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BAYESIAN SEQUENTIAL TESTING WITH EXPECTATION
CONSTRAINTS*

STEFAN ANKIRCHNER' AND MAIKE KLEIN%**

Abstract. We study a stopping problem arising from a sequential testing of two simple hypotheses Ho
and H; on the drift rate of a Brownian motion. We impose an expectation constraint on the stopping
rules allowed and show that an optimal stopping rule satisfying the constraint can be found among the
rules of the following type: stop if the posterior probability for H; attains a given lower or upper barrier;
or stop if the posterior probability comes back to a fixed intermediate point after a sufficiently large
excursion. Stopping at the intermediate point means that the testing is abandoned without accepting
Hy or Hi. In contrast to the unconstrained case, optimal stopping rules, in general, cannot be found
among interval exit times. Thus, optimal stopping rules in the constrained case qualitatively differ from
optimal rules in the unconstrained case.
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1. INTRODUCTION

Let X be a Brownian motion with either drift rate O or drift rate x # 0. Suppose that an agent observes the
process X and aims at finding a time when to stop the observation and then to accept one of the two hypotheses

Hy : drift rate is 0, H, : drift rate is .

More precisely, let Yy be the a prior: probability the agent assigns to the event that H; is true. For t > 0
let Y; be the posterior probability of H; to be true given the observation of X on [0,t]. Let (F}) be the
filtration generated by (Y;) and denote by T(T') the set of all (F})-stopping times satisfying the constraint
E[r] <T €10,00). Let a € (O, %), B > 1 and suppose that the agent faces the stopping problem

maximize E [1(0,](Y7) + Bli—a 1 (Y7)] subject to 7 € T(T). (1.1)

In this article we solve the stopping problem (1.1). The problem gathers in a stylized form a situation where
an agent continuously collects data with the aim to ultimately decide between two hypotheses. For example, a
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pharmaceutical company performs tests in order to check whether a medicament is clinically effective or not.
Another example is a company collecting data on customer preferences in order to decide whether to offer a
product or not.

The payoff function in (1.1) reflects that the agent can only accept Hy or H; if the posterior probability is
below a or above 1 — «, respectively. One can interpret o and 1 — « as thresholds predetermined by a regulator
or by a company policy. If 8 > 1, then the agent assigns a higher value to accepting H; than to accepting Hy.

We are mainly interested in the case where the first hitting time of the thresholds o and 1 — a has an
expectation larger than 7', the bound on the expectation of any stopping time. In this case, the agent has to
choose a stopping time 7 for which the payoff is zero with a positive probability. In other words, the agent has to
choose a stopping rule that allows to abandon the observation without accepting Hy or Hi. Such stopping rules
can justify to surrender long-running observations or test series even if no significant result has been obtained.

The results from [1] on general stopping problems with expectation constraints imply that for solving (1.1)
it is sufficient to consider only stopping times such that the law of the posterior probability process Y at the
stopping time is a weighted sum of at most 3 Dirac measures (¢f. Thm. 2.5 in [1]). We show that a reduction
to 2 mass points is not possible in the specific stopping problem (1.1).

Furthermore, we construct explicit optimal stopping times that are compositions of two consecutive interval
exit times. More precisely, we show that if T" is sufficiently small and sufficiently large, then there is an optimal
stopping rule of the following type: stop if the posterior probability for H; attains a or 1 — «; or stop if the
posterior probability comes back to an intermediate point b* after a sufficiently large excursion. In this case,
three possible decision outcomes occur with positive probability: Hy or Hy or none of both is accepted. It turns
out that the intermediate point b* does not depend on the time constraint 7' (only its probability weight does).
Consequently, the same 3 points suffice for describing optimal stopping rules.

We show that, in general, there does not exist an optimal stopping time that is a single interval exit time.
However, if T is large or small enough, then one can find an optimal stopping time that is a simple exit time. In
this case, at least one of the two points at which the process Y is stopped is independent of the time constraint
and the a priori probabilities.

The idea to interpret Bayesian sequential hypotheses testing as a stopping problem goes back to Wald (see
[13]). Wald considers a problem version without expectation constraints and obtains optimal stopping rules that
are exit times from intervals. This is in line with the well-known fact that in unconstrained one-dimensional
optimal stopping problems with an infinite time horizon one can reduce the set of stopping times to first exit
times of intervals (see e.g. Cor. 2.9 in [11]). In particular, the process at the stopping time has at most 2 mass
points. Therefore, compared to the unconstrained sequential testing, the expectation constraint in (1.1) leads
to a systematical difference in the optimal stopping rule.

Stopping at an interval exit time results in a test that is usually referred to as a sequential probability ratio
test (SPRT). For testing two simple hypotheses on the drift rate of a Brownian motion a SPRT is optimal in
the sense that the SPRT minimizes the expectation of the stopping time simultaneously under both hypotheses
among all sequential tests having no larger errors of first and second kind, see e.g. Chapter 4 in [12]. In [§]
the optimality of the SPRT has been extended for testing more general drift rates. Testing whether the filtered
probability space (2, F, (F¢), PY) or (Q, F, (F;), Pt) is realized is considered in [5, 14]. In this case, the SPRT with
stopping rule 7 is optimal in the sense that it minimizes the Kullback-Leibler divergence E* {log ( P |, ﬂ ,
i€{0,1}.

Recent results on Bayesian sequential analysis include [10], where the authors consider Bayesian sequential
tests for two simple hypotheses on the mean reversion speed of an Ornstein-Uhlenbeck process. Lisovskii [9]
deals with sequentially testing two hypotheses on the drift rate of a Brownian bridge.

Some classical versions of the SPRT are described in the monographs [11, 12]. We postpone a more rigorous
comparison of our model with classical approaches for testing two hypotheses on the drift of a Brownian motion
to Section 5.

There are only few articles considering stopping problems with expectation constraints. Kennedy [6] provides
a solution method in a discrete time setting, based on Lagrangian techniques. Within a continuous time setting,
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the article [2] formulates a dynamic programming principle for stopping problems with expectation constraints
and derives a verification theorem. Bayraktar and Yao [4] provide a proof of the dynamic programming principle
and characterize the value function of the stopping problem as the unique viscosity solution of the associated
fully non-linear Hamilton-Jacobi-Bellman equation.

2. A SEQUENTIAL TESTING MODEL

In this section we describe rigorously the sequential testing model with expectation constraints that we
analyze in the article. We build upon the classical model in which two simple hypotheses on the drift of a
Brownian motion are tested (see e.g. Chap. VI.21 in [11] or Chap. 4.2 in [12]).

Let (Q7f7(Py)y€[0’1]) be a probability-statistical space. In the Bayesian formulation the probability
measures PY, y € [0, 1], are given by

PY = yP! + (1 —y)P.

Let W = (Wi)icjo,00) be a Brownian motion starting in 0 under every PY. Furthermore, let 6 be a random
variable independent of W under every PY with P¥[§ = 1] =y and PY[f = 0] = 1 — y. Let

Xtielit+O'Wt, t e [0,00),
where k € R\{0} and 02 > 0. Then PY[X € -|§ =i] = P[X € ], i € {0,1}, is the law of a Brownian motion
with drift ix and diffusion coefficient . For t € [0,00) let F7X = o(X,: 0 < s < t) be the o-algebra generated by

(Xs)sefo,g- We suppose that an agent aims at deriving the value of 6 by continuously observing the process X.
Note that the a priori probabilities of the statistical hypotheses

H029:0 and H1:0:1
are given by 1 —y and y under PY. Define the posterior probability process (Y:):e[o,00) bY
Y; = PY[0 = 1| F"].

According to Theorem 7.1 in [7] the likelihood ratio process (¢1)te[0,00) defined as the Radon-Nikodym derivative
of the measure P! with respect to P? on F;¥ satisfies
dp! K K
ori= e, = o (z (- 31))-

Fi

Moreover, we conclude from ([12], p. 181) that

e <1gy%>/<1+lgy%>

and that (Y}).e[0,00) sOlves

av, = Ly, - V) dW, Yy =, (2.1)
ag
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where

N 1 t
Wt—(Xt—n/ sts>
o 0

is a standard Brownian motion with respect to (F;X) and PY¥ (see Thms. 7.12 and 9.1 in [7]). Moreover, the
filtration (‘Fty)te[o,oo) generated by (Y;):e[o,00) coincides with (ftx)te[om). Observe that (Y;):e[o,00) is a regular
continuous strong Markov process under PY with state space J = (0,1). From (2.1) we conclude that if Y} is
close to 0 or 1, then the diffusion coefficient is small and hence the posterior probability is unlikely to change
much in small time intervals.

