)div(R) dz
+ /Q Ly(u, Du)hdiv(R)dz, h e W}(Q). (2.10)

Our main result is the following theorem.

Theorem 2.4. Let (i)-(iii) be satisfied and let u € V(i/z} (Q) be a least energy critical point of Eqy satisfying (iv).
Then for any corrector v € V%/pl(ﬂ) there holds

m(0) = /Q L(u, Du) div(R) dz — /Q (D, L(u, Du), Du - DR) dz

- 2/ (D.L(u, Du), Du - DR) div(R) dz + 2/ (D.L(u,Du), Du - DR - DR) dx
Q Q

+ 2/ L(u, Du)x2(DR)dz + / (D?,L(u, Du), Du - DR ® Du - DR) dx
Q Q

@ { ~ <u>u} N < - <Z’Z>°“7“ - <u’v>ou>0, (2.11)

<u7u>0 <u’ u>0
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where

X2(DR) = > ((DR)ii(DR);; — (DR)i;(DR);;). (2.12)

1<J

Let us now obtain two simplifications of (2.11) under additional assumptions on the corrector. Notice that

EZZ;" u, i.e., v minus its projection onto u. Thus, in order to simplify (2.11), it is natural
U)o

to require the orthogonality of w and v in the sense that

m(0) depends on v —

(u,v)q = E{[u](u,v) = 0. (2.13)
Under this assumption, we arrive at the following result.

Proposition 2.5. Let (i)-(iii) be satisfied and let u € ch/}} (Q) be a least energy critical point of Ey satisfying
(iv). If a corrector v € W;(Q) is such that (u,v), =0, then

7 (0) = /Q L(u, Du) div(R) dz — /Q(DZL(u, Du), Du - DR) dz
- 2/ (D,L(u, Du), Du - DR) div(R) dz + 2/ (D,L(u, Du), Du- DR - DR) dx
Q Q
+ 2/ L(u, Du)x2(DR) dz + / (D?,L(u, Du), Du- DR® Du - DR) dx
Q Q
~ (Q)?

+2Q[v] + (v, v),, . (2.14)
(u,u)g

Note that (2.14) is, in general, quadratic with respect to v. As m(0) serves as an upper estimate on the
second superdifferential of p(£2:) at ¢ = 0, it is feasible to obtain a closed-form optimization of (2.14) over a
class of correctors which is the one-dimensional linear space spanned by v. In Lemma 4.1 below we show that
the orthogonality assumption (2.13) implies (v,v), > 0. In the case of the strict inequality, we get the following
result.

Proposition 2.6. Let (i)-(iii) be satisfied and let u € VT/; (Q) be a least energy critical point of Ey satisfying
(iv). If a corrector v € W;(Q) is such that (u,v), =0 and (v,v), = —Q[v] > 0, then

m(0) = /Q L(u, Du) div(R) dz — /Q (D.L(u, Du), Du - DR) dx
- 2/ (D,L(u, Du), Du - DR) div(R) dz + 2/ (D,L(u,Du), Du - DR - DR) dx
Q Q

+2/ L(u, Du)x2(DR) dx+/(D§zL(u, Du),Du-DR® Du - DR) dz
Q Q
~(Qu)?  (QM)?

<u,u>0 <v,v>0 .

(2.15)

Moreover, (2.15) is optimal on the class of correctors {yv : v € R} in the sense that if we define

wy(x) = Pe(u(z) + tyv(x)), =€, (2.16)
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and its transposition to Q; defined by Wy (y) := wy(®; ' (y)), where B; > 0 is chosen such that Wy € N'(), then
for any v € R,

.. 0?
m(0) < @E[Wt]

t=0

Remark 2.7. Under the same regularity assumptions as in Remark 2.3, the first two integrals in (2.15) con-
taining R can be expressed via the Pohozaev identity as boundary integrals in (2.8). Moreover, under similar
assumptions, according to the structural theorem obtained in [21], it is natural to expect that other integrals
in (2.15) can be also expressed as integrals over the boundary 9. We do not provide additional details in the
present paper and postpone the corresponding investigations for future research.

In Section 4, we discuss some additional simplifications of the formula (2.11).

3. AUXILIARY EXPRESSIONS AND FIRST-ORDER DERIVATIVE

In this section, we prove the formula (2.7) for 7(0) stated in Proposition 2.2. First, let us give expres-
sions for ¢g, $o, Yo, and ¥y, as they will be used in the sequel. Recalling the notations (2.1), we have @, =
det(I +tDR + 1t?DR). Therefore, ¢o = 1 and

N

@0 = Y _(DR)is = div(R); (3.1)
zf; N i i

$o = Z ((DR)ii(DR);j; — (DR)i;(DR)j;) + Z(DR)ii = 2x2(DR) + div(R), (3.2)

where y2(DR) stands for the third-to-highest coefficient of the characteristic polynomial of the matrix DR.
That is, if M is a square matrix, then

x2(M) = Z(Mn‘ij — M Mjy;).

i<j
To calculate the derivatives of Wy, we use the rules for derivatives of the inverse matrix:

d2
de?

d

— (M Y=-MMM?
dt( ) ,

(M~ =2M*MM MM~ — MMM~
Thereby, we obtain
Uy =1, Uy = —DR, Uy =2DR-DR — DR. (3.3)

Let us now deduce the formula (2.7) for 12(0). From the definition (2.5) of m(t), we get

m(t) :/ L(ug, Dug - ¥y)p, do + / (D, L(us, Dug - W), Dug - W) dae
Q Q

+ / (DZL(Ut, Dut . \I/t),DTlt . \Ilt)@t dz + / Lu(ut,Dut . \I’t)ﬂﬂpt dz. (34)
Q Q
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Since a; in the definition (2.3) of w; is differentiable (see the assumption (iii)), we have

U = &g (u+tv) + v = %ut + o € I/i/'pl(Q) (3.5)
t

Therefore, recalling that Uy € N (), we see that the last two terms in (3.4) are, in fact,
o o _ _
E{Us)(a (@7 (1)) = szEé[Ut]Ut + o E{[U](0(27 (1)) = au E{[U] (0(27 ().
Thus, m(t) can be rewritten as

m(t) :/ L(Ut, Dut . \Ijt)gbt dz + / (DZL(’LLt, Dut . \I/t)7 D’LLt . \i/t)(pt dx
Q Q

+ oy / (D, L(ut, Duy - Wy), Dv - U)o da + at/ L (ug, Duy - Uy )vpy de. (3.6)
Q Q
Putting now ¢t = 0, we obtain
m(0) = / L(u, Du)po da + / (D.L(u, Du), Du - Wg) dz + Ej[u]v.
Q Q

Recalling that « is a critical point of Fy, we have E{[u]v = 0. Hence, using the expressions (3.1) and (3.3), we
arrive at

m(0) = / L(u, Du) div(R) dx — / (D,L(u, Du), Du - DR) dz.
Q Q
Therefore, Proposition 2.2 is proved.

