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REGULARITY OF THE MINIMISER OF ONE-DIMENSIONAL
INTERACTION ENERGIES

M. KIMURA AND P. vAN MEURS”*

Abstract. We consider both the minimisation of a class of nonlocal interaction energies over non-
negative measures with unit mass and a class of singular integral equations of the first kind of Fredholm
type. Our setting covers applications to dislocation pile-ups, contact problems, fracture mechanics and
random matrix theory. Our main result shows that both the minimisation problems and the related
singular integral equations have the same unique solution, which provides new regularity results on the
minimiser of the energy and new positivity results on the solutions to singular integral equations.
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1. INTRODUCTION

We consider the minimisation problem of the energy
1
BiP®) o B = [[ ve-9dpeneo+ [ U6, (L.1)
X

where P(R) is the space of probability measures, V' is an interaction potential which describes repulsive, non-
local interactions, and U is a confining potential. Figure 1 illustrates typical examples of V' and U. The main
assumptions on V are that V € L*(R) is even on R, that V(r) — +o0o as r — 0, and that V' is non-increasing and
convex on (0,00). The main assumptions on U are that it is convex and [0, co]-valued. The precise assumptions
on V and U are given in Section 1.3.

Due to the convexity assumptions on V' and U, uniqueness of the minimiser p of E can be proven by standard
methods (see, e.g., Prop. 6.6). Our main interest is in the regularity properties of p. We will prove (Thms. 1.4
and 1.5) that the support of 7 is a bounded interval [¢1, t2], that p is characterised as the solution to a singular
integral equation, and that p on (¢1,t2) is as regular as V' (away from 0) and U’.

The regularity of p around ¢; and t5 is more subtle, and depends on whether U attains the value +oco. Since
U is convex, this jump can occur at most twice, say at —oo < 51 < s9 < 0o. We prefer to think of s; and s as
barriers which result in the hard constraint that the support of p is contained in [s1, $2]. Figure 2 shows typical
profiles of p in the case of two, one or no barriers, where U is chosen such that the support of p stretches until
the barriers.
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F1GURE 1. Typical examples of V and U.

0

FIGURE 2. Typical profiles of the minimiser p of E in the case of two, one, and no barriers (i.e.,
the points s; where U jumps from a finite value to +00). The value a € [0,1) is related to the
singularity of V' around 0; see (1.4).

The remainder of the introduction is organised as follows. After describing the applications of the regularity
of p, we separate two cases. In the first case, we consider U to have two barriers, and impose a rather artificial
condition on U to ensure that p is as in the first of the three plots in Figure 2. The statement of the regularity
results (Thm. 1.4) and the analysis turns out to be the easiest in this case. In the second case we consider U to
be [0, 00)-valued (i.e., no barriers). The treatment of this case builds further on the previous case, and requires
additional arguments for the regularity of p around the endpoints ¢; of its support (Thm. 1.5). In the discussion
afterwards we outline how the results of both cases can be applied to the general setting in which no conditions
on —oo < s1 < 9 < oo are put. Relying on this generalisation of our regularity results, we demonstrate how
several limitations in the applications can be lifted.

1.1. Applications

There is a wide range of applications for the minimisation problem of E and the regularity of its minimiser p.
Most noteworthy is the application to interacting particle systems, where F is the mean-field limit of a discrete
interaction energy and p is the (non-negative) particle density. See, e.g., [36] and the references therein for
applications in statistical mechanics, models of collective behaviour of many-agent systems, granular media,
self-assembly of nanoparticles, crystallization, and molecular dynamics simulations of matter. While the one-
dimensional scenario in (1.1) does not encompass the full complexity of many such particle system, it does
capture, for instance, the log-gases studied in [34] and the pile-ups of dislocations studied in [13, 17]. Since little
is known on the regularity properties of p, several results in these papers were not extended:

(A1) the applicability of the result in [34] on crystallisation phenomena in log-gases;

(A2) the extension of the discrete-to-continuum convergence results in [13] of dislocation pile-ups to convergence
rates;

(A3) the computation of the asymptotic expansions in [17] of particle pile-ups to characterise boundary layers.

We show in Section 7 how our main results (Thms. 1.4 and 1.5) lift the obstacles that impeded the progress on
applications (A1)-(A3).

Outside of the setting of particle systems, and as the main application of [34], E captures the setting in
Random Matrix Theory (see [1, 11, 27]) by putting V(r) = —log|r| and interpreting U as the so-called ‘external
field’. In this setting, (the density of) 7 is called the ‘density of states’. If p satisfies certain regularity properties
(see, e.g., [23]), then several statistics of the eigenvalues can be described as the size of the matrix tends to
infinity. This poses the question of sufficient requirements on U such that p satisfies the desired regularity
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properties. The two main results on such requirements on U are stated in [7, 28]. In [7] it is stated that, for
analytic U with appropriate growth conditions, the support of p is a finite union of closed intervals, that p is
positive on the interior of those intervals, and that p ‘behaves like the square root’ at the endpoints of each such
interval. In [28] the authors prove that for convex U, the support of 7 is a single interval. As one application of
our main result, we show that, for convex U, the statements in [7] on the regularity of p described above also
hold when U is not analytic.

We also consider a less common application of E. As we will show in our analysis, p satisfies the singular
integral equation of the first kind of Fredholm type given by

(2
p.v./ V'(t—s)p(s)ds+U'(t) =0 forallt; <t < tg, (1.2)
t

1

where ‘p.v.” denotes the principle value integral. In fact, we show that p can be completely characterised as the
solution to a singular integral equation with free boundaries. We refer to [6, 25] and the references therein for
applications of (1.2) to fracture mechanics, and to ([30], Sect. 102) for applications to contact problems between
two elastic bodies.

1.2. Case 1: two barriers and a fully supported minimiser

Let U have two barriers at s; < s3. By using an affine variable transformation, we set s; = 0 and s; = 1.
Then, we rewrite the minimisation problem of the energy in (1.1) as

By =5 [[ | ve-aeenen s [ vedw (13)

over the space P([0,1]).

Assumptions on the potentials V and U in Case 1. We assume that V =V, + Vie : [—1, 1] — [0, 00] for some
fixed a € [0,1), where V, is the Riesz potential given by

V() = |r| ™ if0<a<l, (1.4)
A= Zloglr| ifa=0 '

and Vg is the regular part which satisfies

. WHLL(1,1) if0<a<l, (1.50)
reg € .0
WL (=1, 1) n WA (<1,1) ifa=0
for some integer ¢ > 1 and some 1 < pg < 2. We further assume that
Viseven, V'(r)>0forae. re(0,1), V(1)=-V'(1)>0, (1.5b)
. " c
: > . .
Je,e >0Vr e (0,¢) %s<sslng (s) > ra (1.5¢)
For the external potential U : [0,1] — R we assume that
WbL0,1) if0<a<1 )
U ; , U#)>0 and U"(t) >0 for ae. t € (0,1), (1.6)
WHLPo(0,1) ifa=0



4 M. KIMURA AND P. VAN MEURS

where ¢ and pg are the same as in (1.5a). Finally, we impose the artificial condition

sup (U] < [V'(1)), (1.7)
(0.1)

which is sufficient for the support of the minimiser p to reach both barriers at 0 and 1.

Next we motivate several of the assumptions. The main assumptions are the regularity, the convexity and the
splitting V' = V,, 4 V;eg. We motivate them in the sketch of the proof which follows Theorem 1.4. The values of
¢ and pg regulate the regularity of Vi, and U; for higher values, Theorem 1.4 states stronger regularity results
on p. The condition V/(1) < 0, in addition to convexity, ensures that there are no attractive forces between
particles. Because of the unit mass constraint, adding a constant to V' or U is equivalent to adding a constant to
the energy E. We choose this constant such that V and U are non-negative. In particular, we tune this constant
such that V(1) = —V’(1) for convenience later on.

Proper definition of E. Using assumptions (1.5) and (1.6), we show that (1.3) is well-defined. Since
U € C([0,1]), the second term in (1.3) is finite for any p € P([0,1]). Since V is lower semi-continuous and
non-negative, the first term in (1.3) is well-defined with values in [0, 0] for any p € P([0,1]).! Likewise, the
convolution

(V % p)(t) = /[O V= 9)ap(s) it p e P(0,1) (1.8)

is well-defined as a lower semi-continuous function on [0, 1]. In particular, we note that E(p) = co whenever p
has an atom (i.e., a delta-peak). Neglecting measures with atoms, the notation simplifies to

Bp) = / / V(¢ — ) dp(s) dp(t) + / Ut dolt) = / (V% p)dp + / U dp. (1.9)

Main result of Case 1. First, we prepare the setting for stating the main result in this section, Theorem
1.4. Besides the regularity properties of p, Theorem 1.4 also states that p is completely characterised as either
the minimiser of F, as the solution to a variational inequality, or as the solution to a weakly singular integral
equation. We introduce the related three problems as Problems 1.1-1.3, which we consider of independent
interest on their own. In particular, Problem 1.3 is the integrated version of (1.2).

Let 0 < a < 1 be fixed, and E be as in (1.9) with the related potentials V, V;ee and U as in (1.5), (1.6) and
(1.7).

Problem 1.1 (Minimisation). Find the minimiser of E in P([0, 1]).
In view of (1.8), we define for any p € P([0,1]) the lower semi-continuous function

hy:=Vxp+U:[0,1] = [0, 00].

Problem 1.2 (Variational inequality). Find p € P([0,1]) such that

/ h,dp > / hydp for all pn € P([0,1]) with E(u) < oco. (1.10)
[0,1] [0,1]

ITo prove this, take any continuous approximation of V from below, and pass to the limit by using the Monotone Convergence

Theorem.
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To introduce the weakly singular integral equation, we first set up the functional framework. We define the
fractional Sobolev space for s > 0 by

H*(R) = {¢ € S'(R) : fo(1+w?)*|{(w)]” dw < o0}, (1.11)

where ¢ := F( is the Fourier transform (defined in Sect. 2) and S'(R) is the space of tempered distributions,
i.e., the dual of the Schwartz space S(R). With this interpretation, we define the subspace

H™%(0,1) :== {¢ € H*(R) : supp¢ C [0,1]}.

In Section 3 we show that, for f,g € L?(0,1),
1
(Fav = [ (V+ Diogle)de (112)
0

defines an inner product on L?(0,1), and that the norm induced by this inner product is equivalent to that of
H~(=9)/2(0,1). Hence, since the interaction term of E(p) reads as %(p, p)v, H~179/2(0,1) turns out to be
the largest space to seek solutions to the weakly singular integral equation with finite energy.

Problem 1.3 (Weakly singular integral equation). Find the solution (p,C') where C € R and p €
H~0-9/2(0,1) with [} p=1to
h,=C a..on (0,1). (1.13)
We note that, in Problem 1.3, non-negativity of p is not required. We give in Section 3 a proper meaning to
fol p=1and h, for pe H-1-9/2(0,1).

Theorem 1.4 (Properties of the minimiser p in Case 1). Let a € [0,1). Let V,, be as in (1.4) and assume
that Vieg and U satisfy (1.5), (1.6) and (1.7) with corresponding integer £ > 1 and po € (1,2). Then, all three

Problems 1.1-1.3 have a unique solution, and all these solutions are equal. Let (p,C) be this solution. Then, the
support of p is [0,1] and

1
U=(ﬁ,ﬁ)2v+/ Udp > 0.
0
On [0,1], P has a density which satisfies

B 1
P =Cot™ 2 4 alt) } for all t € [0,1] (1.14)

pt)=C2(1—¢t)" 2 4+ Ro(1-1¢)
for some constants C; > 0 and some functions R; satisfying

R, e{ {feco,3)):  f0)=0} ifo<a<l,
LA e ro(0,3]) s f(0) =0} ifa=0.

Away from the endpoints of [0,1], p satisfies

peEWLP(0,1) if0<a<l,
{p loc( ) f (115)

peWEP(0,1) ifa=0

loc

forany 1 <p < (1—a)~t. Finally, if ¢ > 3, then p >0 on (0,1).
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Outline of the proof of Theorem 1.4. First, we follow the standard approach in the calculus of variations to
show that Problems 1.1 and 1.2 have a unique solution p. The main observation to do this is that E is coercive
with respect to the norm induced by (1.12). We rely on the convexity properties of V' to show that (1.12) indeed
defines an inner product.

Second, we show that p satisfies Problem 1.3. While it is obvious from (1.10) that hz is constant a.e. on supp p,
it is not clear why suppp = [0, 1]. The novelty of our proof is the observation that hz is as regular as V;cs and
U on (supp p)¢. Then, using the convexity properties of V and U, we obtain from (1.10) by contradiction that
supp p = [0, 1].

Third, we use the splitting V' =V, + Vieg to write (1.13) as

Vaxp=C—Viegxp—U=:f, ace. on(0,1).

Plugging in p = p and C = C in the right-hand side, the resulting equation for p has been solved explicitly in
[5], whose solution we denote as p = C, f5, where C, is a linear operator. Since the expression of C, is rather
technical (it relies on a fractional derivative and the Hilbert transform), we postpone its definition to (4.2).
Since we can characterise f; only in terms of properties of p, we require that the formula p = C, f5 is valid for a
large enough class of functions f5. Since such a statement appears to be missing in the literature, we establish
it in Theorem 4.2 for 0 < a < 1 and Theorem 4.3 for a = 0. It is here that we employ the asserted regularity
on the potentials Vie; and U. We argue that Carleman’s solution has to coincide with p, which results in the
implicit formula

7 =Cafy (L16)

Fourth, from (1.16) we derive all the regularity properties of p as listed in Theorem 1.4 by combining together
several established properties of fractional derivatives and the Hilbert transform. Our proof of the positivity of
P requires a point-wise evaluation of p”, which is guaranteed by (1.15) only if £ > 3.

1.3. Case 2: no barriers

We return our attention to the general form of the energy E introduced in (1.1). In Case 2, we assume that
U is [0, 00)-valued, i.e., s = —o0 and s = +00. We present the main result of this section, Theorem 1.5, in a
similar manner as in Section 1.2. To avoid repetition and for the sake of conciseness, we will state in Theorem
1.5 only the regularity result of the minimiser p, and refer to Section 6 for the full statement (Thm. 6.5) in
which the counterparts of Problems 1.1-1.3 are shown to have p as their unique solution.