We assume that the agent can accept Hy only if the posterior probability Y is smaller than or equal to a
given threshold a € (O, %) Similarly, the agent can accept H; only if Y is greater than or equal to an upper
threshold. For simplicity we set the upper threshold equal to 1 — .

Let > 1 and T € [0,00). We define the payoff function by

f(CC) = 1(0,&] (I‘) + ﬂl[l—a,l)(x)7 T e (07 1)

We assume that the agent aims at maximizing the expected payoff EY[f(Y;)] among all (F})-stopping times
satisfying the expectation constraint EY[7] < T. The value function V': [0,00) x (0,1) — R of the constrained
optimal stopping problem is given by

V(T,y) = sup {EY[f(Y;)]: T (F})-stopping time, EY[r] < T} . (2.2)

We now comment on the model assumptions. Notice that f(Y;) = 0if Y; € (o, 1 — «). This reflects that the
agent can neither accept Hy nor H; if at the stopping time the posterior process is between the two thresholds o
and 1 — «. In other words, the agent gains nothing if she stops collecting data without any significant result.

Detecting a drift 0 or x can be of different value for the agent. Notice that the payoff function f normalizes
the gain for accepting Hp to 1 and the gain from accepting H; to the possibly higher payoff g > 1.

The payoff function f is of an all-or-nothing type. For a gain it only matters whether one of the thresholds
is attained or not. We stress that the agent does not have to accept Hy or H; as soon as Y attains a or 1 — a.
She can continue observing the process X and hope for significant results for the other hypothesis.

We close this section by introducing some notions and notation needed in the following chapters.

First, we introduce an auxiliary optimal stopping problem, in which we only allow for interval exit times
7(a,b) = inf{t € [0,00): Y ¢ (a,b)}, 0 < a < b < 1, satisfying the expectation constraint. In this case, the law
of Y, has at most two mass points. For (T,y) € [0,00) x (0,1) let

Va(T,y) = sup {EY[f(Y;)]: EY[7] < T, Law(Y,) weighted sum of at most 2 Dirac measures} . (2.3)

It turns out that on a subset of the domain, but not the whole domain, V5 coincides with V.

In Sections 4 and 6 we show that if V(T,y) > Vo(T,y), then there exists an optimal stopping time 7* for
(2.2) such that the law of Y, under PY is a weighted sum of Dirac measures in «a, b*,1 — a, where b* € (a, %]
The mass point b* is independent of T and y. Hence, one can characterize an optimal stopping time for (2.2)
with the same three points «, b*,1 — a. The weights the optimal stopping time attributes to the three points,
however, do depend on 7" and y.

Secondly, for every y € (0,1) we introduce the function ¢, defined by

25%2 ((2;5 —1)log (8 — %) + yl(l__zz) (x — y)) , z€(0,1),

o0, z ¢ (0,1).

qy(z) =
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One can show that ¢,(Y;) —t, t € [0,00), is local martingale (see Thm. 2.1 in [3]). Moreover, the function g,
allows to characterize the law of Y, for stopping times 7 satisfying the expectation constraint E¥[7] < T. In
particular, we can reduce the optimal stopping problem (2.2) to a measure optimization problem which helps
to prove our results, see Section 6.

If we impose that both hypotheses have probability % at the beginning of the observation, i.e. y = %, then
the function ¢ 1 simplifies to

20 T

2 @r-log [ ——), e (1),
afe) = ay(0) = { *° (1)

o, z¢(0,1).

In particular, we have g(z) = ¢(1 — z), € R. For every y € (0,1) equation (4) in [3] implies that

ay(x) = q(x) —q(y) — (x —v)d'(y), =€ (0,1). (2.4)

In the following we first state the value function of the primal and the auxiliary optimal stopping problem
for y = % and examine the dependence of the value function and the optimal stopping times on the exogenous
parameters «, 8,k and ¢ in Section 3. In Section 4 we collect the value functions V5 and V' and the optimal
stopping times for a general a priori probability of {# = 1} and prove these results in Section 6. In Section 5
we compare our model with some classical models.

3. OPTIMAL STOPPING RULES WHEN STARTING WITHOUT BIAS

In this section we assume that the agent has no bias at the beginning of the observation process, i.e. y = %
First we state the value function and an optimal stopping time for the case where hypothesis 1 has a higher
payoff. Then we focus on the case where both hypotheses yield the same payoftf, i.e. § = 1.

Since the a priori probability of {# = 1} is fixed, we write in the following V(T') and V5(T') instead of V (T, %)
and V5 (T7 %), respectively.

3.1. H; yields a higher payoff

Recall that the payoff of hypothesis H; is given by 8 > 1. Moreover, before the observation starts the agent
believes that the drift 0 and k both occur with probability %

Let 7(a,b) = inf{t € [0,00): Y; ¢ (a,b)}, a,b € (0,1). Then one can show that for 0 < a <y < b < 1 it holds
that EY[7(a,b)] = EY[qy(Y;(ap))], see e.g. Lemma 2.2 in [3]. In particular, the expected time under P2 until the
process (Y;)¢e[o,00) hits either a or 1 — « for the first time is given by

g(a) + 2

(a1~ @) = EX[g(¥7)] = 2 T

Nl

E

If the upper bound for the expected time horizon is larger than ¢(«), then the agent obtains a payoff of %(ﬁ +1)
by stopping at a and 1 — a. To increase the payoff, she can increase the probability to attain 1 — a by stopping
at 1 — a and a point a* € (0, a] such that 7(a*,1 — ) exploits the full time horizon, i.e. EZ[r(a*,1 — a)] = T.

If the time horizon is smaller than ¢(«), then two cases can occur. If the constraint is not too small, i.e.
T € (T*, q(a)) for some T* € [0, q(oz))7 then stopping at three points yields a higher payoff than stopping at
two points. The optimal measure has mass points «, 1 — o and b* € (a, %], where b* is independent of the time
constraint. If T" < T, then stopping at two points is optimal. The optimal stopping rule is as follows: If the time
constraint is too small to reach b* and 1 — « in expectation, then stop at 1 — « and a point a* = a*(T) € [b*, %)

such that E2[r(a*,1 — «)] = T. Moreover, the point a* decreases to b* for T 1 T*.
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For T € (T*, q(a)) it is optimal to use a consecutive exit time: First stop at « and b; € (%, 1-— a) and if the
process attains b; before o, then continue until the process either hits b* or 1 — a.
In order to state the value function more precisely, let

e b* € (a, 3] be the unique solution on [, 1 — o] of

((b) := (B —1)(g(a) — q(b)) + (1 —a = b+ b3 — aB)q'(b) =0,

5

x 3 b %_0‘ *
o T" = 2 —q(a) + 2= a(b"),

e a*(T) be the unique solution of 1%;faq(a) + 1_%;‘_1(111(04) =T on (O, %]

Now we can formulate the main result of this section.

Theorem 3.1. The value function V of the optimal stopping problem (2.2) is given by

Va(T), T € [0,7%U [q(a), ).
V(T) =9 17— q0") 1 (qla) =T)(b* —a) .
@) =g TP (2 " - 20) (gl - q(b*») - Telale),
where
-] Sl 7€ [0 a)
1+(/3—1)1E;f*$)ﬂ, T > q(a).

ForT € [0,T*]U]g(c), 00) the stopping time T(a* (T),1— a) is optimal for V(T). For T € (T*, q(a)) an optimal
stopping time for V(T) is given by

* = T((Xy bl) + 1{y_r(a’bl):b1} inf {t € [O’ oo); YT(a,b1)+t ¢ (b*, 1 Oé)} 7
where by € (1,1 — a) is given by

(I1-20)1—a— b*)(q(a) — T))
(2 —2a—b*)g(a) — (3 —a)q(d*) — (1 —a—b*)T"

blilfoéf

Here we do not provide a proof because the statement follows from more general results (Lem. 4.1 and
Thm. 4.2) in Section 4.

