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ASYMPTOTIC STABILITY OF THE EXACT BOUNDARY
CONTROLLABILITY OF NODAL PROFILE FOR QUASILINEAR
HYPERBOLIC SYSTEMS*

LiBIN WANG"** AND KE WANG?

Abstract. In this paper, we consider the asymptotic stability of the exact boundary controllability
of nodal profile for quasilinear hyperbolic systems. We will prove that if the nodal profile and the given
boundary function possess an exponential or polynomial decaying property, then the boundary control
function and the solution to the corresponding mixed initial-boundary value problem will possess the
same decaying property.
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1. INTRODUCTION

The exact boundary controllability of hyperbolic systems is of great importance in both theory and appli-
cations. A complete theory on the local exact boundary controllability for 1-D quasilinear hyperbolic systems
has been established by means of a constructive method with modular structure (see [8, 12-14]). In the mean-
time, the global exact boundary controllability for quasilinear hyperbolic systems has been also studied (see
[4, 5, 10, 17, 21]).

Motivated by the practical application of gas transport through a pipeline network, Gugat et al. proposed a
new kind of exact boundary controllability in [6]. Their initiative was almost immediately generalized to general
1-D first order quasilinear hyperbolic systems with general nonlinear boundary conditions, and was called the
exact boundary controllability of nodal profile (see [9, 19]). Some related results about the exact boundary
controllability of nodal profile can be found in [2, 3]. Differently from the usual exact boundary controllability,
the exact boundary controllability of nodal profile requires that the value of solution satisfies the given profiles
on one or several nodes for ¢ > T by means of boundary controls. However, in these results, the nodal profiles
are given only on a finite time interval [T, T], where T is an arbitrarily given number. In order to consider
the asymptotic stability of the solution to the exact boundary controllability of nodal profile, we have to ask
whether the same results can be obtained when the nodal profiles are given on an infinite time interval [T, +00).
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In this paper, we will give an affirmative answer to this question in the case of a single node, and show that for
the given profiles satisfying certain decaying property as t — 400, the employed boundary control function and
the solution to the corresponding mixed initial-boundary value problem possess the same decaying property as
the nodal profiles.

We will still use the constructive method with modular structure suggested in [8, 19] to deal with this
exact boundary controllability of nodal profile on a semibounded time interval. For this purpose, in the present
situation, we need not only the existence and uniqueness of semi-global classical solution to the mixed initial-
boundary value problem with two boundaries, but also the existence and uniqueness of semi-global classical
solution to the one-sided mixed initial-boundary value problem on a semibounded initial axis. The organization
of this paper is as follows: in Section 2 we will give the precise definition of the exact boundary controllability of
nodal profile on a semibounded time interval at a boundary node, and present the main results. In Section 3 we
will prove the existence and uniqueness of semi-global classical solution to the one-sided mixed initial-boundary
value problem on a semibounded initial axis under different hypotheses on the boundary functions and the given
nodal profiles. Then the main results will be proved in Section 4. In Section 5 an application of the main results
will be given to the Saint-Venant system for unsteady flows on a single open canal.

2. DEFINITION AND MAIN RESULTS

Consider the following 1-D first order quasilinear hyperbolic system

ou ou
— +Alu)— =F 2.1
O a2 = F), (2.)
where ¢ is the time variable, z is the spatial variable, u = (uy,...,u,)7 is the unknown vector function of (¢, x),
A(u) is a given n x n matrix with C! elements a;;(u) (i,5 = 1,...,n), F(u) = (fi(u),..., fo(u))T is a C1 vector
function of u and
F(0) = 0. (2.2)

By (2.2), u = 0 is an equilibrium of system (2.1).

By hyperbolicity, for any given uw on the domain under consideration, the matrix A(u) possesses n real
eigenvalues and a complete set of left (resp. right) eigenvectors. For i = 1,...,n, let [;(u) = (L1 (u), ..., lLin(u))
(resp. mi(u) = (r1:(w), ..., 7ni(u))T) be a left (resp. right) eigenvector corresponding to \;(u):

Li(w)A(uw) = Ai(uw)li(u)  (resp. A(u)ri(uw) = A;(uw)r;(w)). (2.3)
We have
det |l;;(u)] £ 0 (resp. det|r;;(u)] # 0). (2.4)
Without loss of generality, we suppose that on the domain under consideration
lz(u)r](u) = 51’]’ (Z,j = 1, . ,’I’L) (25)
and

T

Twriwy=1 (i=1,...,n), (2.6)

where 0;; stands for Kronecker’s symbol. We suppose that all \;(u) and I;(u) (resp. 7i(uw)) (i =1,...,n) are
also C1.
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Suppose that on the domain under consideration there are no zero eigenvalues:
Ar(u) <0< Ag(uw) (r=1,....m; s=m+1,...,n). (2.7)

Let

Noting (2.7), for the forward problem, we give the following general nonlinear boundary conditions

r=0: vy =0Gs(as(t),vi,...,om)+Hs(t) (s=m+1,...,n), (2.9)

x=L: v =Gr(0n(t),vms1,---,0n) + H(t) (r=1,...,m), (2.10)

where G;, a; and H; (i = 1,...,n) are all C! functions with respect to their respective arguments and o;(t) (i =
1,...,n) may be vector functions. Without loss of generality, we may suppose that

Gi(a;(t),0,...,00=0 (i=1,...,n). (2.11)

Moreover, the initial condition is prescribed as
t=0: u=¢p(x), 0<z<L, (2.12)

where L is the length of the spatial interval, and () is a C* vector function.

Definition 2.1. For any given C! initial data ¢(z), any given C! boundary functions H,.(t) (r = 1,...,m)
and a;(t) (i = 1,...,n), satisfying the conditions of C! compatibility at the point (¢,z) = (0, L), for any given
C' vector function (t), if there exist 7 > 0 and C! boundary controls Hy(t) (s =m + 1,...,n) such that the
C' solution u = u(t,z) to the mixed initial-boundary value problem (2.1), (2.12) and (2.9)—(2.10) fits exactly
a(t) on x = L for t > T, then we have the exact boundary controllability of nodal profile on the boundary node
z=1L.

Remark 2.2. The conditions of C! compatibility at the point (t,z) = (0,0) or (0, L) for the mixed initial-
boundary value problem (2.1), (2.12) and (2.9)—(2.10) can be obtained in a similar way to Remark 1.2 in
[19].

Remark 2.3. When the exact boundary controllability of nodal profile on & = L can be realized only in the
case that p(x), H.(t) (r=1,...,m), a;(t) (i =1,...,n) and @(t) are suitably small in C! norm, it is called
the local exact boundary controllability of nodal profile; otherwise, the global exact boundary controllability of
nodal profile. In this paper, we consider only the local exact boundary controllability of nodal profile.