Assumptions on the potentials V' and U in Case 2. We assume that V =V, + Vieg : R — [0, 00] with V, as
n (1.4) for some fixed a € [0,1). On Vg, we assume that

Wotbh(R) if0<a<l,
Vieg € P 2 20 _ (1.17a)
I/Vloc ' (R) N Wlolc (R) ifa=0
for some integer ¢ > 1 and some 1 < pg < 2. We further assume that
Ve L'(R)iseven, V"(r)>0 forae. rcR, (1.17b)
. . " > ) .
Jc,e >0Vr e (0,¢) %isslgfv (s) > ra (1.17¢)
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Note that (1.17) implies V' > 0. We assume on the external potential U that

WEPHR)  if0<a <1,
U e o1 (1.18a)
VI/]O-:; P (R) ifa=0,
Ult)>U(0)=0, U"'(t)>0forae. teR, Fc,C>0VteR:U(t) >c(|t|-0C), (1.18b)

where ¢ and pg are the same as in (1.17a).

Our motivation for these assumptions is as follows. The condition V € L'(R) in (1.17b) together with the
convexity imply that V(r) > 0 > V'(r) for all » > 0, which is similar to the assumptions on V in Case 1. Given
that we require U to be a convex, confining potential, the further assumptions in (1.18) are minimal. Since the
interaction part of FE is translation invariant, we choose U to be minimal at ¢t = 0 without loss of generality.

Theorem 1.5 (Properties of the minimiser p in Case 2: short version). Let a € [0,1). Let E be as in (1.1)
with the related V, Vieg, U, integer £ > 1 and 1 < py < 2 defined in (1.17) and (1.18). Then, E has a unique
minimiser p € P(R). The support of p is a finite interval [t1,t2], and p has a density which satisfies

pE ' (1.19)
C3 ([tr, t2]) N WP (t1,t2) ifa=0

B { Ce([t1, b)) NWEP (t1,82)  if0<a <1,
loc

for any 1 < p < (1 —a)~t, where ag := 1 — 1/py. Moreover, if U € C?([t1,t2]) (in the case a = 0, we require

U € C*([ty,ta])), then

1+a
ﬁ(t) = Cz|t — ti| 2 + Rz(|t - t7,|) fO?” all t € [tl,tg] and i = 1,2 (120)
for some constants C; > 0 and some functions R; satisfying

R {feC([0,ts—t1]) : 3C > 0:|f(s)] < Cs'T*}  if0<a<],
i< {fech([0,ty —t1]) : IC > 0:|f(s)| < Cs't} ifa=0.

Finally, if ¢ > 3, then p > 0 on (t1,t2).

Comments on Theorem 1.5. The main difference between the statements of Theorems 1.4 and 1.5 is the
regularity of p at ¢; and 5 (as expected from Fig. 2). In the setting of Theorem 1.5, it turns out that the constants
in (1.14) equal 0, which corresponds to p being Holder continuous at ¢ and to. Motivated by application (A1) of
Section 1.1, we continue the expansion in (1.20) to the next order term at the small cost of a stronger regularity
requirement on U.

The outline of the proof of Theorem 1.5 is as follows. First, we rely on the linear growth of U to show that
E has a unique minimiser p € P(R), and that p has bounded support. Then, on this bounded support, we show
that Theorem 1.4 applies to obtain regularity and positivity of p on (¢1,¢2). To continue the expansion of p(t)
around t = t;, we rely on the equivalent of Problem 1.2 which, in addition to the statements of Theorem 1.4,
gives a lower bound on

hoy(t) = /R V(= s)dp(s) + U(t) € [0,00] forall t € R (1.21)

outside of [t1, ta].
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1.4. Discussion
In the discussion below, we consider both Cases 1 and 2 at the same time unless mentioned otherwise.

Singular integral equation. In the setting of Theorem 1.4 (with ¢ = 2 if 0 < a < 1), p satisfies the singu-
lar integral equation (1.2). Formally, (1.2) is obtained from Problem 1.3 by differentiating hz(t) = C' and by
exchanging the order of integration and differentiation, i.e., (V, * p)’ = V! % p. To justify these steps rigorously,
we apply ([26], Sect. 4.2), which requires p to be Hélder continuous on compact subsets of (0,1) with exponent
greater than a; hence the condition ¢ = 2.

Ezpansion of p around t1 and to. We expect that our proof allows for a continuation of the expansions (1.14)
and (1.20) for a large enough integer ¢ in (1.5a) and (1.6). For the sake of simplicity, we have stopped at the
first order.

Positivity of p. While Theorems 1.4 and 1.5 state that £ > 3 is sufficient for p > 0 on (0, 1), we expect that
¢ > 1 may be sufficient too. Indeed, for special choices of V' and U for which we can compute p explicitly (see
Sect. 7 for examples), it always turns out that 5 > 0 on (0,1).

The general case of [0,00]-valued U. Consider the extension of the setting of Theorem 1.5 in which U is
allowed to jump to 400 at —oo < s1 < s9 < +00. This setting includes, for instance, Theorem 1.4 without the
artificial assumption in (1.7). Then, most arguments in the proof of Theorem 1.5 can be repeated with obvious
modification. This immediately provides the existence and uniqueness of the minimiser p, which moreover has
bounded support (see Fig. 2 for typical graphs of p). It also provides the bound on the possible blow up of p
at t; as given by (1.14). Since the expansion of p at ¢; in Theorem 1.5 relies on a local argument, it applies
whenever t; # s;.

In practice, it can be difficult to compute t; by minimising F, and thus the property ‘t; # s;’ required for
(1.20) can be hard to check. If it is not a priori clear whether ¢; = s;, then the conditions on U allow one to
replace the jump at s; by an affine extension of class C'. Then, Theorem 1.5 applies to this altered setting, and
its extended version (given by Theorem 6.5) provides several other characterisations for the possibly altered
minimiser p*. These characterisations can be used to check whether supp p* is contained in [s1, s2], from which
it follows which of the situations in Figure 2 fits to p.

Ezxamples and applications. The equivalence between Problems 1.1-1.3 (and the equivalence between
Probs. 6.1-6.4) and the properties of p are valuable both for developing efficient and accurate numerical solution
methods and for proving many-particle limits of related interacting particle systems. In Section 7 we demon-
strate the applicability of Theorem 1.4 and Theorem 1.5 by lifting the limitations in (A1)—-(A3) and extending
the class of potentials U in the result of [7]. In a future publication, we use Theorems 1.4 and 1.5 to pursue
(A2) and to tackle the open problem on the discrete part of the boundary layer result in [12].

Connection to the fractional obstacle problem. Next we show that w := V, % p satisfies the fractional obstacle
problem (see (1.24)). We start with Case 2 and 0 < a < 1. First, we note that

l—a

CaF (Vo # P)(w) = 270~ V5(w) = F((-2) 2 7) (@)

in the sense of tempered distributions, where C, > 0 is an explicit constant, and (—A)® is the fractional
Laplacian, which can be defined with the formula above for any s € R. In particular, we observe that

1-a 1
2

() Ta=g

p>0 onR. (1.22)

Second, from Problem 6.3 (i.e., the equivalent of Prob. 1.3 in Case 1) we obtain that

U=Voxp>C—U—Vieg*xp=:p onR, (1.23)
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where equality holds on suppp. We interpret @ as the obstacle. Since V, * p can be bounded from below by
a positive function independent of p, we change — for technical reasons — the definition of @ such that it has
bounded support by neither losing regularity of ¥ nor violating the inequality in (1.23).

Third, we note that in (1.22) equality holds on the complement of supp p. Moreover, in (1.23) equality holds
on supp p, which implies that suppp C {u = @}. Hence, in (1.22) equality holds on {u > F}.

In conclusion, u satisfies the following fractional obstacle problem:

u>p inR
l—a
(A2 u>0 inR
a (1.24)
(=AY 2 u=0 on{u>7p}
lim wu(z) =0
|z|—o00

Regularity results of the continuous solution u to the fractional obstacle problem are established in [4, 35],
even for higher dimensional domains. In particular, if {u = @} is an interval and if g € C»(1-9)/2(R) has
rapid decay at infinity, then v € CH(1=%/2(R) ([35], Thm. 5.2), and (—A)"~%/2% is Holder continuous ([35],
Thm. 4.12).

Theorem 1.5 covers these result in the one-dimensional domain. Indeed, since p is continuous with bounded
support, u = V,, % p is also continuous, and thus it coincides with the unique continuous solution of (1.24). Then,
Theorem 1.5 provides a stronger regularity result on 5 = Cy(—A)1=%/2%, and V, x5 € CH(1=2/2(R) can be
proven from (1.20). The reason that we obtain further properties on p than those in [35] is that we are using
the implicit solution formula (1.16), which is only available in one dimension.

We conclude the connection of Theorems 1.4 and 1.5 with (1.24) by two remarks:

e While we have shown that @w = V, x p satisfies the fractional obstacle problem, it is unclear whether the
fractional obstacle problem can be used to identify p. The reason for this is that the obstacle @ depends
on p; see (1.23). Even in the easier case where Vieg = 0, % still depends on 5 through C because of the
unit integral condition.

e In Case 1, we obtain from an analogous argument that w = V, = p satisfies (1.24) with

_ [ C—U-=Vig*p on]0,1]
0 on R\ [0, 1].

Since ¥ has a jump-discontinuity at the points 0 and 1, it does not satisfy the conditions in [35]. Yet, from
Theorem 1.4 (in particular (1.14)) it can be checked that @ =V, xp at {0,1} is Hélder continuous but
not differentiable.

Extension of Theorems 1.4 and 1.5 to higher dimensional domains. Most applications of nonlocal energies
as in (1.1) are set on R? with d > 2. The existence and uniqueness of minimisers of F can be extended to
higher dimensions (see, e.g., [29], Thm. 3.1). However, for proving the remaining statements of Theorems 1.4
and 1.5, we heavily rely on the one-dimensional setting. While we prove that suppp is an interval in the one-
dimensional setting, in the higher-dimensional setting it is not even clear whether suppp has full dimension.
Indeed, for Coulomb interactions on a bounded domain 2 C R?, it is well-known that supp p concentrates on
052. Moreover, when the domain is R?, [24, 29] provide examples where the dimension of supp 7 is smaller than
d while suppp CC (2.

Even if supp 5 C R? can be shown to have full dimension with sufficiently smooth boundary, the next challenge
would be to prove regularity properties of p. In this paper we rely on the explicit solution formula for Carleman’s
equations of the form (1.16). In higher dimensions such a formula is not available. One exception is thanks to
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the particular setting in [19], where the singular integral equation V, * p = g is solved on the unit ball B C R?
for g € C*(B).

As an alternative to modifying the proofs of Theorems 1.4 and 1.5, one can follow the steps in [35] to show
that V, * p satisfies the fractional obstacle problem (1.24) in R? in the classical sense. In Case 2, and for Vieg and
U regular enough, this will give Holder regularity of p, and C1* regularity of the boundary of supp p; see ([4],
Thm. 7.7). Case 1, however, is not covered, because the jump in U to +oo results in a discontinuous obstacle @.

The remainder of the paper is organised as follows. In Section 2 we set the notation and recall several results
from textbooks. In Section 3 we define the Hilbert space Hy (0,1) equipped with (-,-)y and characterise its
properties. In Section 4 we derive a precise regularity result for the unique solution of V, x p = f on (0, 1), which
was first constructed as p = C,f in [5]. In Section 5 we prove Theorem 1.4. In Section 6 we state and prove
Theorem 6.5; the extended version of Theorem 1.5. In Section 7 we treat several examples in the literature
(including (A1)—(A3)) for which Theorem 1.4 and Theorem 1.5 lift restrictions or guarantee stronger regularity
properties. Appendices A and B contain computationally heavy proofs.

2. PRELIMINARIES

In this section we list the symbols used throughout the paper, and cite several textbook results on which we
rely in the subsequent sections.

bAc,bVe min{b,c}, max{b,c}
Il fllp LP-norm of f on the domain of f

~

f F(f) Fourier transform of f;
F(Hw) = flw):= [ f(t)e 2™t dt

ft+) one-sided limit of f at ¢ from above; f(t+) := limg, f(s)
ft=) one-sided limit of f at ¢ from below; f(t—) := limgy, f(s)
1a Ta(x)equals lifx € AandOifx ¢ A
B, (x) ball of radius r centred at x
r I(a) = [ t* et dt for any a >0
C*([0,1])  Holder space; 0 < aw < 1
che([0,1])  {f € C([0,1]): fP € C([0,1])}; k € N
Co([0,1])  {f eC2([0,1]): f(0) = f(1) = 0}
C§(¢a) weighted Holder space (2.5)
Cy(R) space of bounded, continuous functions on R
H*(R) fractional Sobolev space; s € R (1.11)
Hy (t1,t2)  Hilbert space of functions f : (t1,t2) = R (3.4), (3.7)
L Lebesgue measure on R
M([0,1]) space of finite, signed Borel measures on [0, 1]
N,, N N, :={1,2,3,...}; N={0} UN,
P([0,1]) space of probability measures; P([0,1]) € M([0,1])
Do regularity constant of Vieg and U when a =0; 1 <py <2 (1.5a), (1.17a)
S singular integral operator (2.1)
S(R) space of Schwartz functions
Typ push-forward of p € P(R) by T : R = R;
Typ(A) = p(T~1(A))
wlLP(0,1)  weak-LP space (4.4)

We reserve the symbols C, C’, ete. for generic positive constants which we leave unspecified.
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We continue by listing several well-known results. The first one is a basic theorem in the calculus of variations
see, e.g., [20], Thm. 2.1). We use it in the proof of Theorem 1.4 to show that Problems 1.1 and 1.2 are equivalent.
g

Theorem 2.1 (Characterisation of the minimiser). Let X be a Hilbert space, K C X closed and convez, f € X,
and E : X — R be given by E(u) = %|lul|% — (f,u)x. Then E has a unique minimiser in K, which is characterised
by the unique solution uw € K of the variational inequality:

0<(u—fiv—u)x forallvelkK.

