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AN EXTRAGRADIENT-TYPE ALGORITHM FOR VARIATIONAL
INEQUALITY ON HADAMARD MANIFOLDS

E.E.A. BatistaA'*, G.C. BENTO? AND O.P. FERREIRA?

Abstract. This paper presents an extragradient method for variational inequality associated with a
point-to-set vector field in Hadamard manifolds, and a study of its convergence properties. To present
our method, the concept of e-enlargement of maximal monotone vector fields is used, and its lower-
semicontinuity is established to obtain the method convergence in this new context.
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1. INTRODUCTION

In its classical formulation, the variational inequality problem is an inequality involving an operator, which
has to be solved for all possible values of a given variable belonging to a convex set in a liner space. It is
well known that the variational inequality problem is an abstract model for various problems in classical
analysis and its applications, where the convexity and linear structure plays an important role. However, in
many practical applications, the natural structure of the data are modeled as constrained optimization prob-
lems, where the constraints are non-linear and non-convex; more specifically, they are Riemannian manifolds
[1, 4, 8,8-12, 22, 25, 30, 31, 33, 35, 43, 45]. Due to such applications, interest in the development of optimization
tools as well as mathematical programming methods to Riemannian settings has increased significantly. Papers
published on this topic include, but are not limited to [2, 3, 7, 17, 18, 23, 26, 32, 46, 47, 49, 53-55].

In this paper, we consider finding a solution to a variational inequality problem on Riemannian context, first
introduced and studied by [42], for univalued vector fields on Hadamard manifolds, and for multivalued vector
fields on general Riemannian manifolds by [36]. For recent works addressing this subject, see [27, 38, 50, 51]. It
is worth noting that constrained optimization problems, and the problem of finding the zero of a multivalued
vector field, studied by [2, 7, 21, 28, 37, 53], are particular instances of the variational inequality. The aim of
this paper is to present an extragradient-type algorithm for variational inequality associated with a point-to-set
vector filed in Hadamard manifolds, and to study its convergence properties.

In our method, we utilize the concept of e-enlargement introduced by [16] in Euclidean spaces, and general-
ized by [6] to the Riemannian context. It is worth mentioning that the concept of e-enlargement in linear spaces
has been successfully employed for a wide range of purposes as presented by [15], and its reference therein.
In particular, the e-enlargement concept was used to establish the iteration complexity of the hybrid proximal
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extragradient method, see [40]. The convergence analysis of the extragradient algorithm in linear setting asso-
ciated to a point-to-point operator cannot be automatically extended to point-to-set operator. As remarked by
[34], the reason for this failure is the lack of lower-semicontinuity of the arbitrary maximal monotone operator.
[34] showed that the e-enlargement of arbitrary maximal monotone operators are lower-semicontinuity, and then
extended the extragradient algorithm to point-to-set operator. In this paper, we show that lower-semicontinuity
remains valid for the e-enlargement of arbitrary maximal monotone vector fields, and this allowed us to prove the
convergence of the extragradient algorithm for variational inequalities associated to a point-to-set vector filed
in Hadamard manifolds. Finally, we state that the proposed method has two important particular instances,
namely, the methods (3.1) of [34] and (4.1) of [48].

The remainder of this paper is organized as follows: in Section 1.1, some notations and basic results used in
the paper are presented; in Section 2, the concept of enlargement of monotone vector fields is introduced and
some properties are obtained; in Section 3, an extragradient algorithm for variational inequalities is presented
and its convergence properties are studied; and, finally, the conclusions are presented in Section 5.

1.1. Notation and terminology

In this section, we introduce fundamental properties and notations for Riemannian geometry. These basic
facts can be found in any introductory book on Riemannian geometry, such as in [24] and [44].

Let M be a n-dimentional Hadamard manifold. In this paper, all manifolds M are assumed to be Hadamard
finite dimensional. We denote by T, M the n-dimentional tangent space of M at p, by TM = UpenT,M the
tangent bundle of M, and by X (M) the space of smooth vector fields on M. The Riemannian metric is denoted
by (, ), and the corresponding norm by || ||. Denote the length of piecewise smooth curves v : [a,b] = M joining
p to g, i.e., such that y(a) = p and v(b) = ¢, by £(7y) and the Riemannian distance by d(p, ¢), which induces the
original topology on M, namely, (M, d) is a complete metric space and bounded and closed subsets are compact.
For A C M, the notation int(A) means the interior of the set A, and if A is a nonempty set, the distance from
p € M to A is given by d(p, A) := inf{d(p,q) : q€ A}

Let V be the Levi-Civita connection associated to (M, (, )). A vector field V along + is said to be parallel
if V.,V = 0. If o/ itself is parallel, we say that v is a geodesic. Given that geodesic equation V .4 =0 is a
second order nonlinear ordinary differential equation, then geodesic v = 7,(.,p) is determined by its position
p and velocity v at p. It is easy to check that ||7'|| is constant. We say that v is normalized if ||'|| = 1. The
restriction of a geodesic to a closed bounded interval is called a geodesic segment.

As M is a Hadamard manifolds, the length of the geodesic segment v joining p to ¢ it is equal to d(p, ¢). The
parallel transport along « from p to g is denoted by P, : T,M — T, M. The exponential map exp,, : T,M — M,
defined by exp, v = v,(1,p), is a diffeomorphism and, consequently, M is diffeomorphic to the Euclidean space
R", n =dimM.

