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ASYMPTOTIC BEHAVIOR OF THE W'/9¢-NORM OF MOLLIFIED
BV FUNCTIONS AND APPLICATIONS TO SINGULAR
PERTURBATION PROBLEMS

ARKADY POLIAKOVSKY”"

Abstract. Motivated by results of Figalli and Jerison [J. Funct. Anal. 266 (2014) 1685-1701] and
Herndndez [Pure Appl. Funct. Anal., Preprint https://arxiv.org/abs/1709.08262 (2017)], we prove the
following formula:

. 1 q + - 91/ N—1
Ek%am”"s*ullwwm=C°/Ju [t @) = w” @) a1 @),

where Q@ C RY is a regular domain, v € BV (Q) N L>=(Q), ¢ > 1 and 7.(z) = e Vn(z/e) is a smooth
mollifier. In addition, we apply the above formula to the study of certain singular perturbation problems.
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1. INTRODUCTION

Figalli and Jerison found in [12] a relationship between the perimeter of a set and a fractional Sobolev norm
of its characteristic function. More precisely, for the mollifying kernel 7.(z) = e~"V(z/¢), where 7(z) denotes
the standard Gaussian in RY, they showed that there exist constants C; > 0 and Cy > 0 such that for every
set A C RN of finite perimeter P(A) we have

- 1 2 . 1 2
Clp(A) < h;g(l)gmenE * XA||H1/2(]RN) < hani:)lip m”ﬁa * XAHH1/2(RN) < CQP(A)a (11)

where x4 is the characteristic function of A. More recently, Herndndez [13] improved this result by showing
that there exist a constant Cy > 0 such that for every u € BV (RY) N L>(RY) we have

2
e+ gy = o [ [ @) = @) 0¥, (12)
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2 A. POLIAKOVSKY

(See Def. A.2 in the appendix for the definitions of the jump set J,, and the approximate one-side limits u™, u~
of a BV -function).
In our main result, Theorem 1.1 below, we generalize formula (1.2) in several aspects:

e We allow a general mollifying kernel n € WH1(RY | R) (not only the Gaussian as before),
e We allow a general domain  C RY, of certain regularity, while previous results required Q = R,
e We treat the W1/ 24(Q))-norm for any g > 1, while previous results were restricted to the case ¢ = 2.

Recall that the Gagliardo seminorm |[u[|y1/4,0(q re) is given by

- ( L ( dey>d> | (13)

Theorem 1.1. Let Q C RY be an open set and let u € BV (RN R N L= (RN, R?) be such that || Dul[(02) = 0.
Forn € WHY RN R), every x € RY and every e > 0 define

3

w@)i= 5 [ (P )utwdy = o+ (o). (1.4

Then, for any q > 1 we have

el—l>0+ [Ineg] lu 6”W1/“(9 R%)

_ 2’ /RN n(2)dz q(/ﬂwl (1+C|12|2)N“) /Jm () (@) AN ). (1)

In [18] we showed a result of the same type, but involving a different Sobolev norm, in which the same right
hand side as in (1.2) appears. More precisely, we showed that for every radial n € C2°(RY R) there exists a
constant C' = C,, > 0 such that for every u € BV (Q,R%) N L*°(Q, R?) we have

lim_ elne # |3 ) = c/ [ () — (@) @ ) (1.6)

e—0

We mention also another related result of us from [19] where the “jump part” of the gradient appears in
the limit. In fact, we showed that for any open © C R¥ with Lipschitz bounded boundary and every u €
BV (Q,RY) N L>(Q,R?) and ¢ > 1 we have

51_i>%1+/ / ELN Wdydx =Cn /Ju ’qu(x) —u~ (z) qd?—lel(m), (1.7)

Q B.(z)NQ

for some (explicit) constant Cy > 0. The study of the limit in (1.7) is motivated by a special case of the so
called “BBM formula” of Bourgain, Brezis and Mironescu [8] (see also Davila [10]) in which the denominator on
the left hand side is |z — y|?, and the limit obtained is then different (see also [4, 20] for the relation of “BBM
formula” to the concept of the I-limit and see [9, 11] for the properties of the integral energy in the “BBM
formula”, where u is the characteristic function of a set).

We apply Theorem 1.1 in order to prove an upper bound, in the limit ¢ — 0%, for the following singular
perturbation functionals with differential constraints:



ASYMPTOTIC BEHAVIOR OF THE W1/¢9-NORM OF MOLLIFIED BV FUNCTIONS 3

1 1 : _
ED(v) = { et 1 vaopey + 2 Jo W (v o)deif A Vo =0 (1.8)

400 otherwise,

for v: Q — R%

(i)

E® (v) = |1ns\ (Hvllwlxq,q(m,m) - ||v||?/[/1/qu(RN\ﬁ7Rd)> + % fQ W(v,x)dx AL (1.9)
: 400 otherwise,

for v : RN — R4,

In both cases A : RN — R! is a linear operator (possibly trivial). The most important particular cases are
the following:

(a) A =0 (i.e., without any prescribed differential constraint),
(b) d=N,l=N?and A- Vv = curlv := {Ov; — ajvk}lgk,jgN’
(¢) l=dand A-Vv=divo.

