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OPTIMAL DISTRIBUTED AND TANGENTIAL BOUNDARY
CONTROL FOR THE UNSTEADY STOCHASTIC STOKES
EQUATIONS

PETER BENNER AND CHRISTOPH TRAUTWEIN®

Abstract. We consider a control problem constrained by the unsteady stochastic Stokes equations
with nonhomogeneous boundary conditions in connected and bounded domains. In this paper, controls
are defined inside the domain as well as on the boundary. Using a stochastic maximum principle, we
derive necessary and sufficient optimality conditions such that explicit formulas for the optimal controls
are derived. As a consequence, we are able to control the stochastic Stokes equations using distributed
controls as well as boundary controls in a desired way.
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1. INTRODUCTION

In this paper, we consider a linear quadratic control problem for the unsteady stochastic Stokes equations with
linear multiplicative noise. Here, controls appear as distributed controls inside the domain as well as tangential
controls on the boundary. Concerning fluid dynamics, noise enters the system due to structural vibration and
other environmental effects, see [46] and the references therein. The aim is to find controls such that the velocity
field is as close as possible to a given desired velocity field.

In the last decades, optimal control problems constrained by the Stokes equations have been studied exten-
sively. Simultaneous distributed and boundary controls can be found in [21]. In [36, 43], discretization schemes
for control problems are considered. For stochastic distributed controls, we refer to [5]. In [32], an optimal
control problem for the Stokes equations is presented, where the viscosity satisfies a transport equation. A
control problem motivated by Stokes flow in an artificial heart is considered in [13]. We extend this setting by
allowing additional noise terms arising from random environmental effects. We address this complication of the
problem by decomposing the external force into a control term and a noise term. Moreover, control problems
are mainly considered for the case of distributed controls. Therefore, we include nonhomogeneous Dirichlet
boundary conditions to involve tangential boundary controls.

Using stochastic processes, one can model structural vibration and other environmental effects affecting flow
fields. This leads us immediately to the formulation of a stochastic partial differential equation, which belongs
to the modern research areas of infinite dimensional stochastic analysis. Such equations can be interpreted
as stochastic evolution equations and the solutions are defined in a generalized sense. There exist different
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approaches on how to deal with these solutions. In [8, 10, 22, 40], the concept of weak solutions is introduced,
where the construction in mainly based on inner products. Using Gelfand triples, another approach is given by
variational solutions, see [40, 44]. For problems containing a linear operator as the generator of a semigroup on
a Hilbert space, one can use mild solutions, see [8, 10, 22]. Mild solutions are considered as solutions to integral
equations of Ito-Volterra type containing a stochastic convolution. All of these concepts are based on a given
probability space and they are called (probabilistic) strong solutions. Solutions constructing the probability
space are called (probabilistic) weak solutions or martingale solutions, see [8, 10].

For deterministic linear systems, the theory of mild solutions is a well-established concept in order to involve
nonhomogeneous boundary conditions, see, e.g., [3, 7]. For that reason, we use this theory such that boundary
control problems can be considered, which have an important meaning for applications in engineering. The
construction of the solution is mainly based on an approach for the deterministic Stokes equations, see [42].
Although this approach is applicable for a broad class of boundary conditions, we restrict to the case of tangential
boundary conditions. Therefor, we can reformulate the Stokes equations as an evolution equation in a suitable
Hilbert space. Since we assume that the external force can be decomposed into a control term and a noise term,
we obtain immediately a linear stochastic partial differential equation with distributed and Dirichlet boundary
controls. We prove the existence and uniqueness of a mild solution being square integrable with respect to the
time variable. In order to get a well defined solution, we need the definition of stochastic integrals with respect
to adapted processes, see [22].

Due to the presence of a noise term, it might be the case that the velocity field of the fluid flow reveals an
undesired behavior. Thus, it is reasonable to control the velocity field in a certain desired way, which leads us to
a stochastic control problem in infinite dimensions defined by an optimization problem of a given cost functional
constrained by the stochastic Stokes equations. The minimizer of the cost functional is then called an optimal
control.

In general, there exist mainly two approaches to solve stochastic control problems:

(i) stochastic maximum principle;
(ii) dynamic programming.

Based on existence and uniqueness results for the solution of the stochastic system, one can often reformulate
the control problem as a minimization problem on a set of admissible controls. For that reason, the idea of the
stochastic maximum principle is to state necessary and sufficient optimality conditions the optimal control has
to satisfy. Using the necessary optimality condition, one can derive an explicit formula of the optimal control
based on the adjoint equation. For stochastic control problems in finite dimensions and a comparison to the
corresponding deterministic setting, we refer to [39, 53]. The main difference to the deterministic setting is that
the adjoint equation becomes a backward stochastic differential equation. For application to stochastic control
problems in infinite dimensions, see [15, 26, 35]. In contrast to this methods, the dynamic programming principle
considers the control problem at different initial times and initial states through the so called value function.
This value function is the solution of a nonlinear partial differential equation given by the Hamilton-Jacobi-
Bellman equation. The finite dimensional approach is presented in [14, 53]. For the infinite dimensional setting,
we refer to [9, 11, 12]. Here, we are interested to provide a theory for solutions to a specific stochastic control
problem such that it can be treated numerically. Since sufficient optimality conditions are useful to obtain
the convergence to an optimal control, we use a stochastic maximum principle. This fact is already known for
deterministic problems, see [28].

The concrete control problem considered in this paper is formulated as a tracking problem motivated by
[2, 5, 31, 41, 43]. We derive a stochastic maximum principle to obtain first order optimality conditions, which
are necessary and sufficient. To utilize these optimality conditions, a duality principle is required. In general, a
duality principle gives a relation between forward and backward stochastic partial differential equations using
an Itd product formula, which is not applicable for mild solutions. Hence, we approximate the mild solutions
by strong solutions using an approach based on the resolvent operator, see [25, 30]. As a consequence, we
obtain the duality principle for the approximating strong solutions and due to convergence results, the duality
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principle holds also for the mild solutions. Based on the optimality conditions and the duality principle, we
deduce formulas the optimal distributed control and the optimal boundary control have to satistfy.

The main contribution of this paper is to provide a mild solution to the stochastic Stokes equations with
nonhomogeneous tangential boundary conditions. Moreover, we solve a control problem using a stochastic
maximum principle such that optimal distributed controls and optimal boundary controls are derived.

The paper is organized as follows. In Section 3, we introduce common spaces and operators concerning
the Stokes equations. Moreover, we discuss the deterministic Stokes equations with nonhomogeneous boundary
conditions and we give an introduction to stochastic integrals with respect to adapted processes. In Section 4, we
provide an existence and uniqueness result for the stochastic Stokes equations with nonhomogeneous boundary
conditions. Section 5 addresses the control problem. We derive optimality conditions and a duality principle
such that formulas for the optimal distributed control as well as the optimal boundary control are derived.

2. PRELIMINARIES

2.1. Functional analysis background

Throughout the paper, let D C R®, n > 2, be a connected and bounded domain with C? boundary dD. For
5 >0, let H*(D) denote the usual Sobolev space and for s > 1, let H(D) = {y € H*(D): y = 0 on dD}. We
introduce the following common spaces:

H = Completion of {y € (C3°(D))": divy = 0 in D} in (L*(D))"
={ye(L*D)*:divy=0inD,y-n=0on 9D},

V = Completion of {y € (C§°(D))": div y =0 in D} in (H (D))"
- {y € (HY(D))" : divy =0in D} :

where 77 denotes the unit outward normal to 9D. The spaces H and V equipped with the inner product of
(L*(D))"™ and (H&(D))n, respectively, become Hilbert spaces. Furthermore, we get the orthogonal Helmholtz
decomposition

(L*(D))" = H&{Vy:y € H' (D)},

where @ denotes the direct sum. Then there exists an orthogonal projection IT: (L?(D))™ — H, see [18]. Next,
we define the Stokes Operator A: D(A) C H — H by Ay = —IIAy for every y € D(A) with domain D(A) =
(H Q(D))n N V. The Stokes operator A is positive, self adjoint and has a bounded inverse. Moreover, the operator
—A is the infinitesimal generator of an analytic semigroup (e~4*);>¢ such that He‘AtHL(H) <1 for all ¢t > 0.

For more details, see [16, 23, 24, 50]. Hence, we can introduce fractional powers of the Stokes operator, see
[38, 49, 50]. For o > 0, we define

o0
1
AT = —— [t lem Ay 2.1
i [ e (21)
0
where I'(-) denotes the gamma function. The operator A~ is linear, bounded and injective in H. Hence, we

define for all o« > 0

A% = (A7)
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Moreover, we set A? = I, where I is the identity operator in H. For o > 0, the operator A® is linear and closed
in H with dense domain D(A%) = R(A™%), where R(A~%) denotes the range of A~. Next, we provide some
useful properties of fractional powers of the Stokes operator.