Let ¢ € M and exp,' : M — T,M be the inverse of the exponential map. Note that d(q, p) = [|exp,* ql[,
the map d?l : M — R defined by dg(p) = d?(q,p) is C* and grad dg(p) = -2 exp[j1 q.

Furthermore, we know that:

d*(p1,ps) + d*(ps, p2) — 2 (expy, p1,exp,. p2) < d*(p1,p2),  P1,p2,p3 € M. (1.1)

(expy, p1, exp,, p3) + (exp,' p1, exp, ! p2) > d*(p2,ps). p1,p2,p3 € M. (1.2)

A set, Q C M is said to be convez, if any geodesic segment with end points in §2 is contained in €. That is, if
v :[a,b] = M is a geodesic such that z = v(a) € Q and y = y(b) € Q; then v((1 —t)a +tb) € Q for all ¢t € [0,1].
Let Q C M be a convex set and p € M. Thus, the projection Pq(p) :={G € Q : d(¢,p) < d(¢g,p), ¢ € Q} of p
onto (2 satisfies:

<exp;é(p) q, eXp;é(p) p> <0, q€Q, (1.3)
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as presented by Corollary 3.1 from [28]. The metric projection onto a nonempty, closed and convex subset Q C M
is a firmly nonexpansive mapping ([39], Cor. 1). As a consequence, the projection mapping is nonexpansive, i.e.
there holds

d(Pa(p),Palq)) <d(p,q)  p,geQ. (1.4)

Lemma 1.1. Let p,g € M and {p*},{q*} C M be such that limy_, oo p* = p and limy,_, | o ¢* = G. Then, the
following assertions hold.

i) For any q € M, limp_, 4 eXp;k,1 q= expg1 q and limy_, 4 o exp;1 pF = exp;lﬁ;

i) If v* € TeM and limy_, 4 v =7, then v € TpM;

iti) For any u € TzM, the function F' : M — TM defined by F(p) = Pppu each p € M is continuous on M ;

i) limg_ oo exp;k1 ¢ = expg1 q.
Proof. For items (i), (ii) and (iii) see Lemma 2.4 from [37]. For the item (iv), using triangular inequality we
obtain || exp  ¢F — Py exps ' q ||<|| exp it df —explq || + || exp ot @ —Pyspx exps PG || . As M has nonpositive

pk q pp pp qil> ppk q ppk q ppk q ppk pp q . 1Y

curvature, || exp;k1 q — exp;,} 7 ||< d(q*,q). It follows then that:

l'expyt ¢* — Pypeexpg '@ [|< d(q, @)+ || expp G — Pprexpy ' || -

Taking limit as k goes to infinity in the last inequality, and combining items (i) and (iii), we conclude that
limg 4 o0 exp;k1 ¢* =exp,' q. O

In the following, we present a property of the parallel transport, which will be important to prove our main
result:

Lemma 1.2. Let p € M, v € T;M, t € [0,1), {p*} c M, {v*} C T,oM and {tx} C (0,1) be such that
limp oo p® = P, limp 0ov® = 0 and limg_, oo tp = t. Let {¢*} be defined by ¢* = exp,k tpo®, for all

k=0,1,.... Then, there holds limp_, oo PprqvE = PpqV. where q := exp, 0 = limg_ 4 o0 q".

pkq
Proof. As M is a Hadamard manifold and ¢* = eXpPpk tvF, for all k = 0,1,..., we have
1
— —exp i gF =0k, k=0,1,... (1.5)
tr p

Hence, the definition of a parallel transport along of the geodesic v (t) = eXPpk tv* implies that:

1 —1 k 1 -1 _k k
T XD €XPpr VT = —5 exp . Pt = Pprgrv”, k=0,1,...

Thus, taking the limit as k& goes to +00, and using Lemma 1.1, we conclude that

1
. k 1 _
kgr}_loo P v™ = T3 exp;  exp; U.

As q = limy_, 4 o ¢¥, taking limit as k goes to +oo in (1.5), and combining with the last equality, we obtain the
desired result. O

Let 2 C M be a convex set, and p € . Following [37], we define the normal cone to Q at p by:

Na(p) :={w e T,M : <w,exp;1 q) <0, g€ Q}. (1.6)
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Given a multivalued vector field X, the domain of X is the set domX := {pe M : X(p) # @}. We also
need to define the quantity mx () := sup,cq {|lull : v € X(q)}. We say that X is locally bounded iff, for all
p € int(dom X), there exist an open set U C M such that p € U, and there holds mx (U) < 400, and bounded on
bounded sets . Iff for all bounded set V' C M such that its closure V C int(dom X), it holds that mx (V) < +o0,
see an equivalent definition in [37]. The multivalued vector field X is said to be upper semicontinuous at
p € domX iff, for any open set V' C T, M such that X (p) € V, there exists an open set U C M with p € U such
that P, X(q) C V, for any ¢ € U. For two multivalued vector fields X,Y on M, the notation X C Y implies
that X (p) C Y(p), for all p € M.

Definition 1.3. A sequence {p*} C (M, d) is said to Fejér convergence to a nonempty set W C M if, for every
q € W, we have d?(q,p**!) < d?(q,p*), for k=0,1,... and g € W.

