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MULTIPLY-PERIODIC HYPERSURFACES WITH CONSTANT
NONLOCAL MEAN CURVATURE

IGNACE ARISTIDE MINLEND!, ALASSANE NIANG2*
AND EL HADJI ABDOULAYE THIAM!

Abstract. We study hypersurfaces with fractional mean curvature in N-dimensional Euclidean space.
These hypersurfaces are critical points of the fractional perimeter under a volume constraint. We use
local inversion arguments to prove existence of smooth branches of multiply-periodic hypersurfaces
bifurcating from suitable parallel hyperplanes.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we study hypersurfaces with constant Nonlocal Mean Curvature (NMC) which are critical
points of the fractional perimeter under a volume constraint. Let o € (0,1), N > 2 and E be an open set in R
with C2-boundary. The Nonlocal Mean Curvature of the set E (or the hypersurface OF) is defined as

GE) dy := lim

XE-(Y)
gy |z — y|NT e=0 %

H =PV —
e(7) \x _ y|N+a

- for every x € OF. (1.1)
y—x|>e

Here and in the following, we use the notation

XEe(y) = 1e<(y) — 1u(y),

where 1,4 denotes the characteristic function of A and E¢ := RY \ E. In the first integral PV denotes the
principal value sense. The nonlocal mean curvature Hpg, renormalized with a positive constant factor C q,
converges locally uniformly to the classical mean curvature, as o — 1 (see e.g. [1, 2, 12]).

The NMC defined in (1.1) enjoys a geometric expression given by

Hp(z) = _E/BE wdy’ (1.2)

a |z —y|N+e
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2 I. A. MINLEND ET AL.

where vg(y) denotes the outer unit normal to OF at y. This follows from the divergence theorem using (1.1)
and the fact that V, - |z — y|" N (z — y) = a|z — y|" V). We also refer to [4, 5].

Notice that the integral in (1.2) is absolutely convergent in the Lebesgue sense if, for 8 > «, OF is of class
OB and /. SE (H‘yf;%dy < 400. Moreover with this geometric expression, the NMC of any C*# orientable

hypersurface can be defined. We use both expressions (1.1) and (1.2) in the computations.

In this paper, we say that a non empty set E is a Constant Nonlocal Mean Curvature (CNMC) set or E is
a set with CNMC, if Hg : OF — R is pointwisely equivalent to a constant function. In this case OF is called a
CNMC' hypersurface or a hypersurface with CNMC.

It is around 2008 that Caffarelli and Souganidis in [7], and Caffarelli, Roquejoffre, and Savin in [6] introduced
the notion of non local mean curvature. It is a geometric quantity that appears in the first variation of the
fractional perimeter, see e.g. [6, 18]. In the recent years, several works have been devoted to the study of
nonlocal minimal surfaces, while there is a lot to be understood, for instance the classification of stable nonlocal
minimal cones [11, 12]. We refer the reader to [4] for a brief description of some known results on nonlocal
minimal surfaces.

In the case of constant nonlocal and nontrivial mean curvature there have been few results that appeared in
the litterature. In [4], Cabré, Fall, Sola-Morales and Weth established the analogue of the Alexandrov rigidity
theorem for bounded CNMC hypersurfaces in RV, Namely the sphere is the only smooth and bounded CNMC
hypersurface. This result was proved at the same time and independently by Ciraolo, Figalli, Maggi, and
Novaga [8].

The question of existence of unbounded CNMC hypersurfaces (as defined above) has been first studied
by Cabré, Fall, Sola-Morales and Weth in [4]. Indeed, in [4], the authors constructed a continuous branch of
CNMC one-periodic bands in R? bifurcating from a straight band {(s,{) € R x R : || < A}, for some A > 0.
This result was generalized and improved very recently in [3] by Cabré, Fall and Weth. Indeed, they established
in [3] a nonlocal analogue of the classical result of Delaunay [14] on periodic cylinders with constant mean
curvature, the so called onduloids in R”Y, which are one-periodic. They bifurcate smoothly from a cylinder
{(5,) eERx RN~ . |¢] < A}

We note that the paper [13] by Dévila, del Pino, Dipierro and Valdinoci, uses variational methods to prove the
existence of 1-periodic hypersurfaces of Delauney-type in RY which minimize a certain renormalized fractional
perimeter under a volume constraint. It is an open problem to know if the boundary of these minimizers are
CNMC surfaces as defined above. In [5], Cabré, Fall and Weth constructed CNMC sets in R which are the
countable union of a perturbed sphere and all its translations through a periodic integer lattice of dimension
M < N. These CNMC sets form a C? branch emanating from the unit ball alone, where the parameter in the
branch is the distance to the closest lattice point.

The present paper deals with a new kind of unbounded multiply-periodic CNMC hypersurfaces with nontrivial
NMC. Indeed, we build constant nonlocal mean curvature sets, which are 27ZV =1 x %Z—periodic, bifurcating
from the translation-invariant union of the sets E] := {(s,{) € RN"! x R : [¢| < A} + LenZ, for some A €
(0, 5=) and 7 positive small.

We note that the hypersurfaces 0E7 have zero local (or classical) mean curvature. However, this is not the
case for the nonlocal mean curvature as can be easily verified from the geometric form of the NMC (1.2). In
particular our CNMC hypersurfaces do not have counterparts in the classical theory of constant mean curvature
surfaces.

We consider u : RV=1 — (0,00) a 27ZY~!-periodic function and ey = (0,...,0,1) € RY. We look for
2rZN 1 x %Z—periodic sets with constant nonlocal mean curvature which have the form

T 1 q
B} = By + —eyL= LGJZ<EU+TeN), (1.3)
q

where

By ={(s0) e RY "' xR : [¢| <u(s)}, (1.4)
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7> 0and u € CY(RV~1) is a 27ZY ~Lperiodic function.

Notice that when u = A, the set E) is the slab bounded by the parallel plans z = —X and z = A, while EJ is
a translation-union of this slab.

Provided |ul|po®n-1y < 1/27, it is clear that EJ is a set which is 2nZ~N~1 x 1Z-periodic. Moreover, for
every A € (0, %), the set E7 is a CNMC set.

To state our main results, we introduce first the function spaces where we look for u. The space C}’,f;g (RN-1)
is the subspace of the Holder space C*7(RN~1) constituted by functions which are 27-periodic and even in
each of their variables. We then define the spaces

Xp = {u € Czl)f (RN=1) : w4 is invariant under coordinate permutations} ,
Yp = {u € CS”E RN w is invariant under coordinate permutations} .
The above spaces are equipped with their respective standard Hélder norms, see (3.1) below.
Our main result is the following.

Theorem 1.1. Let N > 2, a € (0,1) and B € (o, 1). There exist A > 0, 79,bp > 0 and a unique C* curve
(0,7‘0) X (—bo,bo) — Xp X R+, (T, b) — (’w.,-yb,>\-,-7b)

with the following properties:

(i) Aoo = As, Wo,0 = As,

(ii) For all (,b) € (0,70) X (=bo,bo), the domains E7,  are constant non local mean curvature sets and

Hg- (z) = HEKT,b for all x € 8E;T,b.

b
(iii) For all (1,b) € (0,79) x (—bo,bg) and s = (s1,...,5nv_1) € RN71 we have

N-1
wrp(s) =Arp+ b Z cos (s;) + bur p(s). (1.5)

i=1
Furthermore, there exists a constant ¢ > 0 such that
Arp = Al + lorpllers@y—1y < e(|7[ +[8])

and we have
/ vy p(s) cos(s;)ds =0
[~ Nt

foralli=1,....N —1 and (1,b) € (0,70) X (=bg, bo).

We emphasize that the dependence of the function v on 7 and b in (1.5) is related to the use of the implicit
function theorem.

For N = 3, the CNMC sets in Theorem 1.1 are made of translation invariant disjoint parallel slabs and
translation invariant perturbed slabs as in Figure 1 (see below).

From Proposition 4.1, the nonlocal mean curvature operator H of the set E7, is given by

H(7,u)(s) := Hgz (s,u(s)) for all s € RV -1,
The result in Theorem 1.1 is obtained by solving the equation

H(r,A+¢)—H(r,A)=0 on Yp, (1.6)
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e2

FI1GURE 1. Translation invariant disjoint parallel slabs on the left, and translation invariant
perturbed slabs on the right.

for some A € R and ¢ € Xp. This is achieved by means of the implicit function theorem. To proceed, we first
provide the expression of the NMC, Hg,, of the set E,, and we compute its linearization at any function u. Next
we study the spectral properties of the linearized operator H ) with respect to constant functions u = A > 0. The
operator Hy has a non trivial (N — 1)-dimensional kernel. However, its restriction on the subspace of functions
that are even in each variable and invariant under coordinates permutations yields an operator with 1-dimension
kernel and whose eigenvalues are increasing as functions in the variable A\. Combining these properties with
regularity results contained in [16, 24], we gather the hypotheses that enable us to apply the implicit function
theorem.
We observe from Section 4 below that

H(r,u)(s) = H(u)(s) + O(|r|"F), (1.7)
where H(u)(s) stands for the nonlocal mean curvature of the set
By ={(s,() e RY"" xR : [¢] < u(s)}.