Lemma 2.1 (cf. [38], Sect. 2.6). Let A: D(A) C H — H be the Stokes operator. Then

(i) for a, B € R, we have A®TPy = A~ APy for every y € D(AY), where v = max{a, 3, a + 3},
(ii) e=At: H — D(A®) for all t >0 and a > 0,
(iii) we have A%e~Aty = e~ At A%y for every y € D(A%) with o € R,
(iv) the operator A%e~4t is bounded for allt > 0 and there exist constants M0 > 0 such that

A% < Mot

At
H/:(H)
(v) 0 < B < a<1 implies D(A%) C D(AP) and there exists a constant C' > 0 such that for every y € D(A%)
[A%y]|, < ClAYll -

As a consequence of the previous lemma, we obtain that the space D(A®) for all « > 0 equipped with the
inner product

(Y,2) p(any = (A%, A%2) g

for every y,z € D(A%) becomes a Hilbert space. Furthermore, we get the following result.
Lemma 2.2. Let A: D(A) C H — H be the Stokes operator. Then the operator A% is self adjoint for all o € R.

Proof. First, we show the claim for negative exponents. Recall the Stokes operator —A is self adjoint. Hence,
the semigroup (e~4%);>¢ is self adjoint as well. By equation (2.1), we get for every y,z € H and all a > 0

(A~ %y, = < /als ydtz> —F—/tf“ Y, 2), dt
0 H 0

Next, we show the claim for positive exponents. Using Lemma 2.1 (iv) and equation (2.2), we obtain for every
Y,z € D(A%) and all a > 0

g
)

/to‘ LS(t) zdt> <y,A7QZ>H. (2.2)
0

(A%, 2)y = (A%, AT A%), = (ATA%y, A%), = (y, A%2)y,
For a = 0, the claim is obvious. [

Next, we introduce the resolvent operator of —A and we state some of its basic properties. For more details,
see [38]. Let A € R be such that A\I + A is invertible, i.e. (\I + A)~! is a linear and bounded operator in the
space H. Then the operator R(\; —A) = (A + A)~! is called the resolvent operator. The operator R(\; —A)
maps H into D(A) and using the closed graph theorem, we can conclude that the operator AR(A\; —A): H — H
is linear and bounded. Moreover, we have the following representation:

= /e‘”e‘Ardr. (2.3)
0
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For all A > 0, we get |[R(A;—A)||zmr) < 1/A and since the semigroup (e=");>¢ is self adjoint, the operator

R(X\;—A) is self adjoint as well. Let the operator R(\): H — D(A) be defined by R(A) = AR(A; —A). Hence,
we get for all A > 0

IR e < 1. (2.4)

By Lemma 2.1 (iii) and equation (2.3), we obtain for every y € D(A®) with & € R

A“R(N)y = R(\)A%y. (2.5)
Moreover, we have for every y € H
Jim [|RA)y =yl = 0. (2.6)
—00

If the domain D is connected and bounded with C*° boundary 0D, then we can specify the domain of the
operator A% for a € (0,1) explicitly. Let Ap: D(Ap) C (LQ(D))n — (Lz(D))n be the Laplace operator with
homogeneous Dirichlet boundary condition defined by Apy = —Ay for all y € D(Ap). The domain is given by
D(Ap) = (H{ (D))" N (H*(D))". Then Ap is a positive and self adjoint operator and —Ap is the infinitesimal
generator of an analytic semigroup (e~4P%);~q such that |’e_ADtH£(H) < 1 for all ¢ > 0. Hence, we can define
fractional powers of the Laplace operator denoted by A% for oo € R. We get the following result.

Proposition 2.3 ([16], Thm. 1.1). Let the operator A: D(A) C H — H be the Stokes Operator and let the
operator Ap: D(Ap) C (LQ(D))n — (LQ(D))" be the Laplace operator with homogeneous Dirichlet boundary
condition. Then we have for any o € (0,1)

D(A®) = D(A%) N H.

The domain of the operator A% can be determined explicitly for o € (0, 1).
Proposition 2.4 (cf. [17), Thm. 1). Let Ap: D(Ap) C (L*(D))" — (L*(D))" be the Laplace operator with

homogeneous Dirichlet boundary condition. Then we have
(i) D(A}) = (H2Q(D))n for a € (0, i),
(ii) D(AR") € (H'/*(D))",
(iii) D(A) = (H3*(D))" forae (1.3),
(i) DAY < (H,*(D))
(v) D(A$) = (H3*(D))" for a € (2,1).

2.2. The Stokes equations

In this section, we consider the deterministic Stokes equations with nonhomogeneous boundary conditions.
Here, we restrict the problem to tangential boundary conditions. A general formulation can be found in [42].

Throughout the paper, let T" > 0. We introduce the Stokes equations with nonhomogeneous boundary
conditions:

Ey(t, z) — Ay(t,z) + Vp(t,z) = f(t,z) in (0,T) x D,
0 w1, 0.7
=g(t,z) on (0,T) x 9D,
3

(z) in D,
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where y(t, ) € R™ denotes the velocity field with initial value £(z) € R™, p(¢, ) € R describes the pressure of the
fluid, and f(¢,x) € R™ is the external force. The boundary condition g(t,z) € R™ is assumed to be tangential,
i.e.

g(t,x) -n(x) =0 on (0,T) x 9D,

where 7 denotes the unit outward normal to 9D. The goal is to reformulate system (2.7) as an evolution equation.
We define the following spaces for s > 0:

V(D) ={y e (H*(D))" :divy=0inD,y-n=0on dD},
V*(0D) = {y € (H*(0D))" : y-n =0 on dD}.

For s < 0, the space V*(9D) is the dual space of V=*(9D) with V9(dD) as pivot space. Moreover, let H*(D)/R
with s > 0 be the quotient space of H*(D) by R, i.e. H*(D)/R = {y+c: y € H*(D),c € R}. Weset ||y g+ (p)/r =
infep ||y + ¢l m=(p) for every y € H*(D)/R. The dual space is denoted by (H*(D)/R)" with H(D)/R as pivot
space.

Next, let us consider the system

(2.8)

—Aw+Vr=0 and divw=0 inD,
w=g on 0D.

In [19, 20, 42], existence and uniqueness results of a solution to system (2.8) are provided. This allows us to
introduce the Dirichlet operators D and D,, defined by

Dg=w and D,g=m,

where (w, ) is the solution of system (2.8). We get the following properties of these operators.

Proposition 2.5 (cf. [42], Cor. A.1). The operator D is linear and continuous from V*(9D) into V*+1/%(D)

for all —% < s < % If —% <s < %, then the operator D, is linear and continuous from V*(9D) into

(Hl/z_s(D)/R)/, and if 3 < s < 3, then D, is a linear and continuous operator from V*(9D) into H*~1/*(D)/R.

As a consequence of Proposition 2.3, Proposition 2.4 and Proposition 2.5, we get D € L (VO((‘?D); D(AB))
for 8 € (0,%). By the closed graph theorem, we have A°D € L (V°(8D); V°(D)). Note that V(D) = H.
Furthermore, system (2.7) can be rewritten in the following form:

%y(t) = —Ay(t) + ADg(t) + 11 f(t),

y(0) = 1I¢,

(2.9)

where the operators A and II are introduced in Section 2.1. For the sake of simplicity, we assume f(¢),£ € H
for t € [0, T]. Hence, we obtain a linear evolution equation and the solution is given by

t t

y(t) = e At + /Ae*A(t*S)Dg(s)ds + /e*A(t*S)f(s)ds.
0 0

For more details about linear evolution equations, see [3]. The following existence and uniqueness result is stated
in [42] for more general boundary conditions and f = 0.
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Theorem 2.6. Let g € L*([0,T];V°(0D)) and f € L*([0,T}; H). If a € [0,2), then for any & € D(A®), there
exists a unique solution y € L*([0,T); D(A%)) of system (2.9) and the following estimate holds:

lyllL2(o,17:040y) < C* (€l pasy + Nlgllz2o.riveomy) + 11120, 11:m)) »
where C* > 0 is a constant.

2.3. Stochastic processes and the stochastic integral

In this section, we give a brief introduction to stochastic integrals, where the noise term is defined as a Hilbert
space valued Wiener process. For more details, see [8].

