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ASYMPTOTIC STABILITY OF THE EXACT BOUNDARY
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HYPERBOLIC SYSTEMS∗
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Abstract. In this paper, we consider the asymptotic stability of the exact boundary controllability
of nodal profile for quasilinear hyperbolic systems. We will prove that if the nodal profile and the given
boundary function possess an exponential or polynomial decaying property, then the boundary control
function and the solution to the corresponding mixed initial-boundary value problem will possess the
same decaying property.
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1. Introduction

The exact boundary controllability of hyperbolic systems is of great importance in both theory and appli-
cations. A complete theory on the local exact boundary controllability for 1-D quasilinear hyperbolic systems
has been established by means of a constructive method with modular structure (see [8, 12–14]). In the mean-
time, the global exact boundary controllability for quasilinear hyperbolic systems has been also studied (see
[4, 5, 10, 17, 21]).

Motivated by the practical application of gas transport through a pipeline network, Gugat et al. proposed a
new kind of exact boundary controllability in [6]. Their initiative was almost immediately generalized to general
1-D first order quasilinear hyperbolic systems with general nonlinear boundary conditions, and was called the
exact boundary controllability of nodal profile (see [9, 19]). Some related results about the exact boundary
controllability of nodal profile can be found in [2, 3]. Differently from the usual exact boundary controllability,
the exact boundary controllability of nodal profile requires that the value of solution satisfies the given profiles
on one or several nodes for t ≥ T by means of boundary controls. However, in these results, the nodal profiles
are given only on a finite time interval [T, T̄ ], where T̄ is an arbitrarily given number. In order to consider
the asymptotic stability of the solution to the exact boundary controllability of nodal profile, we have to ask
whether the same results can be obtained when the nodal profiles are given on an infinite time interval [T,+∞).
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In this paper, we will give an affirmative answer to this question in the case of a single node, and show that for
the given profiles satisfying certain decaying property as t→ +∞, the employed boundary control function and
the solution to the corresponding mixed initial-boundary value problem possess the same decaying property as
the nodal profiles.

We will still use the constructive method with modular structure suggested in [8, 19] to deal with this
exact boundary controllability of nodal profile on a semibounded time interval. For this purpose, in the present
situation, we need not only the existence and uniqueness of semi-global classical solution to the mixed initial-
boundary value problem with two boundaries, but also the existence and uniqueness of semi-global classical
solution to the one-sided mixed initial-boundary value problem on a semibounded initial axis. The organization
of this paper is as follows: in Section 2 we will give the precise definition of the exact boundary controllability of
nodal profile on a semibounded time interval at a boundary node, and present the main results. In Section 3 we
will prove the existence and uniqueness of semi-global classical solution to the one-sided mixed initial-boundary
value problem on a semibounded initial axis under different hypotheses on the boundary functions and the given
nodal profiles. Then the main results will be proved in Section 4. In Section 5 an application of the main results
will be given to the Saint-Venant system for unsteady flows on a single open canal.

2. Definition and main results

Consider the following 1-D first order quasilinear hyperbolic system

∂u

∂t
+A(u)

∂u

∂x
= F (u), (2.1)

where t is the time variable, x is the spatial variable, u = (u1, . . . , un)T is the unknown vector function of (t, x),
A(u) is a given n×n matrix with C1 elements aij(u) (i, j = 1, . . . , n), F (u) = (f1(u), . . . , fn(u))T is a C1 vector
function of u and

F (0) = 0. (2.2)

By (2.2), u = 0 is an equilibrium of system (2.1).
By hyperbolicity, for any given u on the domain under consideration, the matrix A(u) possesses n real

eigenvalues and a complete set of left (resp. right) eigenvectors. For i = 1, . . . , n, let li(u) = (li1(u), . . . , lin(u))
(resp. ri(u) = (r1i(u), . . . , rni(u))T ) be a left (resp. right) eigenvector corresponding to λi(u):

li(u)A(u) = λi(u)li(u) (resp. A(u)ri(u) = λi(u)ri(u)). (2.3)

We have

det |lij(u)| 6= 0 (resp. det |rij(u)| 6= 0). (2.4)

Without loss of generality, we suppose that on the domain under consideration

li(u)rj(u) ≡ δij (i, j = 1, . . . , n) (2.5)

and

rTi (u)ri(u) ≡ 1 (i = 1, . . . , n), (2.6)

where δij stands for Kronecker’s symbol. We suppose that all λi(u) and li(u) (resp. ri(u)) (i = 1, . . . , n) are
also C1.
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Suppose that on the domain under consideration there are no zero eigenvalues:

λr(u) < 0 < λs(u) (r = 1, . . . ,m; s = m+ 1, . . . , n). (2.7)

Let

vi = li(u)u (i = 1, . . . , n). (2.8)

Noting (2.7), for the forward problem, we give the following general nonlinear boundary conditions

x = 0 : vs = Gs(αs(t), v1, . . . , vm) +Hs(t) (s = m+ 1, . . . , n), (2.9)

x = L : vr = Gr(αr(t), vm+1, . . . , vn) +Hr(t) (r = 1, . . . ,m), (2.10)

where Gi, αi and Hi (i = 1, . . . , n) are all C1 functions with respect to their respective arguments and αi(t) (i =
1, . . . , n) may be vector functions. Without loss of generality, we may suppose that

Gi(αi(t), 0, . . . , 0) ≡ 0 (i = 1, . . . , n). (2.11)

Moreover, the initial condition is prescribed as

t = 0 : u = ϕ(x), 0 ≤ x ≤ L, (2.12)

where L is the length of the spatial interval, and ϕ(x) is a C1 vector function.

Definition 2.1. For any given C1 initial data ϕ(x), any given C1 boundary functions Hr(t) (r = 1, . . . ,m)
and αi(t) (i = 1, . . . , n), satisfying the conditions of C1 compatibility at the point (t, x) = (0, L), for any given
C1 vector function ¯̄u(t), if there exist T > 0 and C1 boundary controls Hs(t) (s = m+ 1, . . . , n) such that the
C1 solution u = u(t, x) to the mixed initial-boundary value problem (2.1), (2.12) and (2.9)–(2.10) fits exactly
¯̄u(t) on x = L for t ≥ T , then we have the exact boundary controllability of nodal profile on the boundary node
x = L.

Remark 2.2. The conditions of C1 compatibility at the point (t, x) = (0, 0) or (0, L) for the mixed initial-
boundary value problem (2.1), (2.12) and (2.9)–(2.10) can be obtained in a similar way to Remark 1.2 in
[19].

Remark 2.3. When the exact boundary controllability of nodal profile on x = L can be realized only in the
case that ϕ(x), Hr(t) (r = 1, . . . ,m), αi(t) (i = 1, . . . , n) and ¯̄u(t) are suitably small in C1 norm, it is called
the local exact boundary controllability of nodal profile; otherwise, the global exact boundary controllability of
nodal profile. In this paper, we consider only the local exact boundary controllability of nodal profile.