Next we introduce several integral operators in preparation for defining C, in (4.2). For Holder-continuous
functions f : [0,1] — R, we define the singular integral operator

(SH)(t) :=p.v. /01 %ds forall 0 <t < 1. (2.1)

For later use, we extend S to functions defined on any given bounded interval [t1, t3] by

(Sfff) (t) :=p.v. ttQ % ds for all ¢t € (t1,t2). (2.2)

The operator —%S is known as the finite Hilbert transform, which attains a natural extension to LP-spaces
(see Prop. 2.2). For any a,tg € (0, 1), we recall the identities

" ; ) T if £ < 1o,
(17(0,1‘/0)() ): _ tan(am) ' 0<t<l1, (2.3)
t a|t0—t‘a t a|t0—t|“ ﬁ if t > to,
l1—a l1—a
1-t173 1-t172"
(O] %)t (L] F ). ocien
t cos( %) t

which can be found, e.g., in ([9], (2.47)) and ([22], (12A.19)) respectively. Here and in the following, we abuse
notation by writing S(f(¢)) instead of (Sf)(¢) whenever convenient.

Proposition 2.2 (Finite Hilbert transform on LP). Let f € LP(0,1) and g € L(0, 1) with % —|—% =1landp > 1.
Then

(i) ([21], Sect. 4.20): S is a bounded linear operator from LP(0,1) to itself;
1

(i1) ([21], (4.182)): (Sf)(t) = %/0 log |t — s|f(s)ds in the weak sense;

(i3) ([21], Sect. 11.10.8): /01 fSg= —/O1 gSf;

(iv) ([21], (11.215)): S(tf(£) = tS(f(t)) — [y f
(v) ([21], (11.223)): If f € WFP(0,1), then

= () ©
(SHW@) = (SFP) W)+ k-t~ 1)!((1f_ t()lk)—e - (Jit)i()_)e

) for any k € N.
£=0

In preparation for Proposition 2.4, we recall some basic properties of Holder spaces. For 0 < a < 1 let
C*([0,1]) be the usual space of Holder continuous functions, and let

Cy([0,1]) == {f € C*([0,1])) = £(0) = f(1) = 0},
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cre([0,1]) := {f € C*([0,1]) : f*) € C*([0,1])},

where k € Ny. We omit the proof of the following proposition.

Proposition 2.3 (Holder continuous functions: expansion at endpoint). Let 0 < o < 1 and f € C([0,1]) with
f(0) =0. Then

(i) t = tPf(t) € C*([0,1]) for any 0 < B3;
(i) t — f(t)/t? € C*=B([0,1]) for any 0 < B < «;
(iii) if f € CH2([0,1]) and |f(t)| < Ct1Te, then t — f(t)/t € C(]0,1]);
(iv) if f € CH([0,1]) and |f(t)| < Ct'+2FF for some 0 < B < 1 — «a, then t — f(t)/t? € C1=([0,1]).

Next we make use of the weighted Holder space

C5(¢”) =1{f:(0,1) = R [ f € C5 ([0, 1))}, (2.5)

where 8 > 0, ¢(t) := t(1 —t) and p”(t) := (). In ([14], Sect. 1.6) it is proven that C§(¢?) is a Banach space
with norm || f{|ce (p8) == 6? fllce(jo,1))- For later use, we further set

l—a l1—a

Pa(t) == 2 (t) = [t(1 —1)] (2.6)

Proposition 2.4 (Finite Hilbert transform on C%). Let 0 < o < 1. Then

(i) ([14], Chap. 1, Thm. 6.2) For any o < 3 < 1 + «, the operator S is bounded on C§(¢?);
(ii) ([14], Chap. 1, Thm. 6.3) For any f € C*([0,1]), the operator g — S(fg) — fSg is compact on C*([0,1]).
(iii) Let a <1 be such that o < 2. Let f € C*([0,1]) with f(0) = 0. Then,

1 _A+Bt
(ba(t) S((baf)(t) - ¢a(t) + R(t)? (27)

where A, B € R and R € C([0,t2]) with R(0) =0 for any 0 < t3 < 1.
(iv) If, in addition to the setting in (iii), f € C1%([0,1]) with f'(0) = 0, then B and R in (2.7) can be chosen
such that R € C12([0,t3]) with R(0) = R'(0) =0 for any 0 < t5 < 1.

Proof. First we prove (iii). We observe that ¢(t) := ¢, (t) f(¢)/t satisfies

vecs(p )0 LTHa (0, 1). (2.8)

Hence, Proposition 2.2.(iv) applies. This yields

l—a +

u 1
S(duf)(t) = £ 245 (1) 7/0 w(s) ds.

The second term corresponds to the constant A in (2.7). For the first term, we obtain from (2.8) and Proposition
2.4.(i) that S € C§'(+®/2) and thus (t) := t0T0/284(t) satisfies 1 € C([0,t5]) with ¢)(0) = 0 for any
0 <ty < 1. Setting R(t) := ¢(t)/(1 — t)1=9/2 and B = 0, we obtain (2.7).

Next we prove (iv). Since ¢, f € WP(0,1) for some p > 1, we obtain from Proposition 2.2.(v) that

(S(¢af))/ = S((Qsaf)/) = S(¢;f) + S(¢af/)'



REGULARITY OF THE MINIMISER OF ONE-DIMENSIONAL INTERACTION ENERGIES 13

Using (iii), we write the second term as S(¢, f') = B1 + R1¢, with By and R; as specified in (iii). For the first
term, we compute ¢/, to rewrite it as

(L) = [ (sba(zf( )) S(cba(t)f(t))} (2.9)

1-1¢

In the following, we expand both terms in the right-hand side of (2.9) separately. For the first term, we observe
from Proposition 2.3.(iii) that, by the given properties of f, the function ¢ — f(t)/t satisfies the hypotheses
of (iii). Applying (iii), we write the first term as S(¢4(t)f(t)/t) = Bz + Ra(t)¢p,(t) with Bz and Ry as specified
in (iii).

We continue by expanding the second term in (2.9). Using Proposition 2.2.(iv), we find

Pa(t) f( Pa(s S(paf)(t)
( 17t 14/ 175 1—t

The first term is regular on [0,1). We rewrite the second term by expanding both the enumerator and denomi-
nator around ¢ = 0 up to leading order. To expand the enumerator, we apply (iii). Combining both expansions,
we obtain a constant Bz € R and an R3 € Np<s<1C([0, s]) with R3(0) = 0 such that

(20100

1—t >:B3+Rs(t)¢a(t).

Next we take to € (0,1) arbitrary. Collecting all expansions above, we find a constant B and an Ry €
C*([0,t2]) with R4(0) = 0 such that (S(¢af)) = B + Ry¢,. Integrating from 0 to ¢ € (0, t3], we obtain

Swwm:ﬂ@ﬂ@+m+Amewm5

where we have applied (iii) to guarantee that S(¢qf)(0) € R is well-defined. Since R4 € C*([0,t2]) with
R4(0) = 0, we have |Ry(s)¢pa(s)| < Cs*T(1=4)/2 and thus, by Proposition 2.3.(i), ¥(t) := fg Ry(8)pa(s)ds
satisfies ¢ € C1([0,t5]) and [ (t)| < Ct'Het(1=a)/2 Hence, by Proposition 2.3.(iv), R := 9/¢, € CH*([0, 3]
satisfies 0 = R(0) = R'(0). O

The following proposition is a combination of two theorems; the well-posedness statement is a particular case
of ([38], Thm. IIT), while the explicit solutions are taken from (12.150), (12.153) and (11.63) of [21].

it holds for all

a)

Proposition 2.5 (A Cauchy integral equation). If 0 < a < 1, then for any 1+a <p<
f € LP(0,1) that the integral equation

mtan(4G)u — Su=f a.e. on (0,1) (2.10)

has a unique solution u in LP(0,1). The solution is given by

an

u(t) = sin(aw)f(t) + cos™(F) ( t )1;&5<(H)1;af(t)) forae 0<t<l.

27 2 1-1¢ t

Ifa =0, then for any 1 <p < 2 and any f € LP(0,1) all solutions in LP(0,1) to the equation —Su = f (i.e.,
(2.10) with a = 0) are given by

u =

7r21q§0 (S(¢0f)+0) a.e. on (0,1),

where C € R is a parameter and ¢o(t) = /(1 —t) as in (2.6).
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Since we are using both Sobolev spaces and Hélder spaces, Morrey’s inequality is convenient to deduce Holder
continuity from Sobolev regularity:

Proposition 2.6 (Morrey’s inequality [3], Thm. 9.12). Let k € N and 1 < p < oo. Then WH*+1P(0,1) is
continuously embedded in C*1=1/P([0,1]).

In the last part of this section, we introduce the Riemann-Liouville fractional derivative and the related
fractional integral. In preparation for this, let a € (0,1), a, 8 > 0, and I'(t) := [° s* le~*ds be the usual
I'-function. We recall the relations

I'a)[(1—a) = $ (2.11)
/Ot st —s)Plds = mt”ﬁ—l, t>0, (2.12)

which can be found in Sections 8.334.3 and 3.191.1 of [15].
For any f : [0,00) — R smooth enough, the Riemann-Liouville fractional integral and the Riemann-Liouville
fractional derivative are defined by

100 =775 [ o ds £>0 (2130)
(Df)(t) == F(ll_ ) %/0 (t‘]iss))a ds = %(Il‘“f)(t) t>0, (2.13D)

respectively. We further set D'f := f’. For convenience, we extend the definition of D® to any starting value
t1 € R by

(D, )(t) == r(ll—@i/tl (tf_(ss))a ds, t>ti. (2.14)

We also recall the following formula for the fractional derivative of polynomials, which is a direct consequence
of (2.12):

L
-3 (2.15)

‘ bk
D¢ E k
k=0

Proposition 2.7. Let 0 <a <1 and £ € N. Let f € C*([0,1]) with q_1 its (£ — 1)-th order Taylor polynomial
at 0 (q-1:=0), and set Ry := f — qo—1.

(i) If £ > 1, then D*R, € C*~1179([0,1]) and there exists C > 0 such that |(D*R)(t)| < Ct=* for all
t €0,1];
(ii) ([33], Sect. 2): If f € WTL:1(0,1), then IR, € W*11(0,1) and D*Ry € WP(0,1) for all1 <p < 1.

Proof. Proposition 2.7.(i) is a corollary of ([33], Thm. 3.2), which states that I'=*R, € C*'~9([0, 1]). Recalling
from (2.13b) that D* = 1'% we obtain DR, € C*~117¢([0,1]). To prove the bound on [(D*Ry)(t)|, we
obtain from (2.13b) that

= [ B [ [ ]
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Differentiating ¢ — 1 times and noting that Rék) (0)=0for all k =0,...,¢— 1, we obtain that (D*R,)*)(0) =
0 for all k =0,...,4—1 and (DR,)“"V(t) = fot Ry)(t —r)r~%dr. Since Ry) is continuous, we obtain
|(D*Ry)“~1D(t)| < Ct'~*. We conclude by using (D*R;)*) (0) = 0 for all k =0,...,¢— 1. O

Proposition 2.8 ([33], Thm. 2.4 and Thm. 2.6). Let 0 < a <1 and 1 <p < co. Then I is a bounded linear
operator from LP(0,1) to itself. Moreover, for any f € WhH(0,1),

I°D*f = f a.e. on (0,1).

3. THE HILBERT SPACE Hy (0,1) INDUCED BY (-, )y

In this section we fix any 0 < a < 1 and any potential Ve, which satisfies (1.5), and set V =V, + Vieo. We
prove that the bilinear form (-,-)y (see (1.12)) defines an inner product, and characterise the Hilbert space
Hy (0,1) which it generates as the closure of L?(0, 1) (the precise definition is given in Corollary 3.4). The space
Hy (0,1) provides a convenient functional framework for Problem 1.3. Moreover, we establish several properties
of the linear operator p — V x p (see Lems. 3.7 and 3.10).

Since we will make use of the Fourier transform, we rely on (1.5) to extend Vieg (and V =V, 4+ Vieg) to R in
the following manner:

W2LR) if0<a<l,
Vig=V -Vya€l ¥
WZP(R) if a =0, (3.1)

loc

Jb>1:suppV C [-b,b], V even, V"(t) >0 for ae. teR.

This extension induces the following properties on V', which we prove in Appendix A:

Lemma 3.1 (Properties of the extended V). The potentials Vieg and V satisfy

‘ . Vieg € WHE(R) if0<a<l,
(1) Vieg € C*(R) and , 1.po " 1 U
‘/reg € W (R)) V;eg € L (R) Zfa’ - O,
(ii) There exist (Vi)ren, C Ce(R) with Vi even, 0 < V3, <V, 0 <V < V" and Vi, TV pointwise on R\ {0}

as k — oo;
l1—a

l1—a ~
(iti) IC > c>0VweR: c(1+w?)™ 2 <V(w)<Cl+wh) 2 .
It is straight-forward to extend (-,-)y to L?(R) by

mmvzéwwﬂg (3.2)

for f,g € L*(R).
Lemma 3.2. The bilinear form (-,-)v in (3.2) is an inner product on L*(R).

Proof. Since V € L(R), it follows from Young’s inequality that f + V * f defines a bounded linear operator on
L?(R) to itself, and thus (3.2) is well-defined. Except for positivity, it is readily checked that (3.2) satisfies all

other properties of an inner product. To show positivity, i.e., ||f||yv =0 and f =0« [|f||y =0, we use V > 0
(Lem. 3.1.(iil)) to estimate

HN%:AWWﬁf:A?szo (3.3)

and to deduce that Hf||V:O<:)f:O®f:O. O
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Lemma 3.2 shows that

ll-llv

Hy (R) := L2(R) (3.4)

is a Hilbert space. Proposition 3.3 characterises Hy (R) as a fractional Sobolev space defined in (1.11), and
Corollary 3.4 lists further properties of Hy (R).

Proposition 3.3. The inner products on Hy (R) and H-1~%/2(R) are equivalent.