The T-limit of the functional (1.8) in the LP-topology when A =0, ¢ = 2, N = 1 and W is a double-well potential
was found by Alberti, Bouchitté and Seppecher [1]. The result was generalized to any dimension N > 1, for the
functional (1.9), by Savin and Valdinoci [21]. The novelty in our second theorem is that it provides an upper
bound for energies (1.8) and (1.9) in the case of a general W (not only for the double-well one) and general
q > 1, with or without differential constraints. We hope these upper bounds will allow in the future to find the
I-limits of these functionals in some special cases (see (**) of Rem. A.7 in Sect. A.2 of the appendix).

Theorem 1.2. Let Q C RN be an open set and let W : R4 x RN — R be a Borel measurable nonnegative
function, continuous and continuously differentiable w.r.t. the first argument, such that W(0,-) € L*(€,R).
Assume further that for every D > 0 there exists C := Cp > 0 such that

|ViW(b,z)] <Cp Vo e RN, Vbe Bp(0). (1.10)

Let w € BV(RY,R%) N L*(RY,R?) be such that W (u(z),z) =0 a.e. in Q, |[Dul|(02) =0, and A- Du =0 in
RN, where A : RN — R! is a prescribed linear operator (possibly trivial). Then, for any q > 1 there exists a
sequence of functions {1/15}E>0 C C®RN,RH) N WHLRN RY) N WL (RN RY) such that A- Dy, =0 in RY,
Ve (z) — u(x) strongly in LP(RN,RY) for every p > 1, and

lim sup B (. )

e—=0t

1
mm(1MMWMManWmMMJ+Aw@w@@

e—0

1 1
=t sup £ (02) = timsup (0l + [ W (vt} o)

e—0t
B </RN1 (\/H‘iﬂp)wdqﬁ /J nQ |t (y) —u (y)]"dH " (y). (111)
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Moreover, in the case A =0 we can choose V. to satisfy also

/szs(x)dx = /Qu(ac)dx Ve > 0. (1.12)

Note that the functional (1.8) resembles the energy functional in the following singular perturbation problem:

(0) = {Eq_lﬂvgvl‘q(g)w) +1[W(v,z)dz if A-Vo=0 (1.13)

E )
400 otherwise,

that attracted a lot of attention by many authors, starting from Modica and Mortola [15], Modica [14], Sternberg
[22] and others, who studied the basic special case of (1.13) with A =0, ¢ = 2 and W being a double-well
potential. The I-limit of (1.13) with A =0, ¢ = 2 and a general W € C° that does not depend on z, was
found by Ambrosio in [2]. As an example with a nontrivial differential constraint we mention the Aviles-Giga
functional, that appears in various applications. It is defined for scalar functions ¢ by

B () :/9{6|V21/)|2+i(1|vw|2)2}d$ (see [3, 6, 7)), (1.14)

and the objective is to study the I-limit, as ¢ — 07. This can be seen as a special case of (1.13) if we set
v:= Ve and let A- Vv = curlv, ¢ =2 and W(v,z) = (1 — |[v]?)%

Unfortunately, the upper bound found in Theorem 1.2 is not sharp in the most general case with a nontrivial
prescribed differential constraint. For example, in the particular case of (1.8) with N =2, A- Vv = curlv, ¢ > 3
and W (v,z) = (1 — |v|?)?, the functional on the right hand side of (1.11) is not lower semicontinuous, hence
cannot be the I-limit (see [3]). However, we still hope that the result of the above theorem could provide the
sharp upper bound in some cases, in particular when A = 0. Indeed, the T'-limit, computed in [1] for the special
case of (1.8) with A =0, ¢ =2, N =1 and W being a double well potential, coincides with the upper bound
found in Theorem 1.2. Moreover, since the functional in (1.9) is superior to the functional in (1.8), the I'-limit,
found in [21] (see also [17]) for the energy (1.9) in any dimension N > 1 with A =0, ¢ = 2 and W being a
double well potential, coincides again with our upper bound.

The paper is organized as follows. In Section 2 we prove our main results. For the convenience of the reader,
we recall in the appendix, Section A.1l, some known results on BV functions, needed for the proofs, and in
Section A.2 we recall some basic facts about I'-convergence.

2. PROOF OF THE MAIN RESULTS

Proposition 2.1. Let ¢ > 1, Q C RY be an open set and v € BV (RY,R%) N L>®°(RYN,R?) be such that
| Dul[(0Q) = 0. Let n € C°(RN,R) and for every x € RN and every e > 0 define

ue(z) = ELN/RNn(y_”C)u(y)dy:(ne*u)(g;). (2.1)

€

Then,

. q
513& |Inel Hus”Wl/w(&Rd)

- 2‘ /RN n(2)dz

q ;v u+zfu*xq N—1(y
(/szl (W)Nﬂd >/Jmﬂ‘ (z) ()| dH™ " (x). (2.2)
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Proof. We start with some notations. For every v € SV~ and 2 € R" set

Hy(z,v)={¢€RY : ((-2)-v >0},
H (z,v)={¢cRY : (¢—2)-v<0}

and
Ho(v)={¢cR" : ¢.v=0}.

Let R > 0 be such that suppn C Br(0). For every # € R and every £ > 0 we rewrite (2.1) as:

ue(x) == ELN /]RN n(‘y — x)u(y)dy = /RN n(z)u(z +ez)dz = /B n(z)u(z + ez)dz.