Remark 2.4. In Definition 2.1, when t ≥ T , the value of solution u = ¯̄u(t) on x = L should satisfy the boundary

condition (2.10), in which vi = ¯̄vi(t)
def.
= li(¯̄u(t))¯̄u(t) (i = 1, . . . , n). Hence, the requirement that the solution

u = u(t, x) fits exactly the given value ¯̄u(t) on x = L for t ≥ T is equivalent to ask that vs (s = m+ 1, . . . , n)
fit exactly the given values ¯̄vs(t) (s = m+ 1, . . . , n) on x = L for t ≥ T , then the value of vr (r = 1, . . . ,m) on
x = L for t ≥ T can be determined by the boundary condition (2.10) as follows

vr = ¯̄vr(t)
def.
= Gr(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t)) +Hr(t) (r = 1, . . . ,m). (2.13)

We first consider the general case that the initial data, boundary functions and the nodal profile only possess
suitably small C1 norm. Precisely, we have the following theorem, which will be proved in Section 4.1.
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Theorem 2.5. Let

T > L max
s=m+1,...,n

1

λs(0)
. (2.14)

For any given initial data ϕ(x), boundary functions Hr(t) (r = 1, . . . ,m) and αi(t) (i = 1, . . . , n) with suitably
small C1 norm ‖ϕ‖C1[0,L], ‖Hr‖C1[0,+∞) (r = 1, . . . ,m) and ‖αi‖C1[0,+∞) (i = 1, . . . , n), respectively, satisfying
the conditions of C1 compatibility at the point (t, x) = (0, L), suppose that the given values ¯̄vs(t) (s = m +
1, . . . , n) on x = L for t ≥ T possess suitably small C1 norms ‖¯̄vs||C1[T,+∞) (s = m+ 1, . . . , n), then there exist
boundary controls Hs(t) (s = m + 1, . . . , n) with small C1 norms ‖Hs‖C1[0,+∞) (s = m + 1, . . . , n), such that
the mixed initial-boundary value problem (2.1), (2.12) and (2.9)–(2.10) admits a unique C1 solution u = u(t, x)
with small C1 norm on the domain R = {(t, x)|t ≥ 0, 0 ≤ x ≤ L}, which fits exactly the given values vs = ¯̄vs(t)
(s = m+ 1, . . . , n) on x = L for t ≥ T , namely, the given value u = ¯̄u(t), on the boundary node x = L for t ≥ T ,
where ¯̄u(t) is defined by the following implicit relationship

¯̄u(t) =

n∑
i=1

¯̄vi(t)ri(¯̄u(t)), (2.15)

in which

¯̄vr(t) = Gr(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t)) +Hr(t) (r = 1, . . . ,m) (2.16)

satisfying (2.11).

Remark 2.6. Using (2.11) and (2.16), one easily gets, thanks to the implicit function theorem, there exists
ρ > 0 such that, if the C1 norms of Hr(t) (r = 1, . . . ,m) and ¯̄vs(t) (s = m+ 1, . . . , n) are sufficiently small, then
there is a unique ¯̄u(t) ∈ C1 such that (2.15) holds and its C1 norm is less than ρ.

We next consider the effect of the exponential or polynomial decaying property possessed by the nodal
profile and the given boundary functions on the boundary controls and the solution to the corresponding mixed
initial-boundary value problem. For the case with the exponential decaying property, we have

Theorem 2.7. Suppose that T satisfies (2.14). Suppose furthermore that the initial data ϕ(x) possesses a
suitably small C1 norm ‖ϕ‖C1[0,L], the boundary functions Hr(t) (r = 1, . . . ,m) and αi(t) (i = 1, . . . , n) satisfy

max
r=1,...,m
i=1,...,n

sup
t≥0
{eat(|Hr(t)|+ |H ′r(t)|+ |αi(t)|+ |α′i(t)|)} � 1, (2.17)

in which a is a positive constant. Moreover, the conditions of C1 compatibility at the point (t, x) = (0, L) are
assumed to be satisfied. Then, for the given nodal values ¯̄vs(t) (s = m+ 1, . . . , n) on x = L for t ≥ T , satisfying

max
s=m+1,...,n

sup
t≥T
{eat(|¯̄vs(t)|+ |¯̄v′s(t)|)} � 1, (2.18)

there exist boundary controls Hs(t) (s = m+ 1, . . . , n) with

eat(|Hs(t)|+ |H ′s(t)|) ≤ K1 (s = m+ 1, . . . , n), ∀t ≥ 0, (2.19)

where K1 is a positive constant independent of t, such that the mixed initial-boundary value problem (2.1),
(2.12) and (2.9)–(2.10) admits a unique C1 solution u = u(t, x) on the domain R = {(t, x)|t ≥ 0, 0 ≤ x ≤ L},
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satisfying

eat(|u(t, x)|+ |ut(t, x)|) ≤ K2, ∀t ≥ 0, 0 ≤ x ≤ L, (2.20)

where K2 is a positive constant independent of t and x, and fitting exactly the given values vs = ¯̄vs(t) (s =
m+ 1, . . . , n), namely, the given value u = ¯̄u(t) (see (2.15)), on the boundary node x = L for t ≥ T .

For the case with the polynomial decaying property, we have

Theorem 2.8. Suppose that T satisfies (2.14), Suppose furthermore that the initial data ϕ(x) possesses a
suitably small C1 norm ‖ϕ‖C1[0,L], the boundary functions Hr(t) (r = 1, . . . ,m) and αi(t) (i = 1, . . . , n) satisfy

max
r=1,...,m
i=1,...,n

sup
t≥0
{(1 + t)1+µ(|Hr(t)|+ |H ′r(t)|+ |αi(t)|+ |α′i(t)|)} � 1, (2.21)

in which µ is a nonnegative constant. Moreover, the conditions of C1 compatibility at the point (t, x) = (0, L) are
assumed to be satisfied. Then, for the given nodal values ¯̄vs(t) (s = m+ 1, . . . , n) on x = L for t ≥ T , satisfying

max
s=m+1,...,n

sup
t≥T
{(1 + t)1+µ(|¯̄vs(t)|+ |¯̄v′s(t)|)} � 1, (2.22)

there exist boundary controls Hs(t) (s = m+ 1, . . . , n) with

(1 + t)1+µ(|Hs(t)|+ |H ′s(t)|) ≤ K3 (s = m+ 1, . . . , n), ∀t ≥ 0, (2.23)

where K3 is a positive constant independent of t, such that the mixed initial-boundary value problem (2.1),
(2.12) and (2.9)–(2.10) admits a unique C1 solution u = u(t, x) on the domain R = {(t, x)|t ≥ 0, 0 ≤ x ≤ L},
satisfying

(1 + t)1+µ(|u(t, x)|+ |ut(t, x)|) ≤ K4, ∀t ≥ 0, 0 ≤ x ≤ L, (2.24)

where K4 is a positive constant independent of t and x, and fitting exactly the given values vs = ¯̄vs(t) (s =
m+ 1, . . . , n), namely, the given value u = ¯̄u(t) (see (2.15)), on the boundary node x = L for t ≥ T .

The proof of Theorems 2.7 and 2.8 will be given in Sections 4.2 and 4.3, respectively.

Remark 2.9. In Theorem 2.8, if 1+µ in (2.21) and (2.22) is replaced by a positive constant ω, the corresponding
result still holds. This means that for the case with the polynomial decaying property, the decay can be slower
than (1 + t)−1.

Remark 2.10. When the nodal profiles are given at the boundary node x = 0, the exact boundary controllabil-
ity of nodal profile can be similarly defined. In this case, if the boundary functions Hs(t) (s = m+ 1, . . . , n) and
the nodal values ¯̄vr(t) (r = 1, . . . ,m) on x = 0 for t ≥ T satisfy the corresponding conditions as in Theorems
2.5, 2.7 or 2.8, there exist boundary controls Hr(t) (r = 1, . . . ,m) such that the similar results hold, provided
that (2.14) is replaced by

T > L max
r=1,...,m

1

|λr(0)|
. (2.25)

Remark 2.11. If A and F also depend on x but u in the system (2.1) and F (x, u) satisfies

F (x, 0) = 0, (2.26)
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under assumption that λi(x, u), li(x, u) (resp. ri(x, u)) and fi(x, u) (i = 1, . . . , n) are C1 functions with finite
C1 norms, the corresponding results to Theorems 2.5, 2.7 and 2.8 can be obtained. Based on them, we can
prove the asymptotic stability of any given C1 stationary state for all initial data satisfying the conditions of C1

compatibility in a C1-neighborhood of the stationary state and for any given nodal profiles in a sufficiently small
C1-neighborhood of boundary data corresponding to the stationary state (see [6]). This is an interesting and
important problem, we will discuss further it in another paper, specially for the application to the Saint-Venant
equations.

3. Semi-global C1 solutions to the one-sided mixed
initial-boundary value problem on a semibounded initial axis

In order to prove Theorems 2.5, 2.7 and 2.8, it is necessary to discuss the existence and uniqueness of semi-
global C1 solution to the one-sided mixed initial-boundary value problem on a semibounded initial axis. Some
related results can be found in [11, 15].