If the payoff for hypothesis 1 is larger than for hypothesis 0, then the expected payoff depends on three cases
for the average time constraint. If the posterior probability process can attain, in expectation, @ and 1 — «
within the given time horizon, then it is optimal for the agent to wait until she either can accept H; for the
first time or the posterior probability process falls below a*(T) < «. Although she can assume that the drift
equals 0 if the posterior process is less or equal to a, she continues observing the signals. This is due to the fact
that she hopes for enough positive signals in the remaining time such that the observations suggest a drift .
To maximize the payoff the agent always wants the signals to indicate a drift x and the posterior probability
process to hit 1 — a.. In the case of very small time horizons, if a drift x seems unlikely given the first signals,
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FIGURE 1. Three realizations of the posterior probability process Y starting in y = % and
stopped at the consecutive exit time 7* for k = 1,0 = 1,a = 0.05,7 = 1, 8 = 1. Note that the
barrier b* = % enters and the barrier b; vanishes at the time the process hits b;.

then she quits observing the process with no result. Here unlikely means that the posterior probability for the
drift being & is less or equal to a*(T).

Finally, if the time constraint is large enough but Y cannot reach both v and 1 — « in expectation, then the
agent stops observing the signals if the posterior probability process equals a or 1 — « for the first time or b*
for the first time after it hits the level b; € (%, 1-— a). In particular, this corresponds to stopping at a time 7*
if the agent is convinced that the drift is either 0 or k and she quits the observation process with no result if
the posterior probability process first attains a level b; and then goes back to b* before hitting 1 — a. Roughly
speaking, she stops at b* if it takes too long to start the observation process afresh after it has first attained by,

then falls below % and attains b*.

3.2. Both hypotheses have the same payoff

In this section, we assume that both hypotheses yield the same payoff. If 5 = 1, then the result of Section 3.1
simplifies.

Corollary 3.2. For 8 =1 the value function of the optimal stopping problem (2.2) is given by

T
(@)’
; T > q(a).

T < q(a),
V(T) =

=

LetT € (O7 q(a)). Then the following consecutive exit time 7* is optimal in (2.2).

* . 1
T =71(a,by) + 1{Y7(a,b1):b1} inf {t €[0,00): Yo(ab)t & (27 1— a) } ,

where by = % €(3,1-a).

Observe that for 5 = 1 we only have two cases for the time constraint. If T" is not too big, i.e. if T' is smaller
than the expected time to reach both a and 1 — «, then the maximal expected payoff is not attained by a
stopping time such that the process at the stopping time has two mass points. Three points are necessary:
Similar to the case 8 > 1 the agent stops if the posterior probability process equals o or 1 — « for the first time
or % for the first time after it hits the level b;.
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In Figure 1 three realizations of the posterior probability process Y starting in % and stopped at the

consecutive exit time 7* are illustrated as well as the fixed barriers «, %, b1,1 — a.

3.3. Dependence on the parameters

We examine how the optimal stopping rule and the expressions used to obtain the value function V in
Section 3.1 change in the parameters and interpret these changes. More precisely, we focus on the dependence
of q,a*(T),Vo,b*, T* and V on «,f,k and o. We first summarize and comment on the dependence on the
parameters and prove them afterwards. We use 1 and | to show that the expression in the left column increases
respectively decreases when the parameter increases. The symbol o represents that there is no dependence on
the parameter.

a(ifp>1)| a(@fp=1)1] 8 | |%

q o o o !

a*(T) ' ' o | 4

Va(T) T T T T

b* 0 o l o
T ) ° T

V(1) i i Tt

The threshold « allows the agent to assume that the drift is 0 if the posterior probability process is less
than or equal to a and to presume that the drift equals k if the process is greater than or equal to 1 — a. If «
increases, then she can already decide earlier on the drift’s value. Hence, the payoff function f increases and,
thus, the value functions V5 and V increase. Furthermore, if « increases, then stopping at three points yields a
higher payoff than stopping at two points for smaller time horizon T, because of the increasing payoff function.
This explains why 7™ decreases in a.

If the gain for hypothesis 1 increases, i.e. 5 increases, then the value functions V5 and V increase. The larger
B, the more mass is assigned to the point 1 — a. In particular, the agent accepts to quit collecting information
without a result and hence, to obtain nothing in order to hit 1 — a with a higher probability and thus, to increase
the expected payoff. Therefore, we have to impose a higher constraint on the average waiting time to allow for
three possible outcomes, i.e. T increases. Since the expected time until the posterior probability process attains
«a and 1 — a does not change, the length of the time interval for which three outcomes are optimal decreases
in B.

The ratio Z is a measure for the strength of the observable signals: If x is large compared to the diffusion
coefficient o of the process X, then the influence of a drift £ will predominate and the agent can conclude the
value of ¢ after a short observation time. On the other hand, if £ is small, it becomes more difficult for the agent
to decide whether she observes a drift or the effect of the noise. Thus, if the strength of the signal increases,
the value function increases. Observe that the function ¢ decreases in ’g’ The third stopping point b* does
not change in |§|, because all expressions are scaled with the same factor. Then the expected time to attain
the three points «, b* and 1 — « is smaller and thus, T* is decreasing. Since ¢ decreases in |§|, when using two
consecutive exit times, the auxiliary stopping point can increase and the constraint is still satisfied. In particular,
an increasing auxiliary stopping point b; implies that the mass in the optimal measure in a and 1 — «v increases
and hence, the payoff increases. Furthermore, since b* does not depend on the strength of the signal, the mass
in @ and 1 — « increase in f§|
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3.83.1. Dependence on the threshold «

The function ¢ is independent of «, but note that E%[T(a, 1 — a)] = g(a) decreases in « € (07 %) with
lim, 0 g(a) = o0 and ¢ (%) = 0. The payoff function f is increasing in «, thus, also the value functions V5 and
V increase in a.

In the following we write V5* and a*(T, o) to emphasize the dependence of V2 and a*(T") on «. First observe
that

1_gq 1_,

2 2
1—a—aq<a)+l—a—a

q(a) (3.1)

strlctly decreases in a € ( ) for fixed o € (O 5) as well as in « for fixed a. Hence, for 0 < a < v < % and
€ (0,00) we have

L« L o¥(T «a

r= 1- a2— a*(T, a)q(a*(T, o)) + 1 E a—cg (T,)a)Q(a)
37 . 3 —a*(T,a)

> T e @ ) + T2 a0

which implies that a*(T,~) < a*(T, «) by the definition of a*(T,~). Thus, a* (T, «) is strictly decreasing in «.
Furthermore, it holds that a*(T,a) — 0 as o 1 % Indeed, let € € (O7 %) and assume that a*(T,a) > ¢ for all
a € (0,3). Since (3.1) is decreasing in a, it follows that

P L —a"(T,0) l_a i-¢

r= 1—0427 a*(T,a)q(a*(T’aD + 1—2an (T,Q)Q(a) = lia—{—:q(g) +

Hence, limaTl a*(T,a) = 0. Similarly, one shows that lim, o a*(T, @) = 1.

1
Since 12— strictly decreases in a, a*(T, @) is strictly decreasing in a and ;2-— is strictly increasing in «,

we deduce for O <a<y<gj L that

3 —a'(T,0) 3 - a(T)9) 3 —a'(T)9)
1—a—a*(T,a) “Ta—a (T,7) < 1—vy—a*(T,y)

Furthermore, it holds that ¢(y) < ¢(c). Thus, for T € (0, (7)) we have

“?”7—513;i(i52)

Similarly, we conclude that V5*(T') < V5'(T) for T € [q(a), 00). For T € [q(7), q(c)) it holds that

“?””Zﬁlf;iiiﬁl>

3 —a*(T,7) 37
l=v—a*(T,y) 1=v—a*(T,y)

<8 = V3(T).

To summarize, Vy*(T) is strictly increasing in « for T' € (0, 00). In addition, we have that lim, o V5*(T) = 0 and
lim 1 V'(T) = 5.
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To examine the dependence of b* on «, we write b*(a) and £, instead of b* and ¢, respectively. Moreover, if
B > 1 we consider the modified equation

1€i(g)<a¢ - 16—_2105 [a(e) = q(b) + (b — @)q(b)] + ¢ (b) = 0. (3.2)

Then b* is a solution to £,(b) = 0 if and only if b* is a solution to (3.2). Notice that

el = L Gl — g+ - @) - (L= - @ <0 (3

for b € (a, 1] by the strict convexity of g. Now let 0 < o <y < 3. Then (3.3) yields for all b € (v, 1) that

£,(b) 2,(b)
1_204> -2y (3.4)

In particular, by (3.4) and since f”_(f,)y is strictly increasing in b, we have for all b > b*(vy) that

Lo (D) £y (b*(’y)) _
T—2a  1- 2y

Therefore, b*(a) < b*(y), i.e. b* is strictly increasing in a.
1

1_ i
Since 1jafaq(a) + 1fafaq(a) strictly decreases in a for fixed o and in « for fixed a, it follow that T decreases

in a. Indeed,

1 _ (e 1_q

> ﬂq(a) + ii](b*(V))

1—a—="b*(v) 1—a—b*(y)
2 =) 37 o) _
> WQ(Q)—'_ l—y—b*(fy)q(b (’V)) =T"(7).