€ r(0)

By (2.6) we have

d o N y—x 1 Yy—x
digue(x) s _€N+1 /]RN 7]( c )u(y)dy - 67]\] 82 :

\Y
= _ELN » div, {n(ygx)ygx}u(y)dyz giN/RNn(y;x)y;x -d[Du(y)].

Moreover, by (1.3) we have

q

}Ue(x) - us(y)|
ol =Vl = [ (] i xatid ) xa(olda

= /RN (/RN e ﬁ;ﬁv;%(x”q)(sz(f+Z)st($)dz>dﬂ?,

where
(z) = 1 Vzel
X0 vz e RV Q
Thus,
1 1 |u5(x+z)—u€(x)|q
q - dz |dz.
el =5z [ (] S e + el Jao

Since —Ine — +oo as € — 0T, applying L’Hopital’s rule to the expression in (2.10) yields

lim
e—0+ —Ine

= — lim ( / M%“ <§€ (ug(x +z) - ue(x)>) - VFy (ue(x + 2) — ue(x)) xa(r + Z)st(x)d2> dz,
RN

e—0t
RN

||u5||?/vl/q,q

(2.5)

(2.10)

(2.11)



6 A. POLIAKOVSKY
where F, € C1(R%,R) is defined by
F,(h):=|n|7  VheR% (2.12)

Thus, by (2.11), (2.6) and (2.7) we get

lim
e—0+ —1Ine

-y [ [ (AR ) )
X VFq</RN n(&) (u(x+z +ef) —u(x +s£))d§> xa(x + 2)xa(r)dzdx
:_EE?+ANANANMIEVH;V(”(%(;JFZ))Z/_(ZH)_"<y;x)y;x)

x VI, ( /]RN n(&) (u(m +z+ef) —ulz+ 6£)>d§> xa(z + 2)xa(z)dzdz - d[Du(y)]. (2.13)

8 -

Changing variable, z/e — z, in the integration on the right hand side of (2.13) gives

“ne ||us||?/vl/q,q

=t [ [ e () () () )
X VFq(/ﬂw n(€) (u(m +ez+ef) —u(xz+ 5{))d£> xa(z + £2)xa(z)dzdz - d[Du(y))

=—E£%+ANANANM}VH(??(%“—Z)(%—Z)—U(@%)

x VF, ( /RN n(§) (u(y +ez+ef —ex)—u(y+e€ — €x)>d§> xo(y — ez + e2)xa(y — ex)dzdz - d[Du(y)].
(2.14)

Therefore,

q
Jim, g el

= — 1 —
si%1+ /RN /RN /RN |Z|N+1 e 1' Z n(az)x)

x VFq</RN (n(f —z) = n(é) u(y + €€ — ex)d¢ | xa(y — ez + €2)xa(y — ex)dzdz - d[Du(y)]

(o6
)
==t [ o g” (e=2) =nlo)e)

x sz(/RN (W(fJFI*Z) (§+x u(y +e€)d€ | xa(y — ex + ez)xa(y — ex)dzdz - d[Du(y)]. (2.15)
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On the other hand, by (A.1) in the appendix, for every z,z € RY and H¥!-a.e. y € RV we have

lim, { L, (ae+o=2—nte+o)utu+ €€)d€}

—w [ (e )i w ) [ (ke =) - r)de (216)

with Hy(z,v) as defined in (2.3) and (2.4). Thus, since ||Dul|(02) = 0, by (2.16) and the Dominated
Convergence Theorem we obtain:

lim
e—0+ —Ine

— [ [ [ i (e =)= 2) = nte)e)vr, (“”y’ [ (et a)as

RN RN RN Hy(0,v(y))

[8 y

+u”(y) / (n<5+zz>n<§+x))ds>xé<y>dzdx-d[Du<y>]

+u” (y) / (ne+o—2)—n(e+ @)dg) dzdz - d[Du(y)).
H-O(w)
(2.17)

It follows that

Jim, ——el == [ [ ] Z|N+1< z)(x—z)—n(x)x)

lim
x VF, ((W(y) —u”(y)) /H oo (n(E +az—2z)—nE+ x))dE

+u” (y) /RN (77(5 +a—2)—nE+ x))d5> dzda - d[Du(y)]

[ ] e (e =)= 2) = nto)e)

x VF, ((u+(y) —u(y)) /H oo (77(5 +x—2)—n(€+ x))d£> dzdz - d[Du(y)], (2.18)

where we used in the last step the fact that [,n 7({ + 2 — 2)d€ = [pn n(€+ x)d€. Next, by (2.18) and (2.12) we
infer that

di, el == [ [ i (e =2 - 2) < nte)o)
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x VFq<(u+(y) —U(y))</H ( " n(§)d€ — o ))n(f)d£>>dzdx~d[Du(y)]
+(xz—2z,v(y +(z,v(y

Lo o e et

u(y)
df( [ n(tu(y)+f>dHN-1<5>dt>dxdz|u+<y>—u-<y>|quN-1<y>, (2.19)
P (@=2)v(y) / Ho(v(y))

where G,(p) € C'(R,R) is defined by
Gylp)i= ot VpeR, (2.20)

and Hy(v) is defined in (2.5). Therefore,

q
et —lnEHUEHWU‘”

