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LOCAL STATE OBSERVATION FOR STOCHASTIC HYPERBOLIC
EQUATIONS*

Q1 LU! AND ZHONGQI YINZ**

Abstract. In this paper, we solve a local state observation problem for stochastic hyperbolic equa-
tions without boundary conditions, which is reduced to a local unique continuation property for these
equations. This result is proved by a global Carleman estimate. As far as we know, this is the first
result in this topic.
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1. INTRODUCTION

Let T'> 0 and G C R" (n € N) be a bounded domain. Throughout this paper, we will use C' to denote a
generic positive constant depending only on 7" and G, which may change from line to line. Put Q@ = G x (0,T).

Let (92, F,F,P) with F 2 {Fi}+>0 be a complete filtered probability space on which a one dimensional
standard Brownian motion {W(t)};>o is defined. Assume that H is a Fréchet space. Let LZ(0,T; H) be the
Fréchet space consisting all H-valued F-adapted process X (-) such that E|X () QLQ(OT;H) < +00, on which the
canonical quasi-norm is endowed. By Lg°(0,T; H) we denote the Fréchet space of all H-valued F-adapted
bounded processes equipped with the canonical quasi-norm and by LZ(€;C([0,77]; H)) the Fréchet space of
all H-valued F-adapted continuous precesses X (-) with E\X(~)%([O7T];H) < +o00, equipped with the canonical
quasi-norm.

This paper is devoted to the study of a local state observation problem for the following stochastic hyperbolic
equation:

odz — Azdt = (blzt + by -Vz+ ng)dt + byzdW (t) in Q, (1.1)
where o € C(Q) is positive and

bi € LIEO(OvTv LIOEC(G))7 b € LI?O(O?T’ Ly, (Gan))a

loc

bs € Lg°(0,T; L} (@), by € Lg°(0,T; Ly, (G)).
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*This work is partially supported by NSF of China under grants 11971334 and 11931011, and the General Fund Project of
Sichuan Provincial Department of Education in China under grant 13ZB0164.

Keywords and phrases: Stochastic hyperbolic equation, Carleman estimate, local state observation, local unique continuation.

1 School of Mathematics, Sichuan University, Chengdu 610064, Sichuan Province, P.R. China.
2 Department of Mathematics, Sichuan Normal University, Chengdu 610068, P.R. China.

** Corresponding author: zhongqiyin@sicnu.edu.cn

Article published by EDP Sciences © EDP Sciences, SMAI 2020


https://doi.org/10.1051/cocv/2019049
https://www.esaim-cocv.org
mailto:zhongqiyin@sicnu.edu.cn
http://www.edpsciences.org

2 Q. LU AND Z. YIN
Put

A
Hr = Lg(9; C([0, T); Hjoo(G))) N L (2 € ([0, T]; Lii,o(G)))- (1.2)
Definition 1.1. We call 2z € Hr a solution of equation (1.1) if for each t € [0,T], G’ CC G and n € H(G"), it
holds that

/ Uzt(tvf)ﬂ(x)CM*/G, azt(O,x)n(:c)dx/Ot/lat(t,x)zt(t,x)n(x)dx s

G/
¢ t
= / [ — Vz(s,x) - Vn(x) + (brze + ba - V2 + 632)77(1'):| dzds +/ / byzn(x)dadW(s), P-as.
0 ’ 0 ’

Let S CC G be a C?-hypersurface. Let 7y € S\ G and suppose that S divides the ball B,(z¢) C G, centered
at zo and with radius p, into two parts D; and D, . Denote as usual by v(x) the unit normal vector to S at x
inward to D .

Let y be a solution to equation (1.1) and £ > 0 a fixed small number. More precisely, this paper is devoted
to the following local state observation problem:

(Pu) Can y in D} x (¢,T —¢) be uniquely determined by the values of y in D, x (0,7T)?

Remark 1.2. In the formulation of problem (Pu), we introduce a number . Generally speaking, e depends on
o and p and cannot be zero. Indeed, due to the finite speed of the propagation of the solution to (1.1), one need
to wait for some time to observe the solution; that is to say, one loses some information for time. The number
€ characterizes such loss.

In other words, problem (Pu) concerns that whether the state in one side of S uniquely determines the state
in the other side. Clearly, it is equivalent to the following unique continuation problem:

(Pul) Can we conclude that y = 0 in D} x (¢,T — ¢), provided that y = 0 in D, x (0,7T)?