Let (Q,F,P) be a complete probability space endowed with a filtration (F).cpo,r) satisfying F; = (1,5, Fs
for all ¢t € [0,7]. We denote by L(E) the space of linear and bounded operators defined on a separa-
ble Hilbert space E. Assume that (W(t))icjo,r] is an E-valued Q-Wiener process with covariance operator

Q € L(E), see (8], Def. 4.2). There exists a unique operator Q'/? € £(E) such that Q'/? 0 QY/? = Q. We
denote by E(HS)(Ql/Q( );H) the space of Hilbert-Schmidt operators mapping from Q'/?(E) into another

Hilbert space H. Let (®(t))c[0,r7 be a predictable process with values in L) (QY?(E);H) such that P-a.s.
fo |®(t Hll(Hs>(Q1/2( ) dt < o0o. Then one can define the stochastic integral

vlt) = [ ()W (s)

for all ¢ € [0,T] and we have

ﬂwwmazﬁjww@ﬁwwgm@ﬂﬂ& (2.10)
0

The following proposition is useful when dealing with a closed operator A: D(A) C H — H.
Proposition 2.7 (cf. [8], Prop. 4.30). If ®(t)y € D(A) for everyy € E, allt € [0,T] and P-almost surely,

2 2
/H(I)(t)HL(HS)(Qlﬂ(E);H)dt <oo and P /HA(I)(t)||L‘(HS)(Q1/2(E);’H)dt < 00,

then we have P-a.s. fOT @ () dW(t) € D(A) and

T T
A [ o@dW(t) = [ AD(H)dW (1)
faomor- |

Next, we state a product formula for infinite dimensional stochastic processes, which we use to obtain a
duality principle. The formula is an immediate consequence of the It6 formula, see ([8], Thm. 4.32).

Lemma 2.8. For i = 1,2, assume that X{ are Fo-measurable H-valued random variables, (fi(t))ieo,r) are
H-valued predictable processes such that P-a.s. fo | fi(®)]l2¢dt < o0, and (®;(t))ico,r) are Lius)(QV2(E);H)-

valued predictable processes such that P-a.s. fo [|D;( dt < co. For i = 1,2, let the processes

)||£(Hs>(Q1/2 (E)H)
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(Xi(t))tejo,r) satisfy for all t € [0,T] and P-a.s.

Xi(t) = X0 + / Fi(s)ds + / B, (s)AW (s).
0 0

Then we have for all t € [0,T] and P-a.s.

t

(X1 (8), Xa(8) 5 = (X0, X3),, + / [<X1(s), F2(8))ay + (Xa(5), F1(8)) g + (®1(5), <1>2(s)>E(HS)(Q1/2(E);H)] ds
0

n / (X1 (s), Ba(s)AW (s)), + / (Xa(s), 1 (5)AW (5), -

0 0

Finally, we state a martingale representation theorem for Q-Wiener processes, which we use to construct
solutions of backward SPDE’s. Let Q € L(E) be the covariance operator of a Q-Wiener process (W (t))¢cjo,17-
Recall that the operator @ € L(E) is a symmetric and nonnegative semidefinite such that Tr @ < co. Hence,
there exists a complete orthonormal system (ex)xen in E and a bounded sequence of nonnegative real numbers
(tk)ken such that Qer = pger for each k € N. Then for arbitrary ¢ € [0,T], a Q-Wiener process has the
expansion

oo

W(t) = Z\/;Tkwk(t)ek,

k=1

where (wg(t))iepo,r), k¥ € N, are real valued mutually independent Brownian motions. The convergence is in
L?(Q). Furthermore, we assume that the complete probability space (€2, F,P) is endowed with the filtration
Fi = o{Upey FF}, where FF = o{wy(s) : 0 < s <t} for t € [0,T] and we require that the o-algebra F satisfies
F = Fr. Then we have the following martingale representation theorem.

Proposition 2.9 ([22], Thm. 2.5). Let the process (M(t)):ejo,1) be a continuous Fy-martingale with values in
H such that E||M(t)||3, < oo for all t € [0,T]. Then there exists a unique predictable process (®(t))se(o,7] with

values in Lgs)(QY*(E);H) such that EfOT 12(t)]| dt < oo and we have for all t € [0,T] and
P-a.s.

2
Lus)(QV2(E)H)

M(t) = EM(0) + / B(s)dIW (s).
0

3. THE STOCHASTIC STOKES EQUATIONS

In this section, we consider the controlled stochastic Stokes equations. Here, controls appear as distributed
controls inside the domain as well as tangential controls on the boundary.

Let (Q,F,P) be a complete probability space endowed with a filtration (F;).cpo,r) satisfying F; = (1,5, Fs
for all ¢ € [0,T]. We assume that the external force f(¢) in equation (2.9) can be decomposed as the sum of a
control term and a noise term dependent on the velocity field y(t). Using the spaces and operators introduced
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in Section 2.1 and Section 2.2, we obtain the stochastic Stokes equations:

{ dy(t) = [~ Ay(t) + Bu(t) + ADv(t)] dt + G(y(t))dW (t), 51)

y(0) = ¢,

where the H-valued initial value ¢ is assumed to be Fp-measurable and the process (W (t)):cjo,7] is a Q-Wiener
process with values in H and covariance operator Q € L(H). The set of admissible distributed controls U
contains all predictable processes (u(t)):e[o,r] With values in H such that

T
E/Hu(t)ni[dt < 0.
0

The space U equipped with the inner product of L?(Q; L?([0,T]; H)) becomes a Hilbert space. Similarly, the set
of admissible boundary controls V' contains all predictable processes (v(t)):ejo,r) with values in V°(9D) such
that

T
2
E [ [o(Ol}aom dt < oc.
0

The space V equipped with the inner product of L?(Q; L?([0,T]; V°(9D))) becomes a Hilbert space. The oper-
ators B: H - H and G: H — L(HS)(QUQ(H);H) are linear and bounded. Motivated by Section 2.2, we
introduce the definition of a mild solution to system (3.1).

Definition 3.1. A predictable process (y(t))c[o,r7 With values in D(A®) is called a mild solution of system
(3.1) if

T
E [ 150 eyt < o, (52
0
and we have for ¢ € [0,T] and P-a.s.
¢ ¢ t
y(t) = e e+ / e~ A=) By(s)ds + /Ae_A(t_S)DU(s)ds + /e_A(t_S)G(y(s))dW(s).
0 0 0

We get the following existence and uniqueness result.

Theorem 3.2. Let the controls w € U and v € V be fived. If a € [0, 1), then for any & € L*(€%; D(A®)), there
exists a unique mild solution (y(t)).ejo,r) of system (5.1).

Proof. For all tg,t; € [0,T] with tg < ty, let the space Z[;, +,) contain all predictable processes ((t))eft,,¢,] With
values in D(A®) such that Efttgl ||3j(t)H2D(Aa)dt < 00. The space Zp, +,) equipped with the inner product

ty

(G.02)%,, .., :E/@l(t),lb(t»%(m)dt

to



10 P. BENNER AND C. TRAUTWEIN

for every 1,92 € Z},,+,] becomes a Hilbert space. We define for ¢ € [0, 7] and P-a.s.

t

T () =e e+ [ e A=) Bu(s)ds + [ Ae 2 Du(s)ds + [ e A G(g(s))dW (s).
/ / /

Let T1 € (0,7] and let us denote by Zr, the space Zj r,). First, we prove that J maps Zr, into itself. We
define for ¢ € [0, 7] and P-a.s.

¢ ¢ ¢

P1(t) = e_Atf—i—/e_A(t_s)Bu(s)ds, Po(t) = /Ae_A(t_S)Dv(s)ds, P3(9)(t) = /e_A(t_s)G(g(s))dW(s).
0 0 0

Recall that ||e’At||L(H) <1foralltel0,T] and B: H— H is bounded. Using Lemma 2.1 and the Cauchy-

Schwarz inequality, the process (11(t))e[o,,) takes values in D(A%) and there exists a constant C; > 0 such
that

Ty T 2

T ¢
B [ a0y dt < 2 [ [l tavelars 28 [ | [ lame e Bus)] as ) ar
0 0 0

0
2

Ty t
<AL E €]y + 20EE [ | [0 9 [Buls)lpds |
0 0

T
<Oy [EllEl2 0o +E / lu(t)|1 dt
0

Recall that APD: VO(9D) — H is bounded for all 3 € (0, ;). We choose 8 such that o < 8. By Lemma 2.1 and
Young’s inequality for convolutions, the process (12(t)):eo,1,] takes values in D(A®) and there exists a constant
C5 > 0 such that

2

T Ty t
B [ 1020l dt <E [ | [ [Jartete 200000 as ) ar
0 0 0
Ty [/ ¢ 2
§M12+Q_BIE/ /(t—s)—l—aﬂfHAﬂDv(s)HHds dt
0 0
T 2 T
<M | [emera) B [ A7 Du)f
0 0

T
< CaE [ o0 oom)
0

Due to Lemma 2.1 and the fact that the operator G: H — E(HS)(Q1/2 (H); H) is bounded, one can verify the
assumptions of Proposition 2.7 with A = A® and hence, the process (¢3(7)(t)):cjo,1,) takes values in D(A%).
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Using Lemma 2.1, Fubini’s theorem, the Itd isometry (2.10) and Young’s inequality for convolutions, there exists
a constant C3 > 0 such that

e HAa R Ye H ds dt
/||w3 ) pas / / DIz g o

T t
<MZE [ [ (6= IG@ODIE ey 200 ds

T
< Catl ™ E [ [5(0) banct (33)
0

Hence, we can conclude that for fixed § € Zp,, the process (](g)(t))te[o,;pl] takes values in D(A%) such that
f 7 (9) ”D(Aa dt < oco. Obviously, the process (J(7)(t))¢cjo,1,) is predictable. We conclude that J maps
Zp, into itself.
Next, we show that 7 is a contraction on Zr, . Recall that the operator G: H — L(s)(QY/?(H); H) is linear.
Using inequality (3.3), we get for every 41,92 € Zr,

T1 Tl
B [ 17G0)(0) = @) any it = E [ [45(01 ~ 520
0 0
<Gt E [ 316) = RO .