4. SECOND-ORDER DERIVATIVE

In this section, we study the second-order derivative m(0). Recall that the expression for 7 (t) is given by
(3.6). Differentiating (3.6), we get

m(t) :/QL(ut,Dut-\I/t)<,btdx+2/Q(DzL(ut7Dut~\Ift),Dut-\i/t)gbtdx
—s—/Q(DzL(ut,Dut - Uy), Dty - Uy e dx—l—/QLu(ut,Dut - W) de
+/Q(DZL(ut,Dut.\1/t),Dut-iIJt)% dx—f—/Q(DzL(ut,Dut-\I/t),Dut-\i/t)got dz
+ /Q(DﬁzL(ut,Dut - 0,), Duy - W, ® Duy - U)oy da:

+ /Q(D;L(ut,Dut - 0,), Dty - W, @ Duy - U)oy da
n /Q (D: Lu(ug, Duy - 0,), Dug -0y do + 60 BY[U)(0(@77 ()

+ Qg / (DZL(’LLt,D’UJt . \I/t), DU . \I’t)(pt dCC + (673 / (DZL(’U,t, Dut . \Ijt>,D’U . qjt)@t diZ?
Q Q
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+ ay /Q(DizL(uh Duy - ¥,), Dv - W, @ Du; - W), d

+ o /Q(DﬁzL(uh Duy - W), Dv - W @ Diiy - W) da

+ oy /Q(DZLu(ut, Duy - U4), Dv - Wy de

+ oy /Q Ly (ug, Dug - U)o do + o /Q(DzLu(ut7 Duy - W), Duy - ¥,)vg, da

+ Qg / (DzLu(ut, Dut . \Ilt), Dut . \I/t)wpt dl‘ + (Jét/ Luu(ut, Dut . \Ift)’l)?:tt(pt dl‘
Q Q
First, each term in the sum

/L(ut,Dut-\I/t)cﬁt dm+2/(DzL(ut,Dut-\Ilt),Dut~\i/t)¢t dz (4.1)
Q Q

—|— / (DZL(Ut, Dut . ‘Ilt),Dut . \.I./t)(pt dx + / (DgzL(Ut, Dut . \I/t)7D’lLt . \i’t ® Dut . \i’t)@t dCC
Q Q

is of deformation-deformation type, i.e., the differentiation with respect to t appears two times in factors dealing
with the deformation. Second, the term ¢ E}[Uy](v(®; '(+))) will vanish at ¢ = 0. Third, each term in the sum

(6% / (DgZL(Ut,DUt . \I/t), D’U . \Ijt [ D’Mt . \I/t)gﬁt d,I —+ (6% / (DzLu(uta Dut . \Ijt),D’U . \Ift)itt(pt dl’
Q Q

—+ / (DzLu(Ut, D’ll,t . \Ift), Dut . \Ijt)’l}QDt dx + O[t/ Luu(ut, Dut . \I’t)’l}’(:ttgﬁt dx (42)
Q Q

is of corrector-corrector type, i.e., it contains both 4; and v. The sum (4.2) is transformed to the second-order
variation of E;. That is, let us introduce the symmetric bilinear form (¢f. (2.9))

{9.0), = E{[U(g(27 (), h(@7 ()

= /(DﬁZL(ut,Dut~\Ilt),Dg~\1/t®Dh~\I/t)gpt dx
Q
+ / (DZLu(Ut7D’Z,Lt . \I/t), Dg . \I/t)h@t dx
Q

+ / (D Ly (ug, Dug - Wy), Dh - Wy)go, da +/ Luyu(ue, Dug - Wy)ghprdz,  g,h € V%}(Q)
Q Q

Then, using (3.5), the sum (4.2) can be compressed as

ay (V,0), = o (V,0), + &y (v, uy), - (4.3)
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To catch the structure of m(t), let us regroup the expression for m(t) in the following way:

n(t) = /Q L(ug, Duyg - W) dx+2/Q(DZL(ut,Dut W), Duy - W)@y da
+ /Q(DZL(ut,Dut - Uy), Duy - \'I'Jt)got dzr + /Q(DgzL(ut, Duy - Wy), Duy - U, @ Duy - \ift)% dz
+ /Q(D;L(ut,Dut - 0,), Dty - U, @ Duy - Uy dae +at/Q(D§ZL(ut,Dut - 0,),Dv - Uy @ Duy - W), dz
+ /Q(DzLu(ut, Duy - Uy), Duy - \ilt)ﬂtgot dz + ay /Q(DzLu(ut7 Duy - Wy), Duy - \ilt)wpt dx
+/Q(DZL(ut,Dut.xpt),Dut.\ift)cpt dx+o¢t/ﬂ(DzL(ut,Dut~\Ilt),Dv~\i/t)gpt dz

—+ / (DZL(Ut, D’l.Lt . \I/t), Dut . \I/t)gbt dZC —+ Qg / (DZL(’LLt, D’ll,t . \I/t), DU . \Ijt)sbt dfﬂ
Q Q

+ / Lu(ut, .D’LLt . \I/t)tltgbt dx —+ / Lu(ut, Dut . \Ift)’l)gbt dx
Q Q

+ B U (v(®;7H(4)) + oy (v, v), + Gy (U, ug), .

Putting ¢ = 0 and noting that @ = d&ou + v and E{)[u]v = 0, we obtain

m(0) :/QL(u,Du)gbde+2/Q(DZL(U,DU),DU~\ilo)cpgdx
+/Q(DZL(U7DU),DU~\'I'lo)dfc—i-/Q(DgzL(u,Du),Du'¢/0®Dudi/0)dx
+o'zo/Q(D§ZL(u,Du)7Du®Du-\ilo)dx+2/Q(DzzL(u,Du),Dv®Du~\i!o)dx
—i—o'zo/Q(DzLu(u,Du),Du-\ilo)udx—|—2/Q(D2Lu(u,Du),Du~\ilo)vdx
-l—o'zo/Q(DzL(u,DuLDu-\ilo)dx+2/Q(DzL(u, Du), Dv - ¥y) dz
—i—o'zo/Q(DzL(u,Du)7Du)<,b0 dx+2/Q(DZL(u,Du),Dv)<,bodx