If p =1, then b* = % and T = (0 are independent of «.

3.3.2. Dependence on (8

Observe that ¢ and a*(T') are independent of 8. Since the payoff function f is increasing in 3, the functions V5
and V increase in 8. Furthermore, V5(T') is linear in 3, thus, it strictly increases in 8 with limg_, o Vo(T) = o0
for T' € (0,00) and for =1 it holds that

b

V(1) =4 1—a—a () T € [0,q(a)),

, T > q(a).

For the dependence of b* on 8 we use that

) = (B—1)(ala) —q(0)) + (1 — = b+ b3 — ap)q'(b)
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strictly increases in b for ﬁxed B as well as in 8 for fixed b € ( ] Therefore, b* strictly decreases in .
Furthermore, we have b* = % if =1and b* | for B — oo. To see the second claim, first note that ¢’ strictly
increases on [oz, 2} with ¢’ (5) = 0. Thus, for g > —a it holds that

(b) = (8 — 1)[ala) — a(6) + (b— ) (B)] + (1 —2a)d'(b) > (5 — 1) [q<a> q(b) + (b a)d'(b) + q““)} |

B
(3.5)

Using that 7(b) := g(@) — q(b) + (b — a)¢/(b) is strictly increasing on [a, 3] and continuous with r(a) = 0 and

r(3) = q(a), we conclude that for 3 > max { _;(IS) , i} there exists d(3) :=r~! (#) € (a, 3) such that

’2

In particular, for all b > d(8) we have r(b) > —1 (a) > 0, which together with (3.5) and the fact that ¢ is

strictly increasing implies that b* = v*(8) € (a, d(ﬂ)). Since 2 gl) — 0 for B — oo, we conclude that d(3) | «
and therefore, b*(8) | o as 8 — 0.

For the dependence of T* 2—q(a) + 72 bq(b) is decreasing and b* decreases in 3.
Hence, it holds that 7™ increases in 8 with T* = 0 if 6 = 1 and llmg_mo T = q(a).

3.3.3. Dependence on the strength of the signal %

First note that the expressions only depend on |§| The function ¢ strictly decreases in ’§| on (0,1)\ {%}
and ¢ (%) = (0 for all |§| > 0. To emphasize the dependence on |g |, we write ¢"/? instead of ¢ in the following.
Using that o*(T), T € [0, 00), is the unique solution of

i« i-a 53— Q i-a
Tzlia—aqﬁ/a(a)—i_l—za—an/o _‘7‘ <l—a—a )+ 2 ql(a))

we conclude that a*(T") solves

1 1
5 —
2 ql(a)+ 2

K12
l—-a—-a ql(a):’;) T.

1, 1_, . . ) . .
Since 1ikaql(a) + 1jaiaql(oz) strictly decreases in a € (0, %), it holds that a*(T') strictly decreases in |§’ for
T € (0,00). In addition, it holds that a*(T") — 3 for ‘g‘ — 0 and a*(T) — 0 for |§‘ — 00.

1
Using that a — % is strictly decreasing on (O, %) we conclude that Vo(T') is strictly increasing in ’g’
The point b* is independent of the ratio =, because

(8= 1) [0/7(@) — ¢/ ()] + (1 —a— b+ b—ap) (¢/7) (5) =0
holds if and only if

(B-1) [a*(@) —¢'(®)] + (L —a—b+Bb—ap) (¢}) (b) = 0.
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* : K)o o|?2 1 :
For T™ we again use ¢ = |E‘ q" to obtain

0|2 i-a L
T*:’f’ 2 1 % 2 1 .
K (1—a—b*q(b)+1—a—b*q(a)

Therefore, T* is strictly decreasing in |§| with lim,; /5|50 7" = 00 and lim|, /5| 00 T = 0. Similarly, we deduce
that ¢/ (a)) — T* decreases in !g’
The auxiliary stopping point by is given by

(1—2a)(1 —a—b*)(q(e) = T)
(3 —2a—b*)q(a) — (5 —a)q(d*) — (1 —a—b*)T

(1 —2a)(1 —a —b*)[q" () — ¢* (a*(T))]
(2—2a—b*—a*(T))q" () = (1 — v — a*(T))q" (b*) — (1 — a — b*)q" (a*(T))’

=1l—-a-

1_ 1_
where we use that a*(T") solves —2——q(a) + —2——q(a) = T. Since b* is independent of |£|, we consider
l—a—a l—a—a o

9 (_ (1 —2a)(1 —a —b*)[q' (@) — ¢'(a)]
da 2-2a-b*—a)¢(a) - (1—a—a)g (b*) — (1 — a —b*)q'(a)

_ (2001 —a-b)(g'(0) ~¢' () [d"(e) ~d'(0) ~ (1L —a—a) (¢") ()] _
[(2 = 20— b* — a)gt(@) — (1 — a — a)g (b*) — (1 — a — b*)g}(a)]”

Using that a*(T') decreases in |Z|, the stopping point by is increasing.

4. OPTIMAL STOPPING RULES FOR GENERAL A PRIORI DISTRIBUTIONS

In this section we state the main results for all a priori probabilities y € (0,1) of {6 = 1}. Hence, the posterior
probability process (Y;)iec[o,00) starts in y € (0,1). The statements are proven in Section 6.

Lemma 4.1. The value function of the optimal stopping problem (2.3) is given by

c(T,y) —y T *
c(Ty)—y b <T
C*(17y)_a’ yE(OL, ]7 = (y)v

_ *
5 y—a*(T,y) ye ,1—a), T<T"(y),

1iaia*(Tvy)7

Va (T.y) = max{zg;’)):cyyﬁlf;ifg)y)} y€(a,1-a), T e (T"(y).ala) - aly)),

y—a*(T,y)

T ey

y € (0,a] or
y€(l—a), T>qla)—qy),

ﬂ? yZl—a,
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where

o b* € (a,3] is the unique solution on [, 1 — a] of

((b) := (B —1)(q(a) — q(b)) + (1 —a = b+ b3 — aB)q'(b) =0, (4.1)

o a*(T,y) is the unique solution of *=2=Lq(a) + 72—q(a) —q(y) =T on (0,y],

l—-a—a

c—ad(@) + =34(c) —q(y) =T on [y, 1),

(0" — y)g(a) + (y — )q(b)

o ¢*(T,y) is the unique solution of

E— —q(y), y € (b7,
T =1 ) ) (4.2)

Theorem 4.2. The value function V' of the optimal stopping problem (2.2) is given by

T +q(y) — q(b*) o (y—a (" =a)(ele) =T —qly))
o e (P (1= 20) (4l@) — 40")) ) |

y€(a,1-a), Te (T (y),q() —a(y)),
Va(T,y), else.
An optimal stopping time 7 for V(T,y) is given by
7(a, (T, y)), y € (a,b*], T <T(y),

T(a*(T,y),l—a), y € (0,a] or
T = y € (a,b"], T > q(a) — q(y) or
JAS (b*7 1- Oé), T e [O7T*(y)] U [Q(O‘) - Q(y)voo)v

07 Yy > 1—a.
Forye(a,1 —a) andT € (T*(y), q(a) — q(y)) the stopping time
T =7(a,b1) + Ly, sy =y inf {t €[0,00): Yr(ap )+t & (07,1 — a)}

is optimal in (2.2), where

(1—20)(1 —a—b*)(q(e) = T — q(y))

0 20 b pafa) (o)) (a0 T ra@) <0 VI

blzl—a—

In particular, fory € (a,1 —a) and T € (T*(y), q(a) — q(y)) the law of Yy« is purely atomic with mass points
a,b* and 1 — « that do not depend on T nor y.

Remark 4.3. The value function V5(T,y) is not continuous in (g(e) — q(y),y) for y € (a,1 — a). Indeed,
observe that a*(T,y) and ¢*(T,y) are continuous in T for fixed y, because they are the inverse functions of
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a strictly decreasing respectively increasing and continuous function. Furthermore, we have a* (T, y) =« and
*(T,y) =1 — a, where T = g(a) — ¢(y). Hence,

. l—-a—-y Jy—a l-a—-y Y-« —
1 T,y) = =W(T,y).
o Ve(T) max{ 1-2a 751—2a}< o0 tP1o2a = (W)

Remark 4.4. We can calculate o* (T, y), ¢* (T, y) and b* numerically using Newton’s method for given o € (O, %),
B>1,y€(0,1—«)and T € [0,00).