Hence combining (1.6) and (1.7), we get in the following corollary, the existence of a smooth branch of constant
nonlocal mean curvature set which are 2rZ~ ~!-periodic and bifurcate from the slab Ey, := {(s,{) € RN "1 xR :
|| < As}, where A, is the parameter in Theorem 1.1. In the particular case when N = 2, we also recover the
branch of CNMC hypersurfaces constructed in [4].

Corollary 1.2. Let N > 2, X, and by be the positive constants in Theorem 1.1. Then there exists a unique C*
curve

(—bo,bo) — Xp X R.;,_, b— (wb,/\b)
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FIGURE 2. Straight bands on the left and slabs on the right.
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F1GURE 3. Bifurcation of bands on the left and bifurcation of slabs the right.

with the following properties:

(i) Ao = A, wo = A,
(i) For all b € (—bg,bo), the domains

Eu, = {(5,2) ERN I X R ¢ 2] < wy(s)}
are constant non local mean curvature sets, and
Hg,, (r) = Hg,, for all x € OE,,.

In dimension N = 2 and N = 3, the CNMC sets constructed in Corollary 1.2 are given below in Figures 2
and 3.

The result in this paper parallels the result of Fall, Minlend and Weth in [17], where the authors built
unbounded periodic domains to Serrin’s overdetermined boundary value problem. The boundary of these
domains bifurcate from generalized slabs. We also quote the related papers [22, 23|, where it is proved the
existence of Delauney-type domains in RY whose first Dirichlet eigenfunction has constant Neumann data on
the boundary.

Further notable related results are contained in [15], where the author considers equilibrium surfaces which
are critical points to an energy constituted by the sum of the area functional and a repulsive Coulomb-type
potential, arising in diblock copolymer melt. Among other results, the paper [15] establishes the existence of
multiply-periodic equilibrium patterns domains bifurcating from parallel slabs. In [12], Davild, del Pino and Wei
proved the existence of an unstable two-sheet nonlocal minimal surface which is symmetric with respect to the
horizontal plane, bifurcating from two parallel planes.

The paper is organized as follows. In Section 2, we provide the expression of Hg, which will be used to prove
the regularity of the NMC operator. In Section 3, we study the spectral properties of the linearized operator
at a constant function A > 0 and provide qualitative properties of its eigenvalues, as A varies. In Section 4, we
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prove Theorem 1.1 and Corollary 1.2. Finally the proof of the regularity of the NMC operator, respectively the
computations of the explicit expression of the first derivative, are done in Section 5.
2. THE NMC OPERATOR ON PERTURBED SLABS

Let o € (0,1) and 8 € (o, 1). For a positive function u € C*#(RN~1), we consider the set E, as defined in
(1.4). We first recall the following expression for the NMC of E,;:

2

Heu(e) = =2 [ o=yl =) v, () (21)

see e.g. [4]. Here vg, (y) denotes the unit outer normal of OF,, and dy is the volume element of JF,,. Next, we
consider the open set

0:= {u e CHPRNTY) Jnf w> o} : (2:2)

For u € O, we consider the map F, : RN~1 x R — RY given by
F.(s,2) = (s,u(s)z).
The boundary of E,,
OB, = {(s,u(s)o) e RN"' xR : 0 € {~1,1}},

is parameterized by the restriction of F, to RV =1 x {—1,1}.

2.1. The NMC operator

The following result provides the expression for the NMC of F, in terms of the above parametrization and
the function wu.

Lemma 2.1. Let u € O. Then the nonlocal mean curvature Hg, — that we will denote by H(u)(s) — at a point
(s,u(s)d), with 6 € {—1,1}, does not depend on 0 and is given by

o B u(s) —u(s —t) —t-Vu(s —t)
_§H(u)(5) */RN_l {1t + (u(s) — u(s — t))2 1V Fa)/2

_/ u(s) +u(s —t)+t-Vu(s —t) dt
evor T + () T (s — Ry o

dt (2.3)

Moreover, the two integrals above converge absolutely in the Lebesque sense.

Proof. The proof is similar to the one in ([3], Lem. 2.1). We then skip it. O

3. PROPERTIES OF THE LINEARIZED NMC OPERATOR
3.1. The linearized NMC operator

In order to compute the linearized nonlocal mean curvature operator, we need to introduce the functional
spaces in which we work. Consider the Banach spaces

C’;f’”(RNfl) ={uec CP RN : uis 20ZN-periodic }
and

CEYRNY) ={ue CP' (RN : wis 2nZN " '-periodic and even in each variable },
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for k € N and « € (0,1). The norms in two spaces above are the standard C*7(RN~!)-norms, defined by

k
| |DYu(s) = Dru(r)]
N Dl 3.1
[l cw (RN-1) ; D7 ul L ®N-1) + 5,7-86;1}3—1 ‘S — 7«|’Y 31)
= S#T

We denote by P the set of (N — 1) x (N — 1)-matrix of permutations. We then define

Xp:={ue C;ZE(RN_l) tu(s) =u(p(s)), forallseRY"'andpeP},
Yp:={uc CS;E‘O‘(RN_l) a(s) = a(p(s)), forallsc RY"!andp e P}.
The norms of Xp and Yp, are those of CL#(RN~1) and C%A~«(RN~1) respectively.
The map H : O ¢ CYP(RN71) — COF~=*(RN~1) is smooth in @ by Proposition 3.1, and clearly H sends
Xp — Yp by change of variables.

We will use the expression (2.3) to show the smoothness of H : O — C%#~*(RN~1). We now state the
following fundamental result which will be proved in Section 5.

Proposition 3.1. The map H : O ¢ CH#(RN=1) — COB—(RN=1) is of class C*. Moreover for every k € N
and u € O, there exists a constant ¢ > 0, only depending on «, 8, N and infgy-1 u, such that

ID*H ()] < e+ Jullorsgan 1)) (3.2)

In addition, if u € O, A > 0 and v,w € CHP(RN~1), then

DH(u)[v](s) = 2PV / ole) Zvls =t g
RV (22 4 (u(s) —u(s —1))%) 7=
_ 2/ LIORIChl) B (3.3)
RN ([E2 + (uls) +uls —1))?) 2
Next we need to study properties of the family of linearized operators
Ly :=A*DH(\) € B(CLIRN™Y),008-(RN 1)), A> 0.

Here and in the following, B(X,Y) denotes the space of bounded linear operators between Banach spaces X
and Y.

3.2. Study of the linearized NMC operator on constant functions

We now study the behavior of the eigenvalues of the operator Ly, as A > 0 varies. By Proposition 3.1, Ly is
given by

Lyo(s) = 221+ (PV vs) —vls=t) g, / vls) Fols —t) dt) . (3.4)
RN*l

Rv-1 [tV (|t2 + 4X2) ">

Lemma 3.2. Let A > 0. The functions ey, € C;;E(RN_I) given by
N-1
s=(s1,...,snv-1) > ex(s) = [] cos(kisi), k= (kr,... . kx_1) e NV (3.5)
i=1

are the eigenfunctions of Ly : Cp2(RN=Y) — CD:0~(RN=1) with

L)\ek = l/(/\‘kDek, (36)
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where |k| = \/k? 4+ -+ k% _,, the function v : (0,+00) — R is given by
1 t
V(R) = 2R™ [ C(N, a) — / L“N)Mdt , (3.7)
rV-1 (|¢]2 + 4R2) =
and C(N,«) is a positive constant only depending on N and o.
Moreover,
V' (R) >0 for every R > 0, (3.8)
) v(R)
and
=i R)=—4 ——dt <0. 3.10
vo = lim v(R) /RNA (L2 + 4)"5= (3.10)

Proof. To show that the functions in (3.5) are the eigenfunction of the operator Ly, we prove by induction on
¢ €N, ¢ > 1 that for any radially symmetric function £ defined on R,

¢ ¢ ¢
/ E(t) H cos(k;s; — kit;)dt = H cos(kisi)/ H cos(k;t;) E(t)dt. (3.11)
R i=1 i=1 RE G
Recall the fact that
cos(kis; — kit;) = cos(k;s;) cos(kit;) + sin(k;s;) sin(k;t;). (3.12)

For ¢ =1, (3.11) is obviously true using (3.12), the oddness of the sine and the fact that E is radially symmetric.
For ¢ = 2, we have

/ E(t) H COS(kiSi — kztz)dt
R? i=1
= /Rcos(kQSQ — kato) /R ([cos(lclsl) cos(kity) + sin(kis1) sin(kltl)]E(t)dtl)dtg

= /]R cos(kaso k2t2)( /R cos(klsl)cos(kltl)E(t)dh)dtQ, (3.13)

where we have used the fact that E is radially symmetric to get the last line.
Arguing as in (3.13), we obtain