+ g / Ly, (u, Du)upo da + 2/ Ly (u, Du)vgpg dz:
Q Q

+ (v,v) + o (v, u), -

Let us define a linear functional @ : I/T/Z}(Q) — R as

Qh) = /(DEZL(U,Du),Dh@uDu.xizo)dx+/(DZLu(u,Du),Du-\ifo)hdx
Q Q

—|—/(DZL(u,Du),Dh-\iJ0) dx—i—/(DzL(u, Du), Dh)¢g dx—i—/ L, (u, Du)hpg dx
Q Q Q

(see also the equivalent definition (2.10) of @ written via (3.1) and (3.3)). That is, @ collects all the terms in
m(0) except (4.1) and (4.3) calculated at ¢ = 0. Such terms come out of differentiating r(t) when the derivative
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falls ones on the deformation coefficient ¥; or ¢;. Then, 7(0) can be compactly written as follows:

m(0) :/QL(u,Du)gbOdm+2/Q(DZL(u,Du),Du-\ilo)c,bodx
+/(DZL(u,Du),Du-(I}O)dx+/(D§ZL(u,Du),Du-¢0®Du-\ifo)dx
Q Q

+ o Qlu] + 2Q[v] + (v,v), + Ao (v, u), - (4.4)

Let us now find the expression for ¢. To this end, we differentiate the constraint F;[U¢]U; = 0 given by (2.4):

0= /Q(DZL(ut,Dut-\I/t),Dut-\I't)gbtdz+/Q(DzL(ut,Dut~\I/t),Dut-\ift)@tdx
Jr/Q(DZL(ut,Dut~\Ilt),Dut-\I/t)gat der/Q(DﬁzL(ut,Dut~\I/t),Dut~\i't®Dut-\Ilt)<ptd:c
Jr/Q(DgzL(ut,Dut~\Ilt),Dut~\I/t®Dut~\Ilt)<pt der/Q(DzLu(ut,Dut~\I/t),Dut-\Ift)atgot dz
+/QLu(ut,Dut U urpy dx+/QLu(ut,Dut Uy ) e da
+/Q(D2Lu(ut,Dut-\I/t),Dut~\ilt)utgat dx+/Q(DzLu(ut,Dut~\Ilt),Dut~\Ilt)utg0t da

+ / Luu(uh .D’LLt . \I/t)utut@t d.’E
Q
Putting ¢t = 0, we obtain

O:/Q(DZL(U,Du),Du)gbO dx—i—/Q(DZL(u,Du),Du-\ilo)dx
+/Q(DZL(u,Du),DiL) dx—f—/Q(DgzL(u,DuLDu-\110®Du) dz
+ /Q (D?,L(u, Du), Dt @ Du) dz + /Q (D, Ly (u, Du), Du)udx
—l—/QLu(u, Du)ugbodx—l—/QLu(u,Du)udx
—|—/Q(D2Lu(u,Du),Du-‘i/o)udx—i—/Q(DZLu(u,Du),Du)udx

—|—/ Ly (u, Du)tu de. (4.5)
Q
Notice that

(i, uhy = ELu) (i) = /Q (D2 L(u, Du), Dit ® Du) dz + /Q (D Lo (u, Du), Du)i dz

+/(DZLu(u,Du),DU)uda:+/ Ly (u, Du)tu de,
Q Q
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and
E{u]u = / (D.L(u, Du), Du) dz +/ Ly (u, Du)udz = 0,
Q Q

and the remaining terms in (4.5) are Q[u]. Therefore, using (3.5), we compress (4.5) as follows:

0 = (i u)o + Qlu] = do (u,uy + (w,0)p + QLul, thus dp = — <20 _ QL (4.6)
(u,uyy — (u,u),
where (u,u), # 0 by the assumption (iv).
Employing now (4.6), we rewrite the last four terms in (4.4) in the following way:
OéoQ[U] + QQ[U] + <U7 U>0 + dO <”U, 7.L>0
Gl ey (@D
- < 9 >0 <u7u>0 <u’ U>0 [ ] <U,U>OQ[ ] <U,U>0 + 2Q[ ]
_ _(Q[U])2 v — <U7U>ou v — <uav>ou v — <U7U>0u
=y 20 ] (- e i),
Hence, m(0) can be written as
m(0) :/QL(u, Du)go da:+2/Q(DZL(u,Du),Du-¢O)¢O dz
+/(DZL(u,Du),Du-(I)O)dx+/(D‘;‘ZL(u,Du),Du-\izo@Du.\ifo)dx
Q Q
_ (Q[u])2 v — <uvv>0u v — (u,’u>0u v — <u’v>0u
<u7u>0 - 2Q |: <u7u>0 :| - < <u7u>0 , <u’u>0 >0. (47)

Substituting the expressions (3.1), (3.2), and (3.3) into (4.7), we obtain (2.11), and hence Theorem 2.4 is
established.

Let us discuss simplifications of (4.7) given by Propositions 2.5 and 2.6. Clearly, if (u,v), = 0, then (4.7)
reads as

m(0) :/QL(u,Du)gbodx+2/Q(DZL(u,Du),Du~\ilo)gbodx
+/(DZL(u,Du),Du.(I}O)dm+/(D§zL(u,Du),Du-\bO@Du.\i/O)dx
Q Q
(Qlu))®

(u, u),

+2Q[v] + (v,v),, (4.8)

which is the result of Proposition 2.5. Moreover, we have the following information on the sign of (v, v),,.

Lemma 4.1. Let (i)-(iii) be satisfied and let u € V(I)/I}(Q) be a nonzero least energy critical point of Ey. If a
corrector v € V%/I}(Q) is such that (u,v), =0, then (v,v), > 0.

Proof. Consider the function Bs(u + sv) € I/(I)/;(Q), where |s| < € and € > 0 is sufficiently small, and the nor-

malization coefficient 5.y € C((—¢,€), (0,400)) is such that Sy =1 and Ss(u + sv) € N(Q). In view of the
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assumption (iii), such B4 exists. In particular, we have
E{Bs(u+ sv)](u+ sv) =0 for any |s| < e.

Since w is a global minimizer of Ej over the Nehari manifold M (Q) (see the assumption (ii)), we have FEglu] <
Eo[Bs(u+ sv)],

%Eo [Bs(u + sv)] = Eb[u)(Bou +v) =0 and g—;EO[ﬂs(u + sv)] B > 0.
Therefore,
0< L Biguts] = 2 (Bt sol(Aulu+s)+ Ao0)
S 542 0lPs — ~ s olP”s s s o
- % (E{[Bs(u + sv)](Bsv)) = BoEb[ulv 4+ EY[Bs(u+ sv)](v, Bs(u+ sv) + Bv) B
s=0 s=
= Eg[u)(v, Bou + v) = BoEg [u] (v, w) + Ef [u](v,0) = fo (u,v)y + (v,0) = (v,0),. O

We see from Lemma 4.1 that if (u,v), = 0, then there are two possibilities: either (v,v), = 0 or (v,v), > 0.
Suppose first that (v,v), = 0, i.e., a degeneracy occurs. Then we trivially obtain from (4.8) that

7m(0) :/QL(u,Du)¢0 dx+2/Q(DzL(u7Du),Du-\i!0)<p0 dz

+/(DZL(u,Du),Du-iI'/O)der/(szL(u,Du),Du-i/o@Du-\i/o)dx
Q Q
(Qu])?