Remark 2.4. In Definition 2.1, when ¢t > T', the value of solution v = u(t) on z = L should satisfy the boundary

condition (2.10), in which v; = ;(t) def. Li(u(t))u(t) (i =1,...,n). Hence, the requirement that the solution

u = u(t, z) fits exactly the given value u(t) on x = L for ¢t > T is equivalent to ask that vs (s=m+1,...,n)
fit exactly the given values v5(t) (s =m+1,...,n) on z = L for ¢ > T, then the value of v, (r =1,...,m) on
x = L for t > T can be determined by the boundary condition (2.10) as follows

Uy :'lzjr(t) = Gr(ar(t)af)erl(t)v-uﬂz)n(t))+Hr(t) (T: 17~~'7m)' (213)

We first consider the general case that the initial data, boundary functions and the nodal profile only possess
suitably small C! norm. Precisely, we have the following theorem, which will be proved in Section 4.1.
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Theorem 2.5. Let

1
T > L Szanr.lg_al},(...,n >\s (O)

. (2.14)
For any given initial data ¢(x), boundary functions H.(t) (r=1,...,m) and a;(t) (i =1,...,n) with suitably
small C* norm lellero,zys 1Hrllero,400) (r=1,...,m) and ||el|c1jo,400) (1 =1,...,n), respectively, satisfying
the conditions of C' compatibility at the point (t,x) = (0,L), suppose that the given values vs(t) (s = m +
1,...,n) onx =L fort>T possess suitably small C' norms |0s|lc1[7,400) (s =m+1,...,n), then there exist
boundary controls Hy(t) (s =m+1,...,n) with small C* norms ||Hs||c1jo,400) (s =m+1,...,n), such that
the mized initial-boundary value problem (2.1), (2.12) and (2.9)—(2.10) admits a unique C* solution u = u(t, )
with small C* norm on the domain R = {(t,x)|t > 0,0 < x < L}, which fits exactly the given values vy = ¥s(t)
(s=m+1,...,n) onxz =L fort > T, namely, the given value u = u(t), on the boundary node x = L fort > T,
where u(t) is defined by the following implicit relationship

n

() =Y w(t)ra(a(t)), (2.15)

i=1

il

in which
Up(t) = Gr(ar(8), Omp1(t)y ..., 0 (8)) + Ho(t) (r=1,...,m) (2.16)

satisfying (2.11).

Remark 2.6. Using (2.11) and (2.16), one easily gets, thanks to the implicit function theorem, there exists
p > 0 such that, if the C*! norms of H,.(t) (r = 1,...,m) and 9(t) (s = m+1,...,n) are sufficiently small, then
there is a unique @(t) € C* such that (2.15) holds and its C! norm is less than p.

We next consider the effect of the exponential or polynomial decaying property possessed by the nodal
profile and the given boundary functions on the boundary controls and the solution to the corresponding mixed
initial-boundary value problem. For the case with the exponential decaying property, we have

Theorem 2.7. Suppose that T satisfies (2.14). Suppose furthermore that the initial data p(x) possesses a
suitably small C* norm ||¢||c1jo,z), the boundary functions H,(t) (r =1,...,m) and a;(t) (i =1,...,n) satisfy

masx sup{e"((H(8)] + (0] + ou(®)] + af())} < 1 (27)

in which a is a positive constant. Moreover, the conditions of C' compatibility at the point (t,z) = (0, L) are
assumed to be satisfied. Then, for the given nodal values v4(t) (s =m+1,...,n) onx =L fort > T, satisfying

max nfﬁg{e“(@“)‘ +]oL ()} < 1, (2.18)

there exist boundary controls Hs(t) (s=m+1,...,n) with
SHHL(0) + [HUO) < Ky (s=m+1,...m), V>0, (2.19)

where Ky is a positive constant independent of t, such that the mized initial-boundary value problem (2.1),
(2.12) and (2.9)-(2.10) admits a unique C* solution u = u(t,z) on the domain R = {(t,x)|t > 0,0 < x < L},
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satisfying
e (Ju(t,z)| + |ue(t,z)|) < Ko, VE>0, 0<z <L, (2.20)
where Ko is a positive constant independent of t and x, and fitting exactly the given values vs = vs(t) (s =
m+1,...,n), namely, the given value u = u(t) (see (2.15)), on the boundary node x = L fort > T.
For the case with the polynomial decaying property, we have
Theorem 2.8. Suppose that T satisfies (2.14), Suppose furthermore that the initial data p(x) possesses a
suitably small C* norm ||¢||c1jo,z), the boundary functions Hy(t) (r =1,...,m) and a;(t) (i =1,...,n) satisfy

max 3213{(1 + O (H )]+ [Hy ()] + [ea(t)] + af (D))} < 1, (2.21)

in which u is a nonnegative constant. Moreover, the conditions of C1 compatibility at the point (t,z) = (0, L) are
assumed to be satisfied. Then, for the given nodal values v4(t) (s=m+1,...,n) onx =L fort > T, satisfying

max  sup{(L+ 6" (5,(0)] + [T (0]} < 1, (2.22)
s=m+1,....n t>T

there exist boundary controls Hg(t) (s=m+1,...,n) with
A+ O (H (O] + [HO) < Ka (s=m+1,....m), V20, (2.23)

where K3 is a positive constant independent of t, such that the mized initial-boundary value problem (2.1),
(2.12) and (2.9)—(2.10) admits a unique C* solution u = u(t,z) on the domain R = {(t,x)|t > 0,0 <z < L},
satisfying

(1 + ) (Jult, 2)| + Ju(t,2)]) < Ky, VE>0, 0< 2 < L, (2.24)

where Ky is a positive constant independent of t and x, and fitting exactly the given values vs = Vs(t) (s =
m+1,...,n), namely, the given value u = u(t) (see (2.15)), on the boundary node x = L fort>T.

The proof of Theorems 2.7 and 2.8 will be given in Sections 4.2 and 4.3, respectively.