Proof. Tt is enough to show that the norms on Hy (R) and H~(1~%)/2(R) are equivalent for all f € L?(R). With
¢,C > 0 as in Lemma 3.1.(iii) and the characterisation (3.3), we show equivalence of the norms by

1—a

NB--aay = [ et +62) 7 T F) dw < [ V()| Flo)f dw = 115,

1—

_iza ~ 2
§/0(1+w2) 2 | f(w)] dw:CHfH?r{—u—a)ﬂ(R)- N

Corollary 3.4 (Properties of Hy(R)). For {,n € Hy(R), we have

)y = / (TO)(T), (3.5)

where T is given by

T¢ := f_l(vA), where v := V7. (3.6)

The linear operator T is an isometry from Hy (R) to L?(R), which is self-adjoint in L*(R). Moreover, for any
bounded interval (t1,ts2), the following space is a Hilbert space

Hy (t1,t2) :={¢ € Hy(R) : supp( C [t1, 1]}, (3.7)

which is characterised by

lI-llv

Hy (t1,t2) = C(t1,t2) (3.8)
Remark 3.5. The operator T is also examined in [12], but for different assumptions on V. We refer to
Lemma A.2 of [12] in several steps of the proof of Corollary 3.4.

From (3.6) we observe that F(T2¢) = V{, which motivates us to interpret the operator T2 as ‘convolution with
V’. In Lemma 3.7 we prove that this interpretation is consistent with the extension of the classical convolution
which we introduce in (1.8).

However, we refrain from interpreting 7" as ‘convolution with F~1v’. The reason for this is as follows. From
Lemma 3.1.(iii) we obtain v ¢ L'(R) + L?(R), and thus we cannot apply the theory of the Fourier transform
on LY(R) + L*(R) to identify F~1v as a function.

Remark 3.6. We note that Hy (0, 1) is independent of the extension of V' from [—1,1] to R. Indeed, by using
(3.8) to approximate ¢ € Hy(0,1) by (¢,) C C(0,1), we observe from (1.12) that ||, ||y is independent of
the extension of V' for all n, and hence ||{||y is also independent of the extension of V.

Proof of Corollary 3.4. We start by proving the asserted properties of T. By Proposition 3.3 the Fourier trans-
form is well-defined on Hy (R). We recall from Lemma A.2 of [12] that T'¢ is real-valued for ¢ € Hy (R) (this
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follows from (3.6) by the Hermitian symmetry of the Fourier transform and v being real-valued and even). It is

readily seen that T is self-adjoint in L?(R) by computing it in Fourier space.
By (3.3) and Proposition 3.3 we characterise

me%{CeS®%HN%=AVEF<m}

Hence, for any ¢ € Hy (R), E € LQ(XA/) (weighted L2-space) can be treated as a complex-valued function. Moreover

I = [ PRI = [ 1od]* = [ 170 = 170 e,

which shows that T is isometric from Hy (R) to L?(IR). Thus, the right-hand side of (3.5) is well-defined, and

~

from Lemma 3.1.(iii) we easily see that T-1f = F~1(f/v).
Next we show that Hy (t1,t2) is a Hilbert space by showing that it is a closed subspace of Hy (R). It is trivial
that Hy (t1,t2) is a subspace, and closedness follows from

{C € S'(R) s supp( C [t1,t2]}
being closed in &'(R), and S'(R) > H~1~9/2(R) > Hy (1, t3).
Next we prove (3.8) by using standard approximation arguments. Without loss of generality we set (¢1,t3) =

(0,1). Let

HV,C(Oa 1) = {C € HV(O’ 1) :supp ¢ C (0’ 1)}

We show that

V¢ € Hyo(0,1) 3(fn) € C2(0,1) : || fn — Clly =250, and (3.9a)
V(€ Hy(0,1) 3(¢n) C Hye(0,1) 1 [|n — Cllv =50, (3.9b)

from which (3.8) follows by a diagonal argument.

To prove (3.9a), we set 7, as the usual mollifier, and take f, := n, * (. Since ¢ is a distribution with
compact support in (0, 1), it follows from basic theory on distributions and the Fourier transform (see, e.g., [31],
Thm. 2.7 and Lem. 2.10) that f,, € C°(0,1) for all n € N large enough. Moreover, 77, — 1 as n — oo uniformly
on bounded sets, and sup,,cp |n(w)| = sup,eg |71 (w)| < co. Using these properties, we compute for any R > 0

9 ~—  ~2 1 212
=l = [ Ve = [ im0
R R
< (mas 1) [ VI s G -1t [ PP
= \[ZR,R] hn R weﬂg i [~ R,R]*
—~ 2 2 172
< ( max |7 u)mw+cﬁﬁmvm. (3.10)

Since ¢ € Hy,.(0,1) C Hy (R), it holds that ‘7‘2‘2 € LY(R), and thus the second term in the right-hand side of
(3.10) converges to 0 as R — oo. We conclude (3.9a) by first passing to the limit n — oo in (3.10), and then
R — .
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In preparation for proving (3.9b), we introduce the sequence of dilation operators 7. : Hy (R) — Hy (R)
parametrised by 0 < e < % and given by

re(w) = FH((1 - 26)e 2™ (((1 - 2e)w)),
where we have used the characterisation ZE L2(17). By construction,
supp¢ C [0,1] = supp(7() C [e,1 —¢], (3.11)
and, for f € C.(R), it is easy to see that
Iref = FI32@ = 0. (3.12)

We claim that 7. is a bounded linear operators from H*(R) to itself with operator norm bounded by 1 for all
0<s< % Indeed

(1= 2¢)w)| dw

— 2
T f ’

2
||7'€inIS(R) :/R(sz)s dw = (1_26)2/11{(1+WQ)S

=(1- 25)/IR (1 + OIC;)Q)S]f(k)\Qdk

<(1- 25)1‘234(1 +k2)°| F(R)|* dk < £ 17 )

which proves the claim. Then, by Proposition 3.3, we conclude that the norm of 7. as an operators from Hy (R)
to itself is bounded by some e-independent constant.
Finally, we prove (3.9b). Let ¢ € Hy(0,1), and set (. := 7.¢ for 0 < e < % By (3.11), ¢. € Hy,.(0,1) for all

€ > 0. Regarding the convergence, we take any § > 0, and observe from 56 LQ(‘A/) that there exists ¢ € S(R)
with @ € C°(R) such that

S 2
I¢-olfy = [ VIS 3 <82
R
Then, we estimate

I7eC = Cllv < N7 (C = @)llv + I7ee — @llv + lle = Cllv < Clle = Cllv + lImee — @llv

The first term is bounded by C'4. For the second term, we use || - ||y < C| - ||2®) and (3.12) to show that it is
abitrarily small in €. Since § > 0 is abitrary, we conclude (3.9b), which completes the proof of (3.8). O

Using (3.7), we define the integral of p € Hy(0,1) as

1
/O p = (p;p), (3.13)

where ¢ € C(R) is any test function which satisfies ¢|(,1) = 1. Since supp p C [0, 1], this definition does not
dependent on .
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Lemma 3.7. For any p, n € Hy (0,1) NP([0,1]) it holds that
Vxp=T% a.ec. on(0,1), and (3.14)

v = [V e (3.15)

Remark 3.8. While any p € Hy(0,1) NP([0, 1]) has no atoms, we cannot exclude Cantor parts. Indeed, ([10],
Thm. 4.13) guarantees for all 0 < a < 1 the existence of a Cantor measure p € P(([0, 1]) with |[p|| g7 -1-a)/2(r) < 0.
Hence, we cannot treat the elements of Hy (0,1) NP([0,1]) as functions.

Proof of Lemma 3.7. Let p,u € Hy(0,1) NP([0,1]) be arbitrary. We extend p, u to R with zero extension, and
extend V to R as in (3.1). We first introduce regularisations of V', p and p. Let V as given by Lemma 3.1.(ii), for
any k € N, and let p. :=n. x p € S(R) N P(R) and ps :=ns * u € S(R) N P(R), where 7. is the usual mollifier.
It is easy to verify that

/gpdpg 0, / pdp for all p € Cp(R), and  vp, =0 vp in L*(R),
R R

where v is defined in (3.6). ps satisfies analogous convergence properties. As a consequence of Lemma 3.1.(ii)
and (3.1), we obtain that V}, € C.(R). Moreover, since both V}, and V' — Vj, are convex on (0, 00) and even on R,

we obtain from (A.2) that 0 < ‘//; < V. Moreover, applying the Dominated Convergence Theorem, we obtain

[V =Vl = sup

/(v — Vii)(t) cos(2mtw) dt’ = /(v — Vi) 22250, (3.16)
R R

Since Vi, p. and ps are all continuous and integrable, we obtain from the classical definition of convolution that
Vi * pe = F Y(Vipz) on R, and /(Vk * 5 )pe = / Vilis pe (3.17)
R R

where the bar denotes complex conjugation.
Next we pass to the limit in (3.17); first 6 — 0, then & — 0, and finally £ — co. Regarding Vj, * p., we note
that for all ¢ € R, the mapping s — V(¢ — s) is bounded and continuous. Hence,

(Vi % pe)(t) = /RVk(t — 8)dpe(s) 29, A Vi(t —s)dp(s) = (Vi * p)(t) forall t € R. (3.18)

Since V}, * p. is bounded, we obtain form the Dominated Convergence Theorem that Vi, % p. — Vi, % p in LP(0, 1)
as ¢ = 0 for any 1 < p < oo. Fixing some p € [1,1/a), it follows from V * p € LP?(0,1) and the Monotone
Convergence Theorem that

Vk*pmV*p in LP(0,1).

Regarding f‘l(f/;p}), we take any test function ¢ € S(R), and compute

1 /55~ S ~= =0 =
/]: 1(Vkpa)<P:/Vkps<P;>/Vkp<P-
R R R
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Using 0 < f/; < V and the pointwise convergence of \//; to ‘7, we conclude from the Dominated Convergence
Theorem that

= k 5=
/VkPSD —= | Vpp = /(sz)sa
R R R

Since ¢ is arbitrary, we conclude by the uniqueness of limits that (3.14) holds.
Similarly, we prove (3.15) starting from (3.17). From the same argument as in (3.18) we obtain from the
Dominated Convergence Theorem that

/(Vk  p5)pe /(Vk *J1)pe
R R
Since Vi * p € Cp(R) and p has no atoms, we further obtain

1
[Wsmo = [ ienap,
R 0

Since 0 < Vi, 'V as k — oo, we conclude by the Monotone Convergence Theorem that

1 1
/ (Vi x p)dp LN (V% p) dp.
0 0

Regarding the right-hand side of (3.17), we rewrite it as

/Vkuws —/ “//(Uﬁﬁ) (voe)

Since 0 < f/;/f} < 1, we obtain

‘//; Y~ gjg TR
/ = (vi3) (vpz) == | Viiip.
RV R

Since V > 0 and (3.16) imply that H(‘//\' - 1//;)/‘7\\,;00(;() — 0 as k — oo for any compact K C R, we obtain

TR V Vi ~= k—oo S5 A=
/Vkup:/ (1— k)V p— | Vib=(p)v. O
R R v R

Lemma 3.7 motivates the following notational convention:

Definition 3.9 (Convolution with V). Let p € Hy(0,1) UP([0,1]). If p € P(]0, 1]), then we interpret V x p as
the lower semi-continuous function defined in (1.8). If p € Hy/(0,1), then V * p := T?%p € L?(0,1).

We end this section with two further properties of the convolution with V:

Lemma 3.10. If ( € Hy(0,1) satisfies V «( =0 a.e. on (0,1), then { = 0.
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Proof. By (3.8) there exists (¢,,) C C2°(0,1) such that ¢, — ¢ in Hy(0,1) as n — oo. From Corollary 3.4, we
then obtain that T'¢,, — T¢ in L?(R). Using these observations, we compute

1
0= /0 (V xQen = (T?¢0n) 2@ = (T¢, Ton) r2r) 7, (T¢, T r2mw) = II€I13 - O

Let M([0,1]) be the space of finite, signed Borel measures on [0, 1].
Lemma 3.11. It holds for all v € Hy(0,1) N M([0,1]) that

Vieg v € W31(0,1)  if0<a<1,
Vieg ¥V € W3P0(0,1)  if a=0.

Proof. We set p=11if 0 < a <1, and p = pg if a = 0. Since v € M([0,1]) and Vil € LP(—1,1) for k = 0,1,2,
we obtain by the generalised convolution inequality (see, e.g., [2], Prop. 3.9.9) that

[V VHLP(O,I) < ||Vrekg)||m(o71)|’/|([0’ 1]) < oo

and thus it remains to check that Veg 5V = (Vieg ¥ 1)) ae. on (0,1). To check this, we take any ¢ € C2°(0,1),
and compute, using that Vg is even,

<<)07‘/rgskg) xv) = (-1) <Vr(ekg) 1@, V) = (=1)F(Vieg * ok 1/> = (-D*p ") Vieg * V) = (@, (Vieg * l/)(k)>. O

4. REGULARITY OF THE SOLUTIONS TO CARLEMAN’S EQUATIONS

Carleman [5] was the first to give an explicit solution formula for the integral equation
1
/ Vi(t — syu(s)ds = f(), forae 0<t<1 (4.1)
0

for any 0 < a < 1, where V, is defined in (1.4). The family of equations (4.1) parametrised by a, are called
Carleman’s equations. As in (1.16), we set C, as the linear solution operator, i.e., u = C, f. However, no precise
solution concept for u is given, and the minimal requirements on the regularity of the data f are not specified.
Since it is not readily verified that C, f indeed satisfies the integral equation, the minimal requirements on f are
not easily obtained. The aim of this section is to find sufficient requirements on f for which (4.1) has a unique
solution w in a specific function space (see Thm. 4.2 in Sect. 4.2 and Thm. 4.3 in Section 4.3). Our proof reverses
the steps of the constructive solution method of (4.1) in Section 2.6 of [9], and justifies all these steps for the
assumed regularity on f. In preparation for the proof and for later use, we define in Section 4.1 the operator C,
and compute explicitly C, f for f(t) = A+ Bt.