In the following we state that for some average time constraints the expected payoff increases if we allow not
only for two possible outcomes but for a third possibility, i.e. the law of the process at the stopping time has
three mass points.

Corollary 4.5. Lety € (a,1 — ) and T € (T*(y),q(a) — q(y)), where T*(y) is defined in (4.2). Then

Vo(T,y) <sup{EY[f(Y;)]: EY[r] < T, Y; has at most 3 mass points} = V (T, y).

5. COMPARISON WITH CLASSICAL VERSIONS OF THE SPRT

In this section we compare our model with some classical models for sequentially testing the hypotheses Hy
and H1 .

In the model version presented in Chapter VI.21, [11] and Chapter 4.2.1, [12] the agent chooses sequential
decision rules (7,d), where 7 is an (F;*)-stopping time and the decision rule d is an FX-measurable random
variable taking values in {0, 1}. The decision rule (7, d) tells the agent to stop at time 7 and to accept hypothesis
H, if d = 1 and hypothesis Hy if d = 0. It is assumed that she wants to find a decision rule (7*,d*) for which

EY [T —+ a1 1{d=0, 6=1} + CLZ:I-{dzl7 9=0}], (51)

a1,as > 0, is minimal. The minimization problem is then shown to be equivalent to the problem of finding a
stopping time 7 that minimizes EY[7 + (a1Y; A az(1 — Y;))]. The constants a; and as weigh P![d = 0], the error
of the first kind, and P°[d = 1], the error of the second kind.

One can construct an interval (A, B) such that the first time where Y exits (A, B) is an optimal stopping rule
for the problem of minimizing (5.1) (see Thm. 21.1 in [11] or Thm. 5 of Sect. 4.2.1 in [12]). This is in contrast
to our model with expectation constraints, where in general an optimal stopping rule cannot be found among
simple interval exit times.

In the model version of Chapter 4.2.2 in [12] the agent is assumed to minimize the expectation of the stopping
time among all sequential decision rules for which the error of the first and second kind are bounded by given
thresholds. Our model can be modified such that the thresholds o and 1 — « on the posterior process can be
endogenously determined from a given bound on the error of the first and second kind. We explain this for the
special case where the a priori distribution has no bias, i.e. y = %, and where both hypotheses have the same
payoff, i.e. 8 =1. Fix T € (0,00). Now let a € (0, 3) such that g(o) > T. For the optimal stopping time 7*
in (2.2) the error T for accepting Hy although H; is true (error of the first kind) and the error ¥ of accepting
H; in case of a true hypothesis Hy (error of the second kind) are given by

- (q(a)—(l—;{)T)"Q
T =T(a) = P[Y;- < o] = ae) e — 0 = W(a) =P[Y,- > 1 al.

- (e} _ <q<a>7<1fa>T)"2

o q(a)—aT
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One can show that the errors T and ¥ are strictly increasing in « and that for sufficiently small § > 0 there
exists a*(8) such that the type I error Y (a*(6)) and the type II error W(a*(8)) are equal to §. Thus, for the
same prescribed type I and type II error we can determine a threshold a* guaranteeing the given errors for the
optimal stopping time 7*. An optimal stopping rule for V (T, ) with threshold o satisfies the given expectation
bound, and entails that the hypotheses Hy and H; are accepted only with the prescribed error bounds. In other
words, our model allows to derive stopping rules that accept Hy and H; with the desired significance and, at
the same time, can be implemented in feasible time periods. This comes along, however, with the price that one
may abandon testing before accepting one of the two hypotheses.

In contrast, the optimal stopping rules derived from the model in Chapter 4.2.2 in [12] imply that testing is
only abandoned if either Hy or H; is accepted, with the prescribed error bounds. If the error bounds are strong,
then this can entail that the testing will last for a long time. By imposing an expectation bound, our approach
allows to abandon testing before either of the hypotheses is accepted.

6. PROOF OF LEMMA 4.1, THEOREM 4.2, AND COROLLARY 4.5

We show Lemma 4.1 and then use its statement to prove Theorem 4.2. Corollary 4.5 follows from the proof
of Theorem 4.2.

First we reduce the optimal stopping problems (2.2) and (2.3) to measure optimization problems using the
results obtained in [1]. Here A (T, y) denotes the set of all probability measures with support in (0, 1) such that
Jrxp(dz) =y and [;q,(x)u(dz) < T. Furthermore, let A, (T, y) be the set of all discrete measures in A (T, y)
with at most n mass points, n € N. From Theorem 3.6 in [1] we conclude that

V(T,y) sup /f (6.1)
M€A3(T7y

Vo (T,y) sup /f (6.2)
ueAz(T y)

In the proof of Lemma 4.1 we only focus on V5 as the value function of an optimal stopping problem. On the
other hand, for the proof of Theorem 4.2 we use both the characterization of the value function as a measure
optimization problem and as an optimal stopping problem. Changing the perspective allows to simplify and
shorten the arguments.

Proof of Lemma 4.1. In the following we obtain the value of the optimal stopping problem (2.3). We consider
the cases y € (0,a], y € (a,1 — ) and y € [1 — «, 1) separately. Furthermore, we assume that T' € (0, o),
because V2(0,y) = f(y) for all y € (0,1).

y € [1 —,1):| Since f is bounded above by 8, stopping immediately is optimal for Vo(T,y), T € (0,00), and
hence Vo(T,y) = 8.

Stopping directly yields a payoff of 1. This is optimal for 5 = 1. If 8 > 1, then stopping at 1 — «
and a € (0,y) has a higher payoff. Here a has to be chosen in such a way that the stopping time satisfies the
expectation constraint. Using the first exit time of (b,¢), b € (0,y), ¢ € (1 — «, 1), is not optimal, because f is
constant on (0, ] and [1 — a, 1), respectively. Indeed, once the process attains 1 — a the agent can obtain a
payoff of 3, but if she does not stop at 1 — «, then with a positive probability the process goes below 1 — « and
does not return to 1 — o within the given expected time.

Observe that in an optimal strategy the whole time horizon is exploited, because decreasing the point a,
which entails a higher expected time for exiting (a,1 — «), increases the probability that the process hits 1 — «
before a. Thus, it is sufficient to focus on 7(a,1 — a) and choose a such that E¥[r(a,1 — )] = T. Lemma 2.2 in
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[3] implies that
EV7(a,1— )] = E [y (Yr(a1-a))] -

The law p® of Y (4,1—q) is given by

e l—a-—y Yy —a 5
BT a1 —a ot
Now we determine a such that
l—a—y y—a
EY 1-— = Y dox) = ——= —q,(1—a)="T. .
rla1 =) = [ ay(ontdn) = 7a—La,(0) + Lo 1- ) (63)
Using (2.4) and ¢(x) = q(1 — =) we rewrite (6.3) as
l—a—y Yy—a
aldr) = — =T 4
[t @) = =o= e + T2 (o) — a0 (64
The map
' l—a—y y—a
ky: (0,y] = 10,00),  a > T————q(a) + ;7———a(a) —q(y), (6.5)

is continuous and strictly decreasing, because

g%fffggmmw+u—a—amuw—am><o

/
ky(a) =
by the strict convexity of ¢ and since g(«) = ¢(1 — «). Moreover, it holds that lim, o ky(a) = oo and ky(y) = 0.
Hence, for every T € (0,00) there exists a unique a*(T,y) = kiy_l(T) € (0,y) such that (6.4) and, thus, (6.3)
hold. Therefore,

—a*(T
w(T,y)=ﬂ%'

y € (o, 1 — a): | Note that the expected time until the process (Y3);c[0,00) hits either a or 1 — a for the first
time is given by

y—«

l-a-—y
1 -2«

EV[r(a,1 = )] = BY[qy(Yr)] = T —5~a(a) + ay(1 — ) = q(a) — q(y).

The last equality follows from (2.4). Now we distinguish between the cases T' < q(a) —q(y) and T' > q(a) — q(y).

’ T < q(a) — q(y): ‘In this case the process cannot reach both « and 1 — o within the given expected time horizon.

