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SPARSE AND SWITCHING INFINITE HORIZON OPTIMAL
CONTROLS WITH MIXED-NORM PENALIZATIONS

DANTE KALISE"™*, KARL KUNISCH>"* AND ZHIPING RAO®***

Abstract. A class of infinite horizon optimal control problems involving mixed quasi-norms of LP-
type cost functionals for the controls is discussed. These functionals enhance sparsity and switching
properties of the optimal controls. The existence of optimal controls and their structural properties are
analyzed on the basis of first order optimality conditions. A dynamic programming approach is used
for numerical realization.
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1. INTRODUCTION

In this work we continue our investigations of infinite horizon optimal control problems with nonconvex cost
functionals which we started in [23]. We focus on optimal control of nonlinear dynamical systems which are
affine in the control. The input control is a vector-valued function v = (uy, ..., u,,) in the space L (0, co; R™)
under control constraints. The focus rests on that part of the cost functional which involves the control. It is
given as follows:

a/p

[ (S wor) a (1)

where 0 < p < 1 and p < g < 1. This functional is nonsmooth and nonconvex, leading to a challenging optimal
control problem with interesting properties for the optimal control laws, in particular sparsity and switching.
It appears that the terminology “sparse” is not rigorously defined in the literature, but generally it is used
to describe the property of the optimal control to be identically zero over nontrivial subsets of the temporal
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FIGURE 1. Contour levels (0.1 to 1) of different balls ||ul[?.

domain. Here, by sparsity we refer to the situation in which the whole vector u(t) is zero. Switching control, is
related to coordinate-wise sparsity, and is used to describe the property

wi(t)u;(t) =0for 4,5 €{l,...,m}, i#j, t>0,

which is equivalent to saying that at most one coordinate of u(t) is non-zero at ¢. While the use of the control
penalty (1.1) does not guarantee sparsity nor switching properties, it enhances them. This is illustrated in Figure
1, where unit balls for different ¢/p ratios are shown. For a fixed ¢ decreasing p (column-wise in the sub-figure)
one direction becomes dominant over the other.

To further illustrate the effect of (1.1) let us consider the case p = 1/2 and ¢ = 1. Then the running cost for
the control is given by

Sh®l+2 Y uu ]

iG€{l,...,m},i#j

where the L'-penalization on wu; will support sparsity in the control and the product penalization enhances
switching phenomena. More generally, if % = j € N is an integer, then the running cost is is combination of an
Li-penalization on each control coordinate w;, and it further contains weighted summands of (up to) j-tuples
of fractional powers of |u;|, with the sum of the powers for each tuple summing to ¢. Fixing ¢, and decreasing p
we expect that the control cost (1.1) increases the switching nature of the optimal controls, since the weights on
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the tuples compared to those on the singletons increase. Moreover, decreasing g we expect that the subdomain
over which the optimal control vanishes (in all coordinates) increases. These properties will be illustrated by
numerical experiments.

The case with p = ¢ and 0 < p < 1 has been studied in [23]. Existence and sparsity properties of optimal
controls have been analyzed for this case, and these properties have been observed in the numerical simulations
in the case with 0 < p = ¢ < 1. In the present work, the analysis is made for more general nonconvex problems
with the control cost (1.1). Concerning the question of existence of optimal solutions, which is not guaranteed
in general, we follow the ideas from [23] to reformulate the problem in infinite-dimensional sequence spaces by
descretizing the controls, and extending an important result on weakly sequentially continuous mappings from
[21] to obtain the existence result for our purposes.

The analysis of the sparsity and switching structure is based on optimality conditions. For this purpose
we derive the necessary first order optimality conditions of the original problem, which follow from general
results which are available in the literature. We also derive sufficient optimality condition for the reformulated
problems. Subsequently, we investigate the sparsity and switching properties of the optimal controls under box
constraints. Finally, by using dynamic programming techniques, optimal control laws are approximated globally
in the state space for linear and nonlinear dynamical systems.

Let us mention previous related work on sparse and switching control. Closed-loop infinite horizon sparse
optimal control problems with LP (0 < p < 1) functionals were analyzed in [23]. Open-loop, finite horizon L!
sparse optimal control for dynamical systems have been studied in e.g. [3, 16, 28]. Open-loop, finite horizon sparse
optimal control for partial differential equations was studied in e.g. [8, 20, 25]. The Hamilton-Jacobi-Bellman
equation for impulse and switching controls was discussed in [6, 30]. The synthesis of sparse feedback laws via
dynamic programming has been studied in [1, 14, 22]. In the context of partial differential equations optimal
control of systems switching among different modes were analysed in [18, 19], problems with convex switching
enhancing functionals were investigated in [11, 13], and problems with nonconvex switching penalization in [12].
In [31] switching controls based on functionals suggested by controllability considerations were investigated.
Mixed (quasi-)norms as in (1.1) with p # ¢ have been used earlier, though typically in convex situations with
p > 1,q > 1. These investigations were carried out in the context of machine learning, regression analysis, and
mathematical imaging, with the goal of achieving group sparsity or structured parsimony, see e.g. [6, 15, 24, 29,
32], and the references given there.

The structure of the paper is the following. Section 2 contains the precise problem formulation. Existence of
optimal controls, which are discretized in time, is obtained in Section 3. The sparsity and switching structure
of the optimal controls is analyzed on the basis of the optimality conditions for the time-continuous as well as
the time discrete problems in Sections 4 and 5, respectively, and Section 6 contains numerical results.

2. OPTIMAL CONTROL PROBLEM

Let U C R™ be a closed set and let f; : R — R¢ be continuous differentiable functions for i = 0,...,m. We
consider the following control system: given z € R?,

y(t) = foly(t)) + 202, fily(t))ui(t) in ]0, o0],
{ 4(0) x‘) (2.1)

Here y(t) € R? is the state variable and u(t) = (uy(t),...,un(t)) € R™ is the input control. Given p €]0, 1], we

set for the vector u = (uy,...,uy) € R™
m 1/p
[ullp = (ZIM”) :
i=1
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Let ¢ € [p,1], A >0, v > 0 and y4 € R%. For any x € R%, consider the cost functional

=
B
&
li
o\
3
a

2 (Gl0) — ll + (o) (2:2)

where (y,u) satisfies the state equation (2.1), and the infinite horizon optimal control problem
inf {J(x,u) : uwe€ L>®(0,00;U)}. (2.3)

In (2.2), A is called the discount factor, 7 is the weight of control cost and || - |2 is the Euclidean norm in R9.
The following assumptions are made.