4.1. The linear solution operator C,

The operator C, is given by

FS)COSQ(M)(% (6aD\" af)+7rtan(%)pl—“f) ifo<a<1
A RO —_— .
Wg%[ (¢of)+210g2 | 500) 8} ifa=0,
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where S, ¢, and D7 are defined in Section 2. We leave possible choices for functions f : (0,1) — R to
Theorems 4.2 and 4.3. Here, we compute C,p for polynomials p.

Proposition 4.1 (C, on polynomials). Let 0 < a < 1 and p be a polynomial of degree k € N. Then, there exists
a polynomial q of degree k such that

Cap = Q/¢a-
In particular, for a > 0, it holds that
cos 4 B l1—a
Cal A+ BE) = 2 )( t4 [A WBD. (4.3)

Proof. Since C, is linear, it suffices to compute C,(t*) for k € N. We start with a = 0. From (4.2) it follows that

k

o) = 125

[S(¢O(t)tk‘1)+21og2 i %(S)ds}

To show that S(¢o(t)t*~1) is a polynomial of degree k, it suffices to apply Proposition 2.2.(iv) k& — 1 times, and
use that (S¢o)(t) = w(t — 3) (see [21], (11.57)).
Next we treat the case 0 < a < 1. By (2.15),

lea(tk) _ tk71+a/lﬂ(k + CL).
Then, applying Proposition 2.2.(iv) k times and inserting (2.4) and (2.12), we compute

Lk + a)S(¢a(t)D'0(t") = 5 (’fk [¥} 15)

1— k—1

1-a 1 eqiza
:tkS([lt } > 2 Ote/o sk_l_e{%} ® ds
- tkco:-ﬂ (1 B [y} = sin ) sztz

2

_ k—1+a l
——Wtan(2)t Dot —|—Zbgt

where the coefficients by € R may depend on a and k. Inserting this in (4.2), the first term cancels out with
the second term in (4.2), and thus we obtain that C,(t*) = q(t)/¢a(t) for some polynomial ¢ of degree k. By
following the track of constants carefully, we obtain from the basic properties of the I'-function that

7005% 7COS% Eil—a.
Calt) = 5y and Gl =55 (G- )

(4.3) follows. O
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4.2. Carleman’s equation for 0 < a < 1

We introduce for 1 < p < oo the weak LP space [16] by

wLP(0,1) := {f :(0,1) — R measurable : essfélpypﬁ({m >y}) < oo}, (4.4)

where {|f| > y} C (0,1) is the upper-level set of |f|. We only use the basic properties
LP(0,1) cwLP(0,1) Cc LY(0,1) foralll1<g<p

and that wLP(0,1)\ LP(0,1) contains functions with a |t|~'/P-type singularity.
In view of Section 3, the left-hand side in (4.1) equals (V, % u)(t) when u is extended to R with value 0. It is
therefore natural to consider the Hilbert space Hy, (0,1) as in (3.7).

Theorem 4.2 (Explicit solution). Let 0 < a < 1 and f € W*(0,1). Then (4.1) has a unique solution u €
Hy,(0,1). The solution u is given by u = Cof (see (4.2)) and satisfies

bau € CP([0,1]) for any 0 < B < 5% Aa. (4.5)

Proof of Theorem 4.2. First, we prove that (4.1) attains at most one solution in Hy, (0,1). Taking any uq,us €
Hy,(0,1) which satisfy (4.1), we note that the difference v := u; — ug satisfies V, xu = 0 a.e. on (0,1), and
thus, by Lemma 3.10, we conclude u = 0.

In the remainder of the proof we show that u := C,f satisfies (4.1) and (4.5). First we prove (4.5). For
constant functions f = C this is a direct consequence of Proposition 4.1. Since C, is linear, we can use this
observation to assume that f(0) = 0 without loss of generality. For such f we obtain from Proposition 2.7.(ii)
that

g:=D"f e W"?(0,1) forany1<p<

l1—a”

Then, we obtain from Proposition 2.6 that g € C*([0,1]) for any 0 < o < a. To conclude (4.5), we observe
from (4.2) that u has the structure u = C1g + C2S(dag)/¢a With ¢, € C1=/2(]0,1]). Splitting S(¢.g) =
(S(hag) — $aSg) + ¢aSg, we obtain from Proposition 2.4.(ii) that (S(¢ag) — ¢4 Sg) € C?(]0,1]) for any 0 < 8 <
15% A a. Recalling the definition of the weighted Holder space in (2.5), we obtain by Proposition 2.4.(i) and

g € CP([0,1]) C CP(¢,) that Sg € CP(¢,), and thus ¢,Sg € C5(]0,1]). In conclusion

pou= Cidag +C2(S(¢ag) — ¢aSg) + Ca0aSg € CP([0,1]) for any 0 < B < 152 Aa.
N—— ——

€C?([0,1]) €Ch([0,1]) ect([0,1])

Next we prove that u = C, f satisfies (4.1) for any f € W21(0,1). For such f, our proof follows and justifies
the computation for the solution of (4.1) outlined in Secion 2.6 of [9].
First, we list several observations on the regularity of u. From (4.5) we obtain

2
wewLT-a(0,1) N LE(0,1), (4.6)

where wL?/(1=9)(0,1) is defind in (4.4),

¢ 2
= P wLTH(0,1), (4.7)
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and, using Proposition 2.4.(i),

S(U) = S(freet?) € WL (0.1 LE0.1), (48)

Finally, we obtain from Proposition 2.7.(ii) that
§(t) = 10D (1) € C((0,1]). (49)
Next we start the computation. From (4.2) we obtain

1y, 1=ac, sin(4F) cos(%5°) 1w ia cos2(ar) 4l-a
i) = ) = el D peproa g+ S s

e () T s(() )

Then, we observe from Proposition 2.5 and (4.9) that @ satisfies

(¢a D' f)(1)

mtan( L) a(t) — Su(t) = g(t) =t' " *D'"f(t) forae 0<t<1. (4.10)

Relying on (4.7), we use Proposition 2.2.(iv) to rewrite (4.10) as

1=a 1 an 1— ay,
D f(t):F(a) (ﬂ'tan(T)u( S(t ))
7(1 — cos(ar)) o ul) 1 [Tu(s)
—W“@—p(aﬁ( W)+ p ) e @

We observe from (4.6) and (4.8) that all three terms in the right-hand side of (4.11) are in L'(0,1). Then,
we use Proposition 2.8 to apply I’ to all four terms in both sides of (4.11). This yields, using (2.15),

1
l—anl—ap l1—a —_
I'*D 7% =f and I <7F(a)t1—a)

Regarding the other two terms in (4.11), we use (2.11) to obtain

L 1_au = ' 'LL(S) S
I'(a) sin(aﬂ')I ®) /0 (t—s)" d

and

ol t° u(t) sin(am) /t s® u(s)
- = ds.
(F(a)s( te )) T 0 (t—s)‘ls( 5@ ) s
Hence, applying I'~® to (4.11) yields

1
+/ us(j)ds} forae. 0 <t <1 (4.12)
0
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It is left to show that the expression within brackets in (4.12) equals

/t |t“_(ss)|a ds. (4.13)

With this aim, we fix 0 < ¢ < 1 arbitrarily, and focus on the second term within these brackets. In preparation
for applying Proposition 2.2.(iii), we regularise the integrand by replacing (t — s)™% by [t — s|7*1(g4—c)(s) for
0 < & < t, which we interpret as a function of s on (0,1). Since [t —s|~*1 (9 ;—)(s) converges in L?(0,1)NL>(0, &)
for any 1 < p < 1 to |t —s|7*1((s) as e — 0, we obtain from (4.8) that

U s 04—y () . ruls o t ga (s
/0 ]|lt(0— s|‘)1 S( s(a)>d5 : /0 (t_s)a5< ;a))ds- (4.14)

Since [s > |t — s|7*L(g,1—c)(s)] € L>(0,1) for any € € (0,t), we can apply Proposition 2.2.(iii),(iv) to obtain

Vs ou-e)(s) Lruls)y , [Puls) o5 Loi—e)(s)
[ s e = [ ()

[t — s|@ 5® 5@ [t — s|®
! Tio:t—e)(9) Lu(s) t=e 1
1—a (0,t—¢)
=— ———d d ds|. (41
[ omus(GEp e | [ e[ [ e @

Next we pass to the limit € — 0 in the right-hand side of (4.15). For the second term we obtain with (2.11)
and (2.12) that

/t_s 1 ds e—0 ™
o siTelt — sle sin(am)’

For the first term, we split the integration domain (0,1) in (0, 1$%) and (1£%,1). On (0, 1£), we obtain from

(4.5) that s'~%u(s) is bounded, and from Proposition 2.2.(i) that the other term in the integrand converges in
Lr(0, %) forany 1 <p< % A ﬁ On (%, 1), we obtain that

P t—e —(1—a)(+ _ ,\—a 1
S(“”E)(S))/ r (t=r)" 0 S( (0.6)(8) ) for 11t oo
0

sl=a|t — s|@ s—r st—ajt — s|@ 2

is a regular integral, where the convergence is uniformly in s € (1, 1). Using (2.3), we further rewrite

]]_ S 1 ﬁ lf s < t
S( 1,(07)&)( ) ) == tan(am) _ for a.e. 0 < s < 1.
st—e|t — sle st=a|t — s|@ sinzraﬂ) if s>t

In conclusion, passing to the limit & — 0 in the right-hand side of (4.15) yields, together with (4.14),

[T D) = e [ e e [ s nZTw)/ s

Substituting this expression in (4.12), we obtain that the term within brackets equals (4.13), which completes
the proof. O]
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4.3. Carleman’s equation for a = 0

Theorem 4.3 (Explicit solution). Let f € C*([0,1]) for some 0 < a < 1. Then
1
/ —log |t —s|u(s)ds = f(t) forae 0<t<1 (4.16)
0

has a unique solution w € Hi_144)./(0,1). It is given by u = Cof (see (4.2)) and satisfies
dou € C*([0,1)). (4.17)

Proof. We follow a similar proof strategy as for Theorem 4.2. In fact, the proof is analogous for the uniqueness
of u. Also, the regularity property (4.17) follows by an analogous argument. Therefore, we omit further details,
and focus on proving the existence of a solution u to (4.16).

In the remainder of the proof, we show that u := Cy f satisfies (4.16). We observe from (4.2) and Proposition
2.5 that u satisfies

—Su=f" a.e. on (0,1). (4.18)

Using Proposition 2.2.(ii) and integrating (4.18), we obtain that

1
/ “log |t — s|u(s)ds = f(1) + C for all £ € (0,1) (4.19)
0
for some constant C' € R. It is left to prove that C' = 0. This is done by the computation in Appendix B. [

5. PROOF OF THEOREM 1.4
The proof of Theorem 1.4 is divided in 3 parts:

1. both Problems 1.1 and 1.2 have a unique solution, and both solutions are given by the same measure p
(Proposition 5.1);

2. p satisfies Problem 1.3 and has the regularity stated in Theorem 1.4 (Lem. 5.2);

3. the uniqueness of solutions to Problem 1.3 (Lem. 5.3).

The proof of Proposition 5.1 concerns fitting Problem 1.1 to Theorem 2.1. Lemma 5.3 is proven at the end,
because it relies on the regularity statements in Theorem 1.4 for an auxiliary problem.

The main part of the proof concerns Lemma 5.2, which we prove in seven steps. In the first two steps, we
show that p is a solution to Problem 1.3 and satisfies suppp = [0, 1]. In these steps, we rely on the convexity
properties of V and U. The sole purpose of the additional assumption in (1.7) is to provide a sufficient condition
for suppp = [0, 1].

In Step 3 we rely on the splitting V' =V, + Vg to rewrite (1.13) in the form of Carleman’s equation, to
which Theorems 4.2 and 4.3 provide an explicit expression for the solution. From these theorems we obtain that
p has a continuous representative which satisfies p = C, f5 (see (4.2)). In the remaining Steps 4-7, we examine
Caof7 to establish the remaining regularity properties of p.

Proposition 5.1 (Equivalence of Problems 1.1-1.2). Let 0 < a < 1 and let the potentials V', Vieg and U satisfy
(1.5) and (1.6). Then both Problem 1.1 and Problem 1.2 have a unique solution, and both solutions are equal.

Proof. First we show that any minimiser of E has to be in Hy (0, 1). Let p € P([0, 1]) such that F(p) < oo. Since
U > 0, we find that fol(V x p)dp < co. Then, by Proposition 3.3, we conclude that p € Hy (0, 1). In addition,
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by Lemma 3.7, we can write

1
Blp) = 3(pov + / U dp. (5.1)

Next we show that Theorem 2.1 applies to the energy E with Hy (0,1) as the Hilbert space and
Hy(0,1) nP([0,1]) as the closed convex subset. Convexity of Hy (0,1) NP([0,1]) is obvious, and closedness
follows by interpreting any Hy (0, 1)-converging sequence ((,) C Hy(0,1) NP([0,1]) as a converging sequence
of distributions on R with support in [0, 1], for which non-negativity is conserved in the limit, and the unit
integral condition follows by testing with any ¢ € C2°(R) with ¢[(g,1) = 1. For the linear term in (5.1), we use
(1.6) to extend U to R such that U € H1~%/2(R) N Ce(R). Then, (U, f) := [, Uf extends as a bounded linear
functional on L?(R) to a bounded linear functional on H~(1~%/2(R) + M(R). Using Corollary 3.4, we find in

particular that (U, -) is a bounded linear functional on Hy (0,1), and that there exists ¢ € Hy(0,1) such that
(U,n) = (¢,n)v for all n € Hy (0,1). We conclude that Theorem 2.1 applies.
By Theorem 2.1 we obtain that both Problem 1.1 and the variational inequality given by
0< (p+Cpu—p)y forall peP((0,1]) N Hy(0,1), (5.2)
with solution concept p € Hy (0,1) UP([0,1]), have the same unique solution p.