(u, u),

+2Q[v]. (4.9)

It is not hard to see that (u,yv), = 0 and (yv,yv), = 0 for any v € R, and hence (4.9) remains valid after
replacing v by yv. Thus, the map v — m(0) is a polynomial of degree at most one. If Q[v] # 0, then we can

find v with sufficiently large absolute value in order to achieve 7(0) < 0. That is, we have shown the following
result.

Lemma 4.2. Let (i)-(iii) be satisfied and let u € Vi/pl () be a least energy critical point of Eg satisfying (iv).

If a corrector v € V(i/z} () is such that (u,v), =0 and (v,v), =0, then (4.9) holds true. Moreover, if Q[v] # 0,
then there exists v € R such that m(0) < 0 after replacing v by yv.

Let us suppose now that (v,v), > 0. As above, (u,yv), = 0 for any v € R, that is, (4.8) is valid with the

corrector v instead of v. Therefore, we see from (4.8) that the map v +— m(0) is a quadratic polynomial whose
major coefficient (v, v), is positive. Evidently, for any a,b € R, ¢ > 0, there hold

b2 b
i 20 L d i 2b =,
rvnelﬂré{a—&— + v’} - +a an argrvnel]%{a—i— + ey} p
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Applying these facts to v +— m(0), we see that this quadratic polynomial attains a global minimum at

v = 79 which is
(v,v)o

m(0) :/QL(U,DU)¢O d:1:+2/Q(DzL(u,Du),Du~\ilo)gb0 dz
+/(DZL(U,Du),Du-(I'fo)dx+/(D§ZL(u,Du),Du-¢O®Du-¢fo)dx
Q Q
~(Q])*  (Q[v]) (4.10)

<u,u>0 <7}a'U>0 .

Thus, if (v,v), = —Q[v] > 0, then the expression of 1(0) for the corrector v has the form (4.10), and (4.10) is
minimal on the class of correctors {yv : v € R}. Substituting the expressions (3.1), (3.2), and (3.3) into (4.10),
we obtain (2.15), which establishes Proposition 2.6.

5. OPTIMAL CORRECTOR

In this section, we discuss in a formal way an optimality of the choice of a corrector. We will work with the
expression for m(0) given by (4.10) (or, equivalently, (2.15) of Prop. 2.6). Notice that the sum

/L(u,Du)¢0 dx+2/(DzL(u,Du),Du.\i/0)¢o dz
Q Q

. . . ,
+ /Q(DZL(U,Du),Du - Wo) dz + /Sz(DgzL(u, Du), Du - ¥o ® Du - ¥o)de — (<Qu’[1;]>)0

in (4.10) depends solely on u, R, fi, and does not depend on a corrector v. Considered alone, this sum is expected

2
to be positive. However, the last fraction —% in (4.10) depends on u, R, v, and is nonpositive, which gives

a possibility to prove that 7(0) < 0. This inequality in combination with (2.6) and the assumption 7(0) = 0

implies p(2¢) < p(2) for sufficiently small |¢|, which in turn means that €2 is not optimal. In that context, it is
2

natural to call a corrector v optimal whenever it maximizes % and satisfies (v,v), = —Q[v] > 0.

v,v)o

5.1. Boundary value problem for optimal corrector

Let us consider the maximization problem of finding the optimal corrector:

Q[v])? o
)\:sup{(@[v]; c v e Wy () \ {0}, (u,v)y=0¢. (5.1)
Ul
In view of the homogeneity of the quotient (g[f)]))z ,if A > 0 and it possesses a maximizer v, then the normalization
)
constraint (v,v), = —Q[v] > 0 is achieved by a proper rescaling of v, see below. The following result can be

obtained in a standard way via the Lagrange multipliers rule.

Lemma 5.1. Assume that A > 0 and it possesses a mazximizer v. Then there exists 5 € R such that v satisfies
2Q[v]Q[h] — 2\ (v, h)o — Blu, ko =0 for all h € W} (S). (5.2)

In some particular cases it is possible to prove that in (5.2) either 5 = 0 or (u, h)g is identically zero, see, e.g.,
the case Q[u] = 0 and the case of eigenvalue problems discussed in Remark 6.3 and Section 6.2, respectively. If
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this is true, then the equation (5.2) becomes

QEIQ[R) — Av,hy)o =0 for all h € WL(Q).

Taking h = u, we obtain Q[u] = 0, and introducing w = fﬁv, we arrive at
(w,hyo = —Q[h] for all h e WL(Q). (5.3)

Clearly, any solution of (5.3) is also a maximizer of (5.1). Moreover, testing (5.3) by h = w, we conclude that
(w,w), = —Q[w] > 0. Therefore, under the above-mentioned hypotheses, (5.3) can be seen as the boundary
value problem for an optimal corrector.

Let us remark that the problem (5.3) is linear with respect to w and its right-hand side depends linearly on
R. The coefficients of the corresponding linear functionals, however, may depend on u in a nonlinear way, and u
is usually not known in a closed form, which leads to difficulties when one tries to solve such a boundary value
problem.

5.2. Relation to minimizing trajectory

An optimal corrector is closely related to the concept of minimizing trajectories. By the assumption (ii),
the functional F; possesses a least energy critical point U; for every t € (—4,d). That is, after the change of
variables, we have

/Q [(D.L(ut, Dug - i), Dh - ;) + Ly (ug, Dug - U)h] o da =0 for all h € I/(I)/Z}(Q), (5.4)

where
ut(x) = Up(De(z)), x €.

We call the family {U;} a minimizing trajectory. Let us suppose that the family {U;} is smooth in the sense

that u; is a differentiable function (—4,d) — I/(I)/I}(Q) In this case, we can differentiate (5.4) by ¢ and obtain,
after setting ¢ = 0, that

E[uo)(ito, h) + Q[h] = 0 for all h e W}(Q).

This problem coincides with the problem (5.3) and thus yields both the second-order derivative fi(£2) and the
optimal corrector w = g.