(H1) The control set U is compact and convex.
(H2) There exists L > 0 such that || f;(z1) — fi(z2)|l2 < L||lz1 — 222 for all 21,20 € R%, and i = 0,...,m.
(H3) For each z € R%, there exists u € L>(0, 00; U) such that J(z,u) < oc.

Let us mention that the cost functional J is convex in the state variable and nonconvex in the control. The case
g = p has been discussed in [23].

3. TIME-DISCRETIZED MODEL

Since the cost functional J is not convex in u, existence of optimal controllers for problem (2.3) does not
hold in general. For this purpose we analyze the existence in the case of a time-discretized approximation to
(2.3). We introduce the temporal grid (tx)gen:

0=ty <ty < o <tp<tpp1<--,

and denote by I = [tg,tg+1] for k € N. The control is then restricted to the following set of piecewise constant
functions:

U = {u=(u1,...,up) € L®(0,00;U) : ui(t) = uj fort € Iy, i =1,...,m, k € N}.

Consider the following optimal control problem

oS} m 0o q/p
1
, A . Y 2
ulgl}]fAJ (x,u) .—/O e 2||y(t)—yd|2+v<§ E |wi k[P L, (¢ > dt, (3.1)

i=1 k=0

where y solves (2.1). A direct computation shows that

o m q/p
> 1
T2 = [Nyt - waldt £y by (Z |ui7k|p) ,
0 k=0 i=1
where

b = / e Mdt = l(e_/\‘t’c — e_’\t’““).
I )\

For any 7 > 0, the infinite dimensional sequence space " = {u € £> : 3 72 | |ug|" < oo} is endowed with

50 1/r
lull- = (leﬂlr> :
k=0
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For convenience we recall that ¢", with 1 < r < oo, are reflexive Banach spaces and £ C £ if 1 <ry <1y < 00.
To investigate the existence of optimal controls, we follow the idea introduced in [21] by defining the following
reparametrization. For {b;}72, as above we define ¢](¢?) as the space of all R"-valued sequences u such that
leio bk(zgl |wi i p)q/p < 00. In particular u; ; denotes the i-th coordinate of the k-th sequence element u. .
Similarly £9/7(¢') stands for the space of all R™-valued sequences w such that > oo (37" w; x|)¥P < co. We
introduce the mapping ® : (9/P(¢*) — €] (¢P) by

(@(w))ik = Bwir), where $(wir) = b "Jws |7 sgn(wr).
We have the following lemma:
Lemma 3.1. The mapping ® : £4/7(¢') — [1(¢F) is an isomorphism.

Proof. For w € £9/P(¢') we have

e m a/p 1/ 0o m q/p /4
ol = (S (i) ) = (oo S
k=0 i=1 k=0 =1 (3.2)
oo m a/p 1/ .
1
(s (z |wi,k|) = ol < o
k=0 \i=1
and thus ®(w) € ¢](¢7) as desired. The inverse to ® is given by
(@71 (W), = b i P sgn(uig),
and this concludes the proof. O

From Lemma 3.1 and (3.2) it follows that (3.1) is equivalent to

1 [ oo m a/p
inf o[ e My(t) - yall3dt + w; : 3.3
wi(®(w)). k€U 2/0 Il5(t) = yall2 VZ Z| k| (3.3)

k=0 \i=1

where y(+) satisfies

{ 9t = foly(t) + X7y Fily(t)b wi VP sgn(wig) for ¢ € [t tisa) k= 0,1, 5.0

y(0) = .

Thus the relationship between the controls on [tg,tx+1) in terms of u- and w-coordinates is given by u; =
¢(w; ). To argue existence of (3.1) or equivalently (3.2) we need the following lemma whose proof is inspired
by Lemma 2.1 of [21]. We introduce the mapping

V0P 09 by (9(2)), = |2k VP sgn 2k, for k=1,...
for scalar valued sequences z.

Lemma 3.2. Let ¢ > p, and let 3 denote the conjugate of ¢/p. Then the mapping 1 : £9/P — I8 is weakly
(sequentially) continuous, i.e. 2 — Z weakly in £9/P implies that ¢ (") — 9(Z) weakly in £°.

Proof. First note that ¢¢ C ¢8, since = ﬁ >q. Let r = % + 1 and let r* denote the conjugate exponent of r
given by r* = p+ 1. Then

q 1
l<=-<-<r
p P
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which implies 7* < . For any z € £%/? we have

oo o0 o0
l2lly =D lal™s @)= =D 1l ™" =D lals
k=1 k=1 k=1

and
((2), )= o = Z¢(Z)k CZk = Z |Zl~e|1/erl = Z |2k]".
k=1 k=1 k=1

The above computations imply that

e
r= = %l

(¥(2), 2)grr o = llv(2)

2|, and [[¢(2)

-
which means that v is the duality mapping from ¢” to " and is weakly sequentially continuous. If 2" — Z

weakly in £9/P, then 2" — Z weakly in ¢" since 1 < ¢/p < r. Therefore, 1(2™) — 1)(Z) weakly in ¢ . Using that
r* < [3, this implies that ¢(2") — 1 (Z) weakly in £5. O

Theorem 3.3. There exists a minimizer @ to (3.2), and hence a minimizer @ to (3.1).

Proof. The case p = q has been dealt with in [23]. Therefore, we focus on the case ¢ > p.

Let {w" = (w},...,wl)}>>, C (¥P({') denote a minimizing sequence for (3.2). We set
{u™ = (u,...,ul)} ", C fg/p(fp), where
ui'y = ¢<w2k) = b,;l/q (Y(wi)), = b;l/q|w2k|1/p sgn(wzk), fori=1,....m, k=1,...,n=1,....