It is left to show the equivalence with Problem 1.2. We first show that any solution p € Hy (0,1) UP([0,1])
of (5.2) satisfies (1.10). We expand

0<(p+Cu—pv=_(pm)v—(p,p)v+((pn—pv. (5.3)

Interpreting p, p as measures with no atoms, we use (3.15) to write

1 1
(p,u)v—(p,p)v:/ V*pdu—/ V% pdp.
0 0

Moreover, since (U, -) is extended to M([0, 1]), its extension to the subset P([0,1]) is simply given by (U, i) =
f[o ;) U dfi. Hence,

(€= p)v = (U, 1) — (U p) :/0 Udu—/o Udp.

Collecting our results, we obtain that (5.3) implies (1.10).
To show that any solution p € P([0,1]) to Problem 1.2 is also a solution to (5.2), we separate two cases. If
p € Hy(0,1), then the argument above readily shows that p satisfies (5.2). If p ¢ Hy(0,1), then

1 1
/ hpdpz/ Vxpdp = .
0 0

However, for pn = L](g,1), we find with V}, as in Lemma 3.1.(ii) that

1 1,1 1 1 1
/ h,dp = lim/ / Vk(t—s)dp(s)dt+/ US/ V+/ U < o0,
0 k—=oo Jo Jo 0 -1 0

which contradicts (1.10). O
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Lemma 5.2 (Regularity properties of Theorem 1.4). Let a, Vieg, U and £ be as in Theorem 1.4. Let p be
the solution of Problem 1.1 provided by Proposition 5.1. Then, p is a solution to Problem 1.3 and satisfies all

properties listed in Theorem 1.4. Moreover, the continuous representative of p satisfies p = Cq f5, where Cq is
defined in (4.2),

1
fri=C—Vigsp—U and C— / ho(0)7(t) dt. (5.4)
0

Proof. We recall from (1.8) and Corollary 3.4 that hz =V xp+ U € L?(0,1) is lower semi-continuous on [0, 1].
Step 1: p satisfies Problem 1.3 for some C' > 0. In this step we prove by contradiction that

3C>0:h;=C ae. on(0,1). (5.5)

Suppose h; is not constant a.e. on (0, 1), i.e.

0 < m :=essinf h; < sup h; < oo. (5.6)
(0,1) (0,1)
By (5.6) and hj; € L?(0,1), we have
1
V5>OHgEP([0,1])ﬂL2(O,1):/ hzg < m + €. (5.7)
0

We reach a contraction between (5.7) and (1.10) by showing that

1
/ hdp > m. (5.8)
0
With this aim, we consider the superlevel set

By (5.6), A # 0, and since hy is lower semi-continuous, 4 is open. We take (r,s) C A to be any open component.?
If 5((r,s)) > 0, then (5.8) holds, and the contradiction is reached. Hence, we assume p((r,s)) = 0, and thus
(r,s) Nsuppp = 0. By (1.5) and (1.6) we then find that

hy € C([r,s]) "Wl (r,s), and hy=V"xp+U">0 on (r,s), (5.9)

loc

where continuity up to the boundary holds by the following argument. For r < t < s we split

ha(t) = U(8) + / Vit - rydar) + [ ve-nasn)

where the first two terms are continuous for ¢ > r, and the third term is increasing for ¢ < s. Hence,

limsup,4 h(t) < hp(s), and together with h; being lower semi-continuous on [0,1], we obtain that h; is

left-continuous at t = s. A similar argument shows that hz is right-continuous at ¢t = r, and thus (5.9) follows.
We separate three cases to complete the contradiction between (5.7) and (1.10):

1. Let 7 = 0 and s = 1. This contradicts with A Nsuppp = 0.

2TIfr =0 or s = 1, then also the boundary of the interval may be included in the open component.
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2. Let 0 <r <s<1.Sincer,s ¢ A, it holds that (V xp)(r), (V *p)(s) < m. By definition of A, we also have

that h; > m on (r, s). However, by the convexity of hj (see (5.9)) and h; € C(A) we find that hy < m on
[r, s], and a contradiction is reached.

3. Let r =0 and s < 1; the case r > 0 and s = 1 can be dealt with analogously. Given that € > 0 is as in
(1.5¢), we obtain

Ro(t) = (V' xp)(t) + U'(t) > |[V'(1)] —sup |U'| >0 foralls—e<t<s. (5.10)

,
g (0,1)

We obtain the desired contradiction similarly to case 2 above.

This concludes the proof of (5.5).

Step 2: suppp = [0, 1]. We prove suppp = [0, 1] by a small modification to the argument in Step 1. Suppose
that the open set [0,1] \ suppp is non-empty, and set (r,s) as one of its components.® Then (5.9) holds, and
hZ > 0 close to the endpoints of (r, s) (by (1.5¢)) implies that A is not constant a.e. on (r, s), which contradicts
(5.5).

Step 3: p has an integrable, continuous representative on (0,1) which satisfies p = C, f7. We rewrite (5.5) as
C=hz=V,5p+Viegxp+U ae. on(0,1). (5.11)
Step 3a: 0 < a < 1. Since Lemma 3.11 implies that Vieg xp+ U € W21(0,1), Theorem 4.2 states that
Voxp=C—Viegxp—U a.e.on (0,1) (5.12)

has a unique solution g in Hy, (0,1) 2 Hy(0,1) (cf. Proposition 3.3). Subtracting (5.11) from (5.12), we find
Va * (p — p) = 0. Then, by Lemma 3.10, we obtain p = p a.e. on (0,1). Hence, by Theorem 4.2, 5 has an
integrable, continuous representative on (0, 1) which satisfies p = C, f5.

Step 3b: a = 0. Since the argument is similar to Step 3a, we focus on the differences. To prove that (5.12) has
a unique solution p in Hy_je|.| = Hy(0,1), we obtain from Lemma 3.11 that the right-hand side of (5.12) is

in W2P0(0, 1), find by Proposition 2.6 that W2%0(0,1) ¢ C*'=1/Po([0,1]), and conclude with Theorem 4.3 that
(5.12) has a unique solution p € Hy(0,1). Again, we obtain p = p a.e. on (0,1), and conclude by the further
statements of Theorem 4.3.

From here, we denote by p the integrable, continuous representative.

Step 4: C = C > 0. Since p € L'(0,1), we obtain, using Step 1 and Lemma 3.7, that

1 1 1
¢~ [ o= [ tip=@pn+ [ vp>0
0 0 0
Step 5: p satisfies (1.15). We first treat the case 0 < a < 1. Since p € L1(0,1) we obtain from (1.5a) that
fr=C —Viegxp—U € WHL(0,1). (5.13)
Let g be the (¢ — 1)-th order Taylor polynomial of f5 at 0, and set g := D'~(f7 — q). We expand
p= Cafﬁ =Caq+Cyg+ leas(%g),

where C,C" € R are constants. By Proposition 4.1, C,q € C£2.(0,1). For the other two terms in the right-hand

loc

side, we obtain from Proposition 2.7.(ii) that g = D'=%(f5 — ¢q) € W*?(0,1) for any 1 <p < 1.

3See footnote 2 on page 28.
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It remains to show that S(da.g) € W2P(0,1) for any 1 < p < . We take [t1,t3] C (0,1) arbitrary, and

loc

choose ¢ € W5P(0,1) such that 1|, +,) = (¢a9)|(t1.5)- Then

(S(¢ag))(t)=(51/})(t)+/olWd8+/t st, <t <t (5.14)

Since for any t; < t < ta the map s — (t — s)~! is in C°°([0,#1] U [ta,1]), the two integrals in the right-hand
side of (5.14) are in C*°((t1,2)) as functions of ¢. By Proposition 2.2.(i),(v) we obtain St € WP(0,1). Since

loc

0 < t1 <ty < 1 are arbitrary, we conclude that S(¢.g) € Wli’p(O, 1), which completes the proof of (1.15).

The case a = 0 follows by a simplification of the same argument. The only difference is that (1.5a) and

p € wL?(0,1) C LPo(0,1) imply f5 € W 1P0(0,1). No Taylor polynomial needs to be subtracted; simply putting
9:=f;€ W*Po(0,1) suffices to repeat the argument used in (5.14).

Step 6: p satisfies (1.14). We focus on the expansion of p(t) around ¢ = 0; the proof of the expansion around
t = 1 is analogous.

Step 6a: 0 < a < 1. We expand
fz(t) = A+ Bt + R(t),

where we rely on (5.13) to choose the constants A, B € R such that the remainder term R € C*([0,1]) satisfies
R(t) = o(t). Then, we obtain from Step 3 that

7 =Cafs = Co(A+ Bt) + C,R. (5.15)

For the affine part, we apply Proposition 4.1 to obtain

C+C't

CalA+Bl) = =5

Here and in the remainder of Step 6, C,C’ € R denote some explicit constants that can change from line to
line. For the remainder part in (5.15), we expand

C
CoR = QTS(quaDl’aR) +C'D'"“R.
From Proposition 2.7.(i) we obtain that Ry := D'7*R € C([0,1]) with R;(0) = 0. Then, from Proposition
2.4.(iii) we obtain

1 C
%S(Cf)aRl) = . + Ra,
where Ry € C%([0,1 — ¢]) with R2(0) = 0 for any small € > 0. Inserting all these findings in (5.15), we obtain
C
P=Cufp= ot R (5.16)

where Rz € C%([0,1 — ¢]) with R3(0) = 0. This proves (1.14) for 0 < a < 1.
Step 6b: a = 0. The proof is an easier version of Step 6a. For a = 0, (4.2) reads as

e (1 n, ©
P =Cop = (¢OS(¢ofp>+¢O).
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From Step 5 we get that f2 € C*°([0, 1]) with ag = 1 —1/po € (0, %) Hence, the term involving S can be treated
similarly as in Step 6a by expanding f; around 0. This proves (1.14).

Step 7: 5> 0 on (0,1). We take ¢ > 3, and reason by contradiction. Assume that there exists 0 < to < 1 such
that p(tg) = 0. We set 0 < r < tg A (1 — tg), and compute for any t € B, (tg) = (tg — r,to + 1)

2 t—to+r
0= B0 = Va0 +00 = [ VI s ds + il [, et aa| s

To compute the derivative explicitly, we use (1.15) and £ > 3 to obtain p € C?(0,1). This yields

Sl v

—to—r
d t—to+r
i {V(t —to+r)plto—1) =V ({t—to—1r)pto+7) + / V(s)p'(t — s) ds}
t—to—r
= V'(t —to +1)p(to — 1) = V'(t — to — 7)p(to + 1)
t—to+r
+V(t—to+r)p(to—r)—V(Et—to—7)p (to+71) + / V(s)p"(t — s)ds.
t—to—'f‘

Setting ¢t =ty and using that V is even, we find

(to +7) +plto — 1)

0= K(ty) = / V' (to — 8)p(s) ds + 12V (r) 2
B, (to)°

ﬁl(t°+r)2_f/(to_’“)+ V(R (to — 5)ds + U (to). (5.17)

-Tr

+ 21V (r)

Next we establish a contradiction by showing that the limit » — 0 in (5.17) yields a positive value. By (1.6),
U"(tp) > 0. By (1.5¢) and Step 2, the integral over B, (ty)¢ is non-negative and increasing along any sequence
r 4 0 for k large enough. For the second and the third term in the right-hand side of (5.17), we observe from
p € C?%(0,1) and p(tg) = 0 that

plto+7)+p(to—7) _ plto+71) —2p(to) + plto —7) r—0_ _p
= = ) p"(to),

o (to+7) =70 (to —7 0 _
o (to )2TP (to ) ro P//(to)~

Since both 72V’(r) and 7V (r) converge to 0 as r — 0, we conclude that the second and the third term in the
right-hand side of (5.17) also converge to 0 as r — 0. Lastly, since V € L'(—1,1) and p” € C(0,1), we obtain
that the fourth term in the right-hand side of (5.17) converges to 0 as r — 0.

In conclusion, by taking the limit » — 0 in (5.17), we obtain that the right-hand side is positive, and the
contradiction is reached. Hence, we conclude that p(t) > 0 for any ¢t € (0, 1). O

Lemma 5.3 (Problem 1.3 has a unique solution). Let a, Vieg and U be as in Theorem 1.4. Then, Problem 1.3
has a unique solution.

Proof. The existence is covered by Lemma 5.2. To show the uniqueness, let (p;, C;) for ¢ = 1,2 be two solutions
to Problem 1.3. Then

Vx(pr—p2) =C1—Cs ae. on(0,1). (5.18)
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To show that p; = pa, we consider the auxiliary energy E(p) := 3llpll3,. We observe that FE is of the same form

as (1.9), and that the assumptions (1.5), (1.6) and (1.7) are all satisfied. Hence, Proposition 5.1 provides the
unique minimiser p € P([0,1]) N Hy(0,1) of E, and Lemma 5.2 implies that V x5 = C on (0, 1) where C' > 0.

Setting a := (C} — C3)/C, we obtain that V * (ap) = C; — Cy on (0,1). Then, by (5.18) and Lemma 3.10, we
find that ap = p; — p2. Hence oo = fol adp = fol d(p1 — p2) = 0, and thus C; = Cs. By (5.18) and Lemma 3.10

we then also have p; = po. O

6. THE EXTENDED VERSION OF THEOREM 1.5: STATEMENT AND PROOF

In this section we state (in Sect. 6.1) and prove (in Sect. 6.2) the extended version of Theorem 1.5 given by
Theorem 6.5. Since we will often translate between Cases 1 and 2 (see Sects. 1.2 and 1.3) by an affine change
of variables, we alter the notation in Case 2. Instead of (1.1), we set

1 - o~ o -
Bo) = [ VE-9dee 6.+ [ 0040, (61)
RxR R
and denote its minimiser by p.

6.1. Theorem 6.5: the extended version of Theorem 1.5

Next we state the counterpart of Problems 1.1-1.3 in the setting on R. For given 0 < a < 1, let V, f/mg and
U be as in (1.17) and (1.18).
Problem 6.1 (Minimisation). Find the minimiser of E (defined in (6.1)) in P(R).