Proposition 1.4. Let {p*} be a sequence in (M, d). If {p*} is Fejér convergent to nonempty set W C M, then
{p*} is bounded. If furthermore, an accumulation point p of {p*} belongs to W, then limy_,o. p* = p.

Lemma 1.5. Let {py} be a sequence of positive real numbers and 0y > 0. Define the sequence {0k} by Opy1 =
Minimize{0, pr.}. The limit 0 of {0} is equal to 0 iff 0 is a cluster point of {pi}.

Proof. See Lemma 4.9 from [34]. O

A multivalued vector field X is said to be monotone iff
<quu — v, exp;1p> >0, p, ¢ € domX, wue€ X(p), ve X(q). (1.7)

Moreover, a monotone vector field X is said to be mazimal monotone, iff for each p € dom X and v € T, M,
there holds:

<quu — v, exp;1p> >0, g €domX, wveX(qg = ueX(p). (1.8)

The concept of monotonicity in the Riemannian context was first introduced in [41], for a single-valued case and
in [19] for a multivalued case. Further, the notion of maximal monotonicity of a vector field was introduced by
[37], and Theorem 5.1 from [37] showed that the subdifferential of the convex function is maximal monotone.
The next result is an extension to the Hadamard manifolds of its counterpart Euclidean and its proof is an
immediate consequence of the definition of maximal monotonicity and normal cone, respectively.

Lemma 1.6. Let Q C M be a convex set and X be a mazximal monotone vector field such that dom X = M.
Then, X + Nq is a maximal monotone vector field.

A multivalued vector field X is said to be upper Kuratowski semicontinuous at p if, for any open set V'
satisfying X (p) C V C T,M, there exists an open neighborhood U of p such that P,,X(¢q) C V for any g €
U. When X is upper Kuratowski semicontinuous, for any p € domX, we say that X is upper Kuratowski
semicontinuous [37]. It has been showed in [37] that maximal monotone vector fields are upper semicontinuous
Kuratowski and, if additionally domX = M, then X is locally bounded M.

2. THE ENLARGEMENT OF MONOTONE VECTOR FIELDS

In this section, we recall some properties of the e-enlargement of maximal monotone vector fields and show its
lower semicontinuous to obtain the convergence of the extragradient method. We begin by recalling the notion
of e-enlargement for multivalued vector fields on Hadamard manifolds introduced in [6].

Definition 2.1. Let X be a multivalued monotone vector field on M and € > 0. The e-enlargement X : M =
TM of X is the multivalued vector field defined by:

X(p) :={ueT,M : (Pyu—nv, exp;1p> > —¢, g€ domX, ve X(q)}, p € domX. (2.1)
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Now, we present a specific example to show how large the enlargement can become.

Example 2.2. Let ¢ > 0 and p € M. Define the closed ball at the origin Oz, s of T}, M and radius 2v/2¢ by
B {OTPM7 2@} = {w eT,M :|w|< 2\/2}.

Denoted by 9°d2(-), the enlargement of the vector field ddZ(-) = {grad d2(-)}. In Example 3.1 from [6] we showed
that 9d2(p) + B [0, a1, 2\/%] C 9°d2(p), for all p € M.

The next proposition is a combination of Propositions 2.6 and 2.2 from [6].

Proposition 2.3. Let X be a monotone vector field on M and € > 0. Then, domX C domX¢€. In particular, if
domX = M then domX® = domX. Moreover, if X is mazimal monotone then X° = X and X°¢ is bounded on
bounded sets.

Throughout the paper we will also need of the following properties of e-enlargement of maximal monotone
vector fields. Its proofs can be found in Proposition 2.3 from [6].

Proposition 2.4. Let X, Xy and X5 be multivalued monotone vector fields on M and €, €q,€e2 > 0. Then, there
hold:

Z) If 1 > €3 > 0 then X2 C X,
i) X+ XS C (X) + Xa)ate;
iii) X<(p) is closed and convex for all p € M;
i) aX® = (aX)* for all a > 0;
v) aXf+ (1 —a)Xs5 C (aX1 + (1 — a)X3)¢ for all « € [0,1];
vi) If E C Ry, then (| cp X = X© with € = inf E.

Moreover, if {e¥} is a sequence of positive numbers and {(p*, u*)} is a sequence in TM such that € = limy_, €*,

P = limy_s00 ¥, U = limp_y00 u¥ and u* € X (p*) for all k, then ©w € X°(p).

In the next definition we extend the notion of lower semicontinuity of a multivalued operator, which has been
introduced in [16], to a vector field.

Definition 2.5. A multivalued vector field Y : M = T'M with Y (p) C T,,M is said to be lower semicontinuous
at p € domY if, for each sequence {pk} C domY such that limy, 1 oo p¥ = p and each @ € Y (p), there exists a
sequence {w*} such that w* € Y (p*) and limy_,0c Pprpw® = a.

The next result is a generalization of Theorem 4.1 from [34], which will play an important role in the
convergence analysis of the extragradient method.

Theorem 2.6. Let X : M = TM with X (p) C T, M be a mazimal monotone vector field and € > 0. If domX =
M then X°€ is lower semicontinuous.