Since {w™} is a minimizing sequence there exists a constant K > 0 independent of n, such that

00 00 m a/p
ALEDS (zwzu) <K
k=0 k=0 =1

for each ¢ = 1,...,m. This implies that the scalar-valued sequences {w},}7, are bounded in £9/P yniformly
with respect to i =1,...,m and n =1, .... Hence there exists, for each i, a subsequence (denoted by the same
symbols) and some @; € £4/P, such that w}' — w; in 9/, see e.g. ([10], pp. 73). From Lemma 3.2 we have that
P(wl) — (w;) weakly in £°.

Let y,, be the solution to (3.3) with control w™. Then on each interval I;, we can deduce by the Arzela-Ascoli

theorem that there exists g : I, — R? such that
Yn — Yr uniformly w.r.t. t € I, as n — oo.
For ¢ : [0,00) — R? defined by 9|7, = 9 for k € N, it follows that for any 7' > 0
Y, — g uniformly in [0,7"), as n — oc.

Therefore, 7 is the solution to (3.3) corresponding to @ := (1, . .., W, ). Here we use that the dynamics f is
affine in ¢ (w;), i = 1,...,m. Using the fact that y, — § pointwise in [0, 00) and wj', — w;x forany i =1,...,m,
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k € N, we obtain by Fatou’s lemma that

a/p

o0 oo m
/ -xe S lla ) —yall3dt+ ) <Z|w¢,k|>

0 k=0 \i=1
oo 1 o [/ m q/p

. . — At 2 n
<t [ o) —ilfor+ Y <z|w|) ,

which implies that @ is a minimizer for problem (3.2), once we argue its admissability. For this purpose we
observe that the weak convergence of ¥ (w]') implies the strong convergence of (w}")r — ¥ (w;)y for each k.
Since (b, "W (W} )k, . . ., by, “W(w?)g) € U for each k this implies that

(b, (1), - - ., by 1p (Wi )1) € U and thus @ is admissible. O

4. SPARSITY AND SWITCHING PROPERTIES: THE TIME-CONTINUOUS
PROBLEM

For the time-continuous problem (2.3), the Pontryagin maximum principle for infinite horizon problems has
been widely studied the literature, see e.g. ([4, 17], Thm. 3.2) and further references provided there. We have
the following result.

Lemma 4.1. Assume that the discount factor X is sufficiently large. Then for each = € RY, if @ is a locally
optimal control for problem (2.3) and y is the associated optimal trajectory, then there exists an adjoint state
¢ : [0, 00[— R? such that

—@(t) = Dfo(y )+ Zsz a;(t) + + e M(g(t) — Yd), a.e.t >0,

lim; 00 0(t) = 0, and for ¢ €]0, co[ a.e. we have

<fo<y<t>> IO ¢<t>> e (G190 - wal} + (o1
< )+ 3 0 o >> e (Ga0) — vl + 1l (@)

for all w € U.

Proof. We sketch a proof, verifying the assumptions of ([4], Thm. 3.2, Cor. B.5). It will be convenient to
introduce f(y,u) = fo(y(t)) + Yivy fi(y(t))u;(t) for the right hand side of (2.1). Condition (A1) of the cited
result holds due to the structure f and the assumption that the mappings f; are in C*(R% R9). Since by
assumption (H1) the set U is compact the constant M = sup,cp)||ull2 is well-defined. Consequently by (H2)
we find that v = L(1+mM) is a global Lipschitz constant for f(-,u), uniformly with respect to u € U. By ([6],
Thm. II1.5.5), we have that 7(t) < M+/te’t for some constant M independent of ¢ € [0,00). Therefore for any
€ > 0, there exists a constant M. such that () < M.e®+), Then for A\ > 2v all assumptions of ([4], Cor. B.5)
are satisfied and we can conclude the existence of an adjoint state ¢ satisfying (4.1). O

Throughout the remainder of this section we assume that A > 2v, with v defined in the previous proof. We
point out that the property lim;_, ., ¢(t) = 0, will not be needed in this section. Suggested by (4.1), we shall
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investigate the minimizers of the following function

m

Golu) =Y (fiG(D), o(0)us +ve |lullf, Vu e,

i=1
where ¢ €]0, co[. We now assume that the set of control constraints U has the form of box constraints:
Uso i={u=(ur,...,um) €R™ : —p; <w; < pj, i=1,...,m}, (4.2)

where p; > 0. In this case the optimality condition can be used to derive the following structural properties of
a minimizer.

Theorem 4.2. Let @ be an optimal control for problem (2.3) with U, given in (4.2), let § be the associated
optimal trajectory and ¢ the associated adjoint state. For ¢ €]0, co[ a.e., we define the following index sets:

I () = {i € {1,...,m} : [{(fi@(®),o(0)]p; 7 < ye M},
°() = i € {1,...,m} : [{fi@(®), (D)o, = ve ™},

() = {i e {1,...,m} = [(fi(@®), o(£)]p; 7 > e ™},
Then the following properties hold:
(i) For t €]0,00[ a.e. and i € T~ (t),

(ii) For t €]0,00[ a.e. and i € I°(¢),

m

(t)
(1) € {0, —pi sgn((fi(y(1)), £(1)))},
a;(t)u;(t) =0, i,j € I°(t), i # j, if I*(t) = 0, q € [p 1],
(1) ).
(t)u;

(iii) For ¢ €]0,00] a.e. and i € I (t), we have
ui(t) € {0, —pi sgn({fi(y(t)), »(t)))},

with maX;ecr+ (t) |’[L1 (t)| 7& 0.