State observation problems for deterministic PDEs are studied extensively in the literature. Generally
speaking, a state observation result is a statement in the following sense:

Let u be a solution of a PDE and two regions M; C Msy. Then u is determined uniquely in Mo by the
observation on Mj.

Problem (Pu) is a natural generalization of the unique continuation problems under the stochastic setting,
i.e., My =D, and My = B,(xp).

State observation problem has a close connection with the unique continuation problem. In many cases, such
as problem (Pu) and problem (Pul), these two kinds of problems are equivalent.

There is a long history for the study of unique continuation property (UCP for short) for deterministic PDEs.
Classical results date back to Cauchy-Kovalevskaya theorem and Holmgren’s uniqueness theorem. These two
results need the coefficients of the PDE analytic to get the UCP. In 1939, T. Carleman introduced in [4] a new
method, which was based on weighted estimates, to prove UCP for two dimensional elliptic equations with L
coefficients. This method, which is called “Carleman estimates method” nowadays, turns out to be quite powerful
and has been developed extensively in the literature and becomes the most useful tool to solve state observation
problems and obtain UCP for PDEs (e.g. [5, 7, 8, 22, 23, 27]). In particular, unique continuation results for
solutions of hyperbolic equations across hypersurfaces were studied by many authors (e.g. [6, 9, 18, 19, 21]).

Compared with the deterministic PDEs, there are very few results concerning UCP for stochastic PDEs. To
our best knowledge, [24] is the first result for state observation problems of stochastic PDEs, in which the author
shows that a solution to a stochastic parabolic equation can be determined by an observation in any subdomain
and this result was improved in [10, 15] where some quantitative results were obtained. The first result of
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state observation problems for stochastic hyperbolic equations was obtained in [25]. Some improvements were
made in [14, 16]. The results in [14, 25] concerned the global state observation problem for stochastic hyperbolic
equations with a homogeneous Dirichlet boundary condition, i.e., they concluded that the solution to a stochastic
hyperbolic equation can be determined by an observation in a large enough subdomain. In this paper, we focus
on the local state observation problem for stochastic hyperbolic equations without boundary condition, that is,
can a solution be determined locally?

To present the main result of this paper, let us first introduce the following notion.

Definition 1.3. Let g € S and K > 0. S is said to satisfy the outer paraboloid condition with K at x if there
exists a neighborhood V of zy and a paraboloid P tangential to S at zo and PNV C D, with P congruent to

n
xlzKE x?
j=2

The main result in this paper is the following one.

0 T/2
Theorem 1.4. Let zy € S\ 0S such that % < 0, and let S satisfy the outer paraboloid condition with
v
Jdo

-2 T/2

K < o (@0 T/2) (1.4)
AlolL=(B,(@o.r/2)) +1)

Then for any z € Hp which solves equation (1.1) satisfying that

z=0 onD, x(0,T), P-as., (1.5)
there is a neighborhood U of xg and € € (0,T/2) such that

z=0 in (U ﬁD:) x (e,T —¢), P-as. (1.6)

Remark 1.5. Theorem 1.4 concludes that the value of z on (Z/{ N D;r) x (e,T — €) can be determined by the
observation on D x (0,7'), P-a.s., which answer the state observation problem (Pu).

Theorem 1.4 is an immediate corollary of the following result.

T/2
Theorem 1.6. Let zy € S\ 95 such that M < 0, and let S satisfy the outer paraboloid condition with
v
Jdo
-2 T/2
K < o (@0 T/Y) (1.7)
4(lo] Lo (B, (z0,7/2)) + 1)
Let z € Hr be a solution of the equation (1.1) satisfying that
*%*0 (0,T)x S, P (1.8)
== on (0, , P-as. .

Then, there is a neighborhood U of xo and € € (0,T/2) such that

z=0 in(UNDS)x (e,T —¢), P-as. (1.9)
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o (o, T/2)

Remark 1.7. In Theorem 1.6, we assume that < 0. It is related to the propagation of wave. This

v
is a reasonable assumption since the UCP may not hold if it is not fulfilled (e.g. [1]). It can be regarded as a
kind of pseudoconvex condition (e.g. [7], Chap. XXVII).

Remark 1.8. If S is a hyperplane, then Condition 1.7 always satisfies since we can take K = 0.