Remark 2.9. In Theorem 2.8, if 1 + 1 in (2.21) and (2.22) is replaced by a positive constant w, the corresponding
result still holds. This means that for the case with the polynomial decaying property, the decay can be slower
than (1+¢)~%

Remark 2.10. When the nodal profiles are given at the boundary node x = 0, the exact boundary controllabil-
ity of nodal profile can be similarly defined. In this case, if the boundary functions Hy(t) (s =m+1,...,n) and
the nodal values 0,.(t) (r=1,...,m) on z = 0 for ¢t > T satisfy the corresponding conditions as in Theorems
2.5, 2.7 or 2.8, there exist boundary controls H,.(t) (r = 1,...,m) such that the similar results hold, provided
that (2.14) is replaced by

1
T > L max
P2 TA0)]

. (2.25)

Remark 2.11. If A and F also depend on = but u in the system (2.1) and F(z,u) satisfies

F(z,0) =0, (2.26)
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under assumption that X;(z,u), l;(z,u) (resp. ri(x,u)) and f;(z,u) (i = 1,...,n) are C! functions with finite
C" norms, the corresponding results to Theorems 2.5, 2.7 and 2.8 can be obtained. Based on them, we can
prove the asymptotic stability of any given C' stationary state for all initial data satisfying the conditions of C!
compatibility in a C''-neighborhood of the stationary state and for any given nodal profiles in a sufficiently small
C'-neighborhood of boundary data corresponding to the stationary state (see [6]). This is an interesting and
important problem, we will discuss further it in another paper, specially for the application to the Saint-Venant
equations.

3. SEMI-GLOBAL C'! SOLUTIONS TO THE ONE-SIDED MIXED
INITIAL-BOUNDARY VALUE PROBLEM ON A SEMIBOUNDED INITIAL AXIS

In order to prove Theorems 2.5, 2.7 and 2.8, it is necessary to discuss the existence and uniqueness of semi-
global C* solution to the one-sided mixed initial-boundary value problem on a semibounded initial axis. Some
related results can be found in [11, 15].

3.1. One-sided mixed initial-boundary value problem for the general initial data with
small C' norm

In this section, we consider the semi-global classical solution to the one-sided mixed initial-boundary value
problem for system (2.1) with the initial condition

t=0: u=¢), >0 (3.1)

and the boundary conditions (2.9). Here, we still suppose that (2.7) and (2.11) for s = m+1,...,n are satisfied.
We have the following

Theorem 3.1. Suppose that l; (resp. i), Mi, fi, Gs, Hs, as (i=1,....,n;8s =m+1,...,n) and ¢ are all
C! functions with respect to their arguments, and the conditions of C' compatibility at the point (t,x) = (0,0)
are satisfied. Then, for a preassigned and possibly quite large Ty > 0, the one-sided mized initial-boundary
value problem (2.1), (2.9) and (3.1) admits a unique C' solution u = u(t,z) with small C* norm on the
domain R(Tp) = {(t,x)| 0 <t < Tp,0 < x < +oo}, provided that ||¢||c1jo,+00) and ||Hsllcrjo,,) are suitably
small (depending on Ty ).

In order to prove Theorem 3.1, we need the local existence and uniqueness of C! solution to the one-sided
mixed initial-boundary value problem (2.1), (2.9) and (3.1). For this purpose, taking a positive constant A
satisfying

A>  max A (0), (3.2)

s=m+1,...,n

according to Theorem 4.1 and Remark 4.3 of Chapter 1 in [18], there exists a suitably small § > 0 such that
the initial problem (2.1) and (3.1) admits a unique C* solution u = u1(t,z) on the domain R;(8) = {(¢, )|z >
At, 0 <t < §}. Then, noting that the conditions of C'!' compatibility at the point (¢,2) = (0,0) are satisfied,
according to Theorem 2.1 and Remark 2.4 of Chapter 4 in [18], there exists a suitably small 6* € (0, ] such
that the general boundary value problem (2.1), (2.9) and

x=AM: u=u(t,At) (3.3)

admits a unique C! solution u = us(t,z) on the domain Ry(6*) = {(t,2)[0 < x < M, 0 <t < §*}. Noting
again that the conditions of C! compatibility at the point (t,z) = (0,0) are satisfied and x = At is not the
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characteristic curve, hence,

> < *
u(tw):{ ui(t,z), x>, 0<t<5%, (3.4)

us(t, ), 0<ax <A, 0<t<H*

is a unique C'! solution to the one-sided mixed initial-boundary value problem (2.1), (2.9) and (3.1). Based on
the local existence and uniqueness of C! solution, in order to prove Theorem 3.1, it is only necessary to prove
the following

Lemma 3.2. Under the hypotheses of Theorem 3.1, for a preassigned and possibly quite large Ty > 0, if
lellctjo+00) and ||Hsllcrjo,my) are suitably small (depending on Ty), then, for any C! solution u = u(t,x) to
the one-sided mized initial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T) = {(t,z)|0 <t <
T,z > 0} with 0 < T < Tp, we have the following uniform a priori estimate:

lut, Yl = fult, Yo + lux(t o < C(Ty), ¥t [0, T, (3.5)

where C(Ty) is a sufficiently small positive constant independent of T but possibly depending on Tp.
Proof. Let

By (2.5), we have

u= Z viri(u) (3.7)

and
n
Uy = Z w;r; (w). (3.8)
i=1
Noting (2.6), in order to estimate u and u,, it suffices to estimate v;(¢,x) and w;(¢t,x) (i =1,...,n) on R(T),
namely, estimate v = (vy,...,v,) and w = (wy, ..., wy).

By the formulas on the decomposition of waves (see [7, 11, 15, 16, 20]) and noting (2.2) and (3.7), we have

d’l)i i L. .
T = 2 Bur@vpwe Y By(wy; (i=1,...n) (3.9)
U Gk=1 j=1
and
dwi n n B .
T = O vae(wwwe Y Fy(wwy (=1,...n), (3.10)
! k=1 =1
where
d 9 B
ot Ai(U)% (3.11)
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denotes the directional derivative with respect to ¢ along the ¢th characteristic,

Bijk(u) = ()\k(u) — )\i(u))li(u)VTj(u)m(u), (3.12)
() = 5 (0 ) = M) ) T ) — Vs (e + GTR) (3.13)
1
Bij(u) = Z Lip(uw)rg; (w) ; %u;u)dT —Li(w)Vr;(uw)F(u), (3.14)
p,k=1
Fij (W) = Li(w) VF(u)r;(uw) — L;(w) Vrj(w) F(u), (3.15)

in which (j|k) stands for all terms obtained by changing j and k in the previous terms.
For the time being we assume that on the domain R(T'),

ot 2)| <no,  [w(t, )] < m, (3.16)

where 7y and 7; are suitably small positive constants. At the end of the proof, we will explain the validity of
hypothesis (3.16).
Then, noting (2.6) and (3.7), we have

lu(t, )| < nno, ¥(t,z) € R(T). (3.17)
Let
Vo(t) = sup lu(t,x)], Wol(t) = sup lw(t, z)]. (3.18)

(1) For each r = 1,...,m, passing through any given point (¢,z) € R(T), we draw down the rth characteristic
Cy: & =&.(7;t,x). Noting (2.7), this characteristic must intersect the z-axis at a point (0, 2, ). Integrating
the rth equation in (3.9) along C,. from 0 to ¢ yields

v (t, ) = v, (0, zoy) —|—/0 ( Z Brjk(W)vjwy + Z/S’Tj(u)vj> (1, & (T3 ¢, z))dT. (3.19)
jk=1 j=1