Let us briefly comment on sparsity and switching properties which follow from Theorem 4.2. For the coor-
dinates in the index set I~ (t), the controllers are zero. We refer to these coordinates as the sparse control
coordinates at the time t. If I7(t) = (), then i € I°(t) U I~ (t) for all i = 1,...,m, and hence u is switching or
sparse at time t. If I7(¢) # () then the coordinates in I°(t) behave like those in I~ (t), they are 0. The coor-
dinates of the optimal control in the index set IT(¢) are not completely determined by (iii). They are either
active, or zero and thus they join the set of sparse control coordinates. Comparing to the case p = ¢ which was
treated in ([23], Prop. 5.2), the case (iii) is such that the control is necessarily active. Thus p < ¢ enhances
additional sparsity compared to p = q. Finally, as a consequence of the box constraints, the optimal control is
of bang-off-bang type, except for case (ii) with ¢ = 1.
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Proof. We shall use that by Lemma 4.1 we know that @(¢) minimizes Gy in Uy, for a.e. t € (0, 00). For convenience
of notations, let us set

pri = (fi5(2), (), = ye ™.

In Step 1 below we verify (i) and (ii). The claims in (iii) are proved in Step 2.

Step 1: proof of (i) and (ii).

At first, let us focus on the case ¢ > p. Consider further the case ¢;; <0 for ¢ = 1,...,m. Then @;(t) > 0 for
i=1,...,m. We introduce

Q={u€Ux : 0<u; <p;, i=1,...,m}.
Let us decompose G; in Q as follows:
Gi(u) = G1(u) + G2 (u),

where

m

m m m q/p
Gi(u) =3 prius + 7 Y ul, Galu) = (Z w ) -S>l
=1 =1 =1

i=1

G is a concave function in 2, Go > 0, and G = 0 if and only if

9 ¢ [1, 1] and the fact that
P P
m r m
(z ) Sy
j i

for each a; > 0, » > 1, and equality holds if and only if a;a; =0 for all 7,5 =1,...,m, @ # j. Then we deduce
that

iiet,.mizj [Wiws| = 0. Here we use that

Gi(u) = Gi(u),

and equality holds if and only if 7, ;. .
If I9(t) = 0 and I (t) =0, i.e. p'~9pri| < ¢ for i = 1,...,m, we have

|uin| =0.

Pt,il; —+ "Yt’ll,? >0 for (173 6}05 plL

where u = u(t). Therefore G; attains its unique minimum at (0,...,0) and G2(0,...,0) = 0. Consequently
u;(t)y=0fori=1,...,m.
If I'(t) =0, we have

o1, u; +ypuf >0 for u; €]0,p], i € I7(t), and ¢y juj +veui > 0 for uy € [0, py], j € I°(t).

Moreover for j € I°(t), the expression ¢ juj + fytu? attains its minimum in [0, p;] at 0 and p; if ¢ < 1, and
o1juj +yeui = 0 if ¢ = 1. Therefore,

u;(t) = 0 for i € I (t), u;(t) € {0,p;} for j € I°(t), ¢ < 1, and Z lujuj| =0,
33" €10(t),5#5"

and

a;(t) = 0 for i € I (t), u;(t) € [0,p,] for j € I°(t), ¢ =1, and Z lujuj| = 0.
3,J'€10(t),5#5"
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If I (t) # 0, we have
ru; +yul >0 for u; €10, p], i € I (H)U I°0t),

and ¢ ju; + fyug attains its unique minimum in [0, p;] at p; for j € I (¢). Thus, for any u € €2, we define @ € Q
as follows:

@; =0 fori € I (t)UI°(t), and i; = u; for i € I (t).

If @ = (0,...,0), then for any j € I'T(t) we set & € Q with

Uj=pand 4; =0fori#j, i=1,...,m.
Thus we have

G(u) = Gi(u) > Gi(a) > G1(a) = G(a).
Otherwise if @ # (0,...,0) and u # @,

G(u) = G1(u) + 7:G2(u) > G1(u) + 1 G2(a) > G1(u) + G2 (a) = G(a).
We then deduce that
u;(t) =0 fori € I~ (t)UI°().

The proof for the case when ¢, ; < 0for¢=1,...,m is thus concluded. The other cases when ¢, ; have different
signs can be treated analogously.

Now we proceed to look at the case ¢ = p. In this situation, G2 = 0 and G = GG;. The minimizers of G; have
been analyzed in the previous arguments, and we therefore arrive at the conclusion.
Step 2: proof of (iii).
We turn to analyze the behavior of the coordinates with indices in It (t). In particular in this case IT(t) # 0,
and consequently by (i) and (ii)

a;(t) =0, fori e I~ () UI°(t).

Therefore,

V4 ¢ q/p
Gu(a(t) = 3 e s, (1) + (Z . <t>|p> , (4.3)
T=1 =1

where {i1,...,i¢} C {1,...,m} is such that I*(¢) = {i1,...,ir}. Then the problem consists in finding the
minimizer of the function

¢ ¢ q/p
G(w) = trwr + 3 <Z pﬁlml”) | for w = (wy,..,w) € [~1,1], (4.4)
T=1 T=1
where, to simplify notation, we set for 7 =1,...,/
Ui,
Wr = 77 r = PtiirPirs and Pr = Pi,- (45)

Following the definition of I (¢), we have

[trlp7? >y, for T=1,..., L (4.6)
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Let w be the minimizer and let us start by considering the case
v, <0, forall 7=1,... ¢

Then it is trivial to see that
wy >0, forall 7=1,..., /¢

We aim to prove that the minimizer w is not in the interior of [0, 1]°. Without loss of generality, we assume that
1>w >wy > - >wg > 0.

We can therefore limit our attention to the subset

{(wy,...,we) : 1 >wy >we > -+ wp > 0}. (4.7)
Note that @ can be expressed as w = (Bows1, f180W1,-..,Pe—1...Low1) where Bp =1, and B, € [0,1], T =
1,...,£ — 1. Moreover w; € [0,1] is a minimizer of the functional
) q/p
Gp,1(w1) 210757 1 Powr + <Z 7By "55) wy.
T=1

We will exclude the case that w1 — Gp,1(w1) assumes a minimum in the interior of [0, 1].
Indeed, if such a minimum wj is attained in the interior of [0, 1], then

) q/p
0= Gﬁl wl ZwT/BT 1° »30+’Yt (prﬂ£1ﬂg> Q(wr)qil'
=1

Therefore,

q/p
Gpa(w) = (1-q)y (Zﬂ’; > g(wi)? > 0.