We choose T3 € (0,7T] such that Cnglfzo‘ < 1. Applying Banach fixed point theorem, we get a unique element
y € Zp, such that for t € [0,T1] and P-a.s. y(t) = T (y)(t).
Next, we consider for ¢ € [T7,T] and P-a.s.

J@)t) = e_A(t_Tl)y(Tl) + e_A(t_s)Bu(s)ds + [ Ae=Alt=s Dv( )ds + _A(t_S)G(gj(s))dW(s).
/ / [

Again, for a certain Ty € [T1, T, there exists a unique fixed point of J on Zp, 1. By continuing the method,
we get the existence and uniqueness of a predictable process (y(t)):epo,r) satisfying for ¢ € [0,7] and P-a.s.

y(t) = T (y)(@). O

For the rest of the paper, we assume that (y(t)).c[o,r] satisfies condition (3.2) with o = 0 and we assume
that the initial value ¢ € L?(Q; H) is fixed. To illustrate the dependence on the controls u € U and v € V, let
us denote by (y(t;u,v))epo,r) the mild solution of system (3.1). Whenever the process is considered for fixed
controls, we omit the dependency.

Next, we show some useful properties. Therefor, we need the following formulation of Gronwall’s inequality
for integrable functions. The result might be deduced from more general formulations, see [6, 51, 52].
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Lemma 3.3. Let a,z: [0,T] — [0,00) be integrable functions and let b > 0. If

t

x(t) < alt) + b/x(s)ds

0

for all t € [0,T], then

z(t) < alt) + b/eb(tfs)a(s)ds.
0

for allt € [0,T]. If a(t) is nondecreasing on [0,T], then for t € [0,T]

z(t) < a(t)e.

Corollary 3.4. Let (y(t;u,v))iepo,r] be the mild solution of system (3.1) corresponding to the controls u € U
and v € V. Then the process (y(t;u,v))iejo,r) s affine linear with respect to w and v, and we have for every
uy, uz € U and every vy,ve € V

T T T
E [ (6,00 ~ y(tiuz,00)dt < € | [ @) = ua Ol de+ B [ for(t) = 2@ omy dt| . (30
0 0 0

where C > 0 is a constant.

Proof. First, we show that (y(t;u,v))scjo,7) is affine linear with respect to u € U. Let £ = 0 and v = 0. Moreover,
let a,b € R and wuy,us € U. Recall that the operators B: H — H and G: H — L:(HS)(Ql/z(H);H) are linear
and bounded. Moreover, we have He’AtHE(H) <1 for all t € [0,T)]. By definition, we get for t € [0,7] and P-a.s.

t
y(t;aur +bug,0) —ay(t;ur,0) —by(t; ue,0) = /e*A(t*S)G(y(s;aul +busg,0)—ay(s;u1,0) —by(s;us,0))dW(s).
0

Using the It6 isometry (2.10) and Fubini’s theorem, there exists a constant C* > 0 such that for ¢ € [0, T

B ||ly(t; auy + bug,0) — ay(t;ui,0) — by(t;us, 0)||%
t
<" [ Byl +bus,0) — ay(si,0) - by(ssus, )} ds.
0

By Lemma 3.3 and Fubini’s theorem, we get EfOT lly(t; aus + bug,0) — ay(t;ur,0) — by(t; ug, 0)]|%,dt = 0. We
obtain that (y(t; u,0))se(o,r) with initial value ¢ = 0 is linear with respect to u € U. For arbitrary £ € L*(€; H)
and v € V, we can conclude that (y(t;u,v)):cjo,7) is affine linear with respect to u € U. Similarly, we obtain
that (y(t;u,v))iefo,) is affine linear with respect to v € V.
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Next, we show that inequality (3.4) holds. Let u1,us € U and vy, vy € V. Recall that A*D: V°(9D) — H is
linear and bounded for all a € (07 i) By definition and Lemma 2.1, we get for ¢ € [0, 7] and P-a.s.

t

t
y(t;sur,v1) — y(t; ug, v2) = /@_A(t_s)B[Ul(S) — ug(s)]ds + /Al_a@_A(t_s)AaD[Ul(S) — va(s)]ds
0 0

t
n /e_A(t_s)G(y(5§ U, Ul) — y(s; U2, UQ))dW(S).
0

Due to the It6 isometry (2.10), Lemma 2.1 and Fubini’s theorem, there exist constants C, Cy, C3 > 0 such that
for t € [0,T]
" 2

t
E [ly(t; w1, 01) = y(t; ua, v2)|| 7 < CﬂE/ [ur(s) = us(s)|3; ds + Co E /(t —5)* " Hvi(s) = va(s)llyo(apy ds
0 0
t

—|—C'3/IE||y(s;u1,vl) —y(s;ug,vg)H%{ds.
0

Using Lemma 3.3, Fubini’s theorem and Young’s inequality for convolutions, we get for ¢ € [0, T

E [ly(t; ur,v1) — y(t; uz, v2) |3

t t 2
< CﬂE/HUl(S) —uz(s)|3; ds + O E /(t —5)* o (s) = v2(8) o apy ds
0 0
t s s 2
€ [0 GE [ uatr) ~ ualf dr + GE | [(5 =07 o) = vellyagomy dr | | ds
0 0 0

t 2

t
<C1(1+C3e) E / lur(s) = us(s) % ds + Co E / (t = )2 [[or(s) = va(8) oo ds
0 0

CyC5 eCsty2a

t
e E/||v1(s) —uQ(s)H"‘VO(aD) ds.
0

By Fubini’s theorem and Young’s inequality for convolutions, there exists a constant C > 0 such that
T
E/ lly(t; ur, v1) = y(t; uz, v2)||7rdt
0

T t t
C t20¢
< [0+ ae®) & [ unts) — us(o)lfy ds + Coe B [ oats) = val) 3o ds |
0 0 0
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T / t 2

+CE / / (t = 5)* L 01(5) = v3(5) ooy ds |
0 0

T T
E / la () — ua(®)]1% At + E / o () = 0a(8) 2o o) dt
0 0

4. THE CONTROL PROBLEM

Due to the presence of the noise term in system (3.1), it might be the case that the velocity field of the
fluid flow reveals an undesired behavior. Thus, it is reasonable to control the velocity field in a desired way.
Motivated by [2, 5, 31, 41, 43], the control problem considered in this paper is formulated as a tracking-type
problem arising typically in data assimilation. For general fluid flows, we also refer to [27, 34, 37, 48].

Let us introduce the following cost functional:

1
T =3 / lots.0) = ya(O)d + 5 & / (Ol de+ 2 E / oy dts (1)

where (y(t;u,v))epo,r) is the mild solution of system (3.1) corresponding to the controls v € U and v € V.
The function y; € L2([0,T); H) is a given desired velocity field and x1, k2 > 0 are weights. The task is to find
controls w € U and v € V such that

J(w,v) = uelljl,lfev J(u,v).

The controls w € U and v € V are called optimal controls. Note that the control problem is formulated as an
unbounded optimization problem constrained by a SPDE. The functional J: U x V' — R given by equation
(4.1) is continuous, coercive and strictly convex, which is a consequence of Corollary 3.4. Hence, we get the
existence and uniqueness of optimal controls. For more details, we refer to [33, 54].

4.1. Necessary and sufficient optimality conditions

First, let us introduce the following systems:

{ dz1(t) = [~ Az (t) + Bu(t)] dt + G(z1(£))dW (t), 12)
21 (O) =Y
{ dzo(t) = [—Azy(t) + ADv(t)] dt + G(z2(t))dW (1),
(4.3)
2:2(0) = 07

where w € U, v € V and (W (t))¢cjo,7] is @ Q-Wiener process with values in H and covariance operator Q € L(H ).
The operators A, B, D, G and the spaces U, V are introduced in Section 2 and Section 3, respectively. We consider
the solutions of system (4.2) and system (4.3) in a mild sense according to Definition 3.1. Hence, existence and
uniqueness results can be obtained similarly to Theorem 3.2. To illustrate the dependence on the controls u € U
and v € V, let us denote by (z1(t;u))efo,r) and (z2(t;v))efo,r) the mild solutions of system (4.2) and system
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(4.3), respectively. Whenever these processes are considered for fixed controls, we omit the dependency. Similarly
to Corollary 3.4, we get the following result.