However, let us emphasize again that the minimizing trajectory {U;} can be very “degenerate” if one talks
about superlinear problems of the type (1.1). Namely, both the continuity and differentiability of such family is
uncertain. Examples of a discontinuous minimizing trajectory can be easily constructed. For instance, consider
the Lane-Emden problem (1.1) on a concentric spherical shell Q; = Br \ B, of the width t = R — r, where Bp,
B, are the balls of radius R, r, respectively, centred at the origin. The width ¢ can be taken small enough in
order to guarantee that any least energy critical point of E; on € is nonradial (see [9, 16, 20] for the existence
results). In view of the isotropy of F; and radial symmetry of €, every rotation RU, of a fixed least energy
critical point U; is again a least energy critical point of F;. Therefore, taking for each sufficiently small ¢ an
appropriate rotation RU;, we obtain a discontinuous minimizing trajectory { RU;}. On the other hand, even if
we have a continuous family {U,;}, its differentiability still cannot be guaranteed, because it is usually proven by
a variant of the inverse function theorem which requires the quadratic form E}'[U](h, h) to be nondegenerate.
However, the concentric spherical shell Q; with sufficiently small ¢ again provides a counterexample: there exists

a nonzero h € V%/I}(Qt) such that E{’[Ut}(ﬁﬁ) =0, see, e.g., Proposition 4.2 of [8].
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6. SPECIAL CASES WITH p-LAPLACIAN

In this section, we discuss a special case of Proposition 2.6 for the Lane-Emden problem (1.1) and obtain an
analogue of Proposition 2.6 for the first eigenvalue (1.3) of the p-Laplacian.

6.1. Lane-Emden problem
Let L(u,z) = %\z|p — %|u\q7 where p,q > 2, ¢ # p, and q < p*. Critical points of the functional

Byw] = /Q L(w, Dw) d

are in one-to-one correspondence with weak solutions of the problem (1.1) in ;. Note that both superlinear
(p < ¢) and sublinear (p > ¢q) behaviours are covered.

To be able to apply Proposition 2.6, let us show that the assumptions (i)-(iv) of Section 2 are fulfilled. It is
not hard to see that the assumption (i) holds true since p, g > 2. If p < ¢, then the validity of the assumption (ii)
was proved, e.g., in Section 2 of [15] (see also [23], Thm. 19). If p > ¢, then E; has a nonzero global minimizer

over I/ifz} (©¢) which is a critical point of F; and hence belongs to A(£2;). That is, a global minimizer is a least
energy critical point and it can be obtained as a minimizer of ©(€2;). The first part of the assumption (iii) is
standard, see, e.g., Lemma A.1 of [5]. The second part of the assumption (iii) can be established in much the
same way as in Lemma 2.5 of [5]. We provide the corresponding proof for the sake of completeness.

Lemma 6.1. If w € N(Q) and v € V(i/pl (Q), then there exist a(.y, By € CH((—6,6), (0, +00)) such that ag =1,
ar (w(@71() +tu(@71(1)) € N(Q), and By = 1, By (w + sv) € N(Q).

Proof. At first, we obtain the existence of the function (.. Consider the function F': (0, +o00) x (=0,0) — R
defined by

Fla,t) = o” . D (w(®; (1)) + to(®; (1)) [ dy — o ; w(®; () + to(®; ()| dy.

Trivially, F'(-,t) is differentiable on (0, +00) for any t € (=6, ). Moreover, F'(«,-) is differentiable on (-4, §) for
any « > 0. Indeed, performing the change of variables, we get

F(a,t) = ap/ |D (w + tv) - Uy [P de — oﬂ/ |w + tv|%p dz,
Q Q
and hence the claimed differentiability follows easily. Since w € N (2), we have F(1,0) =0 and
F!(1,0) :p/ |Dw|P da — q/ |lw|?dz = (p — q)/ |w|?dz < 0.
Q Q Q

Hence, taking 6 > 0 smaller (if necessary), we apply the implicit function theorem to deduce the existence of
a differentiable function a.y : (=4,d) — (0,+00) such that ap = 1 and F(ay,t) = 0 for all ¢t € (=6, ). Noting
that the latter equality reads as a; (w(®; " (-)) + tv(®;'(+))) € N (), we complete the proof.

The existence of the function 3.y can be obtained arguing along the same lines as above by applying the
implicit function theorem to the function G : (0, +00) x (—6,0) — R defined by

G(ﬂ,s):ﬁp/ﬂ|D(w+sv) |pdx—5q/ﬂ|w+sv|qu

in a neighbourhood of the point (1,0). O
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Finally, to establish the assumption (iv), we directly calculate that
)y = Blul(w.w) = (0=1) [ |DuPde =@ =1) [ uftds = =) [ [u7ae 20 (61

since p # ¢, where we used the fact that u € N (Q).
The main result of this section is the following proposition.

Proposition 6.2. Let u € VT/Z} (Q) be a least energy critical point of Ey. Assume that m(0) = 0. If a corrector
v E I/T/I} (Q) satisfies [, |u]"uwvdz =0 and (v,v), = —Q[v] > 0, then

m(0) = 1/ | Dul? div(R) dx—l/ |u\qc11v(§)dx—/ |Du|P~?(Du, Du - DR) dz
pPJa qJa Q

2 2
—|—f/ |Du|Px2(DR) dx—f/ lul?x2(DR) dx
PJa q.Ja
—2/ | DulP~?(Du, Du - DR) div(R) da:+2/ |Du[P~2(Du, Du - DR - DR) dz
Q Q
+/ |Du\P—2(Du-DR,Du-DR)dx+(p—2)/ |DulP~*(Du, Du - DR)* dx
Q Q

(¢ - p) (Jy lu? div(R) dz)*  (Q[v])?
+ q? fQ |ul? dz (v,v), (6.2)

where x2(DR) is defined in (2.12).

Let us discuss how Proposition 6.2 follows from Proposition 2.6 and provide expressions for (v,v), and Q[v].
First, we observe from (2.9) and the fact that u is a critical point of Ey that the assumption (u,v), = 0 reads
as

(w,v)g = (p—1) /Q |DulP~2(Du, Dv) dz — (¢ — 1) /Q |u|??uv dz = (p — q) /Q lu|?2uv da = 0.
Moreover, (u,u), is given by (6.1) and (v, v), is written in the following way:
(v,v) = /Q |DuP~2|Dv|*dz + (p — 2) /Q | DulP~*(Du, Dv)?dz — (¢ — 1) /Q Ju|9%v? da.
Second, the functional @ is given by

Q[h] = — /Q |DulP~2(Dh, Du - DR)dz — (p — 2) /Q | Du|P~*(Du, Dh)(Du, Du - DR) dz

—/ |Du|P~2(Du, Dh - DR) dx+/ |Du|p’2(Du,Dh)div(R)dx—/ |u|?"2uh div(R) da.
Q Q Q
In particular, we get

Qlu] = fp/ﬂ |Du\p72(Du,Du -DR) dx +/Q |Dul? div(R) dz — /Q |u|?div(R) d. (6.3)
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Let us assume that 7(0) = 0. In view of Proposition 2.2, we have
1 1
m(0) = —/ |Du|P~%(Du, Du - DR) da + - / |Dul? div(R) dz — 7/ |u|? div(R)dz = 0. (6.4)
Q pJa qJq
Using (6.4), the expression (6.3) can be simplified as

Qlu] = ]%/Q|u|qdiv(R)dm.