Proof. As domX = M, thus Proposition 2.3 implies domX = domX¢. Take {p*} C M such that limj_, | o p* =
P, and u € X¢(p). First, we prove that the following statements there hold:

(i) For each 0 < 6 < 1 and u” € X (p¥), there exists ko € N such that (1 — )Pyt + u* € X<(p"), for all
k > ko;
(ii) Take v > 0. Then, there exist ko € N and v, € X(p") such that ||@ — Pyrpvi|| < v, for all k > ko.

For proving (i), take ¢ € M and v € X (g). Then, simple algebraic manipulations yield

(Pyig[(1 = 0) Pyyrti + Ou*] — v, expglpk> =(1—0) (Pyqti — v, eXp;1 pk> +0 <Ppkquk — v, exp;1 pk> .
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As X is monotone, the second term in the right-hand side of the last inequality is positive. Thus,
(Pyeg[(1 — 0) Pyt + 0u™] — v, exp;1 PPy > (1 —0) (Pt — v, equ_l "y (2.2)

Considering that @ € X¢(p) and limg_, o <quﬂ — v,equ’lpk> = <quﬂ — v,exp;lﬁ> > —e then, for all § > 0,
there exists kg € N such that

<P,;q71 — v, expglpk> > —€— 6, k> k. (2.3)

Letting 0 = 0¢/(1 — 0), from (2.2) and (2.3) we have (Pyi,[(1 — 0)Pyprti + 0uF] — v, exp,* p*) > —e, for all

q
k > ko, which prove the item (i). For proving the item (ii), take n > 0 and consider the following constants:

o:=sup{||u|:uve X(Bpn)}, v := min{(e/20),n}, 0 < p <min{l, (v/20)}.

Take any u* € X(p*). Applying item (i) with § = u, we conclude that there exists ko € N such that
(1 — p)Ppprtt + puk € X<(p*), for all k > ko. We shall prove that, taking vy = (1 — p) Py + pu®, we have
| le — Pyrpui|l |< v, for all k > ko. First note that, with some manipulation, and taking into account that the
parallel transport is an isometry, we have

i — Pyegonll = s | @ = Py < (@ | + [ 4 1), & > o. (2.4)

As limy_, o p¥ = P, there exist ko such that p* € B(p,7), for all k > ko. Thus, with u* € X(p¥) C X¢(p")
and B(p,vy) C B(p,n), the definition of o gives || u* ||< o, for all k > ko. Due to 4 € X¢(p) we also have
|| @ ||[< o. Hence, using (2.4) and the definition of p, we obtain || @ — vg ||< 20p < v, for all k > kg, and the
proof of item (i) is proved. Finally, we define the sequence {w*} as w* := argmin{||a — P,pul : ue X<(p*)}
for each k. As, for each k the set X¢(p") is closed and convex, the sequence {w"} is well defined. We claim
that limy_ o Ppkz—,wk = . Otherwise, there exists {p*}, a subsequence of {p*}, and some v > 0 such that
| @— Ppkjﬁwki |> v for all j. Definition of {w*} implies that || @ — P su||> v for all u € X¢(p*i) and all j.
On the other hand, considering that limy, 4o p* = P, @ € X(p) and the item (ii) holds, for all v > 0, we have
a contraction. Therefore, the claim is proven and the proof is concluded. O

Remark 2.7. It is well known that the lower semicontinuity of operators is an important property, which is
useful to obtain convergence results of iterative process in the Euclidean space. We also remark that, in general,
maximal monotone operator are not lower semicontinuous ([34], Sect. 2). The result in Theorem 2.6 establishes
this property to vector fields, which will be used in the next section to prove the convergence of the extragradient
algorithm on Riemannian manifolds.

3. AN EXTRAGRADIENT-TYPE ALGORITHM FOR VARIATIONAL INEQUALITY

In this section, we introduce an extragradient-type algorithm for variational inequalities problem in Hadamard
manifolds. The variational inequality problem was first introduced in [42], for single-valued vector fields on
Hadamard manifolds, and in [36] for multivalued vector fields in general Riemannian manifolds. Let X : M =
TM be a multivalued vector field and Q@ C M be a nonempty set. The variational inequality problem VIP(X, Q)
consists of finding p* € Q, such that there exists u* € X (p*) satisfying

(u*, exp,l q) >0, geQ.
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Denote by S*(X,Q) the solution set of VIP(X, ). From the definition of a normal cone, we can show that
VIP(X, Q) becomes the problem of finding p* € €, such that

0€ X(p") + Na(p*). (3.1)
Note that, if Q@ = M then Ng(p) = {0}. Hence, VIP(X,Q2) becomes the problem of finding p* € €2, such that
0 € X(p*). This particular instance has been studied in several papers, including [29, 37].

Lemma 3.1. The following statements are equivalent:

i) p* is a solution of VIP(X,Q);
ii) There exists u* € X (p*) such that p* = Pq(exp,.(—au*)), for some a > 0.

Proof. Tt is an immediate consequence of the inequality (1.3). O

To analyze the extragradient algorithm, we need the following three assumptions:

Al. dom X = M and Q2 C M is closed and convex;
A2. X is maximal monotone;

A3. S*(X,Q) # 2.

We also need the following assumption, which plays an important role in the convergence analyses of our
extragradient algorithm in Hadamard manifolds.