Remark 1.9. From Theorem 1.6, one can get many classical UCP results for deterministic hyperbolic equations
(e.g. [6, 17, 21]).

Remark 1.10. It is interesting to consider the state observation problem for more general stochastic hyperbolic

equations, that is, the term Az being replaced by 2": 62] (bijg—;) with b%(-) € L2(Q; CL([0,T]; W2>°(G)))
(i,j =1,...,n). However, we do not know how to hati&g such case now. Indeed, as far as we know, even for deter-
ministic hyperbolic equation, when Az being replaced by i 5'({91:] (aij g;l) with a¥ () € C1([0, T]; W2°(Q)))
(i,j =1,...,n), the corresponding unique continuation prggém is not solved. In our opinion, the main difficulty

to solve this problem is how to construct a suitable weight function to establishing a Carleman estimate like
Theorem 4.1.

Similar to the deterministic settings, we shall use the stochastic versions of Carleman estimate for stochastic
hyperbolic equations to establish our estimate. Carleman estimates for stochastic PDEs are studied extensively
in recent years (see [3, 11-14, 20, 26] and the references therein). Carleman estimate for stochastic hyperbolic
equations was first obtained in [25]. Compared with the result in [25], we need to handle a more complex case
(see Sect. 2 for more details).

The rest of this paper is organized as follows. In Section 2, we derive a point-wise estimate for stochastic
hyperbolic operator, which is crucial for us to establish the desired Carleman estimate in this paper. In Section 3,
we explain the choice of weight function in the Carleman estimate. Section 4 is devoted to the proof of a Carleman
estimate while Section 5 is addressed to the proof of the main result.

2. A POINT-WISE ESTIMATE FOR STOCHASTIC HYPERBOLIC OPERATOR

We introduce the following point-wise Carleman estimate for stochastic hyperbolic operators. This estimate
has its own independent interest and will be of particular importance in the proof for the main result. In the rest
0
of this paper, for simplicity, we use the notation y; = a—y, j=1,...,n for the partial derivative of a function

Ly

y with respect to x;, where z; is the j-th coordinate of a generic point = = (x1,...,z,) in R™.

Lemma 2.1. Let £,V € C?((0,T) x R"). Assume u is an HZ,,(R™)-valued F-adapted process such that u; is an

L?(R™)-valued semimartingale. Set @ = e* and v = Qu. Then, for a.e. x € R" and P-a.5. w € Q,

9( — 200y + 2 i bijfi’l)j + \I/U) {O’dut _ i (bijui)jdt}
i,j=1 Q=1
+ i [ z": (Qbijbi’j/ﬁi/vivj, — b"’jbi,jlﬂivirvj/) — 261 00, +Ubijfivf
=1 i ,j'=1
+Wb v;v — (A&‘ + %\Ifi)bijvz} dt

J
n n

+d [a Z bijétij — 20 Z bij&vjvt + azﬁtvf —oVuv + (UA& + %(U\If)t)zﬂ] (2.1)

ij=1 ij=1
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= {[(a%)t + En: (ob"0;); — J\I/} -2 Z obl;), 4+ b7 (aly) jJvivy

4,g=1 t,j=1

+ Z [(ob90): + En: (267" (67 8r) 50 = 0077 b)) + W07 w30

4,j=1 i,j'=1

2 _ S Qi 2 202 2
+BV + (= 2000, +2 Y b, + Wo) pdt + 02070, (duy)?,

i,j=1
where (duy)? denotes the quadratic variation process of u, and A and B are stated as follows:

n

A é o’(ﬁ? — ett) — Z (b”flgj — béjgz - bl]éz]) - \Ija
i.j=1 1 . (2.2)
B2 AW+ (0Al): = Y (ABIG);+ 5 |(0W)e = Y (5791, ].
i,j 1,j=1

Remark 2.2. When o = 1, the equality (2.1) had been established in [25]. The computation for the general o
is more complex. One needs to handle the terms concerning o carefully.