:/Jumz/RN/R/HO(V(y))Z|J{f+1<77(81/(y)+C)S—n((s—z-u(y))u(y)+<) (S_Z.,,(y))>

1
= /Jqu (/JRNl /R/R (W)N+l
- S—T|v s—T N-1
x (/Ho(u(y)) (n(su(y)JrC)s n(( ) (y)+c)( ))dH (Q>
dG, 8 B o )
X dﬂ(/s_T /Ho(u(y))n(tu(y)Jrg)dHN 1(£)dt)d7dsdw>|u+(y) —u ()|"dHN (). (2.21)
Introducing the notation
b
Ay, a,b) = v dHN () dt 2.22
o= [ [ v o (2.22)
allows us to rewrite (2.21) as

1
lim
e—0+ —1Ine

8 -

/JmQ { /RN—l /R/]R% |7-|11V—1 (W)N+l
X (/Ho(u(y)) (”(Sy(y) +()s - n((s —T)v(y) + c) (s — T))dHN1(§)>

x —2 (A(y, s—T, 8)) } lut(y) — u™(y)|"dH " (y). (2.23)
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The change of variables w/|7| — v in the right hand side of (2.23) gives

: q
et flnenua”Wl/q‘q

o [ ( e ( Lo (n(SV(yHC)sn((sT)V(y)+4)(8T))d’HN1(C)>

x ddiciq <A(y, s§—T, 5))d7’d5> |u+(y) —u- (y)|quN71(y), (224)

where Dy is the dimensional constant given by

1
Dy := /RN?1 (—dv. (2.25)

VIFRP)M

Then we rewrite (2.24) as

lim

0t —ln5” telliys 0.

= lim s{n(sv “nl(s — P\ N-1

- AIL+00 ( T < T2 HO(V(y)) (77( (y) + C) 77(( Jw(y) + C))dH (C))
dG
dp

* (Al ))des) [t (y) = ()| aHN " ()

wov [ ( / /_ S =t + Q)

X % (A(% s —T, s))d7ds> |u+(y) _ u—(y)|quN—1(y)> . (2.26)

X

Integration by parts of (2.26) and using (2.20) give

s—> lns|| E”W””

M 1 q
=— i Ty) —u ()] = — drds |dHN!
M1—1>IEOO Dy /JuﬂQ |u (y) “ (y)| (/]R/_M T2 ‘A(y’s T,S)‘ 7ds |dH (Y)
+ lim D v ‘A( - )‘qd ds ||ut(y) —u™ ()| "dH " (y)
]Winjoo N JuNQ RJ—M T2 Y8 s ras ey v\ Y

+ lim Dn o </‘A(y,s—M,s)‘qu+/R‘A(y,s,s—i-M)’qu)|u+(y)—u(y)|qd'HN1(Y)

~ him 2N . (/ ‘A(y,s—M,s)‘qu—F/R‘A(y,s,s—l—M)’qu)|u+(y)—u(y)|qd’}-[N1(y). (2.27)
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Therefore, applying L’Hopital’s rule in (2.27), using (2.20), we deduce that

: q
Eg%h _lnE”uEHWI/m
= dm Dy [ [ (A s>)( / n(<s—M>u<y>+f)dHN‘1<f>)ds
M—+o00 Juno \ Jr dp Ho(v(y))

+/R(ﬁz(A(y’S’S+M>)</HU(,,<y))n((S+M)V(y)+£)dHN_1<£))>dS

x ut(y) —u (y)["dH " (y). (2.28)

Changing variables of integration we rewrite (2.28) as

q
emor —ln5||u5”W”q’“

- Mlirﬁoo DN/J nQ </JR %(A(y’ 58+ M)> (/H (v (y)) U(SV(y) " f)dHNl(f)) as

+ /R % (A(Zl, s— M, 8)) (/H o n(sv(y) + §)dHN1(§)> ds)
x [ut(y) = u (y)|"dHN T ()

~ Dy /J ( / dd—f}(w,s,oo)) ( /H oy M) +€)dHN—1(€)>dS

—&-/}Rdd—C;q(A(y7 —oo,s))(/H (u(y))n(su(y)+£)dHN_1(§))dS>
x ut(y) —u (y)["dH N y).  (2.29)

On the other hand, by (2.22) we deduce

4
ds

d

(M oo9) = [ nlov) + 9O = — 1 (A ,09)). (230)

Thus, inserting (2.30) into (2.29) and using the Chain Rule gives

1 . ad, d
i, = lele, = D f,ﬂ ( /R "o (Aw:,00)) 1 (Ays,00) s

+ /]R % (A(y, —00, 5)) % (A(y7 —00, 5)>d5) |u+(y) B u’(y)’qd’HN*l(y)

_ Dy /Jm (—/Ris<Gq<A(y,s,oo))>ds+/Ri(Gq(A(y,—oo,s)>)ds>

x ut(y) —u” (y) "1 (y). (2:31)
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Finally, applying Newton-Leibniz formula in (2.31) and using (2.20) with (2.22) we obtain that

lim

1 q B
e—0+ —lnanuenwl/q’q =Py /J,mQ ( (Gq (A(y’ 0 OO)) — Gy (A(%OC%OO)))

# (Ga(at0-00.0) = G205 —OO)))) ) — ™ () *aH )

=2Dy /
JuNQ

S )+ Ot ) — w0 )
—oo JHo(v(y))