Lemma 4.1. Let (21(t;u))icjo,r) and (22(t;v))epo,r) be the mild solutions of system (4.2) and system (4.3)
corresponding to the controls w € U and v € V', respectively. Then the process (z1(t;u))icio,r) 45 linear with
respect to u and the process (Zz(t;v))te[o,T] is linear with respect to v. Moreover, we have for every ui,us € U
and every vy,ve € V.

T T
E / 21 (t501) — 21(8 un) |3t < OF / lun (8) — un (£)]1% dt,
0 0

T T
B [ laa(tiv) — sa(ti 00yt < OB [ foa(t) = va0) oom)
0 0

where C > 0 is a constant.

Next, we calculate the Fréchet derivative of the mild solution to system (3.1). Let X,Y and Z be arbitrary
Banach spaces. For a mapping f: Mx x My — Z with Mx C X, My C Y nonempty and open, the (partial)
Fréchet derivative at € Mx in direction h € X for fixed y € Y is denoted by d, f(x,y)[h]. Analogously, the
(partial) Fréchet derivative at y € My in direction h € Y for fixed z € X is denoted by d, f(z,y)[h]. We get the
following result.

Theorem 4.2. Let (y(t;u,v))ieo, 1), (21(tu))iejo,r) and (22(t;v))tecjo,r) be the mild solutions of systems (3.1),
(4.2) and (4.3) corresponding to the controls u € U and v € V', respectively. Then the Fréchet derivative of
y(t;u,v) at w € U in direction @ € U satisfies for fized v € V, t € [0,T] and P-a.s.
duy(t; u, v)[u] = 21 (t; @).
The Fréchet derivative of y(t;u,v) at v € V in direction © € V satisfies for fized w € U, t € [0,T] and P-a.s.
duy(t; u, v)[0] = 22(t;0).
Proof. First, we calculate the Fréchet derivative of y(t;u,v) at w € U in direction @ € U. Let v € V be fixed.

Recall that the operators B: H — H and G: H — L55)(Q'/?(H); H) are linear and bounded. Moreover, we
have ||e=4* Hﬁ(H) < 1forallt € [0, T]. Using the It6 isometry (2.10) and Fubini’s theorem, there exists a constant

C* > 0 such that for t € [0, T

t
E|ly(t;u+,v) —y(tiu,v) — z1(E0)[5 =E | [ e 200G (y(s;u+a,v) — y(s;u,v) — 21(s;@))dW(s)

H

0
¢
< [B st .0) - ylsi) = (s D) ds.
0
By Lemma 3.3 and Fubini’s theorem, we get

T
E/ ly(t; u+ @, v) — y(t;u,v) — 21 (t;@)||%dt = 0.
0
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Hence, the Fréchet derivative of y(t;u,v) at w € U in direction @ € U satisfies for every v € V, t € [0,T] and
P-a.s.

duy(t;u, v)[a] = 21(t; ).

Due to Lemma 4.1, the operator d,y(t;u,v) is linear and bounded on U. Similarly, we obtain the Fréchet
derivative of y(t;u,v) at v € V in direction ¢ € V. O

As a direct consequence of the previous theorem and the chain rule for Fréchet derivatives, we get the following
result.

Theorem 4.3. Let the functional J: U x V. — R be defined by (4.1). Then the Fréchet derivative at uw € U in
direction u € U for fired v € V satisfies

T T
dyJ IE/ (t;u,v) — ya(t), z1(t; ) y dt + k1 E / g dt,
0 0

where (21(t;%))¢cjo,r) 95 the mild solution of system (4.2) corresponding to the control & € U. The Fréchet
derivative at v € V in direction © € V for fixed uw € U satisfies

T T
dyJ E/ (t;u,v) —ya(t), 22(t; 0)) y dt + k2 E / Dvoap) dt,
0 0

where (22(t;0))cefo,1) 18 the mild solution of system (4.3) corresponding to the control v € V.

As a result of the previous theorem and the fact that the cost functional J: U x V' — R given by (4.1) is
strictly convex, the optimal controls @ € U and v € V satisfy the following necessary and sufficient optimality
conditions:

d,J(w,v)[a] =0, (4.4)
d,J(w,0)[0] =0 (4.5)

for every 4 € U and every © € V. For more details about optimality conditions of convex differentiable function-
als, we refer to [33, 54]. Next, we use the optimality conditions (4.4) and (4.5) to derive explicit formulas for the
optimal controls w € U and v € V. Therefor, we need a duality principle, which gives us a relation between the
Fréchet derivatives of the mild solution to system (3.1) and the adjoint equation, which is given by a backward
SPDE.

4.2. The adjoint equation
We introduce the following backward SPDE:

)0, (4.6)

{ dz"(t) = —[-Az"(t) + G*(®(2) + y(t) — ya(t)]dt + D()dW (2),
where the process (y(t))teo,7] is the mild solution of system (3.1) and y4 € L*([0,T]; H) is the desired velocity
field. The process (W (t))¢cjo,7] is @ Q-Wiener process with values in H and covariance operator @ € L(H) and
the operator G*: Ly S)(Ql/ 2(H); H) — H is linear and bounded. A precise meaning is given in the following
remark.
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Remark 4.4. Since the operator G: H — L(HS)(Q1/2 (H); H) is linear and bounded, there exists a linear and
bounded operator G*: C(HS)(QI/Q(H); H) — H satistying for every h € H and every ® € L(HS)(QUQ(H); H)

(GR), D) e @20y = (1 G (@) (4.7)

Definition 4.5. A pair of predictable processes (z*(t), ®(t))c[0,r] With values in H x Ly (QY?(H); H) is
called a mild solution of system (4.6) if

T
S Bl 01 < o E [ 10O 0y sy dt <
' 0

and we have for all ¢ € [0,7T] and P-a.s.

T T T

() = / e~ A=) G* (@ (s))ds + / =461 (y(5) — yu(s)) ds — / e~ A= (5)dTV (s).

t t t

An existence and uniqueness result is mainly based on the following lemma.

Lemma 4.6 ([29], Lem. 2.1). Let z € L*>(%; H) be Fp-measurable and let (f(t))icpo,r) be a predictable pro-

cess with values in H such that IEfOT || f(#)||%,dt < co. Then there exists a unique pair of predictable processes
(@), 0(t))iecpo,r) with values in H x Ls)(QY*(H); H) such that for all t € [0,T] and P-a.s.

T T
p(t) = e~ AT, 4 /e*A(S*t)f(s)ds — /6*A(S*t)¢(s)dW(s).
t t

Moreover, there ezists a constant ¢ > 0 such that for all t € [0,T]

T
B0l <c |20+ @ - 08 [176)Bas| (48)
t
T T
E [ 10 oy sy ds < |E sl + @ =0 [ 1)lds] (4.9)
t t

Existence and uniqueness results of mild solutions to backward SPDE’s with cylindrical Wiener processes
can be found in [29]. Similarly, we get the existence of a unique mild solution to system (4.6). Furthermore, note
that the mild solution of system (3.1) depends on the controls u € U and v € V. Thus, we get this property
for the mild solution of system (4.6) as well. To illustrate the dependence on the controls u € U and v € V,
let us denote by (2*(t;u,v), ®(t;u,v))¢cjo,r) the mild solution of system (4.6). Whenever these processes are
considered for fixed controls, we omit the dependency. For the process (2*(t;u,v))¢cjo, 17, one can show another
important regularity property. Therefore, we need a modification of Young’s inequality for convolutions.
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Lemma 4.7. Let f € LP([0,T]) and g € L([0,T]) be arbitrary. We set fort € [0,T]

h(t) = / f(s — t)g(s)ds.

Ifp,q,r > 1 satisfy % + % =141, then h € L"([0,T]) and

2l 2o,y < 1fllze o, llgll Lao,7))-

Proof. The proof can be obtained similarly to the classical version of Young’s inequality for convolutions, see
([4], Thm. 3.9.4). O

Proposition 4.8. Let (2*(t;u,v), ®(t;u,v))iep0,r) be the mild solution of system (4.6) corresponding to the
controls u € U and v € V.. Then (2*(t;u,v))icjo,1) takes values in D(A®) with € € [0,1) such that

T
B [ 12 (6.0 aodt < .
0

Proof. Since (z*(t;u,v))epo0,1) is predictable, we get for ¢ € [0,7] and P-a.s.