Proof. By v(t,z) = 6(t, x)u(t, z), we have
up =07 (vp — ), u; = 07 (v; — L)
for j =1,2,...,n. Then, for that 6 is deterministic, we have
oduy = od[0~ (v — Lv)] = 00~ [dvt — 2Wypdt + (2 — Ly )udt]. (2.3)

Moreover, we find that

n n

Z (b”uz)J = Z [bijG*l(vi — gﬂ))]J
1,j=1 3,j=1 . (24)
= 071 Z [(b”vZ)J — 2()%]&?}] + (bl‘]&ﬁ] — b;jgz — bij&j)v} .
3,j=1

As an immediate result of (2.3) and (2.4), we have that

odu; — i (bijui)jdt
ij=1
= 9_1{ [Udvt — z”: (bijvi)jdt] + (- 2080, + 2 zn: bij@i”ﬂ')dt (2:5)

i,j=1 i,j=1
n

+[a(é§ — ) = Y (00— b0 — bijfij)}vdt}.

ij=1
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Therefore, by (2.5) and the definition of A in (2.2), we get

n n
0(— 2060 +2 > bItw; + 0) [odu, — Y (7wt
i,j=1 i,j=1
= ( — 20200, + 20 Z bijéivj + U\I'v> duvy
, 20
(= 20000 +2 3 Vv + Do) [ = 3 (0); + Av]ae
ij=1 ij=1
oo 2
+< — 2000y + 2 Z bl + \Pv) dt.
ij=1
Let us continue to analyze the first two terms in the right-hand side of (2.6).
For the first term in the right-hand side of (2.6), we find that
—20%0vpdvy = d(—000?7) + 024 (dvg)? + (024 vidt,
n B n B n B n B
20 Y b lvidv, = d(2avt > b%uj) =23 (ob ) wivedt — 20 Y b bt
ij=1 ij=1 ij=1 ij=1
and
oWudv, = d(Tovvy) — (o0)ovdt — o Wv2dt.
Consequently, we get that
n ..
( — 20l v + 2 Z b b5 + \I/U) odv,
ij=1
L 1
= d[ - 02&1}? + 200 Z b liv; + oWovy — i(o\ll)tvﬂ
. nI=t . (2.7)
_{ S (ob2),; — {(aet)t + 5 (b _axlz} V2
ij=1 ij=1

i 1
+2 Z (Ub”&)tvjvt - §(U\I/)tt02}dt + 0'2€t(d1]t)2.

ij=1
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In a similar manner, for the second term in the right-hand side of (2.6), we find that

n

—20/0,v4 [ — Z (bijvi)j + Av}

ij=1
= 2[ Z (ob“ lyvvy)j — Z b (Uet)ﬂ}ﬂ}t} + Z (ab"8;) 004 (2.8)
i,j=1 ij=1 ij=1
— (0’ Z bijftvivj + UAEtv2> + (UAét)tUQ,
t
ij=1
2 Z bijgﬂ)j |: - Z (b”’l)l)] + A’l):|
i,j=1 i,j=1
— Z |: Z (2bijbi/j/€i/’l]i’l)j/ _ bijbi/j/gﬂ)y@y) o Ab”‘gzv2:| ‘ (29)
ij=1 i ,j'=1 J
+ ) {2bif’(bi’iei,)j, - (biﬂ'bi'ﬂ"ei,)j,} vy — Y (Ab74) 07,
1,5,4",j' =1 i,j=1
and
Ty { - Z (b"9v;); + Av}
A . - (2.10)
T Z (\Ijbijwi - ?Ijibijvz)j v Z brviv; + [_ 2 Z (b7 W;); + AT|v?.
1,0=1 7,7=1 1,0=1
Finally, from (2.6) to (2.10), we arrive at the desired equality (2.1). O

3. CHOICE OF THE WEIGHT FUNCTION

In this section, we explain the choice of the weight function which will be used to establish our global
Carleman estimate. Although such kind of functions are already used in [2], we give full details for the sake of
completion and the convenience of readers.

The weight function is given as follows:

Iem 5 1 T\2 1

where h and 7 are suitable parameters, whose precise meanings will be explained in the sequel.

Without loss of generality, we assume that
0=1(0,...,0) € S\ 9S

and

v(0) = (1,0,---,0).
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For some r > 0, for that S is C?, we can parameterize S in the neighborhood of the origin by

T :’Y(an"'vIn)? |I2|2+"'+|l‘n|2 <. (32)
For notational brevity, denote
do
t) = —.
ale,t) = 22

Hereafter, we set

r ntl (2 N2 o,
B(01) = {in- o ewen s (- 1) <)
? 2 (3.3)
Bu0) = {z: z € R", || <1},
By (1.7), we have that
T
~ag=a(0,5) <0,
o
K< ,
4(lo|Lo (B, (0,7/2)) + 1) (3.4)
7KZ‘T? < ’Y(I27"' ;'Tn)a if Ziﬂ? <.
Jj=2 =2
Let
M1 = max{|a\cl(37‘(070)),1} . (35)
Denote

D, ={x: x € B.(0), 21 <¥(22,...,7,)}, D} = B.(0)\ Dy .