A4. For each y € M and v € T, M the following set is convex
S:={zeM: <U76Xp;1 z) <0}. (3.2)

Remark 3.2. If the manifold M is the Euclidean space, then S in (3.2) is a closed semi-space. [29] showed that
for Hadamard manifolds with constant curvature or two-dimensionality, the set S is convex. However, so far, it
is not known if S is or not convex in general Hadamard manifolds. As we shall see, in Lemma 3.3, the hypothesis
A2 plays an important role in the proof of Fejér convergence of the sequence generated by our algorithm, which
is very important in our analysis. An extensive study about the set S can be found in [56].

Next, we present an extragradient-type algorithm for finding a solution of VIP(X, Q).

Extragradient-type algorithm

Our algorithm requires six exogenous constants:
e> 0, 0<o- <d4 <1, 0<a- <ay, 0<p<l,
and two exogenous sequences {ay} and {8} satisfying the following conditions:
ay € [a™, at], Br €[5, 1], k=0,1,...

1. INITIALIZATION: p° € Q, € = €.
2. ITERATIVE STEP: Given p”* and ¢y,

(a) Selection of u* : Find

ukf e X (pF), (3.3)
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such that
<w7 - exp;k1 PQ(eprk(_Oék;uk))> > i—:dz (pk,PQ(exppk,(—akuk))) . w e X*(ph). (3.4)
Define,
2F = Pq (exppk(—ozkuk)) . (3.5)

(b) Stopping criterion: If p* = 2* then stop. Otherwise,
(c) Selection of Ay and v* : Define v (t) := exp,i texp;c1 2F and let

i(k) := min {2 >0 @ JoM e X (YY), (WP (278)) < —i—;dz(pk, zk)} , (3.6)

where
Yo = (277 Br) - (3.7)

Define
Yk = exp,r Ak exp];k,1 2", A =270 g, (3.8)
o = PR, (3.9)

(d) Definition of p*** and ey 1: Define

qk = PSk (pk)v Sy = {p EM: (vk,exp;,} p> < 0}7 (310)
Pt = Po(qh), €1 = min {eg, d*(p*, ")}, (3.11)

set k < k + 1 and go to ITERATIVE STEP.

Remark 3.3. Assuming that X is an univalued monotone vector field and ¢, = 0, for all k, the previous
algorithm becomes the algorithm presented in [48] (see also [29]). Moreover, in the particular case where M = R™,
it merges into the extragradient algorithm presented in [34]. It is worth noting that if assumption A4 fails, then
step (2) in the algorithm, in general, cannot be performed.

The next result establishes the well-definedness of the above algorithm.
Lemma 3.4. The following statements hold:

(i) p* € Q, for all k;
(ii) there exists u* satisfying (3.3) and (3.4), for each k;
(iii) if p* # 2%, then i(k) is well defined.

Proof. The proof of item (i) follows from the initialization step and (3.11). For proving item (ii), we define, for
each k, the bifunction fj, : T,M x T,M — R by

fr(u,0) = <GXp;J 2, - v> : (3.12)
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In view of Proposition 2.3, and item (iii) of Proposition 2.4, we have X (p*) compact and convex. Hence,
applying Basic Existence Theorem on page 3 from [13] (see also [5], Thm. 3.1) with C' = X (p¥) and f = f4,
we conclude that there exists u¥ € X (p*) such that fi(u*,v) > 0 for all v € X (p*¥), and from (3.12) we
obtain

<e}<p;k1 2P uk) > (exp;k1 2% v), v e X*(ph). (3.13)
On the other hand, using inequality (1.2) with p; = ¢, p2 = p* and p3 = z¥ we have
(exp;k1 q, exp;k1 20y 4 <exp;k.1 q, exp;k1 kY > d2(p*, 2F),
where g = exppk(—akuk/&r). As zF = Pq(q), it follows from (1.3) and the last inequality that
(exp it g,exp ! 27) > d?(pF, 2Y).

Thus, considering that ¢ = exp, (—agu® /5, ), we have (u”, exp;k1 2Py < —5,.d?(p”, 2¥) /oy, which, combined with
(3.13), gives the desired result.
To prove item (iii) we proceed by contradiction. Fix k and assume that, for each 4, there holds

j —i 0 i i
(0", Y (27°Be)) > —Ojde(pk,zk), oF e X (yFh. (3.14)

First note that, from (3.7), we have {y*} belonging to the geodesic segment joining py, to vx(Bx). Thus, {y*}
is a bounded sequence and, consequently, Proposition 3.5 from [37] implies that {X (y**)} is also a bounded.
Considering that v¥? € X (y*?) for each i, without loss of generality, we can assume that {v%'} converges to .
Letting i goes to infinity in (3.14) and taking into account that lim; ., v¥* = 9, v(0) = p* and 7/(0) = exp;k1 2k,
we conclude that

_ _ 5_
<v, expp,} zk> > —a—kd2(pk,zk). (3.15)

On the other hand, as lim;_,o, y*% = p¥, lim; o, v** = o and v** € X (y*?) for each 4, using Proposition 3.5
from [37] we have v € X (p*). Thus, combining Propositions 2.3 and 2.4 (i) we obtain © € X¢(p*). Hence, using
(3.5) and taking w = ¥ the inequality (3.4) becomes

_ 5
(@, exp ! 2F)) < —a—Jrde(pk,zk). (3.16)

As 0 < 6~ < 6T, the inequalities (3.15) and (3.16) imply that d(p*,z*) = 0, which is a contradiction with
p¥ # 2. Therefore, i(k) is well defined and the proof of the proposition is done. O

From now on, {p*}, {¢*}, {v*}, {z*}, {v*}, {«*} and {e,} denote sequences generated by extragradient-type
algorithm. To prove the convergence of {p*} to a point of the solution set S*(X, ), we need some preliminary
results.