/}R2 E(t) ﬁ cos(k;s; — kit;)dt = /Rcos(klsl) cos(kity) (/R cos(kasy — kztg)E(t)dt2>dt1

i=1

/Rcos(klsl)cos(kltl)(/Rcos(kQSQ) COS(thg)E(t)dt2>dt1
= cos(klsl)cos(k’ng)/

cos(kytq) cos(kata) E(t)dt
R2

2 2
:Zl:[lcos(kisi)/R Hcos(kiti)E(t)dt. (3.14)

?im1
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Let us now assume that (3.11) holds true for £ — 1, (¢ € N), then

0
E(t) H COS(kiSZ‘ — kiti)dt
RE =1
= / cos(kese — kety) </ H cos(k;s; — kit;)dty - - 'dtg_l)dtg
R RC-1
-1
= H cos(k;s;) /
i=1

R

‘
= £[1 cos(k;s;) /R[ E(t) 11;[1 cos(k;t;)dt

With this we conclude that (3.11) holds true for all £ € N
Applying (3.11) to the functions ¢ — [t|=V = and t — (|¢|2 + 422)~ "2, we get

ex(s) —er(s—1t) / 1 —eg(t)
dt = %) g
Lo e K foos T

—t t
/ L{Mdt:ek@ / %—()Wdt
RV-1 (|2 4 4)2) 2 RV-1 (|2 +4X2) 2

H COS k’ t </ ( )COS(ICZS@ — kgtg)dtg) dtl s dtg_l
-1

and it follows that
L)\ek(s) = >\1+a0k(>\)€k(5),

where we have set

1 —ex(t) /‘ L+ ex(t)
«) RN-1 ItIN““ BV ([E]2 + 402) 75

We emphasize that the first integral in (3.17) is well defined. Indeed, by mean value theorem,

N-1
1-— H cos(k;t;) Z / ketesin(pkety) H cos(pk;t;)
i=1

i=1,i#4

and using the fact that zsin(z) < 2?2 for all z € R, we get

N-—1
1— (Kits) 1 k2t 7k2 #:EkQﬁ
| HCOS Zee ||Zé 2||\|
=1

\}

It then follows that

T2+a

_ in(2, 1|k2[¢[2 > min(2, 3 |k[*r*
/ 176’“()(“ < / wdt = ‘SN*2|/ Mdr < +o0.
RN-1 RN-1 0

[t~ ¢ e

(3.15)

(3.16)

(3.17)

(3.18)

We now transform (3.17) into a simple expression so that we get the relation (3.6), where v is defined as in

(3.7).
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We first prove that for all m =1,2,..., N — 1,

/]RIL1 E(t)ﬂcos(kiti)dt :/]R

B(t) cos(zm:kziti)dt: /]R B(t) cos(|k|t,)dt, (3.19)

N-—-1 N-—-1
for some j = 1,...,m, where E is still assumed to be a radially symmetric function, but now defined on RV—1.
Observe that if N = 2, then (3.19) is obvious since in this case m = 1. So we may assume N > 3. In this
case, (3.19) is still valid for m = 1.
For m = 2, since cos(kit; + kote) = cos(kity) cos(kate) + sin(kit1) sin(kats), the first equality in (3.19) is
obviously true using the oddness of the sine and the fact that E is radially symmetric.
Assume that (3.19) is true for some n =2,..., N — 2, then

n+1

/]R NilE(t)_l;[cos(kiti)dt: /R cos(hn1tnsn) /

RN—-2

<E(t) [T cos(hiti)dty --- dtn> dtpin

=1

(E(t) cos(>  kit)dty - - dtn) dt, 1

i=1

T

Cos(kn+1t7z+1) /

RN -2

n

_ /R E(t) cos(kns1tnsn) cos(> ity)dt

i=1

n+1
= / E(t)cos()_ kit;)dt, (3.20)
R i=1

where we used
n+1 n n
cos (Z kiti> = cos <Z km) cos(knty) + sin (Z km) sin(knty ),
i=1 i=1 i=1

the oddness of the sine and the fact that F is radially symmetric to get (3.20). This proves the first equality in
(3.19).
Next, we consider the function f: R™ C RV~! — R defined by

f(k):= /sz_l E(t) cos(k - z)dx

and denote by (e;)i=1,.. nv—1 the canonical basis of RN=1 Let R € O(N — 1) be a rotation and consider the
change of variable x = Ry. We have

f(REk) = /}RN?1 E(t) cos(Rk - x)dx = /}RN?1 E(t) cos(Rk - Ry)dy = /}RN?1 E(t) cos(k - y)dy
= f(k).

Since the rotation R is arbitrary, it follows that f(k) = f(|k|e;) for some j = 1,...,m, which proves the second
equality in (3.19).

In the following, we adopt some notations. For any x = (z1,...,2n-1) € RN-1 we put &, = + — xse, and
Z) = x — x9e — xje;. Also the notation dz is simply the form dz =daq - dzy_1 written without dz,. In
the same way, for £ # j, dZ; denotes the form da written without dz, and dz;.
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From (3.18), we have

N-1
1—ex(t [Tz ie0 cos(pkits) -
/RN Lt dt Z/ (/ ety sin(pkgty) ( s (Ve dt, | dte | dp.

Now using (3.19), we get

L[N+ dte,

N—-1 I
ie1.ip COS(pkit;) - kolt;
[Ti=1,i0 c08(p )dt 7/ cos(plkelt;) for some j # ¢
RN 2

RN -2 [t[N+e o

and

N-1 1 00 .
1 —ex(t) / (/ ~ tesin(pkyty) .
oty — oY g cos(plielt))( [ RN gy i Yap. (3:21)
/RN—l [t N+ = Jo \Jrv—2 \Jo (2 + |£]2) =

By ([19], P. 442, 5.7),

Nta—1
2

|tel~

N+a 3

/°° Fetesin(phete) o\ ﬁ(”’”) K xsas (phelte), (3.22)
0 )

S dte p
(12 + |fe]2) =" D(&5 2

where for 1 € R, K, is the Modified Bessel function of second kind with order ;1 and I' is the usual Gamma
function. We also have

~  N+a-3 ~ ~ ~
[l 5 Koy ) cos(plRal
RN—2 2

- 2/ (/ (ti + IfiﬁI?)‘ Nta-3 (PWW) cos(pl%dtﬁd@)d{%
RN-3 0

_N+a-3 N+(x 4 ~ _N+a 4
= Va(phke)~ 5= (plk]) §4N4|ﬂ| K ssams (plR||E])dE, (3.23)

where we have used ([19], P. 738, 4.11) to get (3.23). Plugging (3.22) and (3.23) in (3.21), we obtain

a—3

N+
1-— ek(t) w27 2 N+a —4 / Nia-2 / o
——dt = ———— k2 t
/];N—l |t|N+O‘ F(M) Z ¢ RN—3| 4

-(p%|ﬂ>dﬂ)dp

2 Nio /1 Save </°° AR vea (plEIr)d )d
= —~Nta P r Nta—a (p|k|r)dr |dp

F(NT+) 0 0 2
_ ﬂ| N-— 4|F( 3)p(7a)|k|1+a (3.24)
(o)DM 2 2 '

where we have used ([19], P. 676, 16.) to get (3.24).
Notice that (3.24) is only valid for N > 4.



12 I. A. MINLEND ET AL.

If N = 3, we notice that for £ = 1,2, we have |k, = ks(e), where (1) = 2 and o(2) = 1. The computations
in (3.21) and (3.22) allow then to deduce

2 24

1 —ex(t) 4/7 ke\ 2 /1 /OO = e -~
— i : 2 Ka
/RN?1 Vo dt I (3%s) E 7 5 v cos(p|ke|t;)|tel a (pk|te])dte |dp

2 /=1

2 Ha 1 o]
4/ k 2 _a
= ;ﬁ; Zk[ <M> / (/ t; 2Kczr(pkgtj)cos(pk(,(g)tj)dt])dp
e &tz ) ) U
_2a+4

2 2 \/7? 11—« 1
— T ta 2
(R e, (3.25)

where we used ([19], P. 732, 12.) to get the last equality.
In the case N = 2, then from (3.18) and using the change of variable 7 = pkity,

L—ep(t) YO e L2k [ (14a
/}RN?1 Wdt_%l/o /0 t sin(pk1t)dt; |dp = 1+a/0 7 sin(r)dm

_2f(l-a) . ar o
) sm(T)k%Jr , (3.26)

where we used ([19], P. 436, 3.761, 2.8) to get the last equality.
It turns out from (3.24), (3.25) and (3.26) that for every N > 2, there exists a positive constant C'(N, o) only
depending on N and « such that