For any « € (0, ap), in accordance with the continuity of a(z,t) and the first inequality in (3.4), it is clear that
there exists a dp > 0 small enough such that 0 < 6y < min{1,72}, which would be specified later, and

T 2
a(z,t) < —a if |z* + (t - 5) < do. (3.6)
Letting Mo = |0|r(B,(0,7/2)), by the second inequality in (3.4), we can always choose K > 0 so large that

1 «
K< —«<
4

2h (Mo +1) (87)

Following immediately from (3.7), we have that

1-21K >0, ha—2(My+1)>0. (3.8)
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For K and h such chosen, we will further take 7 € (0,1) so small that

K 1712 5 2T
- L <
’max{l—QhK’Qh}’ T T S0 (3.9)

For convenience of notations, by denoting 1 (7) the term in the left hand side of (3.9) and letting .4y = min{o, 1},
we further assume that

h2A0 > 2hM1\/,U0(T) + 2M1,U,0(T),

(3.10)
ah > 2(M? + My)\/po(T) — (ME +nMp) — (n —1).
For any positive number p with 24 > 7, let
N
Q= {(x,t) € R”H‘ x1 > y(x2, T3, ..., Tn), Zw? < dg, p(z, 1) < u}. (3.11)

j=2
The set @, defined above is not empty. To show this, it is only to prove that the defining conditon ¢(z,t) < p
is compatible with the first defining condition, i.e., 1 > y(x2, T3, ..., z,). By assumption, we know that

V(X2 T3y .oy Ty) > —KZx?,

then together with the first inequality in (3.8), we have that

= 1 — 1 T\? 1
2 2
Jj=2 j=2
1 | T\2 1
=(3-mn) ey (t-5) 5
Jj=2
> T
>

Noting that (z,t) € Q, implies p(x,t) < p, together with 2u > 7, we see by definition that @, # () as desired.

In what follows, we will show that how to determine the number &y appearing in (3.9). Let (z,t) € Q... Here
Q- is defined as in (3.11) for 27 > 7. From the definition of @, and noting that

Y(zo, T3, .., Tpy) > —KZCC?,
we find that

T — 1 2 T T
< —— 2——(t——) — < —. 12
=79 ;xﬂ 2h 5) T = (3.12)
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On the other hand, by

n
2
~K) u} <,
=2
we obtain that

- 1 < 1 T\2 1
K E 2 E 2

Thus

T

2
TS T_2Kh

n
j=2
We then get that

Kt

2

=2

Combining (3.12) and (3.13), we arrive at

K 1
< _ — .
] _max{l—%K’ Zh}T

Thus, by the restriction imposed on ¢(z,t) in the definition of @, and (3.13), we find that

1 1 T\2
T ><p(m,t)=hx1+72m?—|—f(t——> +

2 4 2 2 2
Jj=2
Khr Iem 5, 1 T\2 7
S S 2y (- = -
> 1—2Kh+2j22x3+2< 2) 3
This gives that
(t T)2< 2K ht _ T
2 1—2Kh T 1-2Kh

Correspondingly, we have that

T 2 i T 2

(3.13)

(3.14)

(3.15)

(3.16)
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Returning back to (3.6), by (3.13), (3.14) and (3.16), we choose the g in the following style:

K 1112, 2
_ 1 2 1
% > pio(7) ‘max{1—2Kh’2h}‘ Ry (8.17)

4. A GLOBAL CARLEMAN ESTIMATE

This section is devoted to establishing a global Carleman estimate for the stochastic hyperbolic operator
presented in Section 1, based on the point-wise Carleman estimate given in Section 2. It will be shown that it
is the key to the proof of the main result.

We have the following global Carleman estimate.

Theorem 4.1. Let u be an HE, .(R™)-valued F-adapted process such that u; is an L?(R™)-valued semimartingale.