:2DN’/ n(z)dz
RN

and (2.2) follows. O

/ luT(y) —u™ (y)["dH " (y), (2.32)
Ju N2

Corollary 2.2. Let ¢ > 1 and let Q C RN be an open set. Assume W : R4 x RNV — R is a Borel measurable
function such that, W(0,-) € LY(Q,R) and for every D > 0 there exists C := Cp > 0 such that

|W(b,z) — W(a,z)| < Cplb—d Vz € RN, Va,be Bp(0). (2.33)

Let u € BV(RY,RY) N L*°(RY,R?) be such that ||Duf(0Q) = 0 and W (u(x),x) =0 a.e. in Q. Let n €
C* (RN, R) be such that [ox 1(z)dz =1 and suppn C Bg(0). For every p > 0 set

1 z N
np(2) = p—Nn(;) vz e RV, (2.34)
Finally, for every x € RY and every ¢ > 0 define
1 y—x
Upe (@) = = / (L= ) uly)dy = / n(z)u(z + epz)dz = / n(z)u(z + epz)dz. (2.35)
€7 JRrN € RN Br(0)

Then

K

1 1
. . q _ q _
s L (s (1t~ o) 2 9 ot} |
= Tim 3 1 el 2 [ (el )
= pi}l(r)l_*_ 1;1;%31) _1n (E) Up,e Wt/a.9(Q,Rd) c Jo Up,e\T), T )AT

Y B O O
_<4mw¢uwwﬂ“d>ﬂmJ+@> W' ). (236)

Proof. Since [pn 1,(2)dz = 1, applying Proposition 2.1, first for RY, then for RY \ €, and finally for Q, yields,
for every p > 0,

i, (el oy = Bl
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— 2Dy </ [ut(y) —u (y)|["dH " (y) —/ _ Jut(y) - U(y)|quN1(Y)>
Ju JuN(RN\Q)

_ _ . 1
= 2DN/ ‘u+ (y) —u (y>‘qd/HN 1(Y> = lim (lluprj”%\/l/mQ(Q Rd))a (237)
JuNQ n (e) ’

e—0t

where Dy is the constant defined in (2.25). On the other hand, since W (u(z),z) = 0 a.e. in Q and u €
L™ (RN, R?), by (2.33) we get that

%/QW(upyg(x)@)dx L

,/Q (W(up,a(x),x) —W(u(x),x))dx

€

<C o é’up,g(x) — u(x)’dx

<of ) </RN é‘u(m +epz) — u(m)‘dx) dz

1
:Cp/ z||n(z / —
BR(O)‘ H ( )|< RN €p|2]

for some constant C' > 0, independent of € and p. Thus, taking into account the following uniform bound,
concluded from Lemma A.5 of the appendix,

u(z + epz) — u(m)‘dx) dz, (2.38)

1
/ —‘u(x +pez) — u(x)’dw < |Duf(RY) V¥ze RN\ {0}, Vp, &> 0, (2.39)
RN PE|2|
we obtain that

lim sup
e—0t

% /Q W(upﬁs(x), ac)dx

By (2.40) and (2.37) we finally derive (2.36). O

Proof of Theorem 1.2. Let 7n,7m, and wu,. be defined as in Corollary 2.2. Then wu,. € C>®RN,RY) N
WLLHRYN RY) N W (RN RY) and by Corollary 2.2 we have

< ClDul®)p | | Gz = 0(p) (2.40)

R

. . 1 1
plg(r)l+ { hsrifﬁp (—hl(a)(”up’E |(IZ/V1/q,q(RN,Rd) - Hup’eng/vl/q,q(]RN\ﬁ’Rd)) + - /Q W(up’e(x),x)dm)}
. 1 . 1
= plirg{r lim sup Tm”up,snwl/q,Q(Q’Rd) + g o W(u;)’g(x), :c)dx

_ N ) — e ()| TN
— (/RN (W)N+1d >/mn| (v) ()|"dHN Y (y). (2.41)

Clearly, for every x € RY we have A - Vu, . (z) =0 and u, .(r) — u(x) strongly in LP(RY R?) as ¢ — 0% for
every fixed p and p. Therefore, by the above and by (2.41) we can complete the proof of the first assertion of
the theorem using a standard diagonal argument.

It remains to show the second assertion of the theorem, namely, that in the case A = 0 we can construct 1.
satisfying the additional condition (1.12). Let ¢ € C2°(RY,R) be such that [, ¢(z)dz = 1. Define

ap,é(l") = Up,s(z) - ‘P(x)ce?,pa (2.42)
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where
Cep i= /Q e (y)dy — /Q u(y)dy. (2.43)

In particular,

/Q iy, () der = /Q w(w)de, (2.44)

and lim,_,o+ ¢e , = 0. On the other hand, since W (u(z),z) = 0 a.e. in , W (b, z) is nonnegative and W (b, z) is
differentiable with respect to the b variable, we have

VoW (u(z),z) =0 a.e. in Q. (2.45)

Thus, since u € L= (RY,R?), by (2.42) we get that

,/ (W(ﬁp,s(x),x) *W(um(x),x))dx —

&
< C(/RN é’um(x) - u(:c)’da:) /01 /Q vbW<up,s(z) - Ssﬁ(fﬂ)cs,p,:r)go(x)dxds

gc(/BR(O) ’"(Z”(/ﬂwi’ (@ + £p2) — ulz ‘dz)dz)

1
/ VbW(up75(a:) - sgp(x)cg,p,x>gp(x)dxds
0 Ja

= Cp(/BR(o) |z‘n(z)|(/ﬂw %M’ z+epz) — ‘dx)dz)

/01 /Q V"W(“pve@) — sp(z)ce p, a:) o(x)dzds|.