Combining all these expressions, we directly obtain Proposition 6.2 from Proposition 2.6.

Remark 6.3. If the vector field R is divergence-free, then we get Q[u] = 0. Consequently, if the problem (5.3)
possesses a solution w such that Q[w] < 0, then w is the optimal corrector.

6.2. Eigenvalue problem

In this section, we establish a second-order estimate for the first eigenvalue of the p-Laplacian

. fQ | Dwl[? dy
A1(Q) = inf = (6.5)
wewr ooy Ja, [0 dy

Although the functional A\;(€2;) does not directly fall within the assumptions of Section 2, we will discuss how
the arguments of Sections 3 and 4 can be modified to cover this case.

Denote by u € W () a minimizer of A;(£2), that is, the first eigenfunction of the p-Laplacian. Note that
u is unique up to scaling, see, e.g., [19]. As in Section 2, consider an admissible function for the minimization
problem (6.5) of the form

Ur(y) = u(®; ' (y) + (@ (y), v €,

and its transposition to Q, ui(z) = u(z) + tv(z), x € Q, where v € I/%/I}(Q) is an arbitrary corrector. Let us
denote

_ Jo, IDUPdy [, |Dug - WP, da
Jo, |UIP dy Jo luilPoy dze

We see that A1(2) = v(0) and A;(Q;) < v(t) for all |[t| < . Thus, as in Section 2, Taylor’s theorem applied to
v(t) yields

M%) < AMQ) + 2(0)t + @ﬁ + o(t?).

First, we present an expression for v(0).

Proposition 6.4. Let u € V(ifpl (Q) be a minimizer of A\1 (). Then

o)=L |1 ulP div T — M) ul? div x
) fQ |ulP dz L’ /Q [Duf? div(R)d p /Q‘ " div(k)d
- u|P~2(Du, Du - x| = _ Q]
[ IDu=(Du, Du- DR)d ] N (6.6)
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Remark 6.5. Assume that Q is of class C1¢, ¢ € (0,1). Then u € C1*(Q) for some k € (0,1), see [18].
Therefore, the Pohozaev identity (see, e.g., [10], Lem. 2) applied to (6.6) yields

: (r—1) /
2(0) = L=V [ |Dup(R,n)do,
Jo lulP dz Joq
where n is the outward unit normal vector to 99, ¢f. [13, 17].

Second, assuming #(0) = 0, we give the following expression for /(0).

Proposition 6.6. Let u € V%/I}(Q) be a minimizer of A1(Q). Assume that ©(0) = 0. If a corrector v € V?/[}(Q)
satisfies (v,v), = —Q[v] > 0, then

R
Jo lulp dz

2 221(92
+7/ | Duly2(DR) de — M/ lulPxa(DR) dz
P Ja p Q

(0) = 1 ulP div(R x—w ulP div(R) dx — u|P~2(Du, Du - DR) dz
5(0) = {p/ﬂ|D|d (Rydo— 22 /Q||d(R)d /Q|D| (Du, Du - DR)d

— 2/ |DulP~2(Du, Du - DR) div(R) dx + 2/ |Du[P~?(Du, Du - DR - DR) dz
Q Q

+/ |Du|”_2(Du~DR,Du-DR)dx—i—(p—Z)/ |DulP~*(Du, Du - DR)? dx
Q Q
(QM)T

(v,v)

where x2(DR) is defined in (2.12), the functional Q[v] is given by
Qv] = — /Q |DulP~2(Dv, Du - DR)dx — (p — 2)/Q|Du|p*4(Du, Dv)(Du, Du - DR) dz
- /Q |DulP~2(Du, Dv - DR) dx + /Q | Du|P~%(Du, Dv) div(R) dz
—A1(Q) /Q |u[P~?uw div(R) du,
and (v,v), is written as
(v, 0)y = /Q |\ DulP=2|Dv|2 dz + (p—2)/Q|Du|p’4(Du,Dv)2dx— (p— ml(m/Q 202 da.
Remark 6.7. Let us explicitly mention that
(u,h)yg = (p—1) </Q | DulP~2(Du, Dh) dx — A1 (Q) /Q |ulP~%uh dm) =0 for any h€ Vi/'pl(Q),

since u is the first eigenfunction of the p-Laplacian.

In the linear case p = 2, the expressions in Proposition 6.6 can be simplified. Note first that

(v,v>0:/Q|Dv|2dx—/\1(Q)/Qv2d:zr. (6.7)
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Recalling that the first eigenfunction v is unique up to scaling, we see from the definition of A;(Q2) that (v,v), > 0
for any v € Vcif21 () \ {Ru}. Thus, we have the following result.

Proposition 6.8. Let p =2 and u € V?/Ql(ﬂ) be a minimizer of A1 (Q2). Assume that v(0) = 0. If a corrector
v e W3 (Q)\ {Ru} satisfies (v,v), = —Q[v], then

50) = —=2 |1 ul? div(R xfw ul? div(R) do — w, Du - DR) dz
v(0) = fQ|u|2dx{2/QD |?div(R) d 5 /Q| |>div(R)d /Q(D ,Du-DR)d
+/Q|Du|2X2(DR)dx—A1(Q)/Q|u|2x2(DR)dx

- / (Du, Du - DR)div(R) dz + / (Du,Du- DR - DR)dz
Q Q

+/Q(DU~DR7DU~DR)(1£C—(Q[U])2:|>

(v,v),

where (v,v), is given by (6.7) and the functional Q[v] is written as

Q] =— /Q(Dv, Du-DR)dz — /Q(Du, Dv-DR)dx + /Q(Du7 Dv)div(R) dz

f)\l(Q)/qudiv(R) dz. (6.8)

Let us now discuss the proofs of Propositions 6.4 and 6.6. Consider the following energy functional acting
on Uy:

~ 1 v(t
m(t) = Et[Ut] = */ |Dut . \Ijt|p90t dlI? — Q/ |Ut|pg0t dz
P Ja P Ja

By definition of v(t), we have m(t) = 0 for all |t| < 8, which yields m(t) = 0 and m(t) = 0. The arguments
of Sections 3, 4, and 6.1 can be applied in much the same way to the functional m(t) by taking oy = 1 and
hence ¢; = 0 for all ¢t. Therefore, resolving ﬁ’L(O) = 0 with respect to (0), we obtain Proposition 6.4. Under the
assumption #(0) = 0, the part of m(0) where the derivatives fall on the integral terms is exactly the same as in
(6.2) of Proposition 6.2 with p = ¢. Thus, expressing ©/(0) from the equation ﬁ@(O) = 0, we derive Proposition 6.6.