Then, noting (3.16)—(3.17), we have

v (t, 2)] < |vr (0, or)| + Cl/o Vo(r)dr. (3.20)

Here and hereafter, ¢; (i = 1,2,---) denote positive constants possibly depending on 7, 71 and Tp.
(2) For each s = m+ 1,...,n, passing through any given point (¢,2) € R(T'), we draw down the sth
characteristic Cy : £ = &5(7;t, ). Noting (2.7), there are two possibilities:
(i) The sth characteristic C intersects the z-axis at a point (0, z¢s). Similarly to (3.20), integrating the
sth equation in (3.9) along Cs from 0 to ¢ gives

|vs (t, )| < [vs(0, mos )| + 02/0 Vo(7)dr. (3.21)
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(ii) The sth characteristic Cy intersects the t-axis at a point (tgs,0). Integrating the sth equation in (3.9)
along Cy from o, to t yields

vs(t, ) = vs(tos, 0) / ( Z Bsjk(w)vjwy —|—Zﬁ~sj(u)vj)(7, &s(mit,x))dr. (3.22)
tos j,k=1 Jj=1

Noting (2.11), by the boundary conditions (2.9) we have
t()s, Z tOs (U% tos,O) + Hs(t()s), (323)

in which

Loa,

C_;’srts =
)= | 5o

— (as(tos), Tv1(t0s, 0), - - ., TV (tos, 0))dT. (3.24)

Noting (3.20), by (3.22)—(3.23) we have
oot )| < HIZM (0, 00)| + | H(tos) |+c3/ Vo(r (3.25)
r=1

henceforth x; (i = 1,2,---) denote positive constants depending only on Ty. Combining (3.20)—(3.21)
and (3.25), we obtain

t
Va(t) < rallo(0, o + [ Hllcony + 1 | Va(r)ar (3.26)
0
where H = (Hy41, - - ., Hp). Then, by means of Gronwall’s inequality, we have
Vo(t) < rgmax{[[v(0,)]lo, [[Hlcopo,ry)}, Yt € [0,T]. (3:27)

Noting (2.8) and (3.1), we get
Vo(t) < kamax{|l¢llcoo,+00)s [[H |[copo, 1)}, VE € [0,T7. (3.28)
Then, by (3.7), we finally obtain
lu(t, z)| < ks max{||llcofo,+o0) [ H cop,zp }, V(t x) € R(T). (3.29)
We next estimate Wo(t).
(I) Similarly to (1), for each r = 1,...,m, passing through any given point (¢,z) € R(T), we draw down the

rth characteristic C,. : £ = &.(7;t,x) which intersects the z-axis at a point (0, xq,). Integrating the rth
equation in (3.10) along C, from 0 to ¢ yields

wr(t,x) = wr(0, zor) / ( Z Vrik(Wwjwg + Z%j(u)wj)(r, & (it x))dr. (3.30)

Gk=1 j=1
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Hence, we have
t
|w,-(t, )| < |w,-(0, 2o, )] +C5/ Wo(r)dr. (3.31)
0

(IT) For any given point (¢t,z) € R(T'), we draw down the sth characteristic Cs : £ = & (3¢, 2) (s = m +
1,...,n). As before, there are two possibilities:
(i) The sth characteristic C intersects the x-axis at a point (0, zgs). Integrating the sth equation in (3.10)
along Cs from 0 to t, similarly to (3.31), we have

s (£, 2)] < w0, 05)]| + o / Wo(r)dr. (3.32)

(ii) The sth characteristic Cy intersects the t-axis at a point (fgs,0). Integrating the sth equation in (3.10)
along Cs from tgs to t yields

wg(t, &) = ws(tos, 0) / ( Z Yojk(W)wjwg + Z’ysj(u)wj)(r, &s(T3t,x))dr. (3.33)

g k=1 j=1

Hence, we have
t
s (t,2)] < [ws (tos, 0)] + ¢ / Wo(r)dr. (3.34)
tos

In order to estimate |ws(tos,0)|, differentiating the boundary conditions (2.9) with respect to t gives

r=0: %:%(as(t),vl,..., —|—Z )y U1y ey )a;tr Hi(t) (s=m+1,...,n
(3.35)
y (2.8) and noting (2.1)—(2.2) and (3.7)—(3.8), we have
(%i
5 = Li(w)uy +ul Vi (u)u
T
- li(u)( ~ Aw)ug + F(u)) + ( ~ Aw)ug + F(u)) Vi (u)u
= —\i(w)w; + ;(u)F(u) ( Z wirk(u ) Z vir;(u
= —Xi(Ww; — Y ()\kﬁ{(u)wi(u) )ijk + Z / VF(ru)drr;(u ))UJ
jk=1
+ Z (r,{(u) /0 VFT(Tu)dTVli(u)rj(u))vjvk. (3.36)
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Then, noting (2.7) and (3.16), for 79 > 0 small enough, by (3.35)—(3.36) we get

z=0: wSZZfS)(tau)wr“‘Zfs(?(
r=1 Jj=1
(¢, u)HL(t
+S%:+1fss 6a—( s(t),v1,...,0 S;rlf u) Hg(t), (3.37)

where fs(%)(t,u), f(Q)(t u), f(g)(t u) and fss (t,u) are continuous functions of ¢ and u. Noting (2.11), w
have

oG
8(1: (as(t),0,...,0)al(t) = 0. (3.38)
Then, from (3.37) it follows that
r=0: wy = Zf (t, u)w, + fs(t,u) + Z f(4)(t u)HL(t), (3.39)
r s5=m-+1
where fs (t,u) is a continuous function of ¢ and u, moreover,
d(u) = sup |fs(t,u)] =0, as|ul— 0. (3.40)
0<t<Ty
s=m+1,..., n
Hence, by (3.39) we obtain
|wS(tOS7 0)| S Re Z |w7“(t057 0)' + K7 (d(u) + HHI”CO[O,T()])' (341)
r=1
Thus, noting (3.31), by (3.34) and (3.41) we have
t
ws(t, )| < ks [w(0,)llo + £7(d(w) + | H || coo,r)) + 08/ Wo(r)dr. (3.42)
0

Then, combining (3.31) and (3.42) and noting (3.1) and (3.6), by Gronwall’s inequality we get
Wo(t) < ko max{|lollcrjo,+o0), d(w) + [[Hlcrjo,m1},  VE € [0,T]. (3.43)

Noting (3.8) and (3.40), (3.5) follows from (3.29) and (3.43).