1
CEJ.//VbW Up e (T —sgo(x)ce,p,x)w(x)d:cds
0

X

(2.46)

On the other hand, taking into account (2.39) and using the Dominated Convergence Theorem and (2.45), we
obtain that

lim sup </BR(0) |2l |n(2)] (/RN %M‘U(SHEPZ) —U(x)‘dw)d2>
< Go(IDulRY) ( [ |z|n<z)}dz>

/ VbW hrn L Uy, (x) — sp(x) E£%1+ Cerps x)go(z)dzds

= Co(|lDull®Y)) (/B ©

01/vaW(Up,s(x) - s@(x)csyp,z)p(x)dxds

=0. (2.47)

R

|z||n<z>|dz>| |9 (uta).) p(oaa
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Using (2.47) in (2.46) yields

lim sup

=0. (2.48)
e—0+

é/ﬂ (W(ﬁp,s($)7l’) *W(up,s(x),;p))dx

Plugging (2.48) into (2.41) we get that

1 1
. . - ~ _ ~ q -
pglg{hsnizgp (—m (8)( Uy, Hup,ellwl/q,q(m\ﬁ,w)) + 2 /QW(upe( x), )dx)}
= lim { li L, | L [w(a d
= lim 3 timsup (e + 2 | W (el@). ) do

(Lo ) falr - wrae . e

Moreover, t,. — u strongly in L? (RN, R9) as ¢ — 01 for every fixed p and p. Therefore, by the above and
(2.49) we complete again the proof by a standard diagonal argument. O

The next lemma is needed for the proof of Theorem 1.1 (in the general case n € Wh1).

Lemma 2.3. Let Q C RN be an open set and let uw € BV(RY, R%) N L= (RN, R?). Forn € WHY(RYN,R), every
x € RN and every e > 0 define

ue(x) = giN /RN n(y ; x)u(y)dy = /RN n(z)u(z + ez)dz. (2.50)

Then, for every ¢ > 1 and for every € € (0,1) we have

-1
/ (/ |Ua ug(y)rld )dx< 2q||“||L1(RN,Rd)||UHqLoc(]RN,Rd)||77||%1(]RN7R)
WN— 1|1n8| o lr—yNt! Y - |1n€f

-1
n (3||UHL°°(RN,Rd)HU”WM(RN,R))q ||77||L1(RN,R)||DU||(RN)
(g—1)|Ing|

-1

+ (3llull oo e oy Ml wr @n m) ™ 10l @ ) | Dul|(RY),  (2.51)
where wn_1 denotes the surface area of the unit ball in RY.
Proof. Assume first that n(z) € C2°(RY,R). Then, by (2.50) we have

eVue(z) = —eiN . Vn(y ; x>u(y)dy =— - Vn(z)u(z + ez)dz. (2.52)

By (2.50) and (2.52) we get that

||U€HLOO(RN,R11) + ||EV’LL5||LOQ(RN R4) < ||u||Loo RN ]Rd)HUHWM(]RN,JR) and

ete 1% o gy < Nl o gy el = o g gy e > 0, Vg € [1,400).  (2.53)
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Next, for every e € (0,1) we have

[ (L a)er < [ (], M2 o
_ / ( / }ua<x+|yy|3V — @)’ dy> do— / ( /BE@ |ue<x+|yyzv ;w)!qdy)dx
o Ui =) [ ([, i h)e
eV
Sronnao e (s o

1 a
+/ (/ us(x +y) —u(x dm)dy
RN\ B1(0) |3/|N+1 RN ’ ( ) ( )|

On the other hand, (2.53) yields

elue(x + y) — ue ()|
lz -yl

‘ue(x +y)— ue(x){ + < 3l|ull Lo mY ey 10l w1 (Y R) Ve >0, Va,y € RV,

Thus, inserting (2.55) into (2.54) we deduce that
e (@) — uely)|’ dy
dy)dx < 29|uc||?, /
/ (/ |$— |NJrl FILARNED Jen By (o) [N
-1
(3HU||L°°(RN,Rd)||77||W1«1(RN,R))Q 1 |u5(x+y) —us(x)fd d
+ o LR vl v
B-(0) 1Y RN y

—1 1 ue(z 4+ y) — ue(2)
+ Bllll oo @y mey Il @y gy)* / (/ Ju - ’dx dy.
B1(0) RN

\B.(0) 1YY ly

Inserting (2.50) into (2.56) and using the second inequality in (2.53) we infer,

e () —ue )| )" -1 dy
dy)dx 3 N A |
/ </ |x— |N+1 (RN, R4) Lo (RN R4) L1(RN,R) E¥\ B2 (0) |y N+

—1
(3)|ull oo e Ry 7l ey gy )
+ 1
I

1 / |ue(@ + £z + y) — uc(x + €2)| )
X — z dzdz |d
S s (L ol I ’

q—1

+ (3lfull oo my gy 7llwr & R))

1 —
y / . </ In(:)| |uc(z + ez + y) ug(x—i—ez)]dxdz)dy'
B1(0)\B.(0) Yl RN RN |yl

15

(2.54)