Lemma 3.5. The sequence {p*} is Féjer convergent to S*(X,Q) and limy_, d(¢*, p¥) = 0.
Proof. First, let us show that, for all p* € S*(X,Q) there holds

dP(p*, p"th) < dP(p*. p") — P (¢" ), k=0,1,... (3.17)
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For that, take u* € X (p*) and fix k. Hence, due the monotonicity of X, we conclude that
(0", exp it p*) <0

Thus, in view of (3.10), we obtain p* € Si. On the other hand, applying (1.1) with p; = p*, p2 = px. and p3 = gy,
we have:

& (p*,p*) > d*(p*, ") + d*(¢",p*) - 2 <equ_k1 p*,exp p’“> :
As p* € S;, and ¢* = Ps, (p*), the last inequality implies that
& (p*p*) > (", ¢") + &P (¢", p").

Analogously, applying (1.1) with p; = p*, p2 = ¢ and p3 = pg41, and considering that pFtl = Pg(qk) and
p* € Q, we conclude that:

dQ(p*,qk) > dQ(p*,p]H_l) —|—d2(qk,pk+1).

Combining the two last inequalities, we obtain d?(p*, p*) > d?(¢*, p*) + d?(p*, p*T1) + d?(¢", p**1), which implies
(3.17). In particular, (3.17) implies that {p*} is Féjer convergent to S*(X,Q) and {d(p*,p")} is nonincreasing.
Therefore, as {d(p*, p*)} is inferiorly limited, we conclude that {d(p*,p*)} converges and, taking into account
(3.17), the desired result follows. O

Lemma 3.6. If the sequence {p*} is infinity then limy_,o € = 0. Moreover, all cluster points of {p*} belong
to S*(X, Q).

Proof. Suppose that the sequence {p*} is infinity, i.e., the algorithm does not stop. Thus, by the stopping
criterion d(p*, 2¥) > 0, for all k. As (3.11) implies that {e;} is a nonincreasing monotone sequence and, being
nonnegative, it follows that it converges. Set € := limy_, ;o €. We are going to prove that € = 0. First of all, note
that from Lemma 3.5 the sequence {p*} is Fejér convergent to S*(X, ) and, due to A3, we have S*(X,) # @.
Hence, we conclude that {p*} is bounded. On the other hand, considering that {p*} is bounded, Proposition 2.3
implies that X< ({p*}) = U, X (p*¥) is bounded. As e, < €g, the item i) of Proposition 2.4 implies that
X C X¢, for all k, and from (3.3) we obtain that {u*} is bounded. Definitions of A and y* in (3.8) implies
that y* belongs to the geodesic joining p* to z* and, using (1.4) and (3.5), we have

d(p*, y*) <d@",2*) =d (PQ(pk),PQ (exppk(—akuk))) < d(pk,exppk(—ozkuk)) = ||lexu®]],

for k = 0,1,... In view of the boundedness of the sequences {p*}, {u*} and {a;}, we obtain from the last
inequalities that {y*} and {z*} are bounded. Considering that v* € X (y*), for all k, we apply Proposition 2.3
to conclude that {v*} is bounded. Note that (3.6)—(3.9) imply that

o_
<Uka7],c()‘k)> S _;dQ(pkazk)a k:O71a
k

Combining (3.6)—(3.8), it follows that 7' (Ag) = —)\;1 exp;k1 p¥, for k= 0,1,.... Thus, taking into account that
0 < ag < ay, the last inequality becomes

Ad_
Ldz(pkazk)a k:0717 (318)

k -1,k
(ot expt ) = 2
+
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As {pF}, {u*}, {vF}, {2%}, {v*}, {ax}, and {\;} are bounded, without loss of generality, we can assume that

respectively. Note that, (3.10) yields
k; _ > -1 .
qJESkj—{pEM. <v97expy,¢jp>§0}7 i=0,1,...

Using Lemma 3.5 we have: lim;_,, p* = lim;_, o, ¢*/ = p. Thereby, the latter inclusion together with item (iv)
of Lemma 1.1 and lim;_,, y* = ¢ imply that

lim <Uk-7‘,expy_k1j pk-f> = lim <1}kj,exp;k1j qk-7> <0.

j—o0 j—o00
Thus, combining the last inequality with (3.18), it follows that

lim Ay, d*(p"7,2%) = 0. (3.19)
J—00

Considering that lim; oo Ag; = A, we have two possibilities: either A > 0 or A = 0 . First, let us assume that
A > 0. As lim;j_,o, p* = p and lim;_,, 2% = z, we obtain, from (3.19) that d(p, 2) = lim;_,c d(p¥i, 2%) = 0,
and, consequently, p = Z. Moreover, 0 is a cluster point of {d?(p*, 2¥)}. Hence, taking into account that (3.11),
we can apply Lemma 1.5 with 0}, = ¢, and p;, = d?(p*, z¥) to conclude that 0 = limj,_, o €, = €. Considering
uki € X5 (p¥i), combining Propositions 2.4 and 2.3, we conclude that @ € X (p). Therefore, Lemma 3.1 implies
that p € S*(X,Q). Now, let us assume that A\ = 0. In this case, using Lemma 1.1 and (3.7), we conclude that
lim; o0 y*i i ki) =1 = 5 From Proposition 2.3, we can take a sequence {&7}. such that & € X(ykj’i(ki)*l) with
lim; 00 & = € and, by using Proposition 3.5 from [37], we conclude that £ € X (p). On the other hand, (3.6)
implies