Thus, by (3.28)—(3.29), (3.40) and (3.43), it is easy to see that Vy(¢) and Wy(t) are small enough on
[0,T] (0 <T < Tp) when [|¢||c1j0,+00) and [[H||¢170,1,] are sufficiently small. Hence, hypothesis (3.16) is
reasonable.

The proof of Lemma 3.2 is complete.
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3.2. One-sided mixed initial-boundary value problem for the initial data with the
exponential decaying property

In this subsection, we consider the effect of the exponential decaying property possessed by the initial data
on the solution to the one-sided mixed initial-boundary value problem. The hypotheses of the regularity of all
the given functions and the C! conditions of compatibility at the point (0,0) are the same as Theorem 3.1.

Let

0= sup { e (lp(a)] + ¢/ (@)]) }. (3.44)

where a > 0 is a positive constant.
We have the following

Theorem 3.3. For a preassigned and possibly quite large Ty > 0, if 6 and ||Hs|lcrjo,1,) are suitably small
(depending on Ty), then the one-sided mized initial-boundary value problem (2.1), (2.9) and (3.1) admits a
unique C solution u = u(t,z) on the domain R(Ty) = {(t,x)| 0 <t < T,z > 0}, moreover, we have

e‘”“<|u(t,x)\ + |uw(t,x)|> < O(Ty), Yte[0,Ty), >0, (3.45)

where C(Tp) is a sufficiently small positive constant possibly depending on Tp.
To prove Theorem 3.3, it is sufficient to prove the following

Lemma 3.4. Under the hypotheses of Theorem 3.3, for any C' solution u = u(t,x) to the one-sided mized
ingtial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T) = {(t,2)|0 <t < T,0 < z < 400}
with 0 < T < Ty, we have the following uniform a priori estimate:

e‘“”(|u(t,sc)| + |uw(t,x)|) < CO(Ty), Vte[0,T], >0, (3.46)

where C(Tp) is a sufficiently small positive constant independent of T but possibly depending on Tp.

Proof. The proof of this lemma is similar to that of Lemma 3.2. In what follows, we only point out some
essentially different points.
Let

V(t) = sup{e®®|v(t,x)|}, W(t) = sup{e®|w(t,x)|}. (3.47)

x>0 x>0
For the time being we assume that on the domain R(7T") we have
[o(t, )| < o, |w(t,x)| < by, (3.48)
where §p and d; are suitably small positive constant. At the end of the proof, we will explain the validity of

hypothesis (3.48).
By (3.9) and (3.10) we have

d ax i . n n ~
% = e (aXiCw)oi + 3 Bl + ; Bis(w; ) (3.49)

k=1



ASYMPTOTIC STABILITY OF THE EXACT BOUNDARY CONTROLLABILITY OF NODAL PROFILE 13

and
d(e‘”wi) az n n )
o = (a)\i(u)wi + Z Yijk (W) wjwg + Z'}/ij (u)wj). (3.50)
J,k=1 j=1
In the present situation, for r = 1,...,m, integrating the rth equation in (3.49) along the rth characteristic

C: & =&.(7;t,x) passing through (¢,2) € R(T) from 0 to ¢, instead of (3.19), we have

t n n
e, (t, x) =e 0, (0, 2o,) +/ et (a)\r(u)vr + Y Bejr(wojwy + ZBW(U)%)(% (Tt x))dr,  (3.51)
0

dk=1 j=1

then, noting (3.44) and (3.48), we get
¢
e v (t, x)| < K108 + C9/ V(r)dr. (3.52)
0

For s =m+1,...,n, if the sth characteristic Cy : £ = £s(7;t, x) passing through (¢,x) € R(T) intersects the
z-axis at a point (0, z¢s), integrating the sth equation in (3.49) along Cy from 0 to ¢, similarly to (3.52), we
have

t
e vs(t,x)| < K116 + 010/ V(r)dr. (3.53)
0

If the sth characteristic Cy : £ = £,(7;t, x) passing through (¢,z) € R(T) intersects the t-axis at a point (tgs, 0),
integrating the sth equation in (3.49) along C; from tgs to ¢, instead of (3.22), we have

o (t) =unlton 0+ [ e (Aot 30 Aguluvun+ 30 Byl )(mlrsta)dr. (@54)

tos k=1

Since we have (3.23) on the boundary x = 0, noting (3.48), we get from (3.54) that

m t
elvs(t, z)| < K12 Z |vp(tos, 0)| + |Hs(tos)| + 011/ V(r)dr. (3.55)

r=1 tos
Then, noting (3.52), we obtain
t
e‘””|vs(t, $)| S n136‘ + ||HS||0 + 012/ V(T)d’r (356)
0
Combining (3.52)—(3.53) and (3.56) yields
¢
V(t) < k146 + || Hslo + C13/ V(r)dr. (3.57)
0

Then, by means of Gronwall’s inequality, we get

V(t) < ks max{0, || H||cojo, 1, }- (3.58)
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We now estimate W (¢).
In the present situation, for r = 1,...,m, integrating the rth equation in (3.50) along the rth characteristic
Cy: & =& (7;t,x) passing through (¢,2) € R(T) from 0 to ¢, instead of (3.30), we have

t n n
e w,.(t, x) :e”o"wr((),xw)—l—/ e“g"'(a)\r(u)wr—f— g Yrijk(Wwjwg + E '?Tj(u)wj)(T,ET(T;t,:U))dT. (3.59)
0 ; 4
7,k=1 j=1

Then, noting (3.44) and (3.48), we get
¢
e, (£, 2)] < K150 + c1a / W(r)dr. (3.60)
0

For s =m+1,...,n, if the sth characteristic Cy : £ = £s(7;t, x) passing through (¢,x) € R(T) intersects the
z-axis at a point (0, z¢s), integrating the sth equation in (3.50) along Cy from 0 to ¢, similarly to (3.60), we
have

t
e ws(t,x)| < k166 + 015/ W (r)dr. (3.61)
0

If the sth characteristic Cy : £ = &(7; ¢, x) passing through (¢,2) € R(T) intersects the t-axis at a point (¢gs,0),
integrating the sth equation in (3.50) along C; from s to t, instead of (3.33), we have

t n n
€%, (1, 2) =y (Fos, 0) + / Qate (a)\s(u)u)s + 3 v (w)wywy +Z%j(u)w]—)(T,gs(T;t, Z)dr.  (3.62)
tos k=1 j=1

Noting (3.41), (3.48) and (3.52), we get from (3.62) that
t
eaaz|ws(t, aj‘)| < K17 (0 + d(u) —+ ||H/||CO[O,T0]) —+ Clﬁ/ W(T)dT (363)
0
Combining (3.60)—(3.61) and (3.63) gives

t
W(t) < K18 (9 + d(u) + ”H/”CO[O,TO]) + 017/ W(T)dT. (3.64)
0

Then, by means of Gronwall’s inequality, we get
W (t) < kg max{0,d(u) + | H||crjo, 1)} (3.65)

Noting (3.7)—(3.8) and (3.40), (3.46) follows from (3.58) and (3.65).