Thus, at least one of the stopping points lies inside (o, 1 — «). Similar to the case where y € (0, ], we conclude
that either stopping at « and ¢ € (y,1 — ) such that EY[r(«,¢)] = T or stopping at the first exit time of
(a,1—a), a € (a,y), with EY[7(a,1 — )] = T is optimal. Here we cannot directly argue that the stopping rule
7(a,1 — «) has a higher payoff than 7(«, ¢), because if T is small and y is close to «, then it may be better to
stop at a than to wait until the process hits 1 — « with a small probability.
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We now derive the stopping points a and ¢. As in the case y € (0, a] we conclude that there exists a unique
a*(T,y) = k;1(T) € (0,y) such that EY [7(a*(T,y),1 — «)] = T. Furthermore, since k, is strictly decreasing
and T < g(a) — q(y) = ky(a), it follows that a*(T,y) € («,y). For the stopping point ¢ observe that the map

9y [1,1) = 0,00), ¢ =—2g(a) + E——q(c) — q(y), (6.6)

is continuous and strictly increasing with g, (y) = 0, limet1 gy(¢) = oo and g, (1 — ) = g(a) — q(y). Therefore,
there exists a unique ¢*(T,y) = g, *(T) € (y,1 — @) such that EY [7(a,c*(T,y))] = T. To sum up, we have

o { @y —y oy —a(Ty)
VQ(Tvy)_maX{C*(T,y)_ ’ﬁl_a—a*(T,y)}.

Let y € (o, b*] and T < T*(y) = g,,(b*), where b* is the unique solution of (4.1) on [, 1 — ] (for existence
and uniqueness see Lem. A.2 in the appendix). In the following we write a* and ¢* instead of a*(7,y) and
c*(T,y), respectively. We show that for T < T*(y) it holds that

Vao(T,y) = > 6.7
2(T',y) c*—aiﬁl—a—a* (6.7)

with strict inequality if § > 1. Assume that

y—a -y
> 6.8
ﬁl—a—a ct—« (6.8)

holds for some a € («,y). Then a <y — % =:a = a(T,y), because 2= is strictly decreasing in a

and @ is chosen in such a way that equality holds in (6.8) when replacing a by @. Observe that @ € («,y) if

and only if 8 > % If @ < «, then (6.8) does not hold for any a € («,y) and hence (6.7) follows. If
€ (a,y), then we show that k,(a) > g,(c*) =T for all a € (o, a@). In particular, we conclude that a* > @ and
as a consequence (6.7) holds.
Since T < T*(y) = g,(b*) and g, is strictly increasing, it follows that ¢* = g;l(T) < b*. First assume that

B > 1. Since ¢ is strictly increasing and we have ¢* < b*, it follows that £(c*) < £(b*) = 0 and thus,

l—a—-c"+c*f—ap ,, .,
e, (69)

q(a) < g(c”) -

The definition of @, (6.9) and the strict convexity of ¢ imply that

k(@ — gy(c) = —(B- 12" g(@) + 270V (Lway‘”)mﬁ>

l-a—-a l—a—a —a_a
1_ - —
2 g i@ ] + TR ma e B - B ()

>(H“_y(a—c*)+y_a(1—oc—c +C*B—aﬁ)) "(c)

l—-a—a l—-a—a

=0.
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If 8 =1, then

ky (@ = g,(c) = Z—[q(@) — q(c")] > T—"(@—c")q'(c") >0,

where we use that a <y < c¢* <b* = % and hence ¢ ( *) < 0. Since k, is strictly decreasmg, it follows that
ky(a) > ky(a) > g,(c*) =T for all a € ( a@). Since a* = k;'(T), we conclude that a* > @ and hence (6.7)

holds. In particular, we have V(T y) = =% for T < T*(y). Similarly one can show that

y—a*(T,y)

Vel = b —

fory € (b*,1 —a) and T < T*(y).
’T > q(a) — q(y): ‘ In this case the expected time to reach « and 1 — « is less or equal to T. For T = ¢q(a) — q(y)

the agent maximizes her payoff by stopping at o and 1 — . If 5 > 1 and if T increases, then she can increase
the probability that the process attains 1 — « before hitting a lower bound a € [a*(T,y), @] by decreasing a.
If she does so, the payoff increases. Since she gains more from increasing the probability at 1 — « than at «,
stopping at a*(T,y) and 1 — « is optimal. Therefore,

y—a*(T,y)
1—a—a*(T,y) O

l-a—-y
liaia*(Tay)

Va(T,y) = +

Proof of Theorem 4.2. First observe that V(T,y) > Vo(T,y) for all T € [0,00) and y € (0,1). In this proof we
also distinguish between the cases y € (0,a], y € (a,1 — ) and y € [1 — «, 1). Without loss of generality, we
assume that T € (0, 00).

y € [1 — ,1): | Since f is bounded above by 3, the stopping time 7* = 0 is optimal. Hence V (T, y) = Va(T, y)
for T € (0, 00).

y € (0,a]: | If B8 =1, then we conclude as in the case y € [1 — a, 1) that stopping directly is optimal with

V(T,y) = Va(T,y) = 1. If 8 > 1, then we use the reformulations (6.1) and (6.2) as well as the fact that V is the
value function of the optimal stopping problem (2.2). To embed a measure p with exactly three mass points
a < b < ¢ the agent uses the following stopping rule 7 (c¢f. the proof of Thm. 2.5 in [1]): She stops at the first
exit time of (a, d), where d = (u({b})b+ p({c})c)/(1n({b}) + n({c})) is an auxiliary stopping point. If ¥ attains
a before d, then she is done; otherwise, she uses a second exit time, namely, she waits until the process equals
bor c.

From (6.1) we know that stopping at 3 points is enough. Let u € A;3(T,y) with mass points a < b < ¢ € (0, 1),
all having positive probability. Observe that it is not optimal if a,b,c¢ € (0,1 — «), because then the payoff is
less or equal to 1, which is strictly smaller than V(T y). Moreover, two mass points in the interval [1 — «, 1)
cannot be optimal neither, because thinking in terms of the optimal stopping problem, the agent also gains (8
by stopping at 1 — o but with a higher probability. Stopping at @ and 1 — « has a smaller expected value than
stopping at a,b and ¢ where b,c > 1 — « and hence the stopping time 7(a,1 — «) is admissible and yields a
higher payoff than 7. Similar to the proof of Lemma 4.1 we conclude that in an optimal measure it holds that
c=1—a. Ifbe (y,1 — ), then, compared to the optimal strategy for V5(T,y), the probability to attain a
payoff of 5 is smaller. Indeed, for the payoff 8 the process first has to hit the auxiliary stopping point d and then
attain 1 — a. But if the agent additionally stops at b after hitting d, the probability of hitting 1 — « decreases.
Hence, b € (y,1 — «) cannot be optimal. Finally, if b € (a,y], let

(d—y)(l-a=1b)
d-y)(l-a=b)+(y-a)(l-—a-d

)\ =
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and observe that A\ € (0,1). Then stopping at the two points 7 = Aa + (1 — \)b € (a,y) and 1 — « has
the same payoff than using the stopping time associated to u. Indeed, A is chosen such that pu({1 —a}) =
pY [YT(M_Q) = 1- a]. Hence, the payoff of the two stopping rules coincides. Moreover, it holds that

(1—p({1—a})X=p({a}) and (1 — ({1 —a}))(1 — A) = pu({b}). The strict convexity of ¢, implies that
EY[7(r,1 —a)] = EY[qy(Yr(r1-a))]
= Py[YT(r,l—a) =1- Q]Qy(a) + (1 - Py[YT(T,l—a) =1- a])Qy(T)

< p({1 = a})gy(a) + (1 - p({1 = a})) (Agy(a) + (1 = N)gy (b))

~ [ a@nldn) <.
R

Therefore, the stopping time 7(r,1 — «) is an admissible stopping time.
To sum up, this shows that using 3 points instead of 2 does not increase the value of the measure optimization
problem (6.1) and thus, V(T,y) = Va(T, y).

y € (a,1 — a): | Again we examine the cases T' < g(«) — ¢q(y) and T > ¢(a) — q(y) separately.

’T > q(a) — q(y): ‘ Recall that EY[T(a, 1 — )] = ¢(«) — q(y). Therefore, both points o and 1 — « can be reached
within the given time. Similar arguments as in the case y € (0, o] show that V(T,y) = Va(T, y).