Note that

Gﬁﬂ(L 0,..., 0) =11+ 'Ytp({ = p({(7|¢1|pl_q + FYt) <0,
where (4.6) is applied. Thus,
Gg)l(wf) > G/g)l(l, 0,...,0),

which contradicts the assumption that wj is the minimizer. Consequently, the minimum can not be attained in
the interior of [0, 1] and thus w; € {0,1}. Moreover Gg1(1,0,...,0) < 0 and Gg1(0,...,0) =0, and thus

w, = 1. (4.8)
We next claim the following: for j € {2,...,¢ — 1}, if w;_; € {0,1}, then
w; € {0,1}, (4.9)
and verify this statement by induction. If @w;_; = 0, by (4.7) we have
w; =0

as claimed. If w;_; =1, then w, =1, forall 7=1,...,5—1.
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To characterize further w;, we apply the same idea as for determining w;. This time we restrict our attention
to the subset

{(wjawj-l—lv"')wf) 01 Zw] ij+1 Z wa 20}7

and note that for the optimal (w,, ..., w,) = (w;, B;0j,...,Be—1...B;w;), where B, € [0,1] for 7 =1,...,£—1.
We denote for any w; € [0, 1]

Gp,i(w;) Z¢T+¢ij+ Z YrBro1 - Bjw,
T=j+1
a/p

Zﬂ§+p wf + Z PrBry-- Bjwi |

T=7+1

and note that w; is a minimizer of Gig ; on [0, 1]. If a minimum wj is attained in the interior of [0, 1], then

5. (w3) = 0.
This yields that,
: q
Z Yrfr_1-- B +% Sq/” ! o+ Z pRBr_ 2 ) p(wi)P =0,
T=7+1 T=j+1
where
-1 ‘
SR YA TR S AR
r=1 r=j+1
Therefore,

4 14
ST B Bi= ST+ DT BB gl

T=j+1 T=j+1
By applying the above equality to compute G ;(w ) we obtain
Gp,5(w5)

Jj—1 4
= Z¢T + %‘ + Z w‘rﬁrfl T 5]' w;k + 'YtS;'I/p
=1

T=j+1

j—1 4
=3 U= uSYTT e DD BB | aw))? S
T=1

T=j+1

i )4
=D ST N (Uma) [ D BB | ()

T=1 T=1 T=j+1



SPARSE AND SWITCHING OPTIMAL CONTROL WITH NONCONVEX PENALIZATIONS 13

Using the fact that ¢ <1 and wj > 0, it holds that

j—1 j—1
* —1
Go(w)) =3 thr + 7 SYPN " pr

=1 T=1

q/p—1 j—1

j—1 j—1

> Y+ n (Zp’;) >k
=1 =1 T=1
j—1 j—1 a/p
=1 T=1

= GBJ(O)v

which contradicts the assumption that w} is the minimizer. Consequently, the minimum can not be attained in
the interior of [0,1]. We then deduce that

w; €{0,1},
which completes the proof for the claim (4.9). Together with (4.8), it is deduced that
w, €{0,1}, for 7 =1,...,¢,

which concludes the case where ¥, < 0 forall 7=1,... /.

For the other cases where 1), is positive for some 7 € {1,...,¢}, ¥, and w, can be replaced by —, and —w.,
in (4.4). Then by following the same arguments as in the previously we can obtain that —w, € {0, 1}. Therefore
we conclude that

w, € {0,—sgn(y;)}, for 7 =1,...,¢,
with the additional information that |@w;| = 1. The definition of w, and 1, in (4.5) implies that
w;, €{0,—pi, sgn(pei. )}, fori, € IT(t), T=1,...,4,
with the additional information that max;e+ |2—1‘ # 0. This completes the proof of (iii). O

In Theorem 4.2 the study has been made for the case of box constraints. Next we briefly consider the problem
under Euclidean norm constraints. In this case, due to the coupling of the coordinates which is inherent to the
Euclidean norm, it appears to be more complicated to achieve explicit information on the structure of the
minimizers compared to that which was obtained for box constraints.

We define for p > 0

Us :={u=(ug,...,um) € R™ : Zuf < p*). (4.10)
i=1

Theorem 4.3. Let @ be an optimal control for problem (2.3) with U given in (4.10), let § be the associated
optimal trajectory, and ¢ its associated adjoint state. Let I~ (t), I°(¢) and I*(¢) be as defined in Theorem 4.2.
If for some t €]0, 7| the cardinality of I (¢) is less or equal to 1, then (i), (ii), and (iii) of that theorem remain
valid. Otherwise we have

Z |a;(t)|? = p?, for a.e. t €]0, 0. (4.11)
i=1
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Proof. Step 1. From (4.1) we know that for ¢ €]0, 00| a.e., @(t) is the minimizer of the following function
m

Gi(u) := Zai(t)ui + ’ye_’\t||u|\g, for all u € Us,

i=1
where a;(t) = (fi(5(t)), ¢(£)). At first we note that U, is a subset of Us, if p; = p for all ¢, and hence
min, ey Gi(u) < ming,ey, Gi(u). Moreover, if a minimizer of G; over U, is contained in Uy, then this mini-
mizer is also a minimizer of G over Us. Following this observation, let #(t) be a minimizer of Gy over Uy, with
cardinality of I7(¢) < 1. Then by Theorem 4.2 all components of (t) are 0 except for at most one. In case the
cardinality of I () equals one, then there is one non-trivial coordinate of the control at time ¢ whose norm
then equals p.
Step 2. Now we turn to the general case (assuming that I is nonempty) and prove that the optimal control
is necessarily active. Since It (¢) is non-empty there exists at least one index 7 such that v, — |a,(¢)|p* = < 0.
Setting the value of this coordinate equal to p we obtain

G((0,...0,p,0,...,0)) = ar (t)p + 7p? = p? (1 + o (t)p ) = (e — |a-(t)|p' %) <0,

which implies that at least one coordinate of @ is nontrivial and G(@(t)) < 0. Let ¢ denote the number of
nontrivial coordinates of @ and without loss of generality assume that these are the £ first ones of a(t).
Let us start with the case where «;(t) < Oforalli=1,... ,0. Tt is trivial to see that a;(t) >0,fori=1,... Vi
in this case. We set
5 l
Q= q (ur,...,up) eR’ : Zuf <p? u; >0, i=1,...,0
i=1