We note that we cannot construct the space Hy; (R) as in Section 3, because the compact support condition in
(3.1) is not satisfied. We will side-step the construction of H, (R) by first showing that the solution p to Problem
6.1 has finite support. This property allows us to modify the tails of V' such that (3.1) is satisfied without losing

the minimality of 5. Then, by Proposition 3.3 we can identify the related Hilbert space by H~(1~%/2(R), which
does not depend on the choice of the regularisation of the tails of V. This motivates the following problem:

Problem 6.2 (Variational inequality). Find p € P(R) such that
/ h,du > / izpdp for all u € P(R) N H-U=/2(R), (6.2)
R R

where h, is as in (1.21).

To state Problem 6.3, we recall (3.13) for the extension of the integral to distributions p € H~(1=9/2(t;, ¢5),
Definition 3.9 for the definition of h, for such p, and that f(¢t£) denote the one-sided limits of f at t.
Problem 6.3 (Weakly singular integral equation with free boundary). Find the solution
(p,t1,t2,C) with C € R, —00 < t; <ty < 00, p € H~-(1=2)/2(¢;, t5) and fttf p=1to

h,() =C a.e. on (t1,t2),
{N/pm on (t1:ta) 63)
h,(ti—) <0< h(ta+).
We note that it is not restrictive to assume the support of p in Problem 6.3 to be finite. Indeed, if p €

H~(1-9)/2(R) satisfies (6.3) (without the boundary conditions), then we observe from the following inclusion of
levelsets,

suppp C {h, = C} c {U < C},
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that supp p is bounded due to the linear growth of U (see (1.18)).

Since we prove the solution p of Problem 6.3 to be in Cg([tl, t2]) for some § > 0, we can also seek classical
solutions to Problem 6.3. This solution concept coincides with that in [30]. The benefit of working with classical
solutions is that the boundary conditions in (6.3) turn into homogeneous Dirichlet boundary conditions (which
are already included in the Holder space C’g ([t1,t2]))-

Problem 6.4 (Classical weakly singular integral equation with free boundary). Find the solution (p, t1,t2, C)
with C € R, —00 < t; < ty < 00, p € C5([t1,t2]) for some 8 > 0 and f:f p=1to

ho() = C on [ty,ts]. (6.4)

With Problems 6.1-6.4 being defined, we are finally ready to state the extended version of Theorem 1.5:

Theorem 6.5 (Equivalence of Problems 6.1-6.4 and properties of the solution). Let a, Vv,
Vreg, U po and £ be as in Theorem 1.5. Then, all four Problems 6.1-6.4 have a unique solution, and all these
solutions are equal. The solution (p,tl,tg,C) to these problems satisfies all statements listed in Theorem 1.5.

Moreover, (p,t1,ta,C) satisfies the implicit relation (6.5).

6.2. Proof of Theorem 6.5
The proof of Theorem 6.5 is divided in 3 parts:

1. Problem 6.1 has a unique solution p, which turns out to have bounded support and no atoms (Prop. 6.6);

2. Theorem 1.5 holds, and p is a solution to Problems 6.2-6.4 and satisfies an implicit relation similar to
(1.16) (Lem. 6.8);

3. Problems 6.2-6.4 have a unique solution (Lem. 6.9).

The proof of Proposition 6.6 is quite standard; its result holds for much weaker assumptions on f/reg and U
than those given by (1.17) and (1.18). Lemma 6.9 is proven at the end, because it relies on Lemma 6.8.

The proof of the main part, Lemma 6.8, starts from Proposition 6.6, which provides the unique solution
p € P(R) to Problem 6.1. In five subsequent steps, p is proven to satisfy all properties listed in Theorem 1.5. In
Step 1, we use that supp p is bounded with endpoints —co < t; < to < 00 to construct an affine mapping 7 such
that the minimum and maximum of supp(7%p) are 0 and 1. In a separate lemma (Lemma 6.7), we show that
this property is a sufficient substitute for the assumption in (1.7) under which Theorem 1.4 applies to p := Txp
for shifted versions of f/reg and U.

In Step 2, the main step, we apply Theorem 1.4 to p. The requirements to apply this Theorem are the main
motivation for assumptions (1.17) and (1.18). Then, pulling p back along 7, we obtain from Theorem 1.4 most
of the regularity properties stated in Theorem 1.5 on p. The properties which require further motivation, are
that (6.2) holds on R instead of [t1,t2] (Step 3), the boundary conditions in Problems 6.3 and 6.4 (Steps 4 and
5), and the further expansion of p around ¢; and ¢ (Step 5).

We proceed to carry out the plan of the proof. We establish part 1 for weaker assumptions on V and U:
Proposition 6.6 (Problem 6.1 has a unique solution). Let Ve LY(R) be such that V is even, convex outside
of 0 and liminf; ,, V(t) = co. Let U € C(R) satisfy the growth condition

lim inf U (f) =

t—+oo

Then, Problem 6.1 has a unique solution p € P(R). Moreover, supp p is bounded, and p has no atoms.

Proof. We observe that V > 0. Then, we infer that E is well-defined on P(R) with values in [ming U, o0].
Because of the growth condition on U, any minimising sequence is tight, and therefore weakly converging along
a subsequence to some j € P(R). Since V is lower semi-continuous, j is a minimiser of E.
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We prove uniqueness of the minimiser by relying on the claim that E is strictly convexity. The boundedness
of supp p follows from a straightforward energy estimate that relies on the growth of U (see, e.g., [29], Sect.
2.2), and the absence of atoms is guaranteed by the singularity of V at 0.

Finally, we prove that Eis strictly convex. Repeating the computation in (A.2), we obtain that F V >0 on
R. Then, repeating the proof of Lemma 3.2, we obtain that (f,g)y := fR(f/ % f)g defines an inner product on

L2(R). From this, we conclude that E is strictly convex. O

We proceed with the second part of the proof of Theorem 6.5. In preparation for Lemma 6.8, we prove the
following lemma.

Lemma 6.7 (Alternative assumption for Theorem 1.4). Given the setting of Proposition 5.1, let p be the
solution to Problems 1.1 and 1.2. If {0,1} C suppp, then Theorem 1.4 also holds when (1.7) is not satisfied.

Proof. We note that (1.7) is solely used in (5.10) in Step 1 of the proof of Theorem 1.4, which treats those
intervals (r,s) C A = {hz > m} in Step 1 for which either » = 0 or s = 1. Since p contains no atoms and
{0,1} € suppp, we obtain that p((r,s)) > 0if r = 0 or s = 1. This contradicts with (5.8), and thus the argument
in the third out of the three cases containing (5.10) can be omitted. O

In preparation for stating Lemma 6.8, we introduce C, as the counterpart of C, acting on functions defined
on some bounded interval (t1,t2). We set

l—a

$a(l) = [({—t1)(t2 —1)] 2,
and recall the operators Sff and Dtll*“ from (2.2) and (2.14). The linear operator C, is given by

% cos? (%) (g;Sff(éaDil‘“f) +rtan (5)DI7°F)  if0<a<1

1 ta( 7 gt 1 & f~(§) 3 ; —
%[Sn((bof)‘i‘ﬂog?( . q{;@d3+ﬂlog(t2—t1))] if a =0,

where f: (t1,12) = R.

Lemma 6.8 (Regularity properties of Theorem 6.5). Let a, f/reg, U and ¢ be as in Theorem 1.5. Let j be given

by Proposition 6.6, and set t; := min(supp p) and to = max(supp p). Then, Theorem 1.5 holds, and (p,t1,ts,C)
with

C:= //RXRV(E—g) d(p@p)(§,£)+/RU(£) dp(@)

18 a solution to Problems 6.2-6.4, which moreover satisfies

p= Ca 5 on (ti1,t2), where fﬁ =C — f/reg xp—U. (6.5)

Proof. The proof is divided in five steps.
Step 1: translation to Theorem 1.4. Let L :=ty —t; and T (f) := (f — t;)/L be the affine map which maps
[tl,tz] to [O, 1]
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Step la: 0 < a < 1. Using T, we rewrite

/2 " (= 5) ap(5) dp(h) + /dem

t1 t1

1
A / L(t - 5)) d(Tep)(s) d(Tup) (1) + / O(T-1(1) d(Typ)(®).  (6.6)

Since V(Lt) = Vo (Lt) 4 Vieg(Lt) = L™V, (t) + Vieg(Lt), we can further rewrite (6.6) as

[ / / ot — ) + LVoog (L(t — ))] d(T35)(5) A(T) (1)
1
+ /0 LOO (Lt + 1) d(Typ)(t)| = L [B(Typ) +¢], (6.7)

where E is as in (1.9) with
Vieg(t) := LVieg(Lt) — 2¢, U(t) := L°U (Lt + t1), (6.8)

and ¢ € R is a constant such that V(1) = —V’(1).

Step 1b: a = 0. We argue analogously to Step 3a. Since V(Lt) = Vo(t) — log L + Vieg(Lt), the corresponding
computation in (6.6) and (6.7) yields

E(p) = E(Typ) + ¢ — 3 log L,

where E is as in (1.9) with

Vieg(t) := Vieg(Lt) —2¢ and U(t) :=U(Lt + 1),

and ¢ € R is a constant such that V(1) = —V’(1). Since these definitions are consistent with putting a = 0 in
(6.7) and (6.8) (except for an additive constant to E), we refer in the remainder of the proof to (6.7) and (6.8)
forall0 <a<1.

Step 2: Properties of p for given —oo < t1 < ty < 00. Since p is the unique minimiser of E, it follows from (6.7)
that E also has a unique minimiser, which is given by p := Txp. It is easy to see that the transformations in
(6.8) transfer the properties of V, Vieg and U in (1.17) and (1.18) to those listed in (1.5) and (1.6). Moreover,
by Step 1 we obtain that 0,1 € supp p. Hence, Lemma 6.7 implies that Theorem 1.4 applies to p. Pulling back
along T (i.e. p= (T 1) xp), all the statements on p given in Theorem 1.4 transfer to 5. Hence, we obtain that
supp p = [t1, t2], p has an integrable, continuous representative on (t1,t2), and that p satisfies the local Sobolev
regularity in (1.19). Furthermore, we obtain that (p, 1, to, C) satisfies (6.4) and (6.5). Lastly, if £ > 3, then p > 0
on (tl, tQ).

Step 3: p satisfies Problem 6.2. We use a different dilation map than 7 on a larger interval (r1,72) D (t1,t2)
whose endpoints satisfy

U(r)AU(rg) > C and U'(r1) <0< U'(ry). (6.9)
We set R(t) := (t —r1)/(r2 — r1) as the dilation map. Then, as in Step 3, we introduce

E(p) = (r2 — 1)~ (E*(Ryp) + c),



36 M. KIMURA AND P. VAN MEURS
where E* is as in (1.9) with
Vrzg(t) = Vreg((rg —r)t) —2c¢ and U*(t):= ff((rg —r)t+ 7'1),

and ¢ € R is such that V*(1) = —(V*)’(1). Again, we find that p* := R4p is the unique minimiser of E* and
that V¥, and U* satisfy (1.5) and (1.6). Hence, Proposition 5.1 applies to E*, and thus p* satisfies the related

reg

Problem 1.2. Hence, p = R;p* satisfies
) - -
/ hpdp > /Rhﬁdﬁ for all p € P([ry,ra]) N H™=D/2(py 1y). (6.10)
ry

Since supp p = [t1,ta] C (r1,72) and h; = C on [t1,t5], we obtain from (6.10) that h; > C a.e. on [ry,7a].
Moreover, by (6.9) we have for all ¢ € [ry,r2]¢ that

hy(t) > TU(E) > U(r) AU(rp) > C.

Hence, p satisfies Problem 6.2.
From here, we denote by p the continuous representative.

Step 4: (p, t1,ta,C) satisfies Problem 6.3. By Step 2 it is enough to show that p satisfies the boundary conditions
in Problem 6.3 at t; and t. We focus on proving iL%(tl—) < 0; the boundary condition at ¢y follows from a
similar argument.

By the argument in Step 1 of the proof of Theorem 1.4 it follows that h; € C(R) U C'((—o0,t;)) and ﬁg >0
on (—oo,t1). Moreover, by the Monotone Convergence Theorem, we obtain that ﬁ%(tlf) is well-defined as a
value in (—o0,00]. Since h; > C on R and h;(t;) = C, it must hold that ﬁ’ﬁ(tl—) <0.

Step 5: p satisfies the Hélder condition in (1.19) and (1.20). Let E, V', Vieg, U and p = Txp as in Step 1. We
focus on the expansion of p(t) around ¢ = 0. In addition to the properties of p stated in Theorem 1.4, we obtain
from Steps 2 and 4 that h7;(0—) < 0, which implies

llrgénfp(t) =0.

Then, the constants C; in (1.14) must be 0, and thus T#p satisfies the Hélder condition in (1.19).

For the proof of (1.20), we separate two cases:
Step 5a: 0 < a < 1. We use a bootstrap argument. Since p € C§([0,1]) and Vieg € W21(0,1), we have Vieg €
C?([0,1]). Hence, we obtain f5 € C?([0,1]) from (5.4) and the additional regularity imposed on U. Then,
repeating the argument in Step 6a of Lemma 5.2 with a second order expansion in (5.15) and using Proposition
2.4.(iv) for the regularity of Ry, we obtain that

R e C?*([0,1]) satisfies |R(t)| < Ct?,
Ry € Ch([0,1]) satisfies |Ry(t)] < CtHte,
Ry € CH([0,1 —¢€]) satisfies |Ro(t)] < O,
Ry € CH*([0,1 —¢]) satisfies |Rs(t)] < CtHe,

and the equivalent of (5.16) becomes

() = Cafolt) = & g;‘(tc)/t + Ra(t).

Since p(0) = 0, we obtain C = 0, and (1.20) follows.



REGULARITY OF THE MINIMISER OF ONE-DIMENSIONAL INTERACTION ENERGIES 37

Step 5b: a = 0. The proof is analogous to that of Step ba; the only difference is that from 7 € C3°([0,1]),
Vieg € W21(0,1) and U € C*90([0,1]) we obtain f4 € Cl:20([0, 1]). 0

Finally, we focus on the third of the three parts of the proof of Theorem 6.5:

Lemma 6.9 (Problems 6.2-6.4 have a unique solution). Let a € [0,1) and assume that Vieg and U satisfy (1.17)
and (1.18). Then, all Problems 6.2, 6.3 and 6.4 have a unique solution.