7. SPECIAL CASES OF DEFORMATIONS

In this section, we present some simplifications of the expressions for m(0) given by Propositions 2.6 and 6.2,
and for ¥(0) given by Propositions 6.6 and 6.8 under the additional assumption that N = 2 or a vector field
R is effectively one-dimensional, i.e., R = ep(x1,...,zy), where e is a constant vector and p € C'(RY,R) is a
scalar function.

7.1. Effectively one-dimensional deformation
Lemma 7.1. Let R = (p,0,...,0)%, where p € C*(RN,R). Then DR - DR = div(R) DR and x2(DR) = 0.
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Proof. Obviously,

Py - Pay Pay PuiPoz - PoiPay
0o ... 0 0 0 ... 0
DR = . ) . , and hence DR-DR = .
0 0 0 0 0
Then, observing that div(R) = p.,, we have DR - DR = p,, DR = div(R) DR. O

Using Lemma 7.1, Proposition 2.6 can be simplified as follows.

Proposition 7.2. Assume that R=0. Then, under the assumptions of Proposition 2.6 and Lemma 7.1, there
holds

m(0) :/(DgzL(u,Du),Du-DR@DU-DR) dr —
Q

In the case of the Lane-Emden problem, we have the following result.
Proposition 7.3. Assume that R=0. Then, under the assumptions of Proposition 6.2 and Lemma 7.1, there
holds
m(0) :/ |Du|P~2(Du - DR, Du - DR) dz
Q

+(p=2) | 1Dul~(Du, Du- DR)* do + (4= p) (g lul" div(F) da)”_ (Q[0)?

7 Jo luld da (v,0)g

Eigenvalue problems covered by Propositions 6.6 and 6.8 can be simplified as follows.

Proposition 7.4. Assume that R=0. Then, under the assumptions of Proposition 6.6 and Lemma 7.1, there
holds

.. p -2 d
= - 4= D p .D . D D . D
v(0) T Tulp da {/ |DulP~™*(Du- DR, Du - DR) dx

— up74 u u - 2 xfw
+ (p 2)/Q|D [P~*(Du, Du - DR)*d <U’U>O].

If, in addition, p = 2 and the assumptions of Proposition 6.8 are satisfied, then

2

#(0) = Jo lul? da

[/Q(Du -DR,Du-DR)dx — W] . (7.1)

(v,v)

7.2. Two-dimensional case

Lemma 7.5. Let N = 2. Then DR - DR — div(R)DR = —det(DR)I and x2(DR) = det(DR), where I is the
identity matriz.

Proof. Both equalities can be proved by direct calculations. O

By means of Lemma 7.5, we have the following result on the simplification of Proposition 2.6.
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Proposition 7.6. Assume that R=0. Then, under the assumptions of Proposition 2.6 and Lemma 7.5, there
holds

m(0) =—2 /Q(DZL(u, Du), Du)det(DR) dz + 2 /Q L(u, Du)det(DR) dx

+/(D§ZL(u,Du),Du-DR®Du-DR) az — QE° (@R
Q U, U (v,v)

The Lane-Emden problem covered by Proposition 6.2 can be simplified as follows.

Proposition 7.7. Assume that R=0. Then, under the assumptions of Proposition 6.2 and Lemma 7.5, there
holds

i(0) = — 2@ =1 / \DufPdet(DR) dz — 2 / lu[tdet(DR) da
p Q q.Ja
+/ \Du|P—2(Du-DR,Du-DR)dx+(p—2)/ |DulP~*(Du, Du - DR)? dz
Q Q

L (a=p) (Jolul?div(R) )" (QL])?
q? Jo lul? da (v,0)

Finally, in the case of the p-Laplacian eigenvalue problem, we have the following result.

Proposition 7.8. Assume that R=0. Then, under the assumptions of Proposition 6.6 and Lemma 7.5, there
holds

~2M(Q)
p

(0) = P _2e=b u|Pde x
#(0) = fﬂulpdx{ . /Q|D Pdet(DR) d

/ |u|Pdet(DR) dx

Q

+ / |DuP~2(Du - DR, Du - DR)dz + (p — 2)/ |DulP~*(Du, Du - DR)? dz
Q Q

<@[v]>2}

(v,v)q

8. APPLICATIONS

In this section, we provide an application of our results to the stability of the first eigenvalue A;(Q2) of
the Laplacian in the rectangle Q = (0,1) x (—a,a) with a > 1 under perturbations of the form ®;(x,y) =
(x,9)T + tR(z,y), where R(z,y) = (f(2)0(y),0)T and f,0 are C'-smooth, see, e.g., Figures 1 and 5 below.
That is, such R satisfies Lemma 7.1. In some cases, we are able to find explicitly an optimal corrector, which
gives us a possibility to compare ©(0) computed for optimal and several nonoptimal correctors.

First, we note that in view of the separable nature of our domain we have

A (Q) =72 + (%)2 and wu = sin(7x) cos (%) .

In order to use the formula (7.1) for ¥(0), we have to require ©(0) = 0. Applying the Pohozaev identity
(¢f. Rem. 6.5), we see that

D(O):—M/Bﬂmuﬁ(&n)da:_W/a cos (%)‘29(y)dy.

—a
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Therefore, if either f(0) = f(1) or 6(y) is odd, then #(0) = 0. Below, we will work with the case of odd 6(y).
For the considered R, we have

div(R) = ['(2)6(y) and DR:<f’<w>0<y> f(:r)9’(y)>.
Thus,

/(Du-DR,Du'DR) dx:/
Q Q

E(f0) da + / 2(f0)? da,

Q

and we conclude from (7.1) that

v(0) 2 [/Qui(f’Q)2 dx—i—/ u?(f0')? da — (Q[UDT , (8.1)

B fQ lul? dz Q (v,v)

where a corrector v € Vi/gl(Q) \ {Ru} satisfies (v,v), = —Q[v], and Q[v] and (v,v), are given by (6.8) and (6.7),
respectively, i.e.,

Q[v] :—/umvwflﬁdm—/uzvyfﬁlda:—/uyvzfﬁlda:—&—/uyvyf’Hda:—)\l(Q)/uvf’ﬂdx, (8.2)
Q ) ) ) )

(v,v)oz/Q\Dv| d:c—)\l(Q)/QM dz. (8.3)

Let us consider the problem of finding the optimal corrector (see Sect. 5.1):

(@ o
A= { S € @)\ 10), () =0

Note that the constraint (u,v), = 0 is fulfilled for any v € V(I}/Ql (©) due to Remark 6.7. Moreover, since u, f, 0

2
are regular, we easily see that the Rayleigh quotient (g[:j]; is weakly upper semicontinuous and
»Ulo

(Q[v])? Jo |Dv? dz
(w.0)g = C T IDoPde — M(Q) [ 0P

where C' = C(u, f,0) does not depend on v. Let {v,} be a maximizing sequence for \. We can always assume

Q[vn]) =1 for all n € N. Moreover, {v,} does not converge to u weakly in VT/QI (Q) since Q[u] =0 by v(0) =0
and Proposition 6.4 Therefore, we conclude that there exists a maximizer v of A, and Q[v] = 1. We see from
Lemma 5.1 that v satisfies

(v,h)y = A"1Q[h] for all h € Wi (Q). (8.4)

Making the substitution w = —Av, we conclude that, for the optimal corrector w,

0= [aroras [eean - ).