(2.55)

(2.56)

(2.57)
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Taking into account the following well known uniform bound from the theory of BV functions:

/ u(@ +ezt+y) —ul@+e)| / [ue +y) —u@)] | |Dul|(RY) VyeRY, (2.58)
RN RY

|yl |yl

we rewrite (2.57) as

|u5 | -1 dy
dy)dx<2q|u||L1 ool o sl vy [ T
/(/ Z/|N+1 ) Lo (RN R L RY.R) RN\ B (0) |y| N+

n (3Hu||L°°(RN,R”)||77||W1v1(RN,]R))q_1H ” D H(RN)/ dy
— M L1(®rRN R u T IN+tl—g
ga—t ( ) B.(0) ly|N 11

—1 dy
T (3l o g s Il v )" Ml e s | Dall(BY) / ik
By (0\B.(0) |Vl

(2.59)

Computing the integrals on the right hand side of (2.59) yields (2.51) in the case n € C2°(RY,R).
Next consider the general case n € WHL(RY R). Thanks to the density of C>* (RN, R) in WhH(RY R), there
exists a sequence {nn} L C O (RN, R) such that

nErfoo [ — 77HW1,1(]RN,1R) =0. (2.60)
Thus, if we define
1 Yy—x
= = 2 1
wnele) = oy [ (P )udy = [ na(ute o+ e (2.61)
then
EIE Une(2) = uc(z) Vo e RN, Ve > 0. (2.62)

On the other hand, since we proved (2.51) for the case 1, € C°(RY,R), for every ¢ > 1, for every n = 1,2, ...
and for every ¢ € (0,1) we have:

1 ’un76($) - un,a(y)‘qd d 2qHuHLl RN ]Rd)HuHLoo RN R4) ||77n||%1(]RN7R)
— IN+L y|dr <
WN71| ln€| o \Jo |z — | |1n5|

—1
N (Bllwll oo @ ey Imnllwra @y &))" 1l e ryl| Dl (RY)
(g—1)|Ing|

—1
Jr(3||u||L°°(]RN,Rd)||77n||W1=1(RN,R))q HnnHLl(]RN,]R)”DUH(RN)' (2-63)

Letting n go to infinity in (2.63), using (2.60) in the right hand side and (2.62) together with Fatou’s Lemma
in the left hand side, we obtain (2.51) in the general case n € WHH(RY R). O

Proof of Theorem 1.1. In the case n € C°(RY R) the result follows by Proposition 2.1. Next consider the
general case n € WHL(RM R). As before, by the density of C2°(RY,R) in W1 1(RY R), there exists a sequence
{nn} | € C=(RN,R) such that

lim Hnn T]HWl,l(]RN,R) =0. (264)

n—-—4o0o
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Next, as before, define

Upe(x) 1= ELN /RN M (y ; I)u(y)dy = /IRN mn(2)u(z + e2)dz. (2.65)

Defining uy, . as in (2.61) we get by Proposition 2.1, for all n > 1 (see (2.25)),

. 1 ? + — 4 N-1
il B0y = 2DN\ / IOLE / - [t (@) — u” (@) A () = Ly (260)
and then
_ a a
lim L, =L := 2DN‘ / n(z)dz / ‘qu(x) —u” (x)‘ dHN (%), (2.67)
nreo RN JuN$

On the other hand, by Lemma 2.3, for all n > 1 and every € € (0,1/e) we have

;/ /; "4y ) de
wn—1|Ine| Jo \ Jo |z —yN T

- wN_1|1ne| /Q (/Q m (1n.e(2) = e()) = (o) — o)

-1
S 2q||uHL1(RN,Rd) ||u||%oo(RN7]Rd) Hn’l’b - nH%l(RN,R)

(tn.e@) = tne@)) = (vo(a) — o)

q
dy |dx

-1
I (3||u||L°°(]RN,Rd)H77n - "7||W1’1(]RN,R))q 11n — 77||L1(RN,R)||DU||(RN)
(g—1)
-1
+ (3llull o @y mey 7 = Mllwrr @y g) " e = nll L@y gy |Dul|(RY) := H,.  (2.68)

Thus, by the triangle inequality we get, for every n > 1 and every € € (0,1/e),

1
|Ing|/q

l[tin.e — uellwi/a 1/
< IR < (ona ) (269)

[l o = el
Then, by (2.69) and (2.66), for all n > 1 we obtain:

(7 :
el /a0 [un.cllwraa = [luellnra

_ 1
lim sup — LY4| < lim sup ————
e—0t | lng‘l/q e—0t | ln&?’l/q

+lim sup W = Lyf1] L3/ = DY) < (wn 1 Ha) YT+ 0 4 /7 = L), (2.70)
E—r ne

Letting n go to infinity in (2.70), using (2.67), the definition of L in (2.67) and the fact that lim,, ., H, =0,
we finally deduce (1.5). O
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APPENDIX A.

A.1 Some known results about BV -spaces

In what follows we present some known definitions and results on BV -spaces; some of them were used in the
previous sections. We rely mainly on the book [5] by Ambrosio, Fusco and Pallara.