: ik 5= e
- <€j771/§j (2 (kj)+1/8kj)> < aid2(pkjazk])a J= 0717 tee

J

Considering that (2_i(kj)+1ﬁkj) =P

i g iCg) =1 exp;klj 2% and the parallel transport is an isometry, the last

inequality yields

; 1k, 0~ ks .
- <€j7Ppkjykj*i(’€j)*1 eXPpklj Zk'7> < aikd2(pkjazk])a J= 07 1a s
J

Taking limits in the above inequality, as j goes to infinity, and using item (iv) of Lemma 1.1 together with
Lemma 1.2, we obtain:

— (& exp,t2) < %d%p, z). (3.20)

Assume by contradiction that € > 0. First, note that Theorem 2.6 implies that X¢ is lower semicontinuous.
Therefore, due to lim;_,o p* = p and £ € X(p) C X¢(p), there exists a sequence {Ppkjﬁwj} with w/ € X&(phs),
such that lim;_, Ppkjﬁw] = ¢. Besides, (3.11) implies that € < ¢, and, using item (i) of Proposition 2.4, we
conclude that X€(p*i) C X i (p*s), for all j. Henceforth, w? € X i (p*s), for all j, and from (3.4) we have:

; _ . ot ok .
<w]776prk1j Zk]> Z aikjdz(pkjazk])a J :0713"'
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Letting j goes to infinity in the last inequality, and considering Lemma 1.1, we obtain that
3 -1 ot
—<€,6pr 2> > Ed (p, Z)

Asa>a” >0and 0 < §~ < 4T, combining the last inequality with (3.20) we conclude that p = z. Again,
taking into account that (3.11), we can apply Lemma 1.5 with 6 = ¢, and pp = d?(p*, z¥) to conclude that
0 = limy_; o0 €x = €, which is a contradiction. Due to u*i € X (p¥s), combining Propositions 2.4 and 2.3, we
conclude that @ € X (p). Hence, Lemma 3.1 implies that p € S*(X, Q). Therefore, the proof is concluded. [

Theorem 3.7. Either the sequence {p*} is finite and ends at iteration k, in which case p* is ex-solution of

VIP(X,Q), i.c.,

sup <v,exp;1pk> < ek, (3.21)
qeQveX (q)

or it is infinite, in which case it converges to a solution of VIP(X,).

Proof. If the algorithm stops at the iteration k, then we have p* = 2F = Pao(expx (—agu®)). As uF € X (p*),

Definition 2.1 implies
- <uk,eXp;3 q> —(vyexpy ' p") > —er,  q€Q, ve X(g)

Taking into account that ay, > 0 and p* = z*, the last inequality can be written as

1 B B B
o (exp ;' [exp,r (—opu™)], exp il q) — (v,exp, ' pF) > —er, g €Q, ve X(g).

In view of (1.3), and considering that z* = Pq(exp,« (—axu¥)), we conclude from the last inequality that
-1,k
<v7equ P >§ek, g€, ve X,

which implies the desired inequality. Therefore, p* is an ¢;-solution of VIP(X, Q). Now, if {p*} is infinite, then
from Lemma 3.5 the sequence {p*} is Féjer convergent to S*(X,(2). As we are under the assumption A3, it
follows from Proposition 1.4 that {p*} is bounded. Hence, {p*} has a cluster point p. Using Lemma 3.6 we obtain
that p € S*(X,Q). Therefore, using again Proposition 1.4 we conclude that {p*} converges to p € S*(X,Q),
and the theorem is proved. O

4. EXAMPLE

In this section, numerical examples are provided to illustrate the obtained theoretical results in this new
setting. Let M be a Hadamard manifold and 2 C M a convex set. Let us consider the following optimization
problem:

minf(p), such that p e Q, (4.1)

where f: M — R is a differentiable convex function. The problem in (4.1) is equivalent to the variational
inequality problem VIP(grad f,Q):

Find p* € Q: (grad f(p”‘),expz}1 q) >0, YV q € Q, (4.2)
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as in [42]. We need to remember that according to Proposition 3.4 from [20] and Theorem 3.7 from [37], the
gradient vector fields of differentiable convex functions are maximal monotone.