Thus, by (3.40), (3.58) and (3.65), it is easy to see that V' (¢) and W (¢) are small enough on [0,7] (0 < T < Tp)
when 6 and || H||¢1(o,7,) are sufficiently small. Hence, hypothesis (3.48) is reasonable.

The proof of Lemma 3.4 is complete. O
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3.3. One-sided mixed initial-boundary value problem for the initial data with the
polynomial decaying property

In this section, we consider the effect of the polynomial decaying property possessed by the initial data on
the solution to the one-sided mixed initial-boundary value problem. The hypotheses of the regularity of all the
given functions and the C'! conditions of compatibility at the point (0,0) are the same as Theorem 3.1.

Let

6 =sup {(1+ )"+ (jp(@)| + ¢/ (@)]) }, (3.66)
z>0

where p is a nonnegative constant.
We have the following

Theorem 3.5. For a preassigned and possibly quite large Ty > 0, if 0 and ||Hy||c1jo,r,) are suitably small
(depending on Ty), then the one-sided mized initial-boundary value problem (2.1), (2.9) and (3.1) admits a
unique C solution u = u(t,z) on the domain R(Ty) = {(t,z)| 0 <t < Ty, z > 0}, moreover, we have

1+ I)H“(\u(t,xﬂ + \ur(t,z)|) <O(Ty), Vtel0,Ty), = >0, (3.67)

where C(Tp) is a sufficiently small positive constant possibly depending on Tp.
To prove Theorem 3.5, it is sufficient to prove the following

Lemma 3.6. Under the hypotheses of Theorem 3.5, for any Cl solution u = u(t,x) to the one-sided mired
initial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T) = {(t,2)|0 <t < T,z > 0} with
0 < T < Ty, we have the following uniform a priori estimate:

(1+2)1 7 (Ju(t, 2)] + s (t,2)]) < C(Ty), V€ [0,T], @20, (3.68)

where C(Tp) is a sufficiently small positive constant independent of T but possibly depending on Tp.
Proof. To prove Lemma 3.6, in the present situation we replace (3.49)—(3.50) by the following

d((1 + ) H;) " . n no
B v =(1+2x) u<(1 +mXi(uw) (L +2) o+ D Bijk(w)vjwg + Zﬁij(u)vj) (3.69)
Jik=1 j=1
and
d““j—w =(1+2) 1 (1 p)ha(w) (L + ) e+ S (e + i%(u)wj). (3.70)
' Jrk=1 j=1
Then, this lemma can be proved similarly to Lemma 3.4. We omit the details here. O

4. THE PROOF OF MAIN THEOREMS
4.1. Proof of Theorem 2.5

In this subsection, we still use the constructive method with modular structure suggested in [8] and [10] to
prove Theorem 2.5. The proof is divided into the following several steps.



16 L. WANG ET AL.
Step 1. From (2.14), it is easy to see that there exists an g9 > 0 so small that

T <T, (4.1)
where

1
Ty =L max max . (4.2)

lul<eo s=m+1,...n Ag(u)

On the domain R(Ty) = {(t,z)|0 <t < T3,0 < z < L}, we solve a forward mixed initial-boundary value
problem for the system (2.1) with the initial condition (2.12), the boundary condition (2.10) on z = L and the
following artificial boundary conditions on x = 0:

r=0: wv,=gs(t) (s=m+1,...,n), (4.3)
where gs(t) (s =m +1,...,n) are arbitrarily given C* functions with suitably small C'*[0,T}] norm, satisfying
the conditions of C! compatibility at the point (¢, z) = (0,0).

By the result about the semi-global C'! solution to the mixed initial-boundary value problem (see [11]), this
forward problem admits a unique C* solution u = u¢(¢, z) with small C* norm on R(7}). In particular,

lup(t, )| <eo, V(t,x) € R(T1). (4.4)
Thus, we can determine the value of us(t,z) on = L, denoted as @(t) (0 <t <Tj) and its C*[0,71] norm is

small.
Step 2. Noting (4.1), there exists u(t) € C! on the time interval [0, +o0), such that

u(t) = { ggg ?ZS;S 7, (4.5)

which satisfies the boundary condition (2.10) on ¢ > 0, and

supd (Ju(t) + [/ (0]} < 1. (4.6)
where @(t) is given by
u(t) = Z v; (t)ri(u(t)) (4.7)

with

By (t) = Gyl (t), Tmga (1), .- Tn(t)) + Ho(t) (r=1,...,m).

In order to guarantee that (4.6) holds on the whole time interval ¢ > 0, we only need to show that a(t)
satisfies

[l crpr, o0y < 1. (4.8)
For the time being we assume that on the time interval [T, +00), we have

[a(t)| <o, [@'(t)] < 1, (4.9)
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where ¥y and 11 are suitably small positive constants. We will explain the validity of hypothesis (4.9).
By the boundary condition (2.10) and noting (2.11), for ¢ > T" we have

0(t) = G (t), Om1 (t), ..., On(t)) + Hp(t)
— G(n (), Brast (B)s e+, 5 () — Go(an(t), 0, .., 0) + Ho(8)
_ %fr (), VBt (£), o nBn (8)Fs(t) + Ho () (v € (0,1); 7 =1,...,m), (4.10)
s=m+1 S

where v, depends on ¢, and

() = gi( (8)s Tt (B), -, Bt Z 1), Dt (£); -+ B (O)TL(E) + HL(E) (r=1,...,m).

Then, noting (2.6) and (4.9), for ¢t > T we get

r=1 s=m+1
n m
< D IBulleomrson + I IHrlcom, o)) (4.12)
s=m-+1 r=1
and
=/ - =/ = = or; =/
@) = Yo @n) + > nm (Y 5w,
i=1 i=1 j= J
WA ory _, Ors i
<O+ Y |+Zlvr |3 i) + |\Z 5(0)
r=1 s=m-+1 j=1 j s= m+1
<on( 3 Il + 3 (1 lerrsom + lotllonmon)): (1.13)
s=m-+1 r=1
where we also used that 7;(u) (i = 1,...,n) are C* functions of u. Thus, noting that || H,||c1(0,400), ||l [0,400)

and ||0s||c177,400) are suitably small, we get (4.8) immediately. Moreover, we also obtain that hypothems (4.9)
is reasonable.