1 — ex(t) 1
———2dt = C(N k|t Te,
/]RN—I RA CW. )ik

The second integral in (3.17) can also be simplified using (3.19) as follows,

1+ en(t 1 Kt 1
/ _ el g, / L cos(klty) o, _ |k|1+a/ Feostn) g (3.27)
RN -1 ([E[2 4 4A2) 72 RN ([E2 4 4A%) 72 RV (|72 + 4N [K[2) 2

Hence, (3.17), (3.24) and (3.27) imply

Vo) =20k (Ca) - [ L) g)

v (J8]2 + 402[k[2) 5

and from (3.16) we get (3.6), where the function v is given by (3.7).
To see (3.10) and (3.9), we make the change of variable ¢t = R7 which yields

1 t 1 R
Rl+a / _Aeos(h) / 1t coslfn) g,
RN-1 ( 2 RN-1

[t]? 4+ 4R?) (I7[*+4)7="
and hence
1 Rt
V(R) = 2C(N, a) R — 2 / 1+ cos (Rt (3.28)
RN-1([t)2 +4)72

We now prove (3.8).
Since |t1 sin(Rt1)| < |t1] < |t| for all t € RV~1 we have that

t1 sin(Rt t o0 N-1
/ ML(A}BLdtS/ %dt: |SN_2\/ rimdr<00~
rev-t (Jtf2 4 4)%5 rv-t ([t]? 4 4) 54 0 (24t
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Hence, v is differentiable and we have from (3.28),

V'(R) = 2(1+ a)C(N, a)R* + 2/ _tusin(B) g, (3.29)
av-r ([ 4 4) 5

We claim that the integral in (3.29) is positive.
Indeed, for N > 3

£, sin(t o
/ %dt:2 / VY (D)di, (3.30)
rV-1 (|t +4R?) 2 RN -2

where

N o t1 sin( Rt
Vi (f) = / 1 5in I)M dty.
o (B +[tlF+4)72

Using ([19], P. 442, 5.7), we get

Vé\'(fl) — L <R>

(& \ 2

N4a-—1 N+a-—3
2

<t12 +4) Kyias <R\/|t}|2+4> (3.31)

Since K yio-s (R\/|t~12 +4>> 0, (by [19, Page 917, 8.432, 1], and therefore Vz(#) > 0 for all R > 0 and

t € RN=2 it follows from (3.31) and (3.30) that v/(R) > 0 for all R > 0 and we obtain (3.8).
For the case for N = 2,

ity si t
V'(R) = 2(1 + a)C(2,0)R* + 4/ _hisin(Rty) o,
0 (tP+ 45
=2(1 4+ a)C(2,0)R* +4VE(0) > 0 (3.32)
and we see that the function v is strictely increasing in this particular case. O
In the following, we consider the fractional Sobolev spaces
Hy, = {v € Hy (RN™Y) ¢ wis 20ZY ! periodic and even in each Variable} (3.33)

for o > 0, and we put L := H)) .. Note that L2 _ is a Hilbert space with scalar product

(u,v) = (u,v)rz = / u(t)v(t) dt for u,v € Li)e.

[—m,m]N-1

We denote the induced norm by |- ||z . Since [|ex||rz = 755, it follows that the set {—%+, ke NV1} forms
. © Tz

2

e 18 characterized as the subspace of all functions

a complete orthonormal basis of nge. Moreover, Hy, C L
v € Li’e such that

> o+ [K[*)7 (v, en)7a < oo
keNN-1 Y
Therefore, Hy . is also a Hilbert space with scalar product

(u,v) — Z (1 + |k*)° (u, er)rz  (v,er)rz for u,v € Hy .. (3.34)
keNN -1
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We consider the eigenspaces V; corresponding to the eigenvalues v(\f) of the operator Ly, defined as

Ve :=span{e, : |k|=4¢} C ﬂ H .. (3.35)
jEN

We also denote their orthogonal L2-complements by

Vit= {w € Lfm : / v(s)w(s)ds =0 for every v € W} .
[771-771-]]\[—1

Obviously, by Lemma 3.2,
Lyv =v(M)v for every v € V4. (3.36)

We note that

z
L

ViNnXp=ViNYp =span{v} with o(t) = cos(t;). (3.37)
1

%

The following proposition contains importants results that we will use for the proof of Theorem 1.1 in the
next section. To apply the implicit function theorem, we will need the following result.

Proposition 3.3. There exists a unique A, > 0, only depending on «, § and N, such that the linear operator
L, := Ly, : Xp — Yp has the following properties.

(i) The kernel N(L.) of L, is spanned by the function
v e Xp, U(ty,...,tn—1) =cos(ty) + -+ cos(tn—1)- (3.38)
(ii) L. : Xp NVt — Yp N Vit is an isomorphism.
Moreover

O = V(NT € Yp NV (3.39)

Proof. By Lemma 3.2, there exists a unique A, > 0 such that v(\,) = 0 and v/ > 0 on (0, +00). This with (3.36)
and (3.37) imply that N(L,) = span{v}. This proves (i) and (3.39).

To prove (ii) we pick g € YpNV;- C L2 . Then by (3.36), the asymptotics (3.9) and the definition of fractional
Sobolev spaces in terms of Fourier coefficients, we deduce that there exists a unique w € Hgt”‘ with

/[_ o B(s)w(s)ds =0 (3.40)

such that
L.ow=g. (3.41)
By the uniqueness, we also have w(s) = w(p(s)), for every s € R¥~! and p € P. We define P : RY~1 — R by

1
(P + D)

P(s) == (3.42)

and

Cy 1= / P(s)ds.
RN-1
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Then (3.41) can be written as

PV /JRN?1 W dt = c,w(s) + Pxw(s) + 2)\}k%g(s:) for s € RV71,
where * denotes convolution product. This is equivalent to,
(—A)w(s) — caw(s) = f(s) for s € RN 1 (3.43)
where o := HT‘“ and
f=P*xw+ = g. (3.44)
2)\20

We now use the results in [16, 24] to prove that w € CH#(RYN™1), 3 € (a, 1).

We start by proving that P xw € L>(RN~1). Remark that the function P defined in (3.42) belongs to
L*RN=1) and w € H'T> c L} RN-1).

Let y € [-m, 7]V ~1. We have

Peols Y [ Py — = + 2k) w(2)|dz
keZN-1 [—m,m]N-1
1/2

< Z (/[ﬂ— v P2(y—z+27rk)dz> HU)HLZ([,W’W]N—I).

kezZN-1
Since y, z € [—m, 7)1, it follows that
ly — 2z 4 27k|> + 4X2 > C(N)|k|?, for |k| > 2N,

where C(N) is a positive constant only depending on N.
It is also plain that

ly — 2+ 2mk|> + 402 > 402 forall kezN-l

Thus
1
|P*w(y)|§C(N,)\*,w,oz)( > + > kl““) (3.45)

keZN -1 |k|<2N  keZN-1 |k|>2N

where C(N, A\, w,a) is a positive constant depending on N, «, w and A.. The function P % w being also
27ZN L periodic, we deduce from (3.45) that Pxw € L (RN ~1) and by [16], it follows that w € C%#~(RN 1),
Next, we write (3.46) on the form

(—A)w(s) = cow(s) + f(s) for s € RV~1, (3.46)

where f is defined by (3.44). Observe also that P xw € C%#~*(RN~1) since P € L*(RN~!). We finally apply
([24], Prop. 2.1.8) to get w € CYA(RN~1) and (3.40) yields w € Xp N V;+ which completes the proof. O

4. PROOF OF THEOREM 1.1

For 7 € R\ {0}, u € O, with ||| fecmy-1) < we consider the sets

1
2]

1
E]:=E,+-enZ= | (Eu+(o,...,9)). (4.1)
T qu T
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We recall that
E,={(s,Q) € RV-I xR : [<| < u(s)} = {(s,zu(s)) € RV-I xR : |z| < 1}.