If uw is supported in Q., then there exist a constant C > 0 and an sqg > 0 depending on o, T such that for all
s > sg, we have that

IE/ 9( — 20lvy + 2VE - Vv) (Udut — Audt)dx

Qr

> C'IE/ [S)\Qcpﬂ\72(|VU\2 +v3) + 53)\45073)‘741)2} dzdt (4.1)
Q-

+E/ ( — 200y + 2V - Vv)zda:dt + C’E/ 020%4;(duy)?da.

T T

Proof. We apply the result of Lemma 2.1 to show our key Carleman estimate. Let (b);<; j<, be the unit
matrix of nth order and let ¥ =0 in (2.1). Then we find that

0 (—200yv; + 2V - Vo) (odu; — Audt)

+ V- [2(Vo - VOV — |[Vu]PVE = 20,0, Vv 4 0vf VI — AVEv?]dt

+ d(cl;|Vo|* — 20V - Vo, + 0 lw] + o Al?) (4.2)
= {[(azﬁt)t +V- (ng)]vf—Z[(O'V@t + V(aﬂt)] -Vvuvg + [(Uft)t + AE} |Vo|?

+B0? + (= 2000, + 2V - Vo) * Ydt + 02620, (duy)?.
It is easy to show that A and B are stated respectively as follows:

{ A=o(l] —ty) — (VL = AL), (4.3)
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-

Now let £ = s~ with ¢ the weight function given by (3.1). Then, some simple computations show that

T
b = —shprp "l = —sA(t - 5)@”‘3
= T2 —A=2 —A—1
by =sA(A+1) (t - 5) © sAp ,
VI = —s g M1V, (4.4)

Al =sAA+ 1) 2 Vep|? — shp 2T Ap,

T
Vel = sA(A+ 1)¢rH(t - 5)w.
We begin to analyze the terms in the right hand side of (4.2) one by one. The first one reads

[(O'Q&)t + V- (UVK)] U?

= (20025& + 020y +Vo-Vi+ JAé)vtz
= [20@& + 0%y — sANVo - Vo + oAp)p 271+ A\ + 1) |V 2o 2 |02

= —s\p 200, (1 g) +0% + (Vo - Voo + 0 Ap) |

T2 (4.5)
=2 2y _ 4 2],.2
+sAA+ D |:O' (t 2) + |V }vt
> —s)\go_’\_l{ha + 2(M7 + M)\ po(T) + [MG + (n — 1) M) }v?
+sA\ + Dh2op~ 202
> s)\ap”‘*l{ha — 2(M7 + M)\ po(r) — [M§ + (n — 1)My] }vf
+hiosA(A + 1) 20
Likewise, the second term in the right hand side of (4.2) reads
—2[(aVA); + V(aty)] - Voo
= *Q(Utvg + JV& + ZtVJ + O'Vét) -V Ut
= {25/\g0 A=l [atha + (t — —)VU} —2sA(A+ Dy )‘720th0} Voo
(4.6)

= 28)\@_’\_2{ [Utho + (t - §>VU}QO — A+ 1o (t - %)ch} - Vo
> —shp 2% (Myh +2M; \/M)TGVUF +v7)

—sAA+ 1) 22 (WM po (1) + Mypo (7)) (IV0]? 4 7).
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Thus, there exists a Ag > 0 such that for A > )\g it holds that
—2 I:(O'vg)t + V(O'Et):l -V UVt

> —25A(A + 1) 22 (WM po(7) + Mipio (7)) (|V[* + 07).
Treating the third term in the right hand side of (4.2) in the same fashion, we obtain

[(Uét)t + Aé] |V’U|2

= (Utgt +oly + Af) ‘VU|2

= —s\p ! [at (t — %) + o+ Acp} |Vol|? (4.8)

FAA+ D 2o (1 - %)2 + Vel [P

—shp A1 (M“/uo(T) + Mo+ (n— 1)) |Vol? + h2sA\ + 1)~ 22| Vo 2.

v

Following (4.5), (4.7), (4.8) and noticing (3.10), we find that

[(0%6)¢ + V - (aVO)]v] —2[(aVL), + V(oby)] - Vo + [(aly)e + AL] Vol
(4.9)
> Cs\2p 2 2(|Vo|? 4 v2)

for all A > Ag.
Next, note that in our case A = o((? — £y) — (|VL|*> — Af). Then it is easy to show that

A= 2Xe P 2[o(1 - T) — VeP] + A+ 02 [[Vel o (1 - 1) ]

+sAp A1 [0 — (n—1)].