Step 3. Noting (2.7), we exchange the role of ¢t and z, and solve a leftward one-sided mixed initial-boundary
value problem on R = {(¢,z)|t > 0,0 <z < L} for the system (2.1) with the initial condition u = u(t) (¢ > 0)
on x = L and the boundary condition on ¢ = 0, reduced from the original initial condition (2.12), namely, we
solve the following one-sided mixed problem:

Ou ou _
3+ A (u )E = A7 (u)F(u), (4.14a)
x=L: u=u(t), t>0, (4.14b)

t=0: v, =v(x) =l (p(x)p(x) (r=1,...,m), 0<z<L. (4.14c¢)
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According to Theorem 3.1, this leftward problem admits a unique C* solution u = u(t, ) with small C* norm
on R. In particular, we have

lu(t, z)| + |ut(t,x)| <ep, VE>0, 0<z <L (4.15)

This C! solution u = u(t,z) satisfies (4.14a) and (4.14b), hence it does the system (2.1) and the boundary
condition (2.10) on = L. Moreover, u = u(t, ) also satisfies the initial condition (2.12) at ¢ = 0 as we are going
to show it. In fact, both u = u(t,z) and u = uy(t,z) are C* solutions to the one-sided mixed initial-boundary
value problem for the system (4.14a) with the initial condition

r=L:u=a(t), 0<¢t<Ty (4.16)
and the boundary condition
t=0: v, =v(x) =l (p(x)p) (r=1,...,m), 0<z<L. (4.17)

The C* solution to the one-sided leftward mixed initial-boundary problem (4.14a) and (4.16)—(4.17) is unique
on the maximum determinate domain

Q= {(t,2)|0 <t <t(x),0 << L}, (4.18)

where t = t(z) denotes the downmost characteristic passing through the point (z,¢) = (L,T1):

1
t(z) = S
(z) = _max X (u(t(z), 7))’ (4.19)
¢(L) = Ty.
Noting (4.2), (4.4) and (4.15), the triangular domain
11
Q= (Lo <t<lro<a<i) (4.20)

must be included in the maximum determinate domain Q of this one-sided mixed problem. Hence, the interval
0 < x < L on the initial axis ¢ = 0 is contained in the maximum determinate domain  of this one-sided mixed
problem. Thus, u = u(t,z) coincides with v = uy(t,z) on the interval {t = 0,0 < z < L}, then u = u(t, z)
satisfies the initial condition (2.12) at ¢t = 0 (see [8, 19]).

Step 4. Substituting u = u(t,z) into the boundary condition (2.9) on = = 0, we get the desired boundary
controls H(t) (s=m+1,...,n) for t > 0, moreover, since by (2.11) we have

Hy(t) = vs(t) — Go(as(t), vi(t), ..., vm(L))
= vy(t) — (Gs(as(t),vl(t), (1)) — Gs(al(t),o,...,o))

() = Y G (0 (0 v ()00(0) (5 € (0,1), (1.21)

where v depends on t, and

G, , “
~ . (ozs(t),vl(t), .. .,vm(t))as(t) - Z 3

H() = (1)

S
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for t > 0 we get

[Hs(t)] < casllu(-,0)[lcofo,+00) (4.23)

and
HL(8)] < 20 (I[u-, 0) oo, 00 + 0 oo, o0 ) (4.24)

Thus, noting (4.15) and that [|as||c1(0,00) is small, we obtain that || H;||c1(0,00) is also small.
The proof of Theorem 2.5 is finished.

4.2. Proof of Theorem 2.7

The proof of Theorem 2.7 is similar to that of Theorem 2.5. In what follows, we only point out some essentially
different points.
In the present situation, instead of (4.6), we should ask u(t) to satisfy

iglg{eat(\U(t)l + ()} < 1. (4.25)

In order to do so, we only need to show that u(t) satisfies

sup{e ()| +1 (1))} < 1. (4.26)
By (4.10) we have
(1) < esne( _Z+ 5.(6)] + i (1)) (4.27)
On the other hand, by (4.11) we have
Ui (1)] < ese( ; (12(8) + 17.0)]) + i (IH(0)] + HL ()] + o (1)) ) (4.28)

Then, by (2.17) and (2.18), (4.26) follows from (4.27)—(4.28).
In the present situation, according to Theorem 3.3, the leftward one-sided mixed initial-boundary value
problem (4.14) admits a unique C! solution u = u(t, x) on R, satisfying

e (Ju(t,z)| + lug(t,z)|) < eze, VE>0,0<z<L. (4.29)

Finally, substituting v = u(t,x) into the boundary condition (2.9) on x = 0, we get the desired boundary
controls Hs(t) (s =m+1,...,n) for ¢t > 0, moreover, noting (4.21)—(4.22), we have

e H (1)) < cage™ (Jos (1) + D o (1)) < eaa (4.30)
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and
e HL(B)] < esse (I0L(0)] + ol (®)] + D [ (0)]) < ese. (4.31)
r=1

The proof of Theorem 2.7 is finished.

4.3. Proof of Theorem 2.8

In order to prove Theorem 2.8, in the present situation, instead of (4.6), we should ask u(t) to satisfy

sup{(1 + ) (Ju(t)] + [u/ (1))} < 1. (4.32)

t>0

Then, this theorem can be proved similarly to Theorem 2.7. We omit the details here.

5. APPLICATION

In this section, we consider the exact boundary controllability of nodal profile on a semibounded interval for
Saint-Venant system for unsteady flows on a single open canal.
Suppose that the canal is horizontal and frictionless, the corresponding system can be written as (see [1, 19])

t>0, 0<z<L, (5.1)

)

0A | 9(AV) _
{ ot + or 0’

ov oS _
ot T oz =0,

where L is the length of the canal, A = A(t,x) is the area of the cross section occupied by the water at = at
time ¢, V = V(¢t,x) is the average velocity over the cross section and

S = %W + gh(A) + Y5, (5.2)
where g is the gravity constant, constant Y, denotes the altitude of the bed of canal, and
h=h(A) (5.3)
is the depth of the water, h(A) being a suitably smooth function of A, such that
W' (A) > 0. (5.4)
For system (5.1), we consider a subcritical equilibrium state (Ag, Vp) which, by definition, satisfies

‘V0| < \/ngh/(AU). (55)

It is easy to see that, in a neighbourhood of any given subcritical equilibrium state (A, V) = (4o, Vo), (5.1) is
a strictly hyperbolic system with two distinct real eigenvalues

A =V — VgAR (A) < 0 < Ay = V + \/gAR'(A) (5.6)
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and the corresponding left eigenvectors can be taken as

I = (— gh;(lA),l), ly = ( gh;(lA),l). (5.7)

We consider that the mixed initial-boundary value problem for system (5.1) with the initial condition

t=0: (A V)= (Ag+A(x),Vo+Vo(z)), 0<z<L (5.8)

and the flux conditions
z=0: AV = A()VO + QQ(t), (59)
=L: AV =AVo+ q(1). (5.10)

We introduce the Riemann invariants (r, s):

(5.11)

where

G(A) = /A A ,/gh;(T) dr. (5.12)

Then, we have

V=r+s+V,
(5.13)
A=H(s—r) >0,
in which H is the inverse function of G and
H(0) = Ay (5.14)
and
Ao
H'(0) = > 0. 5.15
It is easy to see that
(A, V) = (Ao, Vo) < (r,5) = (0,0). (5.16)
In a neighbourhood of (4g, Vp), system (5.1) can be equivalently rewritten as
{ Lo (5.17)
% + >\2(T75)% = Oa
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where

{ Al(r,s):rJrerVo—\/gH(s—r)h’(H(sz)) <0,
Ao(r,8) =71+ s+ Vo++/gH(s —r)h/(H(s — 1)) > 0.