Definition A.1. Let Q be a domain in RY and let f € L'(Q,R™). We say that f € BV (Q,R™) if the following
quantity is finite:

/ |IDf| = sup{/f~div<pdx: o € CHOQ,R™N) |p(x)] < 1Vx}.
Q Q

Definition A.2. Let © be a domain in RY. Consider a function f € L} (Q,R™) and a point x € Q.

loc
i) We say that x is an approzimate continuity point of f if there exists z € R™ such that

o [F(Y) =zl dy
iy, J22 - =0
0

p—0t

In this case we denote z by f (x). The set of approximate continuity points of f is denoted by Gy.
ii) We say that x is an approzimate jump point of f if there exist a,b € R™ and v € S¥~1 such that a # b and

lim pr(a:) | f(y) - X(a7 b7 V)(y) | dy _

Al
p—0t pN O’ ( )

where x(a, b, v) is defined by

b ifv-y<0,
a ifv-y>0.

x(a,b,v)(y) = {

The triple (a, b, v), uniquely determined, up to a permutation of (a,b) and a change of sign of v, is denoted by
(ft(z), f~(x),vs(x)). We shall call v;(z) the approzimate jump vector and we shall sometimes write simply
v(z) if the reference to the function f is clear. The set of approximate jump points is denoted by J¢. A choice
of v(z) for every x € J; determines an orientation of Jy. At an approximate continuity point x, we shall use

the convention f*(z) = f~(z) = f(z).

Theorem A.3 ([5], Thms. 3.69 and 3.78). Consider an open set 2 C RN and f € BV (Q,R™). Then:
i) HN=1-a.e. point in Q \ Jy is a point of approximate continuity of f.
ii) The set Jy is o-HN " 1-rectifiable Borel set, oriented by v(x). Le., the set J; is HN ! o-finite, there exist

countably many C hypersurfaces {Si}3., such that HN 1 (Jf \ U Sk) =0, and for HN"1-a.e. z € J; N Sy,
k=1

the approximate jump vector v(x) is normal to Sy at the point x.
ii) [(f* = f7) @vyl(x) € LN (Jp, dHNTY).

Theorem A.4 ([5], Thms. 3.92 and 3.78). Consider an open set Q@ C RN and f € BV (Q,R™). Then, the
distributional gradient Df can be decomposed as a sum of two Borel reqular finite matriz-valued measures puy
and D7 f on Q,

Df = ps+ D7,



ASYMPTOTIC BEHAVIOR OF THE W'/%9-NORM OF MOLLIFIED BV FUNCTIONS 19
where
Dif=(fr =) eviH 'y
1s called the jump part of Df and
uy = (D°f + D J)

is a sum of the absolutely continuous and the Cantor parts of Df. The two parts us and D7 f are mutually
singular to each other. Moreover, uy(B) =0 for any Borel set B C Q which is HN=L o-finite.

The following simple Lemma is also useful:

Lemma A.5. For every u € BV (RN, R?) we have:

/RN ﬁu(x +y) —ula)|de < [ Dul®RY) vy € RV {0}, (A2)
Proof. By Exercise 3.3 and Proposition 3.6 in [5] for every K CC RY we have

[ e ) = u@)fas < 1Dul®Y) vy e R o). (A.3)

Thus taking the supremum of the left hand side of (A.3) over all possible K CC RY we deduce (A.2). O

A.2 The notion of I'-convergence

The asymptotic behavior, when ¢ — 0 of the family {I.}.> of the functionals I.(¢) : T — [0, +00], where T
is a given metric space, is partially described by the De Giorgi’s I'-limits, defined by:

(T = liminf I.)(¢) := inf {lim(i)rlffs(qﬁs) D= dinT ase — 0*} , (A.4)
(T — limsup I.)(¢) := inf {limsup I.(¢c) : ¢pc > @inT ase — 0+} ) (A.5)
e—0t
(T —lim)(¢) ;== (I' = liminf I.)(¢) = (I' — limsup I.)(¢) in the case they are equal. (A.6)

It is useful to know the I'-limit of I, because it describes the asymptotic behavior as € | 0 of minimizers of I,
as follows from the following simple well known result:

Proposition A.6 (De-Giorgi). Assume that ¢ is a minimizer of I. for every € > 0. Then:

o If In(¢) = (U —liminf._,o+ I.)(¢) and ¢. — ¢o as € — 0T, then ¢g is a minimizer of Iy.
o If In(¢) = (T — lime_g+ I.)(}) (i.e. it is a full T-limit of I.(})) and for some subsequence €, — 07 as
n — 00, we have ¢o, — o, then ¢g is a minimizer of Iy.

Remark A.7. Usually, for finding the I'-limit of I.(¢), we need to find two bounds:

(*) Firstly, we wish to find a lower bound, i.e. the functional I(¢) such that for every family {¢.}c0,
satisfying ¢. — ¢ in T as ¢ — 0T, we have liminf,_,o+ I.(¢¢) > 1().

(**) Secondly, we wish to find an upper bound, i.e. the functional I(¢) such that for every ¢ € T there

exists the family {1 }c~o0, satisfying 1. — ¢ in T as e — 07, and we have limsup,_,o+ I (¢:) < I(9).
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(***) In the general case we have

I(¢) < (I —liminf I.)(¢) < (T —limsup [.)(¢) < I() Vo€ T.

e—0% e—0t

(****) If we obtain I(¢) = I(¢) := I(¢), then I(¢) will be the full I-limit of I.(¢).

The upper and the lower bounds are usually proven separately with the help of completely different technics.
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