3.1. One-sided mixed initial-boundary value problem for the general initial data with
small C1 norm

In this section, we consider the semi-global classical solution to the one-sided mixed initial-boundary value
problem for system (2.1) with the initial condition

t = 0 : u = ϕ(x), x ≥ 0 (3.1)

and the boundary conditions (2.9). Here, we still suppose that (2.7) and (2.11) for s = m+ 1, . . . , n are satisfied.
We have the following

Theorem 3.1. Suppose that li (resp. ri), λi, fi, Gs, Hs, αs (i = 1, . . . , n; s = m + 1, . . . , n) and ϕ are all
C1 functions with respect to their arguments, and the conditions of C1 compatibility at the point (t, x) = (0, 0)
are satisfied. Then, for a preassigned and possibly quite large T0 > 0, the one-sided mixed initial-boundary
value problem (2.1), (2.9) and (3.1) admits a unique C1 solution u = u(t, x) with small C1 norm on the
domain R(T0) = {(t, x)| 0 ≤ t ≤ T0, 0 ≤ x < +∞}, provided that ‖ϕ‖C1[0,+∞) and ‖Hs‖C1[0,T0] are suitably
small (depending on T0).

In order to prove Theorem 3.1, we need the local existence and uniqueness of C1 solution to the one-sided
mixed initial-boundary value problem (2.1), (2.9) and (3.1). For this purpose, taking a positive constant λ
satisfying

λ > max
s=m+1,...,n

λs(0), (3.2)

according to Theorem 4.1 and Remark 4.3 of Chapter 1 in [18], there exists a suitably small δ > 0 such that
the initial problem (2.1) and (3.1) admits a unique C1 solution u = u1(t, x) on the domain R1(δ) = {(t, x)|x ≥
λt, 0 ≤ t ≤ δ}. Then, noting that the conditions of C1 compatibility at the point (t, x) = (0, 0) are satisfied,
according to Theorem 2.1 and Remark 2.4 of Chapter 4 in [18], there exists a suitably small δ∗ ∈ (0, δ] such
that the general boundary value problem (2.1), (2.9) and

x = λt : u = u1(t, λt) (3.3)

admits a unique C1 solution u = u2(t, x) on the domain R2(δ∗) = {(t, x)|0 ≤ x ≤ λt, 0 ≤ t ≤ δ∗}. Noting
again that the conditions of C1 compatibility at the point (t, x) = (0, 0) are satisfied and x = λt is not the
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characteristic curve, hence,

u(t, x) =

{
u1(t, x), x ≥ λt, 0 ≤ t ≤ δ∗,
u2(t, x), 0 ≤ x ≤ λt, 0 ≤ t ≤ δ∗ (3.4)

is a unique C1 solution to the one-sided mixed initial-boundary value problem (2.1), (2.9) and (3.1). Based on
the local existence and uniqueness of C1 solution, in order to prove Theorem 3.1, it is only necessary to prove
the following

Lemma 3.2. Under the hypotheses of Theorem 3.1, for a preassigned and possibly quite large T0 > 0, if
‖ϕ‖C1[0,+∞) and ‖Hs‖C1[0,T0] are suitably small (depending on T0), then, for any C1 solution u = u(t, x) to
the one-sided mixed initial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T ) = {(t, x)|0 ≤ t ≤
T, x ≥ 0} with 0 < T ≤ T0, we have the following uniform a priori estimate:

‖u(t, ·)‖1
4
= ‖u(t, ·)‖0 + ‖ux(t, ·)‖0 ≤ C(T0), ∀t ∈ [0, T ], (3.5)

where C(T0) is a sufficiently small positive constant independent of T but possibly depending on T0.

Proof. Let

wi = li(u)ux (i = 1, . . . , n). (3.6)

By (2.5), we have

u =

n∑
i=1

viri(u) (3.7)

and

ux =

n∑
i=1

wiri(u). (3.8)

Noting (2.6), in order to estimate u and ux, it suffices to estimate vi(t, x) and wi(t, x) (i = 1, . . . , n) on R(T ),
namely, estimate v = (v1, . . . , vn) and w = (w1, . . . , wn).

By the formulas on the decomposition of waves (see [7, 11, 15, 16, 20]) and noting (2.2) and (3.7), we have

dvi
dit

=

n∑
j,k=1

βijk(u)vjwk +

n∑
j=1

β̃ij(u)vj (i = 1, . . . , n) (3.9)

and

dwi
dit

=

n∑
j,k=1

γijk(u)wjwk +

n∑
j=1

γ̃ij(u)wj (i = 1, . . . , n), (3.10)

where

d

dit
=

∂

∂t
+ λi(u)

∂

∂x
(3.11)
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denotes the directional derivative with respect to t along the ith characteristic,

βijk(u) =
(
λk(u)− λi(u)

)
li(u)∇rj(u)rk(u), (3.12)

γijk(u) =
1

2

{(
λj(u)− λk(u)

)
li(u)∇rk(u)rj(u)−∇λk(u)rj(u)δik + (j|k)

}
, (3.13)

β̃ij(u) =
∑
p,k=1

lip(u)rkj(u)

∫ 1

0

∂fp(τu)

∂uk
dτ − li(u)∇rj(u)F (u), (3.14)

γ̃ij(u) = li(u)∇F (u)rj(u)− li(u)∇rj(u)F (u), (3.15)

in which (j|k) stands for all terms obtained by changing j and k in the previous terms.
For the time being we assume that on the domain R(T ),

|v(t, x)| ≤ η0, |w(t, x)| ≤ η1, (3.16)

where η0 and η1 are suitably small positive constants. At the end of the proof, we will explain the validity of
hypothesis (3.16).

Then, noting (2.6) and (3.7), we have

|u(t, x)| ≤ nη0, ∀(t, x) ∈ R(T ). (3.17)

Let

V0(t) = sup
x≥0
|v(t, x)|, W0(t) = sup

x≥0
|w(t, x)|. (3.18)

(1) For each r = 1, . . . ,m, passing through any given point (t, x) ∈ R(T ), we draw down the rth characteristic
Cr : ξ = ξr(τ ; t, x). Noting (2.7), this characteristic must intersect the x-axis at a point (0, x0r). Integrating
the rth equation in (3.9) along Cr from 0 to t yields

vr(t, x) = vr(0, x0r) +

∫ t

0

( n∑
j,k=1

βrjk(u)vjwk +

n∑
j=1

β̃rj(u)vj

)
(τ, ξr(τ ; t, x))dτ. (3.19)

Then, noting (3.16)–(3.17), we have

|vr(t, x)| ≤ |vr(0, x0r)|+ c1

∫ t

0

V0(τ)dτ. (3.20)

Here and hereafter, ci (i = 1, 2, · · · ) denote positive constants possibly depending on η0, η1 and T0.
(2) For each s = m + 1, . . . , n, passing through any given point (t, x) ∈ R(T ), we draw down the sth

characteristic Cs : ξ = ξs(τ ; t, x). Noting (2.7), there are two possibilities:
(i) The sth characteristic Cs intersects the x-axis at a point (0, x0s). Similarly to (3.20), integrating the

sth equation in (3.9) along Cs from 0 to t gives

|vs(t, x)| ≤ |vs(0, x0s)|+ c2

∫ t

0

V0(τ)dτ. (3.21)
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(ii) The sth characteristic Cs intersects the t-axis at a point (t0s, 0). Integrating the sth equation in (3.9)
along Cs from t0s to t yields

vs(t, x) = vs(t0s, 0) +

∫ t

t0s

( n∑
j,k=1

βsjk(u)vjwk +

n∑
j=1

β̃sj(u)vj

)
(τ, ξs(τ ; t, x))dτ. (3.22)

Noting (2.11), by the boundary conditions (2.9) we have

vs(t0s, 0) =

m∑
r=1

Ḡsr(t0s)vr(t0s, 0) +Hs(t0s), (3.23)

in which

Ḡsr(t0s) =

∫ 1

0

∂Gs
∂vr

(αs(t0s), τv1(t0s, 0), . . . , τvm(t0s, 0))dτ. (3.24)