Thus u(t) € Q. We prove by contradiction that 4 € 9. If this is not the case, i.e. @ is in the interior of €2, then

2o ) =0, i =100
from which we deduce that
7 q/p—1
m(t)mg Sl pla()P =0, i=1,....0
j=1
It follows that
7 q/p—1
ai(t)ui(t) = —nq | Y la; (1) [w(t)P=0,i=1,....1
j=1
Therefore,
é‘ Z Q/p
Gu(t)) = ci(®)u;(t) + 3 | Y lw(t)?
i=1 i=1
7 q/p-1 7 q/p
= —meq | Y lw(t) i ()P + | Y ()P
i=1 =1
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Since we already know that G(tu(t)) < 0 this gives a contradiction. Consequently u(t) € 0. Since @; # 0 for
¢t =1,...,¢ this implies that

l
Zﬂf(t) =p?and @;(t) >0, for i=1,...,0.
i=1

If some of the coordinates of « are such that «;(t) > 0, then necessarily @;(t) < 0 and, adapting © accordingly,
it can again be verified that Y} a2(t) = p2. O

5. SPARSITY AND SWITCHING PROPERTIES: THE TIME-DISCRETIZED
PROBLEM

In this subsection we consider the following linear dynamical system: for 2 € R?,

{ Z‘Eg)) :;1’11(1?) + Bu(t), (5.1)

where A € R4 and B € R¥*™. Let us recall the optimal control problem: given x € R?, consider
inf {JA(x,u) : (y,u) satisfies (5.1), u € UA}. (5.2)

The cost functional is recalled as follows:

[ee)
1
7)< [ 50 — walat -+ vRGw),

where

R(u) = Z

oo
k=0

m q/p
by, (Z |ui7k|p> for u € UA.
i=1

To investigate the optimality conditions satisfied by the optimal controllers, we introduce firstly the adjoint
equation associated to (y,u) satisfying (5.1):

(RO e

In the remainder of this section we assume that there exists an adjoint state ¢ satisfying (5.3). The following
result justifies this assumption. We denote by o(A) the set of eigenvalues of A, and o :=sup{Re p : p € o(A)}.
Further we define

L3(0,00;RY) := {y € L*(0,00; RY)} : My € L*(0,00; R},
with ||y||%?\(0,oo;Rd) — fooo e>\t|y(t)|2dt

Lemma 5.1. If A > 2max{0, ¢}, then (5.3) admits a unique solution ¢ € L3 (0, o0; R?) with ¢ € L2(0, o0; R?).

Proof. 1f y is feasible for (5.2), and in particular if it is optimal, then as a consequence of the cost functional
and the inhomogeneity in (5.3) it follows that

e M(y(t) — ya) € L3(0, 00;RY).
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This suggests to investigate, for arbitrary g € L3 (0, 00; R?), the following equation has a solution:

—o(t) = ATp(t) + g(t), ae. t >0, (5.4)
lim;, o0 () = 0. ’
We define
Wy? = {y € L3(0,00;R?) : § € L3(0,00; R},
endowed with [jy?, 12 = ||y||L2 (0.00kd) T \|y||2L§(0m;Rd) as norm. Note that y € W,? implies that ¢ — y is

continuous on [0, oo) Hence W)\ o ={y e W,? : y(0) = 0} is well defined. For any o € W, we have eTpe
L?(0,00;R?) and £ (67g0) € L%(0,00; R%). This implies that limy_,.c €2 ¢(t) = 0 and hence limge oo () = 0.
By the definition of o there exists a constant M > 0 such that

eyl < Me|ylla, for all t € [0,00) and y € R%.
We now define the bounded linear operator T : W)\ o — L2(0,00; R?) by
Ty =9 — Ay + \y.

The adjoint operator T : L3 (0, 00; R?) — (W;g) satisfies

(T"0,y) (wr2y wiz = (0:9) 12 (0.00mt) = (@ AY = AY) 12 (0,00R4)

2,0

2,0

= —(p, y>(wl 2y wiE T <)\<P»y>L§(0,oo;Rd) - <AT90 - )‘Spvy>L§(0,oo;Rd)
= 7<§03 y>(W>1\vg)*,W>1“g - <AT<)07 y>L?\(0,oo;]Rd)7
where we use that y(0) = 0 and lim;_, e y(¢) = 0 in the second equality above. Thus T*p = —¢ — ATy in

the variational sense.
Let us next argue that T is surjective. We choose f € Li (0, 00; RY) arbitrarily and define

y(t) = /te(A”)(”)f(S)ds

0

Then we have
y=Ay - y+f (5.5)

and

2 1/2
91l 22 (0,005r4) = l eAADE=9) £(5)ds dt}

M[ [Te ( [ g >|ds)2dtr/2
MUOOO (/Ote(ff D=9 ¥ | f ()|d5)2dtr/2,
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and by the Young’s inequality

oA 2M
Wlz20my <M [ el Dt Nz 00mm) = g5 g0 ey

Moreover, by (5.5)

2M
A—20

190 2 0meiity < [ A+ 2 + 1| 171122 0.oeity

and hence y € Wig as desired. Thus T is surjective and is clearly injective, and the same holds for T*. By the
closed range theorem there exists a constant C' > 0 such that

[0l130.0i0) < Tl 12y for all € L3(0, 001 ). (5.6
Let g € L3(0,00;RY) be arbitrary and choose ¢ € L3 (0, 00; R?) such that T*¢ = g. Then by (5.6)

Il 30020 < Clgll sy < OCllallLz 0,000
where C' is the embedding constant of L3 (0, 00; R?) into (W/\lg) . Moreover ¢ = —ATp — g and thus

1611 £2 (0,00:r) < (CcC+ D!l L2 (0,00:r4)-

It follows that ¢ € W/\l’2 and lims o ¢(t) = 0. Thus ¢ is the solution to (5.4) and the claim of the lemma
follows. O

Since the controls in U are piecewise constant functions, we consider at first the optimal control on each
time interval Iy, k € N.