It is easy to see that Hp, (z + Zen) = Hp; (x) for very x € OE, and ¢ € Z. Moreover, it is clear that in (4.1),
we have a disjoint union.
Proposition 4.1. Let 7 € R\ {0}, u € O be such that |[ul| e @my-1) < ﬁ Then for every 6 € {1,—1} and

s € RN~ | we have

u(s —t)dtdz

HET( u(s,0)) = H(u)(s) —2 B, {t12 + (u(s) — u(s — t)z — %)2}(N+a)/2’

Q€L

(4.2)

where Z, = Z \ {0}. In particular, if |\| < 2‘ E then L3 is a set with constant nonlocal mean curvature.
Proof. Let s € RN~ and § € {—1,1}. Then putting x = F,(s,6), we then have

r —y) veg(y)

2 (
()= g e
2 / (r—y—Zen) ve,(y)
- _= T “ dy.
Oéqu O, Len|Nte

[z —y—fen

This implies that

Hpg (Fu(s,0)) = - Z /8 . (o -y Zen) Vo),

¢ gez. v —y — Jen|Vte
Using the fact that
q q - q _
Vy- {(ﬂ? —y—~en)lz —y— Zen| (N+“)} =alz —y — —en|”PFY
T T T

and the divergence theorem, we get

B (Rl = 106 2 Y [

qE€ZL

where we have used the fact that y — |z —y — %6N|7(N+a) is smooth in F, for every x € 0F,.
By change of variables y = F,, (3, z) = (5, zu(3)), we deduce that

5)dsdz
HE;(Fu(Sae)): _QZ/ |Fu(s,0) (()s z)— ey N+a’

Q€L

recalling that Fy = {(s,2) e RN "I xR : |z| < 1} = R¥~! x (—1,1). Since
[Fu(5,6) = Fu(5.2) = Zen]? = s = 5 + Ju(s)6 — u(s)z = 2P,

it follows that

— Hw\(s) u(s —t)dtdz
HE;(FU(S,G))—H( )(s) 2[1%2:* B {|t|2+(u(s)9—u(s—t)z—%)2}(1\”‘&)/2’
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where we made the change of variable s = s — ¢. By the change of variables z — —z and using that Z, = —Z,,
we get

Hp; (Fu(s,0) = H(u)(s) =2 > /E — u(s — t) dtdz

= $)0 + u(s —t)z + £)2}(N+a)/2”
From the two identities above, it is easy to see that
Hpr (Fu(s,1)) = Hgr (Fu(s,—1)) for every s € RV 71,
This implies, in particular, that if v = A, a constant, then E7 is a CNMC set. O

We will consider in the following of this section, the parameter A, > 0 given by Proposition 3.3 and we put

1
6

T1 ‘—

Then, for all 7 € (—71,71) and u € Bx, (A, A/2) C O N Xp, we have

lu(s) +u(s —t)z — g\ > — for all z € [-1,1] and all s, € RNV 71, (4.3)

We define the map
H:(=71,71) X Bxp (A Ai/2) = Yp € CO”(R_O‘(RN_l)

given by, for every u € Bx, (A, A\s/2),

u(s —t)dtdz g 20
H(r, u)(s) - quZ* /E {1t + (u(s) — u(s — t)z — q/7)2} == 70,

0 if 7 =0.
This implies that, for every 7 € (—71,71) \ {0}, u € Bx, (A, A /2), 0 € {—1,1} and s € RV 1
Hpr (Fu(s,0)) = H(u)(s) — 2H(T,u)(s). (4.4)
In the following result, we prove regularity estimates for the map H.

Proposition 4.2. The maps H is of class C* on (—71,71) X Bx, (A, Ai/2). Moreover there exists a constant
c¢=c(N,a, ) >0 such that for every u € Bx, (A, \s/2) and T € (—71,71),

[H (7, W)l co.s-a@n-1) < ||t (4.5)
In addition, for every v € Xp
D,H(7,u) -3 / v(s) —vls —7) —
aez, TR ([P 4 (u(s) —u(s —t) —q/7)%) 2
v(s) +v(s —t)
+ / —dt (4.6)
qezz o (82 (u(s) +uls —t) —g/7)?)F

and

1D H(r W)l gos-a 1) < ellellcrs -]+ (4.7)
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Proof. By (4.3), it is easy to see that (T, u) is of class C™ in (—7y,71) \ {0} X Bx, (A«, Ax/2). Also by (4.3),
there exists a constant ¢ > 0, such that for every u € Bx, (A, A\v/2), T € (—71,71) and s € RV ~1,

[H(7,u) |<CZ/N 1{|t|2—N+aH“H015RN 1)

Q€L - }
<dr[tte Z gl lullors @y -1
qE Ly

S C|T|1+a||u‘|cl,[3(RN—l).
In addition, by the mean value property, we also have
g dt

H(T,u)(s T, U <eclr|t*ts — 5| +cls—3 [l
[H(r, u)(5) = H(r,w)3)] < el +]s 5] + ¢ 'qé?/mwm

NA24+«
2
< c|s —35||r|*T.

We therefore get

[ (7, u)[| co.p—o -1y < ¢ 7'H (4.8)
Now, letting V. = u + €v, we have
patr s = PO )= 52 [ s / G(2) dedt
de RN-1
qQELy
- Z / / {v(s) —v(s —t)z} G'(2)dzdt, (4.9)
qu RN-1
where
1
(Z) = Nta

(1t1% + (u(s) —u(s —t)z — q/7)%) 2
which satisfies
u(s —t)(u(s) —u(s —t)z — q/7) .
(1t + (u(s) — u(s — t)z — q/T)2) "7

Using integration by parts in the last integral of (4.9), we deduce that

G'(2) = (N +a)

DArle) == 3 [ ({0s) = uls =0} G + {v() +v(s = D} G1) )t

q€EZLx

_ v(s) —v(s—1)
- Z/]RN N ~dt

gez. u(s) —u(s —t) —q/7)?) "2

v(s) +v(s —t)
+Z/Nl o =t

g€z, u(s) +uls —t) = q/7)%) "%

This gives (4.6). Moreover, it is easy to derive, from the above expression of D,H (7, u) and similar arguments
as above, the estimate

HDuH(T, U)[U]||Co,/i—a(RN—1) S C||UHCI,/3(RN—1)|T‘1+Q.
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This and (4.8), imply that H is of class C1 in (—71,71) X Bx,(As, As/2). O

We are now in position to complete the proof of Theorem 1.1. The argument we use is inspired by the proof
of the Crandall-Rabinowitz bifurcation theorem [9, 10].

Proof of Theorem 1.1 completed. Our aim is to solve the equation

HMA+ @) —2H(r, A+ @) = H(A\) —2H(,\) on Yp, (4.10)

For this, we define the map ¥ : (=71, 71) X (3\./4,5A./4) X Bx,(0,\./4) = Yp, given by
U(r, A ) = MNP {HA+ ) = 2H(1, A+ ¢)}
and
(T, \, @) i=V(1, A\, ) — ¥(7, \,0)
so that (4.10) becomes equivalent to
U(r,\,0) =0 on Yp. (4.11)

It is clear that ¥ and W are of class C'' by Proposition 4.2. We shall use the Implicit Function Theorem to find
a solution of the form

p(s) = b(v(s) +v(s)),
where 7 is defined in (3.37). We will apply this theorem to the new C'-map

[ (=71,71) X (=B, Be) X (3As/4,5)0./4) x Bx,(0,7.) N (Xp N V) = Yp,

given by
W(r, A\, b0 +v)) .
F(r b, A ) = b i 570
D,U(r,\,0)(v+wv) if b=0,
where

_ Ax
Vv = ||1}||Cl,/3(RN—1) and ﬁ* = 87

Observe that
V(0 A, 9) = A [HQA +¢) — HOV)].
and
£(0,0,)\,0) = D,U(0,X,0)(T+v) = X' T*DH(N) (@ +v) = LA(v + v).

In fact, we have the following properties of the map f:

1. £(0,0,\,,0) = Ly_(7) = 0.
2. The differential of (A, v) — (0,0, A, v) at (\«,0) is the mapping

G:Rx (XpNVi) —=Yp, (7,2)+ Ly, (2) +70x Lyv = Ly, (2) + v/ (\)7,

=Ax
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where we have used (3.39). The mapping G is an isomorphism by Proposition 3.3 and its inverse is given

by
(ya ﬁ) —1 (ya @) —
) — < — 9 LA* Y — = v .
V(A []]? [[v]]?
We apply the implicit function theorem to get the existence of positives constants 7y, by > 0, only depending
on a, 3, Ay, and unique C! curves

(=70, 70) X (=bo, by) — (0,00) x (Xp N Vi), (7,0) = (Arps vrp)
such that for every (7,b) € (—79,70) X (—bo,bo) and b # 0,
U(T, Arp,b(T + v7p)) = 0. (4.12)
Now, for b # 0 and s € RN~!

(b0, 0)(5) = TR )

- / D, (7, A bav)[0](s) do
1
= Alte /0 {DH(A + ob0)[vl(s) — 2DuH(7, As + 0b0) ] ()} de-

Therefore by Proposition 3.1 and Proposition 4.2, we get
1 (756, A, 0) [ oo v -1y < (7] + []).
It then follows that
Arp = Al + llvrpllers@a-1y < eI+ 1b]).

Finaly, letting w,p := Arp 4+ b(T 4+ vr ), we thus get properties (i)-(iii) of Theorem 1.1.
Finally, notice that (4.12) yields in particular,

Xo,0 =X« and o0 =0.
Moreover, puting A, := Xop, vp:=vgp and up:= A, + b(T+ vp), we get with (4.10) that
H[My +b(T+ )] =H(N\y) onYp, (4.13)
which shows that for all b € (—bg, by), the domains
By, ={(5,2) e RN xR : 2| < up(s)}
are constant nonlocal mean curvature sets, with
Hg, (z) = Hg,,, for every z € OE,,.
The proof of Corollary 1.2 is also completed.