(4.10)

Thus, under some simple but a little more bothersome calculations, it holds that

= O'tAgt + O'Atét + O'Aétt — VA -VI—- AN/

=3s°A2(A + 1) (t - %)2 [(t - g)Q - IV@\Q} pA (4.11)

TN 2
+35° X2+ 12|V |Vl — (1= 5 ) o™
+O(53)\3(p—3k—3) + 0(82A430_3>\_4).

It is easy to see that there exist an A\; > 0 and sg > 0 such that for all A > Ay, s > sq,

Bv? > Cs3)\4g0*3>‘*4f02. (4.12)
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Next, integrating (4.2) over @, and taking mathematical expectation, we obtain that

IE/ 9( —20lvy + 2VE - Vv) (adut — Audt)dx

-

> CIE/ [SAQQD_/\_QUVU\Q +02) + 53)\4g0_3)‘_4v2} dzdt (4.13)

r

+E/ (- 206w, +2V€~Vv)2da:dt+CIE/ 02020, (duy ) 2dz.

T T

Thus we complete the proof. O

5. PROOFS OF THEOREM 1.6
This section is dedicated to the proof of Theorem 1.6.

Proof. Without loss of generality, we assume that

Z‘():(0707”'70)7 V(IO):(LOV”?O)
and S is parameterized as in Section 3 near 0. Also, K, dg, h, 7 are all given as in Section 3. By the definition of
o(z,t) and Q,,, for any p € (0, 7], the boundary I',, of @, is composed of the following three parts:

n
F}L = {(.’E,t) S Rn+1 xr1 = 7(132’1"37' .. 7.Z'n), Zl‘? < 507¢(x7t> < /’(‘}7
=2

r2 = {(w,t) e R"Hay > y(zo, 73, ..., T0), Zm? < o, p(x,t) = u}, (5.1)
=2

n
Fz = {(Jf,t) € Rn+1 T > W(man?ﬂ s ,Z’n), Zx? = 607@(£?t) < /’[’}a
=2

e, ') = I‘}L U Fi U FZ' Next, we show that in fact Fi = (). Based on the conditions

x1 > y(z2, T3, ..., Tp)

and

and the definition of ¢, it follows that

(1—2Kh)2z§+(t—§) <2[hx1+zx§+(t—§) } —2% T <2—T<T (5.2)
=2 j=2
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Also, note that I' is subordinated to Z x? = 0p. Thus, from (5.2), it follows that
j=2

T

% < Torn
a contradiction to
-
%> T 3Kh

introduced in (3.17). As a direct result, we conclude that T, =T}, UT?.
Moreover, it is clear that

1 2 e
r,ur;, c Q.

t— T
O\ 1 2Kh

Define

Then by (3.16), it follows

{FL C{a|xy =v(xo,25,...,2,)} x {t| |t =T/2]| <to},
I2 C{z | o(@,t) =p}, pe (0]

It is clear that

i crl, j=1,2

15

To apply the result of Theorem 4.1 to the present case, we adopt the truncation method. For convenience in

the later statement, denote @, = Q1. Fixing a arbitrarily small number 7 € (0, §), let
Qr+1 = {(t,2)|o(x, t) <7 — kT, k=1,2,3}.
Then it is easy to show that that
R4 C Q3 C Q2 C Q.
Introduce a truncation function y € C§°(Q2) in the following manner

X €10,1] and x=1 in Q3.

Let z be the solution of (1.1). Let ® = xz. Then a little bothersome calculation gives that

od®, — ADdt = (b;®; + by - VP + by®)dt + fdt + by®AW () in Q,

D
P =0, 6—20 on ;.
v

(5.4)
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Here, we denote by
f=oxuz+2axze —2Vx-Vz — zAx —bixz — ba - 2Vx.

From the definition of x, f is clearly supported in Q2 \ Q5.
Let

F:blq)t-i-bqu)‘f'b?,(b—i-f

In stead of u by ® in (4.1), we have that

E / 0( — 2060, + 2V - Vo) (0d®, — Addt)da

T

> CE / [SA%*A*QQWF o)+ 53A4¢*3A*402}dmt

-

—HE/ ( — 200 + 2VE - Vv)zdxdt + CE/ 020%0,(d®;)*da.