Example 4.1. Let H? := {z = (1,22) € R? : 23 >0, } be the 2-dimensional hyperbolic plane endowed with
the Riemannian metric g;;(z1,22) := §;;/23, for 4,5 = 1,2. It is well known that H? is a Hadamard manifolds
with curvature K = —1, and the geodesics in H? are semicircles centered on x;-axis and vertical lines. For more
details see [52], where some examples of differentiable convex functions on H? are presented. Let us consider
the variational inequality problem VIP(grad f,2) on the Hadamard manifold H?, with

fp)=d(p,p), Q:={(z,y) eR*2< 2> +¢y* <3,y >0},

where p = (0,1) and d is the Riemannian metric of H?. Note that S*(grad f, ) = (0,2) # (. It is worth noting
that both © and f are not Euclidean convex, which implies that the Euclidean Extragradient algorithm [34],
can not be applied to solve VIP(f’,Q), where f’ denotes the Euclidean gradient of f. However, Q2 and f are
Riemannian convex in H? and, in this case, we can apply Riemannian Extragradient-type algorithm to solve
VIP(grad f, Q). To illustrate how Extragradient-type algorithm works, we will generate from the starting point
p° = (0, 3) the point p'. For that, we use the notation X := df and set the constants

9 1 1 1 2 1 1

:—207 = — = — _ = — :1 = — = — = —.
€0 32d (p ap)7 o 8’ 6-’1— a ) ay ) eX)] 3a 6 27 ﬁo 2

The Example 2.2 implies X(p) D 0f(p) + BlOr,a,2V2¢e]. As 9f(p°) = —2 exp;(}ﬁ we have X(pY) D
—2 exp;O1 D+ B[OTPOM, 3d(p®, p)]. Thus, we can take

30&071

ud = —2 exp;O1 D+ eXpZ;O1 pC X,

Qo

Moreover, some calculations show that u° satisfies (3.4). Hence, as p°,p € €, 20 satisfying (3.5) is given by
20 = Pa(exppo (1 —ag) exp;01 P) = exp,o(l — ap) exp;(,1 P,

and e; = d?(p®,p)/9. We proceed by noting that with i = 0, 4% = exp,0 27" exp;()l 2% and v%0 = -2 exp;()l,oﬁ

satisfy (3.6) and then \g = By = 1/2, y° = exp,0 21 exp;O1 20 =(0,8/3) and v° = —2 expyﬁ,1 p. Therefore, Sy

is a semicircle centered on (0,0) and passing through the point 3°, this implies ¢ = y° = (0,8/3) and then
1

p-=(0,8/3).

5. CONCLUSIONS

Theorem 3.7 state that, if the sequence {p*} generated by the extragradient-type algorithm is finite and ends
at iteration k, then p* is ej-solution of VIP(X, ). In fact, the concept of approximate solutions of VIP(X, )
can be related with an important function, namely, the gap function h : Q@ — R U {400} defined by

h(p):= sup (v, eXp;1p> . (5.1)
qeQUEX(q)

The relation between the function h and the solutions of VIP(X, Q) is given in the following proposition, which
is a Riemannian version of Lemma 4 from [14].

Proposition 5.1. Let h be the function defined in (5.1). Then, there holds h=1(0) = S*(X, Q).
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Proof. We will see first that a zero of h is a solution of VIP(X, (), i.e, h=1(0) C S*(X,Q). Let p € h=1(0).
Thus, h(p) = 0 and the definition of h in (5.1) implies that

<U,exp;1p> <0, g€, veX(q).
On the other hand, from the definition of the normal cone Ng in (1.6), we have
(w,exp,'p) <0, q€Q, we No(g)
Combining two last inequalities, it is easy to conclude that
<0—(v+w),equ_1p>20, g€, veX(g), weNqqg).

Due to Lemma 1.6, the vector field X 4+ Nq is maximal monotone. Then, the maximality property together with
the latter inequality yields 0 € X (p) + Na(p), i.e., p € S*(X, ). Now, we are going to show that the solutions
of VIP(X, Q) are zeros of h, i.e, S*(X,Q) C h=1(0). Suppose that p € S*(X, Q). Then, there exists u € X(p)
such that

(u,expytq) >0, qeQ.
Using the last inequality and the monotonicity of the vector field X we obtain
(v,expfp) <0, g€, veX(q).

Therefore, the definition of A in (5.1) implies that h(p) < 0 and, considering that h(p) > 0, we conclude that
h(p) = 0, which ends the proof. O

Let € > 0. In view of Proposition 5.1, it make sense to define e-solution of VIP(X, Q) as all point p € Q such
that

h(p)= sup (v,exp, ' p) <e.
q€Q,veX (q)

We remark that if M is a linear space, then the function gap is convex. However, we do not know if this
property is maintained in Hadamard manifolds. It is worth noting that, although [56] showed that the map
q— <v7equ_1 15> in general is not quasiconvex, this is not sufficient to guarantee that the function gap is not
convex.

We end this section with some comments about the implementation of the Extragradient-type algorithm.
We remark that the performance of the algorithm depends significantly on how to compute the vector wuy
satisfying (3.5) and (3.6), besides the projections Py and Pg,. To compute u; we need first to deal with the
enlargement of X (p¥). Then, in the same spirit, that the bundle-type methods efficiently approximate the
e-subdifferential, we can look for methods approximating X°¢, in order to compute ug. In the same way, we
also need to design methods to compute the projections Po and Pg, in this new setting. We felt that these
implementation issues are quite challenging, and too technical for the aims of the present paper. Finally, we
emphasize that the main contribution of this paper is to extend results related to the extragradient algorithm
from Euclidean setting to the Riemannian context, by using the concept of enlargement in order to provide
more latitude and more robustness to the method. We expect the results of this paper will be the first step
toward practical implementations of the method. We foresee further progress along this path in the near future.

Acknowledgements. The work was supported by CAPES, FAPEG/PRONEM-201710267000532 and CNPq (Grants
302473/2017-3 and 408151/2016-1, 310864/2017-8 and 423737/2016-3).
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