Noting (3.20), by (3.22)–(3.23) we have

|vs(t, x)| ≤ κ1

m∑
r=1

|vr(0, x0r)|+ |Hs(t0s)|+ c3

∫ t

0

V0(τ)dτ, (3.25)

henceforth κi (i = 1, 2, · · · ) denote positive constants depending only on T0. Combining (3.20)–(3.21)
and (3.25), we obtain

V0(t) ≤ κ2‖v(0, ·)‖0 + ‖H‖C0[0,T0] + c4

∫ t

0

V0(τ)dτ, (3.26)

where H = (Hm+1, . . . ,Hn). Then, by means of Gronwall’s inequality, we have

V0(t) ≤ κ3 max{‖v(0, ·)‖0, ‖H‖C0[0,T0]}, ∀t ∈ [0, T ]. (3.27)

Noting (2.8) and (3.1), we get

V0(t) ≤ κ4 max{‖ϕ‖C0[0,+∞), ‖H‖C0[0,T0]}, ∀t ∈ [0, T ]. (3.28)

Then, by (3.7), we finally obtain

|u(t, x)| ≤ κ5 max{‖ϕ‖C0[0,+∞), ‖H‖C0[0,T0]}, ∀(t, x) ∈ R(T ). (3.29)

We next estimate W0(t).
(I) Similarly to (1), for each r = 1, . . . ,m, passing through any given point (t, x) ∈ R(T ), we draw down the

rth characteristic Cr : ξ = ξr(τ ; t, x) which intersects the x-axis at a point (0, x0r). Integrating the rth
equation in (3.10) along Cr from 0 to t yields

wr(t, x) = wr(0, x0r) +

∫ t

0

( n∑
j,k=1

γrjk(u)wjwk +

n∑
j=1

γ̃rj(u)wj

)
(τ, ξr(τ ; t, x))dτ. (3.30)
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Hence, we have

|wr(t, x)| ≤ |wr(0, x0r)|+ c5

∫ t

0

W0(τ)dτ. (3.31)

(II) For any given point (t, x) ∈ R(T ), we draw down the sth characteristic Cs : ξ = ξs(τ ; t, x) (s = m +
1, . . . , n). As before, there are two possibilities:

(i) The sth characteristic Cs intersects the x-axis at a point (0, x0s). Integrating the sth equation in (3.10)
along Cs from 0 to t, similarly to (3.31), we have

|ws(t, x)| ≤ |ws(0, x0s)|+ c6

∫ t

0

W0(τ)dτ. (3.32)

(ii) The sth characteristic Cs intersects the t-axis at a point (t0s, 0). Integrating the sth equation in (3.10)
along Cs from t0s to t yields

ws(t, x) = ws(t0s, 0) +

∫ t

t0s

( n∑
j,k=1

γsjk(u)wjwk +

n∑
j=1

γ̃sj(u)wj

)
(τ, ξs(τ ; t, x))dτ. (3.33)

Hence, we have

|ws(t, x)| ≤ |ws(t0s, 0)|+ c7

∫ t

t0s

W0(τ)dτ. (3.34)

In order to estimate |ws(t0s, 0)|, differentiating the boundary conditions (2.9) with respect to t gives

x = 0 :
∂vs
∂t

=
∂Gs
∂αs

(αs(t), v1, . . . , vm)α′s(t) +

m∑
r=1

∂Gs
∂vr

(αs(t), v1, . . . , vm)
∂vr
∂t

+H ′s(t) (s = m+ 1, . . . , n).

(3.35)

By (2.8) and noting (2.1)–(2.2) and (3.7)–(3.8), we have

∂vi
∂t

= li(u)ut + uTt ∇li(u)u

= li(u)
(
−A(u)ux + F (u)

)
+
(
−A(u)ux + F (u)

)T
∇li(u)u

= −λi(u)wi + li(u)F (u) +
(
−A(u)

n∑
k=1

wkrk(u) + F (u)
)T
∇li(u)

n∑
j=1

vjrj(u)

= −λi(u)wi −
n∑

j,k=1

(
λkr

T
k (u)∇li(u)rj(u)

)
vjwk +

n∑
j=1

(
li(u)

∫ 1

0

∇F (τu)dτrj(u)
)
vj

+

n∑
j,k=1

(
rTk (u)

∫ 1

0

∇FT (τu)dτ∇li(u)rj(u)
)
vjvk. (3.36)
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Then, noting (2.7) and (3.16), for η0 > 0 small enough, by (3.35)–(3.36) we get

x = 0 : ws =

m∑
r=1

f (1)
sr (t, u)wr +

n∑
j=1

f
(2)
sj (t, u)vj

+

n∑
s̄=m+1

f
(3)
ss̄ (t, u)

∂Gs̄
∂αs̄

(αs̄(t), v1, . . . , vm)α′s̄(t) +

n∑
s̄=m+1

f
(4)
ss̄ (t, u)H ′s̄(t), (3.37)

where f
(1)
sr (t, u), f

(2)
sj (t, u), f

(3)
ss̄ (t, u) and f

(4)
ss̄ (t, u) are continuous functions of t and u. Noting (2.11), we

have

∂Gs
∂αs

(αs(t), 0, . . . , 0)α′s(t) ≡ 0. (3.38)

Then, from (3.37) it follows that

x = 0 : ws =

m∑
r=1

f (1)
sr (t, u)wr + f̄s(t, u) +

n∑
s̄=m+1

f
(4)
ss̄ (t, u)H ′s̄(t), (3.39)

where f̄s(t, u) is a continuous function of t and u, moreover,

d(u) = sup
0≤t≤T0

s=m+1,...,n

|f̄s(t, u)| → 0, as |u| → 0. (3.40)

Hence, by (3.39) we obtain

|ws(t0s, 0)| ≤ κ6

m∑
r=1

|wr(t0s, 0)|+ κ7

(
d(u) + ‖H ′‖C0[0,T0]

)
. (3.41)

Thus, noting (3.31), by (3.34) and (3.41) we have

|ws(t, x)| ≤ κ8‖w(0, ·)‖0 + κ7(d(u) + ‖H ′‖C0[0,T0]) + c8

∫ t

0

W0(τ)dτ. (3.42)

Then, combining (3.31) and (3.42) and noting (3.1) and (3.6), by Gronwall’s inequality we get

W0(t) ≤ κ9 max{‖ϕ‖C1[0,+∞),d(u) + ‖H‖C1[0,T0]}, ∀t ∈ [0, T ]. (3.43)

Noting (3.8) and (3.40), (3.5) follows from (3.29) and (3.43).
Thus, by (3.28)–(3.29), (3.40) and (3.43), it is easy to see that V0(t) and W0(t) are small enough on

[0, T ] (0 < T ≤ T0) when ‖ϕ‖C1[0,+∞) and ‖H‖C1[0,T0] are sufficiently small. Hence, hypothesis (3.16) is
reasonable.

The proof of Lemma 3.2 is complete.
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3.2. One-sided mixed initial-boundary value problem for the initial data with the
exponential decaying property

In this subsection, we consider the effect of the exponential decaying property possessed by the initial data
on the solution to the one-sided mixed initial-boundary value problem. The hypotheses of the regularity of all
the given functions and the C1 conditions of compatibility at the point (0, 0) are the same as Theorem 3.1.

Let

θ = sup
x≥0

{
eax
(
|ϕ(x)|+ |ϕ′(x)|

)}
, (3.44)

where a > 0 is a positive constant.
We have the following

Theorem 3.3. For a preassigned and possibly quite large T0 > 0, if θ and ‖Hs‖C1[0,T0] are suitably small
(depending on T0), then the one-sided mixed initial-boundary value problem (2.1), (2.9) and (3.1) admits a
unique C1 solution u = u(t, x) on the domain R(T0) = {(t, x)| 0 ≤ t ≤ T0, x ≥ 0}, moreover, we have

eax
(
|u(t, x)|+ |ux(t, x)|

)
≤ C(T0), ∀t ∈ [0, T0], x ≥ 0, (3.45)

where C(T0) is a sufficiently small positive constant possibly depending on T0.