5. REGULARITY OF THE NMC OPERATOR

In this section, we aim to prove the regularity of the NMC operator and to derive the result of Proposition 3.1.
The proof of the differentiability of the NMC operator is inspired by [3]. In [3, 5], the linearized NMC
operators were computed only at constant functions. Here, our arguments allow for the computation of the
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linearized operator on any function. We believe that this might be of interest for the study of certain qualitatives
of our CNMC hypersurfaces, e.g. the stability or global bifurcation branch.
We recall that
Q@ u(s) —u(s—t) —t-Vu(s —t
300 = [ G e~
_/ u(s) +u(s —t) +t-Vu(s —t) gt
rv-1 {[E2 4 (u(s) +u(s — )2 p(NFe)/2 70

dt (5.1)

We will need to consider the family of maps H. : O — C%#=*(RN=1) for ¢ > 0, given by
@ u(s) —u(s —t) —t-Vu(s —t)
%y -
SHOO = [ T ()= alo = 1 ey
_/ u(s) +u(s —t)+t-Vu(s —t) Gt
s T + (u(s) 4 uls — D)2 + 272

dt (5.2)

Here, we notice that by a change of variables formula (see e.g. the proof of Lemma 2.1), we have

o o (z—y) ve,(y) _ —
— 5 He(u)(s) = /M lr—yF + )Nz dy for = (s,u(s)) = Fyu(s,1). (5.3)
We make the obvious observation that to prove the regularity of H, it suffices to consider § > 0 and to prove
the regularity of

H.:05 — C*P~*@®RN=1 where O := {u € CLYA(RNY . Jnf u> 5},

for every e > 0. We will prove uniform estimates (with respect to €) for the higher derivatives of H,. This will
allow us to get the general expression for first derivative of H in Proposition 3.1. This will be completed in
Section 5.1 below.

We fix some notations that will be used throughout this section. For i = 1,2,3,4, we define the maps
A : CYARN-D) x RV x RVN-1 5 R, by

Ar(gys,1) = W — [ vets—m- e
Aa(p,5,8) = Au(p,,t) — Vipls — 1) - ‘% - / (Veols — pt) — Vipls — 1)) - ;—‘dp, (5.4)
Aa(,5.1) = ols) + o5 — 1) (5.5)
and
Aa(r5.t) = o(s) + pls — 1) + £ Vip(s — 1). (5.6)

Therefore (5.2), becomes

~SH6) = [ Rale, s ) at 57)

RN-1 ‘t|N_1+O‘{1 + Aq (u, 871])2 + |t‘_252}(N+a)/2

/ Ag(u, s,t)
- dt.
rv-1 {|t2 + Az(u, s, )2 4 e2}(NV+e)/2

We observe that for every s,3,t € RV~! we have

|A2(p,5,0)| < 2|l pllons@y-1) min(|t)?, 1) (5-8)



22 I. A. MINLEND ET AL.

and also
A2 (@, 8,t) — Aa(,5,1)| < 2l crsn -1y min([t]%, s —35]%). (5.9)
Note also that for every s,5,t € RV~! and i = 1, 3,4, we have
|Ai(p,5,8)% = Mi(,5,8)%] < 2[ll|E6 -1y |s — 517 (5.10)
and
[Ai(p,:6)* = Ailp, 5, =) | < 2]l @lIEn.0 (1) min([t], 1). (5.11)
For o > —N, we let K,.,K,c : CLA(RN71) x RV-1 x R¥=1 — R be defined by
1

Koe(u,s,t) = (5.12)
. (L+ A, 5,8)? + [f]~22) V072
and
K t) = ! 5.13
Q,E(U,S, ) = (‘t|2+A3(u7s7t)2+€2)(1\’+9)/2’ (5.13)
in such a way that
a Ao(u, s,t) —
_ng(u)(s) = /RN—l W}Cmg(w&t)dt— /]RN—l Ay(u, 8,) Ko e (u, s,t)dt. (5.14)

Using this expression (5.14), we shall show that H, : O5 — C%P~*(RN 1) is of class O for every § > 0 and
e>0.

For a finite set A/, we let |A/| denote the length (cardinal) of A. It will be understood that |@] = 0. Let Z be
a Banach space and U a nonempty open subset of Z. If T € C*(U,R) and u € U, then D¥T'(u) is a continuous
symmetric k-linear form on Z whose norm is given by

k W)Uy, ..., U
D) = sup (2T dl

ULy, UK E€EZ H?:l HuJHZ

If L:Z — R is a linear map, we have

DT @leilien = L) DMIT@)luidien + 3 L) DA T ()] (5.15)
JEN 7

We let T be as above, V C R open with T(U) C V and g : V — R be a k-times differentiable map. The Fad de
Bruno formula states that

D*(goT)(u)[us,...,up Z g (T H DPIT(u)[uj)jep, (5.16)
e 2, Pell

for w,uy,...,up € U, where & denotes the set of all partitions of {1,...,k}, see e.g. [20].
For a function v : RY~! — R, we use the notation

[u; s,7] :=u(s) — u(r) for s,r € RV71,
and we note the obvious equality

[uv; s, 7] = [u; s, r]v(s) + u(r)[v; s, ] for u,v: RVt 5 R, s,r € RV7L, (5.17)
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We first give some estimates related to the kernel K, . and K, . above.
Lemma 5.1. Let k€N, § >0, o> —N and 8 € (0,1).
(i) There exists a constant ¢ = c(p, 8,k, N) > 1 such that for all e >0, s,r,t € RN"! and u € CLA(RN1),

we have
DS e, s,)|| < (1 + [[uflgro@y-1))°, (5.18)
NDEK e (s, ;5,71 < 1+ [fullgnsgan 1)) |s — 7/ (5.19)
and
oty 8, 8) = Ko (uy 8, =1)] < (1 + [|ull 1. a1y Jmin([¢]7, 1). (5.20)

(ii) There exists c = c(p, B, k, 6, N) > 1 such that for all e >0, s,r,t € RN~ and u € Os, we have

_ c(l + ||lu , _1y)¢
1D g (5, 8)] < S Ielorer )

S AR (5.21)

c(1+ ||ullcr.s@n-1))°|s —r|?
1+ |t2) N +o/2

IDEK g.e (s - 1); 8, 7] < (5.22)

Proof. Throughout this proof, the letter ¢ stands for different constants greater than one and depending only
on g, 8,k and §. Since all the estimates trivially holds true for £ = 0, we will assume in the following that £ > 1.
We define

Q- CYPRVH xRV RN SR, Qo(u,s,t) = Ar(u, s,1)% + [t] 22

and
go € C®°(R,R),  go(z) = (14 z)"N+a/2
so that
Koe(u,s,t) = go (Qe(u,s,t)).

By (5.11), we then have

e (5, ) =K (1,5, =) | = [90(Q= (1 5,)) = 9,(Q=(u, 5, ~1)|

_ N+o Q-(u,s,t) — Q- (u, s,—t)

d
2 /0 (1 +7Q:(w,5,8) + (1 — 1)Qc(u, 5, 1)) N+et2/2 7
< cf|ullg.s v -1y min(ft]%,1).
This gives (5.20).
By (5.16) and recalling that ). is quadratic in u, we have
DER, (u,s,t)[ug, ..., ug]
= > g{"™(Qc(u,s,1) ] DI Qc(u, 5,1)[us]ep, (5.23)

e 7 Pell
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where 22 denotes the set of partitions I of {1,...,k} such that 1 < |P| <2 for every P € II. Hence by (5.17)
we have

[Dkngg(u S B)[ut, . ukl; s, T (5.24)
= Z |: (T QE 77 ;S,’f’:| H D'IuplQE(u7S7t)[uj]jEP
e 22 Pell
+ Z g(‘nl) (u,r,t)) [H DIPIQ. (u, -, t)[u;] ep ; s,r]
e} Pell

For P € IT with 1 < |P| < 2, by using inductively (5.17) and (5.10), we find that

ID1Q:(u, - t)[usljeps s, 7]

< e(1+ JJullgasgn-1y)ls =717 T llusllors@v-r) (5.25)
jEP
and
IDPIQc (u, 5, 8)[ws)jep| < (1 + ullEns@y-1y) [ lwsllers@y-1). (5.26)
jEP
For / € N and x > 0, we have
1 N+p+2¢
g (@) = (1) 2 [[(N+ o+ 2)Q+2)" 2
i=0

Consequently, for every u € Og, using (5.25), we have the estimates

)

| [982@Qc 055, |
< |[Qc(u,-,t);s r]/ gé“l)(TQe(u,&t) + (1 —7)Q:(u,rt))dr
0

< e(1+ llullors @n-1))°ls — 7l (5.27)

and

1987(Qe(u, -, 1)) < 1 (5.28)
for £ =1,..., k. Therefore by (5.24), (5.25), (5.26), (5.27) and (5.28), we obtain

k

| [DEK e, D)lur, -y uilis,7] | < el + ullers@n 1) |s = T ] lusll s n ).
i=1

This yields (5.19). Furthermore we easily deduce from (5.23), (5.26) and (5.28) that

k

[DEK e (s s, ), ua]| < e(L+ Jullors @n—)° [T luillons @y,
i=1

yielding (5.18). The proof of (i) is completed.
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The proof of (ii) is similar to one of (i). We put the details since it is very technical. Similarly as before, we
define