T

T
2" (t;u,v) =K /eiA(Sft)G*(q)(s; u,v))ds + /efA(Sft) (y(s;u,v) — ya(s)) ds| F
i t

Recall that the operator G*: E(HS)(QI/Q(H);H) — H is bounded. Using Lemma 2.1 and Lemma 4.7, the
process (2*(t))efo,r] takes values in D(A®) with € € [0,1) and there exists a constant C* > 0 such that

T
E / 1 (8w, 0) B 1e
0

T /T 2 T /T 2
<2E / / A% 4D G (@ (s: 1, 0)) | s | dt+ 2 / / 1426461 (y (51w, 0) — yals)) [5ds | dt
0\t 0\t
T /T 2 T /T 2
< 2ME2E/ /(8—t)_5||G*(<I>(s;u,v))HHds dt+2M€2E/ /(s—t)_5||y(s;u7v) —ya(s)||lgds | dt
0\t 0 \%

T T T
< & [ 18(t50,0)12,, . @uammdt +E [ luttu o)t + [ (@l
0 0 0

4.3. Approximation by a strong formulation

In general, a duality principle of solutions to forward and backward SPDE’s can be obtained by applying an
It6 product formula. This formula is not applicable to solutions in a mild sense. Hence, we need to approximate
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the mild solutions of systems (4.2), (4.3) and (4.6) by strong formulations. One method is given by introducing
the Yosida approximation of the operator A, see [8]. For applications regarding duality principles, see [15, 47].
However, we apply the method introduced in [25, 30]. The basic idea is to formulate a mild solution with values
in D(A) by using the resolvent operator R(A) introduced in Section 2.1. Thus, we get the required convergence
results and the mild solutions coincide with the strong solutions. In this section, we omit the dependence on
the controls for the sake of simplicity.

4.8.1. The forward equations

Here, we provide approximations of the mild solutions to system (4.2) and system (4.3). We introduce the
following systems:

dz1 (8, ) = [~ Az (£, \) + RO Bu(t)] dt + RO\NG (RN 21 (8, A)dW (), 10
Z1 (O, )\) = O, '

dzo(t, \) = [—Aza(t, \) + AR Du(t)] dt + RONG(R(N)za(t, X))dW (2), 1

22(0, /\) = 0, ( - )

where A > 0, u € U and v € V. The process (W (t));c[0,17 is @ Q-Wiener process with values in H and covariance
operator @ € L(H). The operators A, R(\), B, D, G and the spaces U, V are introduced in Section 2 and Section
3, respectively.

Remark 4.9. Note that the approximation scheme provided in [25, 30] differs to the approximation scheme
introduced by system (4.10) or system (4.11). Here, the additional operator R(\) arises in order to obtain a
duality principle.

We consider the solutions of system (4.10) and system (4.11) in a mild sense according to Definition 3.1.
Recall that the operators R(A) and AR(A) are linear and bounded on H. Hence, existence and uniqueness
results of mild solutions to system (4.10) and system (4.11) can be obtained similarly to Theorem 3.2 for fixed
A > 0 such that the processes (z1(t,\))icfo,r) and (22(t, A))iejo,r] take values in D(A). In the following lemma,
we state that the mild solutions of system (4.10) and system (4.11) also satisfy a strong formulation, which is
an immediate consequence of ([30], Prop. 2.3).

Lemma 4.10. Let (21(t, \))tecjo,r) and (22(t, A))eefo,) be the mild solutions of system (4.10) and system (4.11),
respectively. Then we have for fized A > 0, t € [0,T] and P-a.s.

z1(t, \) = /(fA)zl(s,)\) + R(M\)Bu(s)ds + /R(/\)G(R()\)zl(s,)\))dW(s),
0 0

zo(t, A) = /(—A)zz(s,)\) + AR(X)Du(s)ds + /R()\)G(R()\)ZQ(S,)\))dW(s).
0 0

We have the following convergence results.



20 P. BENNER AND C. TRAUTWEIN

Lemma 4.11. (i) Let (21(t))¢cjo,r) and (21(t, N))iefo,m) be the mild solutions of system (4.2) and system (4.10),
respectively. Then we have

A—00

T
lim ]E/||zl(t) — 21 (t, \)||3dt = 0.
0

(ii) Let (22(t))sejo,r) and (22(t, N))iefo,r) be the mild solutions of system (4.3) and system (4.11), respectively.
Then we have

T
Jim ]E/||z2(t) — oo, V)2t = 0.
A—o0

0

Proof. First, we show part (i). Let I be the identity operator in H. Recall that G: H — Ly5)(QY*(H); H) is
linear and bounded. By definition, we have for all A > 0, ¢ € [0, T] and P-a.s.

Z1 (t) — 21 (t, )\)

- / ¢~ A0=9)] _ R(\)]Bu(s)ds + / e~ A= G([T — R(N)] 24 (5))dW (s)
0 0

+ /e’A(t’s) [I — R(N)]G(R(N)z1(s))dW (s) + /e’A(t’s)R(A)G(R()\) [21(8) — z1(s, \))dW (s).
0 0

The remaining part of the proof can be obtained similarly to ([30], Lem. 3.1) using Lemma 3.3.
Next, we prove part (ii). By definition, we obtain for all A > 0, t € [0,T] and P-a.s.

Z92 (t) — 29 (t, )\)

= /Ae*A(tfs) [I — R(\)]Dv(s)ds + /efA(tfs)G([I— R(N)]za2(s))dW (s)
0

0

+ /e’A(t’s) [I — R(N)]G(R(N)z2(s))dW (s) + /e’A(t’s)R(A)G(R()\) [22(8) — z2(s, \)))dW (s).
0 0

Thus, we get for all A > 0 and ¢ € [0, 7]

E [|22(t) — 20(t, N[5 < 4Z0(t,N) + 4T (L, N) + 4 Z3(t, \), (4.12)

where

t 2

T,(t,\) =E / Ae= A=) — R(\)]Du(s)ds
0

To(t,\) = E / e~ A0=) ([T — R(\)]2a(5))dW (s)
0

)

H
2

)

2
+E
H

/ e~ AU= — ROVIG(R(N)2a(s))dW (s)
0

H
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Is3(t,\) = E / e AU RING(R(N) [22(s) — 2z2(s, \)])dW (s)

Recall that D: V9(9D) — D(A®) for all o € (0,1). Using Lemma 2.1, equation (2.5), Fubini’s theorem and
Young’s inequality for convolutions, there exists a constant Cy > 0 such that for all A > 0 and all ¢ € [0, T]

t t 2

/ Ty(s,\) ds < E / / |46 — RO A D) ar | as
0 0

<C\E / I = ROJA“Do(8)|2, dt. (4.13)
0

Recall that He‘AtHL(H) <1 for all ¢ € [0,T]. Due to the Itd isometry (2.10) and Fubini’s theorem, there exists
a constant C > 0 such that for all A > 0 and all ¢ € [0, 7]

t t s
2
To(s,\)ds < | E He—A(S—”G T — R(\)]za(r H drds
[mends< [6] 1= EW=0O, i
0 0 0
t s )
T IE/H@‘A(S"”)I—R)\ G(R(N)zo(r H drds
/ T ROIGERN2O,
0 0
T T

<Ca |B [ 111 = BOJa(0)y e+ B [ 17 = ROVGRO)aO)I o 2y | - (414)
0 0

By the It6 isometry (2.10), inequality (2.4) and Fubini’s theorem, there exists a constant Cs > 0 such that for
all A >0 and all t € [0,7]

t

Tyt \) < Cs / E ||za(s) — 2a(s, )| ds.
0

Due to inequality (4.12), we get for all A > 0 and ¢ € [0, 7

t
E||zo(t) — za(t, N[5 < 4 Za(t, A) + 4 To(t, \) + 4Cs /]E | 22(s) — za(s, \)||3; ds.
0

Applying Lemma 3.3, we obtain for all A > 0 and ¢ € [0, T

t
E||z2(t) — 22(t, /\)||§{ < ATy (t,N) + 4 To(t, \) + 1603231 /[Il(s, A) + Za(s, N)]ds.
0
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Using Fubini’s theorem, inequality (4.13) and inequality (4.14), there exists a constant C* > 0 such that for all
A>0

T T T
E / loa(t) — 2ot \)|% dt < C*E / Il — ROV)]A®Du(t)|% dt + C*E / I = RO (0)| dt
0 0 0

T
+C7E [ 11 = ROVIGRO(0)12 1 01000 2
0

By equation (2.6) and Lebesgue’s dominated convergence theorem ([4], Thm. 2.8.1), we can infer

T
AILIEOE/H,Zg(t) (N dt = 0.
0

4.3.2. The backward equation

Here we provide an approximation of the mild solution to system (4.6). We introduce the following backward
SPDE:

{ 42"(1,0) = ~[=AZ"(6.) + ROVGT (ROVB(E ) + ROY(0) = ya()lde + (VAW @),

2*(T,\) =0,

where A > 0. The process (y(t))¢cjo,r] is the mild solution of system (3.1) and (W (t)):eo,1) is a Q-Wiener
process with values in H and covariance operator Q € L£(H). The function y4 € L?([0,T]; H) is the desired
velocity field. The operators A, R(\), G* are introduced in Section 2.1 and Section 4.2, respectively. We consider
the solution of system (4.15) in a mild sense according to Definition 3.1. Recall that the operators R(A) and
AR()) are linear and bounded in H. Hence, existence and uniqueness results of the mild solution to system
(4.15) can be obtained similarly to [29] such that the pair of processes (2*(t,\), ®(t,\))e[o,r) takes values
in D(A) x Lysy(QY?(H); H). In the following lemma, we state that the mild solution of system (4.15) also
satisfies a strong formulation, which is an immediate consequence of Theorem 4.2 from [1].