Proof. Let p be the solution to Problem 6.1. In part 2 of the proof of Theorem 6.5 we have proven that p
satisfies all the asserted properties of Theorem 6.5, including the fact that it is a solution to Problems 6.2—6.4.
It remains to show the uniqueness of all three problems.

Step 1: Problem 6.2 has a unique solution. Let p € P(R) N H~(1=%/2(R) be a solution. We consider a sequence
of approximating energies

1/ - -
Bup) =3 [ Tespdp+ [ Odo. kem,,

where the potentials Vj, : R — [0,00] are chosen such that V, satisfies (3.1), f/k|(,k7k) = \N/|(,k’k), and Vj, <
Vig1 <V for all k € N,. By the Monotone Convergence Theorem, it is easy to see that Ek(p) — E(p) as
k — oo.

Using (6.2) with u = g, we obtain by the Monotone Convergence Theorem that

og/Rind(ﬁ—p)z lim [ (Vi*p+0U)d(p— p). (6.11)

k—o0 R

Since Vj satisfies (3.1) for any k € N, we can apply Corollary 3.4 to Vi to obtain

[ e 0)d6=p) = (0.5 )5, + [ Tl
R R

< 50D — 5+ [ UG- p) = Eup) - Bulo) 2 EG) - B(p),

N | —

Together with (6.11), we obtain from Proposition 6.6 that p = p.

Step 2: Problem 6.3 has a unique solution. Let (p,s1,s2,C) be a solution to Problem 6.3. We prove that
p is a solution to Problem 6.2, and conclude by the statement of Step 1. We define the affine coordinate
transformation R(f) := (f — s1)/(s2 — s1), and obtain, analogously to Steps 1 and 2 of the proof of Lemma
6.8, that (R4p, (s2 — s1)°C — 2¢) equals the solution (p, C') to Problem 1.3 for the shifted potentials V and U.
In particular, from Ryp =5 > 0 we obtain p > 0. Similar to (5.9), we then deduce that 712)’ > 0 on [s1, $2]°.

Together with the boundary condition ﬁ;(slf) <0< iL;(52+), we conclude that in > C on R, and thus p is a
solution to Problem 6.2.

Step 3: Problem 6.4 has a unique solution. Let (p, s1, 82, C) be a solution to Problem 6.4. We reason similarly
as in Step 2. The only difference is that we can rely no more on the boundary conditions in Problem 6.3 to
prove that h, > C on R. Instead, we obtain from p € C¢([s1,s2]) that h, € C(R). Moreover, from p > 0 with
supp p C [$1, $2] we obtain, similar to the proof of Step 1 in Theorem 1.4, that iLlp < 0 on (—o0, s1). Hence,
Bp > C on (—00,81). A similar argument shows that ﬁp > C on (s2,00), and thus flp > C on R. Hence, p
satisfies Problem 6.2. O



38 M. KIMURA AND P. VAN MEURS

7. APPLICATIONS OF THEOREM 1.4 AND THEOREM 6.5

In this section we apply Theorem 1.4 and Theorem 6.5 (i.e., the extended version of Thm. 1.5) to improve
previous results in the literature, including all three applications (A1)-(A3) mentioned in Section 1.1. We
consider the general form of the energy F as in (1.1) in which U is allowed to jump to +00 at —oo < 81 < 59 < 00,
and recall the discussion in Section 1.4 on how to extend Theorems 1.4 and 6.5 to cover this general setting. In
Section 7.1 we compute explicitly the minimiser p € P([s1, s2]) in several special cases, including the one from
(A3). In Section 7.2 we strengthen the results of [34] and [13] to lift the previous limitations in applications
(Al) and (A2).

7.1. Explicit formulas for p in the case V¢ = 0

When Viee = 0, (6.5) provides an explicit expression for p. In this section we simplify this expression for
several examples in the literature, including that of (A3).

The case a = 0 is studied in [18] in the context of dislocation densities. For [s1,s2] = [0,1] and U(t) = 0 for
t € [0,1] it is found that [t1, ] := suppp = [0, 1] and

1
m/t(l—t)

Moreover, for [s1, s2] = [0,00) and U(¢t) =t for ¢t > 0 it is found that [¢1, 2] = [0, 2] with

plt) =

Both formulas can also be computed from (6.5); we omit the details. For treatment of the setting [s1,s2] = R
and U(t) = t* we refer to Section IV.5 of [32].

In the case 0 < a < 1, the easiest setting is given by [s1, s3] = [0,1] and U(t)
structure of E it follows a priori that [t1,t2] = [0, 1]. Then, from (6.5) with f5(t) =
to obtain

=0 for ¢ € [0,1]. From the
C, we apply Proposition 4.1

_ C am _la
p(t) = —cos ( .

To find C, we use (2.12) to compute

1= /0 o) dt = gcos(ag) /01 o1 — 6] 7 = ? (G;)F;F@f.

We conclude that

_ al'(a) _l-=a — arl'(a)
t) = ——F—=[t(1l -t 2 d C=———"——.
p( ) F(HJ)2[ ( )] an F(HTG)2 COS(%)

Next we consider the setting in [17]: 0 < a < 1, [s1, s2] = [0,00) and U(t) =+t for t > 0 with v > 0. In this
setting, an explicit formula for p was still missing. Here we derive this formula (see (7.2)). Since U is increasing
on [0,00), we find from the structure of £ that ¢; = 0.

Leaving ts and C' unknown, we compute p from (6.5). This gives, using Proposition 4.1,

. s cos(Z) aC + 5%ty — At
am ba(t) ’

(7.1)
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Next we compute C' by using the condition p(tz) = 0 in (7.1). This yields C' = Lt%~t,, and thus

~ 2a

B 7y cos(4F) 1ta l-a

pt)=—— 2 (ta—1) 2 17 2.

Finally, we determine ¢o from the unit mass condition. Using (2.12), we compute

cos(4F)

ta
1= p(t)dt = y——-2"_T(ta 2t1+a.
/0 P(t) 727ra21"(a) (55%)°12

Gathering our computations, we have

1
cos( %) lta _l—a 1+a v cos(%) /1+a\2| T+e

— L r(=*) L (12

2 {271 a’I'(a) 2 (72)

to—t) 2 t7 2 . C=
Ta (t2 ) ’ 2a

pt) =~

7.2. Improved regularity

In this section we use Theorem 1.4 and Theorem 6.5 to strengthen the results of [34] and [13] as part of
applications (Al) and (A2).

The setting in [34] is given by a = 0, [s1,52] =R, Vieg =0 and U a confining potential. The energy E and
its minimiser p (possibly with a disconnected support) are the starting point in [34] to derive crystallisation
phenomena in 1D log-gases. Instead of proving that p satisfies the following sufficient properties for their further
results,

1
peC2R); (7.3a)
supp 7 is a finite union of K € N compact intervals [t}, t5]; (7.3b)

Je>0VE=1,..., KVt§ <t <th:5(t) > c\/(th —t)(t — t}), (7.3¢)

the authors of [34] assume that U is chosen such that these properties hold.

Thanks to [7], these properties are satisfied whenever U is analytic. Theorem 1.5 extends the choice of U
significantly by relaxing the analyticity. Indeed, for convex U (for the precise conditions, see (1.6)), it follows
from Theorem 1.5 that (7.3b) is satisfied with K = 1. If, moreover, U € 01203 for some «a € (0, %), then (1.20)
implies that (7.3a) and (7.3c) are satisfied too, possibly for ¢ = 0. To guarantee that ¢ > 0, it is enough to impose
Ue Wli’cp for some p > 1. To see this, we rely on the strict positivity of p on its support to focus on its behaviour
at the endpoints. For convenience, we focus on the left endpoint ¢;. We reason by contradiction. Suppose ¢ = 0.
Then, we obtain from (1.20) that p’ € C*([t; — 1, 5 (t1 + t2)]) for some o > 0. Hence, by Proposition 2.2.(ii) and

Proposition 2.4.(i), the function

to

(Voxp)'(0) = Vox?) 0 =g |

log [t — s[/(s) ds = (S{2_, (7)) (1)

is Holder continuous around t;. Hence, h% is Holder continuous around t;. Moreover, as in Step 2 of the proof
of Lemma 5.2, we find that lim infyy;, h7(¢) > 0, which contradicts with (6.4).

Next we extend ([13], Thm. 2). The setting is given by a = 0, [s1, s2] = [0,00), U(t) =t for ¢t > 0 and

V(t) := tcotht — log |2sinh ¢|.
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For this setting, ([13], Thm. 2) states that Problem 6.1 has a unique solution p in P(]0,00)), but no further
properties of p were sought.

Here, we provide such properties by applying Theorem 1.5. With this aim, we first prove that V satisfies
(1.17). The conditions in (1.17b) can be proven by direct computations (see, e.g., the appendices of [13, 37]).
To prove (1.17a), we define the analytic function t(t) := S22 > 1 and rewrite

cosht cosht
—log|2sinht| + log |t| = ——
sinh ¢ og [2sinh | + log [¢| Y(t)

Hence, Vieg € C*°(R). This proves (1.17a), and (1.17c) follows readily.

Thus, Theorem 1.5 applies for any ¢ € Ny and any 1 < po < 2. In particular, suppp = [0, t2] with 5 < oo,
plta) =0,p € Cl/Q([%tQ,tQ]) N C>((0,t2)) and p > 0 on (0,t2). These properties are enough for the ongoing
research on (A2).

Veeg (1) =t — log [2¢(2)|-

APPENDIX A. PROOF OF LEMMA 3.1

Proof of Lemma 8.1. Lemma 3.1.(1) follows from the local regularity property in (3.1) and Vieg(t) = —V,(t) for
all [t| > b. Lemma 3.1.(ii) is satisfied for the sequence of convex functions given by Vi (t) := [~ kA (=V')(s)ds
for t > 0, with even extension to the negative half-line.

Next we prove Lemma 3.1.(iii). We start with the upper bound on V. Since V € LY(R), we have Ver® (R),
and hence it is sufficient to prove the decay of the tails of |V (w)| for all |w| > 1. We employ the splitting

V = Vo + Vieg. By interpreting V,, as a tempered distribution, we obtain from 1.3.(1) of [8] and Section 5.2,
Example 4 of [31] that

1
m ifa:(),
—~ w
Valw) = 25in(“5) (1 — a) oo for |w| > 0, (A1)
1 a

[27rw|l—a

where the distribution | - |~! is defined by

(o, -7 = —/ch’(w) sign(w)log |w| dw, for all ¢ € S(R).

From (A.1) we find for all 0 < a < 1 a constant C, > 0 such that

— l1—a

Va(w) < Co(1+w?) ™72 forall jw| > 1.

Regarding Vieg, we have by Lemma 3.1.(i) that V,, € L'(R) for any 0 < a < 1, and thus F(V/”,) € L>°(R). By

reg reg
applying basic results from the theory on tempered distributions (see, e.g., [31], Chap. 5, we conclude from

|47T2w2‘7re\g(w)| = |177(w)| <C

reg

that

|I7re\g(w)| <Clw|2<C1 —l—wg)*Ta for all |w] > 1.

Together with (A.1) and V' =V, 4 Vieg we conclude that the upper bound on V in Lemma 3.1.(iii) holds.
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Next we prove the lower bound on V in Lemma 3.1.(iii). We use the identity

/V cos(2nwt) dt = 22/ ) cos(2mwt) dt
=*Z/ ") cos(are) d Z /Ow ((FE5) 3 sinczne) e

1

o) eon
1 Yro e+ 05N
:MQZ%_/O V(w)—V(Lfﬂsm(ng)dg

oo

41

(A.2)

(A.3)

We first prove that V is positive. In view of (1.5¢) we set A(t) := essinfoc s V" (s). Continuing from (A.3),

we use (1.5¢) to estimate

I\D\H

sm(27r§) dédn

/ /
> Wg/ / S 4 agay
i/ow/o%d)\(x+y)xdmdy>0,

and thus the lower bound in Lemma 3.1.(iii) holds on any bounded interval. To bound the tails of V from below,

we set ¢ and € as in (1.5¢), and estimate for any w > 2

V

Vi) > % i/% /é A(#) sin(2m€) ded¢

W2Z “1 / / sin(2m€) ded¢

| \/

which completes the proof of Lemma 3.1.(iii).

€+1 c 1 g _l=a
27r2w2 (w 27rw2//\ (18222(&;2/;3%r ds 2 &1 +w’)" 2
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APPENDIX B. COMPUTATION OF THE CONSTANT IN THEOREM 4.3

Here we prove that the constant C' in (4.19) equals 0. Dividing by ¢ and integrating over ¢, it is enough to

show that
et e
/ / u(s)dsdt = /0 o(5) d (B.1)

where u = Co f and f € CH([0,1]) for some 0 < a < 1.
We start by computing the left-hand side of (B.1). Using Fubini’s Theorem, we rewrite

/ / 1og|t (s)dsdt:/ol (/Olwcu) u(s) ds. (B.2)

With Proposition 2.2.(ii) and (2.3) we obtain that the term in parentheses satisfies

1

d Ylog |t — s 1
%o

ds Jo  ¢olt) dt:(S

)(s) —0.

Hence, the term in parentheses in (B.2) is constant in s. We evaluate it at s = %:

L log |t - | Yog |t — % logr Loar
dt = dr — 2log2 —_— .
o %ol \/ﬁ \/7 0o V1—12

Both integrals are evaluated respectively in ([15], 4.241.7) and (2.12). This yields

/ loglr — 5[ 97 log 2
r = —2mlog 2.
o ¢o(r) 8

Inserting this result in (B.2) and using v = Cpf and fol % =7, we get

1
//log|t75\ (s)dsdt:—Qﬂ'logZ/O u(s)ds=—21(;g2/0 (%f ¢0

It is left to show that the first term in the right-hand side equals 0. Since f' € C*([0,1]), we obtain this from
Proposition 2.2.(iii) and (2.3) by

1 [ st = | 1 5(5;) of’ =0
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