Proposition 5.2. Assume that A\ > max{0,2¢c}. Let @& € U2 satisfy the following: for any k € N, @(-) = i, in
I, and

/ <¢’(t)73u>dt+vbk|u||§}’ (5.7)

uy €  argmin {
Iy

U=(U1 ey U ) EU

where § is the corresponding trajectory and ¢ is the adjoint state associated to (¢, @). Further for any arbitrary
w € R™ such that w + @ € U, we define the perturbed control

o[kt w iftel,
ut(t) = { u(t) otherwise.

Then it holds that J2(z,u®) > J&(z, @).
Proof. Let y* be the trajectory associated with u*. Then y* — y satisfies

{ g () = y(t) = Aly* (t) — y(t)) + Bwly, (t) for t € (0,00),
y*(0) = 5(0) = 0.

Assumption (5.7) implies that

/ (B(8), Blir + )t + by s + ]t > / (B(), Big)dt + b |5 (5.8)
Iy Iy
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By the definition of u*, (5.8) is equivalent to

/ (3(t), Buw)dt + yR(u”) — vR(i) > 0. (5.9)

Iy

For almost all ¢ > 0 we obtain,

S (@(1), v (1) — (1)
= (1), (1) — 5(6) + (S(0), 5 (1) — 1)
= (~AT@(t) — e

") — ya),
e Mg(t) — yw“’(t) i(t)

Note that lim; ,o, ¢(t) = 0 and y*(0) — g(0) = 0, and therefore
d, w .
(e, 0°(1) (1)) = 0.

Consequently we obtain

i.€.,

| e~ v - stopae = [ (ot0) 5o (5.10)
To compute the left-hand side of (5.10), we have for every t > 0
Iy (8) — all2 — 1505 — wall? = 15 () — FE) 3 + 205 (5) — 5(2), 5(2) — ), (5.11)
and now (5.9), (5.10) and (5.11) imply that
|50~ aldae = [ Se o) - valar
= [T 3O ~ 0B+ 2R — R 2 0
Then we deduce that
I e) = I = [T 5N - ol >0,

which ends the proof. O

Proposition 5.2 provides the way to construct optimal controls on each Iy, and this procedure can be naturally
extended to construct globally optimal controls.

Theorem 5.3. Assume that A > max{0,20}. Let 4 € U* satisfy the following: for any k¥ € N and t € I,

u(t) e  argmin {/ (@(t), Bu)dt +ka||u||g}, (5.12)

U=(U1,...,;um ) EU
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where ¢ is the corresponding trajectory and @ is the adjoint state associated to (7,%). Then @ € U» is a
minimizer of problem (3.1), i.e.

JA(z,u) > JA(x, 1), Yu e U,

Proof. For any u € U”, we define a sequence (u™),en by

n . ﬂ(t) iftely, k=0,...,n,
wh(t) = { u(t) otherwise.

Therefore, v — @ pointwise in [0, co[. Let y™ be the trajectory associated with u". By the same argument as
in Theorem 3.3, we deduce that
y™ — § pointwise in [0, ool.
Assumption (5.12) and Proposition 5.2 imply that
JA(z,u) > JA (@, u®) > T2 (x,ut) > - > T2 (@, u"), Yn e N,

By Fatou’s Lemma,

J&(x,u) > lim inf {/ %e‘””y"(t) — yall3dt + WR(u")}
0

n—sco
> [T 5 a0 - wlfa ()
= JA(x, ),

and we conclude that % is a minimizer of problem (3.1). O

Based on the optimality conditions (5.12), similar results on sparsity and switching properties as Theorem 4.2
can be deduced by the same arguments as in the proof of Theorem 4.2.

Theorem 5.4. Following the same assumptions and notations in Theorem 5.3, we set

PYr = BT@(t)dt, Y = Ybi.
Iy

For each k € N, we define the following index sets:

I, ={ie{l,...,m} : |4Pk,i|P37q <l
R={ie{l,....m} : |loripl "=},

IF={e{l,....,m}: |oriloi %>}

The following properties hold:
(i) For ke N,te I and i € I,
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ii) For k € N, t € I, and i € I?,
k
w;(t) =0, if I,m #0,

)
) € {0, —pi sgn(pr,i)}s

Ya;(t) =0, i,j € 1), i#j, f LI =0, g€ [p1],
)

)

(iii) For k € N, t € I and i € I,", we have

u;(t) € {0, —pi sgn(er.i)},

and max; -+ |a;(t)| # 0.

6. NUMERICAL EXPERIMENTS

In this section we present numerical experiments for the computation of optimal control laws for the problem

o 1
inf J(z,u) = A 2y (t) — yal|? 12 ) de,
ot i [T e (Glato) vl + 2ol
constrained to the nonlinear dynamical system

{ §(s) = f(y(s), u(s)) = fo(y(s)) + 2L fily(s))ui(s) in]0,00],

For the realization of globally optimal control laws we proceed as in [23], i.e. by following a dynamic programming
approach. The value function V(z) := inf J(z,u) associated to this infinite horizon optimal control problem
satisfies the following first order Hamilton-Jacobi-Bellman equation

1
AV(@)+ sup {=f(z,u) - VV(z) = 5lle = yallz —yllull} =0,

which leads to the optimal feedback map

a(x) = aigglin {f(@,u) - VV(2) +y|ull} . (6.1)

The solution of the Hamilton-Jacobi-Bellman equation and of the optimal feedback mapping are numeri-
cally approximated by a first-order semi-Lagrangian scheme with policy iteration as discussed in [2]. The
well-posedness of this numerical scheme is guaranteed under boundedness and continuity assumptions for the
dynamics f(x,u) and the cost. Convergence of controls, however, is only guaranteed for convex running costs.
Nevertheless, the results we report indicate that the semi-Lagrangian scheme converges to optimal controls
exhibiting the expected sparsity and switching properties. This scheme has also been applied to the solution of
sparse optimal feedback control problems in [1, 14]. In the case p = ¢ = 1 the minimization operation in (6.1)
can be realized by means of semismooth Newton methods as [22]. For different values of p and ¢, the minimizer
is chosen by discretizing the control set Uy into a finite number of values and making a pointwise evaluation
of the Hamiltonian.
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FIGURE 2. Eikonal dynamics, optimal control fields for different control penalizations ||ul|Z.