T T

Due to the elementary property of the It6 integral, it is clear that

E / 0( — 2040, + 2V - Vo) (0d®, — Addt)de

-

= E/ 0( — 20/lvs + 2V 1 - Vv)Fdxdt

-

+E / 0( — 2000, + 2V - Vo) by®dW (t)dz

.

< E/ 0> F2dadt + ]E/ 6( — 2040, + 2V - Vo) dadt.

T €

Thus, we show that

E/ [s)\zap_)‘_2(|Vv|2 +v?) + 83)\4(,0_3)\_4’()2}(137(125 + E/ 02020, (dd;)*dx

T T

< CE / 6% F2dzdt.

.

Let us now do some estimate for the right hand side of the above inequality.

2
E [ 6*F2dadt < QE/ (b1¢t+b2-vq>+b3<1>) dmdt—i—ZIE/ | f[2dadt.
QT T QT
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Note that f is supported in Q2 \ Q5. Hence

E/ 62| f 2dadt

Qr

= E/ 020Xz + 2012 — 2V X - Vz — 2Ax — bixez — by - 2V x|2dadt
QT

< CE/ 62 (zf FIV2? 4 zz)dxdt.
Q2\§3
Thus, we achieve that

E / 02 F2dzdt

.

< CE/ 02 (7 + VO + &) dadt + CE/ 02 (23 + V2P + %) dadt.
1 Q

2\Qs

And then

E / [s)\2<p_)‘_2(|VU|2 +02) +s3)\4<p_3’\_4v2]dxdt+E / 02020, (dD,)?dz

T €

< CE/ 02(<I>? + | Vo2 +<I>2>d:vdt+ CIE/ 92<th + V2P +22>dxdt.
! Q2\Q5
Recalling that
T
(dq)t)Q = bi‘det7 ét = —s)\<t _ 5)@_/\_1,

we have

]E/ {s)\2<p_’\_2(\Vv|2 +v?) + 83)\490_3)\_41}2} dzdt

-

< C’E/ 92(<I>§+ \V<I>\2+<I>2>dxdt+E/ 0202 s At L b2 0% dedt
1

.

+ C’]E/ 62 (zf +|Vz* + z2>da:dt.
Q2\Qs
Then for s and A large enough, it follows that

E/ [s/\2gp_>‘_2(|Vv|2 +0?) + s3>\4g0_3’\_4v2}dxdt
Q

-

< CIE/ 92(<I>§+|V<1>\2+q>2)dxdt+ CE/
T Q

Now, we find that

Vol + 02 > 062 (s%%*”*z’@? VO + @3).

0> (z? +|Vz)? + ZQ)dl‘df.
2\@s

17

(5.10)

(5.11)
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Thus for large s and A, it follows that

]E/ 62 {s)\2<p_’\_2(\V(I>|2 + <I>t2) + 33)\490_3)‘_44)2} dadt

T~

< C]E/ 62 (th +|Vz|? + z2)d:rdt.
Q:2\Q3
Recall that and ® = z in Q3 C Q. It is easy to show that
IE/ 62 {s)\2g0”\’2(|v,z|2 4 22) + 3\ 73342 | dadt
3
< C’IE/ 62 (zf + V2> + 22)dxdt.
Q2\Qs

Note that
o(x,t) <17 —37 for (x,t) € Qq,
then
O(z,t) = esP@ ) 5 os(r=8T) 7 fop (z,t) € Qu.
Moreover, since
T—2T <@(x,t) <1 -7 for (z,t) € Q2\ Qs,
then
ST < Oz, t) < T2 for (z,t) € Q2 \ Q.

Therefore
E/ [s/\2<p7>‘72(\V2|2 +22) + 53/\4<p73>‘7422] dzdt
4

< Ce2ls(r=27) " —s(r=37) g /
Q2\Q3

< C€2[s(772‘7—)_%,s(‘rf?ﬁ)_/\]E/ (Zt? + |VZ|2 Jr2,2)(11,(1t
Q

.

(zf +|Vz)? + zz)dxdt

For brevity, by letting
f=2((r—27)7* — (1 - 37)7"],

we can get that

E/ (IVz|* + 27 + 2%)dzdt < CesﬁE/ (2,52 +|Vz|? + zQ)dxdt.

-

(5.12)

(5.13)

(5.14)

(5.15)
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For that 7 < 0, so if we let s — 400, we find z = 0 in Q4. Taking @4 the desired region, we complete the

proof. O
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