Lemma 4.12. Let the pair of stochastic processes (z*(t, A), ®(t, \))iejo,1) be the mild solution of system (4.15).
Then we have for fized A > 0, all t € [0,T] and P-a.s.

T T
25, N) = /(fA)z*(s, A) + RAG*(R(AN)D(s,\) + R(N) (y(s) — ya(s))ds — /@(s, A)dW (s).

We have the following convergence results.
Lemma 4.13. Let (2*(t), ®(t))icjo,r) and (2*(t, A), ®(t, A))ecjo,r) be the mild solutions of system (4.6) and
system (4.15), respectively. Then we have

lim sup E|z*(t) —2*(t,\)|% =0,
A—o00 te[0,T)
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Jim B [ 1200) = (6 VI, qursqnymdt =0
0

Proof. Recall that the operator G*: ﬁ(HS)(Ql/z (H); H) — H is linear and bounded. By definition, we get for
all A\ >0, all t € [0,T] and P-a.s.

() — 24 (8, \) :/e (=DG*([T - R(\ ds+/e_‘4(s [ — ROVIGH(R(V)D(s))ds

t

4 / e AETD R(NGH (R(N)[®(s) — ®(s,A)])ds + / e AT — ROV)] (y(s) — als)) ds

T
— / e AT [B(s) — B(s, A)]dW (s),

where [ is the identity operator on H. Note that the assumptions of Lemma 4.6 are fulfilled. Thus, inequalities
(4.8) and (4.9) hold. Let Ty € [0,T). We obtain for all A >0

S B () = 20 V)]s < 46l = T L) + TV, (4.16)
T7

B [ 190 = NI, 0 oy < 16T~ T0) L) + TN (417
T

where
T
Zi(N) = ]E/ [IG* (I = RO + 1T = ROVIG(RN)@(0)[I7r + IIT = ROV (y(t) — ya(t)) ||7] dt
T
= ]E/ [RO)G*(R(N)[®(t) — D(t, N)])|[7dt.

Using equation (2.6) and the Lebesgue’s dominated convergence theorem ([4], Thm. 2.8.1), we can conclude

lim Z;(\) = 0. (4.18)

A—00

By inequality (2.4), there exists a constant C* > 0 such that for all A > 0

A) <C*E / EIOIEE TUNFIpy—"3 (4.19)
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Due to inequality (4.17) and inequality (4.19), we get for all A > 0

B[ 1900) =0 N, gu st < 46T~ T T3 +40C (1~ TE [ 1000
T

We chose Ty € [0,T) such that 4cC*(T — T1) < 1. Thus, we have for all A > 0

4C(T Tl) Il ()\)

/||<1> P M2 sy @2t < 7 —4cCH(T —Th)’

Due to equation (4.18), we can conclude

,\IHEOE/ [@(%) t NZ sy (@12 (rrysarydE = 0.

Using inequality (4.16), inequality (4.19), equation (4.18) and equation (4.20), we have

lim sup E|z*(t) —2*(t,\)||% = 0.
)\—>°°te[T1 T)

By definition, we get for all A > 0, all ¢ € [0, T3] and P-a.s.

T

)\)||2£(HS)(Q1/2(H);H)

dt.

(4.20)

2 () — 25 (8, ) = e~ ATTD [ (Ty) — 2 (Ty, \)] + / e~ AG=D[G* (B(s)) — RO)G(R(\)®(s, \))]ds

Again, we find T € [0,T1] such that

lim  sup E|z*(t) — 2*(t,\)||%dt = 0,

A— 00 tE[TQ,Tl]
Jim E / I(E) = DN, 172 a0, =0

By continuing the method, we obtain the result.

5. MAIN RESULTS

In this section, we derive a duality principle. Since we formulated a control problem with simultaneous
distributed controls and boundary controls, we obtain two equations. The first equation gives us a relation
between the mild solution of system (4.2) and the mild solution of the adjoint equation (4.6). The second
equation provides a relation between the mild solution of system (4.3) and the mild solution of the adjoint
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equation (4.6). As a consequence, we can utilize the necessary and sufficient optimality conditions (4.4) and
(4.5) to deduce explicit formulas for the optimal controls.

5.1. Duality principle

Based on the results provided in the previous sections, we are able to show the following duality principle.

Theorem 5.1. Let (y(t;u,v))iepo, ) and (2*(t;u,v), ®(t;u,v))iejo,r) be the mild solutions of system (3.1) and
system (4.6) corresponding to the distributed control uw € U and the boundary control v € V', respectively. More-
over, let (21(t;1))sefo,r) and (22(t;0))ieo, 1) be the mild solutions of system (4.2) and system (4.8) corresponding
to the controls @ € U and © € V, respectively. Then we have for all o € (0, %)

Ot — iy O —

E | (y(t;u,v) —ya(t), z1(t; ) gy dt =E [ (2" (t;u,v), Ba(t)) 5 dt, (5.1)

E [ (y(t;u,v) —ya(t), 20(t:;0)) pdt = E | (A" (t; u,0), A*Dio(t)) , dt. (5.2)

Ot — g O

Proof. For the sake of simplicity, we omit the dependence on the controls. First, we prove the result for the
approximations derived in Section 4.3. Let (21(f, A))seo,r] and (22(t, A))¢efo,r] be the mild solutions of system
(4.10) and system (4.11), respectively. Using Lemma 4.10, we have for all A > 0, ¢ € [0,T] and P-a.s.

216, A) = [ (—A)z1(5,A) + R(A s)ds+ [ R(X A)z1(s, A))dW (s), (5.3)
0/ 0/
zo(t,A) = [ (—A)za(s,A) + AR(A s)ds+ [ R(A A za(s, A))dW (s). (5.4)
0/ 0/

Next, let the pair of stochastic processes (2*(t, A), ®(t, A))ie[o,7) be the mild solution of system (4.15). Due to
Lemma 4.12, we get for all A > 0, all ¢ € [0,T] and P-a.s.

T T

25 (t, ) = /(—A)z*(s7 A) + R(A)G*(R(N)®(s,\)) + R(N) (y(s) — ya(s))ds — /@(s, A)dW (s). (5.5)

t t

By definition, the process (2*(t, A))¢cjo,7] is predictable. Hence, we have for all A > 0, all ¢ € [0,T] and P-a.s.
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By the martingale representation theorem given by Proposition 2.9 with (M (t))¢cjo,7] satisfying for all ¢ € [0, T
and P-a.s.

)

=E [/ (s, ) + RA)GT(RA)D(s, M) + R(A) (y(s) — yals)) ds| i
0

there exists a unique predictable process (V(t,\));c[o,r) with values in L1rs)(QY?(H); H) such that for all
A>0,all ¢t €[0,7] and P-a.s.

() =E

T
/(—A)Z*(S, A) + RNGT(RA)D(s, M) + R(A) (y(s) — yals)) d8]
0

t t

(8, A\) + RIN)G*(R(AN)®P(s,A) + R(N) (y(s) — ya(s))ds + /\II(S, A)dW (s). (5.6)
0

Since the pair (2*(t,A), ®(¢, A))¢ejo, 1) satisfies equation (5.5) uniquely, we can conclude W(t,\) = ®(t, ) for
all A > 0, almost all ¢ € [0,T] and P-almost surely. Applying the It6 product formula given by Lemma 2.8 to
equation (5.3) and equation (5.6), we get for all A > 0, all ¢t € [0, 7] and P-a.s.

(216, N), 25 (6, N gy = Ta (8, A) + Ta(t, N) + T (t, \) + Zu(t, N),

where

Ti(t,A) = | [(z1(s,A), Az"(5,N)) p — (2" (5, A), Az1(s, A)) ] ds,

- o\ﬁ

ot N) = [ [(ROVGRO)21(5,0), (5, M) 2,0 @u20anyn) — (105, 0, ROVG (ROVE(5, 1) ] s,

t

(250 ROB(s)) s — [ (2150, ROV (0(5) = as)) 1 .

/ z1(s, A), ®(s, \)dW (s)) 4 +/(z*(s,)\),R()\)G(R()\)zl(&)\))dW(S))H

0

Zs(t,\) =

Lo~ . °

By definition, we have z*(T, A) = 0 for all A > 0 and P-almost surely. Hence, we obtain for all A > 0 and P-a.s.
0=T1(T,\) + (T, \) + Z3(T, \) + Z4(T, \).