Q. :CYRVN" xRN IRV SR, Q.(u,s,t) = [t|> + As(u, s, 1) + &2
and
9, € C*(Ry \ {0}, R),  g,(z) =2~ VT2,

then

By the relation (5.16) and the fact that Q. is quadratic in u, we have

DZKQ,E(U” S t)[u17 s ,Uk}
= 9d"@.(u5,0) [T DIFQ. (. 6)[ujljep, (5.29)
e} Pell

Consequently, (5.17) gives

[Dkf (u, -, t)[ug,... ,uk]' s,r] (5.30)
= Z [ (‘Hl) t));s,r} H DLplaa(u7S’t)[uj]j€P
e 22 Pell
+ Z ‘Hl) (u,m,t)) {H D|P‘Q )[uJ]JEP7 s, T
e 2? Pell

By (5.17) and (5.10), we find that, for P € II with 1 < |P| < 2,

IDI1Q. (u, -, O)[uyljeps s, 7|

< o1+ [l g1 (L + [12)]s = 712 T g llons s (5.31)
jeP
and
IDIPIQ. (u, 5, )[ujljep| < e(1+ [ullgns@v—) (1 + ) T lujllors@a-r). (5.32)
JjEP

For / € N and = > 0, we have

-1
g0 (@) = ()27 [[(N + o+ 20)a= 5
1=0

Thus, using (5.31), for every u € Os, we have the estimates
[ [04 @c (s )5 5.7 |
1
[Q.(u,-,t);s,7] / 7 (rQ (u, s, t) + (1 — 7)Q_(u, 7, t))dr
0

N+o+20+2
2

<

e+ ullgns-1)) |s = 71 (1 + 1) (1 + 6%)
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|s — 7P

< C(l + Hu||ClvB(RN*1))C (1+ [2) NTg¥ae

and

700 (u.- ¢
|9g (Qe(u, - 1))] < (1+ ‘t|2)(N+Q+2Z)/2

for £ =0,...,k. Therefore by the relations (5.30), (5.31), (5.32), (5.33) and (5.34), we obtain
| [Dﬁfg’e(u, ) [ug, . ugl; s,r] |

< (1 + fJullers@n-—)°ls —r® > NETEIT TT -+ T lwsllers@n-y
e 2 (1+[t?) 2 Pell jepP

c(1 + [lullgrs@n-1))°]s — r|?
- 1+ [t2)N+o2 > I I lusllera@s—s,
e} Pell jeP

1

We then conclude that

- (1 + [Jullcrsga-1)°|s — r|? £
| [DEK oc (uy - ) [un, - . ugs 7] | < (ERTIGEE ]j[1 [ will or.o -1y

This yields (5.22). Furthermore, from (5.29), (5.32) and (5.34), we infer that

k

D' ¢ < c(1+ [Jullgrs@y-1y)° 4

| u Q,E(U,S, )[u17"'7uk]| = (1+|t|2)(N+g)/2 HHul”Clvﬁ(RN_l)'
=1

This ends the proof of (ii).
As in [3], we provide estimates for the candidates to be the derivatives of H. Indeed, letting

1

M (u,s,t) = WAQ(/LL, 5, t)Kae(u, s,t), M. (u,s,t) = Aag(u, s,0)Koc(u, s, t),

then by (5.15), if &£ > 1, we get

1

D5M5<u7Szt)[ui]ie{l,‘..,k} = DL

Ao(u, 5,t)DEKy e (u, s, O)[uilicqa,... .k}

i#]

k
1 —
+ZWA2(UJ',S,15)D5 "ae (w8, 8)[Ulicqr,.ay
j=1

and

DEM (u, s, O)luilieqr,... ky = Aalu, s, t)DFK o < (u, 5, O)uilieqa,... k)

k
+ Z A4(Uj7 S, t)Dﬁ_lKa,s(ua S, t)[ui]iE{}¥.:,k}'
=1 e

(5.33)

(5.34)

(5.35)

(5.37)

Here, we used that u +— Ag(u,-,-) and u + Ay4(u,,-) are linear, see (5.4) and (5.6). Now our aim is to pro-
vide estimates for s — [on 1 DEM_(u, s,0)[uilseqn,. 1y (s)dt and s — [on s DEM (u, s,t)[uilieqa,... k) (s)dt, from
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which the regularity of H. will follow, and

—ngHE(u)(s) :/ DkME(u,s,t)dt—F/ D*M_(u, s,t)dt.
2 RN-1 RN-1

These estimates will be uniform with respect to €, since it will be need to get the expression of the derivatives
of H stated in Proposition 5.6.
We will need the following technical result.

Lemma 5.2. Let N > 2, k€N, 6 >0, and a, 8 € (0,1). Then there exists a constant ¢ = c¢(«, 8,k,6,N) > 1
such that for all e >0, s,r,t € RN=1 and v € CHP(RNY), we have

. min |t|
Dy M (u, s, O)[ulieqr,..my| < c(U+ [[ullgrs@n-1))° v—1Ta H [willors ma-1) (5.38)

(D5 Me(u, -, ) [uilieqa, .. iy 8, 7] < e(1+ HUIlcm RNﬂ))C

. . N
min([t|?, s —r|®)  min([t|?, 1)
X ( [t|N—1+e * |tV - 1+a ) H”uZ”ClB(]RN 1) (5.39)
M . min([t|?,
DAL sl o0+ o) (e Tl G0

and

HDZME(% '7t)[ui]i€{1 ..... k}s 3;"“]‘ < C(l + HuHCl 8 ]RN—1))C

min(|¢|?, 1)
(1+ [t )(N+a)/2 H||Uz||01ﬁ(RN 1). (5.41)

Proof. By (5.8) and Lemma 5.1(i), the estimate (5.38) follows. Using inductively (5.17), the estimates (5.8),
(5.9) and Lemma 5.1(i), we get (5.39). By similar arguments, the proof of (5.40) and (5.41) follow from Lemma
5.1(ii), (5.10) and (5.17). O

We prove estimates for all possible candidates for the derivatives of H..

Lemma 5.3. Let N >2,6 >0, ac (0,1), € (a,1),e>0,uc Os and k € N. For uy,...,u € CHP(RN-1),
we define the functions F., F. : RN71 = R by

and
Fe(s) :/ DFM_(u, s,t)dt.
RN-1
Then F. € COP~*(RN1) and F. € COP(RN~1). Moreover, there exists a constant ¢ = c(a, 8,k,5, N) > 1 such

that for every e > 0,

k

||]:s||covﬁfa(RNfl) <c(l1+ HUHCLB(RNA))C H Huz‘”clva(RNfl) (5.42)
i=1
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and

k
[Fellco.smy-1y < e(1 + |lullor.s gv-1))° H lwillcrs@y—1y- (5.43)
=1

Proof. Throughout this proof, the letter ¢ stands for different constants greater than one and depending only
on «,3,k, 6 and N. By (5.38), for every s € RV—1

k
|Fe(s)] < e(1+ HUHClﬁ(RNfl))CHUHCLﬁ‘(RN*) H HUiHCLﬂ(RNfly (5.44)
i=1
By (5.39), we have
k
[Fe;s,7]] < e+ Juflors@a-1)¢ [ luillersga-1y x (5.45)
i=1
/ {min(|t|ﬁ,|sfr|ﬂ)+min(|t\5 )|sfr|5} \t| —ode.
RN—l

Assuming |s — r| < 1, then using polar coordinates t = pf, with § € SV~2 we get

{/ Jr/ }{min(|t|ﬁa|5T|ﬁ)+min(t|ﬁ,1)|5T|ﬁ}|tN+1adt
tI<|s—r|  J|t|>|s—7]

|s—r| 400
<SR [ SV s ol [ i
0 |s—r]|
<c|s —r|P~e.
Using this in (5.45), we then conclude that
k
Fes8,7] < e(1+ ullers@v-n)° [s = v~ [ [ lluillcrs .- (5.46)
i=1
Letting |s — r| > 1, we have, by (5.44)
[Fe;s,7]| < 2| Fe [ oo -1y
C(l + ||u||01,/a(RN_1)) S — T‘ﬁ H ||UZH01 B(RN-1)- (547)
(5.46) and (5.47) together with (5.44) give (5.42).
To prove (5.43), we just integrate the inequality in (5.41) and (5.40) on RV 1, O

We are now in position to prove that H. : O5 — C%#=(RN~1) given by (5.2) is smooth.