6.1. Eikonal dynamics

We begin by considering eikonal-type dynamics for planar motion of the form

E1(s) = u1(s)
Zo(s) = ua(s),

where |u;(s)| < 0.5 for i = 1,2. The state space is set to be Q = [-1,1
The goal is to drive the state to the origin, and therefore yq = (0,0
space for different p, g values are shown in Figure 2.

We observe the following:

(a) The case p = ¢ =1 has been already reported in [23]. There exists a switching band of width v\, where

the optimal control points unidirectionally towards the origin, and @ = 0 for ||u|lc < Y.

(b,c) Departing from p = ¢ = 1 and reducing the value of p, a switching region with only one active control
component arises. It increases as the ratio ¢/p increases. Note that for ¢ = 1, the region where @ = 0

remains unchanged.

(d) The switching and the sparsity regions are larger for p = ¢ = 0.2 than for p = ¢ = 1. Only in the particular

case p = 1 these regions would remain the same.

21

]2, the discount factor A = 0.2, and v = 1.
). The optimal control fields in the state
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Control uy, p=1,¢g=1 Control u, p=0.6, ¢ =1 Control w1, p=10.2,¢g=1

@u,p=1,g=1 ®) u1,p=0.6,g=1 ©ui,p=02,9=1

Control us, p=1,¢g=1 Control ug, p=0.6,g=1 Control up, p=02,9g=1

du,p=1,9=1 @) up,p=0.6,g=1 ) uz,p=02,9=1

Number of active components, p =1, ¢ =1 Number of active components, p = 0.6, g = 1 Number of active components, p = 0.2, g =1

@ llullo.p=1,4=1 () [lullo.p = 0.6, =1 ) llullo.p = 02.g=1

F1GURE 3. Optimal controls for the double-well nonlinear control problem. The first two rows
show the control variables u; and usy for different values of p and gq.

(e,f) Increasing the ¢/p ratio by departing from smaller values of ¢ generates a larger switching region, leading
to a fully switching controller for a ratio of ¢/p sufficiently large. Note that increasing ¢/p for ¢ # 1 also
leads to a decrease of the sparsity region.

6.2. Nonlinear dynamics of a double-well potential

We now address the synthesis of optimal controllers for nonlinear dynamics. We consider a system correspond-
ing to a single one-dimensional particle moving in a double-well potential, subject to a controlled damping, and



SPARSE AND SWITCHING OPTIMAL CONTROL WITH NONCONVEX PENALIZATIONS 23

Control uy, p=1,¢=1 Control uy, p=10.2, ¢ = 0.6 Control uy, p=02,g=1

@uwu,p=1,g9=1 (®)u,p=0.2,4=0.6 Qui,p=02,9=1

Control us, p=1,¢=1 Control us, p=10.2, ¢ = 0.6 Control us, p=02,¢g=1

d)up,p=1,9=1 @) uy,p=02,4g=0.6 O wur,p=02,9=1

Number of active components, p =1, ¢ =1 Number of active components, p = 0.2, ¢ = 0.6 Number of active components, p = 0.2, g = 1

@ llullo,p=1,g=1 (h) [Jullo,p =0.2,9 =0.6 @ ||ullo,p=02,9=1

FIGURE 4. Optimal controls for the double-well control problem with two bilinear controls. The
first two rows show the control variables u; and us for different values of p and g¢.

a direct external forcing via

z(s) = v(s)
0(s) = —(1+ur(s))v(s) + ((s) = 2%(s)) + ua(s).

In the absence of control action (u; = us = 0), the damped particle has two stable equilibrium positions, namely
x = +1,v = 0 (we drop the state-space notation (z1, z2) for (z,v)), with their corresponding basins of attraction.
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Here our goal is to steer the particle to the equilibrium yq = (1,0). We consider a set of initial conditions in
Q2 =1[-2,2]2, and set v = 0.1, p = 1, and A = 0.01. Optimal controls are shown in Figure 3.
We observe:

(a,b,c) By reducing the value of p with ¢ = 1, the region where the control u; is active decreases.

(d,e,f) Reducing g does not affect the sparsity pattern of ug. The linear control action via ug is more relevant
for the stabilization goal than the bilinear control term ujv. As expected it becomes insignificant as v
becomes small.

(g,h,i) Overall, the reduction of p has a significant effect on the increase of the switching region.

In order to investigate a setting with a richer interplay between the control variables and the switching structure,
we consider a modified version of the double-well control system given by

where us enters now in a bilinear fashion. The optimal controllers are significantly different compared to the
previous setting, as shown in Figure 4.
We note that:

(a,b,c) The sparsity region of u; increases as the ratio ¢/p increases.

(d,e, ) The sparsity region of us also increases as ¢/p increases.

(g,h,i) Overall, the switching pattern of the two control variables becomes dominant as the ratio ¢/p becomes
large. Only a reduced region of the state space requires the simultaneous action of two control variables.

7. CONCLUDING REMARKS

In this paper we have studied infinite horizon optimal control problems with a control cost of the form

Hu||g7 where 0 < p < g < 1, leading to a non-convex, non-smooth optimization problem. From the analysis of
the associated optimality conditions, we have shown that such control penalizations induce not only sparsity,
but also a switching structure in the optimal control field. The switching pattern is determined by the different
parameters of the control problem, but most notably, by the value of ¢ and the ratio ¢/p. By means of dynamic
programming techniques, we have shown numerically that, for an increased ¢/p ratio the optimal control has a
dominant switching pattern, tending to minimize a counting || - ||o measure over an enlarged region of the state
space. We believe that an important direction for future research is a thorough study of the interplay between
the underlying dynamical structure of the control system and the switching pattern. More concretely, it would
be desirable to know whether the sparse/switching control does benefit from the basin of attraction of a given

equilibrium point, or whether the inclusion of || - [| norms could lead to minimum time-type controllers.
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