The boundary conditions (5.9) and (5.10) can be rewritten as

2=0: Q(rs,q2(t) L (r+s+Vo)H(s—1) — AgVo — ga(t) =

x=L: T(r,s,q(t)) Lef (r+s+Vo)H(s—1)—AVo — q1(t) =

Q.

Since

oQ Ao

—= = VgAoh/(A

0s 1(0,0) gh'/(Ap) ( 940k (Ao) + VO) >0,
orT Ay

E‘(o,o) - gh'/(Ap) ( VgAoh'(Ao) — VO) <0,

the boundary conditions (5.19) and (5.20) can be equivalently rewritten as

x=0: s=Ga(qft),r),
x=L: r=Gi(q(t),s)

with
G2(0,0) = G1(0,0) =0,
provided that r and s are small enough. Thus, we have

=0: s5=Gs(q(t),r) + Halt),
=L: r=GCGiq(t),s)+ Hi(t),

in which

Ga(q2(t),r) = Ga(ga(t), 1) — Ga(q2(1),0),  Ha(t) = G2(q2(1),0)

and

Gi(qi(t),7) = Gi(q1(t),7) — G1(q1(1),0), Hi(t) = G1(q:(t),0).

Then, based on Theorems 2.5, 2.7 and 2.8, we have
Theorem 5.1. Let

L

T> ———.
)\2(A07 ‘/0)

(5.18)

(5.21)

(5.22)

(5.28)

(5.29)

(5.30)

For any given initial data (A + Ao(z), Vo + Vo(a)) with small C* norm H(go,f/o)HCl[O’L] and for any given
boundary function qi(t) with small C* norm la1llcrio,400), Such that the conditions of C' compatibility are
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satisfied at the point (t,x) = (0, L), if we give the nodal profiles _(le( ), V(¢ ), being the value of (A,V), at the
node x = L on the time interval [T,~+00) with small norm [|(A(-) — Ao, V(-) = Vo)llcr7,400), Satisfying the

boundary condition (5.10), namely, At)V (t) = AoVo + qi(t) on [T, +0c0), then there exists a boundary control
g2(t) with small C* norm | gz2||c1(0,+00) On the interval [0,+00), such that the corresponding mized initial-
boundary value problem (5.1) and (5.8)—(5.10) admits a unique C* solution (A, V) = (A(t,z),V(t,z)) with
small C* norm ||(A(-,-) — Ao, V(-,-) = Vo)llcr(ry on the domain R = {(t,x)|t > 0,0 < & < L}. Moreover, at the
boundary node x = L the solution exactly satisfies the given nodal profiles

A=A®l), V=V{), t>T. (5.31)

Theorem 5.2. Under the condition (5.30), for any given initial data (Ao + Ao(z), Vo + Vo(z)) with small C*
norm (Ao, Vo)llc1jo,z) and for any given boundary function qi(t) with

iglg{eat(lql(t)l +la @)} <1, (5.32)

such that the conditions of C' compatibility are satisfied at the point (t,z) = (0, L), if we give the nodal profiles
(A(t), V(t)), being the value of (A, V), at the node x = L on the time interval [T, +00), which satisfies

fgg{e‘”(\j(t) = Aol + V(1) = Vol + 1A' ()] + [V'(1)])} < 1 (5.33)

and the boundary condition (5.10), namely, A(t)V (t) = AgVo + q1(t) on [T, +00), then there exists a boundary
control ga(t) on the interval [0,+00) with

igg{eat(qu(t)l +laa )} < K, (5.34)

such that the corresponding mized initial-boundary value problem (5.1) and (5.8)—(5.10) admits a unique C*
solution (A, V) = (A(t, ),V (t,x)) satisfying

e“t(|(A(t,:v) ~ A, V(t,z) — Vo)| + |(Au(t, z), Vt(t,x))|) <K», Vt20,0<z<L, (5.35)

where K; (i = 1,2) are positive constants. Moreover, at the boundary node x = L the solution exactly satisfies
the given nodal profiles

A=A®l), V=V{), t>T. (5.36)

Theorem 5.3. Under the condition (5.30), for any given initial data (Ao + Ao(x), Vo + Vo(x)) with small C*
norm (Ao, Vo)llc1jo,z) and for any given boundary function qi(t) with

iglg{(l +) ()] + e ()} < 1, (5.37)

such that the conditions of C' compatibility are satisfied at the point (t,x) = (0, L), if we give the nodal profiles
(A(t), V(t)), being the value of (A, V), at the node x = L on the time interval [T, +00), which satisfies

sup{(1 + B (AR) = Aol + V() = Vol + A ()] + V' (D))} < 1 (5.38)
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and the boundary condition (5.10), namely, A(t)V(t) = AgVo + q1(t) on [T, +00), then there exists a boundary
control qa2(t) on the interval [0, +00) with

igg{(14*ﬂ1+”UQ2U)W+IQQ@)D} < K, (5.39)

such that the corresponding mized initial-boundary value problem (5.1) and (5.8)—(5.10) admits a unique C*
solution (A, V) = (A(t,z),V(t,x)) satisfying

ﬂ+ﬂH#OMUJﬁ—AmV@w)—%H+K&UJLW@xm>SR% VE>0,0<z <L, (5.40)

where K; (i = 3,4) are positive constants. Moreover, at the boundary node x = L the solution evactly satisfies
the given nodal profiles

A=A®l), V=V{), t>T. (5.41)

Remark 5.4. Noting that the boundary condition (5.26) is equivalent to (5.9) or (5.19), in Theorems 5.1, 5.2
and 5.3, the desired boundary control ¢»(¢) can be determined by means of the boundary condition (5.9) or
(5.19) instead of using directly the boundary conditions (5.26) and (5.28).
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