To prove Theorem 3.3, it is sufficient to prove the following

Lemma 3.4. Under the hypotheses of Theorem 3.3, for any C1 solution u = u(t, x) to the one-sided mixed
initial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T ) = {(t, x)|0 ≤ t ≤ T, 0 ≤ x < +∞}
with 0 < T ≤ T0, we have the following uniform a priori estimate:

eax
(
|u(t, x)|+ |ux(t, x)|

)
≤ C(T0), ∀t ∈ [0, T ], x ≥ 0, (3.46)

where C(T0) is a sufficiently small positive constant independent of T but possibly depending on T0.

Proof. The proof of this lemma is similar to that of Lemma 3.2. In what follows, we only point out some
essentially different points.

Let

V (t) = sup
x≥0
{eax|v(t, x)|}, W (t) = sup

x≥0
{eax|w(t, x)|}. (3.47)

For the time being we assume that on the domain R(T ) we have

|v(t, x)| ≤ δ0, |w(t, x)| ≤ δ1, (3.48)

where δ0 and δ1 are suitably small positive constant. At the end of the proof, we will explain the validity of
hypothesis (3.48).

By (3.9) and (3.10) we have

d(eaxvi)

dit
= eax

(
aλi(u)vi +

n∑
j,k=1

βijk(u)vjwk +

n∑
j=1

β̃ij(u)vj

)
(3.49)
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and

d(eaxwi)

dit
= eax

(
aλi(u)wi +

n∑
j,k=1

γijk(u)wjwk +

n∑
j=1

γ̃ij(u)wj

)
. (3.50)

In the present situation, for r = 1, . . . ,m, integrating the rth equation in (3.49) along the rth characteristic
Cr : ξ = ξr(τ ; t, x) passing through (t, x) ∈ R(T ) from 0 to t, instead of (3.19), we have

eaxvr(t, x) =eax0rvr(0, x0r) +

∫ t

0

eaξr
(
aλr(u)vr +

n∑
j,k=1

βrjk(u)vjwk +

n∑
j=1

β̃rj(u)vj

)
(τ, ξr(τ ; t, x))dτ, (3.51)

then, noting (3.44) and (3.48), we get

eax|vr(t, x)| ≤ κ10θ + c9

∫ t

0

V (τ)dτ. (3.52)

For s = m + 1, . . . , n, if the sth characteristic Cs : ξ = ξs(τ ; t, x) passing through (t, x) ∈ R(T ) intersects the
x-axis at a point (0, x0s), integrating the sth equation in (3.49) along Cs from 0 to t, similarly to (3.52), we
have

eax|vs(t, x)| ≤ κ11θ + c10

∫ t

0

V (τ)dτ. (3.53)

If the sth characteristic Cs : ξ = ξs(τ ; t, x) passing through (t, x) ∈ R(T ) intersects the t-axis at a point (t0s, 0),
integrating the sth equation in (3.49) along Cs from t0s to t, instead of (3.22), we have

eaxvs(t, x) =vs(t0s, 0) +

∫ t

t0s

eaξs
(
aλs(u)vs +

n∑
j,k=1

βsjk(u)vjwk +

n∑
j=1

β̃sj(u)vj

)
(τ, ξs(τ ; t, x))dτ. (3.54)

Since we have (3.23) on the boundary x = 0, noting (3.48), we get from (3.54) that

eax|vs(t, x)| ≤ κ12

m∑
r=1

|vr(t0s, 0)|+ |Hs(t0s)|+ c11

∫ t

t0s

V (τ)dτ. (3.55)

Then, noting (3.52), we obtain

eax|vs(t, x)| ≤ κ13θ + ‖Hs‖0 + c12

∫ t

0

V (τ)dτ. (3.56)

Combining (3.52)–(3.53) and (3.56) yields

V (t) ≤ κ14θ + ‖Hs‖0 + c13

∫ t

0

V (τ)dτ. (3.57)

Then, by means of Gronwall’s inequality, we get

V (t) ≤ κ15 max{θ, ‖H‖C0[0,T0]}. (3.58)
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We now estimate W (t).
In the present situation, for r = 1, . . . ,m, integrating the rth equation in (3.50) along the rth characteristic

Cr : ξ = ξr(τ ; t, x) passing through (t, x) ∈ R(T ) from 0 to t, instead of (3.30), we have

eaxwr(t, x) =eax0rwr(0, x0r) +

∫ t

0

eaξr
(
aλr(u)wr +

n∑
j,k=1

γrjk(u)wjwk +

n∑
j=1

γ̃rj(u)wj

)
(τ, ξr(τ ; t, x))dτ. (3.59)

Then, noting (3.44) and (3.48), we get

eax|wr(t, x)| ≤ κ15θ + c14

∫ t

0

W (τ)dτ. (3.60)

For s = m + 1, . . . , n, if the sth characteristic Cs : ξ = ξs(τ ; t, x) passing through (t, x) ∈ R(T ) intersects the
x-axis at a point (0, x0s), integrating the sth equation in (3.50) along Cs from 0 to t, similarly to (3.60), we
have

eax|ws(t, x)| ≤ κ16θ + c15

∫ t

0

W (τ)dτ. (3.61)

If the sth characteristic Cs : ξ = ξs(τ ; t, x) passing through (t, x) ∈ R(T ) intersects the t-axis at a point (t0s, 0),
integrating the sth equation in (3.50) along Cs from t0s to t, instead of (3.33), we have

eaxws(t, x) =ws(t0s, 0) +

∫ t

t0s

eaξs
(
aλs(u)ws +

n∑
j,k=1

γsjk(u)wjwk +

n∑
j=1

γ̃sj(u)wj

)
(τ, ξs(τ ; t, x))dτ. (3.62)

Noting (3.41), (3.48) and (3.52), we get from (3.62) that

eax|ws(t, x)| ≤ κ17

(
θ + d(u) + ‖H ′‖C0[0,T0]

)
+ c16

∫ t

0

W (τ)dτ. (3.63)

Combining (3.60)–(3.61) and (3.63) gives

W (t) ≤ κ18

(
θ + d(u) + ‖H ′‖C0[0,T0]

)
+ c17

∫ t

0

W (τ)dτ. (3.64)

Then, by means of Gronwall’s inequality, we get

W (t) ≤ κ19 max{θ,d(u) + ‖H‖C1[0,T0]}. (3.65)

Noting (3.7)–(3.8) and (3.40), (3.46) follows from (3.58) and (3.65).
Thus, by (3.40), (3.58) and (3.65), it is easy to see that V (t) and W (t) are small enough on [0, T ] (0 < T ≤ T0)

when θ and ‖H‖C1[0,T0] are sufficiently small. Hence, hypothesis (3.48) is reasonable.
The proof of Lemma 3.4 is complete.
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3.3. One-sided mixed initial-boundary value problem for the initial data with the
polynomial decaying property

In this section, we consider the effect of the polynomial decaying property possessed by the initial data on
the solution to the one-sided mixed initial-boundary value problem. The hypotheses of the regularity of all the
given functions and the C1 conditions of compatibility at the point (0, 0) are the same as Theorem 3.1.

Let

θ̄ = sup
x≥0

{
(1 + x)1+µ

(
|ϕ(x)|+ |ϕ′(x)|

)}
, (3.66)

where µ is a nonnegative constant.
We have the following

Theorem 3.5. For a preassigned and possibly quite large T0 > 0, if θ̄ and ‖Hs‖C1[0,T0] are suitably small
(depending on T0), then the one-sided mixed initial-boundary value problem (2.1), (2.9) and (3.1) admits a
unique C1 solution u = u(t, x) on the domain R(T0) = {(t, x)| 0 ≤ t ≤ T0, x ≥ 0}, moreover, we have

(1 + x)1+µ
(
|u(t, x)|+ |ux(t, x)|

)
≤ C(T0), ∀t ∈ [0, T0], x ≥ 0, (3.67)

where C(T0) is a sufficiently small positive constant possibly depending on T0.