Q



24 V. BOBKOV AND S. KOLONITSKII

Performing an integration by parts in (8.4), we see that the optimal corrector w is the solution of the following
boundary value problem:

—Aw — Mw = 20y 10 4 2ugy fO + u, (04 f0") in Q, (8.5)
w=0 on . ’
The solution w of (8.5) can be expressed via the Fourier series as
w = Z Um,kPm,k>
(m,k)#(1,1)
where m, k € N, and
1
Vg = ——————— / (g [0 + 2ugy fO" + ur (f70 + fO")) o i da.
Amk — M1 Jo
Here, the eigenvalues A, , and the eigenfunctions ¢,, ; are given, respectively, by
2 k
9 \/751n (mmz) cos <7ry) for k odd,
9 9 km a 2a
Ak = M°T +<> and @, =
7 2a 7 2 kmy
\/>51n (mmx) sin ( > for k even.
a 2a
Hence, in view of (8.5), we have
(w,w), = / (2ugs [0 + 2ugy fO" + u (f70 + f0")) wdz
Q
1 2
= Z - / (2Ugy [0 + 2usy fO' + up (f"0+ £0")) o da | . (8.6)
iz Sk T AL e |

Now we are ready to consider several explicit examples of the perturbation R. We will treat the following six
cases (see Figs. 1 and 5):

(i) f(z) =sin (%) and 0(y) = y;
(ii) f(z) =« and 6(y) = y;
(iii) f(x) =1 —cos (%) and 6(y) = y;
(iv) f(z) =sin (%) and 6(y) = sin (32);
(v) f(z) =2 and 0(y) = sin (34);
(vi) f(z) =1—cos (%) and 6(y) = sin (3%).

For all cases (i)—(vi) we consider nonoptimal correctors v = yu and v = ¢ 2, as well as several approximations
of the optimal corrector w:

WM K = E Um, kPm,k-
(m,k)#£(1,1),m<M,k<K

Moreover, in the cases (iv) and (v), we obtain an analytic expression for the sum in (w, w), and hence compute
(0) for the optimal corrector. In the cases (i)—(iii), (vi), we are not able to obtain an analytic expression for
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FIGURE 1. Perturbation by 0(y) =y
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-——-v=yu

-4

FIGURE 2. f(z) =sin (%) and 6(y) =y

the sum in (w, w),, that is why only approximations of w will be considered. Notice that each integral in (8.1),
(8.2), (8.3) can be easily calculated analytically for such choices of v (although the resulting expressions are
relatively huge). We omit trivial calculations and only discuss the behaviour of ©(0) with respect to a > 1.
First, we consider the cases (i)—(iii). The behaviour of (0) with respect to a € (1,1.1) is depicted in
Figures 2-4. We observe that ©(0) < 0 for all sufficiently large a > 1, which implies that A\(€2;) decays locally with

respect to ¢ for such values of a. In particular, in each case, (0) < 0 for all ¢ > 1.01 when v = wy . Note that
we do not expect ©(0) = 0 at a = 1, since in this case the shape of the right boundary of the deformed domain

does not coincide with the shape of the nodal line of any second eigenfunction in the square (0,2) x (—1,1).

That is, if a = 1, then A;(€2) has to increase with respect to ¢. Note also that f(z) =1 — cos (Z£) gives better

values for ©(0) for, at least, v = yu and v = 7 2. This can be explained by the fact that the mass of u near the
T

7) and

left boundary x = 0 changes slower with respect to this deformation than with respect to f(z) = sin (

fz) =
Figures 6-8. In the case f(z) = sin (Z£), we have
o)
—la+—-|.
a

/Qui(f’9>2dx+/ﬂui(fe')2dx: ol

Second, we consider the cases (iv)—(vi). The behaviour of #(0) with respect to a € (1,1.1) is depicted on
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FIGURE 5. Perturbation by 6(y) = sin (3%).
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FIGURE 7. f(z) =z and 0(y) = sin (%)

3

64a 2a

Vda? —3
(w,w), = T (377—}— ra® — 8ay/4a? — 3cot <M>> .

In the case f(x) = z, we have

_ m2(27% + 8a” + 3)

/Q C(f0)? da + / W2(f0) da = .

(w, w)

07 6da

Q

and, applying Mathematica® again, we get

2

2a

1a? —
il <3+8a2 + 272 — 87av/4a2 — 3 cot <M>> .

27

Moreover, calculating the integrals in (8.6) and using Mathematica® to find an analytic expression for the sum
over m and k, we get
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1.08 1.10

-4

FIGURE 8. f(z) =1 — cos (”—2’”) and 0(y) = sin (%)

Thus, the expressions for (0) with optimal correctors are obtained analytically for all @ > 1 for these choices
of f. It is not hard to see that the corresponding values of ¥(0) for these f’s coincide for any a > 1. This
observation reflects the fact that the second-order shape variation of A\;(Q) depends only on the perturbation
of the boundary, and does not depend on how the perturbation acts inside the domain, see [21].

We again observe that ©(0) < 0 for all sufficiently large a > 1 and any choice of f and the corrector v. For
instance, ¥(0) < 0 for all a > 1.01 by choosing the nonoptimal corrector v = ws 3. Moreover, in the cases (iv)
and (v), #(0) < 0 for all @ > 1 and #(0) = 0 for a = 1, when the optimal corrector v = w is considered. This is
naturally anticipated, since for @ = 1, the perturbation driven by 6(y) = sin (%) changes the right boundary
according to the behaviour of the nodal set of the second eigenfunction ¢z 1 + g1 2 in the square (0,2) x (—1,1)
for sufficiently small € > 0. That is, if a = 1, then A\;(€;) will be unchanged. We also see that f(z) =1 —cos (%)
gives better values of /(0) for, at least, v = yu and v = ¢ 2.
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