’T < q(a) — gq(y): ‘ Here the expected time constraint is to small to reach o and 1 — o within the given time

horizon. Now we use the reformulation (6.1) and consider measures p € As(T,y)\A2(T,y). One can argue
similarly to the case y € (0,a] and conclude that it is sufficient to focus on measures p with mass points
o <b<1—a and to use the full time horizon, i.e. [;qy(x)u(dx) = T. Note that the line of arguments
interprets V as the value of an optimal stopping problem. For every signed measure p which is atomic and has
three mass points, the constraints [, 1u(dz) =1, [z pu(dr) =y and [; qy(x)pu(dz) = T uniquely define the
weights. To obtain a probability measure, one has to restrict the mass points to certain intervals. Let

() — (T +a(y))
q(a) — q(b)

y  (L—a—=0)(T+q(y) + (b—y)gla) — (1 —a—y)q(b)
e (1 — 20)(a(@) — 4(0)) ot

N (b—a)(T +q(y)) — (b—y)qle) — (y — @)q(b)
(1 —2a)(q(a) — q(b))

0p

51—Ou

where b € (k,*(T),g,*(T)) and the functions k, and g, are given by (6.5) and (6.6), respectively. By Lemma A.1
in the appendix the measures u°, b € (k;'(T), g, ' (T)), are exactly all measures in As(T, y)\A2(T,y) such that
the mass is concentrated in «,b and 1 — a and [, ¢, (2)p’(dz) = T. We now maximize [; f(z)u’(dz) over
be (k;Y(T),9,"(T)) € (a,1 — ). Let

ao = | o ide) = LHaw) —a@) o [y—a  (-a)(a(e) T —q(y))
W0 = [ St = BB 4 (5 ”(1—20« (1= 20)(g(@) — 4(0)) )

Note that

q(a) =T —q(y)

ny, (b) = — 2
(1 —2a)(q(a) — q(b))

[(B—=1)(a(@) —q(0) + 1 —a—b+ b3 —aB)q'(b)] .
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Since T' < g(a) — q(y) we conclude that for all b € (k, ' (T), g, *(T))

__d@=T—aly)

(1 —2a) (q(e) — q(b))’

Define the function ¢: [a,1 — a] — R by
0(b) = (B —1)(ala) — q(b)) + (1 —a = b+ b3 — aB)q'(b).

Lemma A.2 in the appendix implies that ¢ is strictly increasing and that there exists a unique b* € (a, %]
such that €(b*) = 0. If b* € (k,*(T),g,*(T)), then b* maximizes n, over (k,*(T),g, " (T)). If b* < k;(T)
or b* > g, Y(T), then n, is strictly decreasing respectively increasing on (k:y_ N1, 9y Yr )) To examine which

conditions guarantee that b* € (lcy’l(T), gy’l(T)) define

(0" —y)g(a) + (y — a)q(b*)

gy(b*) = — —4q(y), y € (a,b7],
= 1 b* b*
e N TICeE)

Observe that T (b*) = 0. Since q(b*) < ¢(a) and q is strictly convex, it follows that T*(y) € (0, ¢(e) — q(y)) for
y # b*. Let y € (a,b*]. Using k, '(T) < y, it holds that b* > k, ' (T'). Moreover, since g,, is strictly increasing it
follows that b* < g,"'(T') if and only if T*(y) = g, (b*) < T.

T < T*(y):| Then it holds that b* > g, *(T'). Thus, n, is strictly increasing and

sup {ny (8): b € (k' (7), 95 (1))}

=ny (g, (7))
~ T+aly) —alg, (1) o f(yv—a  (91(T) —a)(ala) - T —q(y))
= Tgle) —alg @y T (1 “2a (1 2a)(a(0) —a(gy (7)) ) - 00
Recall that g, '(T') = ¢*(T,y) is the unique solution to g,(c) =T on [y, 1). Hence, we conclude that
ale) =T = aly) = g (a(@) (e (), (6.11)
T+qly) —q(c(T,y)  (Ty) -y (6.12)

qla) —q(c*(Tyy))  (T,y) —a’

By (6.11) the second summand in (6.10) equals 0. In addition, using (6.12) we conclude that n, (gy_l(T))
simplifies to

_T+aly) —alg;, (1) _T+aly) —q
qla) — q(gy " (T)) qla) —q(c

* |~
o

*
—~
< |5



BAYESIAN SEQUENTIAL TESTING WITH EXPECTATION CONSTRAINTS 21

Therefore, if y € (o, b*] and T < T*(y), then

Q
*

: -1 —1 _ (T> y) -y
sup {/Rf(x)ub(dx). be (k,(T),g, (T))} = Ty —a - Va(T, y).

C

Thus, V(T,y) = V2(T,y) and we do not gain more from stopping at 3 points than at 2 points.
T € (T*(y),q(a) — q(y)): | In this case it holds that b* € (k;l(T),g?jl(T)) and hence,

sup{ [ flautao): v € (5005 (1) } = my )

:T+q<y>—q<b*>+(6_1)<y—a (b* = ) (q(e)

B -7 - (y))
q(a) — q(b*) 1-— 2« (1-2a) (q( ) — )

It remains to show that V(T,y) = n,(b*) > Va(T,y) for T € (T*(y),q(a) — q(y)). In the following we write
a* =k, Y(T) and ¢* = g, *(T) instead of a*(T,y) and ¢*(T,y), respectively. (6.11) and (6.12) imply that

o — T + q(y) — q(b*) y—a (0" —a)(g(e) —T—Q(y))> -y
ny(b*) — Y~ +(5—1)< - B
¢t — o q(a) — q(b%) -

_y-a (q(c*)—q(b*)

ct—a \ gla) —q(b*)

_ =) {(c =) (B —1)(a(a) — q(b*)) + (1 — 20+ (B - 1)(b" — a)) [a(c") — q(v)] }
(1 =2a)(c* —

+(B-1

_ - —a—b"+b"B—apB)fqg(c") — q(b*) = (¢" = b")q'(b")]
(1 —2a)(c* — a)(g(a) — q(b%))

> 0,
where the last equality follows from £(b*) = 0, i.e.
CE 1)(q(a) — q(b*)) =—(1—a-b"+b*"B—apB)d ("),

and the strict convexity of ¢ implies the inequality.
Similar arguments lead to

() - gm0 (e ) a b4 bS - af)ala) - Lk (b — @) (")

= 0.
l1-—a—a* (1—2a)(1 —a—a*)(g(a) — q(b*)) ~

. -y , y—a
V) =00 > max{ =2 5 vy

for y € (o, b*] and T € (T*(y), q(@) — q(y)).
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For y € (b*,1 — ) we argue similarly to obtain
Va(T,y), T <T"(y),

V(T,y) = T+ q(y) — q(b*) y—a (0" —a)(ql@) =T —q(y))
a0 —qtr) TP (1 “2a (1 20)(g(e) — q(0")

>, T € (T*(y),q(a) — q(y))-

In particular, it holds that Vo(T,y) < V(T,y) for y € (b*,1 —a) and T € (T*(y),q (y))-
The optimal measure for the reformulated problem (6.1) for y € (a,1 — «) and T € (T*(y) q(a) —q(y)) is
given by

v (1= a—=b)(T+4q() + (" —y)a(e) — (1 - a —y)q(b")
(1 —20)(q(a) — q(b))

(0" —a)(T +q(y)) — (b* — y)q(e) — (y — )q(b*)
(1 —20)(q(ar) — q(b*))

% 0o +

01—q-

*

According to Theorem 2.5 in [1] and its proof, a stopping time 7*, which embeds u® in (Yi)tejo,00) for

ye (o1 — a)and T € (T*(y)7 q(a) — q(y)) is given by
™ =7(a, b1) + 1{Y7(a,b1):b1} inf {t S [0, 00): Y‘r(a,bl)-i,-t ¢ (%1 — Oz)}

for by € (b* Vy,1 — a) such that " ({a}) = B2=% Hence, we conclude that

bla

(1-2a)(1—a—b")(q(a) =T —q(y))
(1 —2a—b*+y)qle) — (y — a)q(b*) = (L —a—b*) (T +q(y))

b1:1—04—

Similar arguments apply for y € (b*,1 —a) and T € (T* (y),q(a) — q(y)) O

Remark 6.1. The optimal measure p® for V(T,y) with y € (a,1 — a) and T € (T*(y), q(a) — q(y)) concen-
trates its mass in the points o, 1 — a and b*. In particular, only the probability weights depend on T" and y but
not the mass points. Hence, the same three points suffice in (6.1).