To prove Theorem 3.5, it is sufficient to prove the following

Lemma 3.6. Under the hypotheses of Theorem 3.5, for any C1 solution u = u(t, x) to the one-sided mixed
initial-boundary value problem (2.1), (2.9) and (3.1) on the domain R(T ) = {(t, x)|0 ≤ t ≤ T, x ≥ 0} with
0 < T ≤ T0, we have the following uniform a priori estimate:

(1 + x)1+µ
(
|u(t, x)|+ |ux(t, x)|

)
≤ C(T0), ∀t ∈ [0, T ], x ≥ 0, (3.68)

where C(T0) is a sufficiently small positive constant independent of T but possibly depending on T0.

Proof. To prove Lemma 3.6, in the present situation we replace (3.49)–(3.50) by the following

d((1 + x)1+µvi)

dit
=(1 + x)1+µ

(
(1 + µ)λi(u)(1 + x)−1vi +

n∑
j,k=1

βijk(u)vjwk +

n∑
j=1

β̃ij(u)vj

)
(3.69)

and

d((1 + x)1+µwi)

dit
=(1 + x)1+µ

(
(1 + µ)λi(u)(1 + x)−1wi +

n∑
j,k=1

γijk(u)wjwk +

n∑
j=1

γ̃ij(u)wj

)
. (3.70)

Then, this lemma can be proved similarly to Lemma 3.4. We omit the details here.

4. The proof of main theorems

4.1. Proof of Theorem 2.5

In this subsection, we still use the constructive method with modular structure suggested in [8] and [10] to
prove Theorem 2.5. The proof is divided into the following several steps.
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Step 1. From (2.14), it is easy to see that there exists an ε0 > 0 so small that

T1 < T, (4.1)

where

T1 = L max
|u|≤ε0

max
s=m+1,...,n

1

λs(u)
. (4.2)

On the domain R(T1) = {(t, x)|0 ≤ t ≤ T1, 0 ≤ x ≤ L}, we solve a forward mixed initial-boundary value
problem for the system (2.1) with the initial condition (2.12), the boundary condition (2.10) on x = L and the
following artificial boundary conditions on x = 0:

x = 0 : vs = gs(t) (s = m+ 1, . . . , n), (4.3)

where gs(t) (s = m+ 1, . . . , n) are arbitrarily given C1 functions with suitably small C1[0, T1] norm, satisfying
the conditions of C1 compatibility at the point (t, x) = (0, 0).

By the result about the semi-global C1 solution to the mixed initial-boundary value problem (see [11]), this
forward problem admits a unique C1 solution u = uf (t, x) with small C1 norm on R(T1). In particular,

|uf (t, x)| ≤ ε0, ∀(t, x) ∈ R(T1). (4.4)

Thus, we can determine the value of uf (t, x) on x = L, denoted as ū(t) (0 ≤ t ≤ T1) and its C1[0, T1] norm is
small.
Step 2. Noting (4.1), there exists u(t) ∈ C1 on the time interval [0,+∞), such that

u(t) =

{
ū(t), 0 ≤ t ≤ T1,
¯̄u(t), t ≥ T, (4.5)

which satisfies the boundary condition (2.10) on t ≥ 0, and

sup
t≥0
{(|u(t)|+ |u′(t)|)} � 1, (4.6)

where ¯̄u(t) is given by

¯̄u(t) =
n∑
i=1

¯̄vi(t)ri(¯̄u(t)) (4.7)

with

¯̄vr(t) = Gr(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t)) +Hr(t) (r = 1, . . . ,m).

In order to guarantee that (4.6) holds on the whole time interval t ≥ 0, we only need to show that ¯̄u(t)
satisfies

‖¯̄u‖C1[T,+∞) � 1. (4.8)

For the time being we assume that on the time interval [T,+∞), we have

|¯̄u(t)| ≤ ϑ0, |¯̄u′(t)| ≤ ϑ1, (4.9)
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where ϑ0 and ϑ1 are suitably small positive constants. We will explain the validity of hypothesis (4.9).
By the boundary condition (2.10) and noting (2.11), for t ≥ T we have

¯̄vr(t) = Gr(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t)) +Hr(t)

= Gr(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t))−Gr(αr(t), 0, . . . , 0) +Hr(t)

=

n∑
s=m+1

∂Gr
∂vs

(αr(t), νr ¯̄vm+1(t), . . . , νr ¯̄vn(t))¯̄vs(t) +Hr(t) (νr ∈ (0, 1); r = 1, . . . ,m), (4.10)

where νr depends on t, and

¯̄v′r(t) =
∂Gr
∂αr

(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t))α′r(t) +

n∑
s=m+1

∂Gr
∂vs

(αr(t), ¯̄vm+1(t), . . . , ¯̄vn(t))¯̄v′s(t) +H ′r(t) (r = 1, . . . ,m).

(4.11)

Then, noting (2.6) and (4.9), for t ≥ T we get

|¯̄u(t)| =
∣∣∣ n∑
i=1

¯̄vi(t)ri(¯̄u(t))
∣∣∣

≤
m∑
r=1

|¯̄vr(t)|+
n∑

s=m+1

|¯̄vs(t)|

≤ c26

( n∑
s=m+1

‖¯̄vs‖C0[T,+∞) +

m∑
r=1

‖Hr‖C0[T,+∞)

)
(4.12)

and

|¯̄u′(t)| =
∣∣∣ n∑
i=1

¯̄v′i(t)ri(¯̄u(t)) +

n∑
i=1

¯̄vi(t)
( n∑
j=1

∂ri
∂uj

¯̄u′j(t)
)∣∣∣

≤
m∑
r=1

|¯̄v′r(t)|+
n∑

s=m+1

|¯̄v′s(t)|+
m∑
r=1

|¯̄vr(t)|
∣∣∣ n∑
j=1

∂rr
∂uj

¯̄u′j(t)
∣∣∣+

n∑
s=m+1

|¯̄vs(t)|
∣∣∣ n∑
j=1

∂rs
∂uj

¯̄u′j(t)
∣∣∣

≤c27

( n∑
s=m+1

‖¯̄vs‖C1[T,+∞) +

m∑
r=1

(
‖Hr‖C1[T,+∞) + ‖α′r‖C0[T,+∞)|

))
, (4.13)

where we also used that ri(u) (i = 1, . . . , n) are C1 functions of u. Thus, noting that ‖Hr‖C1[0,+∞), ‖αr‖C1[0,+∞)

and ‖¯̄vs‖C1[T,+∞) are suitably small, we get (4.8) immediately. Moreover, we also obtain that hypothesis (4.9)
is reasonable.
Step 3. Noting (2.7), we exchange the role of t and x, and solve a leftward one-sided mixed initial-boundary
value problem on R = {(t, x)|t ≥ 0, 0 ≤ x ≤ L} for the system (2.1) with the initial condition u = u(t) (t ≥ 0)
on x = L and the boundary condition on t = 0, reduced from the original initial condition (2.12), namely, we
solve the following one-sided mixed problem:

∂u

∂x
+A−1(u)

∂u

∂t
= A−1(u)F (u), (4.14a)

x = L : u = u(t), t ≥ 0, (4.14b)

t = 0 : vr = vr(x) = lr(ϕ(x))ϕ(x) (r = 1, . . . ,m), 0 ≤ x ≤ L. (4.14c)
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According to Theorem 3.1, this leftward problem admits a unique C1 solution u = u(t, x) with small C1 norm
on R. In particular, we have

|u(t, x)|+ |ut(t, x)| ≤ ε0, ∀t ≥ 0, 0 ≤ x ≤ L. (4.15)

This C1 solution u = u(t, x) satisfies (4.14a) and (4.14b), hence it does the system (2.1) and the boundary
condition (2.10) on x = L. Moreover, u = u(t, x) also satisfies the initial condition (2.12) at t = 0 as we are going
to show it. In fact, both u = u(t, x) and u = uf (t, x) are C1 solutions to the one-sided mixed initial-boundary
value problem for the system (4.14a) with the initial condition

x = L : u = ū(t), 0 ≤ t ≤ T1 (4.16)

and the boundary condition

t = 0 : vr = vr(x) = lr(ϕ(x))ϕ(x) (r = 1, . . . ,m), 0 ≤ x ≤ L. (4.17)