Proposition 5.4. For every e > 0 and § > 0, the map H. : O5 C CHP(RN71) — COF=¢(RN-1) defined by
(5.2) is of class C*°, and for every k € N, we have

— O DRHL (u)(s) = / DFM. (u, 5, t)dt — / DL (u, 5, 1)dt, (5.48)
2 RN-1 RN-1
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where M. and M. are defined in (5.35). Moreover, there exists a positive constant ¢ = (a, 3,6, N) > 1 such that
for every e > 0,

||DkH5(u)||Co,ﬁ—a(RN—1) S C(l =+ ||’U,||Cl,ﬁ(RN—1))C. (549)

Proof. With Lemma 5.3 at hand, it suffices to follows precisely the arguments in [3] to get the desired result,

we skip the details. O
As a consequence of this result, we have

Corollary 5.5. Let k € N, u € O, uy,...,up € CYP(RN1). Then, for every s € RV=1, the map ¢
DFNH_(u)[uq, ..., u)(s) is continuous on [0,1], and D¥ Ho(u)[uy, ..., ug](s) = DFH(u)[us, ..., ug(s).

Proof. The continuity of the map ¢ — D¥H_(u)[u1,...,us](-) follows from Lemma 5.2 and the dominated
convergence theorem. The last statement is an immediate consequence of (5.48), Lemma 5.2 and the dominated

convergence theorem. -

5.1. The derivative of the NMC operator

The aim of this section is to complete the proof of Proposition 3.1 by computing the derivatives of the NMC
operator H. To do so, we need to recall the expression of the NMC of a set E, in terms of principal integral,

XEC(y) dy = lim XEee(y) dy,

Hp(z) =PV [ —XEY _XEY)
RN |5L’ - y|N+a e—=+0 lx—y|>e |£L’ - y|N+a

for every x € OF, where as before

XEe(y) == 1pe(y) — 1E(y),

with 14 denotes the characteristic function of A and E¢ := R \ E. While we used the geometric expression to
derive the regularity of the NMC operator (1.2), we find more convenient to use PV integral form to compute
the full expressions of the linearzied operator about nonconstant functions.

Lemma 5.6. For every A >0, u € O and v,w € CYP(RN~1), we have

_ v(s) 4+ v(s —t)
Q/RN—l (1t]2 + (u(s) + 7z Ot (5.50)

Proof. We consider H. defined by (5.2). Then recalling (5.3), we have

He(u)(s) = —% /aEu T (‘rlif}r;?;;&\(r::{)a)m dy for x = (s,u(s)) = Fu(s,1).

For g,e > 0, we consider the map h, , : O — L (RN~1) given by

XE: (Y) XE: (Y)

ha,gu S) = N+gd = N+gc17
() / (e —yP +e2) 5 / (5. u(s) — P + 25 °

with & = (s,u(s)) = Fy(s,1). For € > 0, we have that

x—y B «@ (N +a)e?
(lz —y2 +e2)NTe)/2 ~ (g — y[2 + e2)(NTa)/2 (g — y|2 + e2)(N+2+a)/2"

Vy -
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Multiplying this equality by x ge¢, integrating on RY and using the divergence theorem, we get

(N + a)e?
o

He(u)(s) = he,a(u)(s) — he a2 (u)(s). (5.51)

By the change of variables y = u(§)z and § = s — ¢, we obtain

uéwl/ (Is =5[> + ?fwgézv+e%N

)
:/ / X(-1,1)¢(2)
'V-1 JR ([t + (u(s) — u(s — t)z)2 + £2)°%

It is clear that the map h.,: O — CYP=«(RN~1) is differentiable for every e, 0 > 0. Now letting V. = u + cw,
we have

u(8) dzds

Qe

Wit

u(s —t) dzdt.

I

dhe o (V)

Dhe p(u)[t](s) = ==&

C:O(S) :/sz—l ”(5)/]1{)((—1,1)0(2)'&(2) dzdt
_/RM /X< 10 (2) {v(s) —v(s — 1)z} TL(2)d2dt, (5.52)

where
1
(It + (u(s) — u(s — t)2)2 +€2) "7

Using integration by parts in (5.52), we deduce that

Te(z) =

Dhesfu)lo)s) =2 [

[ ({0l =) = w9} Te(=1) = ol = ) = w(s)} Xe()
We then conclude that
ol(s) = v(s) —v(s —t)
Phea(ltl) =2 [ o PO et

v(s) +v(s—1t)
-2 v dt. 5.53
/RN” (I + (u(s) +uls —1))* +€2) (559

We define
Ty(s,t) =v(s) —v(s —t), Ty(s,t) =v(s)+v(s—1t) for v € CLARN=Y) 5t € RNL

Recalling (5.12), (5.13) and (5.5), we have

[N Oy (s, ) K c (u, 5, t)dE — 2 / Lo (s, 1)K p.e (u, 5, t)dt. (5.54)
RN-1

Dm@wmﬂﬁ=2/

RN-1

We then deduce from (5.51) and (5.54) that, for every € > 0,

DH. (u)[e)(s) = Dhe o ()lt](s) ~ = Dho(u)fe](s)

= 2/ [t N 7T (5, 6) Ko e (u, 5, t)dE — 2/ Ty(s,t)Kac(u, s, t)dt (5.55)
RN-1 RN-1
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N 2 _
_ W ta)e” <2/ [t N2 (5, 6) Koyo.e (u, 5, t)dt — 2/ Fv(s,t)lCa_,_Q,s(u,s,t)dt) :
(6% RN-1 RN-1
For € € (0,1] and s fixed, we let
Bau() =2 / N 0T (5, ) Ko (1, 5, £)dE — 2 / To(s, ) (1, 5, ). (5.56)
RN*I RN*I

We claim that B, , is smooth on (0, 1] and extends continuously at e = 0, for every fixed s. Indeed, it is clear

that € = [pn_1 To(5,1)Ka,c(u, s, t)dt is smooth on [0, 1] by the dominated convergence theorem, since u € O.
Next, we write

2/ |t|_N_aFv(s,t)ICa7E(u,s,t)dt:/ 1tV (Ty (8,1) + To(s, =) Koo (u, 5, t)dt
RN-1 R

N—-1

+ / [t~V (T, (s,t) — Ty(s, —t))Ka .o (u, s, t)dt. (5.57)
RN—1

We then observe that

ITy(s,t) + Tou(s, —t)| = |v(s+t) — 20(s) + v(s —t)|

1
= | / (Vo(s+ pt) -t — V(s — pt) - t) dp|
0
< 2ol on ooy min(je, |1 +). (5.59)

Recalling that 8 > «, and since Ky c(u, s,t) < 1, it then follows from the dominated convergence theorem that,
for every fixed s € RV~1, the function

€ [tV TTy (s, ) + T (8, 1)) Ko e (u, 5, ) dt

RN-1

is smooth on (0, 1] and has a finite limit at € — 0. Now, we have

/ |t‘_N_a(FU(S7t> _Fv<s7_t)>lca,6(uasat)dt
RN-1

1

_ —N—« s o s — w. s B w5 — .
N 2/]]{1\771 |t‘ (Fv( ’t) F'U( ) t))(K:ayé‘( ) at) K:a,E( y Oy t))dt

Since |T'y(s,t) — T'y(s, —t)| < min(]¢],1), by (5.20), we have
[(Tu(5,8) = To(s, =1) (Kae (u, 8,8) = Kae(u, s,—1))| < cmin([¢]"+1, ]¢]).

Therefore the function & — [pn ., [t|7V"*(Dy(s,t) — Ty (s, —t))Kae(u, s, t)dt is smooth on (0,1] and also has a
finite limit as € — 0, by the dominated convergence theorem. The claim is thus proved.
For s € RV~ fixed and ¢ € (0, 1], we now have, see (5.55) and (5.56),

DH_(u)[v](s) = Bs.a(c) + gd%
_ aa_ 135@(6) + éd% (eBs,a(e)) -

B; o (e)

Integrating this from 0 to € (0, 1], we find that

g a—1 [¢ 1/ o
/O DH. (u)[v](s)de = /O Boa(e)de + + (2Bual®) — Im By a(e)). (5.59)

[e% e—0
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From the continuity of B, , on [0, 1], we deduce that

g a—1 [¢ 1
/ DH_(u)[v](s)de = / B; o(g)de + —€B; o ().
0 Q 0 Q
Dividing this equality by € and letting € — 0, we then have
lim DH () v](s) = S lim By o(2) + ~ lim B, (2) = lim B, o (2)
) SWWIURS) = = 280 Do) T g Peel®) = G 5a(8);

where we have used the continuity of € — DHz(u)[v](s) on [0,1], by Corollary 5.5. Since DHz(u)[v](s) —
DH (u)[v](s) as € — 0 by Corollary 5.5, we thus have

DH(w)[e)(s) = lim Bya(?)

=2lim [t~V 7T (5, 8) Koz (u, s, t)dt — 2/ Ty(s,t)Ka0(u, s,t)dt
€0 JpN-1 RN-1
_opv v(s) —v(s—1t) di- 2/ v(s) +v(s—1t) .
RN ([E2 + (uls) —uls —1))?) = RN ([E2 + (u(s) +uls —1))?) =
This completes the proof. O
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