Proof of Corollary 4.5. Follows directly from the proof of Theorem 4.2. O

Remark 6.2. In the proof of Lemma 4.1 we show that

Ty -y
Je@y) —y y—a*(T,y) }: c(Tyy) —a’
e { ’Bl—a—a*(T,y) y—a*(T,y)

y € (a,b*], T < T*(y),

€ [b*7 1-— Oé), T S T*(y)v

where b* is the unique solution of (4.1) and T™*(y) is given by (4.2).

For T € (T*(y),q(c) — q(y)) it is in general not so easy to decide which value the maximum attains.

We now show how to differentiate a*(T,y) and ¢*(T,y) with respect to y. Let ¢ € C'(A x Y, (0,00)) for
A,Y C R open and assume that for fixed y € Y the mapping ¢, : A — [0,00),a — ¢(a,y), is bijective. Then for



23

BAYESIAN SEQUENTIAL TESTING WITH EXPECTATION CONSTRAINTS

(0,00) it holds that
1

0 i
o 1= ooy

For the partial derivative with respect to y observe that

d d
0= —y (¢, (1)) = A ¢ (0 1(T),y) =
Hence, it follows that
o (3%90) (0, 1(T), )
67903; (T) = - / 1 :
Y S%(‘Py (T))

(1 —a—a*(T,y )q’ }

As a consequence,
0 (1) = (1-a—a'(Ty)) [a(a) —q(a*(T,y)) -
gy (1—a—y) [g(a) —q(a*(T,y)) = (1 —a—a*(T,y))¢ (a*(T,y))]’
0 ) = (c*(T,y) — @) [a(@) — q(c*(T\y) + (¢*(T,y) — @) q'(y)]
dy (y — ) [g(@) = q(c*(T,y)) + (c*(Toy) — a)d' (c*(T,y))]
Using the derivatives of a*(T,y) and ¢*(T,y) with respect to y results in
9 —a*(Ty) < (Ty)—y
o T ety ~ e =)
B Bld'(y) — 4'(a”)] q(c") —d(y)
T—a—a)d(@) | a@) —q@) + e —ag@)

 qla) —g(a*) -
where a* = a*(T,y) and ¢* = ¢*(T,y). Here we use that ¢ is strictly convex and o*(T,y) < y < ¢*(T,y)

1

Moreover, for y :’% it holds that ¢* (T, 2) =1-—a* (T, 2) and thus
1 g T, i
2 ( 2)1 > (.

-3 .
c*(T, )—a (5 )1—a—a*(T,§)_

phoe Ty
1—a—a*(T,%)

SIS

Therefore, for y > 4 we have for all T € [0, c0)
y—a’(T,y)

(T,y) —y 5 y—a*(T,y) }5
""M—a—-a*(T,y) )] "1—a—a*(T,y)

APPENDIX A.
We prove two auxiliary results for the proof of Lemma 4.1 and Theorem 4.2. We first characterize all proba-
1—a p(dz) =

bility measures p € As(T, y)\A2(T, y) with mass points o, 1 — v and b € (o, 1 — ) such that [ g,
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Lemma A.1. Lety € (a,1—a), T € (0, q(a) — q(y)) and

= Lma =T +a@) + 0 —yjale) — A —a—yal®); | o) —T —aly)
(1 —20)(q(a) — q(b)) T gl —qt)
N (b—a)(T +q(y)) — (b—y)qle) — (y — )q(b) 5

(1—2a)(q(a) — q(b))

where b € (k;l(T), g;l(T)) and the functions ky and g, are given by (6.5) and (6.6), respectively. Then the mea-
sures p°, b € (k,N(T), g, (T)), are exactly all measures in As(T,y)\Az(T,y) such that the mass is concentrated
ino,band 1 —a and 5 q,(z)p’(dz) =T.

Proof. Recall that if we fix the three mass points «, b, 1 — « for a measure p € As(T,y)\A2(T,y), then the con-
straints [o 1p(de) =1, [z p(de) =y and [; qy(z)pu(de) = T uniquely define the weights of a signed measure.

Conditions on b then guarantee that we obtain a probability measure.
Let pu® = p16a + p2dy + (1 — p1 — p2)d1_o be a probability measure with py, ps, 1 —p; —p2 € (0,1) and

/qu(w)ub(dw) = (1 = p2)g(a) +p2q(b) — q(y) =T < q(a) — q(y).

Hence ¢(b) < g(«), which implies that b € (a, 1 — ) is necessary.
Moreover, if we impose that u’ satisfies [, 1p’(dz) =1, [z p’(dz) =y and [, qy(z)u’(dz) = T, then the
weights p1,p2 and ps = 1 — p; — py are given by

(1—a—=b)(T+q(y)) + (b—y)g(a) — (1 —a—y)q(b)
(1 —2a)(q(a) — q(b)) ’
py = 4@~ (T +4(y))
? q(a) —q(b)
(b—a)(T +q(y)) — (b—y)qle) — (y — @)q(b)
(1 —2a)(q(a) — q(b)) '

pP1=

p3 =

Using T' < q(a) — q(y) and g(a) > q(b) results in py > 0. From
(1= a=b)(T+q(y) - () + (y — a)(ad) — g(a)) <0

it follows that p; < 1. Note that we have ps < 1 if and only if ¢(b) < T + ¢(y). Since b — ¢(b) is continuous,
symmetric around % and strictly decreasing on (a, %] with g(a) > T+ ¢q(y) and ¢ (%) = 0, there exists a unique
b="0b(T) € (a, ) with q(b) =T + q(y) and ¢(b) < T + q(y) for all b € (b,1 —b). Thus, we restrict b to the

2

interval (b, 1 —b). Since q(y) < T + q(y) it follows that y € (b, 1 — b). Moreover, it holds that p3 > 0 if and only
if

F—oa(a) + {—a(b) < T +q(). (A1)

For b > y Inequality (A.1) can be rewritten as g,(b) < T. From the proof of Lemma 4.1 we already know that
gy(b) is strictly increasing in b. Hence, for b > y Inequality (A.1) holds if and only if b < g,/!(T). In particular,
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since for all b € (y, g, ' (T')) we have

T > 9,(8) = 2L a(0) + L=2q0) — aly) > a(b) — aly).

it follows that g, '(T') < 1 —b. For b € (b,y] we use that

T+ a(y) > a(b) = 7~ Lala) + L= 2q) + L2 (gfa) — al0) > 7Lt + L= 2q00).

So far we have restricted b to the interval (b, g, (T)). In order to obtain conditions on b which guarantee that
p1 > 0, similar arguments as for ps > 0 apply. We have p; > 0 if and only if

l—a—y y—2>b

T 50 + - —5(0) <T+a(y). (A.2)

Using ¢(b) < T + q(y) yields that (A.2) holds for all b € [y,g,(T)). For b < y we conclude that (A.2) is
satisfied if and only if b > k. *(T). In addition, (A.2) implies that q(b) < T+ ¢(y) for b € (k;*(T),y) and hence

k;l(T) > b. Finally, p3 < 1 if and only if

() = (b= a)(T +q(y)) — (1 = 2a + b= y)g(a) + (1 — a = y)q(b) < 0.
The function j is convex on (0, 1), because j”(b) = (1 — o — y)¢”(b) > 0 with

_ l—a—y
Cl—a—ky YT

7 (9, (7)) = (1 = 20) (a(g, *(T)) — qlex)) < 0.

(1= 2a)(q(k; (1)) = 4(a)) <0,

Thus, for all b € (kiy_ 1(T) ( )) the convexity of j implies that j(b) < 0. To summarize, u® is a probability
measure if and only if b € ( NT), g, (T ). O

We now show that equation (4.1) posses a unique root.

Lemma A.2. The equation
(8 —=1)(g(a) —qb) + (1 —a—bd+b3—aB)d'(b) =0

has a unique solution b* € (a, l] on [a, 1 — a].

Proof. For b € (0,1) let
£b) = (B =1)(q(a) — q(b)) + (1 —ar = b+ b3 — af)q (b).

Observe that £ is continuous with ¢(a) = (1 — 2a)¢'(a) <0, £(3) = (8 —1)g(a) > 0if B> 1 and £(3) =0 if
B = 1. Moreover,

Cb)y=(1-a-b+p(b—a))d"(b) >0

for all b € [, 1 — a]. Hence, £ is strictly increasing on [a, 1 — a]. Furthermore, there exists a unique b* € (a, %]
such that ¢(b*) = 0.

O
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