The C1 solution to the one-sided leftward mixed initial-boundary problem (4.14a) and (4.16)–(4.17) is unique
on the maximum determinate domain

Ω̄ = {(t, x)|0 ≤ t ≤ t(x), 0 ≤ x ≤ L}, (4.18)

where t = t(x) denotes the downmost characteristic passing through the point (x, t) = (L, T1):t′(x) = max
s=m+1,...,n

1

λs(u(t(x), x))
,

t(L) = T1.
(4.19)

Noting (4.2), (4.4) and (4.15), the triangular domain

Ω = {(t, x)|0 ≤ t ≤ T1

L
x, 0 ≤ x ≤ L} (4.20)

must be included in the maximum determinate domain Ω̄ of this one-sided mixed problem. Hence, the interval
0 ≤ x ≤ L on the initial axis t = 0 is contained in the maximum determinate domain Ω̄ of this one-sided mixed
problem. Thus, u = u(t, x) coincides with u = uf (t, x) on the interval {t = 0, 0 ≤ x ≤ L}, then u = u(t, x)
satisfies the initial condition (2.12) at t = 0 (see [8, 19]).
Step 4. Substituting u = u(t, x) into the boundary condition (2.9) on x = 0, we get the desired boundary
controls Hs(t) (s = m+ 1, . . . , n) for t ≥ 0, moreover, since by (2.11) we have

Hs(t) = vs(t)−Gs(αs(t), v1(t), . . . , vm(t))

= vs(t)−
(
Gs(αs(t), v1(t), . . . , vm(t))−Gs(α1(t), 0, . . . , 0)

)
= vs(t)−

m∑
r=1

∂Gs
∂vr

(αs(t), νsv1(t), . . . , νsvm(t))vr(t) (νs ∈ (0, 1)), (4.21)

where νs depends on t, and

H ′s(t) = v′s(t)−
∂Gs
∂αs

(
αs(t), v1(t), . . . , vm(t)

)
α′s(t)−

m∑
r=1

∂Gs
∂vr

(
αs(t), v1(t), . . . , vm(t)

)
v′r(t), (4.22)
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for t ≥ 0 we get

|Hs(t)| ≤ c28‖u(·, 0)‖C0[0,+∞) (4.23)

and

|H ′s(t)| ≤ c29

(
‖u(·, 0)‖C1[0,+∞) + ‖α′s‖C0[0,+∞)

)
. (4.24)

Thus, noting (4.15) and that ‖αs‖C1[0,∞) is small, we obtain that ‖Hs‖C1[0,∞) is also small.
The proof of Theorem 2.5 is finished.

4.2. Proof of Theorem 2.7

The proof of Theorem 2.7 is similar to that of Theorem 2.5. In what follows, we only point out some essentially
different points.

In the present situation, instead of (4.6), we should ask u(t) to satisfy

sup
t≥0
{eat(|u(t)|+ |u′(t)|)} � 1. (4.25)

In order to do so, we only need to show that ¯̄u(t) satisfies

sup
t≥T
{eat(|¯̄u(t)|+ |¯̄u′(t)|)} � 1. (4.26)

By (4.10) we have

eat|¯̄u(t)| ≤ c30e
at
( n∑
s=m+1

|¯̄vs(t)|+
m∑
r=1

|Hr(t)|
)
. (4.27)

On the other hand, by (4.11) we have

eat|¯̄u′(t)| ≤ c31e
at
( n∑
s=m+1

(
|¯̄vs(t)|+ |¯̄v′s(t)|

)
+

m∑
r=1

(
|Hr(t)|+ |H ′r(t)|+ |α′r(t)|

))
. (4.28)

Then, by (2.17) and (2.18), (4.26) follows from (4.27)–(4.28).
In the present situation, according to Theorem 3.3, the leftward one-sided mixed initial-boundary value

problem (4.14) admits a unique C1 solution u = u(t, x) on R, satisfying

eat(|u(t, x)|+ |ut(t, x)|) ≤ c32, ∀t ≥ 0, 0 ≤ x ≤ L. (4.29)

Finally, substituting u = u(t, x) into the boundary condition (2.9) on x = 0, we get the desired boundary
controls Hs(t) (s = m+ 1, . . . , n) for t ≥ 0, moreover, noting (4.21)–(4.22), we have

eat|Hs(t)| ≤ c33e
at
(
|vs(t)|+

m∑
r=1

|vr(t)|
)
≤ c34 (4.30)
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and

eat|H ′s(t)| ≤ c35e
at
(
|v′s(t)|+ |α′s(t)|+

m∑
r=1

|v′r(t)|
)
≤ c36. (4.31)

The proof of Theorem 2.7 is finished.

4.3. Proof of Theorem 2.8

In order to prove Theorem 2.8, in the present situation, instead of (4.6), we should ask u(t) to satisfy

sup
t≥0
{(1 + t)1+µ(|u(t)|+ |u′(t)|)} � 1. (4.32)

Then, this theorem can be proved similarly to Theorem 2.7. We omit the details here.

5. Application

In this section, we consider the exact boundary controllability of nodal profile on a semibounded interval for
Saint-Venant system for unsteady flows on a single open canal.

Suppose that the canal is horizontal and frictionless, the corresponding system can be written as (see [1, 19])

{
∂A
∂t + ∂(AV )

∂x = 0,

∂V
∂t + ∂S

∂x = 0,
t ≥ 0, 0 ≤ x ≤ L, (5.1)

where L is the length of the canal, A = A(t, x) is the area of the cross section occupied by the water at x at
time t, V = V (t, x) is the average velocity over the cross section and

S =
1

2
V 2 + gh(A) + gYb, (5.2)

where g is the gravity constant, constant Yb denotes the altitude of the bed of canal, and

h = h(A) (5.3)

is the depth of the water, h(A) being a suitably smooth function of A, such that

h′(A) > 0. (5.4)

For system (5.1), we consider a subcritical equilibrium state (A0, V0) which, by definition, satisfies

|V0| <
√
gA0h′(A0). (5.5)

It is easy to see that, in a neighbourhood of any given subcritical equilibrium state (A, V ) = (A0, V0), (5.1) is
a strictly hyperbolic system with two distinct real eigenvalues

λ1 = V −
√
gAh′(A) < 0 < λ2 = V +

√
gAh′(A) (5.6)
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and the corresponding left eigenvectors can be taken as

l1 =
(
−
√
gh′(A)

A
, 1
)
, l2 =

(√gh′(A)

A
, 1
)
. (5.7)

We consider that the mixed initial-boundary value problem for system (5.1) with the initial condition

t = 0 : (A, V ) = (A0 + Ã0(x), V0 + Ṽ0(x)), 0 ≤ x ≤ L (5.8)

and the flux conditions

x = 0 : AV = A0V0 + q2(t), (5.9)

x = L : AV = A0V0 + q1(t). (5.10)

We introduce the Riemann invariants (r, s):{
r = 1

2 (V − V0 −G(A)),

s = 1
2 (V − V0 +G(A)),

(5.11)

where

G(A) =

∫ A

A0

√
gh′(τ)

τ
dτ. (5.12)

Then, we have {
V = r + s+ V0,

A = H(s− r) > 0,
(5.13)

in which H is the inverse function of G and

H(0) = A0 (5.14)

and

H ′(0) =

√
A0

gh′(A0)
> 0. (5.15)

It is easy to see that

(A, V ) = (A0, V0)⇔ (r, s) = (0, 0). (5.16)

In a neighbourhood of (A0, V0), system (5.1) can be equivalently rewritten as{
∂r
∂t + λ1(r, s) ∂r∂x = 0,

∂s
∂t + λ2(r, s) ∂s∂x = 0,

(5.17)



22 L. WANG ET AL.

where {
λ1(r, s) = r + s+ V0 −

√
gH(s− r)h′(H(s− r)) < 0,

λ2(r, s) = r + s+ V0 +
√
gH(s− r)h′(H(s− r)) > 0.