Since the operator A is self adjoint, we have for all A > 0 and P-a.s. Z;(T,\) = 0. Recall that the operator
R(\) is self adjoint on H. Using equation (4.7), we obtain for all A > 0 and P-a.s. Zo(T,A) = 0. Note that
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EZ4(T, ) =0 for all A > 0. We can conclude 0 = EZ5(T, A) for all A > 0 and hence, we have for all A > 0

T T
IEO/ Nz (8, ), y(t) — ya(t)  dt _IEO/<R()\)2*(t, N), Bii(t)) ; dt. (5.7)

Next, we show that the left hand side and the right hand side of equation (5.7) converge as A — oo. By the
Cauchy-Schwarz inequality and inequality (2.4), we have for all A > 0

T 2

T
E / (21(0),y(t) — yat)) y dt — E / (RN 21 (6 A), y(t) — ya(t))
0 0

T T
<2lE / (U — ROVIz1(0) y() — ya(t)) y | +2[E / ) — 2206 A), y(0) — a(®)) 5 dt
0 0

T T T
<4 (E / (@)% d + / yd<t>||zdt> (E / I - ROV ()] dt + B / 1t —zl<t,A>||zdt> .

Using equation (2.6), Lebesgue’s dominated convergence theorem ([4], Thm. 2.8.1) and Lemma 4.11, we can
conclude

T

lim E / (R(N)21(6, ), y(t) = ya(t))  dt = E / (21 (), y(t) = ya(t) . (5.8)
0

A— 00
0

Recall that the operator B: H — H is bounded. Similarly as above, there exists a constant C* > 0 such that
forall A >0

T T
]E/ dt—IEO/ ), Bii(t)) , dt

0

T
2 |E 2 (1), Bi(t)) y dt| +2 ]E/ — 25(t,\)), Bi(t)) ; dt
0

T
0/
T
( /u ||Hdt)( /nf RO (% dt + sup Enz()z*(t,mni)-
A t€[0,T)

By equation (2.6), Lebesgue’s dominated convergence theorem ([4], Thm. 2.8.1) and Lemma 4.13, we can infer

T

T
lim E/(R(/\)z*(t,)\),Bﬂ(t»H dt :E/<z*(t),Bﬂ(t)>Hdt.
0

A—00
0

We conclude that the left hand side and the right hand side of equation (5.7) converge as A — oo and equation
(5.1) holds.
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Next, we show that equation (5.2) holds. Again, we apply Lemma 2.8 to equation (5.4) and equation (5.6).
Similarly to equation (5.7), we find for all A > 0 and all o € (0, 1)

=
O\»’ﬂ

T
Nz2(t, A), y(t) — ya(t)) At = IE/ (R(NA'™2*(t, \), A Du(t)) ,, dt. (5.9)
0

Similarly to equation (5.8), we can conclude
T

T
lim E / (R(N)22(t, \), y(t) — ya(t)) ydt = E / (22(1),y(t) — ya(t)) r dt.
0

A—00
0

Recall that the operator A*D: VO(9D) — H is bounded for all o € (0, 1). Hence, the process (A*Do(t))se(0,7]

takes values in H such that E fOT |A“Do(t)]|2,;dt < oo. Since D(A'~%) is dense in H, there exists a sequence of
processes (vm(t))icjo,r), m € N, taking values in D(A'~%) such that

B [ o () ar-oydt < o
0

for each m € N and

m—r oo

lim IE/ |A“Do(t) — vy (t)||3dt = 0.

Due to Proposition 4.8, the process (2*(t));e[0,7] takes values in D(A'~%) for all o € (0, 1). By equation (2.5),
Lemma 2.2, the Cauchy-Schwarz inequality7 inequality (2.4) and Fubini’s theorem, there exists a constant C* > 0
such that for all A > 0, all & € (0, %) and each m € N

2

E/(Al_az*(t),vm(t)>H dt—IE/<R(/\)A1‘O‘z*(t,)\),vm(t)>Hdt
0 0
T 2 T 2
<9 E/([I—R(A)]z*(tml—% ), dt| +2 ]E/ L) A (1)), dE
0 0

T
E / [vm () ar-ay dt | [ E / 11 = RO)]=* ()5 dt+ts[%;; ]E 12*(8) — 2" (& M 3
<|0,
0 0

Using equation (2.6), Lebesgue’s dominated convergence theorem ([4], Thm. 2.8.1) and Lemma 4.13, we can
infer for each m € N

T

lim E / (ROVA 2" (£, ), v (1)), dt = E / (A (1), v (1)), dt.

A— 00
0
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Due to the Moore-Osgood theorem ([45], Thm. 7.11), we get

T

Jin E / (ROVA™2*(1,X), A°Di(1)) , dt = lim_lim E / (ROVA 25 (8, 3), 0 (1))
0

T

= lim lim IE/<R(>\)A1’az*(t,)\),vm(t)>Hdt
0

=E | (A'7°2*(t), A*Di(t)),, dt.
0/ .

We conclude that the left hand side and the right hand side of equation (5.9) converge as A — oo and equation
(5.2) holds. O

5.2. The optimal controls

Based on the optimality conditions given by equation (4.4) and equation (4.5), we deduce formulas of the
optimal controls using the duality principle derived in the previous theorem.

Theorem 5.2. Let (2*(t;u,v), ®(t;u,v))ieo,1) be the mild solution of system (4.6) correspondmg to the controls

u €U and v € V. Then the optimal controlsw € U and v € V satisfy for all o € (0, ), almost all t € [0,T] and
P-a.s.

1

u(t) = —— B*2*(t;w, ), (5.10)
K1
1

o(t) = - K* A= (t;7,7), (5.11)
2

where B* € L(H) and K* € L(H;V°(0D)) are the adjoint operators of B and K = A®D, respectively.

Proof. Let (y(t;u,v))efo,r) and (21(t;u))iejo,r) be the mild solutions of system (3.1) and system (4.2) corre-
sponding to the controls u € U and v € V, respectively. Using equation (4.4) and Theorem 4.3, the optimal
control w € U satisfies for every @ € U

T T
]E/ (t;,0) — ya(t), z1(t; @) y dt + k1 E / dt = 0.
0 0

By equation (5.1), we obtain for every a4 € U

T T
E/(f(t;a,a),Bﬁ(t))HdHmE/@(t),a(t»H dt = 0.
0 0

Hence, we get for every @ € U

E [ (B*z*(t;w,v) + k1 u(t), a(t)) ; dt = 0.
0/ ’
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Therefore, the optimal control @ € U satisfies equation (5.10) for almost all ¢ € [0,7] and P-almost surely.
Let (22(t;v))tefo,7) be the mild solution of system (4.3) corresponding to the control v € V. Due to equation
(4.5) and Theorem 4.3, the optimal control T € V fulfills the following equation for every v € V:

T T
IE/ (t:0,7) — ya(t), 22(t;0)) y dt + Ko E / ) voapy dt = 0.
0 0
By equation (5.2), we have for all o € (0, 1) and every o € V
T T
IE/ (A'2*(t;u,v), A*Do(t)) dt+ngE/ t))vo(apy dt = 0.
0 0
Hence, we get for all o € (0, 1) and every 0 € V

dt = 0.

T
]E/ (K*A'™22* (t;u,0) + ko (t) ~t>>v°(6D)
0

Therefore, the optimal control T € V satisfies equation (5.11) for all o € (0, 1), almost all ¢ € [0, 7] and P-almost
surely. O

Remark 5.3. Let us denote by (7(t))iefo,7] and (2*(t), ®(t))sejo,r) the mild solutions of system (3.1) and system
(4.6) corresponding to the optimal controls @ € U and T € V, respectively. As a consequence of the previous
theorem, the optimal state (7(t)):e[o,7) can be computed by solving the stochastic boundary value problem
imposed by the following system of coupled forward-backward SPDEs:

dg(t) = |- Ag(t) - Hi BB*3(t) — Hi ADK* Az ()| dt + G((e)dw (1),

A7 (1) = — [~ AZ*(t) + G (B(8)) + (1) — ya(t)] dt + BHAW(H), (5.12)

j0)=¢, = (T)=0.

6. CONCLUSION

In this paper, we considered a control problem constrained by the stochastic Stokes equations on connected
and bounded domains with linear multiplicative noise, where controls are defined inside the domain as well as
on the boundary.

We proved an existence and uniqueness result for the mild solution of the stochastic Stokes equations depen-
dent on inhomogeneous tangential boundary conditions. Based on the Fréchet derivative of the cost functional,
we stated necessary and sufficient optimality conditions the optimal distributed control as well as the optimal
boundary control have to satisfy. Using the adjoint equation given by a backward SPDE, a duality principle
was derived from which we deduced explicit formulas for the optimal controls. As a consequence, the optimal
velocity field can be obtained by solving a system of coupled forward-backward SPDEs.

For engineering applications to control problems of fluid dynamics, the inflow is often used as a boundary
control, see [42] and the references therein. These boundary controls can not be covered by tangential boundary
conditions and thus remain as an open problem.
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