(5.18)

The boundary conditions (5.9) and (5.10) can be rewritten as

x = 0 : Q(r, s, q2(t))
def.
= (r + s+ V0)H(s− r)−A0V0 − q2(t) = 0, (5.19)

x = L : T (r, s, q1(t))
def.
= (r + s+ V0)H(s− r)−A0V0 − q1(t) = 0. (5.20)

Since

∂Q

∂s

∣∣∣
(0,0)

=

√
A0

gh′(A0)

(√
gA0h′(A0) + V0

)
> 0, (5.21)

∂T

∂r

∣∣∣
(0,0)

=

√
A0

gh′(A0)

(√
gA0h′(A0)− V0

)
< 0, (5.22)

the boundary conditions (5.19) and (5.20) can be equivalently rewritten as

x = 0 : s = G2(q2(t), r), (5.23)

x = L : r = G1(q1(t), s) (5.24)

with

G2(0, 0) = G1(0, 0) = 0, (5.25)

provided that r and s are small enough. Thus, we have

x = 0 : s = Ḡ2(q2(t), r) +H2(t), (5.26)

x = L : r = Ḡ1(q1(t), s) +H1(t), (5.27)

in which

Ḡ2(q2(t), r) = G2(q2(t), r)−G2(q2(t), 0), H2(t) = G2(q2(t), 0) (5.28)

and

Ḡ1(q1(t), r) = G1(q1(t), r)−G1(q1(t), 0), H1(t) = G1(q1(t), 0). (5.29)

Then, based on Theorems 2.5, 2.7 and 2.8, we have

Theorem 5.1. Let

T >
L

λ2(A0, V0)
. (5.30)

For any given initial data (A0 + Ã0(x), V0 + Ṽ0(x)) with small C1 norm ‖(Ã0, Ṽ0)‖C1[0,L] and for any given
boundary function q1(t) with small C1 norm ‖q1‖C1[0,+∞), such that the conditions of C1 compatibility are
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satisfied at the point (t, x) = (0, L), if we give the nodal profiles ( ¯̄A(t), ¯̄V (t)), being the value of (A, V ), at the

node x = L on the time interval [T,+∞) with small norm ‖( ¯̄A(·) − A0,
¯̄V (·) − V0)‖C1[T,+∞), satisfying the

boundary condition (5.10), namely, ¯̄A(t) ¯̄V (t) ≡ A0V0 + q1(t) on [T,+∞), then there exists a boundary control
q2(t) with small C1 norm ‖q2‖C1[0,+∞) on the interval [0,+∞), such that the corresponding mixed initial-
boundary value problem (5.1) and (5.8)–(5.10) admits a unique C1 solution (A, V ) = (A(t, x), V (t, x)) with
small C1 norm ‖(A(·, ·)−A0, V (·, ·)− V0)‖C1(R) on the domain R = {(t, x)|t ≥ 0, 0 ≤ x ≤ L}. Moreover, at the
boundary node x = L the solution exactly satisfies the given nodal profiles

A = ¯̄A(t), V = ¯̄V (t), t ≥ T. (5.31)

Theorem 5.2. Under the condition (5.30), for any given initial data (A0 + Ã0(x), V0 + Ṽ0(x)) with small C1

norm ‖(Ã0, Ṽ0)‖C1[0,L] and for any given boundary function q1(t) with

sup
t≥0
{eat(|q1(t)|+ |q′1(t)|)} � 1, (5.32)

such that the conditions of C1 compatibility are satisfied at the point (t, x) = (0, L), if we give the nodal profiles

( ¯̄A(t), ¯̄V (t)), being the value of (A, V ), at the node x = L on the time interval [T,+∞), which satisfies

sup
t≥T
{eat(| ¯̄A(t)−A0|+ | ¯̄V (t)− V0|+ | ¯̄A′(t)|+ | ¯̄V ′(t)|)} � 1 (5.33)

and the boundary condition (5.10), namely, ¯̄A(t) ¯̄V (t) ≡ A0V0 + q1(t) on [T,+∞), then there exists a boundary
control q2(t) on the interval [0,+∞) with

sup
t≥0
{eat(|q2(t)|+ |q′2(t)|)} ≤ K̄1, (5.34)

such that the corresponding mixed initial-boundary value problem (5.1) and (5.8)–(5.10) admits a unique C1

solution (A, V ) = (A(t, x), V (t, x)) satisfying

eat
(
|(A(t, x)−A0, V (t, x)− V0)|+ |(At(t, x), Vt(t, x))|

)
≤ K̄2, ∀t ≥ 0, 0 ≤ x ≤ L, (5.35)

where K̄i (i = 1, 2) are positive constants. Moreover, at the boundary node x = L the solution exactly satisfies
the given nodal profiles

A = ¯̄A(t), V = ¯̄V (t), t ≥ T. (5.36)

Theorem 5.3. Under the condition (5.30), for any given initial data (A0 + Ã0(x), V0 + Ṽ0(x)) with small C1

norm ‖(Ã0, Ṽ0)‖C1[0,L] and for any given boundary function q1(t) with

sup
t≥0
{(1 + t)1+µ(|q1(t)|+ |q′1(t)|)} � 1, (5.37)

such that the conditions of C1 compatibility are satisfied at the point (t, x) = (0, L), if we give the nodal profiles

( ¯̄A(t), ¯̄V (t)), being the value of (A, V ), at the node x = L on the time interval [T,+∞), which satisfies

sup
t≥T
{(1 + t)1+µ(| ¯̄A(t)−A0|+ | ¯̄V (t)− V0|+ | ¯̄A′(t)|+ | ¯̄V ′(t)|)} � 1 (5.38)
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and the boundary condition (5.10), namely, ¯̄A(t) ¯̄V (t) ≡ A0V0 + q1(t) on [T,+∞), then there exists a boundary
control q2(t) on the interval [0,+∞) with

sup
t≥0
{(1 + t)1+µ(|q2(t)|+ |q′2(t)|)} ≤ K̄3, (5.39)

such that the corresponding mixed initial-boundary value problem (5.1) and (5.8)–(5.10) admits a unique C1

solution (A, V ) = (A(t, x), V (t, x)) satisfying

(1 + t)1+µ
(
|(A(t, x)−A0, V (t, x)− V0)|+ |(At(t, x), Vt(t, x))|

)
≤ K̄4, ∀t ≥ 0, 0 ≤ x ≤ L, (5.40)

where K̄i (i = 3, 4) are positive constants. Moreover, at the boundary node x = L the solution exactly satisfies
the given nodal profiles

A = ¯̄A(t), V = ¯̄V (t), t ≥ T. (5.41)

Remark 5.4. Noting that the boundary condition (5.26) is equivalent to (5.9) or (5.19), in Theorems 5.1, 5.2
and 5.3, the desired boundary control q2(t) can be determined by means of the boundary condition (5.9) or
(5.19) instead of using directly the boundary conditions (5.26) and (5.28).
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[1] B. de Saint-Venant, Théorie du mouvement non permanent des eaux, avec application aux crues des rivières et l’introduction

des marées dans leur lit. C. R. Acad. Sci. 73 (1871) 147–154, 237–240.

[2] Q. Gu and T. Li, Exact boundary controllability of nodal profile for quasilinear hyperbolic systems in a tree-like network.
Math. Methods Appl. Sci. 34 (2011) 911–928.

[3] Q. Gu and T. Li, Exact boundary controllability of nodal profile for unsteady flows on a tree-like network of open canals. J.
Math. Pures Appl. 99 (2013) 86–105.

[4] M. Gugat and G. Leugering, Global boundary controllability of the de St. Venant equations between steady states. Ann. Inst.
Henri Poincar C 20 (2003) 1–11.

[5] M. Gugat and G. Leugering, Global boundary controllability of the Saint-Venant system for sloped canals with friction. Ann.
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